E_E‘iﬂl;wq Denvahves Along a Curve
A %"—_—.—V" tangent o curve i spacehme

V‘(?A Intnnsic or " dbselule” denvahive along the curve:
u; DX o7, g, VXY
dx aA

is well defmed i§ X% is deﬁ"ed anly along the catve,
:[-f X" ts a vechor f_e_\_d‘ (ie., defined on spo.c;'hm’e>

then

DX . X =X°’;BVK

d» v e 1B o 8%
- I,;V + “VX

is the value of the cosmnant dérechanal denvahve
of the ficld evalualed diong the cuve., The onginal
expression ts well defined since if- one exlends a

vedror field °\°f"’°d only along a cuve 1 a neighborhood of the cunve 1+
reduces 4o the gecond expression  but ts mdependen’r of the extension. ’
We need denvahves along curves t descnbe Jest Parhc\e mehons and
Pﬂ?er'h'er , or 1o descabe the geometry of the cunes 'l"f\ems‘e\ves, These dewvahves
can be “measuved " by an obsernver fnm\lg, and 1 the same way That a donvahve
of a ﬁeh\ (def\ncd eyerad\ere) Corvespords to a  denvahve of a f\clol only Ae'fn ned
along the curve, we can\ﬁrs\‘ project the denvehves on felds,

h{ LT =T V-V 56X T g T = P, X

ol - El h'\) o
Ve X= TV = Tty T P Gy -
V@,DLH)-X:“ = P, X’

/
e Vo X = Fw), X
T:b;ghmn Lie and ovanasy differenhiahen

L) AVV.I‘(: }VK* + V-d;ex{ now set V"=U“' and ijec:\':

Ve XX = v,\-,(u)I“ + Py }ii'gxa

-~ ¥ L}
eSiq (o) AWUe+ (Y40 U]



VLS = Yy (I + otud?) + [T’

st T 0 Gy (WU = Pg US + a@)® = aw*
s
P, u¥
uul=o0

“: Io( sPﬂhal . V(fw) (W) Xo( = 'vq ® (“)I-‘ 4 (e-(qy”_ w{U\“g} Xf
A i)

the Rwnemahical Qunnh\x'cs (mhahon ,cx?anm‘evs, and shear)
describe the difference between projecied Lie and

Puru“e\ Mnspur'\' a}ons u®,

Suppose Y¥ isa vedwr fw\d dragged
dong by U, e, E Y X=0 (thefieldis
invanant under the group of Wnsfomq'}‘lo\'\s
2 (D) generaled by U*)
= ey’ I Y uw';\ﬁ.\\v spath J wort remain so

under dr‘aag t"\g along S ncé

?\Eu Oug= UwsgtUgia = -2 AUl Us) + B9 us
(> F4), Gug= Olilwg )
Tre metnc 1s not invanant in genem\ and mnec products

[ ™e firsk term Hilks the local vest-space of U” 1n the
o) mner'()v‘baluc\-

|

arc not pvesenreo\ .

time direchon, While the secnd defoms the sp
rt\a‘nbns\nxgs ] We can project Y To get a spaha) vector :

507) < P [ R Y7 Pty g =0

%..)(um‘%(u)u X*= A \Ilu[?(m SO <o
but Fp), PO S0} [ £, & + Ws] =Py’ @i‘;@ “{' : W*:Ua)] =0
0 (]

and 1t undemoss ™ P\'b‘)c'dccl“dr "SPGH;!\ “Ue "Y‘“SPW'!’ dlong U,
Thus : L . y s o d
Vigo) XX =480 8% +000)g ~wegJX* | if T ="

measures the change i L it o
respect-fo a Py transported frame abng U%, le. Ug ) €g=0 a=1,23.

SSIS  (9¢)



Thtdngge&-q‘ons vector f'eld' Y™ can be Hwougk\' of as g * connechrg veclor
feld" i the sense that for swmdll mbuﬁ\\ € one can Idcqﬁﬁﬂ the vechr €Y
as hqw'n’ tIs Tip allached Jo the world line of-a nearby chsener 1h the
family.  eX(w)* can then be %oujh'}'of as the “relahve posihisn vedr " of
the hearby doserver, 1 the sense trat one 1dentifies points in the lvcal rest
space of the anginal obsener (1% the tangert Spac) with tinvesponding  points
11 the S‘)d(dﬁme man'lfola‘ .

Tre vochehy (“rathon”) then descnbes an averall tohin
WU % X3 = [(RU)Xu i’)" of the nearby obseners v the local restspace
with dngular vtkbmhj F(u)” comparcd o FW 'hﬂnspodal axes,
an otval rafahon with expansion rale BW=0M)%, and a volume
pesering deformation with vate  0u)%.

ZD eZ Rm\.w:\\:\“ me | P
€X¢mp\e: A Xmﬂs‘?" 5\\5&\\ o
F\% L] -
Sp‘me‘o{' ¥s ¥ ellipsord of
kS, 7 oﬁa‘f&-«sf””
wlume, rolaled

uljt‘r\v'espcd' jo ongnal Sphere.

Butwe haverd explained the amnechon, between the fransport asseciated. wrth
Vgy@) and spacchme Fermi-Wallker fvansport along a curve, |

Fiest comiler a cuwve the Euclidean P\ane :
(o

Ny A3 T The umt tangent and normal buth rotale alang The
T f oarve i order fe Femain Myn*-aml of'H'\AgOM‘

z>
. ﬁ\,

respechively ( R also refledwr at nfiechs ks ).
. A A - . .
_ :'§~i¢ T/= ¢i%x-!: ilza’xx = J'L'_',X’e',
‘e\‘\""% N /= ‘9\3 *N achon of rePreson'\-uhm o
Pre) S et ) @ Liedgebra of retahon group -
ot %9. a?g\'\:lal:*\vvloé:\y c\cs:\ie} rabe of change
— on & o
Qe T e gt e b cpve
! . P p
ssie (%) —




Now consider a world line in Spaceh;ne_ One would
like q transport-along the cuve whicl, keeps u”

fangert and keeps  (2S, orthogonal fo the curve
but introduces no additiond ﬂof‘l‘ke (ocal rest
Sche . Thus !F {6.3 {s anbqasts oF— L,QS"Ul at one
P“"'\') i will remain so dlong the cune, and iu,eqi

will be an orthonond) 'fnme as well R adapled to the
badl spac + fime split of the observer,

The unit '\ungen'\' U™ 1s relaled o the ()aru“e\
-hu\nsyor')' u(thd oF u along u” by a Pﬂmme\cr—dependen']*

Lorentz \‘\raﬂss:omahbr) of the ‘\‘ungaﬂ'space (since 'Hneg are both Timelike unit

Vedurs ). The * minimal ™ such Lorente '\'ﬂhS]Q?ﬂ'\thbn al0n9 the cune

( a confinuous f&nch\'m of the cune demekr> that moves UMY mbo U™

is a boost in the "veloél\r\d-ame\eru\\bn"\a\anc h which fhe curve is insntoneously
Fseudoro‘ya{-‘ha in the -angent-space.

The anti-sysetnc fensor =P g2 is the Fseudo-rb\'u’\'\oh abygular
velocily of thts  minmal  boosk 1 that plane, so we subtrack i from the
covanant demvahve 1o oblaim the FW denvahve dissocialed with the new

‘\'mnspor'\‘ we are Sec\elﬁﬁ [muuld add ony antisymmednc tenge 1o the

w/anant denvahve and dbtain a new denvave  chose rnspert moles any
Loventz "'WNSYQMA'\;\'\ along the aanve velahve o pan\lel —}mns‘;o,-irl

() X = ‘VUI“ - EUA““

= X450 — [ Um0 Us) X
pole @ iyt = Wl — Turawy’— abu? = aw-a*=o0
x o =
so U¥1s “'ﬂns‘;ov\u\ d\o% ac‘ﬁe oAt bg Hs ’nrunspo .

R { JIPTARY _ ¥ i
Ve () Qug = M ~gvs M Q(“)d 0y W] Gy LU AW) ~ai) Us)
o _ - UgQb)a + Ol)gUa ~ Ua Qg tﬂ(l)dua ~ 0

So (nNoer pwauc{'s are Pchewul a;/c‘x\?:d-ccl \_—> 'Tln..@le) =0 boan
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and therefore qu\-{q\ ¥ensors remain $P1+\‘q\ (or'H'wjoml Jo u"’)
underthis hnsrof\". In other words we cun use it o -dmgate ‘l'nnSFor{-
q\o-\g‘“']e cutve an "adqp\td orthonormal ﬁnme" , adqe\cel Yo the observer
o\econ\)os\’nbv; of time and space.

The ‘ings\cq\ m}cr‘gre\-:\\'fon is thetthe drange in sPah‘a\ f\clds
relahve o PW pnpaga\ul axeS fs zero when -!'nnsFoAcol by FW transpert
They change n spachme anly o mamtain orthogonaldy wih respect 4o
U™ with 1o addthonal spahal redshon— and FW propagaled owes conespond

Yo dest gurv difechons which do not rotale with respect Jo the local
Spqt:d'\me geome\'nd .

Suppose we pv-o‘)ec\' the s?o.cc\'\mé PW derwahve :
P M) X% = Pl "GLVUX" + am‘y;X"-bu: a(»)«X’]

0
i DRSO T o
so unless X Is S?Q'hal , they disagree, but this 1s deay because along u*.

P * UL = VU weaw)¥[4] < aG-au =0

We get a vanishing spc?ce-hvne FW denvatue, but-weneed a nonimwal denvatve
Jo measire changes 1y U* i1self , and that's what Yy (€)  dees for us:
3 comaides withy the Spuchm PN denvahie on s‘>q-|-\ia\ f\elds , but gweS‘Hse
covanant denvahve of U along u it self , MnMany cwefficients swnce

Voo 00 [SUd = POaYs T, CFu] = A [ § V¥¥+ GuIVE]
= £ alw®, alu)? ©

While we are troducng new  denvahves along the cune, we can
add the vorticly tersoc o the denmtwe To gencvale an addhenal spatial
rolatun of the locd vest space which allempls Yo follow nearty observers
without umhrgo\ir\cj their expansion b shear :

T T =V X + Wby T
ahsymmetne Spaial fensor,
angularvelvady of a spahal votahm,

4 .
V@rw) (w 9«3 =0 (asmo sine W)@ =o) so inney pvodudty
ave presened as expecled  and projechng it
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PN*s @VepydTE = Pl © Ve WXF + s X°

= Vs X’ + WK - o [0 X”)
A e o N

= Ver (mI‘ gwes NoZero deavahve of UY
, Compared, to spactime .
, . 4 Corvtehing” PW ve
s&ha\ cordlwhing ‘
donvatwe (agves withy Spact\‘wu. N‘FO"" .spch-.\ f\oUs),

The assoqaled '\'Yunspor'\' andhors an orthonormal f"ame as best it
Can '}o‘“\c nearhj dosencers W\H\ow\- ‘oel'ng CXL{‘\OMCA bfﬁ ‘Hﬂ-eir' <hear

and Qﬂ)&hSl.OV) . gpq’n'g\ (»n the sense thet danvatnes :Pal-l.\ 'FeU-S a"&o"?‘h;b

Thus we have 3 natural A{-evv\\nm\ donvahves a\mg u ( kn‘;oru\ N
the sevise o the direchon 4 d‘ﬁercn\-h{'\o'v,)

Yepy X" = V)T +wbfpX? = Yoy WK Y+ﬁf‘}fﬁx"

T 6%=0, then g = W) .
T wiys=o § then Ve = Vi 0.

Nole Fy 9= Ustlge = (5% 38+ §643v)

55 = 5[8aye+3gel+ Sa. fier Sefior
pojeck:  FW), Gus = § Fws 94 + O = Pl)Ug;0 = 2W(as

f zenm( $= ki\\mg\leo\'urﬁc\V
o then @qpansion Iensor zew
So iF U 15 a k\“mj dbosentr <nomu\rzed Kt“\n3 vecluw f\e\ol) > the .
expanslon Yonsw- \s Zevo (Vw h‘fD““«'"\M) and the Te and cfw
*rew\pm\ denvahies agree. When W) wg #0 5 the pyeded Lie
‘l'mhs?od- ts nok- cowpaHU.z with, orfhenomalihy.

We dlso have three Yernporal denvabives —§3r Yensors defined only
0\0'\9 ‘“\e wof\d‘\né 0{‘ Uu'.

Res (X = DepX”, w@%X’® = Day %umX’»r OLYL X’
dT, dTu . 4Ty

which agree with the others whon achng on flelds defined on spacchme.
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A\'H'\CNSL\ we can No sph\- Yhe dbsdule deavahve a\cmg an qu,\{ﬂ@ ouve,
lets do T a\on9 ancther worldline :

Define the corresponding +hrce
denvahves for a s‘)aﬁA\ freld X%

M“)Id = P D_Iﬂ - Dery (WX s

lrc@»“) d’c@,u) dm,u)
/ ! = D 2w (U '(+ Bluy’y - WYy
) (U= DU UUN) T

oSy

Spa-ha\ projec\'wn of the f’rtz equahon Q(m“= \V/ ch S(U)'(
then leads fo 3 dt%lr 'ﬁ)ms Uf’ Hhe qu'ha\ % equahon ofU moton ¥

Detens (W) p(U)* By (M
&(;ﬂﬁ_ﬁu = FUO® + BTy o, Ry b

ﬂﬁd'“\tk. ool pvo,)ec}hon ¢
M B (M) [P P ohere B0 =El)

dT(u‘“) isfe enenyy P unet mass
b FQ (U = ) (G 123U O () o]
/]\ -‘-.Zori _1 or 2 |
GEfors GMvedor SG (spaha! 9o
E N\ ‘E)Tu. field f\wcz.ﬁekol yensorfovee
6 (acclevahion feld)  C verhaly fietd ) ) c:)f;im 6itd)

Py lech, Veh
bseners whoduces
wheve There was ho nwﬁ*&::aln'ﬁ’,m \mc:\cg\'\g&hj:& 3w in Spatehms,

*\‘\1 \ foree e\lds thewr
39“‘\1\ Na 'ﬁ ah‘q\“"ﬁg'e\‘cha_ ]Q'lm“ with rc\SP:c'l'

but th cad dzpends on the thoce of
to U\\fo\: ?wmoi ™ Spm-\\g\:‘lf\eu; are Measurrj) ig) Jhat .h.ms?o,.}. a\,n’ the.
U.)M line @5 USe
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Relahve direchion OF mohon a\ecomyosr\-n on of LESy

U‘ G\wn 2. 4-yelocthes we can
uw =143 = 1+ (2+) fo\em,‘,zsm n of the
v\-\ ace by further dc(»P\POS\\'\g the local vest
1. 4‘ spau. uY uath res o the direchion
s y Oluw¥= D DT DU (ot veckor)

[w(um Vlh)od 4
Of relahve mohon :

P [Py DD -p(u,u),,] + [ Dl Dl
A —— /g/\/_______/‘
pf:geg\ﬂfn(\ldga -&ov (“) (U w) s

/

pN)ed'lon w | RSu
(as opposed v LRSy) Wﬂ\a‘h\re Yo u¥

\f we first define the velahve accelerwhon

Qtems LU ¥ = Doy (Up) VU srve foreach
Jt(u.u) <q\evwahué >

then decomvow i
3

\N—~/
tya longhidinal velatwe
relabwe acce\z accelevaton of
w ccnh'\peh\ qgk&.& lm“afc \;\%

g“—"’—@ﬁ)— p¥! Dumv =K .ﬁv
g AT P e

R (00 / egiude.

dT(.° ™)

= Al S
dt@m)

for Yem= chay fu

B\A"' hbk |
Dy @19 Wi Do’y D ‘4 o i A% $4div)
dT. ‘/L"‘ £ a(nw
-~
wh \t'-“/- /‘D O(‘Dd for lem= chu, i @
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E)Y‘ km= CFW. va ﬁ({m) (_,u ;“)4 is of'l\\ogona\ +o 79(“:‘0",

bvt{' n’o{*'i;hr eme lte Slf)Q,'H\e denw\w:‘.- 4663 m{' VOS?B(/\‘ \'\QGV‘PW{T:

1Dir=1— 0= Dyo (9= Duy (Bud*9)< 29, 37 4 Dty 9,9,

dt av T dr
A N k ﬁ&) 29((43.0
- k% n’(h;) = 20D D"

which s only zevo 1{: the rc\«hvc\ldocr\-\a \s alnr\g a Zerd etgcn\m‘uc etgendlrcd'\.;-q
of the éx‘)o.nnén ensor.

Thus ﬁ)r iem= CF“’) fo welhave a GMP‘-dc analong withs the decoq()osrhuv\ dF
accelershiy i mulhvandde calodus on  R3 or in dementany phystesy and :

(€N v a n ol |
U= 12Ul W u) relahve chtopeis

N TR o
(‘“"" cfy) ﬁ*’)

S\m‘\“"\y we can "\e“’""POSe the qu}'l;i e;tu.a‘hm of mohon \
0 Q_E = 1 g u which 'na.s an e(\\a\ gamma -Icq,ghy Swnce
® p (U =Yl Vi)™

E.:L,‘Z._“"’ le: For the static dbseners iy Schwarzschild, circularorbiys have
purely Tansverse relabve accdtwrhév\) while radial ovrbits have puvehy
\ongihuding| o linear accelerahon. In the former case dne an thikof

the circular orbit cndihin on the. fovees a5 a balancing of the gravitahona)
frw (oE §) fvee) and o ® cer&hfuga\“ forre assocraled with the sign
reverzol d(; the ccrﬁﬂpel'ai acclemho dem i the spa-h'a\ equahoy of mohin,
LAl 3 denvaties are the same cince B()% =Wl)¥s = 0.}

Eiqmple /etarcufe, In e 'H\eu (CM and @..}) denvahves are o(,lsﬁnd"
for the shabic Killing dbseners. Agaiy e can shudy Groslar o rbits in
the equatonal plare 3» the radia| orbify along the avis of sy mmetry. What

else canyoude 7
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