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TYING THINGS TOGETHER

Obviously parts T~T nced 4o be brought tegether in a fina) application,
but since my time was cut s\vor-\-,i was on\y able o sketch this 1 an
accldedtal lecture for a few studerts,  Now T really dort have hme 1o
expand on that lechure. Al T wn do is osdiee outline such a discussion,
We started by studying spaces and subspaces of maximal symmetry as on
introduchon o the @smologica)l  models of Mghest symmetry, To get more inlerashing
models one must preak the symmetry | whidy @n be done 10 different ways ) but
each needs the machinery o& Ue group ‘“'\eoq.),. So we shudied the 530"""\"}! 0_9
transformahion groups and the groups themselves | mchuding - dynamics imwolving Lie
groups i the ng\dl boc\_\j Prbb\em, Then we looked ot ﬁber bundles ,P\fe?amh::sr;
for higher dimensional casmdlogical models  where gps again play a _ﬁmdamenhl
role. |
The fwo maln direchons one ain tiRe 1n breaking the symmetny are
) breaking the homogeneity by wnsidering hnear Fe("ﬂlﬂ"ba‘\']‘br) 'ﬂ‘ieo‘y which nvolves
harmenic  analysis
2) breaking the isohopy by considering  anisctropic bt still Goahally) homogenceus
models | requiring the 9@9’(‘!\) oF hemogeneous spaces , the sm‘a\e_qk-of whidA
are Liegmups themselves. — here one can freat the Ul nonhinear fu-;tcl
equations since they reduce to ordinany diffevmhh\ equations,

The er\” cse L have tredted i~ other years and L had hoped o get do the
second this year but there voas not ehoug\w +me,

A“‘S°*WP9 15 G\readj demanded at the svace\'lr'ne level Jiﬁeverfh‘ahng between
Hhe hime and space direchons o e;%\?g\u?q e;c?qnddns csmaogical models. [n higher

N { AUl
dimensional models | one has an cbwvicus Gs‘ljmme\\y betweern “inner” and “outer

S?qce d\mensaéns. A—m:nbaaEle—chF‘ﬁu\' SVa‘ha“j an\so\ToPiC models which are

SYQ‘\\G\\j bmcg&’\eous are cLu“\*e usee.\\ 1o s’Mdg\ng some qs?e::l':s a§ e nonlinear
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dynamics oE the fle\d eq‘ua)ﬂ&‘ts) %e_) how quce'\'lwses evolve,

GRAVITATIONAL._ DYNAMICS |

To consider 3ruu(JS’a'\10no.\ dyramics, one needs Jo exdend the classical mechanics
of finite dimensiona) systems 1o j:\e\ds, One bas anfigurahon spaces, phase
Spaces | Lagrangians | Hami H-onians, metrics on The cnnﬁgum"‘lﬂn spaces

CanOnlc«\ vonb&:\es, samme\'rg and gouge groups e‘\'c, These Concep’\'s) whidn

an be developed in gererdl by o space-plus—time sFl'\\- of spacehme
refum '\'ofam'l\l‘ar fn(k dimenstonal case far .s?ahuug homogeneous models,

I this fmﬂ'e dimensiond Frob\em, the Cm‘ft'gum\‘wn Space J%r gravity
is the Space of mainces o& pesitve deﬁhi‘\-e mner products represenhing
the cmponents  of the spahial melnc ¥ an appropnate symmetry

Gda?\—ed f\—nme. _ EquV\e: ’
@ = - dtedt + Jub(D) W ew®
A .
time dependent leftinvadant metnc on 3-dimensional
Lie group , like SO(3)B) or the group af {ranslahons.

(’—‘mﬂ@-\- : | [.svaha\ coordinates ¢

S Ledgebra (a3 basts

_ hypersurface of cwnstant time Jhaal basts {03

(-t: cohg\-)
Hime lines ( x¢ =const)
“?om’r'm space "
For this 4-~dv g?qceﬁme R ‘\: ‘S ‘“\C Percr hme mcasured Or“"ﬂogonq“a ‘*D')Lic
SPQO: SeChénS ) w\\ich are homogeneous, bu+ [{a] g-eneru\ ﬂn's‘o"'\"bpfc.
Ihvacuum , Elnsteirds cquations delermine the cwoluhion of the wvarmades Qab
which live on @ G-dimensional configurahon space. The velocthes  g,,= %9 oL
=-2Kadb are dosdy relared fo the ednnsic aurvalure disoussed i part .

One can disauss the velocity and momentum phase spaces. {9, gab3 are coord's
on ve(oc«{-a Phq,se space, {gab,_“d’} on momentum thse space.
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To discuss dyrmamics one needs a Lnaratngi\m on velocthy phase space
Seorg $hich onc dotzins a Hamillonian on Momentum ?hage space. This has a

kinefic part- and & \»\en\-ia\ ‘;ww‘\‘. The Yinetic part ts associated with a kevente
metnc on the Conﬁgpmhon space caled the Dewidf metric. (Let E:(K‘-")>

T = g2(Trk?-TPKY = g%(9°“ 99"~ o) icq ke
C%i?’)’ﬂ . g qudfv “eovanant " com‘;onen{'s of-
groeton/ = 21‘- %“bcd éaLgco\ DeWilt mefne n coordls ¥ gay*
The polential Par\‘ @mes f’um the spatial cunature
J= -9%R , uhere R is the scalar curvatureof the spatial metné.
so T=°"T—-U ,
HeT+u | T= #9477
where '\T“" are canon\Ca“y (,ov:)usa\e to gab :

T*= 3L/9Qa, = & abed gl index lowenng "with
9 < %’ J (De\j':(“\’\dﬁt.g |

Fora homogeneous sPaHa\ metrc | the S?q\'\é\ cuvature becomes a qyndm‘hé fmch‘on
of‘“\t stuckure constanks dc‘)ena\\'n9 6n both Gab and its inverse,  This gives nse
o a force feld F=-d(u = — 2U/Rges 9% « _ g% g dg.L
which is +the negahve of - the s‘x‘\-@\ Einstein fensor density,

“The S‘M’\'\q\ netnC con be cmfbrma\\'j Jrli\" : b = 94’?3 qu R o\e\'@«b) =\
This eagy T see ot the ?on'w'\' dab of the cmﬁ gurahion space, that 9 copresponds

o the single timelikee direchon , with the ’fmce:ﬁro; mabnées being spacelike an
assocsted wiily, the S direchong ‘S'ar\jem"r‘\‘b 'H\t unit Adom\manfr metnc Mahﬁ('e..\’_

The generdl linear gvoup acks on this
Space ég C\'\W‘Bc ae ‘ﬁ'Amc ‘ﬁmu\.a .
Ac a-td
90\) > Aq P\ 13 Sg\ .

The specm\ linear group is an isometry gruui(e—df.b
dc\"\ng on the spacellte surfaces g =onst —
n fact these are the orbits making each

g =0 [smgu\or mekric) o homogenesus space. Halform scale Transformatins
Spate o& mebn ¢ malnces change 9" and so are only homsthetic
transformahons ofthe Dttt mekric.

P Ga=ant (hmelice)

9= a;_nbv* (spacelike)
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The same is frue Qg‘ﬂwe mehnc d)nawx\‘cs. VexB rlmgH\,, one can ithroduce
o Famme\'ma‘vbn o{:%\e meic mabnix conCs‘)mo\\hﬂ Yo nou vanables aAapL:d

o Mecymmelny grop

(= €2S)" 4 S (€™, = LIGKS
Tris malies an orfhonomal frame
s en(€5S) = V@\(;_g‘:b(@;?:l

a
ona\\ie nomaljze 0\‘“\0‘90"4‘
(=diagsndhize gab) me vechorT
L ~—-F— ¥
__S_ d\agma\\zh) Vah;L\% €°g+ Sth},g k
Vanasles
(er angu\of \/amL\es [q> Wee radje\ vanable
Kepler problem \ry Waphor problem
J %
98‘3"4\\.‘&}1700 o(— hg\d\oﬁﬂj _Ha.\,, Lorentz
dyhamics dynami ¢ s
ln/o\vm) ()an'\()-ccv _@__ \I/
¥
conserved momenta s diminake
(iike angular momcv\{um) vanables
0 get-reduced syshom
(We vadia\ voblem ‘m>
Kc‘;\er‘ pro \erm

_fhe rcsu\')(“'is a mMix OG ‘fﬂns\a\m%\\\k \/aqq\a\c: dmfmk\nj ‘l‘kc vCS'CQ,\ln:ﬂ c]t(eng\'{');calcj
q\on9 orm\oaona\ dwedning  and angular Ilee vaniables o\zscHL\rfg e changing onentabion
O(; e or h\ogom\\ J\rcC‘néns, . A 5Wn\na\‘tmdf nﬁ\’d boJ, @hamt-cs Q")lxéf + '“\L
angwlarhitevanddes  associaled, with s\)ah'a\ gauge “wo:ﬁm("ﬁmj which dont-change the
Zogeomeby,  Using thar omgerved morerts We angular monerls  one cin reduce the
problem Yo o< @r the translahimliz vanables noslving e&o‘m& [’04"\"'4(5 Just il i
The Veqlor \m\o\em- Thus ong bhas an inereshng wix of Hre \Ceqlefpmuem ard. ngid
bedy dynamics ard all o\[ the fools developed in the dasicd WMMCS'Uegm‘o detouc
we Tk o?‘;\g.
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The d\qgma\ Su\man\fo\c\ (4d) = diag CSN,Q%,Q?}) s a covrfarmal\j ]qajr
slospace; let- B =2 In(Gas) =-}_o\!49(\"9"; \nazy \ngss) =0\|&5(5m, g 6?)
B\) 'k’ﬂk;ns l\nmr cw\\)ina’\"lo'hs oF— 'H"»csc \ogqh'H'\M(c \Jana\a\es‘) one can 30%’
cmfoma\\ﬂ fat borentz orthonormal coovdinales
B = B°L + B%dug(4,4-0) + € dig(5,~3,0)
— e~ A
(;we'\’mu. '\'r'accf'tz

— 9@"&@ ale 84\)\) —S‘Lﬁc“) @5& dg cd \ Ala.g
= 2% (~dfredf + el 1 48edE)
-~
Omf'»rm\
fackor,
Tmns\qhons |;> go \ead'b a un\G\N\ rcsca\mg -F ‘(“'\c J’Pa\"na\ mc"'ni 5 uh\lc

franslahens in 61,87 lead +o anisdropic reseshngs of the flamevedts {e}
which dont c\vmse the vilume element fuctor.

The vanables g ae «an\eA“\‘o the achon of'\'ne 9gvoup o Fsm\e '\‘mn;-ﬁ omatons

on the confrgurahion Space.

Fora g\dm Lie griup G S\)ed@\na the hcrnogma\\xj, there are sFeai\ A(‘F(;omorp\)u;n;
0{ G inbo &sd{ whidy \eave the group shudhuce rwana~t “These are called
q\x\‘W\orPk\n;u. Lc_('\'mvanq'ﬂ' mehacs whidy are related o cadh other bg

an a.u\-omorp\r\\;:m are \sometnc and rc?-cseﬁr\’ tre same qoshvad- g‘geomc‘\'rg.
The orbits of the audome rphism group con-cspond Yo the '2(\}“\!‘\'3')(1 classes
o& r‘:akq\ metncs under fw the iSomeATy  equusalence velation
These are “s‘k:\{q\ gauge '\ﬂnsfbnnqhbns'f When an qulomerphism adts
on the Le Q\gcbm | W leaves the shrudhire onshands  muanant.  The Foteﬂh;\

U Wi“ -H\e'\ be \'\aném‘\' o& (or\ﬁ as '\"\c \tmr""vzmgﬁmqhor) 0§ —H\e. (}4,
adgdbora 15 unimodular  Cdoesnt change the do\cmuﬁrﬁ—'fmcho'n). Thus

we chialn o ngmehg group 0{‘ both the  tnehcand Po}a\‘;a\ eneryl .

When a Y SWP existy y ONe can ad«F\ ‘he COOV’d\n‘a&'eS o~the amf\gumhc‘»\
Orw\éﬂfs ¢ k. The Kepler ?nb\em 15 G good cxample. A sphencaly symmretnd
P°¥°'\\')“\. has the rotahon group as a Hyrmmoty group ,  Angular momerstum is
cmgserved and One can s\mp“f\j '{'hedgmm\cs l>j tﬂ\'ﬂo\uahg SFKer\ ca] odinates,
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the S‘jﬂ"\e\‘y P is abehan , al " anguler momentz' mugLanish |eading to a ?Wd)
‘:Lafo\\i\ W\;\em M“?Y: Yo\ren\'\q\ The resuthng soluhong ﬂ(’ the equations of mohon
ove lated o Yeodagics of the DEWfrene onthe dta,gom\ SuBPace o et matniieg
mzevo fo}m\ua\s (nm«?»‘el |.an %mﬁe\v jvw‘;s) C’XCH-t de\'H'\c angular ucm:oUe! -
and {egec\* the soluhon aines FW\ p&flcc,
Ma“er leads {'DaAol\‘\’l.onal P""’TH‘*‘S.

Eh‘g\xero\‘msw?ws addhmsl a»wg:\‘caho'ns anse and even \n 4 Sp%(e’né
Amnstoog there are some cwf)hca\wi\;-

Peilm\g 'P'\e ""\3 IM?YCSSI‘OG you N wa“?_awqg er; is ‘Hf)a“" c\asgtca\ Mcdwomcg
Ucﬁ"’“? ‘“’\eor\j arp\ o\‘ ﬁem\wa\ 3@.“6\\3 ql\ 7‘>ecomc |m‘70\41n+ w‘ncn owns \den,r.) L}
u“ but the s’m()\es‘r CoSw\b\og\ca‘ moduels y both at the SYa_ceA’l me level 4'\0\ on '\ke

space of o\ynam\ca\ wanables,

L amsorry that m\3 5 weeks of Iedur-cs have been msu:(ﬁaen‘f-fom
your P"m\’— °F view but ot \east- you have been exrost to these 1dess.
Tf you are mspired gou @an leam more dbark the mathamahal
‘kclm‘t\’ws on your own. _Zl—;f- you are rw\" & \east you lenow that-
H‘is ‘?OSS‘HC +D unders\'ano\ "'\anj ‘H\mgs youtve Feen P'fyS‘fC_( N a
mudch more Scw»e\'v{c ad uni f\eoL way .



