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This part wos writren  “onthe fiy* without notes relyirig on memory
sothey ould easly stand being st rewnllen someday. Maybe.



FIBER BUNDLES

o A {qbprl,umlle_j;qﬁmm&ldm wh\,,c,h Is Iocq“u cl_gfomorphlc Jﬂ> BXF R
where Fisa fixed manrpld (Fhe fiber) usudly 4 vechocspace or Le gouwp
and B s a ﬂ\anlfuu ( _cg”g,rlﬁtbdggmﬁ"_(&[,d)-fjgkﬂg sgme way ‘Hm{‘

__a manifald Helfis locally o{l&;mrp‘\('cﬂb RN ",L_Q,gng“ refer to the

e 9en C}Jl'"d‘f " M _,“abuw:“an Ol‘;eo_suLmapjgglaL a‘F‘H\e ,base, B, Tre na"um\

S __Yf"‘)ﬁcsﬂ")” /T: M- B TPYD}fd’S ca(h_ﬁber down -}n ﬂ\e base1p_dm_t_ovcr w(ﬁic(q
. shs sithing -

o an think 0£ mabw}a H&r bundle B}d“’ndﬂn;g_% (: H‘»e Fnber spate F

-\o e«w‘q POL{ L fhe base in a smooth way but this con ‘oe done 1n the ijlc‘(\—

o M}_QLQ__SLLO_ Pmduc\"man(fvu (eg_almg‘hz q Fmdud“f.ker buhA(C Of |y Mmore
_ wlocshngums i norbvid opdagies e the amshruchion QE-.ﬂY,MQbLUS,,.S,’"@B o

o _MOBIUS STRIP : ThiS is Qﬁﬁ‘b\rﬂ\le le\ ‘:ase 54 (gwck) and ﬁber

(JCDE(::}@&LJA_M.S\; I,gejf Mabuus S‘T’F R
/ Ul'ﬂ\o‘od’ N\S}‘_) gcﬂ‘ WMM9 lﬂ'\o‘cnﬁjz
e e Tdm\—ﬂi,ﬁ” '~-~1F‘431{'her‘cu$t the P[e(zvﬂx, s\'np above g -
o openmlerval aF [027]) sJusta produd
o e g lerval and e e ccyment
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o WHY RIBER BNOLES 7 L
Al higher dmensional theres mwalve fber bundles ot some poink
~ wihspacthme as the base space and_some “inbemndl space” a5 Fhe fiber
. 1n Mq‘ A,_OE most- m‘?vgﬂljv us }_il,‘)_ﬁ_ , Eb_fzcjs__&gﬂ_ e,ﬂac,a,ﬁg!}a}?_ﬁ_,‘w_w —
or aded OQ_”ﬁnsihyda ! _by a4 greup (L?»},&i‘Eer:c,m_SJé}rz&f“fl'?ﬂ\f_din’_)lﬁ,_w_

—“-16 wholghnqemL space. g’(‘ -G __E?l“+_ v the

bundle bas a_nahval “vechal'subspaedbng
The fber diechons , but the com ]emen}ury
T homob] “Sbspie ded ke «
- "'gdl@‘:mﬁ'mﬂ?i*\m—\*m +D*bc— 'Sét_cé‘Cd;Té T
_—‘H:Mubeﬁtaﬂbs)r .bg—smt\e ﬁb{dr,,,,ﬂ‘, -
L Tne homo_nx'aj_sub&pqczm{ﬂ,, be

) ‘J_smorphlc b the _angentspace Q{ih,bajs_[?e@:

 Whenthe fibev has @ natueal nebnc [?,fgman')lao_.&:gf;mf@)_, adte

_ bage also ( Lorentetan, say spacehme), they can be used b pubamene
S J"?jﬁi“"\%_ﬁ‘#i"“?;,ﬂ using Ue fber pohnc along Mo f ber §Vy) and
 Pe bagerelne pulled up” o fle honzundal space usthg the cod flornhdl L0
o dedanng Tl oo ubspees odhogond.
. __Trus be "internol geometry” associated with the group

__ andthe  “extemnal geometry " assoclated with the s,gqceh@e, mnbe

__mnorpordedin a single gesmelry , fogether with an addihiond field which prces
_ outthe homontl subspace. [ The group G whichacts on the fibers 1s the "gaugegrup]

uhile the “gouge field” or "connechon” picks out the hoszontal subspace. )
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Kwnds of Vexr Fiber bundles

In principle the fiber F can be any kind of space. Weare
mostly interested in the cases where it 1s a redl or complex vectorspace

(= “vedor bundles ") or a Wle group (- Pﬁﬁcha\ bundles ) , or
perhaps even a homogeneous gpace  G/H. We need  complex vector

spaceg fo discuss complex scalor f{c\ds and. spinor f(c\ds ) '(HP“C““S ansing
§om apantum mednanics € wmef\mc’ruéns‘.\).

Familiar examples of bundles associdred yirt the differenhral strudure
ofa_manifold - -

veckor bundles s ‘fangem'- 6Und/e ) Corta"geml' bunc//e, fensor bundles
prndpal bundle : bund/eof frqmcg

We have already introduced the tangent and  atangent bundles as the
faritliar velochy and momentum phase spaces over an n-dimensional manifold
M wnsidecd as the @nfiguration space oS— a Classtical dynamical system.

T (regpechuey THM) 15 ust the collechon of all the tangent (cotangent )
Spaces at- all points of M,  Trenotum projechon T ‘assoctotes o tangent
C‘cchhgcn\—\ vedor o a \de'\' of M with the Pcsin\- \‘\'Sc\g. AW the f"ber's
are tsomorphic o the vedor space R".  Alocd frame on M maps each
Hiber onto R™ be WWS#‘*\S '\'m'\gerf\' vedors w\'ﬂhsm\~ved'brs> i~ comPonen‘\'S:
\I{'{Qqﬁg Is &‘Emme on UM | widh dual ‘f;'ume {00“}, .
then X €M CSTM 15 Mapped Yo ¢(x> = (%, X% € Mx "
where X% = & (X).
Sudn g local diffeomorpnism from the bundle o BxF  (here Mtsﬂse"\oaSeSPace,B)
ts called a  “local tmvidiahon" of the bundle  (A™twial bundle is a
global \)roduo\' Bx F.) I Hthe same way that o low\ coodinde chart on a
manifold maps a picce of the manifild orto R” where we can do ordinary calalus | o
local tvidizahin o o Fiber bundle gwes us an 6)(\)\'\61'\' produd- manifold

rcprese nfation og- the var-\*a(:'Pr\c bundlc over some vegion o@ the base space,

allowing us to work explicitly inlems of the differential drudureof B and F
(b Yakeing local wordindtes on each ),
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FBrexam?\_e, a local coordindte chart {X‘:S on M gwes us both a
loaal trvializahon ofthe tangent (changent) bundle ag above by tuleing compunents,
as well as natura\ wordinate charks on the factor manifolds (Hself and ")
fthe product Bx¥, namely {q«‘:)‘.{,‘} on TN and {q":) pi3 on T™*M.
Now we can talk abouk vedor fw\d; on TM cds\\j. Foc example , onsiderthe
vecror f.\c\o\ X = C.L“' 59-('{’;+ FC‘L)° a%—.e .On TM. An m\-egra\ aurve aF‘HnIS
vedor field , soppily wrben (@ (®), YA will sahshy
d oo = af ci/n i
Faw=4¢ di®=FO
le, the hJegbvg of & Parb'c\c an M under the mf:\uencc O\C-q ‘)qlrce.
‘EW/H with C"MVM*S FO)' on M, l({:\eo\ up o ™.
Or consider 4he m\-egm\ curves o(: the Vec\nr-ﬁad
i = :X:i(q,) ( %‘if' — PJ’{R(QD qh%}) on _r/V\) where 7 e (%)

are the components of a connechnon on M:\_§ = XC(@ D:

%QL= X' % b =N R@Y@ 4

T — .
cleglane FE ofi=yio Y M Y%= & Y)'=0
on M\
This tells you how Yo \pam\\e\ '\szg\?or‘\' fangertt vectors along curves in M\ |
5 2V f§\ The vedwr ficlds ??Ei are tangent Yothe fiber ( fangent
v

S‘na’ro M) while the vedtor j(c‘.o\s Di span a SUbS?"-Ct
1somorphic 1o the ‘\'uhgen\— space on the base , SP\\\\whg

the full fangent space ﬂqh{'a“\g‘\u\'ﬁ"o a verH cal space

. along the \C\\oers ond  onnonzontal space  which proyedts
) %X;’ down 1o the bage hr\gm’r Space. '

Th€ hOFI’Z,dﬂ\'G\ SYACeS Ctk 0\‘5\“\3\/‘\’(0‘4‘) on ‘H\e \ov.nc)‘\e) hqve -H\e ﬁb\bwfn9 mMmeanrt n5 .

Pick o tangervedor Y ab x  and move \'\'-a\6n9 a curve N sudh a way Phat

he path of CAY) 1ndhe bundle  doove the aurnve dwags moves 1n the direchon
Hthe honzonkal space.  Then Y s parallel transported along the warve.

The honzonta) space bells You howto move to neaby Hibers above o cunein M J
we, 'r\’pvw\o\asa teannedhion” behwen them. Thus o avanany denvahve on M
becomes partof the geometry on the tangent burdle.
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“These remarks are only intended to vt your aﬂ)e‘\:\\'e " since there
ts po time o go inhy detmil — thatwould Take a curse in ihself.

nthe same way that a manifold is defined gldodly by o
covering by Ner'\aPP\ng local coordinate charts which map F(cce.ro{: the
manifold onto Rn, a bundle is c\efineo\ 3\obal\3 by a covering 0;9

the base mambld bts wer\q‘)‘)\ng open sets Ug (as s a coordinate
overrig) but with  local trviaizehon maps

p - T (Ugy) — BXF .
'F‘\Ders above \,\a)

This tells us globally how the fibers f‘l\' Yogether to make the bundle
as \n the Mobius S\'ﬁ\) /(»ed.o\\'ng nng example, Locally they are tdentical.

This topological shdure 15 veny intereshing  but NO TIME so
we Wil consider ok mosh o S\hs(e \ocal Paviaizahon o a patr of—
M\"\Gpp\ng locdl fmvidhzahions.,

chmmv\e supposc we have two loca) frames {€a] and {ed 5
de‘-mc&m a Commory \'cjton o(' M. IE X € T’V\x is exprcggeo\ TaY -Hne,ce
fames X =Xue, =X'9e, , one has

X — ¢O‘\ = (x, X
N = (60X
so the differont images in RN are rcladed\)j a linear hnsg:)a*iow, o
‘;aauae ‘\'mnsf\)mqh'ov) Y Ga -h-ms{umahéns relate the di nt coptes OF
¢ fberF rcmﬂ'\ns from o\ixv’\¥ local frvializahion maps . The group volved
( GUMR) in thig GYaM{)\-e-) is called the “ struchural group oE the pundle

The exwstence of‘\‘\'\u shructural group is fhe additional P(ece P '
informahion we need o make a vechor bundle , Lie., a fiber bundle 1n which
the linear structure of the fibers is encoded in the bundle geometry.

NO“‘on\y do we need a covering oF‘l‘\ﬂe base space by ouer\qPP'\ng \ocal hvtal\LQans)
but the represenhhvé fivers in each (coptes of F in BxF) should be related
by lnear h—nns&ma\‘iog_s__ D'\%er‘erﬁ' kinds of structure :ﬁar the Fiber F

(vedvrsPQCe, affine space, group, homogeneass S\nce.) lead 4o different structural
9roups which encode that struchure n the bundle irself,

I =AY ¢ ei=Me
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SECTONS . An imPor‘\'am\' concept associared with a f‘\)er bundle which \r\e\PS
further understund he rc\a*\ons\\\‘: between different local frvializahons is a

" section" of the fiber bundle. This is just a smooth choose of ene element
from eadh fiber , le., a £iber valued jlmohor{ A on the base space B
(from each point xeB 4v s own fiber ' = Fy )

Fx -
{ x > AR e T ()=F

‘ ‘M}' \ In otherwordsS
)
For exansp\e, a Sec’\'wno%‘("ﬁe’\'angenjr bundle T™

TITA  TeA = identity of-a manifold 15 a smooth cho\ceof Fangent vector
on B a}r eac Poiﬂ'\" o{- M » i.e_) Qa Vec)\'or‘j!elo\ on M .
A sechon og the cotangent bundle T*M 1s a smooth
choce of covector Jhels a A~form :ﬁc\d on M.  Similarly a sechonof any
Tensor bundle 1s the wrrespording fensor field. A global sechon may
Aot exizt if the bundle is nontrivial | in which case we must speak of tocal sechons,

B

%

For examp\e ) Suppose we consider the bundle 65’ Ut \ﬂxh‘gcn“" vedors over
G2 | whose ’f\\)erg @oprespond o F=St (Htaes which Pamme’m'bg e
Space o# direchions afreack ?o(ﬁ‘r ona 2-dim man\fo\o\), Since every
Vechor {ie_\c\ on S? mush vanishy ot \east at one point , trere are no
alobally defined wrikvector fields on S and hence o global sechons
c'){’ s bundle. ' :

A local trivializahon is provided by a local orthonormal fﬂme {’e\;,éz}
Ohsz, like the one - ie’é)€3—§ ootaned bLj 12 ,
normalizing the wordingte denvahves of spherica)
coordinates whidh cover S minus the fwo ?o\es

A ; A
Us osXx, €+ X, e,

Uxt— (X, X> e S%x St “for any such —fmme
is the  local frivializahion, .
D'\ﬁ-eren\' locod dnvializabions  will relare the E\Eer‘s St by a franslahon

X=X+ AG e the shuchunl group consists °§ retztions of
e circle. Sphencal coordinates on Sl) together with a coordinare X

defmec\ uth ‘CS\’C& o {eé,efﬁ ) Pm\nde aoordinates on the bundle
addgred to this local tnvidization nduced by sphenca] coordinales .
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Re‘\'\u‘ning “'D our *ﬂngen‘\' b.md\e exqu\e N a lom\ '\'n'vta\(zqhdn
1S va\ded by a local :\Q‘ame which (s l’rse\& a collechon og N
gechons of TM which are lineary independent at eadn point of M, te,
a each pont 1N the base of a vector bundle  we have to. identify
q basis 1 the ﬁber over the point, and then the lincartty encoded
in the bundle by the struchural group makes the (incar shuchure of-
the d\ﬁeren‘\' local ‘\'tha\\zahbns —H\a-\‘ come out °£ such c\ndceso{— bases
COmPaH‘o\e.

This leads us to the second kind a(: bundle that interests us,
a prncipal fiber bundle where the fiberis a grup. To our cohnumng

e;(am‘)\e we have the bundle o(' rames ovecr M <
T = 058 Ixe M, e=1e.3 = basts of TMx 3,

| What we have alled o locs) f’uw\e on M is a local sechon of this
bund\c. l-\ere a \OCa\ ‘hv\a\\‘zq\'\dr) is gbjmmco\ Slmj:jbj dnooS\ng a

\oca\ SCC\'\M ) l:e.)'a Loat\ ‘ﬁnme, and e>1>rcssmq ql\ heyr \OCa\ ‘f;‘cw\e.f
in feoms of- e | .
Fix {60«1 a loca ‘fmme ,  let Ca(X) = €6(x)EL

represen\’ an ar\v{\"mm \oca\ {nme , so we have:
(xve) = (%, €% 0)) ¢ Mx 6Ln,R)

The fi\DerS are all d[gebnor‘)hlc o GL(n)R) i
Nohce that the * ‘den‘\'\\g sechon” X = A= (X) 65a> in this
\ocal trviaizahon corrcsyono\s+o the fixcd local frame LEa3 used
to get the [ocal rividhvzahion.
Tf we Yoke anchher {ocal sechon €'y= €y Aba(“) hid €a=€/b/\_npa
or the sechon 200 = (X, Aga(")) in derms 01(_ the gwven local ‘\"n\Aq\\’za\"los)‘“ﬁeﬂ
o= ebqens eaq (elbh—lbt) - Q\_l btec‘)e/b = e“b@, el
means the new local "'hvm\tza’hon s (X\ e) —> (x) e’La) wﬂl\
e/qu A-‘bceca ,on wvwerse \69"\‘\4\05\«\1‘0'3 on GLL-».R),
Now the " idml—m\y sechon ' tonesponds o tE4LT. I other words fora prnciple
bundle, a loal trviahizahon ts equivdent Yo a chaw of dentily element on each

fiber, and the strudura group achion Is just Aeft Cor ng"*) fransknon on the
fxber rei:se'\x'w\w\.re whidn 15 a COP&COG ‘H‘\e shrudchara 9\(0\4‘). The c\'\oxwo-(; l,e,Pr

or ng\»)r nslahon achin 1 4 maller o€ anvenhidn, Usualy o ""&ac\'\on“ ts chosen.
R Arr T ouk naht. sce below

i
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A \rﬁ(‘\' ées‘)echve\\j '13“\*') OLC\"IOﬂ o{a SYbuP G on a Mqr\l{l\)Ld M \‘

X (faCx) satfshes 50\:§Qz= S:alqz (&aﬁ&aﬁ &aza).
(nverse teby bronslahon on a group &a = Lq"‘ {La)‘l is a ngk'\' qd‘lc;n)
{or t/xam?\e. Hence 1n our fS:YlN\c bundle examv\e wk have a r\g\\\'

A G\UmR) o the Lers. Righttransiahon s a nghtadon o G
in\i;\e\oé’sw. LQ{'{"h:ns\ahurf\\isa leg—gd'ion. " J "

?nm\‘)q\ \Ound\es in Sewm\ are m* on\g \DCu“:j \'\"NN\ \’v BX G 6"'50“\8

Ue group G whidh winades with dthe shuchurs) group , but 'Hney mustalso be \
ez\'\u‘,peA w.r\"L a " nﬂ\h}r GC\'\bn“ o(’ G on the f\bers w‘\ic\s " any \OCa\ '\'nVKq\l?,a:\‘lm
reduces eller bo vene \efk Wans\ahon_as above o swply nght franst ahen.

/—U\e Nyrerse \eﬂ *nns\a\’lbn N\ our eYample  came (:\'orn the passwe \>om+o(-vtew
dedoo] we adoped. Righttramdiahins 10 the local trvidkzation coprespond o the
below ac\we(oo\n*a('v(ab. Namely, 1f we cnange every frame by the achve
hinear ‘\'mnsfoma\'\‘on €q —= Sb A®, )

'p'\en n '\'\'\L ‘0(01\ '\"'\Vlﬁ\\\'ZAHOV) t é a™ €bc)°\ca , ',')\AS\' \’\9\\*' *'T"MS \Q\‘\;)ﬁ.
g0 We get a ng\}r achon. Now which is the achon whidh nlevests as €
(this {s “ltve” deduchon since all My notes ave Amenc'n.)
or whidh case do wosiont \wneac ‘\'Ynnsfomu\-\o\;\_s male sense ¢
Thcsz OWYCS\N“A Jﬂ? a \"ca\ ad'mh o(: GL(V\R) on 'H'\e Luno“exas Qa
‘\TﬂnSmewc\'lbn grovp. Answer, c\em—\s these nsk\— -\nns\a-hoﬁs) s
the mveme \e{l‘\- ‘ranslahons Convesponding fo a change of local

trvidizahon are n sea\q,m\ always a\e?m%-oﬁ-\-kc base P°;h¥~—
i\e\j"r\'\e struchura group achony ts only O\ofmed on The 1ndividual ﬁkers
but this new ngk\-oz\-mh \s a red adnon on The whele bundle.

The ngH* Franddhons ave 5emm\ca\ ‘03 the \e{;\’\wavan‘\” vedror f\e\‘d.%
sinc thege w\»eseq’r areal achon @ on the unde, these locl vializahon
ﬁela\s muc\' m?vesen‘\' geome\—hca\\\j ch,i’\nca 'f\c\,ds on 'H'\e \ound\&w\f\\dﬂ are
™apped onto the \c{’\— wuanant veckor '§e\c\s N any low tuiaizahion,
This ts nottrue of the nﬁ\r\'\'\wanan‘\’ echor f\é\o\s,

NO‘\Q'H’\O\' S-\(S"') Ode\‘\'S no 8\0‘0(1\ SeC\’levy S\nc.c 52 adm\‘\’s no 3\0‘!)4\\3 nonzero
vedor field.
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The ‘fangert burdle , whangent bundle, and hgher rank {ensorloundles,
as well as the bund\e 0(: f‘ﬂmes . all have fbers whose \>o'm‘\'s are associated
n some way with the differenta) strudure of the base manifold. They
are said to be “soldered 40" the base manifold. [ The struchural group
of a Iigher ranke tenssr bundle ts the cwresponding densor representehian
of 6L(n\a.) One canals o0 consider vedor and Pnhdpq\ bundles
wheve tre ‘Elbers are unrelaled 4o the base manifold.  Tisis the
ase with the smple " gouge theories" o§ eledvomagnehsm )e\cc\\’bwcak theory,
the ghaon "'\‘\66\‘3 the shong nudesr force. , and I GQrand Un\{:(ed'\'hedﬁes
@ 6\,{TS> which unlf\j the dedvoweakl and shrong nudiear for'tei.

We wil\ descnbe e\echomajnehém s \anguagt.

A sechon will be assoctated with a  “dhace of gavge ' and the
shudhura) group %ns&mq-\'uins velahng  different  Sechons or thetr .
Corrcsy«mdmg \Ow\ %V\Q\\za'h'ov)s w\“ be ca“eo\ Qa “go»uge "S’T")S‘E’fw\q‘\'\aﬁ .

Consider o UA) Pnnc\\w\ f\\)er bundle 3 st some details e

UQ) = {éce)e loeR] < GLUL,E)  «/idenhfy 4x1 mlwmlma
aty = {810eRY | asis: Ex=1, ef-aﬂ/aé’“”%{‘if&‘;&?ﬁ"éﬁ‘&'?‘;ﬁe

8 = Oanon(c,a\ coorc\lna\-e (oF f\rs\' or‘sccu»\d\k'\ha -—No d\{’{em\q o) L—dmens u:)vD
( l }'\ mqn\go\(lo( U@ s S{L N Cor'\?\ex P\anc} Jusﬂ- a circle
< 3 somehmes o UQ) bundle is called acvtle bundie
sine Fibers are cirdes.

derkity of uw) ahrcs‘xnd-s > =0,

‘:/ st P\us we have a ng\m\‘ac\v;n
OS’ U(A) Oﬁ‘“’“S bund\e

Now o U®) bundle :
Ve S‘)arx’nmé 8 \ L A00)

To geta [ocal trvidizahon we Pk o sechon AG), Tren £ peT 0
15 a \70\“\' n the f\ber over x, we assouiaye \'\'\e PO\F\\’

p (x) U) € MyX UWA)  here p= R-u AG)  defines the
umage ha\w\' Hransiahon " ‘ﬁ'om A Yo P, This lowal Frwviahization
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(mdn cun c‘wﬁm\y be gerevalized to nonqb\\mamu‘;r Jhere left-and nght
hO\DV\gm oo\nctdc> maps the given sechon AL o '\'\me“\den*"\lrg et sechon
mthe ocal frvialization, 7 here ro?resen\u\ n oodanales X )
A2 ? _
7 - eAL-(re/H. ~ Do,-};(d-A«(X)%

—>
My

T

> XX

X
O’nﬁt\g\ng the focal tvalizahon leads to \)Ol"érdlpen(lw\*' UQ) Jrﬂnsgbmah;ns
on Spa&\ﬂw;e OG‘HM {\\oers( - ‘pnc 5\'Nc’tum\ 3“’“‘33 On ‘\'\'\c_ a\'\mer hand

Pranslations n O which ave \nhpeno\.m\— o} spachme ponk chvc:erf\— the
ngh¥%hon we Need on a Pnana\ bundle. b v

There ts o natwa! o o{/Su\as?quz of e bundle vaxgen\":spaa_
Cﬁmp\e"\m\‘f\j o ‘“’W Verhu\\ su\bs‘)aa ‘\‘uhaen‘\"‘b ‘\'\\& fvber
So we can Intrdue e 6 choice b3 d’f‘—““"ﬂ the vedor f.e\al,r

D = %(*~Au® % i thie \ocal 'f"\\f\a\izaic_yh o bick out the
honoal subst Note that  any vector —ﬁe\o\ on s{:md'\mé
X=X"‘§g~ can be " lifled" 4o a " honzenhal vedvrfle\o\‘c;ﬂ the
bundle  T=FXD. . [ Now we are no longer dishnguishing

behweon X7 ag a covdinale on the base and in the local Fralizdhen
as we did for Hhe ‘\'ﬂ“geﬂ\*qr\d cc'\'uhaevr\" bundle wheve we used

Q=T )'(L. ]
7 { =% D=")-—Aqa3 adagled Yo

So what? e Jrume C=%)» Vo=t ol 15 adap

This direck sum o\cwm‘wﬂ\‘lm OF the bunrdle -‘unsev& space. Thee dual

frme 15 { dX®) W= do4 AudX= w4 Aadx® }

SU\P\)OSC we nfroduce o mm‘)\ex scdar -f\e,\o\ V<) on sPa@hnR& |
In many sthuahons C(G\\'@msw;\—s q,wavef\&nc\'\dh, ‘(Bﬁexamﬂe), the
phase o& YX) is not physical and all funchons m\qlee’\\}j a Pka;c
Fachr are considoved equvalent , or “gauge equivalent
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Thisis where UA) wmes wn— it 1s the group of phase transfoamahons
0€ Co'fn‘)\e)( valued ‘f\'e\o\s.

Defive o fild F(x0)= € ¥6) onthe bundle 1n this
\,Oc,a\ ‘\'UV\G\\’LG‘\\OH ) rc\)v—esen'\'\hj q\\ 'Pf\e \pogs\k\e 6"“93 e%u\va\mf vq\ufg
of W6 on S‘)qce*'ﬁne . Choosing a sechon of the bundle produces a new
Vq\WOf-%f\AQChon velaled to V) by a ua) gauge '\'run:f;:mq-h?y;

10 s Lol Fnvializahon using ovrdinates | g sechon 18
x > A0 ~ (XY, 8=A00)
Sine. the sechon is q map ﬁ\mq the base up Yo the b

undle we can

» ul\ back M (‘CHPU“ dowﬂ" Ta -HI“S CO'\\'C)C‘\') '6.4'\C\'\0l")_g and Co\/ﬂ\ngg _\_
e\dS onN -‘-\\e b\iﬂd\ﬁ o %C blse_ SPQCﬁ'\'T'V;e.
Seo Ax Y = Poa = GI'A 'l / (,Ju.ﬂ'sub.s";‘ukfn 6 =)

This \s a gauge Frans formaron of W ,uwhichis assoaared wihthe mginc
Seo\'uw\ used +o 96*"‘\'\’\6 lo col +rwvialrzahion

What dbout-the fields Dot on thebundle? Andthe A-form W=d6 ¥ Axdx”
whidh defines the disknbunon of horzenta\ spaces as the subspaces H
evalusles fozeroon ¢ These define the gouge ‘)o\on'\’l'a\ ond. gauge
wranan- denvahve on the bundle , sechons of Whidn lead 1o the

Swu.\'\mé gauge,pol‘e’nha\ and gauge wanant denvahve 1 eadn ol
of gauge.

Defne DT = (B )W) = €'°( uv-1A0) )
.. = Vb Bt
ad D =D0F &Y = e GV

& {1 !'\+ -\—\q\ 4
DA\P Joange Gﬁ?\'{\lispeci( .—:Z/Aeldé\l/
on the bundle and on S\)C\(,?/"'\N\e using the local trmiahzahion,

Noouse ano'“'\e(‘ scc,\-wm'\‘o ‘)u\\ W down~ Jo SPQQ'\-\M e ,‘C\ﬁdvxse, Yhe
‘ N E _ & A .
20T = et Dy =B, (" ¥) WS{W‘W ot

verrfy N s wned 9%
25T = dA+ Ao = AvaA . o

gaude
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{n other words ‘Hﬂe gauge ?oknh‘a\ A mensfoms b«j QAd\Jug '“u'z di%;!\
of A and the new gauge coanant denvehve or diflerenhal with
ros\ped"w the transformed Poknha\ ts exadly fhe gauge hansformahion
of the 4d gauge covanar- denvatie or diffevenhal,

In other words , the “go,uge(,ouo.n}-.ﬂ\"‘ denvahve s realy gauge
avanant. The gauge ?o\ren'\{a\ pt ks ok the honzontal Su‘osPacu I~
e Yundle and ?wvw\es W wih a Y connechon” , e, a
Pam\ ol 'h-unst?or‘\' of camplex valved fanchons on the pundle which
behove lee 7 | namely under codiant fanslations 16 O representing
a ansunt UQY) fansformahan «f the bundle | they are muthphied by that
Uy mato s 5 04 B, |, B4 cmshank.

o ei@*’&)w — e\eig
ThCSC f\e\ds v-c‘)refen*' ‘\'\'\e gaqseeqqu\eq\‘ srfq\af‘f\c\ds on "W\e base.
Any canre i Wmhme oan be lifted fo a curve 1~ Fhe bundle
and then eva.\ua\'lrlq Y a\ona Pat cunve in Pe bundle - can be
:(,;u“etk down by an appmpna\c sechon o yeld a Paﬂ“e“&‘\‘wns()d\—l-ea\

'&no\-—un qlovxs He tanein SPQQJ\'lm‘e (Vanls\n\hg gauge cosonant™
d‘%ﬂ\ n\oma Hhe wmne )

To samup , @ UA) bandle wcrxP«v\'\me Jus’rq“uckes a
arte to eadn \)om\—og spacz\'\me mpmsm¥hq all Poss\b\e ‘ykqsc \'Yansﬁ)mﬂhm\of
of-a amplex field at that pont: A comnednon on Hhie potential
pm\J\cs 4  Qownge waa\ . Cowxp\ex 60\&5 on the bundle whidh '}Yz«ns{om
by (1(14) under the “Y\gH'ad'lo'v\“ '\’\’\ﬂ*‘ wmes wilh the \)hnd(u\ bundle -
covrespond o fields on S‘)ace\‘»me nidn undergo  phase fransfomahas

—“‘Cga\kgt (ZM‘Q\ P\"O\l\deé Q gav\gc CQI“Q@A+ obrwajnuc -ﬁr mch
Qelds.



—

=13
EXCEPT MOTWVATED STUDENTS SKIP THIS:
Whot happens ﬁra nonabseian grouF? Just + gwe an tdea without
going into 3\-ca¥ detuail ;.
Ltegrup G5 peis a; M.enH\'tj Ao ; Lteagebra % ; basis {e.,}) dua\ basis {qu)
ng‘n¥ invanant basts {'é'az.) dual basfs {(:5“'5 .
Cea,e] = Cave. (e, Sp])=0 L&, Bv)=— Gaec
= R% Wb , RS QdJo\n'\' MQHK _

Now constder o prnapal bundle P withy group G overthe base S\acwohmé, Mg

P N ~ aa,} )\Vr .
] ) local trvializahion " p ‘F‘/
n l ass ot aved, with Oo
My: focal sechon S %
X A

P~ (x%a%
Y qa
Inthe \ocal tnvialization: L0~ O  d4)
Fhe verhal space Vb 15 tangent to G ; one can use either $€.3 (left)
or S\éa-ﬂ é9hd) as a basts of s SuL.quce 5 weth dual bases [eo*] and {Q’)“}
The left mwf\a-n\" vedor fields have a geomehncal meaning G':)Ac?cno\cn‘\' of-the
local fhvidlizahon since "f\'\ej genevale the ngk\— +ranslabions whidy rcpvcscv&:s
e ﬂgH' QC\'\onog G on the Fber bundle whidh ts assumed + exist,
However, the nghtinvanantvediefields , though related by spachme Aependent™
ad‘)um\'\w'ms&mq\'lo‘ns " different loc\ Yrvializations , are DLSBGL\ N a f'\xcd
loaal tvializahon since ‘r\\ej are \mvanant under the ng M- adhoen of G,
Tre @L’\%’a\_sﬁ(e ‘r\‘, is delermined bg a connechon. One “\LH—s“'Hwe
toordnabe denvahves fnm Spqa,‘\"\me o the bundle by otefmw'\g
Du= %&d — AY N €a = %—(d— R™%} A% 6 €a |
Note 'H')a‘\" [ea, Dd_] =0 5 e, 'H'\esc ave muaqa-\\— under the ﬁjL\‘\"%\’!m O.(_G,
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“Now choose {Bd)ea} or iDd;evag as a ')q'ame on MqxG,
The dual bages are vespeckively — { ax®, W5 and { dx”, WY where
W= @+ A%@a  , W= RMLWE
e secnd frame has the aduan\uﬂc of- bo'mj invariant under the ngk\— achon
of G but the ollsaduan\-qﬂe g Y — depends on the loal +nvidizahon,
The firstk frume 1s independent of te (ocal fuviahizaton.
The ngk‘\’ad'u;q o(— G on the bundle pr— &qd.(P)
becomes inthe local 4nvialization 0, @) V2 (X,04,) = (%y ‘Zaiéfﬂ)
ry\w\'hans\Q\'mnVE;an.
Thead)ont- Pratrx 'h'unsfwrms N a SlMP\ewag 5 \et a1€ G be afixed element -
R(@ & R(a0) =RMRA) | or suprecsig 0 1 R » REAY"

Poce  (Ra)y W =[Ra )] WP = (R ep e 7

Wadz of ) ——— - S
<F“ F_fbmﬁ) = R (as) w (hvangnt)

so the f-forms W2 undergo an \"VCrZe ad)oint ‘kwnsfnma{-l&n.

These d—forms define the distnbution of honzontal Spaces
as the subspaces annthilaled by W95

SMPPOSC we ‘7\&\"0 "“C\'ﬂc on '“"C b\md\e \)3 deo{an;\g Hf O"Hf\ogom\ +°VP R
h\g‘ng up the SPa(d'ane menc Jo HP ) ond ‘7\4{'\1?\9 a rg\n'\'mvanan-\— metnc
dogdhe o nVp i —ancer

@{F.ﬂg = 9&8()0 o\’("&o\xg + 9.\, (x) %q@%b {KS\'\Q tvamant

Second ‘_f\‘amc

@QJ*@M 8 = ‘@'65 medne invanant ur~der ng\r\*-ac\ﬁorw of-G

Thisis a Lorentz methe i—& (Gab) 15 pos\hve4d‘ef{dﬂ-e. The genern‘\'arsy {eas
0{:1"‘\: ng\‘ﬂ”*“ns\a{'ms are kﬂ,\mg Vco\‘m‘\f\e\o\} 0{:"“'\\5 metric,
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Su ppose sne \MYOSGS the E\V)s\c\h ectuahoras on ‘H'\\'S ﬁ%r' metTic,
One may collapse the theory to the quohent space of~ the n@H’ achon of G
Decause a{: the invanance | ‘namely te a '\'\"160\'\5 onthe lase Spae
spaw’nmé Mq " a Par\ww\ar dhoree de diuge mvo\v\ng Hre ﬁc\d;

9us Grawky), AL (gawgepdenhils) ,  Qab  (scalor ficlds).
Tn the s‘>ec|a\ case of a CGM?ac'\— gloup C:>) ‘h\zfng Qab 10 be a mu\hp\c
0{' the Blanvanant Car\-u\ry-\c\\\\ng mchne Cconsyant- Cﬂ“‘\P°'30'\+S')) _one
o\g\'mﬁs o Bmmhza'\'wr) oé ‘pf\e E(ns\c;r)—-quwcu atuq“'u'm! er3
r miérmching photon fields A% XY ndead af one, but with a
cosmdlogical  constant which creales FYDL\'C""Ij,

On the other hand one can allow them aooyle f\clds which
pmmmu‘mu the bundle mebx +o depmclab'o on the ]q\oef“ Coordma‘cg)
braseing the f‘ocr symmetry.  Then one annot qushent-sut the
T‘nedrg to o\:\'mr) an e-(—(cd-\vc —HﬁaorB on ﬁpdce‘Hme. Now one
ust iﬂ\‘e'P“e" the bundle '\'\'S\'f\f as a h[g‘vcrd\mcns\ona\ SPace‘hmé
and treat all S‘>q‘ha\ dimensions o0 an equa) fochng.,  The ongiral
symmetric theory  can be thought of as G lowerenergy ik —

a lowest rode iy a hamonic Sxpansion of The qu'ameh-:u'ng

fields dlong the fibers., Ph“ean\y\c ‘Fw' the Sdimensiondl  Elnscin—Maydh
't\'\wg)%\( S:l\!)erf arc cvriles and onc can erﬁm a Funer egFanstu'n —
‘H\c,\owcxl* lharmonic \S the C(MY\W‘\J(' "{-em;'\ ‘&\t &Pqngfon.

H\S\'O\"f(,q\\3> summe\-v{c. theores were amsidered  which allowed e
dimensind reduchion” Yo 4 5‘)acchme dimensions bul the wurse of events
led o H"CSB "T‘d\y \H\Lg\merd\mens(om\ '\)V\eonés, m‘*‘j SPC{CL'\'\VY)C.IS
"neacdy ! fur—dimensiona) | and very high enemes are retessany o probe
the exdva dimensins whidh are df§qmeol+0 be campa,c\— wihveny small
radws of-tuvature, To understond  how this  comey qu-\') one s
led s\'\w\g C°Sm6\03\ ca\ N\oo\e\g Oepresa\'\;l‘r:-j Posﬂ\p\e mo&\ S oé ‘H’\‘
veny em—\g untverse when all the Aimensions Wwere wm(_)qmb(e_
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A gcneru\ fea\'urc u%‘\’\'\esc madels is Jt\f\a\‘ Hf\e \enj{—\m gca\e qgsoc\qkd
“with the internd dimengions (fberdimenstons) affecs the scale of dhe
CX&Qma\ dimenstons ( ¥ usual" 4"$?qcehme dtmenstoh.s).

Inthe frame {Dw,€n), the menc has blode dragonal form
(@-H')SAB) = (@9&5 O > let r=0D bethe f\ber‘dlmcnslén_
0 |99, attuch ;upeq—cn";% to dish ngulf\w subHo:k(,
wa =\det (QWQMD\: @q ®©g
The Queshoh'|s , AN"’H ldmhﬁ @9-10 d)(d@a\)g as ‘H‘\c 4.‘dW*GVISWM\ MO“’T'LE:

and not some mu\'\-\‘)\e o?ﬂ' hich ol&Pends on the F\Ler M&'\'né?
N fact no one el You how Ho '\o\cd‘if\j the 9—dimensiomal metrc

e usual Einsen achos has Lagrangtan
|~ Q*:b)g e DR 69\/1@9‘/1 ((“"R - )
4—dl;quns\c(lq gector 1nvolves an;b(dﬂohké
Stalar f\ckcl fudvr 0{' @,9»"

One @n absorh '\“r\e BransDrde -like fuo\'w inp the d-dimensional e
53 G Cmﬁiw\ "Yunffomaho\ (cauulq WBJ\M"SG)MG{'NA n "!‘v\fs

@9-«3 =€ @&u -G)B\/l @3"’@ Rug = Q-Q\Pf)f—z—uy*""
P = gWug Yo €20 (@ |
Rus = SRy o
vadientof ¥
s

S @ge g hwp s2¥D)gY [QGUBBhED 4. .
o ®gh Oghiep €7 0g% [Qgumrer +..]

ChOOSC:‘i » o\ . D
€2W= C@g"—)‘.a: &
| e DB

— . R~ al\//ejﬁ scole dvrofmknna\s e
@Sac: CE:» &)Buo Thus Ne N\\&S‘S’ msca\e“g‘:hc 4-%Imen5\°hq\ Pa

fields by a pquer‘of%c internal  dius.

A
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O{: ourse actual U\n\f\co\ 'pheon'cs are much more comF\(caM w\'H')
O.h\‘iwhr)mw\-\'nq ﬁe\AS and su‘)ersgm\me;\h'cg ) e:\'c, ) &)u‘\' 'ﬂ\e f\\:)er
bundle mode\ is (h‘\"lm\f\g related to all og‘“\em.

\F you were 1o undertalee a Srudy og' the '\’Ls\ngs T have o'\\y g\ven
You a vague m‘:hcsr(on of 1 yau would be \ntevested s

.M. Cho, Physics Lellers B\99, 358 (187)  Effeshve louplings
n Kaluza—~ Kleir &ﬁﬁcq{‘um
and the references thererin ( be carefuly heuses the
frame %.,) €af instead of {Dol) e.?go the rﬁd’hé (oo\f&S
more comp\(ca\-e:l > | |

Gang bock o our  Januany s\'wl\j og DeS“-Scrs\;a(:e_and higher
dimensional gene,\ra\l'Zq\'lo?xs) one can snsider gcnem\,lzmg the

Lifshtz  perturbahion andlysis do higherdimensions as m
P.F Conzdlez—Dlaz | Paysicl Levrew ©36, 3651 (1asT),
Perduranc of higher-dimensional  de Siller space.

See PR bonzdlez-Piaz , Phys.lelt Blol, 267 (1487) fr
" Schuwarweschild De Siller and Schumareschild n h-gLefofshenSU;\J

Unfur\'uhq\-e\g X Hhere t1s no  fext which Cempromises betwesn
dhe dassical and modem aPPmadnes Ban  So thal P\\y;tcts\rs

can 67«5‘\9 \cam 'H‘e Y‘C(OS{CU'B Mq“'l'\ew\a‘\'fCS. You hove do S{Tu&g\e
\f You \m"r\"'\'o understand this Sha-f{



