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ANOTHER GANCE AT DIFFERENTIAL GEOMETRY

TTn order to consider dynamics on manifolds, one nceds a litte
—————rjore " 'kﬁow\edge ﬂ&‘dT&E reﬁhhlﬁgenmc’ﬂ"g “‘\-o—mﬁers\-arxfw\ﬁv\‘gwﬂﬂa\j
___ owady know from a physics perspective,

. >uJppose ix“} are local coordinates om some maanolo\ M which is
‘\Jne conf\gurq‘\’lon space ‘fBPScme c\qSS\ca\ mechanical sys\-em The

ve\oa\—g and momentum P\vase sPaccs are mpor‘\nn\- 0 fomu\ahng
- Fhe- dyriamics “and are jusy classteal Hames f%r He -bngcn‘-\— and T
. CD‘\'C\ngen‘\' bundles.. e

~Let TM, be the hmgcﬂ\'seqce of x  and le’r —r/V\ be &sduq\
Space, the co\'ungcrﬁ' ace. nen the Han er‘i\' bundle is ‘an 5€+0§

B *'*"**_tunsen\_ SPa(,eS {TMXTKG M} { (X)ﬁ 17T€ TMX}_ I
T and +h€ mlmngen*%una\e TW\ s Slﬂ'ﬂfﬁf’\a defmed S
S TME= O e,

- These ’{P*&’cicgﬁﬁiié natural” coordinate systems’ extending the coodhmates T
—{fon M whidh omespond 4o expressing tangeni-vechrs and: covectors
1 the coordingre jnme { X}  with dual ﬁume Jdxey .

S e T e g DX

e e a(){ rx‘) dx_(X') =X S
o (dxT=Xoexl)

{f{ >?“7§ on T (monﬂﬁum PWa,ce 5\:;1(;) q Uxo)= X0 .
o e %&wffT%MMﬁ”Tn”"*”*""ﬁ’

C(foE e dxtl ) T

Tthe fwo sp sPchS MQ3 be m\akd +o cqch o+her |j: one has q w aj o
- o relate ‘hﬂgen’r and- CoJm ent Vedsrs.— This cany bedonewrth-a metnc

__or thnking classically mechamca“ My , using a Lagrangtan (i prachce
‘H“CSC are oﬁcn equa(ef‘r\")

- S'Ul?{zosc o &Ld)(“@dx Is a mehc on M. Then index raising qﬁol

(Owenng relates ‘fonsen\‘and coJ('arBen\' Vec\'ofS qnc\

) T {93 with nvese 147 M - {fc q'= 5“"P3
provides an inverhble map behween the velocHy and momentum phagse
~ T spactes whidy enables us ’ro"‘ﬁm\é‘ay"”rﬁe;ﬁ“as o different vealizatons
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o{: the same qbﬁ“md' VhaSe space. This same conre;?ono\ence mag be o
made using a Lagrangian. let T = 1 g Lq CL be the kinelic

_ energy ﬁmohmg G\SSocwdeo\ wl'u'?'qu me%'hc ,.}. !Sq ﬁmc\'tor) on TM

] IJ Tum\s any. fmd’lm on M ‘Hrwug\-ﬂ‘ of as a PO\en\‘ml the
”7La9mn9\on L= "T-U" descn\oes “mohien in ‘H’\e geomotry Of ‘H‘e

 mebne S“t?_)ed' fothe force ﬁe\o\ E= —o\\/\ - ?M. Ix® = F'a o\x“ e

which 1s m\/artqn'\—\g descAbed by a A-form. ‘W U= o, then
 the Lageunglan reduces o the lkinetic energy and descr\\ocs the -
_ geodestcs of the metric. [m«\-mso{mo\wm = — L : J%C 'DL —]

77_0067777@@{:}995 'H\e momorr\'q N ‘Hﬂe usua\ wai q'q

~ Pa= oL = _5_ ga\DqL _ This relahon be\'wecn ve\ocl\-\es mo\

‘D({, 44 q' ) mmeﬂ‘\'a C\S\ﬂb\\shes an \denhﬁca\'l"’\ o

| mqp behween the two \‘nSe sPace.sr UJHC\f} qmouﬂ\—s -h, " [ouerms the mdex .’
~ The Hamilbonian s \n’rwduccé\ as ‘ -

" H= PqCL . re-cX?vcsscd as— aﬁnchow oF {q/,P.} \e)aﬁmchoq onTM
An our"*esfaqs\e o *-rwzﬂ PaP» 4+ U= T U wheve

e s e e he\-e T s gong‘dercd~ as- a- '6'4“0'\'10") -or TM e o e e

;_B\&j m\’roducm ‘Pr\e PO\SSOﬂ Bmee‘\' {: PC\'IO\OS on m

LJC )_b} = gg L % 4?; So ‘Hno{‘ ‘ﬁhc or;\ﬂ nNorzer g 7

-f mfﬁmgﬂﬂvﬁ@m.mxf-mmmxes 0513 (here kel mean sek- i)
: ~qre.ﬁr - ~§—(L'5)P b}’é ,,:,,,8’,53 —One- ‘0\3\7«\\05 il'hc H‘aml {um aN ,,eckug‘hon;

- 'C’ffm‘q hop‘ T ad_{qf':_-: {q,‘) H?} - % ’Pd = {Pﬁ)H}Pr T o

(we May bc pr‘y and. Fu{— Q = ) P... E[g— >

4L '111%00\'0\'9 CG:) LN N\ V‘)\“C\" isa Solu‘\’]oy\ o{- -\-\.\e ef{wr\'lom Og mo'hon -
~ pnduces aarves i bo*\'\'x buho\\es ( hase qces> ﬁ)r examp e, lething
CER=XE) d ClO)= m -

\ , “Hhen (C"CQ O[Q%Q)
is the @ordinate re res M";;F ‘H-»e CLu'\uE.:(:t }m the velocl'\‘& P\ﬂqse SPace o

Cuhnile (C Cﬁ 9&@@@0) is Miéﬁe"ﬁr FHhe momentum \:>\nase Space o




P63

:_[n some ?rb‘o\ems I\‘ is |mg>r\'tm§‘ '}'o use g noncoordtha'\‘c ‘G'nme on M I
This can be exiended 4o 4he \mse spaces by Jra\remg cvaonenk o{: 'fungm+ -

and cotangent vechors wrt rc5‘>eo4- +v ‘f‘ne noncoordmaﬂe fame métad Of‘
o corhinate frame. - - — e
' Suppase $eadis a locd ?‘n‘me, with  €a= ‘éﬂ&b ""’h""e)é?’eged S
1m0 loaal {OOTdI”«\a\'eS;Le«&~ {Q}“;be‘ﬂwe dua\jqame)—w% —C‘)q=w¢bdxb e
Tre dudlity andifion §=coi(ep)= (0% €55 ~means that thetr compmm)r B
777777 ~ watnces are mverse mabnces, The amount by which a fame falls bbe
a cwrdmah ﬁnme iS c\’\qrao\-cn-)_ea‘ by 'Hr\e "mmmﬁnchw " Cle

‘g:ar"l'\'\c me °

— fenel= Giee 2
T [e Lie brackets of the basts vedorg can be eqmcsreo\ N the fnme —the

- _xpunsion, oeficents are Fhe shruchure funchons. ] ~ e

m;[%we-use Ly, S for coa-dlna’reqndlcesf!t\ﬂenﬁ e

. X%= (,g“ LK = i€a

X'=e'aXx* O'u = CaW% e
are ‘Hﬁe 'hran;%mq’nons be’rwceq coo«z\\na\"e and ‘fFume Caﬂ'\\DO'\e'\‘\‘S‘ Smm\ar\g)
 we wn m\-roduce new coo‘rdma\-a o~ the iungen'\’ and CO‘\'uhgeﬂ'\" Eund\es -

o {(C ('0 } on_:Tm - W"\'x) (A)E wqb ‘{, o (genem\\‘Lec\ Ve\oor\'\es)
,{%)P«} oo T wﬂ‘\» _Eq = el P. (9enem\\1zd mom-»‘m)
_Then if G = Gyt weuk = gy deiwdd T= —zg 3ab @“wbﬂfgmi

and [ ,,jﬂfzagk _on ,VT’,‘,’\,,),, w\'Ho - Pu= , g,;,w

~ guingthe new representation of the corresPono\ence 7 be+ween the

phase spaces.  Fora cwe €F) in M {eading 1o o cunve in the Fhase spaces,
note Hmﬂ' (,Q“(C(ir)) Wi () %C‘G‘) ts rot a Jolal hime denvahve

\“ne dO{- " n f"‘d— rc(:ers to a borfum‘ Hg‘mg opemjnm I~ gcoeru‘ which
concides wr{")‘ﬁwhme dervave whery evdudred s way fora cordinde frame.
Tﬁ:écam dle the kinehc energy Vs Yalf the WY of '\'\\c metnc on TM and

. Ea\%‘\*\eAlﬁ— of the conbravanant melnd on- “TM*—- ﬂﬁB veo\'vr f\e\a
A= XA =X €q  is fo a “moment function”  X'pi = —XQE“ °r

mt)men\’um 0N TM ] \ "



The wordinates {a‘ ng ’3 on M are cq\ led ™ canonical mprd‘m\'% and afe
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charadertzed by their speaa\ Poisson brackets. The coarqu\'es {({ , :Eq}
“do m\'sqhsfy %e same brackels. E
— -~ EXERUSE, Using the expansn Fa= eaPL “and the Poisson bradkets— -
_oftre_ainenicd cmrd‘na\'e_s shoo that ,7

5?‘,{'\5&477 SL/sw= eal— CaL/bw) +CaL/bw)chbw N

7 ‘\“‘SJ%‘* produ.c)rano\ ‘haln rules \n\/olvmj 'H')e h’«nsf;rmqho»s
: w—a_-wqﬁq‘ - .

{qtb 'E } . {-qufb}p CCaB.E,, e
H\ﬂjt You need‘t-o use. 'Hne caordlnch fomm\a for the Le bracket:
(eq) Eb] =. e aJ .|> - eb aJe a,

T EXERGSE. The wordinates {9 W} are "nencononical T
“coordinates * on - TM since 'ﬂ)e ngrque denwrhve usedto— - —

~ uhen rc—ecprcssco! 123 ancse coordinates,  Show -Ijhai-,The |

_ Jrme components of this denvahve 31_/56'0 = el §L/S¢ N

_ where Qq‘—,,,ff@ns,i‘ﬂedgr)yghve of L(g5WY holding w* ﬁxeA o
e. eql= _e{’a ( a(—(ﬂj:‘i:j,)v BL(qJ WY /5 &)bk) 1 )

9‘{‘ ) &w -
lrﬂ' \/au need -I'o use duah{y -\-o eva\uak dznv«hvff d(: C\?q‘— +° 'H7°5?— I
,:0£ ea """ C\\L €'a= éb U)bb).)eq +“') eq)')—'o

and then use the Lie brackets ag f€ad, s is a bit invelved, m

iX"Pc ,5(’?5}{'@- ~ —‘LX',‘(]'?P*L S e o

o WS\( D(‘\(IT—O ')""'\\CSE v Moﬂ')?h'\'\&"\ f\lhéhd';\s'“’ ('DW\N\\A'\"Q_ e
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Suppose we have a Lie group G. Then we have a basis {€aJ
of the Lie algebra 9 of left ivariant vector fields on G which (s
a global frume on G. There is dlso a corresponding right-Invartant
Jrame {&.5. Bach may be used 4o obtaln  “noncanonical wordinates”
on fhe fangert and cv*angen“‘ bundles by the infroduchon of genem‘lzed

velocifies and momenta .,
Recall [ea,e0]= Cabee (6.8 )=-CbEc [&,é)=0

NU\T:‘ ‘Hﬂﬂ{' now 'H‘\c 5\'Nc\'w—e )qAnchc;nS are caflsjran'b) and are 'H’\ere'{;)rc
cq“a:l sh'uc\'ure cons'\'ur'r"s.

v 104} are local coordinates on O , then being sloppy (not dranging
the symbol for these when cnsidered as funchons on TG o TG*) ane has
ctnonical coordinates {aq, é"} on TG  and 109 Pq} on 16
Using the Ieﬂ‘ Invarant frame wrbs S\'hAc,{’MrefAncho;); C%ec -
wi'=w Gt | Pa=e€api | {Pn Bl = —CasPe
Ulsmg'l'\ne nght m\mnanr ﬁume , Witk shucture funchons —C%pc:
3= @t | Fa=&lapi 1P, B~ P,
ond ﬁ“““‘& Since [eq.e;.\ =0 {E«,Eb} 0.

\’:lm“yl Suppose C® is a parametnzed curve in G wrth 'i'ungen‘\'
MO, Inlocal coonbinabes  C) = e, = CWOL
where here the dof weans d/dt. T™en (CH), Cl®) is a

curve in the tangent bundle 5 in canonical covddingtes : (ct), éq(ﬂ)
One may mtroduce 9enem(\zeo\ velocites a.ssoclaFed with the l?ﬁ'or‘

th'mva r\an{- ﬁumes
Q(CH) = wWiblew) CP) | Ee(ch) = &b(c) EP@)



ANSWER 0 eXERAUISE ON PAGE DGA: bee

FRAME LAGRANGE DERVATWE $eal oMy (e8] Cavee, We,)=3%

sL . a\— qu) Nole L= L(Q,1) defines parkial denvahes

59

NN"‘JYM““‘ 99"‘”’“‘\'ch veloohes W= W ‘ij 5 L= L(Qz)"‘.)q) defines
new Fa-—\'\&l deratives,

+ ok e

e(\L= EQL‘O\‘)
w \/\—-\—/

Npm— o’ c a .
g\edd (e“ )._J (_______._.._4(") ‘p bwb

L _ i L L '
%‘b—;e”a%{ @ )=eaL- eqé%:) .
P_i‘a %i'—; = _Qoq@}a)—,c w<i,> = cq;L W) v € aé

c. .‘L
m").)qv

. ‘b
o5 3 €40° = @ Wi W

[N S

oL e\ Rl b
gc—';\“—' eqL\d) + 5\— @aw )6‘-7 »'@owc)ebq}@

— W% E€a‘€b—.\°
<
\ }“—‘— Cab

J‘at\ci‘fé

\:&” €a€ L - odci ebe“a
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ADDITIONAL _USEFUL_FACTS ABOUT MATRIX GRoUPS

o ,juppqse_{_Ea3.qg,L..;r is a basis of a_Lie subalgebra -_ggfcg-‘fbs o
- Lie dgebra ¢f(n,R) of nxn matrices, e, C[EaEv) = CEe.
. Exponentiation of this Lie algebra (all products of all exponentials of elements

,°,E,%’>_‘e,3°‘5+° a mdirix subgroup G of GL(n,R), Locally near the
idenfity one can urite fira general matrix i the subgroup:

5= exng a paromefnzahion corresponding fo

- ~ Ycanonical ;oorv\l'nqj('eS o{:iE:ﬁtv\- kind "‘on G

,,‘ . o |
X8 XB L XE . o paramefrization cofresponding

----- o | S: e o T e
, - € € to  * canonical wordinates ofi

o~ —the-second Rind" -on G, -

e orcﬂ\ef'*gcpesafe?oncn‘ha\ Paramc‘h'\-‘zahéns Jike EUV\EFOQS\%' S

coordinates on  SO(3,R) or even nonedponenhal parametmzattons.

S is o matix-vaued funchon on the manifeld 6.

G isa submaifold of GUNR) , Wselfan
~_open_ submanifold of he vechr space _3@0‘)@ B
L °€ N wamces.  As a subgroup, T must
o puss through dhe wdenkily matox 4, which
is the denbihy e of G. o ay dlways 1denh vedors
Y qvec}vrs\ticc “Magfvto\‘lﬁi\%nffic\;oﬁr: l: 1%'}: \on;i'ﬁ\df/net%r _‘a:gceji If:b “
'ﬂ'na\'uruk*'wug;* the ‘h@&*“’gp’a'ce*"' TGeaJr%e\denHy o{— G may be
~ identified with o -echr subspace of g@(n,R); This SubSPace_\s-%) S
- o lLesdbalgebra of gftpR), T
[T SO is a cuvein G parameinzad by specifying the "paramelers”
 X%asfunchonsof £ then  F S(EED 15 the matnix fangent which aomesponds

) 1o the ‘\'ﬂ"'96r>+ vechor XD i the <o orvhng e Cowdma.\.es.'l o




To each hngevjr vedor X€TGe at-the

lde“hh]_@ﬂﬁpauk a unigue leH l'wanarr\'
vedhor field X and a unigue nght invanant

Ved"’" f'eu X) JU-S\' mns‘qjl’e I ‘me e ‘b a usmg‘ﬂ)e dlﬂéren}'lq( aF'va\e

qpmphcﬂe ‘fmnslahm - S
X)= dL) @ X = dRa) ()X

“:Nde any d‘ﬂ-ercn\—mue map h: M3N has the dlgevmha\
dh(x): TMX—)TNM) wh‘dn "Pushes F)rward +n'gen+ vedors by

_XeTh 3= dhGOX em%) In local coordinales { Xﬁ,o,n mo
Cand YN yd=h") and Y%= Q&@I‘ o

 Fora '\F\tha?', one can push a whole va}orﬁeld X fom Mb h(M) -
~ - this way.  For-a-diffeomorphisa - h IMD> M one dblains a-news—
~ Nedor ﬁe\ WX on M by pushing. forward the walveof X ﬁ'om
b x: Q:,Xj(x)“ dh(h"(ﬂ)z:(h"(x))

- Thisis m“w\ " dM99\n9 along ‘Hne veobrﬁda by H S

" Tre dwain e says that [l diffecenhial OF a CO'“POS‘{""') of- maps 15

e o e difoehils | d(hch < dhiedi,
I ngs\s:c}m9 nrsumer-ﬁ's This is. enoug H o denve the leftor n‘g\ﬂ'

~ mwonance o% ‘f\w above vedhor ﬁdo\s
@ 2 T @ A0 Ldpol )OE

d\a\m fu\e def

 Nowp push\ng ﬁ:rwar—d \oy dLb undges c\Lb-' and gwes \:ac\e e+
~(supshiule)

(Lb@@ = dLb(Lb'Ca>)X(Lb-ufn)} = OlLb(Lb”'(“» 4L{,-.(a>m)‘

Cdmgeldng dlsI@=dloe

c\d
,,aX,@ i bezx ydenfity
_sothe ,,ﬁe,\_d:,t.s,,.m,_\zgn@’r w\der o\mggmg a‘ong [Dg qnym_(?{"!’,f,\fﬂﬁs lahon, ]]

Co'np()flhoridf"feﬁ"l'wﬁs‘la‘\“wf T

A @ALOF = @@



MG3

A
50 on our malrix group 6 we can identify the malvix basis 1EaJCY

B wr“na basts [eq} aF'ﬂr\c Jrangcrf\‘ Space at the \denh\f\j -\_6«»_ arnd

and Hhen left ‘h’uns\q\-@v i over the arouE OH-am a basts {9“353{_
6? \e{-\- wanant vecror f\e\ds (— \ePr mvanan\' fmmc on G} and n‘gL\\'

L1}

translate it 4o get nSH*mvanon\‘ Frame £8.5, Rere ™™ g "

~ dencles “the L\e algebra o of 6

~ One can show that {e.? have The same Uie brackets as the rmatrces

{E«B have commulators ¢
Leq)Eb] = Cah et;

~—ard hence ‘from previous noles (PortI) : - o
""Ega3€53=**~c'cak'€c - and '[ea',g53 =0,

- How do we evaluo&e \'\\ese ﬁelo\.s " loca\ coorr).\nad'es

No+e ,'H'\O{‘ J\'\‘"e morh"\x ) 9 dS o§ i foms Is m\ranan‘\' uno\er'

- \eﬂ' ‘\Y‘U\OS\Q*\on S—i 5_1_5 E w\')ere Sa_ € G 1S some ﬁxeo\ Pomf -
o "o\s - GG = £7'S" SdS = 5'4dS=54S
,ivntler,\g,, ) ,,,p\_S,_S__!s _nah*ry,lnvqnwﬂ:,!,,,,,,,,,,,,, o

_'"VEWUSEF(IEFACTW - O\S war_' " dSS -l _ ~qE

e e—— e -

. w\r\erc {w } ‘and {w} ave‘ilne dual bases‘af reSPechv‘e\y leﬂ-ano(

ngH'm\mnavT\' i-foms. ~ Gwen any parametzahon of S by

; local coorhinates {X“} 7 S\mPl3 compu"‘e §d5 and dS S ,anol rcao\ -

 off te vanant 1- forms as The COC(:F\C\e"T\’S o{: the matnces Ea.

~ One may then constuct the nvanant frame vedors  using the duahJ«y

) i'e\ajmns (- qu\en\' $vo [ﬁ\l@f“\’lﬁg ‘H!\e ratnX o{— cooramqke com(mnmt
. o{.% A___%MS(S _ A



MG4

__ SEWND VEQ\/ UWSERIL FACT

gqu. = Eb QJ B
w\mo% chmes a Seamol ‘matnx valved ‘chhor) on 6 ( M'“el,y R)
_whih is g matrix represmbhm of the so called Adjorygroup
as;ocla‘-eo\ w.l'H') G (ad—ua\\a ‘H\e linear aabolr\-(— 3m“1’> (T)\e map
B Q o\eﬁhcol bj thig eqluahon is a ")OmomarFlv\(SM betwesn "‘L\c +w°
, _Cdguga\‘mg %e er’r very usefu\ )Cnc\" - o
5(s7ds)s™ = w"‘(_. S) €Y Ea } RT=R% W

o Ydasgt = E,

Theaabom*‘ mahnx maps. Hhe leﬂ-m\fanafﬂ' .1-ﬁ>ms on‘l‘o ‘H\Qﬂ E‘J‘

 wanant 4 ~forms , and comseqrently l"j,,d.w_“ry B=ey g“b o

EXAMPLE ,,,,&mmou GEouP SoCz z)
T Matey Lie algebrn (3,0 = ianhsgmne’mc 3x3 Ma'\'ncﬁf}
Basis inhroduced n park L2 {E’q} 13,3, 33} {323)331)3\z] -
dnere —(0a)"c = €abe= Che, (Ta, 3t) = €abe Tc.

J2=J gerertes attive rotahions 10 the XLXZF\aneof Ksor‘ o

 equvalently  about ﬂ\e )63 GX‘S ( poS'rh\rt angle deﬁnecl by r}gl\‘\'kar\d

| -"DCYUW m\e) (Nohe 'ﬁnﬂc rd-uhoo e 633 s qchv'c rb\'u\'\or) bg an‘g\eQW
aboud' X3GX\§ US\h\g'ﬂ""S GMVmJnon>

 Fords bss:  SEST=ES., e BS

) (AQ)“““QWUP c,omddc} ooqu onglnq\ ma§—nx 3mup> TNS JUS\’ sqgs‘

‘Hna&"ﬂ\e generu\‘or‘ d{- rofahon about a rv}a\cd axfis is ‘H’»e ro*'af\'noo uFPhecl ”
‘b ‘Hne bas\s vec‘rnr
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[Note that the Cartan-Killing mner product is

xﬂb‘ C C bo\ = €dca etbo\ = ~qu\> e moAu\o a coﬂb}an-\-

- P’\c basts {Ea ss or‘r‘nonomq\ In fa\c’r 'H’\e adJo:¥/W§*;X 3\’Du‘>

lewcs bo\‘H Hﬂc s*mc*\Are cms\-w\\'s and VC‘o;r\'un-\G“m mner produd'
” VNQ\"\Q'T\' W qu Cd-f- Q-\F 124 C bc B’%(Z'{* Rgb"blqgl
50 the matrix & has fobe orthogonal. | -

Eu\erAnq\eS N\an O\\Gm-cﬂ‘\‘ COT\\Ieﬁ'\‘lonS ﬁ)f‘ Eu\erang\e)s =X 18T
Per‘naps the best brown (5 due Jo GOLDSTEN (Glasacal Mechanics)
B &E; "’6 E\ . —63_53 o
S e e e with (e‘ 0i6%)=(o%e).

__The minus S‘gm’ 0Cowr since hc ao\q \T 'I‘Lse Fasswe Pom\—tfv\‘&)

o{ coora\ma+e Mnsﬁmahons - ktc\f\ 1S Inverse +o -Hne achve -

Pom-\- Fvans foma‘non pom‘r df: view, Note that Ez s

hot neeAeo\ % ﬂ\e arametnzahon due Ho the nonqloe\ian anfure

ot the group  ( Eas= &3,E ) s Sehomsrea by Pmduc\'s (wo\vms
T Evand E? “but the Pamme\'nza\'\om is swgular at the

1df«'“'\'\+3 $mct ©'=0 leads to o ﬂ:—r}menstoﬁa\ sﬁbqute~-~ S
rather than a 2-dmensional subspae  as 1m canonteal

i ,P?“T“'Y‘,‘?‘T???h?’)S,:,,&T“‘EE&',“B‘?,\““,‘*B st on the 3 hDsrwr 1e°E & “’e“ﬂ

_ Anexplicit coordingte representahion of the invanant fields is gb\a!nedh,‘,, -

T dettaded ST

QS - "hd—r“—:’“u,,,abwe' Lej\- 30:'— a/$q N Ca= COSQQ . Sa= S‘.b&q . S

—'= G dR'+515:48* —e, = G2 +53 (52~ )

= w-L:‘S; a8 —!'S\CB dez —-Cn = $33\ —Cz [Srl 61—60‘\'193]
—@=adtst =y

—T'= d0'45548° — W= o 452 [Si—ceta )

~O= Sl G _g= G laeehh)

" The overall minus sign comes from The passive poirt of view
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__ Note tha nght mulhplicahon by expnentials of E3 is equivalent 4o
Tﬂﬂilaht}r‘w " 93 ) So*%c le{—\- qunov’))sjVed'ur’f\eld which g;nanﬂ-ej

e Wewil descnbe this i delall - ghorHy.

s nghbhanslahoy s st 23 . Dito for & and left hanslahon.

Next suppose we lift the Euler angles to coolinates on the

- J‘Eh b‘“ éc"l‘“ ent bundles andl use the mvanant f,.,,,\c, \rshead
£ T Coochinhe g e ond e The Iwanant Janert

n PG\”\'(C\A\O\Y‘V the W\?'e'(—'FaLHo\f hg‘k\‘ generalized veloches are: )
- = 50 ess8t —C3‘=‘ Gel+sse
-t = Sgé‘—S\Cgéz “C.Un’: ‘Szél £5,0,.0°
- W3 = C\é1+ é3 —(’33:’ | éz*'C|é3

o L{M'\'\ @\(9?—,03) = (9\ ‘P, 47) , one can 'ﬁ?\o\ ‘H'\eSC C.XPYCSSMSM l;ﬁ
GOLDSTE\N as ‘\'he corv\‘)onen\'s oﬁ: ‘\‘he (]hgu\ar‘ ve\oc'ﬂy of a
rlg\d Bao\g(waage"aasa%aa s spec' \Fea[\aj the 'T?\I\éﬁ'&hjfe;f) S

uirth ves ?ec‘f o space—fixed and lody fwed Oxes vespechvely.

. EXAMPLE  spevial unitary geoup in 2-dmensions:
. SU(2) = urk delermmnant 272 wmplex matmices safsfying _‘_S,,Té,:_i.

T wee S'= 57 ( cornplex conyugale transposc), (epavdertly Lsts)
o E‘{ewg_((gebzq _u2)  comsists of anki-Hermiban matvices

. bags  Ea=-10a u)Ve'C(GA} ={((o JL_(S;“Z G:D}

. ‘,Q&i&:,,éhndardw,(Henn!hab)}qyilmafng'e;,:, (ot=e)

(Ea,E) = €abc Ec o le C%c=6Gabe.

~_Note that +his is the same Lie dlgebru shuchure as the sanderd
_ bagsof " 06(3,R) 5 they are called isomorphic. In fact the

ook velaten  SE.ST= EuRW
_defires a 2404 homemorphism from SU() onto SO(3,R)
by associahing the ochagondl mabrix R tuith S (ad-S)
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In fact using a Pamme%izahbo coresponding fo canonical oordinates
UE‘H')e ﬁrs\' kmd one flno\s g_—_- eeq-E" — R =e 6“;-“
The coodinates % are_just artesiam aordinates on the Lie
q\ge\om (ofel‘\‘\wergroup) exPone")HcA'ed to yleH coordlncﬂ?s on the group,

SupPOSe we Introduce .SPHeriU\ cwrdim+es (@,@,E) wrth "'ESFG‘CJ('
o these cartesian coordinates on the Lie algebra -

6'= 6 s ® cos & 6= 6n(® &)
07=0 gs® sin® or itk nont= 1
6320 m® dd

N°Ja .
Then the rotohon R =€Q T oonesponds o an achve

rotahen by angle © about the direchon N* (nighthand screw
rlle) 5o on SOBR): e [02m), @elom),Befoom)

On the other hand any unibry mattix can be €><PY'CSSed i~ the f&m
S = a°1 + qQ°(25) [ Exercise: verifythat (a%09-> (aj-a?
B - leads o S— S then i+ 1s easy to veh{y
§+=§—1 \45169 the anti-Hermihan property
| of the basis. ]
The unit delerminant condirhon Yelds 1=1Sl= @)% &Ld“qb.

Thus the manifold of SU2) 1s the 3sphee S> sihng v RY

In fad* one cn evaludte the exPonenhA §=€ 6 N7Ea usq;y
properhes of the Paul) matnces (exem§e> 4o obtain:

S= wsfl+ g (20°E)
Le., °=.COS%) %= Em&)na. |
Shandurd thenax\ coordlinates  on S3 {%,91?3 are deﬁneo\
bfj a’= =X ) Q%*=sinY nq(el g’) 5 [640‘\1\3 "{‘O'H\C
denkifiahon 1%, ® 8% = {%,0,97.

Thus for SU(Z), He€ [0,4T), Since §(9>=-§(6"Z"> for
B¢ [,ZIT')‘\TY)’ “+he southem hemwphere of S3 reproduces the
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negahves of Fhe matnces o? the nér%emhcwﬂst;here, Pasrs of aw\'—ipoda\
Pom{'S Ci.e.) (S,‘,S_)) are assocla“’ed with the Sume V‘D‘l'u'\‘\dn E , S° mhft«d’
So(3.K) is P3 : +he SP\oerc with an{'i()aola‘ Pom% ident ﬁeo(.

:Efwe m‘\"’oduce '“\e same E.A\er*anj\e Pamme*'nzo‘ﬁoh -for' SU(Z)

thot we did for 50(3\@ Fhen all the nvariant Jc\e\ols will have exad‘\xj

< —_ ~-83E.
the same expressIons ; S<= e —O%s e ok € :

lecall (6} 979;) (0¥, d). See GOLDSTEN ﬁX‘an nn‘erpvcfnjnm O)C the
Eulerangles, Oand @ delermine the onentmtion of the new PO\ar axis | while
Y descroes the rolohon doout the new pdar axis s Be o, @ [oom)
bub V€ (071 for SUGE) and W €L0,47) for SU(Z).

One can alse consider canonical coordinabes of the second kind on
thege 4wo grups. These are reqular evorywhere but o The South FOle here
al the i—pammeler Subgroups ntersect, in the aase of SU(2).

EXERASE. Since calculahions with SU(2) or SO3R) are ruther
volved | +ry working with the muPof non;mgu‘m- real upper
trangular 2x2 mainces : G= 3 ( ) \ ad#oz

marx Lie algebra basts -

fEEnBY = DENENT oo 169,626

LE'ZIE':;:I;""Eg [EQ,E}J: ,ZE'S
[EB,EJ:'"EZ [E3)E] =0
E);EZJ =0 CE\)EL] =0

This "rums 0u+ +o be Biandni '\ypeﬂ Ta) ‘Hﬁc c\ay:[ﬁcahor\ o§

2~dimensional groups.  Assume anonical coordinates of'ﬁ\esmmd
Rind W‘\'\J') TCSPGO‘\‘ 1o erther basts and evaluate S) _,5 , = R and
allthe invariant :ﬁelds.
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one._ last ‘H‘ﬂg\&a\mu\' SU(2) and SO (3)21

S3 has a natural 3comehy as a sphere in R4, What does this
have +o do with s group structure as the manifold Of SU(2) ?

Reaall the Cartun- kll\\r@ iner produck we q\rcadj evalualed @r the
basts {E_q} with shruchure constonts C%b¢ = E€abe

Yab = Cﬁg Ci(i = -2 SqL.
Suppose we itroduce a lefrinvanant metme on SUCZ) copresponding
fothis inerpvoduct o the Lte a\gebm , scaled by a sutfable  amstant :

b
9= Jabw S gab =" ¥ab = 2 Jab.
Then swce &q?- R% wb witn E or%o_gona\ ( S%Efa r&gb=545>
one also hag = Qa 2:)“@{5" )

i.e. this mehnc s also r5h¥lnwnaq+) 'ﬁ\e-—e,{:orc bhi-invariant,

For SU(Z) there 1s o overlap petuween left-and nght “ranslahions =o is
mvanadr underu3+3 = G dimensional Tsometry group CZIJ'F) Snght 5
which veans thas maximal gd\mv}vj and Is a space a§ cnshant curvature,
In fack withhis choie - rescaling, i ts ety fthe welne of S5 (umt
adiis = constanks Gaussian Wwrvahure k‘-‘-i)

This gereralizes fo all " Scm{—sw\‘)\e“gmwps—— those f:rwhfda the Carten—lalling
mnerproduct s nondegengrale ( norzerodelemminant).  As menhoned before )
e ad) oink mamix group leaves invanant- Fhe shruchure emstant fensor
C%c and all {ensors denved, ]LWM iF e “Yab )y So any muHﬂ'P(eoF
the Cﬂfhﬂ-\k\l)hj mebne on the group will be bl-invanant exac;HB
as i the case oF U CZ), For SU(2) and 5@(;)@) s 1s OSSOC,QLCA with
fle “tolal angular momnk«mu) say = 5a’°.jaj_b, but enougk
for now, Nole that Hus s ‘“‘\cv Bucltdeary melrnc on ¥he Lie
algebra (uwrthn *CSPCC\'*‘D cartesian aomdinales debined by the standard basis).
The exponerthal map makes them cordindles of e firstlind 0n the group &
ts a anformal “\Yunsfoﬂnahém which comPacHF\'es the MM@OQ“P‘G\'C e
mﬂ\e Ue o\gebrq 40 a circle on ‘Hwe Lie 3ﬂ>uP) leaving the 9-'.5?\\6\'5
georetry \muoriant.
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‘ﬂdJomi' Mabnx group
Rr mah}x 3““?5 G wc“w‘ m%x Ue quebm g, and Mqux \nSIS f_ga}

[:ga,li]: Ccabgc - [ea,eb]-—- CabEc f\;“ Lie algakm %)
we whoduced the adyml— matrx R by

) _Ea§“’= Eb_z,bd L2 e Ry , 8= eplt?, .
This m;ﬁx measures  how leﬁ—ano{ ngH‘ dfﬁcr en 0. Infact e can
defire Ron amy Liegou as The matri funchon whids relates the left and
nghl' 1varignt frames 9enem\m\ by a gweny basi oF he hangent space af the
dontily.  For SUER), R=S 5o the grup coincidles with s adjointgrogp |

but &ran abelian group there is no dighnchon betueen leg—and h‘gLr\' and
me must-have B =4

EXBRASE : A: ‘{o\lagomi 3Ix3 ma{-n'cer} : G= {noncmgu.\ar dlgm‘93W}.

§Eat =Jdug(160) , diag(8:1,0), drig (00,10}

1 2 3 1E. %Xz X . )
xg]ex—% Es = xEs = dmg (ex,' e 2)8 2> gives cunonlcal

¥/ = €
Varoﬂ\e{'nza(‘loo 0(‘ ~COM?OOC"“' O{: 6 CMOCO‘LCGI ‘(‘D ‘H’)E lde'\*ib.

Comp\d‘e: Q)"-‘—' ﬁ“:dx“) ee..‘*"éa’: 97/9xq . Cunduo(e ﬁzé

Rirany mainy growp hc one falkes « canorical PGMMUQOF H\cﬁrx)" bind |
one can eug\y denvé S,= ex"ﬁa _‘9 K = e Xa_ta

vhoe the c\d)omlr mamees (ka) = Cﬁc are defined in dems of the

shuchure conslants. e Jaco 'rdenHﬂj w\ajbc re wrtien o the f\m:) .y
Ek_«)@a: C:«bk_c [Th\'sts’t\\c\mmnuhén of R“dCdngGb‘z c":(’qbcl

Hich memng that whon {Re§ are inearly independent (s for ou(2) and.d0(3)

'ﬂ\e 9€r\em‘-€ an ISomorpk\C MH% L\{"a\gd.bm arcl the aé)cﬁﬂ‘)" ratox grovup

(dis gererded by nts (s algebra) 15 locally 1semonphic o the onginal ganp.

@Mtée a lower dimensionsl grop 1s obtmined dnd theve 15 seme over-{aP beteen

leﬂ»aod ﬂ'ghjf)‘)‘hc GX{'WMe cage bcln9 an q)\e\mo 3!04(»-!"0%—2 “he QAJOIR*'

mafx grap 15 tvical.
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RIGID BoDY DYNAMICS ( Goldslein passive point of V‘”’)

€; |
S Two Cor‘H’:ononan
carfesian coo vlinate

€y Systems are ugecl In
. this problem , related
€L b‘” a hme depeno\err\'
s‘che«‘:ixed ﬁ“"‘e Yotohon matrix which
wordinates X body-fxed frame is the dynamical vanable,
( ‘eH} Coordingtes X 7

(rgh®)

A PO\'")\" fixed 1nHhe body ( X“f‘-Cons\'nn“') undergoes the achve
fofahon X'W)= STWBXT, o X =SWX,
S0 ﬁ )_S_(t) = %@-‘a’)) x_/. H’OUO do we evq\qufe .ﬁ'“S' dCﬂ\f(A'\\e?

"EXERCISE Use ‘Hﬂe ‘ﬁ:mu\q A-'_/f\ =) to den\./c 'Hne ﬁ)m\ulq
gA = ~_/‘.\"'3—€‘ AT o dAT=-AQAAT

__S_C’c) is a 'hu)ec\-owy i the Conﬁguthn space SOCE?)E)) with
matny, {"Angen\— adE g(,@ = 9796(:9 éq(f) , Tg 6% are local
cwordinales parametrrzing S . This confesPondS to the tangentvechor
v = éq(ﬁ) %‘l Aidh repv-esen‘\’s the e 'ocljty of the s.g:ﬂ-em.
Class\'ca\b ; 0% are the posthon vanabes and 6" the veloahes,
We can introduce genem\rccd velocihes cohrcsponohr'wg o -\-xlec‘n'g
emponents in the ivariant frames on SO(3,R) which correspond o
Toe standard basis { Ja] of the mabrix Lie algebra

lefr: )= wn(ow) 6°(V

nht:  Seth)= €% (e 6 ()
We Wd-\&ql‘ed ‘l’hl.s N Euler a'}gle ooorolma'\'es above,

()
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~ «b
peall et F=RHW" o @'= Ko7, bk R=S
for thig case 50 (SA=sT,10b

Now returnto the tme denvahve cmwﬁ\'ldn ,
. - —l } .
dx =(@dS)X < -5TdESTX — -5 X < ~(FE X
X

% X8 = = ()% X0B-Cq b XY or [o\ X =T x

>
|
|

Thus -(;Jq are ‘H\e sFaCe-ﬁxeo\ coMFoneanS oE-“H’\e mgulmr \/elOor"\j
0{‘906 bOA‘;j ‘G'D"'\ our dass\ca\ knodeo\ge af VD'}UHOH ) and hence "a3q
gre '“'72 bodg—f\xec{ Ctm‘,wfvn% of ‘an qngu\ar ueloc.-\—j o(— the body
Since M are cor'vwcon +\mn5€0m‘\ed bJ §. One can now
VG"‘\E) that the e)<PreS§l;")$ we obtamed fur -(O" and -3 in EIJ‘ef‘drg]c
Cood\r\a‘ﬁ arc the Q‘PY\?SW.MS C(Juo“eo{ Ly GOLDSTEIN in the text
and in g problem at the end of the Clﬂﬂrkr‘ on 1gid body dyramics.

Nohce that Lef hansldhons m SU(3,) S—>SS

lend Yo x4 N @@%Xb - S‘qulb 7

which comrespond o fixed rotahons of the body~fed axes , while

nght hanslahons 55 S, |

lead o Xq__) @S))—Iqu/b - ST‘QC gcb.xlbz SrquXC
TxE

which correspond to fixed rofahons of the Space-fixed aes.

If‘ﬂ)c sys‘rem is )q'cc, e, therc are no aPFlleo\ 5\"(95, then
a Fn«ao\ rotabion o]c'l'lne 5Paoz-—f\>(e4 axes is d gymnehg o{:'l'hc 555\'?"’,
but sudn a4 yotahion of the body-fixed axes 15 equrvalent 4o o
+ime o‘&‘;em\&ni' rotuhon a( the 5Paq~ﬁxcd axesS
[ SiSE) = SWSE), wnee (0 =5"0S, SO B
vhich 1s noba  symmetny . Thus nghthrasslations on SXC3 @) are
symmetnes of the dynamics.
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&Woge the body-fixed axes are chosen Jo be the ?nnc\Fh‘ axes of the bady
so thak the COumcn\ matrx o§ the m0merﬁ‘o§ iner a tensor is d\agonu\ized

(Ia\:\ = d\ag(j-\,l'z )-1-3). The kinehic enevgy -ﬁAnchon is

T = -32-_ Tob B3° &S* , Since E3* are the body—fixed cm\\—,onen-\-s og:
fhe angular velocty,  But this isyast the linehc encrgy funchion assoctated
with the h:gh"’invoriar)’r meime = Tab FO® on SO(B,R) — namely
half the square of the velocthy vedor of the system (tangent vedorof the +va 1 jectury
I comfigurahon S\yacsz,)) and whidh aline descnbes geodesics of the metnct.

Introduce fhe generalized momenta (dencted by Fa and Fa above) C°Vg)ugai-e

o D% and W°: tq=Iab(hb , La= tb qu = e&;PC
(index lowerng uath respectto the metn¢ X). Cswee R=S)

Their Voisson brackets were drcady evalualed above -
{00 TY = - e Te flo, Wy~ 6dbele  Tlalbl=0

Ré-exg\-cssr. '\"\e \zme\\k energg n ferms o(— 'H'\e momen‘\‘Q:
T= 4 TG where (T = diag (T T2 I3,

The ;"te ngid Yody has zero Pa‘en\'l'a\ ard the soluttons of the equations
Ufm on are gcodeS‘cs CI(‘ the nj\\\— inwvarant metric d When the

diagona) values ot Tu) are dishinck this menc has a Killing vedtor ﬁe\o\
~ basts {,ea} , 9cnem’\'ors o&- ngh\— trunslahions . The Inner Pmduc\:so% these

vectors with the velocihy vedur are constants of the mohon (Par-\—]l'); these
are equivalent fo the wnivachon of the momentum wrth Hhose vectors, e,
Just-the left (svacc—f\xec\) wmponents of- the angular momenttum  Lq.

Note thal these d\)\/\wy\j commule CPO\SSOh bmc\ze,\'w\s'e) with the

Kinehc energy (since $La-Ub3e=0) s0 are conserved from the Hamiltentan
Po\"l’&’ of View.

b

The body—f\xcd momental Ta are m*"mdivfdua“\j cnserved b«_,rl"'l'he Sum
0¥‘fjnelr squUaArcs \s © tz‘;éq"t.tk = 5QBLqu = L-a )
Since it equals the same exPrcsslo}j “for the spacrﬁxed axes, This expression

ve?resen\-s ‘Pﬁe squa.red ‘onjﬂ't\ o( 'Pﬁe mommth ()H*'me sgskm w'l'“» V?SFec‘l' ”’D 'Hne
Carton- Il 9 mehnc on SO(3,R).
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The case N which e@d‘\y fwo dlagaha\ valires o{ Yhe momen\‘o{: nevha
Yonor cindide 1s referred v as a ngrne"n'c "rvP (as aPPagcol v an

as‘ym«se’m‘c ’r()P oher allvalves are dis\'\ﬁc‘f) Suwo;e =T, 7 IB .
Inthis case the metric S acquires an addhiond lineary mdtpe'ﬁdeﬁ+
Kithng vector f\e'lc\ % which geoem"ef rotertions of (oS 852)
and the Con-cs‘)ondmg momentum ta"“ %‘:3 Po = &Cé@V)

is wnserved erfher because 1) i+ v-ep\—csm{—s"l’ﬂe mneer-odu.d—oF

The Kll\;hﬁ vechor ﬁc‘a\ with the +ar739r>+ 4o the geedesic soluhons
cuive (erw reSpecF bo the hjr\’r Wanant methn¢ t9\7 or 2> since

{tg) T}‘,:O as ohe “S‘B C"MP\A'CS

Trhe de enem\-< case I\C.E';I; desc‘ﬂR?eS Q SPLQQC«( “'OP which 1snt)
very | Hnj — the 360#19&9 15 the m"um‘ S‘ﬁwn&\ aeomeh-y on 5067) B)
localy orespording fo 53 ek ocodesics are groa civdles.  TThe symrehy group
becores G-dinensional (& LS Iq[—m\/andno and the 3€M\'~j has wnsionY canvature.

Abraharm % Marsden  [Bundahons of Mechanics  1as @ Lrey)
mathemahcally sophisty cated discussindf the rgid bedy but” using
the achve pont 0% view which lo\en‘r’\f\és thetr matnx A_(ﬁ) with
our ST and has the eﬁcdrof m\-erdmnging \eg'qho\ ﬂgk\_,
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Goldstetn Euler angles adhve ln\r‘Brpre'\'v:\'\o_\ﬁ_'_'.

Suppese we foke the same diggrum (A Goldstein bul- in\ver\>r€\' the rotahon
actively, namcly an achve rotation 0(: a Pom‘\‘ ﬁxeol ™ space wih wordraates X *
Yo a neo pevhon with wordinates X with respect tothe onginal oxes. (1A the
passive pom‘ro& View X"iano\xi are c\i—ﬂe»m’r coord \nates ag the same \:hss\ca\ ?oiré\'.]

la b _ o' 95 _0E eE ;
x'*= 8% X B=S"= e F e He @D=(e,~v.c\>)

FU'S\’ Yyou W‘U\'E by ‘4’ abour\' 3"‘\ GX;CS 5 'H'Im bg o c\‘)ou\' L\-S\'MTS ‘h“’\nﬁ "ﬂ)c F\ane
of‘“\c MWMOnbg VY , ard then by O about the T awis wmd rotates the \
hne OF nodes. [ (n quartum mednanics the 27 mtahon is inshead about the 27 axis with
'“'\e resutt Hhat (9;@ ave 't‘ne usual sP\)en;a\ ooorv\ma-\-es dg .\.he mage u"nder"ﬁ\is achv~é
rotothon o?‘f\\e 2“* AX\S , ]

Tren = \Dom\' mi‘na\\3 of coordingdres X' will have coodinate s
Xlafa = Xq.g(ﬂ XL with \-cS\)ec\' Yo the space 630:0\ axes,

. » - - » » B lb LC
Then /= Ex= &I <’ a XT= - ELTXT = =k Eatb O

. - b
2 . = £ b[—@"j %
— S = - E (011 ac
rr’ ( S ~
. Ut
b - Cach (Wam Xl\

c ":)‘:a\;.“(I - B% mim; X

b

.Le. ‘f mdean\ we \n\el"\)re'\- é as S?ec\fy\;\s '“f)e S&_ Conf\gur"ar\'\on OE“H\-Q.
system | we oblain the expressions Qe = — ° for the
spacefixed omponents of the angular  velocily of the body

Group (aversion  on any group CQ-—-) a™) inferchanges \e@r and r'\g_\f\’
and mulhplies all the fields by a minus sign,  In-he problem of the ngid
body itis 0 fnd"klne achve inferpretation whidy 1s more us‘egu\ > and In new
elthons 4 GO\ds\-ﬂ‘q at a certain ‘>om\- he swithes ﬁ'bm- e o passive

achve but without exg\tcl\- mulas m""\""nﬁ Eulerangles. Tre dertificahiond the

configuration space through & insitad of S leads theassociahion of fixed components, with the
\eft invarant frame and Spacefixed Components with the rght vwab:\dgn* ;F'um:?o as in Abmham

oo Mareder T Snouth pbably raorive il of s in 5 clower fushian, " Nesck-rme.
¥ Foundahions of Mednanics |

ERROR ORRECTION®  On pages MGS ) MGG prcc:de, ol \V\Jdr\aq'\"ﬁe\ds \73 a minus sign
and g "’é’m = —S,a + C;_[S‘T(a._;—co*i az] change wdicated sign on MG S,

i) . .
On page RBZ , equahins &X“Uﬂ: —( D==0()=> %{2(_:: Colx %
s6 —W*and —&" are the COM?Oﬂer\-\'s o{— Hhe angule w\oé‘-\»g





