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INTRODUCTION TO COSMOLOGICAL. MOPELS i PART IT

Generafing vecor fields, Killing vector fields, Liealgebrus, matnix groups

Lie group actions G\'nns%ma\'ior\ groups> , orbifs, quottentspaces,
homageneous spaces

Lie Denvahves = invariance

Part IL 1s designed fo cover the topic of symmetry groups,
N Par'hcu\ar , isometry goups (groups of motions of metrics). Metes
with transitive 1sometry groups (all parts equivalent under the achon
og' the 3rbup> are studied as homogeneous spaces usefu\ as sPa-Ha\
sechons of a spacehme or as ﬁberspaces in igher dtmenslo}wq\'
spacetimes or simply N ordinary  gauge theonies , beth of which
are \rn?orhn{f " current uniﬁta-hbn Schemes,  These quh'cah‘ons
wifl be covered in part I0.



UPGRADING YOUR CLASS\CAL YONOWLEDGE oF TENOR CcALcYlug

| | 5
comtrvere® M) wdns direchonl denvehve X=X S
\DENTIFY: A ' e ¢ 5
rlan wi e (in genera “
\Cf:g\"urqfse\o\ O () nexact differential 0= OudX

In ench case undera change of cordinates , the (contra/co)varant
vedhor tndices Aransform inversely 1o the indices on the  (dervatives/
diﬂeren’na\s> agarist which "'\063 are summed, and one oblans a

v coordinate  Invariant ohjeck”  clled vespechwvely a ¢ vedor-ﬁe\o\ !
and a "L-form" or "differental form of degree A° [Rcmcmber)
an “exact differential* of a function f is defined by df: axuo\x“,]

The wdue of a vedor field at a petnt X060 s called a " tangent
veckor ' and 1 connected fo the tangent of a cucve through its

achon on jﬂnch&ns. Tf XM= C*(@) is o qume’\'\‘\Zed curve
ih locol cwordinates, then  xM= g_g“&) are the classical fangent
vechor Compmen'\'s and C/t) = %xm %M 1s the modemn ‘k‘unsen‘\' vector,
I—f- j' s any fmc\'\én :
/ - d® E @ = 4 L£(cW
) §= 4B 25, g £ ()

The denvatve of £ by the tungent vedor s just the denvahve of §
a\onQ the Pa"AMc\‘ﬂied curve by the classical chain rule.

The connechon between vector fields and A~forms comes ﬁom |
the evaluahon opcru\-\or's, One can Mevaluate ' a A-form on a
vedor field obtaining a j:unchoh by de‘f\nm'_g
O—.CX:): O x* or cQulw\eﬁﬂj SeJrHrig dxu((%c‘g) =8V
and extending by \inearity o arbitrary  flelds ¢
§(X)= Oudx* (X &) = 6uX”dx™( £.)=0uk 8" =0T
Y vedurargument

In other words a i—f;:rm is a linear fmcﬁon on vcc\‘orf\'e\o\s.



UPGRADE PAGE TWO

Lodking at things at a point X, we are Wenkifying A-forms at x
with fhe elements o.f the "dudl space " +o the lincar +tangent space.
Given any veclor space V, with o bosis 1€« such that any
vector can be expressed as X =X €u«, one an istroduce
the dual Space ¥ of real valued lincar funchons on V'

X & 6(X) = 0(Tex) = E¥(es) =X 0«.

A basis (w3 of V¥ “dud 40" {eud satishes by definihion
W(ed) =88 so that @W(X)= (X&) = XE§s=X",
hence from dbove  §(X)= X0w = WIEIT, =(0vw?) (X)),

ie =0 ou=oled] X=Xle, = X_"‘:w"'(xzj

The wordinate denvahves = o/dx™ P\—outde a basis of
each tangent space, and the cwordindre differenhals provide the
dual basis  since  dxM( I/X*) ="y, One may also take a
nonaordinate  basis = €Muou of lineady mde?enden*’
vecor f\e\ds (At eacdn ‘)om‘\")() , with s dual basis W= dx”
of inexadr differentials. C WY(Es)= W W€ =87 makes the
coordinale component matnces mverses,) fe«§is called o

" frame " ond {Cd"}_ +the *dual j'-"ﬂme:'

—W\e conncoﬁors bmteﬂ “H\e di-ﬂ:evcn-\-ia\s & o\weohona\ deﬁ\/a'\'\ves

> gven by i@ = Xf
value of exact - dtreo\-mnq\. derwatve
dtﬁeh;ﬁz\omcm\orf\do\ ofF funchion

The tensor ‘amduc\' Opem*\oh 7 ﬁrcxan\?\e ) (X", Ou)—
SMY: XMUV 15 Vepresenkc\ » mveriart nototion oy @, namely

o) X6 = (X ® (6,dx”) = X“6y du®@dx™

componerts ok (1)) fensor field.
= (X"Cp) e®W® i & noncoordinale ﬁ'nme.



KILLNG VECTOR FIELDS (in general ! GENERATING VECOR FIELLS )

Urhl now we have only falked about groups of motons of various spaces,
However, even more useﬁ«\ than the groups themselves are the Lie algebrus
o Killing uvedor frelds (" iofiortesimal motons * = gererators of rotations and
frunslatons ) which are said fo  generate these groups of motons. They
They are important in yfelding @nserved quantites both 10 classtcal and quantum
mechanics | for helping fo solve d\f&&nha1 equations by eigenfunction expansion,
and for qluahﬂta‘{'ion , o nameé\ ﬁawapp\)cahdns.

Suppose )(“—-) Y“-: f“('x\q) s a ;\mup Of "'Yunsfoﬁv\qhons on q

space M, where  {Q%}q=1,..,r are T-independent pacameters vanables
which Parc\mei*ﬁze the group. '
let Qo correspond to the \dentity “‘T‘Gnsf;rma‘{'lon . M@y =X,

Consider am " Lgflﬂlregma\ transformation cerresponding fo  Jotdd,
i.e. onewhich is very close to the identity trans formation:

W= XH= £4(x,00480) &~ £4(x00) + @%‘;} (x,\05) 56°
S L S

:XM- _ M
= gq <X>
e Mo XMa XM+ 25008 A+ 8a°8,) X4 3
where T Airstorder differential operators {ga} are def\ned by Sa= 5400 x4
mﬂespondiﬁg‘b the r vedor fdds with comPonen\'S {‘5%3
They are called e " generating vector {1elds " and when the group is a
group of motions they are called " Killing vedor fields .

WE AGEEE T0 IDENTIFY VECQDR FIELDS WITH THEIR (ORRESTONDMNG REST 0RDER
DIFFEZENTIAL OPERATORS. ‘
‘(hegeneruhng vector frelds have the 'm‘erpre‘mﬁon that undec the lrrf\n\{-es\ma\
transformatton  corresponding fo Qo180 , all points of the space M move a
distance SxM = §a%%a in the wordimates XM,
5a° S,

Nfe: TEr H&as)x* =z e X"
T foct the finite trnsformations of the group may be represented In The foem -

- XM= equ“ xM , where i@“} are © new pammeters

on the group. ‘
[’[h\s fo\\ous f\'omq Taglor expansion of f(\c,a) about the tdentity q. using
the fuct that the transformations form o growp, ]

N



Simple examP\e OF v’fmr?SEOqu% é'lg"ou,PS

ro*UhOﬂS Q\)ovf\' on Wy of R ) Euc\w\eqn F\ane) or'Hmnoma\
cartesidn coordingtes &' %d.

el [a2] () = g x] = $e)
~—

O: O06L0=070=10=0"
Soluhoh [G‘: Gb} f:: ":] __S:l(qz-l-bz) [l O]

S group n\aanou _
a (ocal coovdingle: & a:-.—:]b:g
/) b

_ %1 (pure rorotion
det § = €é7’+bz) = € N - (:‘FCF\:)HO') )

J:dtnh\—v: €=l |, 6=0 —~ a=\,b=0

T
o 7 ho Q;F - ~ (
[gl}: _3% {X\O) G ;)(:;_) o e ""
3230450 =~ X2 +x'd, "
Hsli?= x'lyxt =2

%)= ( (75) (%)
3-<"k)- gff (%)

O(e)
e=1: O(8)0(©) = 00116,
1016, = p+8.7 a0 Py).

——

3-spact miahous G=S0(3R) (aa'@) = Euler Gajes
X4 2R (O = §%(x,a) | HXIX) ouhrin €3
R&a:aﬂz MA\‘hS( mult, ) Grovp a(-—ma"nccg ind, of achm <h €73

4
GGG A=A o fay (i ol



d =p+q{=dm M?‘q

v S
’/\l
B _EZ(? - Mp‘qj; B 7\, i d‘ﬁg(‘ Al) )'— \>_ - -
EROI(XY) /AR TS Q g = Nog PS€“J°’°H”03°’WI g@p ______ -~
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Example RN , +ranslations 1 XM —> f”("‘,\ a) = x#ra®
= () = B Bm VR R
The cartestan coordtinate veckor fqelds 1 Yoxr generate the +Hanslatons
v
ofR"‘ ’2“: gg)! @»_‘_ev& +“>x=x+eu+o-

FACT . The generaling vec’corﬁe\o\s ﬁ)rm a e dlgebrg , L& a real
r-dimensional vec\’or‘jpace with basts { S48 whidh i1s closed under

commutaton , te the wmmutators of the basis elements can be
expressed. as constant  near  combinations of Ahemselves:

[%o\) gb] = .gng— gbgq = - ab gc

4
strudture constonts of Lie a\gcbm

Exa mple

Let G be the group on which 10°Y are coordinates (“‘l‘hegmp nadifold").
Then the multplication funchion on the group tells us baw To
muH'(p\g two group elements : G2 = @Ca,,a2) ,

Gacts on thself by left mulhplication as a fransformation group
a = Lg(a)=a&a=@C(ag).

The5e otre cal\eo\ leﬂ— ‘h"qns q‘Hons Z)"us\* as ab0ve we can m‘h‘oduce
the vedor fields w‘mch (9enerud-e the tleft ‘h‘ans\qﬁoos

&= @@ (00) 2

One finds the same commutation celations for these vedor fields
as for the {gq—i intoduced above : ({éq ,é,b] - (écj

Similarly  replacing left+ by tght gwes the right fransl ations
at> Rg,(@) = aa, =Qq(4,a2)

<c><(>b>(q a) r[ea,eg = Ccaba

Note the change of sign of the structure constunts.

FACT. The vedor fields 1€af tumoutto be mvariant under
all left franslafions and are called leftinvariant, The Lie
algebra cy spanned by $€a% s called  The Liealgebra of

‘ﬂ\e group Similarly , the Lie a\gebrg sParmed bg
£tS.3 1s rtgh\—mvarfarﬁ”
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EXAMPLE  For the transiatons on RN , Su= %H so [§A) §p]~= O .
The strudture conslants vanish for an abelian group  (commutative SWHP)

EXAMPLE GRouPS (F UNEAR TRANSFORMATIONIS

Consider the group GL(n ®) of ponsingular lineac fransformations of RV:
XM — ANy X" , A=(AMV3 € GL(NR) = nonsingular NXN moatnces

The components Ay are notindependent since they sotisfy the constrat

det A #O.

Tnorder to infroduce  generating vector j:(e\ds we need hﬁnd
independent vartables which parametnze the group of fransformations.

MATRIX EXPONENTIAL

Dﬁ’ﬁne eA = ﬁ _A—r; where ol=4 b} A°= A (\denhjg mq‘h‘(\A
n=e D and A € geN,R) = space of nxn
matrices.

Madtrices of the 'f:'rm e oA sq’n‘s]cg

A _02A L) A OA _
eeAe =e(99 e __1_’

and thus ‘fEDFM o) i—d\mer)s‘\onq\ abe\qu subgrouP of G(_(“.E).
Anothec useful Propex—hﬂ s %6 (e 9A> = AeeA= eGA A

%{(NJZ) ts q Ue algebra since the commutatorof any 2 matnces is
again a matTix,
FACT The eyponerfha\ OS' a matrix Is nonsingular, fe points m

GLINR) can be (locally) represented 1 the form
A= e B where the comPonen'\'S of B are independent,

FACT.  Suppose % 1s a subspace of matnces whidh is closed |
under@mm\ﬂ—a\—‘on. Then %, 1S a e a\gebl‘q ond ’g {éq?
s a basisof 4, we have: ) B, A = Cpéc

2k .
The set of matnces € Ca and Produds of such matnces
torm a ﬁwbgmup Of GLIN,R), %’ 1s called the matmx

Lie algebro o]c Hhis subgroup G.

24



EXAMALE  The pseudo-orthogonal groups SO(pi@) gre subgroups of GLIN,E).
Whatts the matrix e algebra  00(pia) of S0(pq) 7

T L= €eA € SQpa) then

T = matrix franspose

OA oA
= L™l =)' ne M= (00 )
Taking ?Jd['B of this equation gves : Cj (CQ:V))
-~ v

o= @\eg_‘)TTL eeA + @G}Ay‘“ AeeA

- éeA)T [ AFTL”LA] eeA — set 0=0: 0= A s 1A

EXP\'ESS(ng k COMPOnen‘\-s ; O= AO(M ﬁuv + ’nmx Ady = Ayu YA uv
e~ o~ — _
= AVM = A MV - Q AG-L»)
/A y
Raise and, lower indices with "Lt / symmetvization

VMnquVM 5 Vv'ﬂV“E v”
where O\’uv):- (“M\D“=C7\/Mv>

Tis says  .o0(piq) consists of motnces A= (A"Y) whose

fully covartant omponents Auy are antisymmetric :
A= Apor = & Guw-And = 3 GLI5-556)Au

* 2 TN

anttsymmetTizatton = Suv

The matrices O—ue) i = — Opw  with o<8 are q basis of the space of
all antisymmetric (ccvarmrr\"> mq*ﬁCﬁS, hence lsing _‘l“\c ﬁrshnclex M

leads a basis of the Uie dlgebra  a0(p.a):
@), = WEE D = ~ W S3B- 5359)= — (WF-165%)
We @uld also use the mattices Jaz  for o<@
(Tua) Pv=— (dMey — &5 Nav)
ad an arbitrary eementrof O5(Pra) can be wriften:
6= = 6T = = 69Tas,

(<@

-

£ (c4B8) are both spacelike or bothy 4imelilee indices ,

en Mos=Neg and JouB is sHll anfisymmetne
and generates a rotutton 1n the XY X8 plane.
T (4,8) consists of ane spacelike and one “hmelike index,

then Nod=-Ngg avd Jws 1S Ymmene and
generfes a  boost n the  X¥X2 plane.

e
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A generd) Pseuo\o—orﬂwogonql matrix  (af least n o neighborhood of the
identity maﬁ'h%c) an be parametnzed by | L= e%g@ﬂ s
and hence a general -inhamogeneaus  pseudo-orthogonal fransformation of
M?? can be tepresented as 3

XM= £H(x;0,b) = [MyXrb"= (e%‘e%&s)“vx”**b“.
The Killing vedor fields are now easily defired by denhfuing
0%} with {0 %awe L {b*)

Yoo = ’Séeﬂ;) (x;00) 2, = Bw) X',

MY [ X 2
Bo = 6.%9(&0@ L= S

The matrices {Jw) span a Liedgebm so we can evdluate their
commutation relations :

[J- UB,jxﬂ = C?;G ¥§ Iy
EXERCSE.  Findthe result: CMT)IG x5 = —H 6;.& n@]txg}r]

Then show the compack form holds: b—ag Tx&} = —y 6%; 3—6]6]

EXEROISE,  Denve the \dentiiy

A, , 8%X°&) = - [AE)" R &
Tt folloos from s 1deniity that: | [yus, Yl =— C*e s Yuv
A simple Comp\d'ahon shows ¢ [%“‘3} d}ﬂ = — @3)“3635

For TS0B®) adingon E3 | defime  Ji= €VR Qe and find

[Qe, sl =<€e e

ﬁgciﬁj’] =-Cijr Pe. This shauld be'fnm\\mﬂ
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S'uppose {€a% is a basis of the Lie algebru 3, of o group 6
leaesl= Cabec.
Defoe  ¥ab= CadClbc = Yba (symmetnic)
This provides a nafural  (rnec product on the Lie a\lgebry :
Wb = €ar€b =%(€a,€) | Y (T, V) = WauX°T"

When  det (Xab)#0 this 1nner product 15 nondegencrate,

The groups for which this is tue are called Semtsimple |
Whether nordegenerate or noty, X 15 called dhe Cartan—Killing form on g -

EXERQASE SO(pQ) s a sem\svmp\e group.
Derve the result \60!&‘(5 = CMVWB po Cpa;{ My
= —2(N-2) Nan Nav 52':‘
or egvalenty @ ¥¥ s = —2(N-2)&5
This T@“S us -H’\G\' §3u6§d<8 = { EJE:TLG,%)%N(@ is oM

orthonormal basis of 48(piq) and

C ooy = §=1 ¢ Tug generates q rofofion (Mo =TNee)
J
A Joe fi lf Jug genera\‘es a boost (M =—Nee)

For S0(3\E) we gel T -3} =-d; =\5U:

Infack ¥ 1s negative defimte on all  compact semss‘mP\e groups.
(so Hisuseful to change s sign ).

The t vedor f&elds i€a~§ on the group G may be used wnsiead of the

cordinate basis i %;ﬁ as a basis M Which to express an arbitrany
vedorfield on G . Sucha basis s called a rame

Since ‘(‘He %,643 are (eﬂ’ihuaﬁanf (m\mnw\’r undecall (e{-l—
'(TGDSfDWY)Q’HODSS , o (eﬁ nvarant metnc on the growp can be
dofained by specifuing the mmer products  Gab = g (€4, &)
tobe wnshonts, Since the vec\—orf(e{ots are unchanged by
left translation ; so are their lengths and relattve angles
hence the geometry of the space Is invariant,

By choosing  Jab =0 ¥ab  one obtains a natural [effinvanant mefﬁc on

q SWTS\MP‘G group G ( g o NONTEYD cms\'mn‘\' , Possl‘o\g <O> which Twms
sutto be bivanant , he also r‘lgH’lQ\Varrcm'\‘[ and hence invarmant
udera 2F-dimensiona) group of leffrund hgki‘ +thl<ﬂ‘f°m>- o=4 givesthe
Caran_lailling metmic on G, but i+1s convenient o cheose a<d on

a compach group 1o make ¢ posthwve definite,

27




THE ACTION OF A GRMP ON A SPACE

Suppese G is an abs{'md-_gruup (orevena mcd-ﬁxgmpy with a

given muhiplication .lqw: a,02 = @(a),q2).

Next suppose this group acts on a manifold M as a group of transformations
XU FHxe) = J7 00 |

(1 order for- fhe fransformations  1Fa [a€GF 4o fom a group , the

Prcd,ud*o]c Tuo Mnsﬁmqhons must~ correspond o the productof the group

elements : X —> fa. (fq; ) = 6:a,°;)('az>(><) = JCa,q2 (x)
ie /§a|°faz= fqlazJ GROUP PROPERTY

NO}'?: (} Ooa:aQo= q (00"5%6 ,denHt\ﬁO‘FG))
then  fa,0fq = $aa= ch So :qu is the identtty i‘ransﬁarmd'fon_

Ld" (X}-‘— (X} ae G} = OFbH" of X = C!“ m+$ ‘H’?Q"‘ can be reached
DCG -{ fa t ﬁva(;( Uhderjf‘segroup of

ﬁSfbm\aH ons

Let GX = {Q€G [ fa(X\-:X} = isc‘\‘ro‘y group atx = 9ubgroup OF G whidh

leaves X fixed

EXAMPLE  The pseudospheres in M P are the orbits of the

Pswd,o-orH\ogonal gvoup SO(P, (Q acﬁng on MPE SAp@)
ifse\f\s the GSG\‘TDPg group at the orgin o_F M P OF'H\Q
inhomogeneous: group acHon TS0(p<).

ﬂq X® The 1sotTopy group at the "south Po\e” of‘-
H2 (Rubuee) s Just SOBG\R) , the wbgmup
of the Lorevﬂzgrbup SOLdI) which lcaves
“s"‘f‘,ﬁ’c T L% the X awis fixed.
3
For the ‘Ham\a'HonsoF RM, the Isojrropaj groups are all -equql

to {00}, (e consistonly of the tdentity vansformation,
R™ consists of @ single orbifof the translation group.

28



COSETS et aby = {abl be Gy 5 = Se“O{: all Ponrﬂ's n G oblatnable from
a under FIjH" translaHon bye\emenjts

of 6x.

a Gy s called a Legiggg\'of‘\‘ne Su\osvoup Gy ¥

» Note ‘H’\a{"lf be GY Then bez 6')(: Qo Gx J Q.,GXSGX\S called the

identity wset
then Giand Gz lie tn the same orbit under nght

’ tanslation bg Gx and so d\#cro« ‘F’trm each other
by ngh*mw\hp\tmhon by seme bebx d,=dzb

[ G2~'G| Gx=G6x = Q{'ql=b66x" q|=a7_b]

" Suppose G, Ox = Qa2 Gx

et G/Gx = {OGX \ aeG} = Sehi‘ all \eﬁ-race’rsoF Gx n G
space of orbits of G under nghttanslation by Gx

.
-

This space s useful for the following reason.
By definition ) be Gx— fb(x)f X
(1) Then {fab (XB: Cg:q (fb ) = fq(x) , lte. all ports 10 the @set

X fo the saume poant 509,
C?Q;CX\ =Jcaa(><) . i-e. both transformattons

Fas'g, 6 =X = G7lae Gx

QGX move

(2 Conversely suppose
move X 1o the same Foﬁw‘\’. Then

S0 Qz"a‘_—; b -2 Q|=sz - QlGx"‘ QZ.G){
Thotherwords there ts a I corTespordence between the ‘e]q- wsets of Gx

namely the poirts of G/Gx | and the points of the orbit of X under qu
achion of G. THIS IS IN FACT A DIFFEOMOEPHISM :

r( 06x) = £40O  defines o diffcomorphism gt G/Gx~ 56(137
Gadson 6/b6x by left mull plication as a Frans formation group

- a6x— a(abx) = aabx
This implies @(0,aGx) = £ a0 0O= Sa, Eao) = &,(c«an))

N otherwords left mulhpli caton by on G/Gx Cth:sPor)dS}
o the ocHon of G on ‘fﬁe or‘bl"‘ Of x.

29



Note thatif  Xi,%2  lieinthe same ocbit | then Oy, and Oy, are
conjugate ( therefore Isomorphic) subgroups of G :
%€ Fo(x) » xa=f5 () and xi= fg-1 () .
Now be 6)(. - Fo(x)= X,  or %= ch (x)= fq(ﬂ (x\))
= fa(fo (Fa (V)

N - = Sabar ()
so aba™' € Gy, , swmilarly lf be Gy, then q'ba € Gy,
lie. Cyx,= a GX\G—', So itis not tmporfant which pornt of

the orbit we choose to make the
Correspondence  behween ¢ (%) and

M@ ‘H"e COSe\'SchC,
3 AX3
)(Z 50(3‘E> ‘
SO(B,R) 0 = mfghos which leave X3-axis f‘fo = rofations about w3
X! (°%) _ socz,e)

52 A SO(3,B) / SO(2,R)

o3 = fsocq,a (Coood))

SO(%R) co0on @rators whidh feave  XH-axts fixed
rofabons o? (xIx2x3) = SO(3,®

S3 ~ s0(4R) /SO(3R)

o

HE (fure) = £, o (4000

03, (2000 = Lorentz {-ransﬁmcrhons which leave X° axis fﬂ(cd
= phatons of  (X'x2x3) = SO(3,R)
U3 (fubwe) ~ SO(3,D/ SO2 R)

= §So(3.l) (000@ Saee 3 ~ SO,/ So(21)

DeSifter spacetime = HY = 5—50(“ 5 ( 0000%)

SO(LllD 0T = PSequr‘ofahons which leave X1 f‘h(ea\
oo _ anﬂ'eﬁansfomﬂhonsd: (X x2x3) = SO(3 )

HY ~ soH)) /oG,

Similarly B3 ~ TSOBR) /SA3R)
+tanslations sohropy group at-ongin

and rohations
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SUPPOS"’ {gi} are @rdtna‘\‘es on the OHJEJF fe(x\ of q Pomjr X o€/V1
and Suppose d52= 91 0\9{(18‘) ':“9 ' 15 a metric on the orbit,
Let  @*¥g  be the mefmic on G/Gx whtch corresponds to G under

the dlﬁeo.r.nor‘;htsm q9

If {b*} are words on  G/Gx  then

9= 9; (a(6) 9L, 4 bt

where X *= @(b)
:[f 9 s lnuanant under the actonof G on M, then  @*g must be
Invanant under the achon of G on G/Gx by (ef t multiplication,
he. @*g s a left tnvariant metnc on G/Gy .

Thus all of the above emmPleg B(é\d lef+ tnuamant metrcs

onthe various coSe-FsPaces imvolved

EXAMPLE . Suppose Ox =13 and fo(O=M | fe. every trans formation
of G moves the POtrﬁ'X and. every porot 1in M can be readhed From X
by a unique ‘h‘ahsformqh on., Since G/Gx= {a0.1a663=G,

G s d(ﬂSeomoqohnc 4o M and one may fderﬂ-if-:, the 2 Spaces.
:E 9 is a mefnc on M 1pvanant under G 5 then t+ @rrtspondS“'O a
(eft invandnt wetnc on G , which fs spedﬁ‘eo{ entirely by the
- Innerpreduds of the  basis left invartant vector fidlds  €a -
This generah.z‘es the familiar case of the abelian group of

translatons of E3 4o arbitrary nonakelian groups 1n any dimension
(orabelian groups); these all represent: geometnadly homogeneous spaces

Talx)=x+a | xe&? 6
_ _ identifies the pont x€ E
Set @@ =Tg(0) = Ci (wﬁ'}s ‘H'ﬂe Janslation by X
Thea  @% (§;ax'dx’) = Sijdaldal .
For 3dimensions ene dotains the Jg’im'ly OF sPaﬁa"g homageneous

sSpace secHong of +he s‘thq\sy homoseneous SPaLeHmeS.
Gwven a bosis (€% of the Lie q\gﬁbm of a B-dimensional Liegmup G,

with shucture constants C%:c , the s al metric at each moment

o time 1s specifed by the spattally constant inner products
€a* €= Jab () = G funcHosof fime

The Einstein equations become ordinany differential equations

'(%f' these G funchons 5 P\uS whqfe./er -ﬁAnoﬁong OF +Hme are necessary

fo describe the matter of the universe

3\
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For U-dimensions one dotains the spacetime homogenesus
spacetimes,  Gwven a ]Qxeol‘se\—of stucure constants  C%y v a
basis 1€a3 of the Urdimersional Lie dgebrm, the [0 conshints

Jog = €'y
detename complelely the Lorentz signature metric. Enstelns equations
then become a set of dgebraic equations  for  gog and C%2y whidh
may nd— hecessarily have soluhons for every group, ( Pr nenvacuum
spacetimes | other constants describing the mather entr the quahons.>

For both the Spqceﬁme homogeneous and Spahdug homogeneous
spacetimes , one need only consider q rePreserﬂ-ahve group f’om eadh
equvalence dass crf Isomorphic  Lie groups cf dimension 4 ard 3
resped-ivelg . TR 3 dimensions the c\assiﬁcahon of
inequivdlert  3-dimensional  Lie groups 15 called the Biandh|
dassification and determines the various symmetry fypes possible
for homosenecus 3-spaces st as R=1{, 0| classs)cies the
symmetry fypes Posstue for homogeneous and Isalvepic “3-spaces.
TIn 4-dimensions the situationy is mare complicated : usully an orthonormal

basts 1s assumed ad the  Einskem equations P\ace .Cons‘rram-i's on the
shudrure wnstants,
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THE cARTAN—KILLING METRIC
Letus now refum fothe spaces and spacetimes  (forsimplicity : spaces>
of cnstant curvature , realized as coset spaces of-the full goup of
moHonS bj an lso\’myg grbu\o ” wi‘\'\d ICH‘ mva\"tw’\‘\” me\'n'cs of‘H\ﬁ
appropriate signature ,
The Carlon- ki\\ing form provides a natural _i—Pamme‘rer ’@MI‘&

of nondcgcnemk innerprodudts { 9Qab=C ab [ O€ R~{03 5
Yab= Cac Cod

on the lLie a\gebms O\Cq“ the semehmFlé greups indud\nQ all O]C

the Pﬁeudo—orﬁxgmal grups «
CarCh=Gabh =0 ¥ab, 2245 a basis of the Liealgebar %,o€
LeHInuanarﬁ'ued-vr fe\ds n G
This SPEC‘}C'eS +the inner ?mducB of a basts of leFHnuanah\' vechor
fields on G at every Po»rﬂ—of G and hence detemines q |eﬂ‘lnu<ma‘n{-
metric G, the GQaran-killing metric | uP‘h: asale ﬁd‘v".
T™is metic fums out Fo be  bi-invanant , e, both left-and

n’ﬂh’r invanant .
Since itis right mvartant , It 1s mvanant undec nght- “ranslatton

by any subgroup H of G Whenever & meAnc IS invartant under

a group of tansformations | it prjects to a metne on The quoftent
space of the ongina space by the group , namely on the spaceof-orbifs,
Tothis case the metmc ects To a mehnd on the space o
lefrwsetsof Hin G, 3 v | prce ef
Because 9 Is also (ef’r vanant (+ f€mains muanant under leﬁ‘
+anslation hj G on G/H, .
for a certain  choice of 0, this is exaclly the metnc on dl o{‘H\e
coset spaces  coresponding +o the pseudospheres dris<ussed above,

THUS THE FULL GROUP OF mOTIONS  OF THE SPACES OF CONSTANT NONZERO
(URVATURE  {TSELFE CONTAINS  ALL THE GEOMETRY OF THESE SPACES.
The Laplacion of this mehnc I¥eqe), =07 ¥%e.0,

(Wrere Cq"’) ‘“‘(9«5)4) IS d Second order di ﬁcm’ﬁa\ oPeraJrDr whidh

Commutes w% al\of‘H'\e (€ﬁ' and h\ng NUGnant vecbrﬁe\df CCAS’M‘QOW‘E)
EXAMOLE . S2 A SO(3,R) /S6(2 1)
'TheLqp\aaars {s %3‘-—— 6‘3%‘%3




The Lorentz group SO31) has a matrix Lie algeba which (s a
direcksum vector space of fhe S-dimensiond Lie subdadbra of votatton genetors R

and the 3-dimensiondl .su\bspace of bosst-generabors A,
25(30) = @b
e su\l;l; ebm N orthagonal subgpace
This Is an orthegonal  direct sum  withh respect 1o the Cartan-killing innec product
since the natural basrs o( rotetionand  boost generators (s orﬂ')osonal.
The commutation telations of these subspaces may be summartzed as follaws
[a,] cn ( wtahon generators  rotabe like a Zwecha() ( ﬁ:'rﬂ*vn*—zhngbgmw{;)
I, &) ch (" boos-generators rolake  jike o Z-veckor)

[Q), Hlen C\Jrgnerr&ohon —~ bhoosts dontt form a Sroup>

Such a decompesttion s called a CARTANdecomposthion of the Lie algebre

Atleast rear the (denHny e dan write any lorente +ransﬁ3mahor) as

9003‘ 4 elj 3‘ . .
e SO(3R) 260Jy er
S

Rr fixed 6 , varying 9'*’ Sweeps out the (eH wset e B30 SOC?;Z)
of SO(3,2) in SOCB.D, so the vanades 6¢° Parame{"nzé the left
ser space  SO(3,1) /S0(3,8) ~ H2 (fture) .

Equivalently e Submanff;;\al oj: SO(3,1) consishing of pure boosts |
namely {66“31'0 < Sz | ote E"}

(sinfda (-1 convespondence with thes  ©set space.
In fack ene can evaluste the exponenttalton fo find
0o I . .
; nin cAlad =
\kahﬁ e duyntav=4

, o=(3y0"0")
Now deﬁnc XO=cosh 6, = nlsmhd

and find A XX = -i> le. this gives us an exphcﬁ map from
G /S03,2) to H2 (futwe),

s may be R‘OPea*'ed 'ﬁ’:r‘ ead’\c)]a'ﬂ"c CMS\’unf'GArvﬁure
spaces diswssed above | with mimilar results,
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Unfortunately = have run aut of hime and have not been
able fo derive all of the facts presented 10 the second two
lechures,  However, T hope the sketch I have given makes
you aware of the uttlthy of Lie group theory in this suljedk
explolkd E_egor)d the Mminimum level re%wred o work with
the vanous spaces we have. considered,

There 1s also no time o go over the fﬂr)ystca\ side of
this subyeck but Tim sure that will be adequately covered in
due copirse.  These mathemdthical tdeas will potbe so T wanted
o eXPOSe‘fhem‘l'D you So you might go on to study them yourself,

Therext sep Is of couse  Damonic analusis ,
well known [n the simple examples of  Funerandlysts on E3 ( the
Q“Pof M"S‘“h°°5> or Ep}\mca‘ harmoric H<pansion on S2 ~v
SO(3,8)/90(2), andused in Gasmology Yo sdlve  the pecturbation
<quaHons Q’fah"“dfmhwjm shruduﬁ!) oc  wosider quantum
flelds or particle production  on  backgrourd SPacoh'meS‘

A useful book 1n this contesd 1s

A.0: Barut , R Raczla Theonyof Grawp Fepresentations
, and Appli catfons

Polish Scventific R-A.bhslr\ers‘.

Good lude.

bdb Jartzen
department-of mathemattcal scrences

villanova umvcvsﬁ'g

villanova | pa {9085

»S




77 SUPRLEMENT TO | NOTES O CosmoLeicnl mopels  (by boquhm)
‘ CuKVATuRE OF Psr—:uoosmeaes |

vaen an arbH‘rary me’l‘r‘tc ~ds?= gwdx Mol , or SlmP‘*j 9«49 :
MY
9 , One can ranse ahd lewer df| indices 1 the s-l-andard

with lnverse
fashon : O VemgwV Vg Ve
'The Riemann curvature ’S‘ensor‘of sudh a me‘l-r[c may. be comPqued by fhe ﬁ;nm,,.,19
\gorﬁ'hm e -ﬁr'sﬁ" compu\-e SRR
TPy 9""'(9 9w+avgm-9¢gw) 9 Couy -P”

[ where [ guv = z (5)“90"“‘ d"g"” ‘()0'9“")]

(Z) Ne“-wmp“&e Pouwv = Ou crﬁ 9 F u0‘+ F’ e P VO

- £ T.hls 1S %C CUNahM'e +¢n$a- ) 7 : '. : 7
(3) Nex¥ ralse ﬁ')e anlndex R PG‘ = ‘ga'e [2 6“\)

Thcrhs ] hﬂ'o\': worh Fora s Cc of Cms&wﬂ- Cq;a‘uﬁ o

bl

Cms\‘aq‘\' 'HE "@wostant cu rvai'w‘e

.rm‘r':

IEf we qcccP+ ﬁ‘ns
1’nc\z can |>e used\ 1o cmez’fe }« -,ur Psmalospheres

N CGOSMeF Pséudosp\\cﬂcca\
R '-*( )= ool

 where > 15 a

e

formula
Oeneraizing e \;cr}’ o( page 5 an M

- wordmnotes on M P4 un‘Hﬁ ﬁd‘ metn c

E The mefnc becomes :
ol ds* - d.’l Ty XX = 6@9) +(©Y° 35_(3<5t)d9 49 G@B) + 9130‘3 "‘3
Lo " - ' - ' frcon - - ." . - mefrc on :
' , _ @ (Tn% P.:c?xdospheré . Pswg’?here X
(P“)Y\mx”x € of radius y<
I Y PSS Dk

(352" oy N umti=pr.)
{9“} {lj 9} q‘)e m‘hr‘rc sqhsﬁcs.w

=(y9° XU |
fg } ooorcls on

dEend l
P Somd k . umg—Psa.tdu:Phere

T Gedy
Tho in Pseudos P\‘\znca‘ coorddl nuk&
Q=€ Qoc=
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: v ' | _
So now we comP\ﬁe M o0 for Quv ; the nonzero 1S are gwen

Cois= - YW M= - ey = ~€)7 90
K, }_ﬁ Mg= )78 e oo [ symbols
M= 1@ S5 =(8)5 Sor. erfoer i&r)' o gg)
Then compute the ﬁ"owin? cwmporents of @M\‘j{mﬁ' :

Riyee = Ol =0l + Py~ Peal™ey  (sumover @l teadinais)
— ,
- Mem M= Mem M+ Meol%= M eol
N — S |
RE) e = R(5) see ORDETED
| namely the wwature of efther X5 or 4 -(Y9)™'8 ,.a (_EM9 49“.3)
b b a=2/sl o . _<lag. .
Rijee = Q(9> Jke ey’ (5 e9e) 529?) , (m\stsnwFAcrmw:D
0 . T | 4 ¢ AUSS ATION)
o= SJMQIMkC-__ g° Qmuatﬁiflz ore m\::s =

= R@)Vee - e@?26{k831- 6)‘153@ = RG) Ve = €9 S 1k

= , R
0 But MPUsflak so B*%e =0 5 so P()"re= €U “J "re
curvature of: A = g’s\mj‘_:tff
dosphere of radius e e

Toshort o pseudsphrere PO XX € R has wnhant curvature. A= € 87
For memcs which are not postfive defintle | we are free tv change the
sign of‘H'Be metric dcpend(rg on our choice of cor\uxervi-foij this has
the effectof fh%nkarycng P and. ¢, <‘ﬁwt signature S =p-¢ —> *5)
| when Gy —> — G
Forsuch metics | Guv= — guv ,
haS ‘H\e CH{(} 6—)——6) gU—‘)-Qtj qno{ Nncc >\ - —’>t 3 SO
ﬁwc Slgh (s Qahveﬂ'ﬁon olependen'f‘.



, v ' n
So now we comPu‘\’e M oo for Quv ; the nonzero s arc gwen :

Pois= -yl 1, (M=~ ey = ~€6) 98
PIJQ = P(U) iJk = P(S)‘Jt goarmelﬁa— iﬁj gf 9(5>
Then compuk‘ the ﬁ“oum_? compawm% of rZ_M\‘j()c':

R‘;l Re = ()hP“CJ ~35l",hj + P{kMPMQJ"' K gMpMkj ( Sum ovcr__&_,}F C'ooql(nqksj
N ——
i o !
= Mem %—l—’{emPMQ + Meol%— Mo olcy'
- . ‘
RE) see = R(3) see (Y DEEED,
| Namely the wahure oF either ij or 4y "Qﬂ?-lé '_2 (—6@5949\5-9
{ _ I, _ a-2/¢l <l g,
Rijee = RO)dre ~ €U)(8%925-5 29x) _mmmw>
. . (o | A ¢ AUSS ATION)
Ve = SJMQIuke"' 9°"R mbz*‘ﬁjﬂz oue m\fg e

= ROee ~ g6k Sa-6h6%) = RE) e = ) 514

e , . 5
O Bur MPUsfla so Bpe =0 , so R(N°re= €GI7¢ ke
>) = cuns\’a'\)\'of:

curvature O‘F Curvature

Pseudosphere of rudius §° ;
T short o Fsaxdpspl-m-c Cpicd v XMXV: € ZSZ& has cms"m‘\’ wrvature A= € &—a.

For metmcs whidh are not Voslﬁ\/e o{e{mﬁe) we are free tv change the

stgn of the metnic dcpendmg on our choice of convention y this has

the effectof mi-enkangmg p and . (ﬂnc signatwre S =p-¢ —> "5)
U\)LEV\ 9'MV - — guv

For such metcs 5 Guv —Jgav
has the CH-C(} €ED—€, g|3—>—-915 and hence A > — , S9
‘H\C ngh {s g@hvenﬁon O‘ependen‘l‘.




ANTIDESITIER  SPACETIME | | |
A SPaCeHma of S[gnahre C" ‘H'+) and constant curvature A= L |

<23.
This may be realized as a Pseualosp%erc 0 M

GO XK= P 6D+ S0 = — &7

c=-4

_ This sign is wrong 10
qu quklng and Ellis.
The pornt (OOOO &> IIeS on'H’Hs Pffudosphere
ﬂ++hf5’)0m+‘ d (%MVX XV) - ”J\)MNX O\X
= 2Ny X" = - 2R dxT— Ix =0
So CO\X?dearb‘h‘B

C~N—

‘Hﬂsg:\;csus the mght stgnaiuce,

SLICING BY CONSTANT X‘* | ( TIMELICE HYPEEPUWES>

‘hmeh}bz Si\cmg \XH‘>@ X = &ka)\ } “@‘D 2 +V€2 = @2
ki DeStller | o 0= Usmk» l e
05)3 = 0 12’3

—

- ds? = —@xH? + dot+o?di?® =

= @ &0 s dLT

S‘Pacellke slicing

SO Yoo : __;\Xq,z_ Tt = _(Q’Z
‘OI\B =0 ‘7?3

s?= —@x)? —dvieTtdil®
= - @D c@ Rt
= —oltl-r (Yf‘smz(if. ‘{) qn?
S\O—H'WS yleld's at h”"‘ FYZ\I\J SFq'Haug homogeneou& Shc!ng wh‘dﬁ

 becmes nulland © then timelike ot the begmmng and end
(t=ood At=7)

|

g




CARTAN - KILUNG METRIC oN g&(N.E)

Let ?Q(N,E\ A= (A% = ATLe’a  define the natural basis
of cyzm.ta) [ae row index | b & column index]. Then

ey = 8'e = 8§48, 8T e¥s

[sice  (RPaebXBi e = APaB)ES ] s6

[e, €%l= CP% o €% = (48,85 -818%8%) e
‘ dC C C m ™
X(eq")etd)=\6qbcd= Cngbcd C mng_f-‘-(61!695{'556;52){5{528:”525 cg‘}>
= N&LS L —5Hen ~§%SMHELSTN = 2N 80 —23% 8%
Y(AB) = Yooy A%B% = 2(NTAB-TAATEB) = Cartan-Killing form on
WIS

But-there Is q Z—Fammekr ﬁml/y ( Z-parameler- modul scale) Of Ad-rvartant-
/nnerproducl—; on %(N,E) :

4+
¥pro= (3No) [ TrAB~ Z TrATrB] ¥y =¥ ;’:E)
Note (?((N\ﬂ*‘- S(mﬂ{i? ® 2(NB) s an orthogond! direct sum  with respect 1o dll of
these inner |>v-c>‘o\c,v.c;\"s> and R (l;i} = AN
Y i:i = 0 ’ 'H\eon\ A le member o
(+:4) R\:; Fuml(\_.jg, e ¢

Mofe  ge(N,R)= diag(NiB) @ offdlag(ME) = oo (1)R) P.aym(BiR) are
also orthogonal direcksums.

o= (2'-“ , N) gives the DeWit} tnner proo\uc‘\', .
let  <ABZ, = aw (AB)
Let MY = § (9ab)=(9ba) € GLINR), | sgnature (gab)=s=p-a , N=pia
= space of Component malnces of real inner products of sygnature S
Let Tmp,‘: = { (hab)= (hab) € ')I.(N\E)} wentified as fangent space fo mhs
Given Gﬁqb) € Tmpr':) let h= (hqb)= (9qchc5)=mdnkofm|xedcompoomfs
1@ This
Set »8,,10.(“312)—"-‘@7%""»"’2 N o .deﬁ'nses a naturd| Psmdo?(\ewnnmr) metne on

mi (.PE R). on\é%re?:@‘-_—é;ﬁﬁﬁ') gwes fle memt associabed with Tl

harmenic mqppinﬁ ]q-om Minowskt S‘Paw'hr\é whtcls occurs in tee bl—me+né QOSE'W ytwry
Jor N=4 ylp-ai=a.




LIE DERVATIVE x4 - XH= 52:3 () A Pamme\'er mil Of \°
point frans magons
X= :S:b)(x) : - (diffeomorphisms*)
'S'(::) (x)=x»"‘ !den\-i\'\) 'h’ﬂﬂsfz-mcrkon
GEMNERATING VECIOR RELD @

$ )= 95 o () =g
; = FOT o 573 5w

X={ (%) vector fields dentified withy differentialoperator)
o) pe

power serles cxpanslon B
" M m

R X"+ 8%)  for A<<d
inverse fransformation sahisfies f(:)p( Lo (x0) = x* X 5—'(:; ()= X"
50 by chain rule | fi‘?«“ of the first equatin gives :

%‘;‘:’ (fa6d + 4] S0 Fontd) =g @b - dfub-_ g%
= vw——-—-'ﬁ% o A dx
so a simtlar power series  expansion ylelds
JR 0 = XMoATH & XMAE A <L

£(x) —_
Tf &M isa (scad) funchon, let Py (%) be

_ the f.mcﬁoq 'h'unsfornnco\ by the pont Fransformation,
| x  Gnd _ —_
‘g ) " ' CP().\ (x) = 4-)(%\ o qD(A) x) = b({;) (X))
new value at old value

new point at old point
This deﬁmhor\ moves the funchon in the dircchion
of the pot '\runsfonndﬁh.
The rate of dnange o{: $0\) with resPe&'in N ar A=0 Hells how <\>
begns ‘o drange under the Poh\' "rv‘qnsformq-Hm and dcﬁne.s the

hegotive of the Lie derivative with respect 4o the gemrating vechr
b of ¢ spec 9 9

d
ﬁ L—=o

700 S(5709)

P = b, () %}5 (= - 2P0 = ~ 50 ¢

Ii M=o

The Le dervahve of o scal b o d 0 ‘
denvative of the scatar‘ qbr\;:‘.‘\-ﬂ_‘_ b !a‘_\ge\o\ field 3 is yust 1he directional

£4 = -4l Fo = Sdo kg - eut




A vector field is transformed by the poirﬂ"f'ransﬁrma-ﬁon

as follows :
) —= - -
ol T (0 = 250 (£6) Y (500)
Y N— x> o
_— value at value at point
) B X mapped onto x
) by 5,
570 St\c! :C: rc.a\culcﬂ'e its Liedertvative exacHy as for the

Y“(f(;'(;)) ) i —
(iSY )()0 -7 ail)ma Y()‘) (X)

= - : - (x AY (e X t-o”o - 2 iﬁ‘:f -t:) x v ¢:>7‘ x '
< - [ ge) Wik 4% M@ﬂmY@Q
| > o

e et

B-L‘:= “V _ P aYv ) §H
ox k) < (x
:iusf like ¥ Scdqf;age
] igd‘ = cb,(’ gP \
B0 (1 g A T W _
N x* Ix” Je EASRS it 5R,FY7

:irci'&ona\ r,_% Lig Zu= Zu,( £f + ZF gfu.]
erivative

of components [;7 g 9 i’ g‘p §~P
: v + » ;M+ S
Ifwedothe same thing for a . &___:v_)e Je oo
covarant vector 5\'9,\0\ " Pyup + r'uvP‘- -
=20 v -1 For the metric we get one of these tems
Zu = ég‘x% ()%, (foo (x)) foreach covariant indey , fbu{-- always
NI ‘Hvefirs’r term s J’uS'l' the direcHonal
the n-derivative of this fem |eads Instead dertvative of the components
- g7, soweget \

The expression foe the 5%;9“\' an be rewrlften using
to B\Q\d: itg Quv = 9?" §P;u + 9MF giv = @Pvgp);ui- @Mra'gp);v
= g VM AR ?M}v (ance 9py;d20>

'*No‘\"e’th-& {Y':‘:g =-% wh (. e omm \
qsd‘ﬁercnhq\govembr;‘] ¢ $ ywhere Ldisthe o w\-u*oroffhe vechor- fields
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page || insert o
Tnthe March notes, T neglected fo fulk explicitly about

Hhe invariance of-a ﬁe\d under a +mnS:F0m)q‘Hon,
Tnthe case a{: a _1.~\>arame+er fam\\g og Poﬁﬁ* hnsf;maﬁon5>
invariance of- a Tensor field T “J.. means that

_ Moo AMovse
Ty » = T4

the hunsfomed field equals the orginal field for all » ,
hence “l‘a“éin_g the A-derwabve at A=0 , one has vanls\n\ng

Lie derivative :

ig_r Wi ='~O.

For a mefnic | invariance means -
—9—0.) My = 9yv
F g =0, or 0= Seuw.
€ is called a Killing vector f!e\d, and the equation K‘l\lng‘s equahon.

Tts solubions are the generdiors of the full group of mohons of +he
metnc.,  We evaluated Q(Phcﬂy the Kllhhg vedurs ‘f&r the

flajr spaces af ar‘bl"mry s\\gna\ure, and consequently , for the ‘mbedded

- pseudospheres ,  hemogeneous and Isotropic Spaces wrth  maximum

symmetry
On a group G, the 9enem'\'orr of ng%hns\qhéqs {ea}
and the generutors of leﬁ' Franslations {é",} commute since the
left tanslabions commute with the r\gl\‘\" +ranstahons :
Y_eq,'é'b] =0 i’e"‘ Ea=0 meons {€u are ‘eﬂ‘qunan‘\'
e 5?@0 €5 SO0 means {’é'ﬁ are n’sklr invariant-




gﬁmsm‘s OF THE MOTION OR GEODESICS

A very usefu\ prdFer\-g og- Killing vector ﬁe\c\; Is that eadn
\ndependent KVF  yields a4 cnserved momentum for a geodesic,

Suppese X=X s a Yimelike geodesic Pumme’mzéd
by the proper fime T. TThe unit ‘fwr—Ve\oc\\-B U* = dx*@)/dc
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