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TINTRODUCTION TD COSMOLOGICAL. MODELS : PART 4

What s Cosmology Y Overview.

Flat Euclidean /Lorentz geometry for N=2

N> 2 : (pseudo-) SPheﬁca\ , (\yseuo\o-) Mlindrical  coordinates

Orthogonal coordinates on M? and congrnt uevature sulos‘FaceS
Maximally  symmetnc spaces

Friedmann~ Robertson—- Walker spacetimes

Higher Dimensions P

Special coomdinates on  DeSitter spacehme

Special coordinates on  Anti De Sifter- spacetime

Gaussian normal coordinales ard constant- cuu\foﬁ'ur'eJ Elnastein curvature

Ih*erpre‘mhdn of artrinsic cuwature
Arbi‘h‘ary s\gnq‘\'ure f\a*'s‘oqces and Pseudo—or‘ngonq\ groups

Port A is designed to generulize the studerts knowledge
o§‘\'\ne geometny 05 .s?ec(a\ re\aFM-\y 4o the case ojl cosmdlogtcal
spacefimes | from the podt- of view of metrc and coordinates | with
some mention of groups of mohon. Only geometnas of constant- curvature
are cnsidered,

The geometry of symmetry groups and its a\aF\\ca’t{on 4o less
symmetTic spacehme geometries rdevant in cosmological Models (n 4 or
more dimensions wlll be dC\IClOPec\ n part 2.
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WHAT IS CoSMOLOGY ?
Cosmology is the stwdy of the large scale structure of the 'univerSe,

most often accomplished using cosmological models .

{ T mathematical (dealizatiéon
(asumphons)
1.‘\

:é; e large scale structuge of
universe (seenext page7
Class\cal

Cosma\ogica\ models ‘nvdve  Rinemalics  and dynamics :

) KINEMATICS ¢ spacetime metrfc + symmetry conditions
+ adapted coordinates

2) DYNAMICS ¢ fiteld equations

BINSTEIN o
EQUATIONS Goag + NGyg = K Tug
Yy ?
(Elnsl'e\rf(‘tenswge T energy-momentum
l‘<:¢)$|\vm\og\'c¢:n\ constant "
ferm
' N
geornetry malter
MATTER
utoss s T%e=0 ek

Com‘)\lcq-\-ions: underlying va\h\'\ona\ theony , dimension o§ spa.ceh&\e,
“ear-\g cosmo\og.g " md\ﬁm’no’ns o(: old * standard F\c\ure."

GUTS, Kaluza-Klein , 'SUPG"'BW\W\U, S“dﬁg '\"\'vcor\‘c_s,
Topological eﬁco\'s'. monc:Fo\es, g cosmic s\'nnés ,

domain walls

(assoclated with quse Pransihons , serniclassteal
z{luan*\'um calculahions ) >
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MODEL. FOR MATER cosmelogieal

now Sb\a(" SSS\'CM
A;SWc:lCOéMCA\.
DistA —
SCALES: @
Magn\ﬁcahon . X lo f
e -, .
Per-\urbahéns of smooth flu'\d FLUID APPROSIMATIN
"clumPing "
mw dMS{—' f\\,ﬂd MOAB\ . . -
ressure P=0 = avVerage cnergyden 5,4_9 - gg?&::e ‘5.0?\'3__
P P)\ > P C\‘\" cos, \enﬂ\—\q_ scales Selfsmf\':‘nb&
of fachal shruchure can
U= aveuge q—VC\ocﬂy lead 4o Prpb\em.r

of "dust"  (UU=—1 +imeltke)

k( [ ﬂS‘f\\‘\AefD

Zero kaem’fure ,  ochual fwaat mehens relahve-o
averuge mohon  are oo-scales

les
ar speeds much less than A (lights )
(romaatnine nabe) T

near BB B‘“‘Zﬂ —_ ?\asma gas be{-orc creation of nudel, stars, galaxies, etc,
- L‘\\g‘ﬂ ‘\CM\)CI'I'\UFE m\aW$HC ma\&er ! ‘avessuu-e, P nonzero

COSMOLOG\ AL EQMATION of STATE ,
P:O — dus*\’(NR

p= (8- 1) F @E=D==0. ¥=| maller)
Lo O vy e e
eD=" ¥=2 p=p _ ushffmaber"

veny near " Big Barwq —  quantum vacuum energy dominates
o ?G(‘ﬂc\e P\\ysics_ is \ze9 E QUANTUM MAT\'EZ-]

VOrvery roar “BlgBans" _ c‘/uqn\um 9mvﬂ1\‘\ona\ ech\—s become (m‘aor\—uq(-
(Qummm cEMETRY ]

L « quantum Cosmolagy”
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MODEL FOR GEDMETRY (= MATTER) :  SYMMETRIES
When equahions ‘h;o diﬁ‘\cu\\' 4o solve — impose s,mwe'\‘\j Yo stm?l'\fwﬁ.

Mighest symmetry - easiest fo solve. ( PRAJTCAL APPROACH) .
or M cosmo\og\ca‘l Pr\nc\?\b“i why should our Posi‘hc;q and hme ~
the universe be s?ec'\a\ 7 ( PRILOSOPHICAL /\PPROAC\-O

) FIRST TRY ©  universe sume at all places all tmes | all direchions
HOMOGENEDUS AND 1S6TROPIC SPACETIME

Ween Einslein, Universe allowed by A0 [R*S]

BUT NOUT SAME AT ALL TIMES ¢ EXPANSION

2) SEQND TRY \, universe same at all F\chg and in all direchons
at a given Hime but evolves with hme Itf‘;\c:oh homegeneihy and

Y ‘ SoTvopy in Fime direchon
i SPATIALLY HOMOGENEDUS AND ISOTROPIC SPACETIME
g like Friedmann-Robertssn—Walker models
: 2) CURoSTTY - magbe universe nof same 1 al) CsPahd\) direchons.
<1
g SPATIALLY HOMOGENEOUS (amsotropic) UNIVERSE [B.“’“k isotvopy
fa) N ﬂ';a.ce,
é like Blandwi models
4) MORE (URIOSTY : maybe untverse not same ot every place (ot
J esmological distance s aales )
Bre2 \nomogene«\'\j
INHOMOGENEDUS UNIVERSE in spae

POSSIBLE  PERSPECTIVE :  pertiaps cbsenvabdle universe fs only a
SMGH art Of' an *ﬂhomogenms ar\(so\\'o‘)((, quceh;'\e which seems
very Symmetric at large scales [MlCRowhvf—: BACKGROUND)

magbe good.enouig‘n
o stud hlgk\g

symmetric medels.
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w\VEQSE MODE L
SO one assumes a h(.gh\ﬁ SB‘“'“C\'\';C universe moo\e\ ‘fDr "‘\"\e " \qrses\' gcq\e"
. hructure of the untverse , the dynamics of whidh can be hand!ed
exactly , qya\\\-a\'\ve\,_, or nunen&q“}) ( oRDINARY DIFFERENTIAL Eamw)_

The structure at smaller distance scles which breaks this symmetry
evoles \y much more Com‘)\\cakeo\ dynamics ( PAETIAL DIFFERENTAL EQuATIONS),
Only by per‘\'ur\pajn'on tedhtques (Coup\eol with harmonic analgsfs) can they

be handled , but maybe that-is good enough 1o study certain queshons
lie GALAYY FORMATION and CLMSTERING, since these are relatwely srall
deviations fom the large scale behawnisrof the unierse.

C\QSS\C‘G\ \'€\C\5h'vi \'uge‘\'\ncr w.“H'\ 'H'Y: o\oswved eXPdns:on +€“S us
here dhould be an inthal a?Sh’\o\og\ca\ sxqgu\ar'-u‘ry 0f some Yeind ( Big Bang .7)
but the condibions of high eneryy b density near such an event |hvalidate
the classia) ‘Pﬂeo«y there. One needs quantum gravity which shll

does not exish, so semiclasiical calculahions or possibly unrealisHc

nodel %“““\V"‘ caleaulahons ave done.
At very early 4imes the theony og malrer becomes exiremely EMFO rtont

GHTS (6mndun\£eow“eones> and 'Hﬂeh' consequences S+hn3 %euné.r)
Wigherdimensional spacehmes, el all complicate the picture

offering the Fog{lbl\ri\"y of cxf\a(n\ng Wy the universe s the way

iHs. .

WE WILL BEGIN 8Y SWDYING THE
Rinematics of highly symmetnc spacetimes .




FLAT PSEUDO-RIEMANNIAN GEOMETRY ON RM

The geometry of casmological models is best approached by
first understanding well the geometry offlq{‘ pseudo—Riemannian spaces.
The dimension of a space must be at least N=2 1o have an |'ndefmi\-e
sgnature metric, This case illustrates the Rey differences between

Riemanntan and pseudo- Riemannian spaces. @nsider the case of flad' metncs

on R2. There are +two dishnct | inequivalen} signatures: (+i+) and (= ).

spherical coord nates on

N=2 (+,%): [E2=Rz with Budidean metric (dldirechons eqlwva\erﬂ')
ym a4 < ) distance™ from 02 2= X™4y*
melic: ds*= d)(""%—dj2

il project orto st Pammchwie St

0| cos® 7 X () x=rx = rsd
y= rg = r sin
sio {(xm { Xz+32=\}
vunit s‘iner'e (circle) "

(f(,g) are conshmined coordinates on S* ( clled " projective coordinahes):
g4 =1 —%>0=%ax+ja= "&.)- (4, dg)=0"
CDS!"G sint6 R (Or‘pﬂo‘gonahh °f radial and 'l'anjen";q‘ dlreohons)
!den\'iﬁcujnbn with
Gmg identity

vudial /angenhal deComPo sition "F mefnc !

AdX= dr&-}\"o\g }_ﬁ‘ 2 - A 2y ded rd'\1
dy= dr §+rdj ds Ar s+ rdf)™ (9§ od3)

= RugY ar? 4 (RABGA) 20dr + (454G
et T
4 o
drz+ r* (48 dy?)
YT . A
d9? metmcon S
These aordingtes provide locqu\J an or-Hr\ogona\ o\ecomFosl"hof:s
SExR «> R2 hich breaks down at the cordinate singularty r=o.



N=2 (—,+): {PSeudos‘)hcﬂca\ coordinates on
M2 = R? with Lot‘cn'lz metmc  (dishnd equivdence dasses ofdlrccho'ns)
metrict ds?= —dti+ dx? ~ %2 <0 tmelke (), T3=42—x*
) =0 null (¢) T=0=0
pde; SPucelihe (+) , ol=x2-t?

TIMELIKE DIRECTIONS
(JC) X) unit space\ﬂzc Psmdos?here of
unit Himelike direchons :

M2 = {(4%) | —t24x*=-1}%

or ITI=14.
Let sgn T=sgn t, s0 T7oe fubuee
and T <0 &> past

Pr?jed‘ 07'\“'0 H i y qumeh‘nze Ht
) x= TX = ©sihX

HZ

(£,X) are constrained coordinates on H: (called "projective coordingtes "):
~Y d ~ o W~ N
.,ﬂ:2+xl=_\ —5 = -F4F+%& = (--t,%)-(al’{?,dx)

(OSHZZ (sm\’zx Gbr"u'w.gonamy of‘ radtal and ‘\'ungen‘h::\ dlfCC"'\onS)

Qt)eni“\j\cc:*\'\\;-; with Hgyer\)o\\c>

radial /fangenha) decomposthen of metmic :

ji: ng’;:gj\; 75 ds?= —@tT+ed)’+ (ATX +TdR)?
= (~dF4aRD) T + (—%’M’Q‘)q@& + 2 (=404 43)

o

—4

= —dv? + T AR =
VT'—':' metric on HE
These coor;dlﬁa'\-es povide locally an Or-Hnogona\ decompasihon
Hi xR & R2Z yhidy breaks duon at the lightcone coordinate

Smgu\arl-\-\ﬁ T =0. M over onlg half of M?




SPACELIKE DIRECTIONS
t () 1 -‘ | unit fimelike pseudasphere of
/ ( £,%) unit spacellke Polir‘e«':\'l'or\s
Hy = {(h0) | —t2ext=1}
or (Ol=41,

X (+) let spn G =s9n x ,

Project onto H:) ?amme’mie Hi:
t=cF = osinhX
X=X = 0wshX

C‘F;S\(’) are constrained coordinates on Ht ( "proective coordinates ")

- t= L —.‘l\;\ 0= -TAT+ X% = “EX) (4T D"
L

\
o ooy f kel god g
(\dcnhf\ cahon w’rl-k hype\'bo\t 9

denkiby
radial /4ungenhal deCOM?OS“\'\':lﬁ of metnc ¢

o(\ijcc SR
X e . s
= € dERaXY) do2 + (- TAD+RAR) . 20de + 0 (- dEY &eY)
4 o :
= do?+ 6t(-dtaK?)

U,
— dX?%  mefvic on Hi
'Thesg coordinates provide |ocq|\3 an or—HnogoMl o‘ec‘amPos\ho;;
H: XR & Rl whch brcqbs down a‘\‘ ‘H'se ligH‘cene @Ordlﬁd"'e

singularihy 0 =0. These cover the second half of M? H'Uwever/
the llgh’ftone is shll |eJ(\— uncovered,




NY2 FLAT PSEUDO-RIEMANNIANS METRICS oN R M

The (Pseudo)spherfca\ coordinates may be generalized (n an iterative way
toyield either (pseudo) sphencal or (pseudo-)gylindrical coordinates  on

higher dimensional flat spaces. The previous calculahons generahize simply
infroducing indices.

@seudo—)s]phemcal coordinates result fom o\ecomPasing BN ‘o
a family of N-D-dimensional CPSeudo—)sF\neres , which are setvoptc and
homogeneous subspaces of constant- curvature.

Pseudo-)cyli ndrical wordinates result from :ﬁrs{— decomposing
pN= R x RN ng introducing (pseudod)spherical coocdinates on
RY, keeping the cartesian cooinates on RN one therefore

decomposes RY a family of (N -}dimensional antsotopic bt homogenevus
hypersurfaces Ccylinders) with flat direchons associated wrth the

remaining cartesian coordinales | These hypersu\'-faces are associated
with the new distance coordinate of the conshruchon,
x!

%2

e
C3l|ndnca\=
E2xE*
S‘phenca\
S'xR
xXo
X* 1 =
: HexR
M3 gé)%?rgéq( Cg\lﬁdncal'- _M_Z_E‘_EL v
— ' xz
+4) H2 ) or MixE? B iy ,
st (same as for ES) X X!

x4

c.g“ﬁd Acal: E_?_Z_E;i
5kaenca\ x'x?
E2x E2 4= e X
SPJL’cnc;\ %/\,l SZX\Q S2
[}
3ixR? )




cylindncal - M xe? as n E7spenca)

v .
JP'W'MI
mix E? as N Ezg\lm\n‘u\
‘:Nn“‘
X’ 4 2
M xE? x;\/ HyxR .
v . ert.
pscu&o;p(—mul "
o — ’LXR
N\ax E—i %1 H+ 64"( \
\) .
pseudosprencal x! x
g
Jus ‘p;eudos?\mcal |
— e
(““H"H) \_—l— DeStller unverse
cyindnal M XE4 Sk
v

Sth. / s2 /‘\—[ Einstein universe §

WXER  mIxE3  MAXET MxET mAxE?
y v v oy )

ee.
( more details \d-er)




Minkowskl spacetime M

= Rq wﬂ‘h Sﬁﬂdard CGF+ESIGO cordinates {XM} M=0,1,2,3
and flat Lorentz (=+++) metnc

n= Nuv dx*® dx or more ﬂ'")P\S " dsz-——' N dX“dxv !
where (M) = diag (1,1, 1,1),

%® Spacelime ntervals
From origin fo eventwith coordinakes TxM} -

Hmellke directons:  M,uX""< 0 = T3 = WX XY

Tisthe propertime dong path of inertia
X3 dbserver  ammeching ortgin 4o S,

KI) X?

Al (ligH‘(llae) dicecHons : Ty XM= 0
Paﬂ)s of l[gH‘ rays lie on null cone

7

null cone at orgin : Hz _sPacel('Ze directons 1 71‘”3(“)(V>O—> 0= Tuw X%V

O 15 fhe properdistance  between ongin and §<

() an tnertigl frame n which ‘f+\93 are
Simulfaneous events.

EﬁldOSPhems (Qfon‘gld).' hHPergurfa(es of COf?S'farTl‘ SPCLCGHYYVC tﬁ“'eﬂ/a\

from the odgin
Sy .
e spacelike Pmaosgme:s (fubee, past) (~RS)
—— ” T =¢cons vy{- :
T=constant
(future) untt space\i\({e Pseu.dos(ﬂ\ere.s: H _g_(ﬁ‘*“"%mb
O‘:Can,s‘zznl( %vaux"':— x°>o f.d—ure
O X° <o Pasi‘
. 2
e ot Himelike Psmd@bcre; (~5S XR’)
N o= gnshant .
L o unit hmelike  pseudosphere s B
| 'Y\MVXHXV:i ‘

hull pseudosphere = null cone = \tgh‘\' one (Hi)
NwX X" = O (~s2xR y {O} U S&x R)
0

vertex of wne




X3 CX.)X%XB) N 3 Lo
7 spherical coordinates on R Ci,j=12,3)
’ EIeD ' ) .
(X;Xﬂ;)f\?%g(g:hgi Define§ ra= 81 XX
* s? Xis x/r o xt=xX!
N A on
X then  SyK'K2=1 = 2 Xxdiks=0

and  dxi= K'dr+edXe
g2= { (Xx@) €R3| §i; xix0=1]

ds2= Siyaxidw = §i; (X'drtrdRi Y Kde+ rdf) |
< $58°%)dr? ¢ @K rdr + ra Sy aktdk
1

(V) dﬂz
= dr2+ r24dQ7? (metric on unit sphere S2)
A A 7
Z G [RHET =17 - 26 cs
(0528 51n26 2 R2=5100 s
A ———— Az _
st of “radius X? = cos6
siné

d0%= d0%4sin0dg?
' .
. (XM metncon S*of radwus snb
/ coords of projechion
(yn)/on 53 ,
spherlcal coordinates on K (u,v= 1,2.3,H>
Define § a%= Suyx"X”
i“: X"‘/}L or X‘*=J‘L’>\<)“

X\

%3 then Sug,)zl“)?vz 1 - XL O my S\(M&%v: O
and  dXM = XMdn 4+ AdXH

3= { (Xh)e qu SuvXHX= 13
Exac\-\g as above:

~ 1 vetric

4% = Suvdx™'= o = dRTeRTdSE o 2= Su R0 {0r DS
S}Pl+ wjzi ds?-= W@X‘DZ + 3y (L7 cosxdX + s X (R e)
o2X  Sip¥), == X2+ sin S dR AL

i SRIPY

S of vudius sin X, : d

set S\(’i= sin’X )?L

XH= s

<Same as abo\/e)

NGTE: R3and RY with the Eudiden n
US\AQHH refev‘reol to as E3 and %‘:3 h




Pseudos@werlcal cwordinates  on M = Minkousk! spacehime

M= ol\lzl3
INSIDE LIGHT CONE
. T70 future
a_ v
. Oefine T™= M XX v<o pask
and XM= XM/ or xM=TR™,

then M XHX=-1 - ANy XHdX= O
and  dxM= 44T + TdX*,

() 4
Hi({(\:\‘;)= i(X“)e Rq\ ')LwX”XV=", xozg}

dsz = ‘nrMV dXMdXVZ cee == — d/t’z + 'C'z ’n,“v dkud()\(v
40> metric on unit hyperbolotd

-G XK ) = -4
(V2 VIS T ———
cosh™  siph®)
Szof radius sinh

set ')?":= smm?': AX = o dx 26 + sinh o\)?a

K= cosh) IX®= cih ) dn
(S‘lrneas qbwe)
IN%= )+ §ydX R =~ sih2y dn? 4 8y (s dn X 4 sioh 2 4k )(@shxdd K2 Esuamddd)
= AN Esinh?a + s 3y QC%’) + 2sinhxydi 3!‘;)’&0&5 +sinh?) 5 d)ﬁi&.’
S B — © T

= dn? +sinh2) 42
ds2= —dv2+T2 [dn2tsmhx dn?]
OTSIDE LIGHT CoNE
Def\ne 02: -%Hvxnxv ) ’kM: XH/O- or X“=07<'“
then  MwX*K’=1 21w XHR=0, dxM=K“do+odX™

dS?= MawdX¥X" = -+ = d0% + 62 Huyp dX*X”
df1% metnc on unit

~X)* (y¥K) =1 hyperbolod  H3
U~ [ ——
anh?x  ash?i \ :
A . ’i('= @91)5 Qc
S2of radius coshh —> K= sk
A2 = ~Qx)% 51 dxidx! = +ov = —~dN? FoshZAd*

H3 < J009RY ) Mur X0X= 13



T each of the doove cases we infroduced o rudial wordinate measuring

distunce ﬁ'om%e origin  and a family of pseudospheres (spheres i the posthve
definite wse ) orthogond o the rudid direcHon. A given pseudosphere
ks charadrerized by a ﬁXeo{ value of the rdial cordinate , say the constant &,
. = E3) T=K
he. /‘;:2 gE‘f) & (M%)
_{he metric on these pseudospheres Is dbtained from the metnc on e ﬁ‘[(
Hat space by scﬂ'ing the diﬁerenﬁal of the radid coordinate to zeo:
dr=0, dx=o0, d¥=0, do=0
ds? = KA K= Ry

All of these pseudospheres dare spaces of comstunt curvature R= £ WR*,

the unit pseudospheres s% S3 H3 have curvature R=FE 41,

¥

The 2sphere of radius R 'is a Riemaonian

(posttive defiotte metric) space of constant postive
wnahire k= /&, Tf ore considers a family of
spheres with the same north pole | but increastog R,
Hhose with small & have large cucvature | those with

lage & have small curvature | and in the limt &> 60

the sphere 'ﬂaﬂens out into the Flane X 3= anstant  which faas

2ero aurvatuce,

& TncreasfrB

@ The B-SP\')ere of radus &K Is q Riemanntan mamfolo‘ j:

enstant positive cnature R= 6{2 As above | i~ the
(mit 2o wih north \)o\e ﬁxed the sF\'sere ﬂq“-eos out

ito the hgperP\ane XM = constust which 15 Just €3 of zer wwvature,



(" spacelike ")

N\, The fuure and qu-\-l’ pseudospheres of constant
’C—CQ in M" are Riemannian spaces of conganr™

negative aurvature R= QZC dC? 15 pesthive defimite , HI is

N South Po\c“ frixed a spacelike bjpm(‘f;tce " M"’>, Agan v creas{ng

o R with a fixed "south" (future) or “north (] Pad') Pole)

l inthe imit K> , the spacelike pseudosphere f(QHer)s

out Ito the flak hypesucface X°= Cms\'ﬂrﬁ') e. E3 Justas inthe case of-

the 3-sphere in £ (Al\ of these are SimP\g conned'eo\>

The timehke  pseudas pheres ( Hondl ke since
‘H\eg conkin L timelike and ZSPaceMZQ c\lrccHons>
have a Llorenle metric

RN = R2CDtashs d2?)

A tmelike QSchghke
&."kmsw Tneg are pSeudo-R‘emonmaq (Lorerriz) spaces Of

onstant positive  curvature k= MR? , he
curved  3-dimensional spacetimes (negleching one spacelilee
(por‘dlnaﬁe). ( 3~din DeSiker sPacehme)

In ‘(:GC‘\' if we genemh'z:: +D Psewdosphefes in g’dlmms(o})s

)weoam

dhain the 4-dimensiond sPacahmes oJC conslant curvature R= £ I/ng“.
The Poslﬁve case ts called the

the Anti-DeSiffer universe , both of‘ which -f]a%en out +o  Minkowski quwhme
in the limit &‘900 which bhas 01‘; Course k=0,

DeSHter universe and the hggaﬁve case

On fhe OHWeF hand the sPacemae, PSmdoerket-es in 4-d l'mewslons N +05€'H’3€V'

with the flat imt E2 F)(ou\de the gec)me’r;'g of the space sechons of;
the Friedmann—~ Robertson-Walker sPaCehMes, |

10



Riemannian spaces of'caﬁs’mn\- cunvature gre  moxi mally sBmmeH <.
TheB are bothn Homo&enews and léd’mgsc:

-

maHons - homogenewus : there exists « franslation which can move
‘ or s a powrit to any ather point of the space without
Sofﬂ\e Chang(ng any re\crh\/e dls\‘ances or ans\es 5 {e, so
cpace that the metric (and ‘(‘herefore‘ the 3eomef13> of'Hﬁe
P o Space s iInvarignit
nsformations
@h—:ch lcava%:) Isotropic = al any given paint there exists a rotation
mefne invariah

about the point which maps any given direction to
any other direction ;  when expressed as a linear
‘h‘qnsfor‘maﬁén (of the direcHons) In an orthonermal

basts , the matrix of such a rotation lies s Hhe

special Of“Hnogonal group o]C the same dimenston as HﬂeSPGCC

An n-dimensional Space must have an N—dimensional group of +ranslations

for howwogeneﬂ'y. The dimension of the group of rotatons about each P6|ﬂ+
May be cateylated 1n two ways :

() = dim ( SO(MR)) = number of lineary independent antisymmetnc
Pxn matrices (Wh‘dﬂgehera*e the rohafions) = D-(%‘:D

@ = numberof linearly independent  A-planes in  n—dimensions
(each rotahon otcurs in a 2~P\ane>
)

= (n) = N = -
2 2!(h-2 ! =
The dimension of the )Cu\l group of motons s 'H‘)fr‘efore
r= n+ nin— = n¢ny) .
= =
For £3 there are 3 tmunslations and 3 votations . (=0
for EY thece are 4 translations and ¢ rotations, (r=10)

For S* there are Zteaddinsand 4 rofatton (= 3), but notice there 1s

No 2~dimensiondl gubgrouP 0{:%6 FO\'G‘hOt’)S of SZ H‘)Cﬂ‘ can be Cq“eo‘
a grupd translations — each translation ts n fack a rotafion about
some paint™.
For S3 there are 3 translations and 3 rotabons  but 1 tums out that HHere are
2 tndependent- tronslation subgroups  which commute wit~ each other
For H2 there are 3 rfobions but a severa) Pamme\'er‘ f&m(\\j o d\ﬁ’-\cren\"
transiation Subgrbups. Thus in curved spaces the notion o{g

" '\‘\f)cg oup
of trunslahions * s ambiguous, i such q group exists at all.



Fora  pseudo-Riemannian  space (indefintte metric) , the ooly difference
s that some of fhe rdtations are reP\acec\ b\j M_ (Vure Lorent=
'h‘“”S[:OFTWHODS>; ‘Pﬂé rofations and boosts wifl be referred fo 3eneml
aS pseudorotations. O]C GQurse as far as fso\ToP:j is concerned

the causqh}g structure of the space st be respected | le +Hmchike directions
direcHons remain fimelike under pseudorotahion and spacelike direchons

remain spaceh'be ,ehe.

Excople: M 6
“The space ofdirec\‘loos at the 0 or@m decomposes irrho
5 dishnct subspaces of 9 cquivalent directions:
D spacelike diredions 2) future direcked null

direchons 2) pastdirected null dire dhons Y) fuhuredirected +Hmelike
direcHons  5) PaSPd"‘ed'eA tmellke dicections.



FRIEDMANN - ROBERTSON-WALKER  UNVERSES  (FRW)

Tre FRW Unierses are spacetimes whose space sechions are  Riemannian
3~'spaces of constant curvature ; which as hypersucfaces in the spasstime are
‘geodesically parallel® exacty as in the case of the pseudaspheres of E% E%nd M*
The curvature @n be posihve | zero or negative  but will now be a function
of time determined by the Einstein equations . The only difference one |
must make 1n the Minkowskl metne s +o replace the Buclidean metnc

& dx'dx by the metric o{: a quceof onstunt curvature withh ‘hmedePendeni‘

scale )(ador &K) e b1 © S3
ds2 = —dt? + R3®) 8i; dx'cbe R=o « EZ
dP_a R=-)| HE

The &aleﬁdvr RE) scales the constant sPaJr‘lcd curvature
ﬁom the values R=1,0,-1 o R = l/&z) oNa Vie2

CONFORMA L TTME t Jdt
By deﬁnm9 dt = REEYIT or - a E[‘a
ane oblains : 4s2

dst=  RY®) (—dt> +[ §pddond
ar®

Note that ‘FDF k=0 3 TH')C mefnc is pro ona( o the metne of:
Minkowski space, l.e. + Is Con{:onnal\q *ﬁq\’

For h=i, the metnc is conformal o the - metric

~ U 422 naney RX S with the natursl netne (P Einslern oylindicel

Universe
This ts dalso con{orma( o Minkowsk cehime
as (s the case k=-I ( HAWKINGD E:L,ug fora(amp\BB

Ib particular  ony omﬁ)rmaly manant  equations  can be solved on
Minkowsk| spacetime (casy) and  torformally 'lTﬁhSﬁ:rmed o the
FRW spacetimes. Maxwellss equations and the ze mass

Diruc cctmhon are  such equah‘ons. ( Tngeneral | zero mass

particles OF arbitrary spin have mnf0mqlk5 vanant j:!e\d ciuquns)

{3




EXAMPLE: The ﬂa+ spaces with metric 05: arbilrrarg st‘gnq{'ure
(et M P = R N , where PLZ0O are positive integers and [7+CL=N ,

with flabmetric s * ds? = F9, dxdx” (MV=1,05N)
where : EON = (P ) =dieg (4,4, ~4,.,4)
Nyt L/'vq'\/
spacelike +Himelike
directons directions

These contaim the specia[ cases :

EN= MN° = Euddean space (or M \{'wec})angefhe&an{ure)

MN = mNhe (or ML’N-\a|lowin3+heoWosﬁe sisna’rur%

= N-dimensional Minkousk! space

The remaning flar Pseud.oﬁ(emanmqf\ spaces have more than A equivalent
(independent) Himelike directions and hence have no dishncton behueen frture
and past Hmelike directtons as (n Minkowskr space. [-In other words the
spacelike  pseudospheres are connected hypersucfaces rather than having 2
disjont emponents as i Minkowsle space]

The wetn¢ can be weitten
ds* = (é Ew(,\x“dx"> — g 5wo{x“dx")

MY=| MV= P

This1s cleary invariant under rotations of the timelike directons among
themgelves (acep{- for ENand AN which are def)er»rﬁe cases)
Qr\d cf ‘H‘)e SPacemQE dlrecHonS amonS ‘H’)CMSE\VES, The remaming ;Ode‘;mo‘er\“"

pseudorotations are boosts mnvaving a hmelike and spaceliee direction.

The Pseudo—orﬂ\ogona\ group OCP“O coosists of all linear “'\"ar)sﬁ)rmahoos
X4 XY sudn that the mefric s nvarast | le.
452 = N L5 dxE = Mo AT
e, MNw el e = Nz
more Predselgz O(Pﬂ) = {(Luv) € GL(N,R) | T L
A

nonsingular matnces in N dimensiens

\'%

3=n~6}



Note @ det (Lw) et (W)]F = det(iw) = deb(W) =2 4,
Set 50(9@ = -M_nv) e O p,q) I d&((_“‘.)):i} = Specm( Pswdo—or('\nogoru\ group

[SO(P\(O cmSi;\"S‘& 2 disconnected preces when both pand q are odcl]
see p. T99 of GILMORE.

SPEC\O( cases! =09 SO(N‘, 0) = SO(N| E} speclqi O(Yho‘soqu[ group
q=! SO(N4,4) = Lorenfz or DesSttfer group

confains  SO(PE) and SO, R) which
rotate the SPGCCWe and timelike

direcHons among themselves P?us

boosts 10 each paic of himelllee and
Sanzlllee direcHons

exa
dim S6(pQ) =  dm S6(p.8) + dind SO(,0) +  pq
N,D \/\/3—_’ —N A
:N_(? = LCET—L C(—QEZ—D = ‘ﬁmm)berof Ioo\e\oendawf

> pairs of 4 spacelike and
4 hmelike diredron.

The ro’mhons SO(P\ E} X SO(‘(;E) ﬁm a S“bgmMP Of SO(PI Q)
b\ﬂ‘ ‘Hm booa(‘s do OO\‘ 3 boos\'s 0‘009 dl'ﬁ:ereﬁ‘} o(lred‘lo‘ns combme‘b
glve a boost plus v_'oi-ahor\ (Wigner rotation )

Adding Hhe N | “ransiahons X = xX*+o* 4o 4he
pseudo—orthogonal group 0(pa)  uelds The ﬂl\ 3mupof mcrHonsc{f mee
alled the Inhomogeneous PS&AdD‘Orn'\OBOAG\ group IC (P&)

Cand the Inhomogeneous  spectal pseudo-orfhegonal  group 1S5S0 ( P"O>
of dimension N(ﬁé‘) FN = Nﬁ:‘@%\) =r.

More Prccise(g these Moy be redized as matnx gruurs i N+ dimensions
byadding a 1nvial rw “and a nontnvial cdumn o O(p)

T0(pa) ~




5\)600\ caSes . q=O IO(N,O) = TO(NR)= Eudidean group 10 ‘N dimensions

=1 ToN-1) = .Polncqre greup In N dimensions
. (or mhomageneous Locentz 9mup>

The PsdeSP\neresmLThe ortgin o( M ha SQﬁsfg

N X X" = andart
Bach  cnnected  component” of a Pscudosphere s an (N-D-d |mensional
hﬁperSurfuce on which an N.(_'%\:Q = C&'L‘)—C__‘;\Llﬁo dimensional
group acts undec which all pants are  equivalenty
= Jr\meg are all spaces of constant  curvature and Of various sigmﬂ’ures
(which can be easlly determined by wnsidecing coodinate directons at their
whersechon with one of the aactestan Coordindte axes)

When N=5 we can oblain Pseudospheres of Lorentz S\gnaﬁ»re and thus
Y-dimensional space-Hmes of onsrant cuevature,  There are or»b Z lhequtvq(en{'
tndeﬁnﬁe SILgnaJrureS ‘ﬁ)r‘ N=S - @xQ) = (4H\) ""(in"*) ond (3;17"‘(743))
so it suffices o wosider MS=M"" and  MFZ

— x° Lot wv = 0,1,234 with O timelike,
IMF \ : The chudosphere of unit quccli\ee directions
| " Py X7 = )2+ 81y X + k4 2=&*

AL ==
] a Qike
. EX y has Lorente s(sna\'ur-e (see dlojram) '

53 > X and furmns out to have cnstant posifive

(0,0)O,o)&) curvature k= /8>

[DeSiTER SPACETIME]
? ———— [AmDeSmER SPACETME |
— = 32
M Again et my= 0,234 but OH4 +imelike,

closﬁint:}flﬂie AX Te pseu dosrhe re of unit imelike directions
. | 2
- Ty XXV = ‘@@1*'6(‘91] ¥ ‘S'JX:G, =K
=r
has Lorente signature - :\m{‘n&
and furns out o have wnstant negative ¢ Ellis
)(4 CMNQ*\AFQ R': _i/&l‘
(0000,8)  Tneach case \Qeep\nq-‘,te reference pomtof the diagram ﬁxco\ o

4 lefiing & 02 s€ pseadospherts out o a  hyperplare
Tangerttspace at (0000 R) le. M4 2 mmloskt sPa.ce‘dMe.
ineither diagram ig* X4 =8&
whichis Minkowsi spacehme "



> 7
Why consider N 5: nerahZeO\

Many peop\e are considering  unified field theortes (kalurza Klein )

on Spaceﬁmes with edra dimensions whidn Sporv\'aneouslﬂ Compach]g
hvegsmq\\ dimensions so that the resultis essen\'fal\a 4 -dimensional,
The majortty of these PeoPle are e(cmenlrmy ?arhde jp%‘ig\ncjds.

Tn quantum field theory  dimensonal requlartzation lets the
dimenston of spacctime be a real number,  Ofher fedanrques nvolve
sibstituting the monsemismple  Poincare group by the Semrsu‘v\P‘e
DeSiler grup ond then contraching the lafter group to the
PdanregmuP at the end of the calaulation . (Wha{' quPms to the
DeSiler group  when &2 ©  flaliens ot DeSifler qucc> Higher
dimensiona] Riemonnian spaces are relevast o Euclidean Pqﬂ\ integrals

n guagi‘gm grauﬂ'g .

EFFECTWE DIMENSIN OF SPACETIME (?)

2-din tube seems 4-dim
, %“ (surface) line segment
P © bub re<
:_1: H
L 2-dim donut

Seems d-dim ring
out <<y s D

44D dim s\mceh&\e

? but now seems: Q

me x o
( comfad', small dimensions

Lorey
manifo




SPECIAL  COORDINATES ON  DESITTER SPACETIME

Because of GUTS and 'mflaﬂor-v , as will be described later, DeSitrer
spacetime is of special importance . Using the vartous Pseuo\osp\oenc&(
wrdinates on  E3 EY and M , all of which are @rtained in M5> we can
wiroduce 3 kinds of special coordinates on the DeSitter hyperbdloid iy M2

X° A
Let o= 0,,2,3,4 wth 0 Hmelike
‘ AB= 1,224
= = = Xq i).j= ||2|3
i AN
(OOOO R) H,‘: = _{ (Xq)e RS' @\‘);ndgqug= £2}
dABXAXE = 2
O‘M) f i 4 —
X% 697k Bpde + (x0?
)
r

\ )

_anXH;(v‘—"- -T*=0%
Sng dxdx®= W
e

ds?= " = ~Ox)? + ijdxldx® + Ax4)?
e ——e
drz4 rzd_lz;

——

T dXMXY = — dT%+ T2 4™

1) SUCING OF HYPERBOWID BY FAMILY OF PARALLEL SPACELIKE HYPERPLANES
X°= constant ( Caudny 3“0“79 by cormpact space sectons ~ S3), '

X%= Rsinh 7 %

)2 tat= R > ‘EIL: 2 coch > | where X=X

(SneX*X®=1| <> 93>
ds= —Gx0% (ARURA D)=~ Rhtrdn 2+ (Loinh D dnt+ Eesh? d52)
= —RUNZ+ehN dS2 = ~ 4t + RZesh¥(@') dE?

mehric on S3

(3



2) SUCING OF HYPERBOLOID BY FAMILY OF PARALLEL TTIMELIKE HYFERPLANES X'=onshant

X° .
>R ) Tr=-NawX">0 ~HZ (2disjont spacelike)
; ~{X"|‘ - NvY pseudospheres
/r N &K 'I\.qu X¥=0 A H3 (oull cone)
B <R () 02=TwXX” Z0~ H] Gmelike preudosphers)
I
L M — THEY2=R” a{ xH4=tR cosh x} , where  XA=TX"
~Z_ ‘ T RS X e HE)

ot

TEANE ds?= (4T T2d02) +0x) %= (— sty dh? + Blsinhzy dIt®) + KSinh 2 d?

Hi
=~ + Rrsinh?y 472 = — b+ @R s (@)A1 O
mefn¢ on A3

This represents 4 digjont wordinate PokLneS (250, X1>Ror XH<-2")
whidh cover the region |x4{ > &,
Therz remains a single pedch for XY <&

(i) 2 2_ o1 X1= &C%)&%
0+ (x)*=8° — 5= & s
ds?= (do?+02d) +@xH> = o= Q2P+ Bisn®h A7 0,

The hypersurfaces 7y = constant are timelike hypersurfaces 1n De Stter spacefime
wich ootinue the spacelike hypersurfaces €_ = onshant  through the

null hgpersurface t_= 0.
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X°+X 4 =gnslant

v = X% x4

3) SLICING OF HYPERBOLOID BY FAMILY OF PARAULEL NULL HYPERPLAMES
Tntroduce null coordinates { U= Xo—x4

(yp dxdxE= —uv+ 1> = &2

ds?= —dudv 4+ &; dxldx’
\./‘\/—*-—/’
dré+rzdQ?

set v=4 Re” | r=IvIT | xi=vR

then
—uvE VAT =2 u= VI RZ=+ R(ETRE)
du= 28 (e?PR+e)dn £ ar e tdr
dv= +&e’d

dr= Re?(4F+Td»)

— [R(@P%+eMdr+ e TAVI[RePdn]
+ [ @F+PdR)] * + @e® PPdN’
o= — RN + e (de+ an()?_z>
‘mefnc on E3
(+t .
_ e R2ETTE g axias) ®
metnc on EZ

\VES (——GO) O) } Jwo d(%ou‘n\’
ve (o, ) Godinate patches

il

ds?

=

1, € (”CD)OOJ covers

-(;O‘L € (—GD, CO) covers
Thus we have 2Z famlhes of spa.cel(ke hﬂpersurﬁcﬁ of DeSifter sPcmeHme
sepamﬁ.d bﬂ a null h&m*su:*(-‘ace‘ (v=0)



Notice that all OF‘H")CSe Specml coordinates rchsen+ all or
Po«r‘\*qE DeS(Her‘sPonéjme az FRW spacetimes _ l.e. rcPreSen{‘
spcﬂ-la(\y homogeneous  and l‘SOh'DP[C slicings oF De Siﬂerspace\‘tme.
Except for case 1) (metvic @), all of these FRW represmhhbns
reveal fickttous cosmologiaal singularittes  where the SPace\(\ze
hypersurfaces  of the slicng become null and then erther Himelike
of again spacellke ) However, from the ﬁt‘m of the metric
done | this not obvicus that these are not true Phgsica‘
singulacthes big bOQgS) as ocour [n The sandard medels,

Examination of wnaiure (muacants of these metncs
shows them 1o be well behaved ot these Slngularl"ﬁts but the
Cmfomal ‘t’Ed\nlq/ues o_f- Perrose '(Hau\eingﬁﬁhs7 acfuallﬂ show how
1o continue the sPaceHme Fas(*‘ﬂve;'e coordinate singuladiies.
T fact psaudosphencal  werdinates represent the intertorof the
ﬁl*'ure hull come of Minkouiski S{md-rme as ¢ R=-l FRW
model wiHh an qPPq\—crﬂ' .S\nsu\urrl'vj ot Y=0:

dst= —du2+r2dl™ = Nwdxidx”

T=o0

Hada/er, the dasstcal suxgulari'\y +heorems of Penrose and
ch\zma Preo\ld*‘(‘ha{' ‘H\e unherse must have bhad a 4rue ssngulari@

nthe past at which the nvature of spacetime beames infinte and the
laws of phystcs break down , T other words  dlassical general relattuthy mush

break dawn under such onditons and one would 6‘?“* Hrat guan‘)'um
Sm\A‘\zﬂ‘iot\a\ eﬁceds would become ﬂgﬁl‘ﬁcw\f".
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_SPECIAL GORDINATES ON_ ANTI-DES(ITER _spaCETIME : ~(°) i) + 85X % =- 8

slicing by conshant x4

SoRCELIE SLUCING  |X4] <R xd= Roosh
_.%4)2&[2:-&1 T o= Rk
dst= —) e dp2 4T
== o QR @ dl

— 4 Rt (€0 ALY

ﬁMEUKE SLIONG (x4 7 &
;@)’*f ct=-§* X 4= feogh
G = 0ZsmhA
ds?= —) * tdot 4ot alyf
= RUN + €kt dny

So this yields a Rs—1 FRW spaha“3 homegencous slicing which becmes
rwill and then ‘h!nc\l\le at the \ocgmmqg t=0 and the end g:(t.:ﬂ"

As an exercise you might try other consturd-curvature slicings
of aer—ch‘\Pter space'h'me. You will net f‘hd +he result
in any text or arficle that T Rnow of.

1L




SUGGESTIVE SPACETIME DIAGRAMS
One can use suggeshive 2-dimensional diagrams to describe the

vartous slicings aJC deSitter and qrifi-de Sitter spacetimes, using

one time and one 3pahal coordinate, indicating null direchons by a

45°an9\e ( Penrose ahagrams). (+ime verheal ) Space hon'zorrl-ql)

DESIMER H: \

<N
x4==-R Q—N 53 }
H2 S
’ 'S

Y O+X 1= consh

w frispneeam | ( R=0 Slicing )
x 4= const W 9
(R<0 slicing) |[ROTATED %0

Vil

X9 = const
(k?O S\iclng) H_B-

ANTIDESITTER
H3’f T Here S,N,T on the righ‘\'
H32 means spacelile, null and
o x4=R <& N timelike sechons or slices
\ ‘ and ’H'\e Cconﬁma‘)geame‘hv
Fi B S Is ndicated by the cx?\lc('}‘
H" - X4=0 Man&folo\s on the \ef‘l’,
— Lw by of these | onlythe firstis really
H? ﬁgH‘ o OgiCa”g, F:orexam?le,
° T the k= o\cSll-}cr-S“C‘mg s best
Hi descrbed by

X4= cms“"

k<0 slicing | T))\\Sj((_r
S\

ard we have only g\v'cr) Half above Only
the Rvo deS'uH-ershcmg ts singularity free, S
Nohce how di'ﬁc\cu[‘i‘ it is 4o reconshruct the globol structuve f’bm

lecal S\(‘cings_
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PSEUDO~SPHERICAL COORDINATES

(n eac\nof the examples of pseudo-s‘bhencd\ codinates, we starfed
with a ]qa{' space and decom])osed i+ [()caﬂyifrl‘b two or'H)ogona\ f&mih'es
of suhspaces - 'Hﬂe PSe“OlOSPL)G"?S (of cons‘unlr curVanure) qbaﬂ' a gien Foin‘}‘
and the radial geodesics orthogonal do them, This enables us fo project-all
pownts to the unit studD-SF\f)ev-e(S) which we 1n fum decomFo;e()( (ocaﬂj
|V)+D fwo Or'm\qona\ -ﬁmlllcs of su!ospacej —_— ‘H’se Pseudostzref (ofan\;{-arﬁ’
auvaure) about given FOI"\{" and the radral geodostcs ofh\%o\na\ o them
relatve b the intninsic 9eome+r\:) of the unit Fseudo-s];ke;—e of the -
onginal ]qah’Pace , and so on iterahvely unfi| the process stops at
1-dinenstondl PsaAalo—sF]neres_ The DeSitler /1 Antide Siler qucehr'nes

S*Or‘\' a1L T"\c 5ecdnal ,s\-eP since ‘H’\eﬁ are ‘H\eMse\V'c.r Fseudos‘)kere; I
'H\e ne)d' h(gker‘ dimension.

This ilerahve slicing of these spaces seems 1o be C(quacl-enzc;d
by the nfnnsic geometry of the slices, but they my also be
charactenzed by the exnnsic geometry of the slices, namely,
how the slices bend in the enveloping Space s which they it

To discuss this ome needs 1o consider how 1o decomFOSc mefnc
and auvature o " radta) and ‘hmsevvhé\ Par+s ") or irko “arthnsic
and intnnsic Faﬁ-s Y Trists accomP\lshcol wth Gaussian normal
aordinates.
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GAUSSIAN NORMAL _COORDINATES N (N+D - DIMENSIONAL. SPACE

9;“‘”’\- .o Take inihal hgpersurface o wih a
Y .“‘ms nondegenerte mefnc (spaCelulzc o—hmelike in
Lprcnﬁ case ) and let Y° measure the
=, S‘gheo\ lenan altmg ﬂwe r)orma| 9eodeSl‘CS
whidn will be Y b C(M‘s‘}" ﬁr‘ any (ocal
coo‘rdi'naks on Z,.
Then ds® = €(dy)™+ Qi dyly’ = Geg o 4,820 N
, X iyj1=4,...
Le. Joo= € = 4, Ylmes *ch«a‘hbe(fohmh}zgm éon):;w)hoqs)e) )
-1, 9" lines Hmehke CZ, Spqcehl&m Lovenfz Cas—e)

ard Yoy =0,
Define the extnnsic aivature (o spahal fensom like the infrinsic metnc 95)
KU = — Jz'_ 0l° 9i) ( m]-eof: change of ]n“’ﬁhs’l'cmei'né
Y in _ﬂ'\e direchon PeEPeno\lcu(ar to the
slices )

This fells us how a given slice i1s bent |1 the e"V°l°P‘”3 space
as will be desonbed below,

Now evaluate C‘V\ﬁslrofeﬂ sgmbols :
r'aB‘G = ‘% (9391{« '3'3‘6‘9 g — 9“963)
[ = KU only nonzero
'_’.'J'o: p!oj = —Ky COMPO’)er'd‘S

Mk = Chrshoffe symbols
. o{:\n*'n{k\lcyw\e\né

Raise first index ey = €Ky
r'“,jo—‘ rﬂof’ -k
Mk = (ditho)
Now evaluate. Riemann cucvature 5 only nonzero components
RO Ris: RI: pi. po. i Pe
are \/QEL OJE) J‘ZO)‘—)_QB.) L/—"p\k,’ KOOE)._.J

4 zevo 2 2eros

and no zeros , namely “4he inhnnsic cwaonén'\'S :

i { { o i Yo,
le\zp. = ak Qj‘“agr‘k:\ + P‘h.xr' zj”P Upf?

t N I' /]

' " | o . .

\ = Planl ey Doy + M (0~ e Ui
“Riigg LA B S

T e
(Elemann lensor 0{ 9;3) e l< kK,QJ +€ (<'@%z)
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leading 1o the formula | , ‘ i
R = *Risne — € (K'eKie- K'eKie)

or RUm = *RUN_ € <K‘kKJ£'* K'LKJK)

infnnstc cvmponcq{-g . . ofindices.
= inmnsic adratic expression
of avalire T ecr\?nns;c Eurvarfurc,

This 1s called the GAUSS eq}idhbh.
Fora -ﬂ:ﬂ* envelopl'ng quce Ri‘) ke -‘:O, So we ge\' a relahon between
te mhﬂnsic ano\ extnnsic cun/q+ures oFa hﬂPOrsuFFncel
¥RUp, = € Ki[k Ky

APPLICATION T0_PSEUDO-SPHERICAL COORDINATES , SPACES OF CONSTANT
CURVATURE

For PSeudo-s?hen'ca\ coordinates | Ji; = () Xy where T
lé ‘Hwe MEh'\c o te unH— Seudothere_ N dePendnhg on|9 on the
coordhinates {U' ] Theregre

K ==3 &a(4* ¥1j =~ 9o ¥y
K= %K= @) ¥ Kej= -¢77" &'

S -*Rut“': (39%2 &I[R&jﬂ = Cg:jz 6"5"1

Kij=-09"05 < "RPe= ewy” SM

lédropi ¢ anstant <> iso‘\'roPlc constart

exthnsic curvature intrinsic curvature

Each Pseudo.sF\\erc has lyc’}: R = cons\'an‘\‘, and1n a f\a'l'SFqce
+his means constant  curvature R=€eX™* imPNcs Hhat the
extnnsic  cuvature s also \'So\'mPtc and constant N with trace

K=K'i= =Ng™, K is called the “mean extrnsic curvature’
and slicings for which K is a constart on any given slice  are
Cq“ed "cons\-o.rﬂ- mean curvature Stlcmss “_ 77'\\,;5 all O}C ‘H\e
]gi:gdp?\r\er{ca\ coordinates slice a space in this way iy an ierohve

ton.
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EINSTEIN TENSOR For sPACE OF cONSTANT CURVATURE of dimension N
From the Riemann Yensor 'quxé , one confracts (ndices to obtain
the Ricel tensor R g5 = R6as
the cunvature scalar R = g% Rgg = R ug .
For a space of constant aurvature | R¥ys=k §5é = 2@5%—5}5{')
ROs=R¥us= R(§%S5-858%)= R(Sa-1)8s = R(N-D&s
R = R(Nﬂ)(v = p N(N-1)

The Einslein tensor s
Gls= Rs—-4RS% = RIN-1) &8 — L RN(N-1) &%

= r(-Y)n-) 5% —
LY o [eeasid
This is Einstein's  vacuum equation with cosmological constant A
when the space is Lorentz, ie, aspacelime, and of constant curvature.
For DeSifler (€21) and AnfileSler Ce=#1), we have

N=4
A=-£ (1-8)N-) +2€

Signature conventions

Both .~ g7d9.. and R..~ or. + (Ll
are unchanged by a signa'h/\vt reversal  Gug = — Gass |
but R*€vs changes sign due to the S\rg\emrsed index,
Since Scz(fg( is unchanged) R——R , So Hhe sigr

of kR 1n the indefinite case is not- stgnificant. by
ijrse\f , only together with the s\gnature,

Both DeSifter and AnK DeShter spacehimes generalize o dimension N
as the consturt curvature R >0 y R<o  (respechiely) spacethimes 03‘:
signature (— +++..). Al of the geometry can be ierated to describe
'ﬁ\eSt wses,
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TNTERPRETATION oFf THE EXTRINSIC CURVATURE

Uxn The rate of change og: the unit norjmal to q
n - bHFersurfuce i the fangential direchion must be
—~l([ " tangental to the hgpersur‘fucc ( the tip of the nomal
can onlg CPseuchrUh‘\"e due to the unit l,eng'\'ln cond.!’nu'n),
: X The extninsic curvature describes this change as a
(paraﬂe\ hwd 2) linear ‘(TMS]COFMQ*IOH qf the “'an‘ger\‘\'\al direchon
Assume the hyversurface is descrbed by Y= anst N a Gaussian normal
coordinate system ds? = €ly)? + gijduidy’
n%= &3 unit nomal Qolcshdng: €

tangerhal vector _Xd‘= X.C ¥y o
T N%= I B4 M0XNT = X7 < 59(M5K°) = 8% (- K5%)

/s,:\ Thus positive eigenvalues o} —K'%) corrﬁ;yono\—b bending
r-s\ away from the normal q\ong the eigenvecior drechion

x while negahve  eigenvalues of (-K%) cmchmd-iv Lendin9
Yoward the normal al0h9 the eigenvec\'or direchon.

/ When all the eygenvalues are equal , every direchon s an
etge\r\ved'or‘ and, —Hﬂe exirinsic Wrvature i M \'Soh’bplc":

K5 = (k=) 85
This is the case ]q:vr PseudotheV‘eS.
Fora 'ﬁm}(y%{; hjpersurcheg which are seoaesthlly
pam“o\ as ‘Hnose N q usslan nohnq\ C,Oor‘O\ina‘e SQS\'QM

one has {he mRr\Rthom 0? ex?qnsfm (Fosdweevgen\m\ueQ or
confrachon (ﬂega*\vé etgenvalues ) along the nomal  direchon:

P

norma 9eodegc:s ')keceo\e. \ roat .
expansion normal geodesics awrvac
P ((,gnjrmdﬁoro
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(FouR PAGE INSERT| END OF PART ONE

ORT™MOGONAL COORDINATES ON SPACETIMES OF CONSTANT CURVATURE
_ ot Constant curvature
The com?\e‘\‘e isometry group °§ a s?ace\'ichhqs many ma‘uwa\en“" su\)groups

of various allowed dimensions aching on submanifolds og— varous other dimensions,

These may be used to constvuct or‘\"nosona\ coordinates in many ways , using
Subgroup orbits and orthogonal distance coordinates,  The spacetimes of

onsiark morzevs wirvature  are themselves @ordingre hyemrﬁces of such
coordinate systems an q flat spacetime of one higher dimension.  Slicing

these toordingre hgpersurfuces of cnstant wurvature by a famﬂg o(: hapers\.zr{aceg
of onslant mwature » the enve\or\'ng quce\"\Me \eads v constant curvature
s(rcmss o{» 'l‘\\e s‘pacehmcs oF'm\-c!'Ps'\' which are 190\'n>pic or Pa("’lq\\'a iso*roP\Q

E)&end{ns is 1dea as descnbed below also teads bo inhomogeneous she\ngs
(varyﬁg mean exinnsic cuwa'\'u\‘E>.

The three .\SU\TD?\c s\icmgs OF D€S\“€r 59 \r\gPerF\aneS Ta) the cn\/e\oF\ﬁg
spacehme were explored above. Next shicings by respechvely flat and
curved thcrbo\\c cylindew; are considered leading 1o Par'Ha“j
\go’m;P\( homogeneous shcings (wrﬂr\on\a local wlahondl ngme\-l:y)

and 6na“\) a Senem\ scheme '@r ob\'n\mbg all such O\"\‘\W090m\
coordinate sgs‘rcms is skekhed.

This may be repeated  for AntiDeSirer.

The end resu\\' eﬂab\es ane +° see how the max\m\ Symne+r5 of'ﬂwe
SPOCC«hm'eS of cnstont curvalure @n be broken o smaller sgmme%y '
dasses often studied in smu'v\'al\'\ona\ '\'\neorg_



4) SLCING OF HYPERBOLOID BY GEODESICALLY PARALLEL FAMILY
oF HYPERBOLC CYUNDERS(RAT)

N\

A
"

x4 | -\
)
AL ’\ .
/! W xR3
® H xR3 N HE xR '

SPACELKE suciNG: T (»v0) T (r<o)

NV o Vo 5 _ o0
@X"‘ﬁw W~xA<0 —@)24 (XN + Fpx X = DX =&
~ Rkt RuUshdr
XoxA<o X° = sinh 2 coshX
@ : Y& = sinth A sinh X

. %Y = cosh A &
ds?= Q2(-dnt+ sinh®y dx+ csh? dfL?)

Yi ? <
~dtt+ Klanh'g dxt+ Ladip diL
TIMELLKE SUCING: I\I(?’70) ] E(7)<03

i

KT <Py = RE xo= s s
isity  Xra® xt= o R

dst = Q%( gt — sn?x dX% £ s 42?)

The \Somcw group consists ot o poost plus 0(3,e ‘
Yhree Spaoe -hrﬂ\ep lDOOS’"g\qr)g“: RxS C;, R)qnqdfns ).,2 S\&bgrgfg i~ the or'Hoogana‘
This 1s & " Kantvwski-Sachs cwsmologlaal model, _
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5) SLICING OF HYPERBOLOID BY OE0DESICALLY PARALLEL FAMILY
OF HYPERBOLC CYLINDERS (CURVED) o
N //T‘

X3 x4 ( (,)
‘
>

N .2 2
H? xR Hy xR

NExR?

a2 @)K+ HaE = R”

t,v—l-———-'
- * o
z 2z X =P
: g.z g {X 2= p sing
el > 8% |
e e - frie st P30 © oskn dgD)
: - :\::ffl metnt on M-
\x\<og_-_: 625‘(”;‘\ ds? <@Hdn +sitr PR + s det)
P* & (s “’E"'—(sz me‘_“c on i__‘?-+

. the
T wo of i form ot the metnc (e +he subgrou 4o which
y ‘Som?h\j Tres Of S ](0 F a ro ho(h in Yhe X1x? ‘;\cme and the

COUﬂhnq*ej are QdQ?\fdv amg(g\‘Sof
3‘d\m€n5\0;10\\ Lorenke Toup ac\’ing on the 2-dimensonal hjperbo\cids of
conglant cunvahirein the XXX 4 Lomrﬁz Subs‘)qce.

This \s a " Bianchi typedl RS mode) ( LRS= \om\\gm&zﬂjoml\j Symm e#'}‘ﬁ),
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6) WHATIS GONG ON Heve?

ignor{n9 orderin9 of indices - chogen above:

) a? _ w? casma\og\(o\mode\)
_0)2 4 ()2 F 0T HIXY) = & oo €
é( ) [ ( : { ‘ “_v$\\.(.??_.._—-f—~~~ 5\&(@ sqmme\'rq__
L L___-A————-"“"'""_—__’ (= ++49) 53 k=\ FRW (Kx)
"'/tl | ! PZ § ) l:
! i
[ ; ‘______._A-————‘—'—_”'J
T T e | ]S
(42 . SZX(Z P P
\ | | c3 k=0 FRW (Ty)
~ UV G
. - ( 0? (4434 HZxR i:m'uzs
,_'g:l { | \-\‘2 xK o .
\ ‘ | 1 arthogunal nsthve
.\ t i ) gXS Q Zaxmrnvr\v?g kV
V/T/"L_//J
rA
_ O a9 B3 }‘l@-t FeW (Vg
6—’?- H3

~ W $?x R sphenial symmelry

EXERCISE
hfgou exdend the ers\' null cordinale  case o the remaining two
cases w the same way that the Spaebhime coordinale cases are exdended

one fqﬁds S\:»a)nq\\y"mhomogeneous s\ices. Seewhajr haFPens.

EXERCISE

These four ?ar-h‘hons of {he signature used +o construct Pscudo—g\mdnta\/
ercal wordinates  become erght for ArtiDeSitter ( +hree c@'\va\ences)'.
DS  ADS? T

R aatl Gk -~
%‘?: ..,'\' Tne case (~; —+++) was treated above,
—43 ++4 ‘C;‘.‘___,%_" \ ‘\ ard ltads to a R=~1 FRW mode! (op homegenethy
 eaghas X! : “ 9'”’“??'“”6‘“ *‘3?‘ v ) which goes aull and hmelike
-4+ RN R TS _,} ! lﬂ‘“\& ast and '\ure‘
A= postend e,
—:;‘_—*_ v pove t) easy > Consider the null S\\C\ng 'ﬁ)!' fhis case.
) — [
J S B hardy Compiete the entice analysis for ArtiDeSitter
- (Coauthor paper with bob on resutts)
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Unfortunately T have mun ot of hme and have nok been
able fo derive al’}ofﬂ)c ’ﬁd‘s Prcsmlreo\ in the second two

lectures .,  [However, T hope the sketch T have given makes

)

you aware of the uttlty of Lie group theory in this suljeck
explolk:d M the minimum level required to work with
the vanous spaces we have considered.,

There 1s also no fimeé To go over the thsical side of
this subreck but Tim sure that will be adeqqurelﬁ wvered In
due cotirse.  These mathematical 1deas will setbe s0 T wanted
to expose them o you so you might™ go on to study them yourself,

Themextsep I of course hamonic analusis ,

well known 1n the s\mp\e examp\es of Fwneranq\gsrs on B3 ( the
gupof tanslalions ) or sphencal harmonic ecpansion on  SZ
SO(3,8) /7 S0(2) , andused (n Gasmology Yo slve the perturbation
thons Grea\'lmdfmhanajenems Si‘nw}ure) o wnsider quanrfum
flelds or partide production  on backgrbur)o( SPacoh'mes\

A useful book in this contesdt 1s

A.0 Barut ) R Raczka Theonyof Group Bepiesentations

Cmg AEP\,‘COL oNs
Polish S(.»e'vl-lﬁ‘c Pubh,s‘r\e,rs,

" Good lude.

hobJan\-zen

de\)ad‘meﬂ’t‘Of mMathematical Scrences
villanovq un\ve{sﬁy

villanova , Pa (908S
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