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PART 1] MATHEMATICAL PRELIMINARIES (PHASE SPACE GEOMETRY)

PRELIMINARIES

We need some fensor dlgebru notwtion.  Summary :

N-dimensiongd veckpr space vV (elements :''vedtors ")

erq bGS(S {ed A= lhoy N

dusl space V¥ of real-valued [near 'E,md‘tons &lements: " covedtors” w

"1-Forms"/
dudl basts L W3 deﬁneo\ bg‘ “(ez) s g

[P—

cvaluahon orf 1-form on vertor

Com?onen‘\‘s : xX= Xd Cu ; XO(:X(OOOO = (A-)q(z:>

evaluahon of vecror on A~form

using ‘dchg\‘(\cq‘\’wn Q\/){)aé =4 \/

0=Cuaw” | Ou= O'Ceoz>

| %4 .
%>~1‘eh50r over V = reql-valued linear SAhc)ﬂon of

p {~form arguments  gnd q, vector argumen'\‘s
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p d1-tomg q- vedors

ﬂg s

bO\SiS N {Qm@“\@ eo(P@U) R ® O q’}
~ . N D ‘—T‘d\ d‘, g\ K
CoMponents = Ba Cd‘@ @ %F@(ﬁ“@‘rf@to‘“ﬁrﬁ,,

—Tui;"' T( .,(,J"'F; egwm)ﬁeq)

uhere the dencor ?roduC\’ of two fensors is defmcd (03\

\T ® S J CUm,e. NED, Vpan >, Y (ATRY, Q“))"‘)AQJ)XWA‘*’\)"*)“ELF"Q-:)/

Ea. / | |
k (E\\ {2'1\ = T(\do_(‘),\-s)ﬁ.(?‘)’ &‘)}Is ‘}XC«[}> s(5(“4\)_.’G-{p{.wlxcq“.‘_‘))\.x(‘“wQ
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SYMMETRY AND ANTISYMMETRY

Defiric dielp gsgn o, it Ca,. \,5;;) CO'@D\ , O(4p)

By z? s a permu'ru on e p-Tv
0 otherwise
ol
and !51?‘ ‘:", lg;‘i‘:\,
' LR | Dr ¥ =] i
Then —[i;' SV'B‘VE? ana “é'g ié‘!m vgr project out he -\-o'\-a\\

an‘r\sqmme\fng and ‘\'olm\\q symmetnc pqr‘\-s o~(- a ( ) densor or

/‘7\ +cnsor» for example , \{: T s a (p) knsor:

N 4
AT (D) Yoty =5 Sotireotr T gy = Ty o
1 Sttt g B = oo
S‘y'tv\ C x),‘ = ép =
e = {5\ o &gy = T (otorotp) |

( NTE  ALT (AT (T)) = ALT(Y), SYM(SYMm (1) = SYM'T)

F\n’t\sqmme\'ﬂc lensors prove fo be more usegu | than symmetni tensors

for certaun purposes. An anhs&mNSmc. Tensor

e
HU(T):T < TO(\\uO!? = afltw-ogtp TB\"‘BP = —ﬁ’o(‘...up'}

| 8

s called a p~form:

S S Te e @«D

T = Tol.‘n.d‘z (})d\®“‘®we(" = TL" Oony

1 ——

—
—

8
—?: Vg Bp WEA T AWTP

where the wedge pmdud- :-_;-F pe i—‘ﬁ)ms \s stlr‘l"ﬁe anjﬁsgmmc%ﬁz‘e«l

Sensor pmc\ukck‘ ( 'hmes P )
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\s %hﬂ%ﬂnﬁ%m%ms, so n'n‘xj A G'C its p‘

permutations is linearly independent Pra  swen sQ\—o{’unordercd

indices . Let @‘6\ BP‘ be the ordered \ndex sets ¢

A< < B,
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Then '{ (A)M‘/\-M/\C\)dﬂ } Is a4 ;OQSlS 0\( '(’\"e SPQQ a\ﬁ' ahhs_ymme‘\'h‘c

A\

of ( 0] - fensocs (p=forms)  wnd

—T. —_— ‘ _T—.. ) f\O(‘A. ./\‘(A)JP by Tn/\ ey CX)(d'A\u.A‘fﬁP’
i P’ Iol\--de w R+ \\Ar
: [ sum over_ovdered sets sf )
\ > J
iNndices an\g

Al these c)regmthons hold also \Fur anhsymmane [ %)"lrcm’of‘s) called

p=Vedhrs,

FACT, SH!)(JOSG {I(\))..‘)Xp)-i s a (s\r\zqr\j mAetho\erf\' Sc'st‘)

Yhere o\e\ermm,'ng q \?—-dsmenjwna\ llﬂear'\\j mbsFaCc o-JC V, for

Hhidh iFis a basis,  Then any other basis of fhe subspace
|}

wedged %96'\'\'\6r - Yields q mul’hx‘c\e OE :szxA»~~A'X?p). 11(:

?I(l),\..)xz_m} is an orfthonormal basis 0‘.C +he SuLSFa(e with vcs?ec\*

o an inner ?mdud' 9 =0 wiew?® V., +then
*\ne GLSD{uv\-e \/ﬁ\U‘C O]C 'H'\(, MMH’H;;\Q s ’H’)c volume O'F ‘H\c

‘P“P“m“do?f\'*e"\ fomed from Hhe P—oﬂer basts vechrs . and The

sigh Is Hhe welahve man‘m\'{o@ o{ the tuo bases




MAN| FoLpS

Gwen an n~d\men5{o.nq\ manlfbld M W‘l'H'l oca‘ Cooru\maA-cj

{X“? A=hryn I‘M"{"a\ denvatives o = *9—',1 5 cwordinale dhﬂrfa\%als dxd

C
Gven q Pamme%zcd curve Fhrough o point pe M ’

c@=p , C=XCG), cm=4g4 ci

the chaim rule enaHes us fo ld\enh& ﬁ\e fangent uedruer 14'»:

wrve witha dst oder Porha o\h,qe»ev#\a ooemd-ur sn 'ﬂmcjnans £ overM:

| P N ~{ 4 s .,

dLicm= ot = e

S = ol Oy &
eV

S cl T

= (6 en *‘D To
R COJ 5 The Jangent vecrer

)
C C a7

The hhﬂ@*’S}vace mp +o /V\ a{' p is 'H/\e n- c{menslcﬁwq\

at
vedur space of all poss:L tangent vcc‘rum- 1@ curves through p

My = sT«SI | (T et
r (S d>(°( ' A ’ P |
C { \ C N | o F { -
Tor Which 1 0ul, 3 proudes @ Dasis.
ol d, £ L. Ly T ‘F‘ = K vnl\— -C "-:’-d‘Ci (’__)
H |V‘M"lﬂ J JIAU“ | V4 e \) —— v rJ (o) |P N 4
. \/'\,-_._)
(j\egd; Pal mqk UG‘U’@A‘ (‘W\ﬂnf Funchc..] OR m 3

2

tor InICH {0‘\X\y3 Pwuulcsa 'bm:‘ls.

Onre can foke an orbitary basis Su= 5%

and  dual basis W= CLF@O\XS N (Q)dye)z Cegd>“

of the fungents spaces on M | clled a frume & duol Jc;wme.
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Now ve can carry over “ﬁ\e dt scussion (-,1[0 aeneval  n-dimensiona)

vcd‘orcmce V 4o each 'i'unqov} space ¢n M yidding +he h&qal;maxﬁ

tensor 'ge lds on M. The algebra of anhwmme%c lensor 'F\cld;

is Cﬂ\\ led the e,)(\-endr qqebm ap M

A p-form can be inlegrated on g p-dimensional subspace of M

(submanifold with Poss&\e edges and Comet’_S').

In_sloppy notzthon ) S“FP“QJ X = e, uP)

para mebnzed surfa Ce

for _certain anges of he qumékrs ut
™en ax® = 3(%; du® ‘s a A—fom on KT
and
C C AR, 1 ol AR
D \ -~ ) (@) ledysclpl (5% A AN P (newTsuestiue,
c C
o , \
v«gs::%-(@“lm opt (CCUY) 395: Ut du“,A Adut
- P ok ofp§
= @G‘a‘...ap|CC(u)) 35‘;‘ UEP du'a...adu’
= p
= 0§ Ol o) aﬁ‘ Ut

/‘c-g’ caleulus, 3

For a  mehnc %:quw‘@wf an M) one has ‘H\z volume element

ﬂ‘fvrm

~N

o
L :Lm P D n J h

N N {
n‘ 'Lalv-dn | 9 VA SR R v — crooa \/A“‘Jg‘w
s

= 9% WaaW”

R

S— | det(gus) |

whck de&cm\mej volumes of‘ reglons o(: M.
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Nolte on  ORIENTATIONS

'ﬂ‘\e Space a@ non-zero n-—fvms W—MJ— a{“ a po(n‘l‘ on G
1 )

Manl&ld has two disjo'm§' A -dimensiondl C(M/\{‘x)nen"'s Tfone can

P ck one of Nese ot each pmh\- i o covhnuous Manner, M is called

onenpble and this chowe provides M with an  onentahon .

On E? | dx'adx%4dx®  for any nghthanded cardesian wodinale

system grov\de; ordhinany Euclidean space wrhh i+s slandard onentation |

A Pammehzcd‘ sur-'Fncc has an  enentation Corresponding +o Hhe
onentahon  of du'A.. AduP 1 the par'ame\er space. Egquivalently,

the p-vedor feld /2C%" 2. 4 /3C°' 9\ on The surfece

UL XY

determines s —omentahion:

A
{(normuli)
For a kyperwﬁ[uce, a choie of normal induces an onentahon

on the hypersur-fuce used in Stokes theorem | 1n sudn a way fhat

it s Pammehieo\ Hhen

ol o
@:9 2 ) A A /GCM 3 4) AN "‘/P°“'\‘\'°\ 2 pnnd
Ut axY \funchan ) "7 2%"
mugt hold if the dnenlrahim 1s e same as the one
PR A, .n-l -y At [T I
C?N\'cs?ondmg +o du'aada R Pmuwceﬂ AXATTA X hasThe

A/\

mﬁ"i\fa%\ oy oy 7Y

For an unparame"wzed P Suu—‘(acc ,_one MuS"‘aSSlgn an

onors{a‘hov) be'fbv-c one cqan m\—cqm\-e p ‘FJPMS

Read aboutthis el sewhere:




INDUCED VOLUME ELEMENTS

For a “3?6"30\"‘&‘66 Z with a nomalizeble norma| vedhor \‘ﬁe\d ’

one has a umt norma\ vechir 'f\élo‘ o\egneo\ on =

0= n¥es, (n-n) =[n*ne =1,

The volume element induced on_the L\&Perwr'{;c,e \s OL‘i'mm::d

by cmﬁchﬁg the volume element on M wrih the unit normal ,

P N 1M — L N0 (A% A A ) 5n
’\'2 — LI Ry I W —"6 Ve vy W/ VAW
g\ A

elalyale ﬁrﬂ' Vechr argumen‘i'r){'r N on N

CAULULATION ©

F e P oly Sl Py g"\
nJd TL = (D Q.l) J (-r-i)-" /’\d\m‘dp 5 B,---8n 0\)“9“‘@(&) / )

B

o A i 8¢ 82 N
= ‘rl;? n T\J’(i“ dn g Br—Bnr o W B OW By
. ——— S I W
— T Ot 8n K we\,W//
— &
r!@(’\,ﬂu‘ S Olg--dn’ ’6 ¥
‘ \, * Bn &:{;D‘ 082: Gb 0(@2 '-ﬂn
= ‘ o %) AW
=g NNty ota W

A null hm‘:versurfau has a nonnomulizable  normal NMNe =0

and the  copresponding ) form M= NIN, (definedup o a scalac)

is degenerute | the sense That its restnchion to the nypersurface

(whidh contuins the novmal as a  fangent Vec\vr—> vanishes,




NeF“\Cr ‘Pﬂe induced volume e‘emen{' nor ‘H’\C rCSCa\ed dh:@vcrﬁ'{a) Soho\

angle extend fo null seuO\OS?\vaeg but a di%\-eﬂ'\— rescaling does.

The Prvb\em is that e single null direchon in the null Pseuolost:hex—e

has zero length ) 50 a rescaling by the "mdwsll inverse " radus o
o0 leads ‘o

c\—%c induced Vilume element  as that vadius

1 [
7} nondcgenerme valume element

To see This le¥ {LH“E be ar‘bﬂ’mry certesian coovdinates | wth

o = Guedy ®dy”

2
For a gwen non null pseudosphere 9o Y7y f-ea e >o)\e\=l

one can sdve this quadvahi cquetisn in any one of the

coovdinates for fre Hwo rOO'Q'S7 as {:unc-\-\onx oF +he vemaining

ooordthq’\-es, One can ‘H\en represen+ 0 prece OF a PSdeSPkC“C

as a 9"“(7"‘- Sup(;OSe we golue ‘ﬁr “\Jﬂe \as{'coordtr'xq‘\'e .

LC" [1: \)"') n"‘"

4= (4, ¥ | >0
B uYyYi=eo? —5 g yYayt=o  (orsurfce)
IXIT ALY v
1]
/ “.B C‘\gg
. ‘/ e~
d}jﬁ = = 9;&3"' covaranmt novrval-
U. — conbavanant normal ¢
N !
v
oy
Y L W
nerma - ]
Irzedt 1) ¥ 5w
lnduced volume element: Define 8:‘;::;’;__—_60,‘.““
— Lg% /g™ & ofz ~n = ‘
nJmM ":\3 (E_. ) Eo( U2+ Oln dy ALAdY km{m&%
s, o ¥
ﬂ\/7 r . u P (W) P | ‘f\“ 4 :.(‘./‘ . PO | \/\L ”
= L LY CEneng AT YICO T dUALAAY AR Y ]
0} :wd'j
= _9,’,: L 9 + ﬁ ] Enrena dg’\ ’\dU Yn
0 W\_____’j
_ eg* 6—9 dy'a.. /\O\\) €m .

N o
Un 9  eun Q\)“" 90',.‘5{5;‘3\2’,';2;2"



Now T have v admit that T am wor\et'nq 'ﬁrovn memory and

have ﬁrQO“en about the convention for \Inducing an onentehon

on a \napersurfnce. T+ p\ro\oa\o\j should pe that

(—-Dn~‘ NI, = LN

1‘QV"WWA‘? N on last veckor argumen‘\'

is the \nduced volume g\emcw\») i whickh case

nLn = 0 /9% dg‘/\.../\dy“—q

L ex‘)hc\‘\‘ ﬁcbra{; radwus,

N“ I/‘T\ L. - 0\/2 a1 At‘ljh-.‘
\V} k vee

uu\/‘}
rC
n the _pseudo-Buclidean case Call it Ty  ollowing EHLERS,
= i 4 _ A - L
Ut 1ne i oum a ) N wnvonnon

12,342 0,52,3 screwsup the s\gn of the onentuhion anyway

§°“‘J‘.".<j for Yo leads 1o (assume inerha) Coovd\haxre5>

av - K

g9 A dloa 2 1 3 /—W:
\.\5 b Uy ’\M& /\0‘3 <
| Yo)

on the fudure himelite hyperboloid (e=-1, Y°>0) of vadius o

with Imit TTg on the fufu-e fumeiiee null cone, Pus g7=]

ﬁ

[+l 1. P L- —_r L\ NN + (L
LIeresting UesTTon T L{ 6ne fales SUch alimit in difTerent
systems of inertial coordinales ,-does one obtain_a unique

To or a i—pam"\fser‘ ‘?lmﬂsj 7 &
For 1nerhal  oovdhnales : 9"’1 =l ang Yol = Y°= \m = Q(:(Y’od'\ﬂ
4 dnd this factor is Just the lorentz  contrachon
y factor neceded fo convert the gpahal volume , hmes
0 in the nonnull case (the extva ﬁc’mv; G-A\mjmad.ucc«l

TN 10 aBoE )



f 9a9“=‘(71 —@rward Himelilee Psewatosp\wefe
Y°A

R t
'/l AV AL sinh g Lorentz ian
( 6 . GC‘G‘")G]I‘?\j;
/ | Al=al/cosh £
. [
|

<

Al =al — av/=av

sh8 cxh 8
/ length contrachion elahve 4o \
k radial obsener /
For a |D°m+ on Hhe “Qﬂure hmelie PSeudOSP\M/N
(U — [y y) = (X, X\/“) = (E PL)
J Sl 707 9 = 7
\ \ 1t mr 1 s
we can \nkr‘yre’r 0" asihe massS, oy age—trerh & ?ar'hc\e
Ethen

and the vedor y° j as s 4= MOmcm-um,

ydﬁkl—as—‘&)e—g?ahd—ve

We then have a volume element gn the mass shell for

cach mass m=z0 i{: we \nkrpvcjr- thrs Copy o(: Min\eousiel

space as =t a Hanged space 4o Minkswske space.
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TANGENT /COTANGENT BUNDLES , YELOCTY/MIMENTUM PHASE SPACE

" Gwena mantfold M | \troduce the space of all tungentvedors

o all povﬂ‘s of M

M= {ZXpl ey, pemf = tangert bundle

and_the same for tangent 4-forms

T*M= {0yl 0p e T*M,, peM ~  colangert bundle

Gwen  coordinales {X‘*} on M ,_one can inhreduce  (nduced

coordinates on the fwo bundles:

on M : '{C(f(! f‘{,“‘}

cordinates of p
C{&p A o i
Zol S oot o) —r-< |
‘LLA{’)‘G)‘lP( f}“..A,l

r-ommhna\-eg d{‘c e

L o~
coorth covva‘zmn"ts o7 Op

[C),C\m one 1S Sloﬂv\j and uses the same eme) Stjmbo\ X F\acz o(: q ]

When M s the (mg\"guran;n space o{: a classical medhant cal system

TM and T*M are clled the vc\ocr\y and Mo mentum P\qase spaces

re%)ech'vc\j .

EXPmPLE . M has a metmne g <= 3«3&)(“®dxs . [hen

. . U
T= $0w{"q®  (mberpretnotuly Gus as funduoss o0 TM)

is the lknehe energy ﬁ\mc\'fm and the usua) [agrange
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cauahons wth L=T give the cquahons for Q%ne(,q

pqmme‘\'ﬂwd gcodeS‘CS' on M

& dfqa.aég 2 (999 G%7% —
at > v/ Q¥ v
| € -\
v .. . g S Y .
v°‘ ¥ r..(ex CLKCLV.—:_O Exertise : o\e-nve‘l
L these equationg

{o'een'in [”9 l;\g

&t \
L_—dfw%‘—,j;

The Legendre "‘rans{':bma“‘l:y\

: ] 0
T Isan G—H‘Me

Pu= Q—‘Z = g.,q°% paramele
= OQ" 15 ie IV J

(.orrej‘)oncis o !Owen'nj Indi@s wifh N Md'-nc ) '\'cadtﬁg —\'b ‘Fhe pnmﬁﬁ'bmc‘{n

Tamehic enevyy ﬁ,mchur, on momentum P\qqse space

T: %ngpdpg = H
J—

Thc HI{M; H'um(;_v, MMMWM_:‘M«HQW

—

The eneqy s cmserved — %%':Q = H:
at

and when nonzerd, one @mn normalize the affme FamméLeF +o

Comespond to arc \cngﬂ,\,

USEFUL FACT - I—E S (s a k\\\m:, vectw ﬁo\cl of

'Hr\eme\'né, §(a;3) =0 ﬁ'\th 'H'\e ‘EA“C\‘(‘O')

= §°‘Po< onN T*M COWOS?mahﬁg +o

WR

A . R |
= _£2a3% on M s HMMW
)d TJ u‘l "" ) A Al ~ TILTY ) :
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Thc eduu‘\'mns op mohcn an \[e\ocA'\a PLMSC $pqce are Flrs&’

Othev cq\m\'wns in fe J\z?eno\en'}’ vomaUe,( 9% and the

aede?cno\anlr Vandble

d aol = g9 fol covarant derwahoe

@t - . \

crc-

- -ty (e oo

12—'

YA and_represent the inkegral _curves of the ved'vr ]Qe(o!

“..w

S ot =] * B 5 ") . N
q/ g,vc{acn—v ‘JV TaASeES ‘/\«C€>

CQecal\ on M a vedor f\c\o\ X =X has m\'c_gm\ curves

CH)  such that glf"‘(t) X)) | here @ =xTCw),

hence the above expv-ess'wn for the cumpo«en’rs of . 7

Vx‘ﬂ‘\e case o(- a 4-dmensima Lorentzian me‘\’r{c we Mmust use

amﬂ'\f\er‘ Sym\oo\ \\}&7\ Eﬂ’“""\e a\q:\ne 'pqrum—e\-er‘ 4‘0 «UO\A cmf-«smn

with a hme vanable | and we can Hrrow in an elechomagnehc

:S;e F= ‘\—Z Fug XA dXB qno\ ob\‘mm 'H‘\c E(&ua'\"lon; o‘F mc-\'I:af)

- a ga"\‘lc\c o(: charge € as a v:c\ror*{-.e\o\ on velochy phase

space
L= «d (CFQ’@ C{,g — ™y :877) 97
W ©0q”

con-cs\:pono\m q o % Q¥ = (:t,d




When mFO , then MA= T s the ?ro?er"hm.e measured by the

charged Paere and QoY e £¥ . q°
4 W = —'; ¥ O VU

Now only the forwarv\ light cone and s infenor are relevanto
the Moir\oqof 1‘7\'\396«\ “;ar{-{c\e;> So one cunsiders a

reduced ?Hase space the hh_gcn’r subbundle of ‘.ﬁr\u»-c'hmchke
o pull Yangent-vecdtors o s?ccccﬁ me. Each mass hy ?erho(oid}
including the o\cganem‘\’e case o,F the \QH'\-Cme , has an
mvanant volume element denved above should we need 4o

x‘%_)ii'ﬂ the P»”Me space, ‘gz:p:ﬂnm +otal volume

dement on the '1-o\\menswha) spe mass m p‘mse Space .
( su\vspa.a 0% TM vnth  gue g, q,gt—mzl a~ fw’“w _P°"’+"‘3 ,)
can be falen as

—-Q-rn: 71_/\ g,m/m

\_____\
[ i B [ aly ael, yca ez
(— /\dql’\“&’\dﬂ) ( J ° aq.,’\a% AQQ’/
Fqel
= \()& | S, N W B T U W 4 24 2T 1 12
v o dq Adq Adq Adq Adq Adg Adq”
lq |
Lol

The cansx'amcq of the eremy el eneryy T= 39 ’'q° (—~lm)
for fe c\rnrgeo\ ?ar\'\c\e equahions of mohon s equivalent Ho

ﬂ\e condrhon R ( gu@q, %3> =0 on \re\ocrha P"MSe space

ol
ﬁAhanon
dcrwahvt aHunchov; a\ong " Hlow vecor L
Gn ve\oa ase Space. ;
Th\s Ca ‘ < anyae ‘-& Pln SP ¢ g Ot ¢ . PHAA—G eCTL ]
—*—ENQIE‘—EHEE@%%%MM@ b“'@a q.? _1 fela ﬂ-m on eadn
v ron—i- ] T3

such space.
\S




EXTERIOR DERWATIVE AND STOKES THEOREM

e dilloradd L L L O L)
M aferonTay o o funciory £0 \ !
VL N Lo
a7 = @y ox

— ol o
F = “lp", F‘.o(,..‘ol\, dX (/\‘../\AX f
‘ L]
N — 1 ' el 1 V{ N 0’? ~ RN
ar = “;ﬁ AFcis. . adp A AX A AdX (Definhion)
= CCa\cmla'ho'.q>
o o
‘%}'\ ag F.O(gtnol‘o dXBA dx A AdXP
TP Ors P dTAA A DT
= AdF) g op DA p e AP
(P+D‘
’
S0 @F)gd.. op = CP;D\ drel - Py —

so the leror—denvahve 15 just—the anhsgmmetnzed-deavdhve
SO tNe—ex
“MM?MM& ﬁom G pumencal coun“'mg factor |

BT cleary a linear d\ycm:hon , and sin 'Favfi"l'a]\ denvahves cammui-e}

dQF =0 ) while one has the wedge F\roduc’r rule
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