(5) STOKES THEOREM WITHOUT METRIC, WITH METRIC

FREATA  On P.7§ T mentioned that T m\S\'q\Qen\g used the leﬁ- natura) dual
onp. CH. Tf we redo 4hat dervation with the right natural dual, o sign
Qppears in fhe divergence ‘For‘mu\q.

_ | e . .
®GL= (#:D}._..Q—_il.‘_.‘"n—l € .I. .‘_ ..L O = E_:'__i]w-l“,,, L.Gl

G= (n—E‘D»‘ Gi"_‘i“-‘,dxll‘,"In—\ = (—5‘}02 eri;‘“inﬂl 66—;- dxilwin_' = ®0-(' C’i’)\(i‘

L
dRi = @) Ciigyt T = € g dx T
e~

w (=~ (411N

It

-9 M e gL e 0 dx "
i
d)(j/\d)?t - SJI; t"‘) n-v + il dxj.\un -_;(_‘)n"'\ 6J| d‘x.'tun

do= 3@ axadty = )" (9207 wd
- This sign Q\)P:{—Dn—t appears here because of the rightdual. Tt will rappear

below.
- Anather option for the natural dual is fo use a nght dual for p-forms
and a left dudl -F:r p-vectors  so that @® =1
Synge and Schild , TENSOR CALCULUS

The tncorrect spel\!ng of exercise In previous notes s Blamed on bad vibes,
Speaking of exercises , Students, where are they 7 T haven't seen but

2. fces n my offace.

To diseuss * STOKE s' theoemy we fms’r gereralize the notionof a P—dimenss‘onca\
subrrrxan\.fo,{c\f#V‘ Rrst introduce the space HP = {(fi,ury) €RP | rléo}
and let  HFPx {On—v} = {(FU---; "how»go)&' R™ (6, Tp) € H?}.
H stands for halfquce.
A subset N of an n-dimensional manifold M is called @
P-DIMENSIONAL. SUBMANIFOLD WTTH BoUNDARY
if we can find a setof local coordinate charts {Uu,‘t’o\} of M (notnecessarily dl|
ofm) such that N g'uo, ts covered by these charls and elfher
i de(uuﬂl\l) = Vo« is an open set in RPCR" | descrbed by the
vanishing of the last n-p coordinates: X% ()= Ue dula) = 0
for qe UunN and (= ptho,n {This rs édentical w}%v‘hemémamﬁ/dmdﬁfon]
or (D oy (UanNY = &(UD) N (Hx{0") =V , e notonly dothe last n-p
coordinates vanish : Xi(%)= u°°<t>a(c0=o , U= pP¥hayn
but also Xi@@) 2o for qe UanN.
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Tn other words  efther the image of Uan N is degeribed by the vanishieg of
“he last n-p coordinates | in which case it consists entirely of (NTERIOR POINTS
“or the image Satisfies the addiional conditton Fhat the first coordinate be

nonpositive .
Agan such local coordinates are said o be adapted o N.

For an adapted coordinate chart of the type (D, pomnts of N Saﬁsﬁjing
X(q)=0 are alled BOUNDARY POINTS,

The Se'{*ofal\ such th’rs s called the BounpARY oN OF N,

A covering of ON by local coordinate charts adapted o N makes 2N

a ) —dimensional submantfold of M, with the restictions of £32... X%}
serving as local coordinates on ON. ' .

RUESTION . Why not make the df“F“""HOO so that X%y thl}
are [ocal coordingtes 7 ,

ANSWER . A new comP\léQHOV': called INDUCED ORIENTATION OF dN
needed {o hide a sigr i STOKE!S THEOREM .

With this definthon (RP |d) is a global coordinate chart of RF qdapfed to HP
~ which 15 a p-dimensional submanifold with boundary: ,,RP_‘={("‘»--)T@ER?1r1:°}.

" TF Nis an orlented submanifold of an orented manifold M, an " INDUCED
ORIENTATION® of N cin be defined
Let {x}., X"} be positively oriented adapted coordinates of tupe (D sudch
that  {X3.,XP3 are pesitively orfented with respect fo the inner orlentation
of N.  The local coordinates 1%%..., %P on ON are defined o be
positively ortented with respect to the induced orientorHons

But inthe subspace V = span 1 53)@:'": %@} of fhe full tangent space
cﬁ“a Po'\h‘l‘ of oN ) ‘Hie induced ortemtahion of W= SPqni%@v") %(135
is D) 7' Hmes the inner orientation of‘H‘ns subScheWCV
induced by the outer ortentztion Specifted by, ¥ox! :

S|IHCce -
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posttively oriented with respect fo 1ner orientaton of N
Alternatvely, the b-pl-vector Z = ?;@A“-A %(n specifies the inner ortentertion
of N it the fnner ortentation of ON , .
determined by ZaNf—' ,%UA Zy s (-QP", Hmes the " induced orle_nJrqun"

We could have defined adapted coordinates more naturally so
that XP(R)=0 for qe N  inwhich case Zo= %pA:ZN
induces an nner ortentotion of 3N making {x',..., x#}

poslﬁveky ortented . Then we could bhave deﬁneo\ the " induced
orterttabion” to be (~DP' Hmes this natural oriertation.

2 2 RE H*< R?, p=2! enf - Let {es}=foou.

u
K e {e,8,% is posihvelg orented on H2
| IH2 'Tz . and €, is the untt outward normal an OH?

_,%/1 7 ?%"““’ A | Since ©A8; Is positively ortented , €, is

/ 4 /" 4 / posttively orlented with respeck 1o the corresponding

H Ne, nner oriertation by Negatively ortented withy |
n respeck to the induced orfentation,
oN

In fac‘l‘ The induced orientation Jcor any
open submanifold N < R? s just t+he

courterclocRuise  orientation for the
curve ON  (opposite fo the ortentation corresponding
' 4o the outwdgrd Poirﬁ‘ing normal )

Leb {&,82,n3 be an ON positively oriented
frame with N a unit normal fo N on N
and el -i-qnsen"r'{’o QN an BN .

Then Ny=N and Ny= €AN bul
QI-H"DHSH ell\naN is POS"HVELj Orl-en.‘—ed ,
@ C% Lt SPQC‘f‘ES the nduced orientation of oN.

This is eacty the circulation sense associated withthe
imnee orientation of N and following from the n_gh'i"hand rule, '
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et N= S*VU nreror 2 < B
MN= 5% . i
Sice  p=3 ,(D =4
_o_rlenhhon of S? s exqu\j Hhat coﬁfs?or)dmg

.Jﬂ) the ovhward nNomeal N=0/0r.
Netre {F—I,GICP} are adapi‘eo\ coordinates

and {695 are Pos!‘h'vel\j ortented | Period\.

so the induced

The outward direchion determines The induced onentation f:’" any -
'}.squ'an'\fdd "c)f a R-dimensional manifold. [E’(gh haod rule QPPHES]

N= {xeS* | 66)= 6.5 |
Then 'i 6—60 , @, r=i } are ada P"red coord inates  and g)fp is Pos\"r\\le\\ﬁ
oriented as discussed onthe previous page, -

~ Now go o RY and let N be Sgelusﬁs

interior, with ON = S%, 0 p=4 ,EDF =~
Spherical coordinates {X, 0,¢,0 § are
postively orented wih nespeclr 4 the natural
ortentation <

U'= G sinX sind cosy

W= 0 sNX sind sing

U3= O sIMX cosb

U= g

oriented with respec,\' o the inner On«":’rﬂ'tr\'iOY\
put §0-1,%,4,95

{7@,9&?} are pos\'\'\\fehj
' Of S? determined by the unit outward Normal 220

are ao\api‘ed coordinates positively orfented on RY | so {X,(?,QS “are positively
ortented with respect tv the induced orientaton ( oppesite orientation )

Now fer N = $xeS31 %00 e [0 %A} | oN ~ 52 p=3,e0" =1
Jrn this case {X“'Xo,e:_(-?, 0_"‘} are posihively orfented adapted coordinates
and {893 arc  posihuely onerted on oN > period.

Wetll save the spacetime examples Hll after Stoket Thesremwith metmc |
Note that in an n-dimensional manifold | the ouhward dicechion

af-the boundary of an_ n-dimensional submantfold with boundary determies an
nner orjce_n{nhon which 158 (D" Hmes the tnduced orientaton,
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STOKES THEOREM

If Bis a P-fown on M gnd N is an ortenfed @+D-submanifold with
boundary N having the iduced ortentation ,  then

- gaNg = SNdB .

Note  diy ON=p now so the induced onentahion sign 1s (_—-DP
When p=n-1, N hos the naturdl oriertation of M H’SQIS: while The 1nduced
oftentation OS' N 15 D" fimes +Hhat determined by the outward direction

af the bo“”“”ﬁ- when p=4 ., the curve N has the same ortentation a5
‘H'\C Ci\"CH\C‘HOﬂ gense O? J\"n€ winer Oﬂen\ﬁlﬁon C’E B . _

EER&TA. ¥ has The wreng sign on pages 38 and &9,
How come nobodnj c,qushjr me ¢

Correch signs : F= E.dxadt+ 3 Bie"\i‘ﬂ c:\x_;‘ta
X F= —Bi dxiadt + 4 Elege
Thenon page 69 : ¥d¥F= 407 or d*¥F = Um¥r
.__E%.A_ MPLES g spacetime with dlechomagnetism = M= M1

Cp=l: Llet N be a Z-surface with bourdary at wns’fo_lr\i' Hme € and ON
s boundary with unit fungent vector n‘gig oE posﬁwe oreritgtton :

dA = ( Fo ( 4Berax®| = n; 4
SN“ S.N SN ’ IN SN © ? N p)
A = § Ay = (L Antag
p=2: let N be « 3*mankﬁ;3\a with \Dou\r\daﬂﬁ at f\‘;(ed fime £ with the

natural ortetation past directed normal) and  let ON have the
 patural onef‘i\‘aharn ( ouhward normal at f'ixed ‘Hmc).

) G gk -
0= SndF=SaNF = SM $B Ggedx |, Sar\ BNida  QoN=¢)

5&*F=AWSN*I = qngﬂpdx‘ |, = 47Q (INF D)

I

SN’*F = Sau ;*_E‘sz\ng"h[QN = M E'N; da ‘
t=t T x> *-Ionr?én
p=3: Let N be the region behoeen £=t, and 2/ | |
o tetpty (-n°=-1, // //
Then d*I= d¥*F=0 so tet, J, dx 2% — (nd.
orten
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§d*T =0
N

SaT= S pd® e 'gﬁé(ﬂ-dk‘o\%\x?) +&P(—dx‘dﬂ>§>

- QUN—at)
e, the fokal charge s independent o% Hime ; " charge is conserved ’

T allofthese eXamP\es) the restnchon fo the submanifold essenh ally makes the
‘mefnc appear since the @ordinates are  orthenormal caresian covrdinates

and nafwral and metnc duals csincide up to sign and 0dex mising © loweng (more
signs). Similar results occur for orthogenal coord'mro?'es.
*However  on an arbitrary  pseudo- Kiemanman mantfold M, Shoke 5! Theorem

can be explicitly rewrtllen in terms of the metnc 1» codinate fTee nofation,
Instead of a meinc Ino_\eperﬁ\eﬁlr theorem for integmting P—-ﬁirms ,  beomes
a metrcdependent theorem for Integrating p-vector f{ields.

PRELUMINARY STEP: Integration by parts with metric , divergence

et o be a G-D-fom , £ a p-form, Thes -+ =form
dn*8) = doa*B +@)° oA d*E = <dx, @y N + <ok, (DT XTEA*B D
=B
Y _;}“%S— + (=p+O(n- [ﬂ“P_H'D i'-Hp *d* g
| (;\)t; @) oprep +7 n(p-D + p— P~ %ﬁm
~p(p-D
o even
58 = (0 2 ) -+ xgxp _4iv B (-0 form

divb= QJD“%S (—) MO wg*g
" Qurm=d(oiB) + <o, SBYN
§. <d,87m = [ sm o+ § o8

The

e —r

Tf oC vanishes (Compo.clr manifo\cl without

boundary) or Kand B belong o a ﬁmcﬁm space
sothat this inlegral vanishes | then § Is the

ad\jm‘rﬂ' Of d with Y“CSPCC“ + the [nner Pr‘oduc{‘
Sc < 7Mm [ fikee in C[Uanjmm mechﬂ.mcs_}

S is called the codiﬁ%n?n‘ﬂ'a\.
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coordinate version:

N il ot
51§, P 20 liiey 87 Tnad™ = L € diety 87 9% o

- {g-p!

(P-&)‘ S ah(‘xlz B h * V") dx"™ —7(9 )lgd'z tp ah(@h ?gyz) ™"
: = (Div CS)" e

\--—- —y-

oot i L 21, (87 g

i|'“ip Y, iv--ip = (d\V 6) [ IP
R =9 E (P-1) ontented vectordensiy

CDI )'lzr--'\', dxi--vﬂ. - (’le g) ‘zlp 120

-

ml‘seme comtravariant fOl'TV‘s of-

of B : metric d\wergence of @
" - A

aLl@ \éah[gvag“ P}

Definie the metric dwergente of a p-vechor field X by |
7 div X = (dw XNF = g% (3;] (g% X i) ;—i—(&/\...r\ %(ip
| and et $X = -adiv X .
EZﬁMPLE E\ed'\'omasnehsr;‘s on M7
div F = —¥d¥F = =473 4 i caddesian coordinates
T Y= 2P <= 4F =~ F¥5 o F¥,p=urd
dv*F = -xd¥F= »xdF=0 or *FMB>3 =0

Now were ready fo rewrite STOKES' THEOREM ,
Le¥'s turn the page for 4his.
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n-S
Using page 89: defining X =(-0 * G‘@# (no'\‘e mistake on p,89 here

<Mow, Zon? <NNY—> <n,ZE7
| P . X = (-p-vectorfidd
and @ = L—i)n‘z“s Q‘dg)*” Q= (n_P__l)-uedorf\'e\d
—-—-—-—--—-——-'<nm,zu> Lx T ATpi)T |

SaN<X>nau>’l’Lau = 8=C(d8= gN<@,n,om

But ¥ B=()% <y Zar XY
8 "‘(?DQ%S <ﬂau,2an7 *- Xk = C"D Pcn-P)<DaN,'Zau> *XP
C@F = )P Lz (FdFXO)F
Mt
constant (__1)0%5 'n(Q‘P“g\'V-X

Q= Ny Zon> ) p(np) —n(n—p-1) dv X
<Dn, B

(__‘l-) -—'(""'ﬂz N —(n-pP) +n

={‘\j = C—*DP

But- T\;‘: =G“)P TLaN since the nduced onerttation oy N 1s DT
Times the mner ortentation Induced bg the outer orientattion Specif\ed
by Zon - So |
S <X, w7 71:3 = g <dw X, Ny> My
o <Now, Zan ) N <2y

X an Q-p)vechorfield , N a @+ - submanifold with boundany
oN hqving 'H)E induced or‘iehﬁ'q'HOh

Forthe usual QP\)ltq’ﬁon : n-p=1 , P= n-1i [ Mu= _1=ﬁ,uni+'0~vec’mr1
This reduces to i Iy ‘
GAUSS'S LAW } Ll g = S vt “)
' N Zon N
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The ofher usual cage 1s N-p=n-t, p=4 e
\nthis amse *X 15 a vedor fleld . Since CH*AFBY =) T KA B
we can star everg’fhing 1n e inver pradud‘s

X% ¥ h ind -
S <*.X_’._rl‘?_”> Ny = gN < ¥div ¥ #nd -

TN <Ny, Fon 7 <y, ¥ 2
Now replace *X by X | shll a P—vedvrfl.e\d, and  define
QX = *dv¥'X = ¥ (@)X ()

= (__,[) n-p- (G\K") #

<X}*03N> ,ni;\a _ g <C\HX )*ﬂu> e

N <“‘ﬂan\"‘2m> - N (M, ¥ 20>
orp=! [ Tfar o [ <OAT ey, Curl E=(0" AT #
oN A Zon <*Ny, * 207 = 2-vechr f1e{a\.

C SURENTS ¢ T think T 9o+ +he sign wrong on +the definiﬂaﬂ of—
Curl. Cﬂl\n‘;vqt‘e ?;WC,'] -fur =3 where e can take The
dual f the Zwector field QX to get ol X = * GuAX .
Th\f)k a\om’r ‘i“ms,

We want Xhal = S curl X ﬂu dg .
. N

o
7 TXAMPLES {e\echohogneﬂsm again .

i = Q% Tveror S% ot fived hme t=t.
r=2 (0l Let N L at §

) oN= 5?2
=4e i <ﬂN)ZN'> =—1= < Nyy )zau>
-3 =N =7 “
f ) S = g-‘iF“"ﬂw Ty = S.Bitivn” Ny
n = bar"(—é%)= %A%r-f Zn N o e
_.E'" o
—ymn 3 =-4ip

o Ede =g

erea-!' for the 2~vechr

r -0
with ComPoncrﬂ‘S +FEM and get gaN B da



p=3 Choosing Fhe outer nomal gives theinduced orentation
n___g_ times “(-1) 3 =y 5 So as before  4xi2% +ormenicd
ot at t=t; and —dx'® 5 + onented at £=t, ¢

, — T M = oo = O
/Pd/ / / _gm -r-}v—n-f- N \g

t=4

n=¥% l, e
04hu= = Y
(- L—i :Sau G nMXTLLn“J
=f = §, (30 (-dx) & § (I(d)
- XA — ( p dx'owedx’
S{Z g vga()
= Qt)— QL) charge can served.

Tncase i woasn't Perfed‘\y clear lej(‘s go over ‘ﬂﬂe mner orieﬂ\'ﬂ‘hOﬁ ‘fOr‘ this
case agq;n‘_ INDUCED ORIENTATION wedge from leH-

N\
/I

\Ln Qﬂzﬂ = C €IA-€113)= €onz 5o Cos —meﬁﬁ-y

The innerorientation corresponding o the oifevard normal  would be
defermined by wedging from the nght | giving =)= -1 difference
in sign for the orientation  rclative tothe (nduced oriernlation.

N € o123 + orierted

BEL) IR



