ORIENTATION | INTEGRATION OF P-FORMS, NORMALS | VOLUME ELEMENTS

Tve already fodled you irto thinking you cn infegrate n-forms
on n-manifolds BUT one [iffe defmil was missing on p.GL.  The
. ‘?change Of variable " ‘ﬁ)rmu\a involves er')e dbsolute value o.)C +he Tacobian

_de\-ermanan+-.
g 5 dubedu” = g $oF |der@ FI dubdu”
F(AY A .
Tren — 3 T- g~ -1
gzt (_ Ledaut.du’- Ted™ 1Yot Hduldu?
S L gdp(v) o 5 Y

oy Cgeen  Th O

Tn order to ge¥ a result which 1s sign Independent , one hasto prce ou“r'
g subserof coordina¥e charts related to cach other by positive Tacoblans,

Then S LA™ s well o\efmcol in thak class of coordinate charts |
called “Pos‘iHve\g ortented " . T¥s value in a"negcrh\fe\g ortented
chart (sne related to the first class by a negative Tacoblan ) is then

given by the same formula with a  minus Sign.

Tf x5 is o positively oriented dhart then the local n*-ﬁarm
2 FAXTTT €50 s called posttively () or negatvely (~) ortented.

Ti the maﬁifo\d M has an everywhere nonvanishing ﬂ—f’orm Then
one can speak orf a 9loba\ ortenyration for M and one can conststently
pick an orientaton for each local coordinate chart of a covering
Q]C M without Seﬂ-mg o frouble (‘H‘tc Jacobian of each overlaPPing

coordinate transformation will always be postitve ). Mis then alled orientable,
Otherwise M is called nonorientable.

For example if O is aneverywhere nonvanishing n-form on M
“then glven a covering of M by local coordinate charts one can
always permute the local coordinate qucﬁorws in each chart (if
necessary) so thal the component Tln (S positive in each local
<hart, All such local charts  will then be called posittvely
oriented .
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The SPQCe of 8ver9where ﬂOnvamS\‘)in9 ﬁ—]corms on an Or"1€i’)'}'ﬁ\>\e
mqntfo\d has 2 discrete COmPoneh\‘S An orienfation 'fDF M is
simply o choice ofohe o{- Hhese components  as positively ortented
and the other as negoc\‘tve\j oriented

“loce| coordinates £xt 3 or a local fv‘ame' -{E’.‘,} are said to be
~positively (negatively) ortented if  dx'™" or wWi" are positively
(negatively orien%ed)

The "naturd " orierfeion on R”  calls the cartesian coordinates associated
with the natural basts {e ?i positvely orlented .  The ortentaton OE
carkestan covrdinates  associated wiHh any other basis of R™ Then
gepends on the sign o{ the determinant og the matrix of the basts
Hransformation

- On 523 forexample  we have " righthanded fmmeg“ (+ \orien’mJﬂon>

and: \GH handed frumes (- orienlm’rionw

EX. %) X’} = {\,{)d } on R* R du'? sPeclfles the usual
“priertation o]c RZ
U= { (ry,r2) | 0<r'<1 0L« ] } IS an oper submqn\fod of s

w= dxAdx% T = dx? = TG
Let en Sum Sudxz\ 050 duldu’=4
Buf {91) \dz}'ﬁ {\A?')U‘} are Negaftvely oriented SO

| \
Su(,O= Su dyady' = Su__ dy'ady? E/‘___ Sg_ dyldy? =
oo

ortentoion
Without the extra sign we wouldn't get the same result in am:j
coordingfe system.
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The Mobius S’h‘\P s o nonortentable  2-manifold .
Zﬁ"tsjus\' a rec’rung\e with one pair of edges lderﬁ-if\ed in a twisked

foshion. \ .
, gl s
c — A

| Visuallzed as a cubset af R3

(nota submah\fo\o\ since i-\-)
7 Res an edge '

To e more precise let

- {x {0 ! Moltu s s)ﬁ‘\P = { (X)) €R2 | xe [0)103 ) GCD,I)}

4 A * But tet the '\'DPO\OQH COﬁ‘(-:‘SPor)d
€ i) _ C‘ _)" o ?den‘i’\fging The -Po\-n-\'s
< ‘ . \/ 10 (o, Up) with (10) l"()a)
open set - 'ﬁ)r C-M Yo € CO,fQ L
about B

Thorder Yo discuss orentation for submanifolds | needed to integrate
p-forms on P—submqm-ﬁb\o\s , we firsk clartfy dual cnventions then
discusS  ortentation on veckor spaces and linear subspaces) and then

Jrrans%r this fo mantfolds via the “langenjr spaces.
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METRIC DUAL CONVENTIONS

“one can infroduce four different definitions of the Hodge star operator

in pseudo-Kiemannian geometry (2 different definitions in Riemannian geome“'ry)
all diﬁerfng dhl\j in sign. For eacn Po'ss.'\b\é c\“e'ﬁﬁl'\‘l'ow'we “Sf +he acton oF-Hne

star operation on the frame basis p- forms, the compaonent definttion, and the

mvariant deﬁnihon.

Recqn ’TL“I""[P = ﬂl-i"-\'?llﬁ."‘l'q wlq\Pﬂ“."hl | |. r
fyed i ip)
<${) §> - f’i‘ A+ B = ]_OL: SR B' T = dliip g .
right dual Kg (eff dual
Xe w@‘,_, i o TLi“"iF s, (.di'mip _ C_O P(n~?),ni.~--iP
) L. i“" e i" - 1"‘in
*R Gll\-- ‘“‘“P = —;—! O_in_P.H‘“ inn " “”’in—‘? . *L“Gil'"in-p: _;)_: Fn'ii'“l..n..P " O_!-n-?u"‘ in
L:O{/\*RB = <o, BN _ ¥l AR = LK, B
4 P P F
Flanders right dual ¥ er Flanders |'eg~dua\ K

Fre (V= (DT NN
*‘FR thin_?.‘: 60 z *g Gil...ih_?

O(/\B = <*FRO(,B>T\.
¢ ap

?
|

Al def{nﬂ"iong sarh'giﬁﬂ: —_— (_0 p(n-p
o - 6

PR TS -3 “B) . Ao
*LFL wl! \[;_______(TDI'\2 +P('n P)TLH tp
% . . , _ ‘.-_E__-S *L,
. FL (5 |]---|h’_.F —(—~D 2z O_i‘.u[n_?

oA B = <A, *r g1

n-p

P 4 por-P

Diﬁcrerﬁ-— PeoP\e choose o

@ <ol 8> = @) P * gy
e P .
@ (rot, *gy = €N F <K 87

putthe signs I different places.
We use the MTW (= Misner;

Thorme, Wheeler, GRAVITATION )

convertion of rig ht dual .

For Riemanntan geomefry | the sighalure S is N and the Flanders change is
irrdevant  (beuses the Flanders nghtdual).  Mathemalictans never discuss
Fseudo— Rlemannian geome’r‘r\j , t_uhquqb\a choose the leﬁ- duza\,

- . - -1
For n=3 ,DFP=a  Rra=q €)= (D
Fr FKemaanian 3~manifolds | all c\eflnﬂ-ions are equivalent,

These conventions also change the defintfion of induced omentation
fora linear subspace O]an oriented vector space.
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NATURAL DUAL CONVENTIONS
The natural dual (denote t now by @) was trtroduced on p.39.
Tk maps  p-forms do @-p)-vechrs and  povechrs to (-py—forms. |
There are rlcﬂ' and nghlr natural duals:
et X= XHV“M Cip be a _P_fved‘br and 0= O-l;““"‘lwi\--~l?
a p~form and define their natural contraction by

X40o= X0l = p! X”""""Gi.---ir.

—

rlg"ﬁ' dua\ @R _ \EH‘ o_\ual @_L _

. . l;v"‘l?l & _ ' ‘ ot
®RK|P-H iy T —-.X_- Gi[“‘ipipﬂ‘“ih ®L —.—X'. ‘?‘H'“ln - € ‘P"""Ih‘l"!{l tﬁ ' P
. Lo ST Totiees b Yoo
: @R ) Tpnt in - G“‘m.{?\ € feeip tptn in L l|f+i s fphiin Wy ip O_['h'“!pl

XA @)RG = (P“)-TKJ c) Cien e oA X =(9D"(Z_‘_i (5’) €en

{ GA@RK _ @!)-ICEJ (T) A &G = (fD“ ijiﬂ”w""“
(®e-c0"" @ |

Both satisfy © @ ® = ()PP
@
sy €0 1 ®X = HXAT

(3

Unfortunately T frst inhroduced fhe natural dl_iq\ on P 29 as « hgh'l'dua\
but then  without 'Pnin\tins used the ‘eﬂ' dual on P 64, Lets shck with
the right dual, Aaain -for 2-mantfolds fthese are

Kd.en\"lcak .

for the rtgt'ﬂ‘ dual we have:
@ . , = , }P.“““n
etl...,P = Gh""y\iw""h\ 8
@ @ivip = ghviplpeinl @,
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SWITCH BACK TO GREEK INDICES o, 8,.. € {4,003
and recali the 1ndex {,j,b)... c -{ﬂ_)h,) P}

gonvenhonS of PP 1-i8 a,0,C, v € TPty 0_3

ORIENTATION OF A VECWOR SPACE V|~ dimV=n

Tre 4i-dim space A" (v¥)-{o% of nNonzerv n-forms over V has - -
two dis joint components., An oriertation  (Inner orientation) for
V is o: choice of one ComPonemL‘ as the Posih\rc\aj ortented comPonen‘\‘
and the other as the negahvely ortented component.

A basts %eu& o§V 15 called ?os\‘h\rdy (nequve\B) o riented {f
v (= @'t belongs fo the pesitively ortented  component,

V_A_Q(V) - {03 also has two disjoint c:omponen‘\'s which are called

positively (nega\-‘ivekﬂ) ortented 1§ { €yt is a POS\‘\'\\!e\B ortented basis
of V ard €., (—— Cin) belongs 1o that ComPor)en‘\',

A nonzery h-'ﬁ)rm or h-\fco’rof; is Ca\\c—:o\ pos\jﬂue\v (oF' negaﬁue\g
arienied, o\epend\ng on which og the +wo COMPonmeS n be{ongs-‘{-‘o\

- Trotherwords an ordered basts P\c‘es out an orertation
for fhe disjoint Spaces of nonzero m-forms and n-veciors

Cyn and W are Poslh\re\3 (nggahve\g,) orfented if ‘Eeﬁl}
is  posthvely (negatively) ortented,

ADAPTED BASES OF A LINEAR SUBSPACE W <V S dim-wf—‘?

Let iﬁ’;o{} = {el,eu} be a basis of \a adopted to the ltnear SubSche

W = span = Any two suck adap\‘ed bases are related by the foﬂowmg
linear '\‘runSﬁbrmo&‘ton

e, = esA‘isq -C\)ot": Adg(a\)g

- -1
A = /A C Y o A“D) = —A'CB
e = ;A" wi'= Al + Clawe
_U)q,: g ‘o(})b e./= €y Batbq +E£th

Q= C\)U(e«’) = f“\\{“, qu‘i‘ C; anl bq —> qu___ ‘”/“\-\JLCTB quﬂ

e



Nohice that  span {&);} is not invarant under such a "ﬂ’ansg:rmqjﬁon So
the dual space W¥ o W cannot nq-\urq\\g be \deh‘\‘\fied with q

subspace of the dual space \ad

However, W' \s g \inear ﬁmd‘iam on V so we can restrict s domain

o W™ and get o linear funcHOn on W, le.q _’l—form on W . TIn other
words if we denote the restricton of a _'1-)Corm 0+ W by 0‘le
then  { @Hy,3 15 the basis of W¥ dual to the basis 1€:15 of WL
Note that W? hg=0 since WIE)= Twie)=0 forany LW,

S'\miiar\9 any covariant Tengor over Y can be redncted o W

!
(T W@ )| = G0 Lom@w'|

On the other hara , The " star-dual “space  *W = span {wd <V
- 1S invquanﬂg defmeo\ ard  consists ofql\ J_\.—farms over V which

toilat ‘ . _
anninliare T+ WU )= X' we)=0 XeW

Tnan arbH'rary basig iﬁ’a&g
ge*W —» oxX"=0 XeW.

One mma\m\ be templed 1o call  #W the space of covarant hormals
o W,

Tf we have a mefric g = e 0@ W on Vo then the space
W = ¥W# oblained from *W by " raising ifs 1ndex ' in
com?onerﬁ' language

(#) =9 0 ) X")u= gusX*
is QKQCH\j the SUAbSPCtCe of A\VE or"Hf')oBona\ ‘o W~ (Or“\‘]f\ogohq\

COY“\?\EMSYT\') :

Gus ) X5 = (G, XF=0 1f TeW, o€W.

We can resirict ) 7o an toner product on W
ﬂ[w“ gy w'ew’ _ but when g has an indefinite signature
Qlog con be degenerate if W contains  null directons

X suchthat g x) =0,

17



EX. V=mi= Riuwith postiively oriented natural basis § €,,€,,02,€23
W= QaCRq) Damely span {_ei,ea‘eﬁ_
Note $€0,8,€2.215 15 not q basis aHup%ed o W _smc__‘e o
sppears first rather than last. Thisis qnxm?or\'aﬂ\‘ remarg.
Tf inshead we used the natural basis  {€,,€2,€3,845 of R4
with Sy |derﬁ-1fied with the fimelike direcon We would
have an adapred basis |

e naturnl ortentotion o§ RY | namely  Corzz~ - onentuhion
or €234 ~ + orentaton  gwe different octesmations for
Mxnhéows\zl s?ace snce em;as =— .61239 .

This Causes some donverhion ?m‘o\ems.
g = Nupw?ow? = ~ WPOWP + §ij ' L

b 3
QIW: Sb Q) IWQ?)OO lw

W= sparn 1% W = span je,3

B {eners er,ed= (8,8, 508, = (@-8:)[ is aniher

basis ) “Fhen €4~ = A€ A€ = €220 =~ Coizz

tefls dhs it (s negatively orented (it would be -+ onented if we used
the indices 224 Inskqd? and adQP\fg\ o the null SubSPCI(.C

W= span & €€ €4S *W'= span {0073
g= - (wew 4 WOW) 1+ Wwew' +wew®
w+: —\r-l:z'. Cw0+w3> m" - ﬁ (wﬁ.-.w?)

@-9#: VJ%(~eo+e3)= -e_ | (o) #_ Krl“i(" ) = — €,

W_../-L = SPﬂﬂ{e-l]_; — W/
The space OE vedtors orﬂf\oggr\g\ to W/ is contaimed In W'
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. € is "_‘b_‘_e fquure Posﬁﬂng e+ 15 g 'ﬁrl‘ure Pom)ﬂf)g
~unit normal o W pormal 4o W/( null vedo s
wrnot be nor‘thHZed).

g!w is degenerate a\ong ey

TNNER AND OUTER ORIENTATIONS FOoR A SUBSPACE

The subspace W is comp\e+e\9 determined by the p-vector
| eip - (__DP(\W"P\ @wp-s—in or  the @“P)"']Coﬁ‘f‘n w?‘*‘\“.n _® ei...P
forany adapted basts $€43. Here @ 15 the natuml dual discussed on P

Such p-vedrs or  @-p)- forms are called decomposable Since they
can be written as gn  exterior product of lineady independent  vecfors

or 1-forms mspcd'ivelg.
Any (nonzers) decomposable  p-vector Y or 6~p)—fom J defermines
a lineor Subquce W

W= {ZeV | Xa¥=03 or  W={XeV|xio=0}

IF =Y aYp , Hus just Tf 0= opranATh,
says X, Y, Yp 3 are linearly this yushsays o (X) =0
dependent , 1.e. e span Y0, Ye s forall a=p+1,.., n.

EXERUSE | e the componert definthions of A, & and J 4o
show oy 18 = @ (YaX)

S0 Y Omd @)\( bO'H’) de)renmne _Hne Soame SFqce_

19



Every nenzero decomposable  prvector N determines a linear subspace

First let W be the P~d\mensmna\ su\osPace v
Then +he basis

Wi an tnner ortentation.
defermines and let { Q4] be a basis of V adapted to W .
e of W is posttively (negq\i\;e\g) grtented iof

Yiep = Y(&5.,8p) >0 (¥ o).

An inner orentaton for the sterdudl space *¥U s cdled an
aufer orientation for W . IfThe @p-fom P 15 posthvely

oriented with respect o this imneronentation of *W S then any
_gemmposab\e (~p)— vector Z= —ZP,,,/\.../\En is called Posl'HvekH

orienfed f  (QF'r " (am,...,%,) >0 Eprin 15

__ positively vriented,
An outer orentuhion for W can ‘Pﬁerefore alse be specl‘ﬁeo\ by

an ordered set of O-pP) linearly independent vectors nof-

Cor\'{‘mnet}\ In W--

nonzers decomposable  O-p)-~ form O dekrmines a linear

W with an ouler ortentation

Q_(C\)w,--., wnj 70 means 20\3 a} iIs a Pos\]n\rc\y orerted
basis of *¥W.

Thus every
sub Space.

WNDUCED ORIENTATION
E]C V hos an innerorentation | Then an mneronentation for W

nduces an  Outer orentation for W and vice versa,

NES Y:\(\A--J\\(y and  Z7F EpnhaABn delermine corresponding
innerand ouler srientations 'fo‘__V\T , then YA Z s a Posﬁ'\v‘el.g

ortented N~ form on V;

(0-p) vecior normal 4o W
When V" hos a mefric @) , Hs orertration 1S SPeclf\Ed by a choice M from

Hhe set of 2 unit n-forms 107,-6} | sa*‘Sf\jmg Lag o7 =4
- Note that (D) NHF 1s the posttvely oriented unit n-vector,

A subspace W is also defermined by a nonzew Q-p)-vedor N,

called a normal (hp)—vector for W:

w.’: %X_EV‘ Ozx' r) = X-O( nqu%‘l“‘dﬁ E‘dp‘\fg.udn‘ }
N defermines an orterted subspace W only i <nny=e¥o (n nmmdl))
in which @se one can assume {el=d by rescaling n 4o oblain a unid normal . A ‘basis |

$8Tor W istnen posttively ortered If  €ipan = C)Fn#
T this case one can normaltze Y and & sudhthal YA N= (-Dﬁ%‘g T# and NSO =

N = op)! 80

le?“..‘ mn



Cizzy  + onented

Y= €as ¥ mner‘(men*qﬁOB Jfo\" =3

N= €4 concspending ouler-oneniahon
Since CixACy= Ciusy, SInce

= wH

Ar inner oricntation for o Z-P\cme {ry
any dimensien  can be Hnoug\'ﬁ‘ 05: as 4
divecred or oriented loop 1 e 2-plane

 whidn Tells  which direchion o rutate €

o 96*"{'0 €, if {61,623 s Pos\’ﬁvelgj

Oﬂer‘ﬁ‘eo\ basis .

An outer ortertation ‘»i%r‘ ar (n—t)*‘r\aper?lune

W can be given by any vecor Z nof Corrrain ed

ir the plane The o crﬁ-n‘r\éq ”\‘\".mduces for

W 1S such that '@1---‘9 AZ. bé&ng Pos"\“ve'u.ﬁ
ortented in 1mP\\é5 {ﬁ\)m}@?} s o Posﬁ'\ve\\j
ortented basts of W,

U_s_iﬁg orthonormal vectors { <y €2,€35
fhe innec and outer onentatiens of a 2-plane
gre related by the ngH‘ hand rule (p.’lé).

The oﬁ.crﬁeé\ .l.oo.P. .Siv.es .’H\e screw sense,

For a lWne (p=4), one muSJr'SPedE\ﬂ
2 “normals' €z und €3 w it~ he

ﬂglﬂ‘&' L’\wnd m\e ngir\ re\aHna ‘H‘\e
nner omentefion (o o\‘r-ec}r\or_\3 fo the

outer onentofion.

A€,

=

Coizz T o Aented

Y=g + lnnerone«TH\on —ﬁ;r £ 3
Nn=—ge, con‘tS?mding vuter oner\\u{—ion

123A ) = €oj23 )

So ouler anentation is not the future
direced normal here but the pash
directed nomal (_\/ULCKI )



However, he i-form C=~-w°
is Such that OF =€o is the |
Auture ditected  untt normay  (Thatts n\ca..?)) .

_uhereas O = WY is suchthal
gF=—-€, is the ?qs\‘ directed

wotk normal . (yucke?)
Both signs can't work oul unless we change fhe signeture, .

) | butthen we fripie our touble with the spacelie directions.
For +he null exqmp\e on pages 18-719 -
Y= €zAe+ . + onemted

ZF= - o~ + ouker oriertiation

Stnce XAZ = Coizz

O =-(~ since {el,ez,eJ,,—e..S 1s + onented
N=-~€4 postdicccted normal '

TEY=A = -0 Z

G\:\}en. Y, 5, Z ond n for the null case in general, one can
" olways rescale them and 1f necessary change the sign of N
- sudh that the fo“owmg relabons hold :
n: . Y PR
YAZ=@)Fn® | Bl zao=tis — <NE>

Ththe nonnull case when <nn7 = e#0, ‘then

AN = PP aarn = PP an oy 1
S
so Y = €' ¥ 'n sahsfies  YANn= Eh-* 'YC#:

while \ (3*36“‘ﬂb SqﬁSﬁcs ét?@{ n.J G=<h—1?j“ e ranf - 'e“'<mrs7 =1
‘where E‘“L = L-meqp““ "= %J .

gL



YOLUME p~formy ON W

rtroduce the P“'ﬁ’m Q\'”P)VTLW =)MNULLZ inthe g‘w“ case <NnN7=0
YL Inthe nonnull case <NNVEO

Mgl 15 the posthively oriented unit. p-form on W when <mn7#o
and a posifively onented p- form on W when <NnY =0

Let {Qu} be a positively ortented basis of- v qdq‘:ﬁed fo W withy

$ed posthively orlerted.  and assume M= WY le. g=1 n Fhis basts,
One can then assume

M= Clp 5 Z Cpun, 0= W o= wt?

When 6 NY#0 one can }Cmr'ﬁ\erqssumc {e‘ﬁ is an orthonormal basts
with N= Cpiwn, and ore can then write

Ny = ¢'n)e ]

EXERRE . Verify this last shatement
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FINALLY TINTEGRATION OF P-FORMS

So wewve twkem a long defour and now we return 1o the
question of infegrating  p~forms on p-submantfolds, which we w il discuss

~ only locally for open submantfolds of p-submanifolds contataed in g
- single adapted coordinate pateh, : : :

We hove begun this section (weck) by shating that a manifold M
is orientable 1 we cam conhinuously  spectfy an erientation for each of the
tangent spaces |, cquivalent to giving an everywhere nonvanishing n~form.
A submanifold s orfentable if it I1s ortenfable as a manifold.  Our
erthire discussion of a lwear subquce W’ O)C a vector space V- can
be carried over To the fangent space TMg4 ab each Po{\'ﬁ‘ q of @
submamfold N, with the Tangent space | Ng < TMq playing e
wle o the linear SubsPace WV, If dimN=p, each oF
the p-Vechrs and P—ﬁms oE thaf discussion  become P‘ved'or‘
fieio\s and p-~form fields on N,

For examgle | the ortentation of ar orterfable  submanifold of-
an Oflc"ﬁnb\e marﬂfcid can be 5pecif|ed bH an ouler ortentaton exactly
as tn the vechr space case , bult new for each fangent space,

EB ; n_,_a_ For a C\DSEd h\jpcrsu,‘rfacg (P:n—-—\}
d_;_:_ 2 NC M 3 %e ou'\‘warc)\ d\rechoﬁ P‘Cbs O\l%
€2= tsine 3¢

s

an cuter ortentafion for N and induces
an inner arienfzton.

TL N s not closed we have-o choose
— J
a vector f{eld on one side or the other for
an ouler onenratorny. For Blemannian
geomelny , this means a chol(_ecscane
| | of the 2 unit normals,
For example iglq’g and {%)%@g have the canonical onentation for'
a closed Sur&\(e N E3 Again I'l“SJuS‘\‘ the nght hand rule .

-

Suppose £ is a p-form on an n-dimensional manifold M .
Theny 5 can be restricted o a Pnfom o pudlmcnsionq\ mamfo(d

by res‘rr!chn_cj its domain (the arguments It accegﬂ's) to the “angent
space 0 N ot each Poihlr of N Decrote tHus by Blu.
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\£ {X"‘j = {X"'] KQ} are local coordinates gscoctated wihn a  local
chart  (,U) ,te xT= U d | which Is adapted to the
§ubmqu1;\g\ N , Le. XA=0 al ponts o§ N where {XE} are
local cwordinates on N

"'HTEﬁ L _ 5‘|N'E ('gd[mow dxm..ualw? 51‘”{) IN d_)(jfj
Thisis true since  dX*[y =0 , snce  vechrs fangent o N are
Clnf‘)llnilq*‘ed IDj OKXqJ‘ Hs is Jus*_’a Proper'\y a)C duali—\g: if
X=Xl €™y then ()= T¢ () =o0.

Here the restricton of the fmchcm (omﬁ)m) Brp o N
“Means  swaply restricting ifs domain to NI S‘h‘fcﬂ_g spea.\zinq)

we should write  dx 'Y IN but since we are Idenﬁfgmg Hhe

coordinate funchons XY on M with @ord)nate fi«nc'hans on N,
s will be omitted but thUd‘Hg understood,

Suppose C < NNU s an open submqu:o\d Oj: N . Assume that

Nis onentzlde and %3 s a posthueig orierted local coordinate
drarct.  Then defme

chs ng\r\!

as the mlregrul over C of fhe restrchon af B o N, whichis the
mtegral of o p-form on an oriented  P-manifold N | alrady
defined af the beginning of this section of nater

gqg = qu[N = gd gim\a dx"

= 5 61-“?0 d)-\ du!-‘-dL{P.
ifee)

lf {XC‘ Wwas Q*\egqh\rel:j onvented coordinate Sgs\-em 3 s onld have fo
b’QMu[HP{iE‘d bg -4,

Thatis . No metric ever en‘\‘e_rs o the game, So why all '\'\me\ju'n!a

about merncs ,“0\'7\’10\5 and Volume fOl'?’Y)S 7 Because e e ml OS: A
p-form on  p-submanifeld maoy be rewnlfen in terms of a metnt when
availabe so that it resembles the lind of inteayals
used ‘o -H\rot.dins artund .

Mamv{\j

physicists are

15y



Before Hhe metric buls into Hhis business ) lets ]Cirﬁ* inhroduce gnother
way of {ntegrating p-forms fhat  relles on a parametrization of N
rather than an aqu’fed cordinate systemn.

Suppose f M—=N g a diﬁererﬁ'MHe map fm‘m an
M-~dimenstonal man\%\d M info an n~dimensiong) mquo\d N

.Then, 5 Fis q func’r\dﬂ om N, we 99+ a 'jq.mcﬁon 5* F= FO__‘F
on M called the pullback of Floyf  We canalso " oull back"
its dlﬁerenhal from N to M by oleﬁnmg f"‘ dF = d@*F) - d(Faf—)

f {UC} and §£x°5 are postiively orterred coordinates en M ana N
respechvely , then :Easxuzxo(af are funchons on M so

¥t = d ()= d(x7of) = é_(a;_gf) dy¢

e (€ s a p-fom on N and [F= @h-«-dp dx L B p P T Vals
define its Pu[\\bac\Q o M by
6= §6uny {aDOOF R
= Bupwpef 2K A0CE) g 2(XF) gy "'@..-@'ag‘r

33 1 39 "F
Bormpof  A0CiE) . AL D g
\ oy 39“\’
(fxgjil,”f{’ ' - T otherwords Juﬁ Pl“9

inthe +mns—forma\~ior\ and
dt{Ferentate,

Now suppose f: VCRP— C<NEM is a diffeomorphism from an
open subrnaniﬁ:\d \VZ oj: BPf oo an oper submaniﬁgid - O]C an ofentable
p-cimensiona) subenantfold N of an n-dimensional manifold M,

Tf Bisa P—'fE)r‘m on M | Then f—*@ ts a p-form on v P
and we can ‘I‘her-efore integrate i1 . One canm show

[

QSSumm ‘Hﬂajr 3( is an orieﬁj\‘a‘Hoﬁ Prcservma o\iﬂ:ﬁomorph\sm
_ rnmej H’\q‘\' Rj: X 15 « Posﬁ'lvelj orfenfed p—fbm on 'H‘tﬁ\")
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£¥8 Vs a posthively orled‘ed p-form on T CRE Lith the natural
ortentabion. [dﬁ(%:) > O in adapted coorghinatTes ]

Otherwise one must Infreduce o Mminug sign to cuw\Pens"q\-e for the
reversal oF srientation . '

' fis alled 'a""P_'_a_mme%zqhon'af C v As a map \ gors Jcro'm ge
e N mstead o{ fmn N in B° lke a covdinale chart

For escqmp\e] I]C P:i) Vs an interval oF-'rhc real Tine & and

f is a Pammejm‘z,ec\ cuve in M, while Nis Hhe \mdge Of DC)
namély the curve of peints whhoutr-a parametnzation-

$*B = Bof) dx*ef(®) = Bof® d %“%@(ﬁ) ot
(5= Burfl) d0CPO 4t "
Q v a ’

This ts called a line integral, We have assumed that the curve
is eriented by the direcH-on'"o? the -l’nnsen\~+o'\'-\ﬁe 'Pmram-:'\‘n'zcd

L CunNVE |

E>< . Let C be'ﬂ'\e unlt circte at the ong‘in {n ‘Hf\c W\ p\qne '~ E)3
orierted by the counterclockuwse direckion . Let {X79= £xW,=8

et 4% = {ost, st 0§ ana V= (0u)cR,

let B= xdy-ydx +xy dE . Note f¥dz =0

Theﬁ gcg = g:Tr[;COS{: ((_oS’CCU::) -Sl"'){: ("'S tﬂ'b> ] d‘b = Sdmd{ =21 .

Even 'H”\oug\r) f(V\ = d - {(_‘110;03} ) the loss OE a Slhg\e Poih’\‘
doest T af\cec,’r The \vﬁESrzz\ qu emooth  AMferential ft—arm

EX 0 Let d be S2CE3? with the iner orertation 1nduced by the

artward untt normal M. The usual QP\mtrﬁca\ Coord nates ‘i@,d@} are
Posl‘ﬂvei or‘ief\*‘ed with this Oﬂeﬁ\?‘)ﬁm- Lef {X:d§3§xi\ﬂ\?}:

Let *x¥§ = L 5N Ul cos u?y sinu! sinu2 | cosu' §
= (0, ) % (0 o) < R?

let @B = ZdxAdy S f"g: cosu' d(gmu'cosu?) A d(smu‘cesuz)
= ¢os?u' sinu' du'adu®

S



e Sq.g__"f S Jwg = Sbﬁjoﬂr Cos?u' sinl du'du?
v N o
o 3

Note that ¥(V)=S5%— 3 (st 0, cost) Lt € [O'ﬁf_-\}
Cput agdin weve missed only a set of measure zero so

‘Hne irﬁ’egr‘a\ a\OESh‘+ curTe .

Note that this parametrization \s very simple i teemg of

sphen‘cm\ coorzlm‘al\‘es {Ql(p% , Namely {f*e; }C*?} = {Q‘,Mzs.

= 2T (083 \
3

Tn other words we can usually getraway with integrating a p-form

- \Ocai\g using coordinates or g Pa,rume\—wur\-ioﬂ which covers almost

all of what we are \r&csraﬁ‘inﬂ_ ovef H\erEforc avoldin g Hhe
comphication of disaussing how fo do 1t alobaug which 1s quite involued .

Now we rewrtte the Mntegral of a p—form when a metnc
Qs avallabe on our man\fo\o\ M.  Let N be an oriented P—submamfold
of M amd let Y bea p-vedovrficld | ¢ an (r—p)-form and
Z an (h-pr-vechr f‘éld on M such that ar cach pointyof N Hoey
ptck out +he orienfed Tungent space o N within TMg  as described
above 'ﬁﬂ‘ a linear su\ospa(_e Wof a \red‘orspucev

let » be an (ﬂ*Pj*-Vt:d‘D(‘f[e\d on M such Phat on N s
a normal o N ond lef My be the restricton to N of “+he

P-ﬁ)rl“ @'}‘“P)! ML ZE (hu\\ Case) o @—E—-‘-D) \ nLon (nonhu\“ Cqse> .

v

Ty is Hhe volume j‘or*m on N when Nnis a wnut normal 1n the
nonnul) case  which has a ?os':Jr‘l\/E" outer orentation relative o N,

T te Yo lenath ..., aFea, Volume
Tt integral then gwves the measure of N reloftve a ( p\g}l e ol Pzn)

I 8 s a P—for\’*\ on M we can qu—\-m he metmc

N Two STEPS o adhteve a more  complicated but- geometric expression

-@r‘ +the ﬁf\'l-cQ'r'al O\-S: 3
F\rs*“) we tum the page,

9B



Nesd‘, as an TXERCIEE  we con dertve the for—mu\m

10 5 )T noLEey

Just applicarion of a\eﬁmﬁmsj
PP

GOl
Already welve sugeeded in making an enormeusly comp\\ca‘rcd ]%m\u
Nexr - o o
n=s -
@ BT LD MLE] €0 "F Lg%y
' <MZE7Z  oplin o <MEY W
onnull - S
&) T ) (EYay un |
Case T

)M<6‘@# >J Ny

<Piny -} "N nomal <N

Note fiest that if we set o =
| fllows from formula 0) and

(—-L“— ‘T\L.E )‘H‘.en Z = Q‘DD‘E_OE%

b‘j CZ) ) 0% {N rcduces v T\L-—Z'!N

' Y
sothey are at least consishent; 6-p!
By infroducing Hhe p-vechor fidd: X= («-Q G;g}#
Tminy
we can fir_m\\ﬂ write
(g= <z 07, My
N ] L
normal Volume
compouen'}- element
For p=n-1 Thiss
. o — Rl i — 1 ) 1
SNB- SNﬁng T = SNK 4, 51 d4s

Bosfinl
where dggEnSﬂN‘ﬁjg% Tl'ﬁBz 8n O lz )'N

Mg gn )1,

This has cost me o weele.

il

Vou will not fu‘na\ s disaussion In any book
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gx  N-= sphere of radius To in Exz  jusual orientaHon
_l?of"f“md_""‘z_qj“_‘mh by sp‘\enc&\ Coords (or -evatua’rnén in ddapled coords)

xl= rosnbcose e l = T (cose tosq a0— sin8 sing Aq>
BERCET sinB sing de\N = r, {50 sing db +sid COSLPO\Q)
| ¥3= 1, cosB oh@\u = (o (sm 6&8)
(dXﬁ1 dx® dx®) |, = (58 cos@, 5100 sing, @58 1ulsin 0 dbAdy
(ninyn3 as

omttted step
Indegrute the 2- form 6 = £,5 dx 2+ g3\ AxE 4 @no&\x”‘; E dx®+ B, HE dy'?

S 8 = S ( E\d){23+ Ez d)(gl T Eg X ‘2>
N

S = EntdS ”SEd—f

Pk Ev= K ne
o

z

gNQ: N o\S" Q&dsmg S sinf 48dg = UTTQ
Exertize  Repeot for B = ¥z dxndy

gi@ N\ - {(XM\%) €R3 l Zz— &2-\-9?) = O-% Pam\)oio\ o? WVO‘U.HOY')
N= () em | 0£2<4 §
| Tiboduce  coordinares  LXHX%3

M
) et
(XX DGan?) = (v, f(h°°szse“qe:c on;’:&d}
' ' C+3 coordS -
ouh»c:jl [Fvatuate g de}jf\d%’
no N 1\
QLueshion
which normal nduces
Hhis onentation 7
“\e\p{u« \mnjr ASE Hre Pammﬁn'z,qhaﬂ (ﬂ.ng presenyes Hre
X'= pws§ e (0,1 onentation )
Y*= 0 sn® b < (o2
iatess
Show thay = g—zwzy %—Qg@ = @f)ﬁ; where &': 2 &%)

1S the  inward normal.

What ig dS  for Pris case. ( 'in‘remsog p-,q))
g0



Ou+o£ Hme

Next we will do some  more 'axamplesJ and prsse discuss
Shokets theorem  and hew o cewrtke  1F 1 dems of the metnc

and then maybe some examples (ke the integral ]Cp__mulqﬂoq
| of the Maxwell equations

Then we wlll Ao CO\faﬂa'\‘}’ dl&(eh?v'r\"{Q'}"IOr)
geamehv) evu c,\e,\\ﬂ

._S\‘wkenlrs come s2€ me  Monday —~ Wednesday , Malee

an aPPom’nm@n)r (f necessary o find me , 1f you wish to
have the edw explanaiion you Pmba\w need.

Pseudo Biemannian



