(@) EXAMPLES OF DIFFERENT/ABLE MAN|FOLDS
s R"is ﬁ'self a dlﬁ(erehhab\e manifold with U= En) ci)*—-— id (1dentity maP)

xi= Uold are global coordinates on R”

simtlarly any apen set UcRMisq dlfﬁeranaHeJ mantfold on which the usual
coordinates gre global.

ather fami\lar local coordinates on R3 are

® spherical wordinates,  Set U = "R3- z-axs — X2 hth{ﬂahe (x>0o) "

¢ (ny2) = (i), Oy, @(x912))
FxyR) = \ X2y 22 ¢ (0,00)

P(w&)

Y
Oy F) = COS-(—Z- ) € (O,'ﬂ')
\]ﬂa‘g’*ﬁ%l
M=r3 X ¥ P(xy3) : tng=L @< (9 2TT)

$(U)= (@) x (0,1) X (0,21)
onU, q) fS a |-1 comhnuous

map., In‘l%ojr Cf? isa d!{:{;.’rer\hque
funchion oF the artesian coovddinates
o RN

So tf we toke V 1o be any open

sef confmining the positive ¥-Z
plane, then  TUV =R"

ard we get a  coordinate cvering of k" by Jmlemg { (U,d) , v, id)} i
Then theabove cquotions define a coordinate transformation on UAV.
(Wewuld foke V=R" for ermP\e) | t
Note +hat the sual sphercal coordinates de not cover R%  When we solve
anlace's equation (n spherical coodinates by separation of variables , we get
soutions which are regular on ¢>CU) , but then we Pich out the solutions
which are regulac on g3 by rememberin9 the dbove coordimate hnsfemajnon
near the " coordinate singu\quhes" O]C spherlca\ coordinates periodicihy In & ) _
regularthy in ) |
Expressing (g2 ferms of (r010) gives

X = sinG cosg Fluwuyud = U'sinucosu®
ys< rsng sng E—'Z(q‘g:iu;); U SR SInY3
2 = rase 3 (ulut 43) = u'cosu?
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L Cg”hdrica\ coordingtes . Same U asabove

g ug - \ﬁ Uz “CP ' p(xi‘ﬁ}?):\r—i—r—ya

(XYZ)
z
= ¢ L G g
Y
| non E(X[U,'—Z) = Z
x a
i [read
trca
(i)(xt‘h?) = CP(XM’Q)) ¢(\"r\f)?'>) 2“()(“&2)) Coy:ruslngnza
same commerﬁs as above |
r ar so imple .
Le+s ‘OOb some SlmP‘ roases . glohu\ COOTdiﬂa+‘e:
a M, = R with global chart (U,$1) = (R,id) x(£)=ulb) =t

Mo= R with 3l0bal chart- Cu,d’z) R Uu=R , (i]za:) —"'-"‘t3 = 3?(\(3)

expressing Y@ and XO 0 derms of eadh other
YO = (X0 = $(Gile) = F(x) Flu)=u3
W@~ G®) 5= b (6'®) = F(b) Frwy=u 3
But F'isnot a differenfiable ﬁmc\rion ,s0 My and M, gre different

differednable manifolds. [ Differenhable funchions of X are not differenhiable
fancions of ¥ : Myand Mz are the same sets but with different differentiable

ﬁmd‘(‘ms-] [53 o\zﬁnl‘hon) G ‘ﬁmc’ﬁomﬁ:n a mantfold is diﬁ;erenjﬁczbie lf
s a differentiable fuanchion of the local coordinates on aach chart or pateh
ie. if Fo¢“‘ {s differenhicble on <b(’U')CiZ”.]

A map i M—> N from one manifold (dim M=m) no another (dlm‘N:'D
is dtﬁ‘?!‘en%a\o\e (35 its ex?ress{on (") Ferms of [ocal coordinates on Mand N

is diﬁﬁ“”\'\&b\e on each local Pq-k—ch: ‘ )
CéZO\'PO(b: J Rm""[a

So we know when this

is o\iﬁerenhable_.
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A -l map WiIMSN with ivese W IS called a diffeomorphism
if bath Yand W' are differentiable . M and N are called diffeormorphit.

m  Relurmning 1o our example | Miand My are different differentiable
montfolds  but 'Hﬂexj are olif:Fcomorphfc s ler W MM, be deﬁneo\

by W)= tY3.  Then

d?z (\P C@,"C‘H) = d’z(‘pﬁ?}) = @CQ‘) > = t ie d}zo\ll °<b.“’:Id
wh!ch s h’lviauuj drﬁeren-}-lqb\e ) and -

b (V) = JLEB) = £ so debed=id | dibo, so
Yisa ol'lffcomor?‘msm_ In terms oF local coordinates :

Y (YE) = t = X&) Trrs diffeomorphis m 1dentitics
:C(\p"(t)):: L3=Y %) points with ’rjr:g same coordinates
0 .)—(-=X W -

In factall  L-dimensiond  manifolds are diffeomorphic 4o etther the real ine
(R with s natural manifold structure)  oc the cirde :

19 2| 2y
» A = (& e R xy*=3
/ >\P(“‘@ Set U = S*~ {0}
18 > ¥ G(Xuﬂ = rudian measure qngle

- \(l.b) measured counterclockwise ﬁom
X—ats € (0,2m)
We need 2 sudh local Pa‘\‘ahes to cover S, the

second  could be | U; = S'-+ (O,d.)} whh O, Measured
from the  y-aws, )
The oo local patthes fogether define +he'usual  differerftable shructure on S

(suchﬂnaJr -res’rhbﬁng differentiable fundhions on R? f S¢ giwes differentiable
fundions on the manifold St ; Stis said b be a submanifold of R?)

other usefu\ coordinares on St

B by U_;—‘ {(xmesifgm} U_= {(X‘\ﬂeS’l9<o}
J, X (qu) = x € (-1, 1) ¥-Fy)= x e (-,1)
T but UtV U = St- {(10),(0,0)5.
Infﬂd’ we need 2 more Pahhes (X>O } )‘Qo)
o cwover S' with these leinds of coordinates
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- Pl‘ojechve coordingtes U= s2— {(O)“‘D}

\ﬂ ) ome
9 {+Y
(xy) This maps every point ekeept The south pole
7 % ot R | but &"S +hat Em3\c Pom{— wlf?ic\n
L/ makes Si di{:Feren‘}' ]CH?M R
We need 2 sudn Pa%\ncs o ver ST , another
mech ijeo\'ina from the north ?o\e 4o the line
Yy=—1.
w The Z-forus: T2 =5'xS! Cas a sibmanbld of R?)

Z revolve The arde nthe 2 ?\an-e
centered ar  ( 472,0,0)  avound
the Z-aws, Call thts T2

D

(B’ 6%): T2 (oM xQpm) eF
arethe local womds defined nthe
diagram | The corresponding

coordinale domay U=

qs T4~ {ou'rer Circumférence N X p\ancﬁ — {Cft‘t\e g\est:nbed .

abowve

hqlf oF donut

not drawn

i,

global
a shll more dsords on Mg = toal line

cisgec) = tanht€ (-1)1)
dy ()= a sin'fanht) € mm)

Notice that d)’-i Maps the real line ontothe
Cﬂlc\e ] schdlng +he Foin+s at vo _‘l’o "H\Q‘SQme
point @=xT o_f St (Nci’dlﬁgo{s_ Sihce ‘b}

and Qu cantbe inverted | one Po{rﬂ—og s! das no .ihuma

_ !ﬂ w ngH O]Cq ﬁﬁcHOH on Qn n Em—t .
—] ) ~
P

/Rn Le'}- CP(MIM uml) = CU\,...)UQ) and U:“Qn" (u?\ﬂ;o)
Xb(ubu-,unﬂ = , 84 N4y

Thigis a gbbq\ (_odnh‘nq{—e Pq{b‘ﬂ. (‘f‘ mus{' be O\lﬂzﬁcnhab@

s Leb V beany vechr Space with basis {€i} and dual bass {wij .
Then TU=V and (fPCXj = (LWX),..., (.J“(X)) cR" gies a S[O’Da\
cnark with 9loba\ Coordinates XV=ylo = Wi Mq\?ing \VJ
a differentiable mantfold . |
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So W%‘ﬂ" we have an idea what manl{:olds are and how to map Hhem
onto Rn) how do we do differential geometry on Hrem 7 Al we haveto
do 15 define fhe fangentand cotangent spaces.

Let F(M} be the space of real valued dlﬂérenﬁab\e -)de'ions on M\,
6\'\/eﬁ f € 5‘((”\) , 'ﬁ)reo.c\q loca\ Pajrc\ﬂ (U, CP-) we 96+‘ Q ﬁmd’ion
F=%fod™ on &(U) <R” by "expressar;g £ 1n ferms of +he local
coordinates " : £ = FE) = F (), X))

I_)C C:RPM 154 Farqmei‘nzed curve in M (leFereﬂjﬁaue) now thatwe
kmwha+1ha+ N\eqng) )‘Hwen (boc s a Pamme‘\ﬂzcal curve in zn

and e can define  the tangent o © o CH)  achng on £
fobe equal fo  thefangent Yo e ot (&) aching on F

€. express C and 36 in Yerms of [ocal coordinates

and, Jus{-Pre‘rcnd weire on B, .
denvahveof

LC /C{:) j: = Cq"’(l)/(t) = = ad% F(d)CCGﬂ)) \ F aleng doc '

at b)) "

""" TN bec 'tV

&p
=g (c(e))

rZ"

The dervahive OJC fu\ong c aF ) quuals the denvative of F= \f“‘b—l
a[ons Cw# at 4>CCU=)) wn R

what about  coordinate derivatives

Define 2 l f = Q‘l F ie. "express f as a funchon of
| X" u ~3
P CMP) the wordingtes X' gnd d\FFerer\Ha{—e
with respect-to x¢ "
Then using the chain mle in the above equation : ‘
F oo d@eo)® _cl] £
0% cry

- aC ‘ {'.) a._F. —_ G' 2 Cé 2
clirf= 469 Qu) CCOPEICTNE Biﬂlq;(cca) o

<= Aot 9
c't6) SaE - Wil

0 _)Eif,t) n
S
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EYAMPLE <%= { (YD) e R3] xTy2zt= g}

S Y 2) = (ny) € R?
Us = y,2) €521 =y >0}

Note e DU_= St— equocjfbf‘ <o elther need 2 more
local patthes of any Rind {o cwver the equator  or a Yohal of-
G of these Pro;]coHve coordinate Fq-\mhc,s (based on the G

hemis‘)’neres assoclated 1n patrs with the cordinate axes
Lets work on Ut X'towE) = %, x(xy,») =Y

ek F0ay2)= ¥y'~20 | On Uy e
gy = XY= (-x%9) = 2034 —1 = F(X‘(Kgﬂ,xz(xye))
Flutud) = afu)z+bds-1],
et cled= (£, 0,V1t2) for te,). Goow= &0

k) X&) = uqu)CC.(ﬁ)]): t W just +ransiation along
) Xﬂ_(cajn= u?_(d)(cﬁkﬂ): 0 %' coordinare axis on S% "
[ - - Y (), D) = (4,0)"
——— X = 46 c 2
~> R = Qo) I _ 2
®00 ) Ox ey

2 _ D
C,(-e)fﬁ 0X‘1C£) - OU‘ F(UM)

| Note thal this 1 net the same as

= 4t = Ux3(cW)

_ I
b e - Hu {¢cccm

0 _ _'Q_ Tepto2l)
2 £= & G &Y = 2%
(+, 0 (£.0,{T%)
- even -H“’OU'QH | Xl____x non x-p__y "

In +€rmSO]C the chain rule :
Q) = : 020y /oF
-g);( £ (Y, 200w) %9 (o 209) + 9E0Y (ﬁ) (x93, 200)

2= 1€ Qe . X 2
7 X 2(x1) JX
Oxl X Z 0Z p) ] T 292
) Ox*-
Notice that the '\‘hngm% vechor *)Ri whitch hagy
Euclidean nore 9( ) W) = 47T 5— is runaing into touble qu'Hrme

end. of the cortl tnate Pq""c,‘q (2—-)0) This 1s q * coovainale smgu.iqu-[-y
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THIS example is a good example ofﬁ‘nc need o consider submanifolds.
Consider a subspace N of M whichis a ~dimensional manifeld.
Then N is a submqnifo of M i one can find a set of focal
coordinate dnarts {Uadu§ of M (not necessartly all of M)  such that
N < gUd and UL(Cpae(Umn‘\D) =0, U= RA,.,0

i.e. the infersechon of each coordinate Pqi-c\q with N is deseribed
bg*’ne vqnishiﬁg of the last (orany] R oordinates :

XY, (p] = , (=Rt p€ NNUe .
Such cocwdlna*es are called adagted coerdingtes . TThe restrictons
of Xt fo UsON  are local coordinates on the submanifold,

EX yp Consider the graph N of the function
\ Y=t F60= on the %=y plane (R?).
é Let: U=N ¢((x,1x\) = X%.
Thisis a 910.\>a\ coordina'\'e chart mqkihg

nto o mantfold  but 1+ 15 dlearly mota submanifeld of R®
since 15 not differentiable at +he origin, so no adapred
coordinates exist ﬁr‘ a netghborhood of that Poin+.

EX For S%c ?3 SPhE"’"‘CG coordindgres  are nearly adapted coordinates,
ey Xx'=8, =g, x3= -1 These are adapred wordinates on RE2

which nduce local wordinates {8, @Y on' S%— isem\c!rc\e from north o south
pole through (1,0,0)
Ancther ser of spherical coordinates based on the yaxts say, with Hhe

ogle @ wmeasured ﬁom‘H‘\e negative X-axis , would lead to a covering
~of S® by Hwo adapted local cordinate patches .

With fhis definition the fangent space Yo a partrofa submanifold may
be idenfified with an obvicus subspace of the full tangent space.

In parficdlar for submanifolds of R" where the full fangent space may
be \den{-\fled with R \'ke\f the fangent space to a  R-dimensional submamfu\o\
N be Visudlized as a kanchmmgmna\ plane tangent +o the submanifold

24

== -0 Y%= rsinBesy
; 8(p)=% Y= F G0 s
P‘}: ({’0 " 2= Twsd

SN "o et spaut
'0(!\‘ Starp
o< 30 (st mstndost)

I %é‘;, 'y %@\“z (__ T;Si")eosm(g1 r;gtiCos%\O)

58 o=l




Getting back Jo our discussion of tangentand cotangent spaces an a mantfo
M any famgent vector at pe M can be expressed as q (Inear

combinalion of the coordinate dertvalives uwhich are a  basts of +he
Tangent space

X=X ax‘l‘,
where X '€ R are constants,

The diﬁer'cn‘\'\o.\ O'EO\ ]cunc‘donf on M ot P i< o\efincd as before
| 5‘ b ()= :KE X GTW\? .

_ ), ; p) 3 3,

Wl (Fd) = &al¥ - &0 - &
0 %\dXE\P‘ﬁ is the basts dual to {B/bxi\,,%:

= (D)
They are a basts of M,
We can ntroduce an arbitrany

€ TMF = %ehngcn%-s?:ace‘bf\l\a-\—}g

the co)(’angen} éche = M a’\"P

fm me and  dual fmme on M exactly asan K
but the existence O'Eq 910\9:& ]errnc 5 not guqmn\'eeo\ (F?:rex‘ample gt
has no  everywhere nonuams\'ﬂng veckor jie\o\ )

A vector j:i'e\d X on M is a tangent vecdror valued f\mchoq on M
I each {ocol coomdinate patch (Ud) it has the expression

L=X" %xi where  X* are smooth functons on T (the components
{ ogx with rcs\)cd"\b The locd wordinatres {x3 7

Constder the over\ap of such a local chart with another (U)CP) x‘=u °¢
Thenon WU we have a coordingte 'l'ransﬁamqﬁon

We can  express

eachof the wordingres as functions of the others:
X = PO X where Fi=ufodod™ gre funchions on  &(UNT) < R?
XC — F-’\L f‘) . h) i F“i': ut‘o¢ oa—‘ (I v 1

“ LU

Nofe F = o Cb is qd‘f‘(fomo'?h‘cm of CF(umﬂ ento
S(UAD) withinverse F7'= o od™

! a coordinate 'l'mnsfoma‘\-lm
is a fransformation on R” not M.
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Trtroduce the matrix of the "h‘anSfDrma'\‘lon between the wo coordinate
frumes on UNU

d% ' (%s) = ‘a“z (5F)e 4" = % s S S

o {X3
dX; C}%‘c\) = 9)(‘ (aJ F-l) d) ! = % dite with X and X" In%rchanjco\
h _ VRN A - _3_, dual hnsﬁrmqﬁon
en %iz dw(ax-l)&s 3 % wie 3T a0
| ’ a_ a I"' J
axu dx Qx) xS % dx ' = %J ax

fs a +\"qnsform¢h0n of ‘e basts o}C‘H\e 'fangerﬁ’ space ar eadn ?oer
}C Ual so the om ponersts of all tessors over this vechor space
fmnsform accordinglg aJr each Pom‘l’ ;

For example F X= < ai* X' %- on UQU

TERE=YE | X @)= 5T
~I-forms transform by the nverse o{' fhis fransformation

[Najf‘e (% J) and (% J) are Inverse onaim Cesj

Now That welve got the 'i‘angea'\Jr and: cotangent spaces , we can irtroduce

(P) -tengors  and ch'nsorjc_aelds and di{{erf’r?ﬁa\ forms on M in an obvious way,
( define dxi e = dx A dx'e )
Under a coordinate fransformation, the wordinate components undego
The dbvious fransformation law involuing the Jacbtan maltix, We can
“also consider noncordingte frames and ‘h’ansﬁmﬁ\ons between them,
justas we did on R". .
Forexample | the coordinate basts OJC A" (T¥MPJ { n-forms “"+P}
fransforms by the deferminant of  the JTacebtan matriv -
= det (% 5) = Jacbian of ‘hmnsfommﬁon Trom 70 X3

-

‘%*z det (¥'5) ="' = e e Tebd

B g i I b _
; h h, 3 h Fie 3n
;;ll axtn S\Jl n dx " = j de‘l—@ Jl'":)m AX ) = %dximn

GO



™e Compmer\‘\‘s ofcm n- ﬁJn‘Y\

L= A Livin X Ly 7= 'F[TTi“"‘“ axietn ST e
Then undergo +he following ‘h’unsfoma‘\'ioq on  UNU ¢

e -1
Livta = Liv-in

S\APPDSe we define a "sclar densily’ £ on U ondt Ton U
(orin the domain of-any Noncoordiinate f"ame)- as the 4.n
componeni‘ of L inthe assoctated basts of _A_“(T*_‘M@ at each
p Inthe appre priate  domatn

ii—‘ L[n.h n U ) f'—:— t],u-r) ™ U ; et
Then z: %ﬂll is the rf:ul‘\'ing mnsfomqhor) law on UNU .

Ths scalar deoss*rg is an o\q’)c'd' on M which on\\j has me’amr\g with
res?ed-Jro a qu—chlar local —ﬁnmg (Coorclmajm or noncoom{ma-l'e)
and has no invariant meaning ltke o 'i"ev)sOrffeld.

But 1t ts quite useﬁxl,

SMPPOS—Q V< Uf\-U . Then we an I"ﬂ%m'}'e L onV
by moﬂzmg the de{:inﬂ‘ion

S L= \Ld"™" = Lod" dut-du”
v SV' ém ’

where the \h+e9ru\ on the ﬁsh‘\‘ 's just an ordinary .'“+€9mk Of

the funchon,  Lod on g subsetof R”  Thisdefinttion s coordtnate
independent due tothe formula:

hedu” = > 5D dutdu”
SF(A} 5 dutdu ‘ &‘\ $oF q\e’r(& F2) du'-du

for O\Iﬂcomorphlgm F: A F(A) on R"
™en sethng  F= $247 and A = (W), we get

Zara (Lo diedu® = Lo der (9iF?) duldu”
Sv | .ga(v) , gq)(V) t%;'ocb_\
e 4 —

_ fvi Xt 5 od!
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For example \f L is g Lagrangian denstty of a field on
Minkowgk! quceln‘me expressed In standard cackestany (Minerhal ") coordinabes
then  the action T is really the riegral of the cogresponding
L;‘"]cﬁm L whick ts mo\ependerﬁ hcﬂ‘onij of' +he cholce of Inertal
wordinales  ( Loventz invariance) butofthe choice of coordinates Fer‘ff:ol,

Tf we want o mkﬁnﬂ-e over an speo set V' < M which
cannot be covered with a Smgle wodioale ?ahh , Then we
have 10 play games mteguting over overlapping qurclne_g and
geﬂ‘ing ndof‘ﬂ\e unwanked contnbutions f‘om aver(hps
(parithons of untly)

WHPtT CAN WE DO NEXT? WE‘\JE G\lreadg Polfsheo\ 0{:( a”'*'he a\gebm

we need 10 do with fensors | Whatts left is differentiation . We lenow
how To differenitate funcHons | but what-about tensor ﬁe[ols and dl'f{‘rﬂ’\th
forms ?

In fact there are 3 Rinds of denvatives which ger\erahl;e Fhe diﬁfr-mhqlo{ a
funchon '

(1) exterior dt\cgereﬁh'ahon of forms — Stoke’ and Gausg's Thm s — [ glff;r:m_?%g;;i{;m

(2) covartant derivatives - @Seqdéﬁiemamlan geomety nonretalutshic mechantcs
spem‘ﬂ rclathy
ﬁenefa\ rClﬂl’HvH'j

() Lie derivatives = d"ﬁfomorphism) Lte Growps — SYmmETRIES
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