(5) DIFFERENTIAL GEOMETRY ON R” USING CARTESIAN COORDINATES
Rn: Bxo xR = {_E: (e, | rielZ} By = A0 D

rmtimes

standard cartesian coordinates on R™: {Xl} N "eaé}.’f"l“ed 'F"”CHMS
on

| XL(J:') - Xc'(r—l)”wrn): r‘t: | .
To aveld confuslor lofer we will use the symbol U instead of X"

when conventent. ,
Note : Recuihng B” 1s q real vector space with shandard basts

{ez} and dual basis {w"} , Then (rla, T = rieg
and i @i, ) = X(Ty ™) e XP=wS

A Parqme'l-rizecj\ cwrve in R s Simp\g a mop C: R—R" fmm the
rea) line R Into R7: teRkR — c@)= Cc‘(t),,..,c“(-t)) e Rg"

where Ci(’c} = X“. {CC’L‘D or CL“-’ xtoC are the Ct:mPonenJr

functtons. LIn physics we usually just write " X", ]
i we 'l-hmlzof t as the fime, a quume’rr(zcd eurve is
Just the trojectory ofa Par\-lc\e movihg i Qnexprqssed
as a function of time.
The componeﬂ’rs o{: the “fongent vector * fo ¢ ot clt) are just the

derivatives o]c the componer‘r\‘ —ﬁmch‘ ong:
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Since R7 isa vector space , we can think ofeach Poxiﬂ‘ as an arrouw
from the origin to the Potrﬂ'. Vector addition is acwmplished by
tronslorting the end of one arrow o the tip of another ; Thetr vector
sum 15 the vector whose tip coinctdes with the Hp of the second vector,

V2~ Vi SublracHon s similar.

; Vi




So c(tm)- c(t) can be pictured as +Hhe vechor with end ot ¢(b) and
fip ab c(t+h).  The “tungent vecr" (s just

Q{ = lim ) —c®)
a he " L de
bu*r‘thmgH-Of as a vector having its endpoint a ) (cll thus Ry

The"l‘anqerﬁ* space "ot a Poirﬂ- pe R" is the collection o]Caﬂ suchk

"tungent veclors " to curves fhrough p ) “thought of as vectors with ends

at P [In other words we constder o vector space at each Pofn‘{‘ of gr
whose elements consist of difference vechrs between other
pouts of R"™ and P ijrself‘

TFis alse an o-dimensional vector space with basis consisting
oE'H’se vectors {“eLIP‘ } S nqmeig €: -unsliated to the Pm;‘ﬁ" P:
" O‘C(ﬂ " _ dCi(f) e "
yis 0 Cilg

. o« v/ hde® M dC'®
Le+ iC\)tIP} be‘l‘He o\ua‘ bGS‘S: w(L‘(ﬂ -a:E_ >_ d't *

“'CoélP“ picks out the tth comPonen'\“ Of “‘l’angeni‘ vectors* at- p.

. Note that reparameﬁ"ﬂz{ng a Pammeﬁxze& caurve leads to g diﬁérm‘\" Eamme’m-zcd
qurve (although both r‘eprcsen'l’ the same _curve in R”)  and « new fungert
vechor ¥ wHh the same directon but q different magniude:

t=$E) T=cof  EE)= (FE)
d o) =  dfd Ac\(5K)
4 c(®) o é_@ §
OH‘}Ul"gerﬁ(‘ o CHEE)
proporfionalty facter

dnthe particle onalogy , if the particle “races out the same Trajectory
but as a differert function of the Hime,  has a different speed.

I‘f X is an tlemerf{'oF 'i"f‘)e '!ﬂhgm+qucc at P we can write
X= Xel , T=W,
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E every space we dealt with were a vector space | there would be ne need to go
farther (all we have used ts the qffﬁne structure of R™ , that diﬁerences of
poirts in K™ may be wterpreted as vechrs ),  But cleariy {hisis notthe
cose. So we need to define the Jangent space at a point- of R"
without using the vector space structure of R"
The answer has to do withy directtonal dervatives of functions,

For every space M we dedl with (mosHy reol manmfolds ) we can always
wnsider the (-dim. vecorspace) space of real valued funchons Tm) on M.

Glven a Far—omej}ﬂzeo\ curve c: R—=> M in aspace M, then
for each funchion Fon M | Fec 1s just a ﬁmd‘lon on R
(namely Fecdt) = F(c)) and we can tuke its dertvative ie,

>

the derivative of the function F along the curve ¢ ot the
pOlh{- cl®) or "the direcHonal O\er-lvcr\'iveof F=."

Since we cannot discuss manifolds yet , consider R
F{e)= F(rhe, ") §s he value of F ot C.

-3-59 (f‘,‘..,r“) is the ith Parhul dervative of F at ¢ N\E?EXD

IF c)= ('O, ChEEY) where  CH(E) f—'(u%gf“) )‘ann bg”l'\oe chain rute:
%(Fac(ﬂ) = ;?E)(C&D g%@
| Let AI be fhe firstorder differenttial operutor on R” which assigns Yo

W a function F e value of its i th Par-’n‘ql derivaiive at p:

i -~ [E

Then we can write : d Fo)@) = .,(dci(t _(_j_ =
| e ©00 = (%Y i)

difeC‘Ho"lql derivative
along ¢ . at c(¥)

The vector space of direcHonal derivatives ot o
: ‘ i ]
{X %LT: | Xte R} is clearly (somorphic to the ‘f'ﬂnger\‘}’spar_e\ at- P

o ¢ i

but- does not use the vedor space structure of R" f;r'ﬁs definition,
we will call Hhis space the '}ungerﬁ“ Space 1o R" a P and denate

by TRY




We dencte the fungent vector 1o a parametrized curve < by

= doi o
cite) at Ut o)

Defining e;\? = &%i‘iP , Then {ealrz is a basts of TE?,

called the wordinate basis associated with the cartesian
coordinates U}, Note that foro tangent vector X=de%a\ ,
we can otain s (M Mcoordimate componertt smply by le\-\‘ihg F
X act on the cadtesian coordinate ‘ﬁ:mcHorw ye s

Iu£= XJ C%J\F Ut = Xj aut)ﬁﬂ X_-J 3! -

Not only ‘H‘\ajr a tangent veclor X is mo\ependen-'r af the cartesian
wordinates used 4o deﬁnc (+.

Suppose ey= ;A ts a new basis of R™ | +hen w'= Ai_;w:’
so ut'=Abuw (ui—w‘ and UH=WY by deﬁ‘nljﬁon) or Ut= Aj',-"fj;u-lf

- MJP JUJ
iy

it @)= uc®) = AU (ee) = A e
50 O\C"I(Q = A‘ ' dCJ(fﬁ and ‘Hf\ereﬁ)re iJC p= clts) =

The chain rule Says

du‘

v
dctrt) 2 AU gk, D) L dOR) £
At ( ) ou* [P _E A Ju® lp B d{( &u \F .
Mo ‘ A et
Ii’ Xj

Nete X:Cg f"sij X7 15 the Hransformation law for the .
carfesian coordinate components of the +ongent vector X atp.

Since TR"P '!sqv'ec’rorspace we may Take a basis of any N |Mnearly (ndq}endeni'

@[s is an indcpendm‘l' chan‘ge

fangent vectors - e _@_.
e L,‘ - e i (?) bas'fs at each Pouﬂ’ F

Auut (P) “ . .
If Xisa 'i'ﬂngen+ vector at P then X= A‘Lj (P) X7 are The

new ﬂoncoordlnq'lre compon erts
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Ifwe io\erﬂ‘!f\j e "'then+ space with  dicectonal derwq‘\‘i\;es)

what is its dudl space ¥ By definttion this space 1s the space of redl
lincar ‘ﬁ)rms on 'TRFI; . .

Call 1t the Cojrar)gen\" space : @—Q ?) i
ITf o isa \'-f'urwgen%' covector (or corangent vector fuke youe prek ) (oreven
i~ a
I-form ot ) then G(X) e R f X e TRY,

Differential of a funchon For each function § on R”
then the map X € 'TRHP — _'X_'j: e R (the direchonal derivative ot p
of f ng) is In fact a linear “fbm on the tangent s pace at p

aT+bY — @X+b)f = a (&) +b (IF),
Dencte this  linear form by dfl? ; “the differential OJC f at p :

dfl, (X) = Xf for X € TR,

Bg_deﬁhiﬁon the basis {COLIPE dual to {eiiPE d’%l—‘!rz Ptclas out the
: (th coordinate component X of the fangent vector X 5 but

u'l, (@) = Xu' = X",
le. the differenttals of the cartesian coordinate ﬁmd—ions abp  form
the basis dual o the basts of crtesian coordinate dertvatives at P :

w], = dué[ equl\/ale\"r\-lj: 5 ' ; I-]
lP P (_— dqu(mjp_— Jg—iju': o]
Expmssing c[flp inthis basis glves:
- - 3 = y 2.
dfly (D= Xf < T°ff - duile(® §il S
_ [of ( The partial denvatives of £
or dfﬂp @U;’) (P) du ‘F * (QFE‘H'IQ coordinate cumPonm'\"S

d
A general i-format p s oxpressed ‘OP § )
{r-)'l"r;e same Wway g = O (P) du”IP , GL(P) = G(%JF N
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df) the funchion on R" whese value ot P s the element dJEIF O]C the
Cdl'ﬂngeh‘\‘ space a+ P is ca“ed a dl]CFeren'Hal _‘L-{:Orm on gn S name&B
q d-form field on R” | or a fangert covector valued funchon on

R™ which smoothly picks oul an element of the cltangent space at- all
ponts of R". |

A vecjror]c_ie_lgl X on R” is g ‘{'ungenjr veckor  valued ﬁl.nchoh on E“)

thatis & smooth cholce of an element of the tangent space ot all points
of R".

A frame on R" is a smooth choice of basis for the fangent spaces
mRn) .e. a chelice of r vector f\'elo\j which are llneqﬁg
indepmdeﬂ*‘cﬂ' each point of R

Tts duol frame  consists of the wrresponding n  differenhal d-forms
whtc\ﬁ ‘f’orﬁ\ ‘|Jﬂe bGSIS dua\ "'D‘H'\(S detS Cd‘ eacHPonﬁ'\' O]C Rn-

The vector fie\ds {%ﬁ;} form a coordinate frame
with dual frame {dxi}.

T¥ e = GJ;'_ aa—fjj form a ]Cmme ( de&‘(e“;63750>
whHh  dual frame wi'= w';dud - then by duality :
6‘5 = (,Ji’(ej.«) = w'rdu® (e j%,e): Ncﬁeij duk(ﬂ%z) -
= [, e bg?”a
= W REY , 2
ie the matrices of coordinate c,omponen‘k! of'f‘\"se Jq’nme and
dual frame are inverse mainces ( these matnces transform

the cordinate frqme o the 9encm\ jﬁame and vice Vequ)_
) i/ o '
Note if X‘—“X‘a%; = Xey , then X fuw'J‘XJ)ew\—c,
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et V= TRE, v =({wr})"

We can introduce G{) tensors af each point p of R” as inthe previous
H weekes of linear algebru  whidn dealt with a vechr space V.

Then we can irhroduce flelds of suckh tensers on " or

(EL) tensor fields o~ R". Al the a\gcbrq has a{h:aolg

been done.

AR ((TR?’)*) is the space of ﬁngen{' h—‘ﬁrms at p or
differenttal  R-forms ot p. A field of such forms s called
a differenttal R-form on R™ . Such a form can be expressw'

" a coordinate ‘ﬁnme , .
L e dx Tt = L Fg
F = "E| L iR X AA I~ 1k

or in a noncoordinate ﬁame o
. | PR
F = sz[ F{‘/_“ g/ W' .

R" with the natural toner Prudud* is Euclidean space E" ('H'ue,

natural basts {eilof R s orthonormal ) | (e, as a4 vechr space
the 2-tensor over R” 8= &y wiewd makes R™ mfo

a Euclidean inner Produc}- space.
But there is a natural identification of each tangent space fo gn
with " H‘self . %’ilf’ > e:ecB”
S0 equipping eoch ‘hngen{‘ space with the Euclidean toner Pt'odbu:\‘
ustng this tdentifrcation gives us the Euclidean metnc -
+ensor f_l eld on R": 3 = Si dx'@dx:',
Tholder ntahion one writes Instead the " line element !

ds2= Spdxlddd = @D+ (dx)*® +@D°,

e eSIP X"'e t "}'alﬂged'\/cd’br X idenﬁﬁcd with |
3 2lp orresponding hngcn{—\n:o\-ar” x
3 © P oTe) @) =X = Max b
- € ds?= square of [EGQH‘: of small or "mf:lnﬂ-emmhqf "

) dlsplqcemen+ " o\g com?onerﬁ's e "
qo TS TTI= Su dddxd



We could go on 4o introduce derivatives of: 'ﬁthsorﬁelds on R” and
see how fo integrate differential ‘ﬁarms on R"” | butwe mighi-as well first

introduce  mantfolds,
We handle manifolds by locally mapping them omto Rr}) where

we know whattodo ((or can easily Agure out what to dol,

An n-dimenstonal manifold M is a space which s eve@whcre locally
T+ must be a Topological space so we know what

like R".
opensefs are and can therefore (nhroduce the notion of conttouaus
MopS o R ™ ( or R™ for-any m),

b(m)

Rn
A map 45 :M->R" 15 cnhinucus if i‘l’MaPs nearby Pom’rs of M
iie. for every preighberhood WV of CE(P)

o nearby points of R" ,
there exists a ne:ghbo\r-hood U of p suchthat D(V) 15 contaned 1n VI

ek maps ¢'

In Parhcular we cony constder  ConHnuous
from open sels UM 4o R? . By 4-4 we mean that ¢
eshblishes a untque correspondence between ponts of U
and cb(U) ( Bach pornt 1n the image comes from a unique l:oam-}-mU.)

SuWOSe {Udg Is collecton o{: open sets (codeﬁnj7 of M which cover M S
R g To=M (oreny point of M belongs fo at leagt 4 set Tw ).

Each pair (U; &) 15 called a [ocal coordinate chart (or Pquc\f\)
and i+ enables us to assign  local coordinates to each Pom-{- P

of T
X'(p) = ULCC{’(PD
point in R . ¢(P>
M
standard cartestan K
ComPoneﬂﬁ O]C‘H'“S Qr’ ¢(U)

point
5O



The n fundions X'= Ui“dﬁ on U are called local coordinates on T,

S\AFPOSG (ul@ and CU,@D are 1wo overlappmg coordinate
patches on M (I.e, unu” s norT]'n'WdD.

| @)
UM ¥ o) 7 ¢
-/ By = (x(pY)

$@)= (X))

Each Pom+ P € UnU’ has dwo sets of Coordlncﬁ‘es:
X‘:'-‘- U.c"&P and XU=U£°¢'I
(o = WO X¢(p)= u { 4p)
We then geba map F  from R into iJrselJC by expressing the

.pnmed coordinates of each Poﬁ-ﬁ— = e UaU’ as ﬁmchons of the
unprimed coordinates

xUey=  FLOXMP),..,X0))
This is called o coordinate '{'ransﬁ)rmahon on UNU"

A dt]%rcnﬁa&mqnlﬁld is esserﬂ'!q“B a space M

fogether with o cosrdinate covering {@d, ¢ §  such that the
Coordtﬂa+e ‘f‘mnsﬁamaﬁm r‘esuH‘lng 'ﬁ-om cvery Pqir‘oF 0ver[qpp]nj

cordinate charts (s differentrable ( the funchions F* on
R" are differentiable,

QO\'E we can m+crchanse (U.¢) and (Uf¢!) above sothe >
nverse mustalss be diffeenticble.
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