Summary of Summary (Part 4, Pp 1-9)

summation convertton : repeated upper and lower indices are
summed over gl Possib\c values

V real vecdor space | basis '{ed} , vector X =X %q eV XY= CO“CZ)

VJF- duql VEC'('O\' quce o]c red\—vq\ued Hneqr‘ ﬁ/\hCh onsS onm v /1( COMPM&F’\"('S
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dual basis {C\)d} deﬁned by w“(eg):édg rt basis {1€a?
“4- form“or covector G = O‘a((,od Cu= 0‘(@0&)

LV*j*”V we can tdcnﬁ@ reabvalued [inear mapS on the dual space

with evaluation on vectors :

:X:(Gq = UCZ:) C: O_a(qu i Componerf\" f:or'm)

?
(inear form on V¥

‘;)* “henso.rs over V' are just multiltnear real-valued funchions wrth 'P.
cvector grguments and  q vedor arguments |
T T o eueebe o0 e ¢ TPUW)
 value of fincon T : |
TG}',;--)O'P, X X ) = “I“"““"!>glm&L 0'lew)- P&y wg'(l'l)m(ugq(z@
et e = T o O 0% XX eR

Just labels ofa set ok
avectors and vedors

® —_ -{_en.SOFPCUClUd‘H ]SJQS\‘%Q: ﬂq'h-*m( mu"l"fP“CGth)OJc
 vnear j\:[nchor)s (cwec\ors and vechors !ﬂl‘erprtkd as linear
funchions on "V and V¥ rtspas_{'lvefg >

I\ ComPonen\' ‘Eom

Bl oy
T;%'_) (—r@SBd et 3;"'&55:—]_ Pgi---QcL

dp.h. --D(p-f r
S Bari-~Bass

value ¢E.T on bdsis vedrors and cove dors gives its (.omPoncn'b”
il o = T
T((’o )“'Jw P)egfp“')egq,) - T Pg' Ba

L W

these indices asseclated with these indices associated wrth
the covedor argumerts are called the vedror arguments are called
corravartant covariant
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Confrachon  is just the naturdl evaluation of a single veclor argumcit-
of a fensor on a vecdkor  (or covedbor argument on 4 covedor) or

of +hat qrgumehlr on one of the vec’ror fﬂcbrs assoclared with a
 oveckor qrgumer\‘\‘ (&)
Ny

£
T = TV e eo,‘®~--®edf,®w£®--®w v

o+ olp= Df
T T T by by €@ Dy @ Woou "(ex)
gq

oSl 8w
= ‘T‘dl 7 p ot B gq-lol e.ot|®“'®ed?—| @w.&@@w@-f

or— TLX = TU % 4 640 06,0ws. W WA (D)

= ey gq_lgz €\ @ 8 Eyp owle . .ewb!

G>~+ensors ~ hnear maps from V. into V"
B=B%evow’ 3V — BLX = B%X’ew
(g)-fensors ~ linear mq[)s ‘ﬁorn Y2 m-b vié
= _flye W ®Wwe XeV = QLY =RueXPw* e 7V~
(_25‘)—. tensors ~ linear maps from V¥V
A= Ao eV¥ = ALc = AYCGre, e/

EXAD'\ PLE _ﬂug = "‘_Qeq N de‘l’ (jzu,g) #“O anhsgmmei’né nondeg enerc&e
o ; matriy —» even dimenslon
Let (A ) = CJ?.»@ (v G> Then

Ia'EﬂNBXg O—O{:JZ&BG-Q
lowering and ralsi %h(ho\iccs witih  Mantisymmetmic metric "
sgmp\ec‘ﬁc 'ﬁ)m\ Y Is is m oernf in ami Hontan Ciyham:cs

EXAMPLE 9= gug =0e«, det CQ ag)F0 @mme:l*rc non dcgcnemjre)-
e () =@*) = Q)" hen
..:X:d :9d3XB _ 6'03:(909‘30-

- jowering and rusing Indices witN a symmelnd matnx.
This s lmFor{-qn}r @-er‘tocl 20



Sudh a ()HhSor g gwes an inner Pr‘oduc’r on V and on
all the spaces of (@ tensors !

I.T("' = g(x‘l}/);‘ gﬁxﬂyg
~ o B8 -g‘t.g‘l faes

TS = T g6y Jan Do I 9 "S¥ TN
- le...ur&mg‘t Sﬂhu-olp ﬁ.w-Kq.: T?ﬁ---‘e’? Si1edg SX""\SPJ;---JQ

Nowthat welre raising and lo@eﬁng indices (rdigcnminately |
the orderm of indvitdual covariantand contravamant mdices
(or ar,gumen-\s) becomes mPoH’qn+

T= Ty @ wiw™
= TY%Y e,Qw®ey

C— TugY U)d@()dB@ Cy etc.

CHANGE oF BAS\S
e = €gA% V= A%W’

all covarant indices B all gor\“'\’dt_vaﬂqn'k‘mdlcej
tansform by A Hansfomm by A
T o4 o -181 - S, Vt ¥
T PB;’:- 6{ = A ‘*é‘l A ?5[’ A 6\ A q— : Pg "'5‘(_

( T(wa. . otP eB",,.,,Gg{D = T(-Ad‘x,wﬁ,..., e&,f\_l&&>) )

X AMPLE

g = AZ, gxg_/‘\_ﬁ‘g
_ (gm’) :..QA\—.I>T(9W).. A."l C matrix 'F’”“-
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_ORTHONGRMAL BASES
Fora given metric ) | one can always ﬁr‘m\ bases sudhthat

eo!"e@ = gj(eu,ee) = ’n.NB

= - 1,..,4,-1,..1
N Q’\"(‘) diag C XER ; )

N
P Q S=pq= slgnquure
ooy IS] imporiant

linear 'h’ansfbrr'.'\QHOQS which map  oN pbases oo ON bages
are called Fseudoer’r'hogorm| 'l'mhsfonﬂaﬁons

N=OOMO0" « Mm=0"O0

o¢ Opa) pseude- and quedq(
detO=L > ¢ So(pig) pseudedtthogonal g oups
: E—n = (gn) f-) Euclidean space
usual metric &bw“wa i~ nor'n.\m\ basis Eeofz
O(n,0)= O(n,®) or‘l’hogom\
S(h, 0)= SO(“\ E) specml Or‘\'\'\ogoﬁq\ groups
Mh = (En, ‘YL) Minkow skl SPaceﬁmc (ﬂ—-o\\f\o

signature :‘:[@"D“‘iJ _ dim Lorers
e S

SO(n~1,8)  subgtoup
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EXAMPLE R* 1e,ez2} standard basis

I A W o 2 e,= (1,0)
e.= (00 T=(B X - Teole (& 61
{
el:‘ (‘]0)
A [ 1 X I~ @;ES\aQrT; uvalues —= _—_;\_u <
[ [ ’ .lx{:‘@,ﬁ'“ MZ(K'D
e J by s QY& =\ :XZ
| onstyt " ————— _ -
T ‘ values
| ot
l t Izzﬁong‘- i}
! =
w'en=1 W (B)=X'=0 means X 15 parallel to. constant
N (I:. X'X{ value lines of w' |
NOUJChqr\SQ ‘qu bqs[s . el;: (.’L,O) = e, e= 1/
, . - eZI: (j-‘i): €L+€7_ ez"" 62{—6(/
da of €5= evez | / A
Ce‘)ez-) = (e! )ezl) (O _’Lj &> eq= erA 'H:I
> A
€& Gt Lo\ /w a2 a4 P
(wZ)::(o L)(wz &« w ‘A bw
W= wew? W= wt
mnshnjr ,
values of (7
. C)araﬂeH'o
e/
~ v _:C-{. i) _ /XX -
o OORNATES



— 1 1
(elf, 'ezl) = (E’;,ez) o _’L> e = ebA—‘bq
A

9 = Oab CO“@UO‘D

@i @71 00 - G9)= (i)

or equ quEr‘iHj

g€y = @. 0) )‘-‘-‘ 1 = Gy’
- el € = (110)(1): 1 =072/
ez’e’ @-.L)().:j_ = 947
€€y @'1) ( ) L = e
g = weuw + WO wew '+ awew

QCX;K - wﬂ'z':"'@f)a+ 2]'22/1— 5 292

| e
e - ) (@)

b
Jat! X
L—T 21 norwal mekrix

mu\ﬁpllc«han
matX hmes column
vedror

© rowvedbr
fnes Mﬂh‘lx
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@31 5') P= Sus wof XY= XY

¥ 3
leb X% be +the ?i-fonms W
o) % rsdared o5 arioary funhions on E3,
le  cartesian coodinates
X! -
Compqc\'
Chqrge
dls’m[w\ on

"Dgﬁne Tm”dr _ S 10 Xd““xdr A3y = T(cq---o"r) 'fv[a‘{g
b1y )

.PD\'EHJH'G\ Cb(x} _ Z(x;) A3x’ '
. . _ - Tﬂy\or‘expahdqu{' -.—_:' Tas

fx—~x"]
| W =¥ =0
_ W4+ ol
n= 0 r) l T gdn (_)
[":—_:“' Sea)®X®

§“%duds ( ”"> O (’"7(‘3)
multipdle. moments. can qc\-uql[g subtvacte Fé'l'mce

O tumber of sgmmjrnc +ra v
knsors - Ez ( CQF"’“‘—) Grifavanant

X f\ hge : dnange oF cartesian ordinates
- [ ol H
Toﬁwdr‘ — AWIB L A“'Fg Tgl-—-\Br”
L8 v .
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EXAMPLE _FOR PAGE &
Let {€01}o(=o|\,’2\3 be the relabled stardad basis on BY
with the Lorentz nner Praaluc\- of ComPonen+S
Cx'Cg = Mg , 71=(’71ou3)=' d‘qg (—-.1,1,1,_1)

e, JUIS'\' N\BII wH“r\ a Permu‘l‘ed choice of _baSiS vectors |
X Swd 15 the dual basts

wonzz = w%w‘,«w?\w

deﬁnes the r\q-l-um‘_orien‘)u‘l'iorj OJC M inkowskl Scheﬁme_

3

Lorentz *Tﬂnsg'orma‘hOns with mafrices -
T = diag (-1, 1, 1, l) and = diag (im"i;“i;*—'-)
det T=-1=detP
change the orrentution, These represent +Hme reversal and

N o
a sP_qhq( reﬂtchon about the onigin (] PO"ftlJ) fafy e
Minkowski spacehime also has a nawa! fime onentation , e
mmel9 a choice ofone O][ the 2 disconnected comPonen+5
of the inferior of the light- cone ~as the future past
of 'H1€ onglr\ .
EXAMPLE

On E3 one bas eﬂhﬂﬂdcd and r'lgHH\andcal fraeres- bases.
The righthanded bases are those which are rotated from the

 patucal bagis e leH handed ones undergo a total
\"ef €CHon as WC“

6‘3
e, (intopaped) > | E‘
k /Qﬁﬁ)@ ol i » 2
pap=, 3 <
rtgH"Mhdcd - leftharded. '
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EXAMPLE FOR PAGE I8

O let W=kern = [XeW neX= n(X) =0 §

where n—:—ndw"‘ eV¥ s a covector,
No metric is needed fo define W,

Now let n#F= g Ng€x = D€« be e vedor
abined ‘Dg rasing the index of N,

™
s XV g, )= 3.X"n’=03%

ie. W consists of all vedors orthogonal —to the
vec:br n#' > cclueol o V')ormal ve cior 1o W

o let W= {XGV\ W'X)=0 , a= P'H>“->“} @Qﬂ\ch'C)
= {I@v ‘ 3({,\1_911')\‘2‘):0 X q-’—’P-H,...,n} .(me%'c)

The b-p) vedrs W gre obtained )%m A bﬂ raising
: _-deeir ‘indices (bg-mdex we mean cvadnen‘{' lnb\cx)

are orthogenal t W and called normals 4o W

' Each P—dtﬁnensmnq‘ \lv\ear“ SubsFace is Therefbre '
speclfiab\e bg 9Nln9 @-—p} nm—mq\ VEC\'OTS, ,

SUMMAW 0F SUMMALY  (PAETZ Wlo—te) | |
Thereare only 3 lmPorJran{* ideas infroduced  for antisymmetric Jensors

[ 1 = oniisymmeinzation

A = [® 1 < anhsymmuz(:d fensor Fr__ogluc{-

X : deﬁned [Xe} 'H"Iqlf ¥ T 15 an é—P)—ﬁbm ‘ob’lﬂinc.o‘ ‘F’Dm

a p-fom T sudhthat TAYT = 5 &T) N
7 |

- e rest are jusf o\ehsls. | unit p=fom
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