12 Lie Deﬁvaﬂves and Lie Dragﬁiqq e
Suppose h: M— N Is qa d\ﬁerenjﬁab\e map.

[ocal words; {Xi'} {9«} P

doh differentiable functions of x*
‘j oﬂﬂ:fehe qpme ate <:Qcmvmth‘i\{l

We can define the push forward of tangent vectors from T to ™he
If X eTMp, then h,X ¢ TNh(p) 1s defined by ts achon on

functions on N
nctions o N (h¥K] f = X(foh] smoo%
m m - ﬁlnCﬂDﬂS on N ar\dM
F(N) F(m) (o) |
Lf’d"ng :f:' Bd gives the Componcrﬁ‘ versiorn o G’)X.Zjo( = W(P) X
P} g oh)
oo 5 ox* l ( ( JUSTTHE CHAMN
lzuu:)

IF h s 4-1 (maPs distiact points of M o distnd poifﬁ‘s of— N)

thenwe can push forward a vector field on M to a vecler f\eld on the
tmage h(’m of fhe map : kh*‘XD (h(P)) = h¥(x(9))

i hisnot 4-1 this can
thPen lve. one doesr] have
a unlq}wz "'ﬂngc'ﬂ' vechr at

l’)(Pl) h(Pz)

exercise : show Thot Lie brackets of vedlor fields are
preserved under pushing forward :  hy [x‘\(]-_— [h*jg‘) he Y]

Clearly this can be extended to all confravariant fungent tensors and tensor fields.
(hy ToY = X @ hel | o)

Onthe other hand covartant tensor ﬁe\o\s go the oppesife directon | one can
always Pull back a wvariarnt tensor field on N:. 4o one on N\

. UST PLUG INTHE
(T dy¥on )= h*Tae htdfs~. = Ta.ch afyoh)@-- J’I‘RAN‘EF&KMAﬂON)

«eh)d\(b . de Udcxj i
exercise : By lts definthon WY I= 5°h h¥df = db¥)
theexterior dervadve commutes withy h*‘ for ﬁxnchons and 4"‘ﬁ>
Showthat this is frue in general using the above @ordinate formula;

oh¥=h
132 de h



pushmg forward and pul\inﬂ back are relakred \Qj
¥* —
(h g) (XV“)Y) )P - g(h*l)ﬂ.‘) th)lh(P)

Sy

of Buyoh dEUR (@ - dgFR(T)

7 x:(sﬂjv b ,‘

#m=xg - eIy :
e (he)®
Buwyon () GD™ = B (RTo )
This is raﬁver Frivial in con;p#nenf /qnguage for example :
brom = B3k 5~@r9- x) = B(heX)

(h*8). =N

. So i his =l weve got all the contruvariant ‘f?nsorf!e\ds gotng in
the same directon as hh and allof the functions and covactant fensor
fields are coming back. When hisa dfffeomorphism Hnis tuffic
flow problem can be solved. The mverse N ': N> M goes in the
opposite direchion so we can Push fomar‘d contravarant tensor fields

~with b and pull back  wuariant tensar fields amd functions with A

S0 every_bod.g Is going e same direcHon 5 forward from Mo N,
We can then extend this to mixed Tensor fields (and densities).

:[3‘ is called dr‘qgglng o{ons b9 o) and is exquy what one does
N Tracsforming fields under polat Tansformations.  Since his q diffeo morphism

we can use The same indices.

LeJri hi= h*y* -goh € F(AO

W'f= ' ¥xt=x'o " € F(N)

IF Ti“:j..\ are the components of a weight W tensordensthy fieldon M | Fhen
the components of the dragged along j:leld T on N are

(hT) e (ol = (Ao m))) UM 3;’;”01@»‘-;;‘1”_1"?:;;,.1w (p)

This looks something like a wordinate Aransformation.
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Infoct {hﬂli} are local coordinates on N (w\md")

an?d 'H“C- d\"‘qqqed qlonq
coordinates ,

Since (3\0”(}1(;)))0\'\0‘ (ah (P)) are inverse !"‘)a‘h']ces
and <ah“ (h(P))) and (—9— (h(P))) are also \nverse matmices 'HTeﬂ 0y G’(Pﬂ I

e i}

)

3;)(@ and we can write

(D566 0 o (( ah;‘“(h(pﬂ))_i‘r(pi\“‘ "

This is just the wordinate '[Tansformqhon ﬁvm the $H'} wordinates o the
{Hc} coordinates and says that Ti"j...(p) are the ﬂ’)_”} comPonen'l's of
h_T) ie. the dmggeo\ cﬂons ﬁéld has the same componen‘\'s with

respect fothe dragged dlong wordinates as the original freld with respect
to fhe Or‘l'gt'nal wordinates .

qumP__\e

SUPPOSQ we r‘o*‘rﬂ‘e ‘Hne P\qne R2
by 45° Thenwe get the
following picture 1f we dragalong
selected values of a veckor ﬁ elel ¢

A translaHon wou\cld‘us’r shif—}'
the entire jl'eld.

T tus example N=M, e we havea O\iﬁeomo

ism of a

maotfold  inYo H‘Sﬁl& Inthat wse hT Is a new field on M of the

same fype as T | whose value af q point- p Is obtained from the point
I'(p) which is mapped ento p
PP p: (D@ 6

I(h"(pw h(p)

Wi(p P
M\i pqmmc%rized

The tangent o Q,curve  C R—>m
coordinate vedor ficld on the real line R

The curve annot lnkmm¥'\¥se\§ if we are to have
c!(4) a uMque fﬂhgenjr at each Poa’f‘ﬁ" ow‘( the curve,

is Jus’i‘ The Pus\n ‘E;rwaro\ of—l'he mﬂ'uml



THE_Flow OF A SMOOTH VECRE FIELD ( L-parameter group of diffeomorphisis )
//; Suppose we have a nice vector feld XL on M.
'/////;/’ An [n‘l’egml caurve of X iS_\'US‘\‘ a Pamme‘rrlzed
. / - /«/ curve  c(®) whose tangent C ") coincides with X
// at ach point of the curve | e a "flow line"of X

(lineofforce if we [nferpret X as a forte ‘E{e[al>'-
c/(t) = Xo clt)

T local coordinates : o C'O _ X))
at

ci=xiocw), X'=Xxr
This oro\lharg differenttal equation has Hhe forma\ solufion

ciwy = [e™ %] (e _._([ %o t’TQZ" ] ¢

valid in some Interval about zero of the qumai“er'b
IT"“SISJUS\‘ the Taylor seres €Xpansion of Cc&} about t=0:

dlci&) = 3_.'_K__' oY) _a;EJ(C(o)):- szi (¢ (o))
Atz It=o axa( at G ‘)
e, Xy

Note that the parameter t o~ any integral curve is completely flxeal up'i‘o

on additive cons\un'\') so irnfervals of +hig pqmme’re-r- have an invadant
meqnin_g_

SuPPose we move each Po{rﬂ- of M a qume{'er- distance € along The
integral curve of X which passes 'Hnr‘ough I+ ( Cl)—> Clott) ). We

then get a point Transformation of M which for a nce X Isa dtﬁconqorpmém_
This s frue ]CD(‘ each real value of Hhe parameter + fora nice X', so we get”
e} i-pqrqmeﬁr fnmiig af Ol‘{:feomorphfsms des*lgncﬁ'ed by X{, .

NG&Q'H‘)Q“‘ KXo s jusl\‘ the 10'3““@ OliFfCOmorphlsr'n (no Po;n‘\-s mDve))
while X—-l: retums 'Pm:_ points to the ongma1 positions they bad before
b?ii’\g moved bg X.(:- N i.€. I.t-l"—'x__.t . Cleur‘[y

It."x’c@'—“’ I{:,-H—.,, ) since ﬁr‘ﬁ'mav;hg a .?a.rumd’er o\is’m'nc.e ‘tz (no-i'e
X, acts ﬁﬁs\-) and then t, is c\eqriy equivalent Ho miving g Pammeter’
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O\lslmﬂce ’t,%—‘ty_) so we have a i’PQmmel—er- qbc\iqq of di hism
of M assocrated with X called the flow of T group £ dtffeomorphisms

T T were the veloctty field of @ stahonary fhutd flows, Fhe
diffeomorphism X would correspond fo. letting the parits of the
'ﬂuud move for'a tHime interval €.

. example X= q\‘()%('i on R3 with cartesian wordinates 1%°3 and
a' constants | Then Zx"zqi) x" Xc:o,n?i S0
. +qi . ) .
%,:  C®= (e T x) = (& ta) (@)
= co)+ t gt
or %)= x+ ol
- Thisisa translation by the distmnce lt\@\_‘)aiq)) 2 i fhe

i p = k ~
drection D Hj:l ?Sr a'gl) " " X4 is gust a translation by (e ad,
)
QXQME\Q X = nie‘j RX)JQ)'('E : éf;j_n‘n:‘ =1 Againon 23

1o xxi= 0Golix (§els=-€ry
xxi= (B X /ﬂ
tX o £ (" N - Thisisa rotation
e xi= (0N ;% e of angle t about
cHd) = ke AR | +he direction N
(e ) (nght hand rule)

The vedhor field X is sad o “generate “the 4- parameter group of o gemrp};téms
T 1teRY,
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Givent such a nice vector field X | one can drag along a fensor field
on M bg its one~quamejrer' group af- dlgeomorphl'sms

At each point p of M we have a A-parameter family of fensor
fields (or denstties) e with &)= T6).

We can take the T-derivative and define the Lie derivative ofT
with respecH'o X ;

. _. d
(&IT - mlt:o Xt—rj
Tis field, of the same typeos T, fells hows T begins to change ot
P under 0\!‘0.33!?‘)3 along b\_.) X (short for drugging along by The flawOFI)

Xs+{- T

s=e

e 2, T = 4TI - o
= _J
H LT

o $T) =% () | T,T=T

~ Thisis an ordinary differedtidl equation for Ty T which | exacty as
rqboue)bas the power seres goluHon

™|
\I‘lh“k for € in some interval gbout zero.

ét@ﬂ)(L ﬂoé) For small §t,
5 e V) > Y -3t G
< so we getthis picture for the

v inf-lnﬁcsmdl f dmggmg alcmg of avechor
field Y bg the \qouofx.

exerclse « what s wrong with this pichure 7

Clearly tensor f\e\ds which gre [nvatant under o{m391q9 along by X
have vamshmg Lle derivative ‘93 X.
X T=T fralt e ZExl=0

When T is a metnc tensor fidd g | vector fields X for
which %X g =0 are called ki”fng vedor ﬁelds.
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Remark . Fora ]cuncﬁon f N

i f- J Ty =- c=—CX)f = Xf
puilbacko]c wolc:vd'!'(\fea)cf
JC by Xt by tangent Ho curve {Xf :'X:)C }

afF t=0
so the Lie dertvative of a funcHon ts just the odinary

directonal dervative,

Consider the formula {or (hﬂiw (h(®) on page (33,
Set P e%xq‘ 1o h‘(@and asgume we can work Inaglng\e coovdinate Pa\—cl-,
sothat we can also set Y =xt

- 2L *m-l w3 g T o ()
(hT)"e (p) = (der (3 »)) o, (» o i (p

or (W) = [P0 (A) Toh ™ 175 Ais= b

b )

Now set h=X¢ and compu+e
) =3 @15 = g [P0 ]
- %L(TaX_t)i‘:j.., - [oh( gj;(o)) 1"

—

B
050 4,3
SRR T ) Ty -
Xx=X" ‘ 5 g

. 3 —°
L(,%XT)‘ = T [0 (&) T I

T nete Hhe minus g\éh
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. A ‘
‘ | _ t_gX YO v
Fora vecror field we get (gx Y)'=XY X V< [xY]

LS ( IXY = [x.Y]. j

The dragging along opecation for a diffeomorphism h clearly respects tensorpwducts,
evaluations and cntraction -

n(T8S) =hTehS  h(T(E-.Y,.0) = AT (hg,hY,0) ) e
50 sefing h=2, and faking %L’ means that the Lie decivative nherrts

fom %C 4 Pr'oduclr rule for tensor Pmd‘*c’“S and evaluations and mmutes
with  Gordractions.

I TOS = LTeS +TeL S
L (T80 = G TI(6 Vo) + T(F 8 o) + TS LK)
ek

This gives us a way Jo dertve an invartant formula for the Lie denvative of a
1~fom B :
ix S(Y) = X 8(Y) Qu.s%a ﬁmcl'ion)
= @K @(Y) + 5(@) (Pr_oduc‘i‘m\e)
ENa)

(@8N = EEN— 86|
One can derive an invaciant formula for any fensoc fleld | but let not,
Remark. For a fmme fe:% enth dua.\fnme {w‘S
(Egw')y= Guie) =X §; ~w{%e) = - Ee)'
<o one quicely obtrins In Jrﬁxs way the frame fom\ulo\z
QAN o A (AN (€Nl
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Comma To_ semicoon rule

4
Suppose V ts a symmetric comecHon , el r'kmz: ["“em ina
wordinate fmme; then one can rewcide the coordinate ]%mu\q b\j
Chongmg all Ot‘d\ﬁary derivatives fo covanant denvatives

(FT) 5 =X T + (G0 (@) T
oo XT3 = @D — [0 @ENTI -
o ) T O (R T
= @xT)‘u _ [b_?v:(( amxk*'ﬂfi_fﬁz’;))ﬂ{hj...

L r ka B
T X ®

FxT) o = @D 5 = oW (w9 T

:qone uses commas 1o mdlca"-c or‘dlnary derivatives and seml colons ]%('
avariant o\eﬂm‘f‘lves) s ‘ﬁmulq is obtmined b_.p rcPiac\hg cormimas by

e colons ¢ @KT)E...J" — XbTi‘:J'---;h _ b%lf“(l"f) m))—r] 'J
Somehmm = :X'lem.l"“ih - bp‘é\:} ((It’-’ m))T:[ lJ
i‘ETIJ this means (_V T) 'J, 3

This fermula s covariant and holds 11 a fmme alse.
For a covariant conshunt metnc

IY_ 8i; = gu,hxh + &ghCiX%J‘) = glJ'Sth +295255th1)
0
= ;Z(B h(ixt)jj) = 22X
Killing vector ﬁeids X quﬁgﬁj . 0= *x 9y = 2 X

which just says that TXP 15 anlisymmetnc ie a Z2-form.
These are called  Killing's Equetions ,
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ra ‘Flad“ metrc @ on R® in cartesian coordinates

example
and the cruanant denvative 1S

Gi1) = M) = dhag(4,..,~4,..)
killing's equations are :

st the ordinary dertvative .
s D(in)*_: o . o .
“Nowplay a bit: 0= (8% + ;%) = dedi X, +2_,B/‘X'
- o=—99Xlz——3|zBYJ
0= — 3J K:X.-L"“ a a..lzb
add : O = “"QB\BJIE

Aje , b conshtants

sofuhion of this equation : Xy = Oje xR+ b_;
o0y = Gy =0

plug backin K.ES, :
is the general solutton of these equations (agp=o).

So -I; q\ %3 +pt
{allindices qre raised and lowered with the constant
meing ComFon'en'i' tnatrix )

The wodition  Gij) =0 Just says that the matrix G = (a's)
bt’\ongs to the matrix Lle q\gebm oj: the or’fJnogona grauF of Fhis

signature . Reall page 22.
C3 et ¢ SXpiq) then : : %:L [@tq)tn' @%(Dﬂ“;}
- gTn+na=0
a%i Ty + TLiRGT) =0
< Qjitai; =0

ae a(pa) = o(p<)
Lie

We can pick a canonical basis of Hhus matrixalgebra :
j-aj (O-U) E) where @-i_))he = - (6 {ﬂ._m"é?ﬂ.io,}
o more simply Q—;DM-_-.— - 5"?:2 )
exertuise. Show that the commutation relaHens T3, Tee } =C™ i ke Jom
con be concisely weitten [TU Teel= 4 6‘:[!63—-!]2]
The com di Killy 3
cwrrespondlag Kiliing vector fle\dS are %U = G—U) 'QXQDXE = §(3~U)

exercise . Show that [‘%U 8'“1 =_ 4 81;&%33{3 )
(nfreduce the 0 coordingte Killing vector fte ds ﬁc‘; 2% ¢ whlc‘ngenem'}eﬁ‘\e

frunslafions of R" into itself
Show that [%‘J J= —03) e pm
La, 5,\‘] =0  (freebee).
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j_'f O stands for any Himelike index C Qoo = _'L) and (9 g) any SPa(ehk‘.e todices
(T can't seem o ger my lalin¥ gree¥ @mentons SinghJS', Cch?)

‘H’lcn we 9e+ ‘H’]C ﬁ)uowing Pld‘ure 'ﬁ)r‘ achve boog\’s and m“u‘i'lons ('FDI"'H\t mnomcai

generqtors all
g A : +he-achon takes

qu ce on ’2.-plane5)

{ 40 osht sinht + g “cost —sink
C b ~ (sclr?ht 25%) < 8 ~ (sui‘c Co.st)

o

\f_Q_‘_

A dl]cﬁ?omorpﬁism which leaves the metnc invariant under drzgging
along s called an 1sometry. The full isometny group of
the flat metric is the inhemogencous pseudo—orl—hogonal group
- To (pa) which consists oj: the Sa.J.do-orH'\o:?onal ‘l’mns'ﬁ;mqﬁéns
and the translabons. T is “ gencm+ed by " the Le algebra
of Killing vechr fields  we obtained above | je. locally about
- the idenity the isometries are just "Flowing along +he ercgru\
curves of the  Killing vechor Jcle ds *
Nete, The killing vedor field commutators must close
because of the 1dentity [ £x, 3] = ;[x, I

which ome aan prove showmg +hat
\;‘XQJ“O_;YQ) —> i[x‘()@ o, je. the lineor

Spece oLsoluHong of Killinds equations is closed under

the Lie bracket speration.
Inadequately explatned remark  The grup LO(P1q) can be reprecented by
maimx group In - pra+) dimensians f | b
o--- o4

For Space’ﬁme we have 0(3101‘ Lorentz group
To(3,.N= Poncare Grovp

(H2



F'_cr ‘23 Weg hqve O(g| K) = gdl“ﬁ W{'ﬂht‘.\") 3rcqlo
__TOB,E) = FEudldean group In 3 dimensiong

Totiscse ue can define JiT€GeT5 Ji= 0D 0= €yex
and [3'1,3'.3] = €ije Tk [3’°>8ﬂ =—€:)‘z%z |
(G, = — eiefpe.
I x= n‘%g CSgn'’=l then Xp= ee”?*
| Iex':-—-(ee"m) '

s a rofahon of anglc 9 about n : / nghthand
"

rule .

-
NO-‘—IME Folz E}(PLAN'A_HD_N _-]_-n Car‘}'CSlaq Coo(dlha-\.es (Ol’hlc)noma‘);
boe \
Fop Tio= Gl ~[OWEITI

 vem , et ‘

‘hﬁu[ afbl{'n‘ spm

angular ' angular qngul::
.momerfum momenum mamr;;o ™
opembr oPcrq-\-or ope r

N In srder 1o 934’ Herm\'\‘!qn oPem)rorS in OM we cle](lne
. n
Je '-‘-‘-i,i%k Lz=-i%k Sk="10(Te)

Je= Let+ Sk
S.cuuurleo{'. total
Qr}gular momertiim :

T2 T = L¥+ S +25%5%L
e
Spin Orbia'

Allof Jr’nl_s nq‘fum”:j ex!-enois ‘l‘o hal](—mh:am\ SPIr\ flelOLS (sPlnofS),
gxermise ¢+ Show [I;JJ-:;]-"—'CGUEJE_
[J]'c) piJ=l€ike Pr CPL‘E —*Cﬁ’a)_
Shew S2X = A1) for a vecbrﬁe[ol X (Spar%.i)

SRT = 2(2+) T for a symmeme tracefree (&) tenar T
Cspin2)
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Eie transformation groups , Lie group Theory

S‘uppose we jrfroduce an r—dim real vechor Spqcé 5(%() = 35pan fxqe‘*}
where X* ae @ostants and  {€afare  vechor fields ({inearly indcpendent-oyer

the real numbers ) for each X¢ f(ﬂ/) we gef a A-pammeter group of diffeomorphisms
of the manifold M int ‘+5€\3C» Whatis the cndition that these are qll subgroups

o{ an r-dimensional grup of dl'ffeamorphtsms of M imio i’rse\& ? Strply that

S(?{) be closed under the Lie bracket-:

XY e §C%,) —> - LYle §C3,) ive. [ea€b)= Cabec | Clab constants,
Le. f(é}») s q Lie subalgebru of the 1nfinite dimensiona} Lie dlgebra of vechor fields
onthe manthld.  The elements of $(y) are smd o 9ehera'}e the rdim. group
of:dlﬁcomor‘ph‘sms (cm r‘—d!m. su'ogfaup dF 'H')e Go‘v“m-group O.F diﬂ:eomor‘)hi:;ng
of the mantfold into H’Scl{).

Con\rerse\j, glven such an r—dim group, one can Infroduce o
corresponding lie algebru of generators and one can compute all the focal

progerties of the group from the wnstants Cobe %eamPﬂnefﬂS‘af the
Sh'uduf‘e con:hnjr tersor Of the Lie qlge{or—a,

On any matrix group {or any “L\egmup") we can cwasider 2 d(gCOMOI'FWSM
Subgmups called left and ri‘_gH‘ Hranslations (\eH or r‘tgH‘ mwlﬁphcqhon of
The group by fixed elements). These tum out o be mportant 1n the local
differontial geometry of fiber bundlec which play a fundamental rle In physics,

Tre dlassical medmanics of & rigid body involve g feff 1avanant metric on the
Special orh\ogono.l Group S0(3.8)  (nvanentunder all left ']WQIIQ‘HMS). The
Fuler equahons are jush the geodersic equations for this metnt . ( Geodesic?)
The corT‘esponding quartum problem describes the rofaHonal modes of

molecules .

Because of the fundamerﬂ-al role of groups jn most areas of physics |
it s worthwhile unders\-nnding them at o htgher level  than Time

usually permits In physics courses.

qu3 atready J Iq_ul‘l".

IhoPeI have tnsp\red at least one of You +o cortinue what

we have begun here. Thanks ]Cor giving me fhe cPPor*hmHy to do
this, evenif it did cost me q lot of Hme,
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