® 1. SOME LINEAR ALGEBRA - fqmiiiar‘ Corﬂcﬁ“Soﬁmi\iqr) Ideas summacized

RE’fet‘eﬂces" : A Trautmann , foundations andl Cucrent Problems of General Qe/offvfiy}
o Brarmdeis Lectureson General Relafivity (964

C Misrer, K. Thome, J. Wheeler, GRAV/TATION
M. Spivak | Caloulus on /War)f;g/c/s

H. Flanders,  Differentral Forms

A REAL YECUR SPACE. V

A real vechor space Vo iz g space (Whese elements are called vecfcrsl
Togeﬂﬁer with an additive operq‘h'om -+ (K,ZG \V— Z—-fYGV) such that
mulJrIP\-icaJrfom of vectors by real numbers s defined (:Kf% QX) ae R)
and " all the usual rules of additton and muttiplication apply S

Inparticslar Vconfains the zer vector (weitten simply OeV)
which results from mu‘ﬁp\glﬁg any vector by O€R ; 0V is the
additive lden{'ﬁ}j ;. X0 =X,

EX Rn: Rxxk = {(X‘).\.}Xr’) | X‘e EE‘“ n“'{'uplesof real numbers
oo mes
. , - NE? P ws
(in the ﬂm—dimebsiona\ space Qf NxM real matrices me columns /-
R™ can be i‘den‘iﬁflec\ erther with "H’We'SPCLCe o;E Axn mabnces
(r‘owved-o(s; conventent for inserting in quqgrqphs) or DX A mattides

| (Coiur_rm ved’or53 cenvenlernt for matrix muH—?pﬁ(cqﬁor))

(HD %«KCn\Eﬁ = nN*-dimensional Space qF nx redl mq"lﬂées

BASES AND _(MPONENTS i
kR vedors  Vi,...ve are [Inearly ?ndelpenderﬁ‘ (f d% AV =0 —>

a%=c, A flatte dimensional real vector space V of dimengion N=dimV
fas at mest 0 linearly [ﬁdependenJr vectors An ordered  <cef {edgd=5)..;)n
=ie,..,8n] Of n linearly independent vectors of V' is then called ¢
basis Of V. (Write simply {@d},) _

Then if Xe V| {%,845 is a linearly dependent™ set so there exist

real Aumbers X% such thot X-X%y =0 or T_X :X“’ed‘

SUMMATION CONVENTION = Lvher an upper qnd lower 1nd ey
are repeated withoutra summation ngbo\) qa Ssummahon
overall allowed. values of the tndex (s tmplied.




So every vector can be written as a linear combination OJC the

busis vectors {ed}_ The real numbers X% are called the components of X
with respect to the basis {e€df.

Tnfactthe map  XeXew — (X)) = (X,,X") R

s a vechr space iscmcrg;hism j‘-'rom V o R” determined by the basis {ﬁ'u}_
Fadch basis determines such an isomorﬁn‘tsm,

EX (5 The natural basis of R consists of the n vechors
e,= (4,0,.,0) , vy Cn “':(O,m«,O,i)

(i) The natural basts of %Q(n,ﬁ) is §€8«3. where the matrix
e84 hasa 1 & the o™ row ard B cdumnm and zeros elsewheﬁe)
soa matTix con be writter A= (A%g)= A%z %,

Cupper left cormponentt index = vow, lower Aght COMPonenjFihclac= co\umra

CHANGE OF BASIS

SuPPose {eda} is anather Dasis of V. Then one an expand this basis 1n
terms of the original basis : Sy = €5 AL,

and vige versa ! eo{ - Gg/ Ag’d - 63AY9'A6;
= 5“0( Knonecker
e, these are inverse matrices: deltu
A= (Agd) /’\_iz (ABOV) 3 wewil/ also write A:(/“wg)

and A= (A7),

Any vector X has components: X=X, = XASLe = X5,
e X T= ARIY] o @)= AR
T T column vectors

so The corresponding PoinJ(S cac R" undergo the finear ernsformaﬁoq by the matnx A |
This is called q chqﬁge cjf bqsls5 or Pass\ve ‘i‘rqns‘f(\:nna“'lom)
as opposed fo an achive linear ‘}‘t‘an&ﬁ)mq‘l‘loﬁ ojl the Pow‘r}‘s
of V' X=Xev— BX= B%X’e,,
whee Beg= B, B% .




THE BUAL SPACE V"
A real valued function X —> oX)eR on V whichis [inear
T(aX+bY)= ac(X)+bs(Y) is called o linear ﬁrm on V.
Lef V¥ be fhe space of lincar forms on V.
If O,pe V' then  (a0+bp) &)= a0(X)+bpE) wnverts V*
imfo a real vector space called the iug\_s%: o} AV

DUAL BASIS
Tn fad‘ aim V¥ =dim V' since o linear fcrm S Is enﬁre\y determined

by the M numbers Cg = 0'(601) for a basis {G’q} R catled +he QOM\DOﬂE‘r\:\CS'

oll T with respect 4o Sexs. ]
Irﬂ‘roduclncj the N linear JCDr‘mS ‘E(ﬂd} such that C\.)d(eg)‘(—‘ 80)5!& one

sees that ﬂf\ty prck out the Compcner'ﬂ‘s of a vector with respeckto {eyd:

X=X — (X=Xl e &eX =X

Then  0(X)= o(Ta)= XV0(@)= CuX™=wwX)  fral XeV]

i€, 0= Oy N ,

so every ineac j:O\"m con be E’XPFeS‘Sec:\ in Terms of these © (@‘15“8 seento

be {inearly \“hdependemjr) linear Jcomj . which ‘Hhere]%re are a baslts of Vi‘

called the basis dudl 1o {€«5,

. & / i
If Ex’ = g A & , ED;:GB’AE« s a Ciﬁahge oar' basis then
/ ! g 4 g’
0¥ led = W (eyA'«)= " Ata= Afx - -
( Lﬁd{: Ce A lii/

/ / /
So W8'= A4 or off= Mff&!go W= A%e? |

The dual basis ﬁuns]%rms by The inverse of the
‘h’qnsfomqﬁon o]c ‘H‘)e basts H‘Se[f.

The dual basis determines a vedor space  Isomo cphism From V¥ oo RP

g— (04) eR" (row vector ),
The tval%ﬂw Uf & linear fom on o vedor can Then be
e._reprﬁen‘redﬂ Gt G(“Xﬂ'—” O"qX:d — (O")“_jafrb (%Cr)
xr/

We could goon o consider Hhe space of fineac forms on V' dencled by V%

buﬁ‘ this is unnecessary SinNce we can fderﬂ—ifg tinear ﬁ?r‘ms on V’*w#‘rh evaluation

of elements of V* on vechors : = G‘CX,") ek Is q [t'neqrfonn m_Vf{
e, =V, The elements of V™* are ofien called  covechers,
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MULTTLINEAR  FUNCTION S
Dende the R-fold produck VX oxV by V'

A jﬁ\nchor] T VR”’"Q given by (\/q) “ \/E)"“} T(\/\, iy \/taj ek
i5 called muttilinear if it is linear 10 eadh argument”

T_(V\,u. , QV¢ i-bu;;)

V)= A Ty Vepy Vi) # BTV, Ul o, V),
[ is called q ‘—tensor om V' orF more precisely a O3 fersor over V-
P 9 R

Let ’Cdo’le(-\/‘_) be the space of b-tensors on vV, clearly o real VE‘C)FOI‘.SPace
Ths clements are also called covartant fensos  over V.

TENSOR PRopuct

If Se T"“Q@) and T€ TV, define the tensocproduck SET € T =)

b9 S®T (V‘) )VQ Ve 3¢ VR-\—,Q> S(VL; )Vk_) ] CVR-H) )vk-l'-Q)

This s c\ear@ associative I:CS@T)@ U= sS®(T®U) so wrﬁes&mplg ‘S@?T@U}

2
while fensor Pmduc)fs of lthear combinahions result 1m the same linear combinatons
of‘ﬂve Jrvensor Pmducl's

This converts the co-dimensional space @,C\'OJ‘Z(V) /CUJOW)@?O'(V)@"'

o an ugeb\r‘q , called the u(gebm e OF j%MS over V)
where  T2(v)= R

BASIS For T 2R(V)

Gven a basis {ex§ of V., Infroduce the setof NR - tensors
i(}dd‘@‘“@wdt [ 42 oy, 0l € ﬂ} which Sc:ﬁ-isﬁﬂ

W@ WTe (eg”..., egkj = CSWB.'“ 60’2@&

% Ty ) = T X e) = XX, T( e €00)
———

\._/__‘j,———-—u_-—l
We 8wt (X,..., Xk) = Tu,...dp
= Toede W8 QW (X,..., Xe).
Since (Xi,...,Xe) are arbittary :

l T: TG(\N-OKECA.)O(I@‘“@‘-’\)G!R T;’l“‘o{ll

TCedn"')edz> l
dy ol QY€ cu“ed the ComPonemLs of T wﬁ‘h resPeoi- 1o the basis {Qd},
Th foct § @M@ @W™ $ 1s a basis for ToR(W) Smée
Oyl WO -BWTR =0 = 0= Qo .ot G @G L
implies that the set 15 linearly mdePenden-l-

(eg., +> Cge)= Qa-ohe

4




~ We moy write in an obvious motation /to‘b(V) & V ( V% @VA‘)
ke~ ﬁmes

(W)= "V = Y -oy

k Hmes

We could repeat everything for covariant fensors over v fdenﬁf{ed witA
tensor Pmduc’ts O]C vechors which act on V¥ by evaluation T = 6).
These are  contravanant {ensors over V) or Qg) Tensors aever V.
1€y ® @€l isa bass for Tk‘o(V) ancl

S___: S(}Hu.b{lz eo{;@'“@@o{@ SO!L.HB(IQ_: S((})dz-m} wdl@)

>

MIYED TENSORS X _
We can infroduce the real vector space T b(w of- ( ‘é)ﬂ“\?nsors over V|
mmeiy mulH linear func*hohs ‘ﬁ'ﬁm C\]‘“‘)Jx VR inte R+

(0’ 50 Vi V) = T(6,. 03 Vi, Vi) € R
\._/—V_-—m—/

J Cc}\rec‘rar, R vector
qrgumerﬁ’S a-ryumerwjrs

[+
ied,@) @e @ we- ®(A)E} is a basis of this 07 2 dimensiondl space |
where the Jrensor produck may be extended to @i) tensors 10 a neducal way,

freample  XLec (M ¥) = &) o(¥),
Thea o T 0n a0y owh@ 0™

T B = TR0 G%, oty Core)
Wecan weike  9R(7) = ©*V) ® (&% V).

Tihs clements are a'so called tensars of valene (U)k) | K fimes
covariary  (lower todices ofcomponen%_s) and j Hmes corravactant
(upper Indices of ComPonemLs)

TENSOR TRANSFORMATION LAW
T ew=esA%, W'=A"s0" then

02‘/“‘0{,/ ‘ ; B
T T )« T
= Ac"i ¥ /_\O’.J “{) /_\—1 8} /3(-—15‘2‘ —_——e ;g\ “.‘512 ‘




G)"’\‘e\‘)sors aod (l’near WDM
The (1)-tensor B = 50’5 e ¢ TV wn noﬂ‘umug be
identified with the linear fransformation of V into itself
X=XYey — BX = B Xfey where f Bey= Bgd Cez
B8y = CQB(B Ec{)
Tois may be writren X B X | the wnfmction of Be (V)
by X? namely the e\/a\uaHom'of the last vector argument of B on XL
BLX = BY%ew®wl( X)= 8%e,X%
A cortraction corresponds o summing off o covarant and a contravariant
index against  each other. We can also infroduce the left crfrachion
X 4T uwhich evaluates the fimst vechor argument of T on X,

Note that each basts  defermines an isomorphism %om Hoe space %(V) of‘
lincar erhs]%rmczjr[ons on V onto +he space (n,R) of nxn veal matnces
Be gl) —  w(Beg) e = (B%) <ql(nFB).
Undera  change o{ basts Cu’ = Cp /—\guf = egA™%, ,
B¥'s = Ay BY Afyr = AW BTxATS

Thus *ﬁgr a given bosis (& , the correspending ponis of R" undergo

eotnX roulHplication by Fhe  matrix (Bq’s)e &N — (B%)K™)
‘%

column vectors
while this matrix undergoes q similarity

ﬂ‘mhstﬁarmaﬁor\ under a ohqn%e of basis
B — ABWA .

TNNER FRODUCTS
An {oner product on Vi XY — XY = e XY &
Qo8 = €y €5 = Ygo
{s d\eftned bﬂ a ngmeﬁ‘lc (S)“Tensor g over Vo owHhh ComPOHehJPS
Yag = @(E’u,e@ with reS\oc—*-c:\"‘lU the basis {-eq}, {.e.

g = gufewf | X-T= g(XY)
J 15 colled the covariant metric tensor. g is nonsingular t‘JC (9%)
."fS a ﬂonsingu\ar matrix | je, g = \det (gtm)\ o,

@




For g nonsingular mefvic g , one can  introduce the corfravartant

mefric fensor whose symmetric motrix of components s the inverse 6f The matriy
of COmPonerﬁS o\: g X
: - - , !
9] - 9%6«@63 , 9“8 = 9«) ‘(m"‘,wB) , @qg) — (90@ ‘
The comtravariant metric tensor determines an inner Pr‘odud‘ on the dual

space G'p = @-|(U>P)= 980w Py .

RAISING AND LOWERING TNDICES

A nonsingular mefric tensor ) determines an ISOMQ!‘P}\{SIM between
Vand V¥

X=Xe. ¢V — gL X = JuXw’ = XKyqw* eV~

or fe components : XY — X = (BDJBXQ‘
This fs called \owermg the index o,

The inverse map uses the contravariant meiric tensor and (s call ed
rasing The indes o -

T=0wWeV* = g%, = g8Cse,
Gy—> Co=g*8oy .

These maps  allow us o raise and lower (ndices ind tscrimimantly,
Ay tndex on  q @)L)-Jrensor com be raised and lowered at will , so
any fensor can be brought o q%lla covarianT or cortavariant form,

In com necst form - ool G Cedd %18 “dq B
o fo S o Mp Bie B =T™ P\g\..-gq’q ‘9
T. Pg‘_“gP'—?

— - YI“X
To{‘ln.{)(P _8\ .HBCL:" 90’\}‘\ 90};’\5@—(— ﬁp@\“'@‘[‘

TMNER PrODUCT o\ TP (V)

I T = &u-@a,eul@m@eo(P@mG"@m@bO@‘L and S= . € TH(V)
define their [noer Produd‘

TS = TN g S

= Td“"dpg\.--gq gd‘x.‘“gdp\@9

By 8q

6151‘“9gﬂ_§\‘t SY“”XP S
Ve q4 °

EVALUATION OF (gg ~{ensers  on C%) ~Yergecs
Ij‘ T e T frd CV) and S € fclcq’lﬂ (V) are tensers crf‘ DPPOSHR? wvalence , G Do’mﬁra\

pairing of ndices occurs which allows contraction of coﬂ‘espondmcj indices agammst
each other TSy = Temcte By S@.mgq Olyuancd

P



COMPONENT VERSION OF TENSOR PrRoODUCT AND CONTRACTIONS
T cage i+ 1s rot clear, \j-

[ R ) 6‘. 'u £
S= g PS(\..B,L eul@\-(@eup@'w Ong ™ and

w-tD’r
T= T B8y Co@ By @wg‘@)m@w@g

are o G% —tensor  and an Cg)“khsor r-espc—:c\-ivelg ,
then theic $ensor product s the fc\\owt'ng ((:J: ~ fensor

8 gtﬁ-s

o« o] Olpr Xt : -
SOT = s PB]“‘BCLT Bog‘r\wgqu_s ed@“‘(&euwr@w @ Ll

1

A pre
ST g g

Summing aver a Pcuro,f mdrces) one corfravartant and one
covartant 15 called  conbruction of those indices,

For example T%ys > T8 or
&

T T €ee8wan’ » T se@w®

Corstraction OJC a covariant™ Yensor by a vector s QCCOW\\D]I.S]QG:OS
by first taking their +ensor product and Hher wntracking a pair
of{hduces of the result -

For exam Pﬁe

Gy, X¥>  TVus= T — Tletx = X7 Goy = X,

Similar statements hold  for the  cntraction of confravariant fensor by a
UNeC\‘DP) e\'c (Conﬁcﬁoos OF' mi% ed *&ensorsm)

b




CANONICAL FORM ORTHONQRMAL  BASES

3

A basis $€«§ coan olways be chosen so that the malvrix oJC
Com?onerf'%s oj: o mefric tensor gssumes the fol\ow‘mg camontcal form

@d3> = d“a9 (i”“’i’ hA'J‘“}_d[—) 0,0, O) = (ewe@)
" \—
P q M- (pra)

When prq=n, as will be assumed here | Then g is ﬂono\cgeher“afe
and {€4% s called an orthonormal basis,
p= M= q=0F .

s= p-q s called the signature og* g -

The change g—>— ¢ interchanges p and g and changes the
sigh of The signature, T s=n, the metric s posttive definite and
Vis called o Buclidean space. IF s=-n, i is convenient to change
the negative definite metric into o postiive definite ane by changing its sign .
If 9 is not defintte , i ts a mather of choice which sign s taken

for the signature , el only ISt is of P\ngsica\ significance .

EX. Relable the notural bosis of RY as {evi= 10,8 >ez,e3}
The Lorentz metric may have efther signature :
s=2 (—++t): Qo) = diag (4, 1,4,4) = Naw)
=2(+==-): (Qu) = diag(4,~4,-4,4)

EX  R" with the ioner product which makes the natuml basis
orthagonal @m\ which ts positive deﬁnf‘rﬁ) 15 alled Euclidean space £n:

§ = SeW'W® | ecer= Sus.

EX .  Introduce the Spaces /V\P'q with pra=n as P” with the

fnmer Pmo’lud“ whose ComPDnen“(S ir ‘H\e nq‘\‘um\ bqs'is are

(PONg) = diag (4,0, A, 4,0 y—L)
P a

N\moanc\ M gre equivalent o "
/V\rm,o and M are n-dimensional Minkowsk gpaces /V\n_

Wore that  det(PMNyg) = S (=) _2’

Thus for a general metvic of The same signature

det (Gus) = )2 g 9= ldet(geal .




PSEUDO~-ORTHOGONAL  GROUPS

Suppose V bhos an innec Produd*of sigrature s, :ﬁ‘scom‘)onerﬁ‘s i~

an orthonarmal basts are: ey Cg = (o Nug CE:;;%)

The _PseudO*OT‘Hﬁo‘gor\QK group  O(pia) < GL(MR) is the matrix gtoup
(GL(n ) = group of nomsingular ceal axn matrices) which maps orthonormal
boses omto orthomormal bases :

Sy —> €y’ = €3 Bgo(

(PONgg = €ur-€pr = B% PPNyg 'ng
or 10 makri form M= BB™NMg = det N= detNder B>
where " T " ndicates the transpose. or detB =& 4
The subgre;up OJC unimodular matrces (deJr B=4) is caled the
special Pseudo—or’rjrpgona( group SO(pq).
For =0 we wcite O(p, Y= OB and SO(m0)= SO(ME),
H‘\e Or‘ﬁqogona\ Smups e h-:dimenslbns. |



SYMMETZIZATION  AND  ANTISYMMETRIZATION
Suppse T = T wre-@r™ ¢ T,
TIntreduce new tensors ALT(T) and  SYM(T Y e TG by

g)/N\(T)dpuoth _é;—s % TNTT{“ D(TFP

(T L 4is —
ALTCT wyctg = B %(-i) Tdm“‘dw\o = T o0l

whete @“‘)H.]'TY‘P) =T0(4, .., P) s a Permu‘l’thf\ of C\y-q\ﬂ and
@D'“' - i——ﬂ__i } §3E T s QH{Q:(I&\-% Pemu{—aﬁen.

= T(d\_ ‘,,DQP)

SYM(T) and ALT@“) are the “(‘Uh“\j SSMN‘)B'\'H:C and JI‘O{“al\B arxhsy mme{'né
parts of T, AT stacds for “OLH‘trqung "
The Same digcussion holds ]Cor TP (Yf)
e APY) = AT (TPe)) = ALT (@FV)
A= AT (TNED) = ALT (@FU)
bethe linear _subscpaces‘ aj: %Jta(lg qrﬂ‘lSBMme‘h’\‘C CB)“*feﬂsorS arcl Ccpj)“"}et‘»Sors~

GENERALEED KRONECKER DEUTAS | LEVI-CINITA  &5I1LON

68 & 8 ; eve
Define oy = PO O By = CB i§ (BowyBp) is an (oddq>
- } étﬁl .t QP‘J Pa—mu’m{'wh OF(C?(\,’H?)?) Gﬂd
P A 6 cle 7 Fhey are all distinct 1ntegess
g C  » dll other cages
B B v B

€ [ 8 —_ 8:;“': - ECB\ B E-’l L =1
< L N 6:&‘»2/” = g ot b ) E.L\") =4

Some Useful formulas are then
ég “\g — 6 “‘gn
6 o;l“ d?\ = € l goh‘-*@’n

By gP 75;;-!-( “‘\&qJ . QD-P) ! B\ Bp
Lv 'R OIP \6‘?*" Y \6'% - @-:-—q) 3 6 Qu\no[‘p

o Bi-Bp¥iFq
= Coevping, = O-P!

_ &\
Ttd‘“‘o"ﬂ - .JP—-“ 6;4\‘%%; TB\‘“B?

\Q



and Fo express deverminants
(o Oy g "
det CAB{SW = ed ~ Aldm”'A ol = GE\H- Bn /A\gj{“'/l‘gn

_ LGS B .. Bn
= N oo AP

, pu @
W deb (W) = 6% e AS AT,

n

ol g‘“g‘“’
det (Que) = € " Gyu Gypn = -~ e‘ " e Dongn €

Nefe: raising and lowering conventtons do net apply o e g Copotn

BASES FOR THE SPACES GF ANTISYMMETRIC TENSORS

Actisymmetric Fensors turm out do be very important o 1Tis usefu\
1o have o basis of the spaces of totally amfisymmetrc wvariant
con\'mvarmn‘\' "‘EOSOFS .

1 3
Define Cupuctp = p! Cry®® ed?1 o = P! A @@
: {e&’vud\: }0214..-@{‘0 is a basis of APET) {(40 q‘md[’}dlo“(&? is a basis of AP¥)
Elements oFA?CV) are called _E‘\(@?‘_D_F,S Elements of AP(V) ace alled _P*—ﬁrms
o 1 general muttivectors, o 1 genem\ muH'Eﬁ_ cms

£ Te ARV then |
— 0l e O T e d
i = l ol dPeat@“@euP _ ‘""—Cdl WPjea‘&')“v@edP_‘ '_r,d F%ﬁ@“‘@ eo\\;—!
— ,L 1+ TR.Y) - R
pt U e = T g g,
.
h“dl'm’res ‘H’ve sury oveyr o < u s dp oq\B
Similady 1§ S e AP(V*)
S= Su\wo{P TS WP == ‘é’\; go!\mde

ol Yeh-- -dP |
heBp Sd‘ e w

The fmcz\ expressions —5%9 Vond S indicate why Ra. oip aad, (AT
ave been defined with the factoral foctor

dlv

Note that pi SBl Bp is the tdentity operator on NOT) and .A_p(vy)

eownple (T MO THSe g gy T

\




EXTERIOR ALGEBRA

(vectkr)
Consider the WO%PQC@S Of finear combindations oj: mutbivectors or muH\'fbrmS

for any value 0= p=n of the “rank P [ idenﬁ]qj O~vedors and O—form_g
with redl numbers ], These spaces <an be designated by
ACT) = Péa AP) = ROVOAAV®® A(V)

A= & AP = ROVFRANVY @ ® AN(VY).
P:-'O

Since APV} and AP(V® bhave dimension (S) , s0 These Spaces have

dimension é Ny N = n
=2 (§)= (+)"= 2"

An qlgébrq {S a veclor space Wi g product o?erqﬁon deflned
for pairs o]c veckors ‘5‘0‘)“3’]:9“79 the distriburve law and such that

multiply(ng The product by a real number s equivalent to multplying
eijrhe\'“of‘ﬁ'\e ]CQdDrS (Dg this sumber

A P'\"Odu.c’\‘ oPera+or can be (ntroduced on The space O]E muH‘i‘l%T'mS
or mulfivectors by simply anflsymmetrizing  the tensor product

T Sisa p-fom,Taqfm, define the pra) - form
sAT= P AT(seT)

1

P,
CS /\T)g;l...ol = @)! S[o(l”.d T
¥ plal

P olprt Olpag ]

o Bie Bpra o
- PE qdl' 804\“ O{P'HL S gi“'g\ﬂTg{)ﬂ gp-\-q,
Bi . Bpia

6 [ﬁp“é’?\ T‘ﬂ?’“ v Foral

i

Gy ipra

The final ine shows why the fuclonal facter 1s included s the deﬁ niHion
[ Some people omif this factor bur then - pops up elsewhere,)  The
Pmduc\‘ A s called the  exterior or wedge Pmducjr"_ This Produd_lg.., i

asgeclafive ; namely if U is an F‘"form :

BATAU = SA(TAU) :@gﬁggz SATAU

This 15 frue since {j" one anhsgmmelrdzes a su-bge%ofm\dtces }CH‘ST and then
‘H\c u_)ho\e Se‘(’() ‘Hﬁt came resuH‘ls obﬁrhedj we gzn‘tg \')a\ie o C\r‘)edb 'Hr)e

|2



fackocial -Fad‘or‘ :
= Bpare ((pra)

SAT)A
KDA ) u>ﬁ(\‘“°ep+q‘+r‘ CP'H{_,) f" go(\ O{Pﬂ{-r PI !\ SBI GPFEP'H g{)‘.b g?rq;-ﬂ BP‘}Q_H‘ :

i Bie- Bprgir
§o<1

= Pqul\H « o Olgag 9& B—]Tgpﬂ Em uEP}q’-{'(LH,gP-\-‘U'(‘
' !
= tP'\-q_:i-fn
P“CL'- r! Sl:gl‘“gp-[;Pi-l”‘g?“'q, Ugmc@-f‘“g‘ﬂ-q&r_j
o SATAU = @O AT (SETOU)

P‘ Q'n r‘l
CC learly the same result would be obtaimed for Sa (TAW), ) From this formu\a
i 15 obvious what the weffiaent would be for an arbitrary number of factors,

For the exlreﬁor-proo\ucl—o{; p A-forms :
Ghno= pl AT (C@maot)= pl O H@ne TP

T partieular T QTAGA WP = P{ e @ quj = e .

The entire discussion may be r‘ePecﬁed foc multivectos | yielding
A €op = Pl €@ ® €y = Copiarp

The exterior product converts the vector spaceof all
mutivedors or mulj\'ifm‘ms i~ an q\gebm called the exterior
. q\gebrq _ (ofv and v*respechve@),

Since it takes  pq interchanges ?of adjacent patrs of indices fo move p
ordered indices past q ordered indices , each interchange changing the
sign ,  one bhas the result

S/\TzQ—DPQT/\S p and q the WO)QSO]CSGOO{T
Note the relations € o oatp A Colprrctlpra = Coti Slpra
wdl\‘-- dPA mdp{-;-.. D!P-j-‘t_ —_ wd‘..-d‘y‘—q -

and eoq...ozn = Gd\“'un e_f[n-n
Ve _ s s RYPR ¢
()Jdl oin — e@ll ™M (}J

i3



RENCRMALIZED TNNER PRODUCT

A r)orxlegenervr\‘e mefric fensor g oo V' induces an imner product
on eadn space THR(V) dencted above by " ! Bor multivectors and

. o
muljﬁforms 5 where {edl‘“dp__% h<in<olp and {CU I dF} oy <o Lelp
are bases | itis conveniert to remormalize  this idner product by o

factorial fdcl-or‘ which always appears

ol vl - N
S"T: Sg PTO(;“‘UF = p} SO"|I e Tbl'\“‘dp\

Let <5, be the naw inner product defined without the p! facror

<ST> = Ly SY T ooy = ST T 0

The tnoer products of the basts vedors are , for example,
By Bl
<ed\\.¢uP) egl~n@?> = —‘PL‘[' Sd\\“-dfp 93“& “lgb/‘:,g[: gg’ll..g\j .

When (€41 1s an orthenermal basts , then {ﬁ"([dﬂ% s {utd(u.wﬂ}
are orthenommal with FESPSC;I— to £, 7.

Consider The bases §€4un] and A of the A-dimensional
Spaces AT and AT, Then we obtain
p=s
< e&mn)eiwn>: dejf—cgd‘g} = GD = 9
Lt WP =det(g¥) = ) %F 97t

Tf we define
O ..o b
o= g = Neen T R on=8"% Eonon

o= |det(Ger)

and Then rase ifs (ndices « .
P 2 g ganEa Ty g = g¥ €M gk (8%)=(1) T g2 €
nF = 7]%{ T oo = (:_D”—;é 9™% ey un .
The fndices of M may be vaised and  lowered  at will,
M and NF are orthonormal  bases of APE) and AP
which reduce o W and C"'O = Spap  when {es5 s ortbenomal

NNy =ENF = <ETE> "
The only, other orthenomal elements of Hoece spaces  are —N and — ¥,

ol 0l

H



ORIENTATION
Suppose €y = Cg//f\g; \s a change of basis Them
¢ paf o
Goa = A Ae Oys¢ . 9= ldet A sl 9/
e ol N I }e oty
N= 9% W™ = [der(h¥e)] ' Aty Ay @0

(U C_:D{li“o’n wi,‘“'ﬁ/
det(A%87)
det (A%)) Jonf / } ¢
= [de_i__g-ﬁ(u_;)_ 9f‘/2 O)'f\ - 59(‘] (der_AO)B> (9//2w11~~n/)'

Tn other words s‘f we deﬁhe N by the formula 9\/’"&}"‘” n a Par‘hcular
basts, (s J%rmu\a will have the opposite sign  In any sther basis abtatned
Arom the fist by a transformation With negative determinant.  Th order
for M fo be well de-ﬁneo\ , ore must pick one of the two classes
o bases for V' (each closs consishing of bases related by transformations
csS: Pésl'l"l\a@ determinant)  and deﬁne YU in that class by The aboue fD\"mukCL.

This chotce s lled an  orientation for V7. The choice can
be mode by specfytng abasis {€fof V' which will be called posifively
oriented 5 any other posthively orfented basts  {exd will sabisfy

eln’ = R € , k>o |

while negatively orenfed bases will have k<o,  Whes J bhas a

mmdegenem-Pe metric , one need oqu, spec-iﬁﬂ ohe of the fwe orthonormdl
davents of AMY) (or ANCTH),




THE STAR OPERATOR
drfroduce the fOi\owmg spectal (n-p-forms

of pri v olny
_n_ N Cn )‘ ’no{l op Kpii > o o i =_n.0(|-“0)n(})

{19 oY |

Raise and lower the (ndices at will.

Define a linear star operatien on the bases of the spaces

APCV‘-V) bﬂ { ¥ wo{pndp — ‘dep\td\p
4L =M (the case on)

S0 ‘fO\“ a p- ﬁ\’m 9 one obfains agn —pP)~ form
X7 O lp e {hireeel 1
* S P\ Sdl dr—' ('L) v —Fl;-! (Sdp-u‘)’-}\- d\?: SO"l“--D(F’-)r\, °

*C g called the dual o-F S,
To evaluate the operotion  *¥X¥ gne com apply - tothe basis veckoes:

-

oy dp * of _ { i olp * dPH“‘O{n
= _L_‘_ Oﬁ d]’ [l 0‘{}'-,
o I Tgpy ot
BB

b
P Tlop ong, 8y O
(=P

6) n& Sp O(P-H Hn

po-p s N
= [ _ Ol +Ol Sy 0Oy EvGp F’C“ P i

(0-p: P! R ey
P 5 N
P me{\ Coelp
plo—p
A S 7/} 297,
Consider the followrig ex%eﬁorpmckuch
ol op B st Bn 69{1...01?

5|“‘3p n

ol By - | =
WA N g = iyt Loy o0 O §
)% = DU.\-ﬂ-PBPJAH- Bn L

9 65\“‘6p€[:+|“‘3w

W
Q D! 8 & ﬁp C I

This is useful for the ‘ﬁl“owinﬂ calewlation,




SuPPose Sand T are P-ﬁr‘ms then SA¥T s an n—‘ﬁ)r‘m:

ol ~~ B 6 9
A J&‘l_:—_ __L‘ SOJ\twO'P ) P/\ T an\&

P =
_ BBy oo A Oy y-scip)
= Cé‘z) 2 Sof\\‘u?_r ' i SS:“ ;{, n = P‘ Se;\u.cxp { = Sd“.‘dp—ﬁ’ 7L

| SAXT= <8 T |

T foct 4he dual can be def:fne:o\ by this FDMq\q . asis done 1 certam
Presani—ahonc The S\"ar“é'[:,emlrof’ (s deﬁﬂed\ for mulbiveders  in
exocty The same way , begmnfﬂg with 'Y\:ﬂ: tnstead of M.

VECIOR SUBSPACES

A linear subspace or  vechor subspace of V' is a subslnce which
cortaing every |inear combination of vectors: belonging to i, so that it
(s a vechor space in s own mght,

Brery vedvr X €V defermines a4~ dimeosional S\AbSPaCe :

Spcm{X§ = {OLI {aeRS, _
E\(Ety covector €T de{-ermines an CQHI)—dfmer';s or)cﬂ subspaceof‘ V,
namely all vectors  which are mqppeO\ fo =0 by G
ber = { XeV| c(x) =05,

Tnthe same way cerfain  p-vedors and  p- ~forms , respectively | de%ermme
p- ~dimenstonal and  [O-P)— dimensional Sub:>ch;es of V.

Suppese WCV s a P—dimenstor%q\ vedor Subquce of V with
basis {e‘%g 2i,p . ONe con alolays complete this basis to a basts
%e‘*—i 1€ ef—\?ﬂ*‘ ¢ of Vwith dual basis iw“% {(.»\JL W% . This basis

s said to be qdqﬁeol to the Subspac«s: W,

Snce q(ﬁ_’J =0 the p- form (JOPHAN/\UOn vanishes if any

argument (rdoesoit matter which one) 15 evaluated on an dement af W =span Se{}
W= ker(@Mhoaw) = { XV (@Mhaw)L x=0%
evaluation o§ lastargument on X

On the other hand Hne p-vector  €AnAgp spans a  A-dimensional
subspace  of- AP0 whidy results from any set OJC lineacly ndependent
vedors whids Span W.




" _
For example | ik ei=Arg s andther basis of W | completed to
an adapred  basis R Ears of ', then
[ J J .JP Lo P
6\//\“‘/\6[)(‘.—_ A‘Jl, v Agf Q'|An./\e_j? :f)}n.AP, CCU"""I’ e;/\u/\ep N
det (A%
/ — e
wh{\e {wP“>~“>whfj muS‘\‘ SHH qnnlhi(cﬁ‘e W = SPa-n{eC"E , So (_qu: Ba/},wb

P = e e deb () el

Thus each p—dfmer‘)siona\ subspace W of V~ determines o A-dimensiondl
SU.bSPaCE. of ,[\_ P(V) and a i—dl'mcr)si'oma\ su.bSPaCe o} A“’P(V*) and
vice versa. In an o.dala{-eo\ basis OE Y j‘Hﬂese Spaces  are spanned
by, €4p and (J P respectively.

When UV has @ metne we can use the * opem%r ancl mdex mqmpula{-mh
4o relate these two arTH'sBmmc—:ﬁ'ic tensors

P'H“‘I"'J . p-H\nn . P‘;"I\"lh Ib(g\ndp\
%()\) - —TI_ - ﬂﬂ« o/ (A)
The contravanant form of this {ensor obtained by raising all s tndices s
' Gé(k) pﬂmn),bp - ,npﬂmn Y

Pl

P : . o A
e-muupl =N aLep Cauep

(o~p)
= C._l>Pn P ni. n ei‘“P

(o-p) + 0% _
:6\)P0P+29y2 eimf’

Thus these two fensors are related fo wach other up fo an unimportant
constant bﬁ ﬁrs%* ﬁ‘?ing the dual o{: one and then changing the
posttion (up o down) of all its indices.




