Group Action on a Space

by bob jantzen [2001]

17 pages of notes for an independent study by Christopher Pilman, in addition to the previous sets of
differential geometry notes [1984, 1991], with several pages on the Lie derivative copied from Introduction to

Cosmological Models 2.

The rotations in the plane are used to motivate a general 1-parameter group of transformations, using the
exponential map, then specializing back to the rotations showing the relation to the matrix generators and
matrix transformation. Comoving coordinates are found for this example. Then dragging and the Lie derivative
are introduced. Then the relationship between the rotation generators and linear and angular momentum is
discussed. Next r-parameter groups and rotations of space, then boosts of 2-d Minkowski spacetime, and the
generators of the 4-d Lorentz group. Finally the Lie derivative and isometry actions are touched upon, with a
final exercise.
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VIS TR M
xi— X4= L0 of Pansfomahenis.

‘DOSS\\IQ 'hm)Sf'DMQ'\'\.On : - uth Comymen’raf fulch/Lf:» (x.))

X ul"&\, = Xu(f—{'\‘\’ (X\\ = X “ ( f(—x\ (“\) = 'g“‘/‘—;\ (X)

I~ )
old-cwords———————nverse_paramelec

AL
words a*“ a"_m\refse
X Py 0
] [y

30 —a-;}—u\, 6‘\ — 9‘? -» (X) dqco\olan )

ox” oRY
and s R = 0E o 0O jvese correspeads T A A

I DM

'\X\J ~ LV 1 A\
2 ) = 2t
el K— axn
S0 changing coovdg at o\d ?o.r\\- f a vedo— thee

ey = R Y )

bt the ‘}YMS@MPA cw’n?onm\;r of e (wLA at i mewe \905'1*
define the G)A_ng?or\mlrs al X of a new ]'Qelo\) He drageed abong ‘ﬁ‘eu ab%.

~ghicmis-the equahion-whidy-staris—page
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page || insert
Tn the March notes, T neglected o talk ethc\Hg about
+he invariance ofa field under a ‘ransformation.
Tnthe case of a i~‘>amme‘\1er fnm\\j of- Po\h‘\" Mnsj%MaHons>
1ovariance of- a tensor field T ™5... means that

= M
Ty v = T50.
the '\-mnsﬁmed fle\d equals e orginal f\e\d for all > ,
hence 'l'a\an_g the ?s-denvq'\ﬂ\;e at A=0 , one hag van\s\n\ns

Lie dertvative :
ig _r u;:-.. =0 .
For a metnc | invariance means - " m\m"\‘f‘@
Gy v = G lafer 1 <%
/
,ig,gguv = 0, or 0= Sw;»,
g is called a Killing vector f‘e\dl and the equahion K\ng‘s equahion.
Tts solutions are the genercd'ors of the fu\\ group of mchons of +he
metnc.  We evduated e;(Phc\{y the Kllhhg vecdurs ‘ﬁ)r the
f\ajr spaces of arbl"rarg slgnahre s and consequently , for the mbedded

pseudospheres ,  homogeneous cind isotropic Spaces wrth maximum

‘ symmetry : '
On a group G, *the generdalors of ﬁ\gH“l‘nnS\q"'l‘;r:»S {e.t

\a\@( and the generdtors of lePr Franslotions {€.3 commute since the
‘BH“ "h“"‘S\quns commute WH"\ "‘LSC F\Sl\-\' 'h'ur)s\[qh;)r)s -
qu,’ébj =Q: _— i’é"b Ea=0 meons (€ ore lefrinvanant
e ;tﬁea €5 =0 means {'é’ag are n:g\nk" ihvarian-
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QNS\"M\WS OF THE MOTION [FFOR GEODESICS [gleroﬂr\eo we.do (omnant

. denvahwes.
A very usefu\ property & Killing vechor Jcie\ots Is that eadn
wndependent  KVF yields a conserved momentum 'ﬁJr a geodésic,

Suppese Xt =x"® s a timelike geodesic Parume"ﬂzéd
by the proper ime T.  The unit four-velociy U = dx*@)/dT
saftsfies %%‘*: U U7 =0, where B = " ol s the

covanant denvahve q\on9 the 'hn_gen“‘.

I 3™ isq KVE " then the momentum \ike quantily
P= i’uu“) s sor-\—of-convonen\'af the vc\od\j q\on3 the symmetry

diredwn, (s conserved: o achnc
’ "‘szi.,\,xr:r
My M v v ¢
B (S = Eau )l = gy (MU + S uMuT =0
=0 L~

=0
(gwdes(9 (Killing eq. )

—_‘% §" 15 hmelike, then —p an be m\cqove\rcol as an eneryy ,
and ‘f instead SPac-e\\ke , ds some kind og momentum ( lnear or
ungu\ar>,



Achonof ¢ group on a space.

shert everaise.
Sgp?oie we have Q. |mear gv‘oup 0‘( 'hﬂﬂsﬁmaho')f e

L xXE o XY= A%
I‘f'fhts \eaves g me’rnc mvanarﬂ‘ H'\en

9-[5" 91;'&/6\ a'Q/A\ e = O .

' ‘_[f'l-’qe matnx geremtors are A:es e

S se= B
fhen  SE)Y=B%X*

§(B)d) £= BUB R

Now evaluate py— using The Penula on page | and

. 0 . .
S __,V.,_‘ALXE_AQAQXL_MQZ‘E B> nohﬁun Bug = 94365 for the case

anﬁ _cnstant  metne . Quv, g =0 corvespanding o a global

mnef‘grod.uo\— oq»jl‘he_, spae like the Euclidean  mednc Qv Snv -

of R” or the Lorenlemetnc Nz of 4-D spacehmg

\Nhoi’ chﬂ'loq does “the %lﬁmg e,c\ua‘&(on

| ‘i ‘‘‘‘‘‘ 9 Ny = 0 quCe on The uuamo\-chonenB -






