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SPHERICAL COORDINATE _CASE
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The Co[un-m; "F f\_ are H)e caricsian CUMPMQ'}'S oF 'H'\e naw ﬁnme vtcl'ur:\'
er-zglr‘ Ce= aaa N eq-'—;aq, So *er EILG“GIO&;\ norm af'f’ke column vcdvrj

aH"\_‘l give the norms of H‘lese_ new) frame vechrs
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The result is « m‘mF\c Grﬁsymme'l'n}, matrix , where we have used tle dua| foms
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Understanding the connechon comPonen‘k tising fhe covanant

extenor dervahve.

The SP\WGHCQ\ or‘H\ononna\ ﬁ?\me €>CquLe su‘gge,s‘&'s anO“H\er'
smp\er way Yv understand the connechon Cd\’ﬂ?oh-gn{'f which t-cq}xi;-cs
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Naw consider the lokenhlnﬁ for the ‘*Tan'.;‘f'-amajnon matnx 1o the sphen cul
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So uJ(f_lo,HS the Fo\‘nl'.’.? | |
FArst we relax the ordingte system on 1’ v use more geneva) coordinakes {X/a}
leading fo o new .bqsis ]Cor each Jr‘angon¥s‘>qce {and qtual \pashs)) in tems aF
which we can ve-expvess any Jrcnsor‘ﬁéld‘ The Euchideon retat
= Swdkod’ = G dx¥'® dxf’

5 4 gwdez(ample. NeX\’) o 'rerducz the  arlesian coordinale
Bmdlen+ o?erﬁﬁbr) we 'l'mnsfbmeo\ the aperwl-or‘-ip Bemm\ cawalmajr':s and
found  conechon femms (cm‘mmn\';af the cmneohén>xc]1v:\3 as a lingar
-}mgfoma_hén on each ofﬂz indices adupv) Hhat musk be added o the

new Par'\wa\ denvahves with veSFco""}‘o Hhe coovdinates. TFor orn\ogona\
_Coonjmql-cg) one can obrain gn orfoncrmal ]Curne ‘o\j nowmalizikg _'T‘\e
govthnale frame | Slmﬂij(:;in_g the omnechon cwnlowwd's and restorng

the metnc Uf"pwnlr maboy o e umil mabrix,

The connechdn am V‘\-e,"\\’S e ]C'Mrw\ could be alo'l-erw'neo' in

hoo ways . Frgt by an ey.F\ch‘ )Qmulq m\/o\w‘ng danuahees of the

mabnx ﬁ'bm the carcsion cou«rdma‘-c ]Q‘éme + the new cadinale or
 noncoothngle frame,  Seand, for a coovdinate frame we showed
 hdt the @vanant anstang of the melni \’\'Sc\g dedermmed the
came  comnechon compwn\'s i tems 01( denvahves of the

mehne CMPMh‘s'S . (A rMore 3emm‘1%rmu\a mvolving the Lie brackels
bi""\'\c fmm_c__\_/c_clrurs l\ous ‘Fbr‘q noncOdeaLe jC'ameS

l\-lob.ol Que ;\s\e) how can We genem\ r}_e 'H"'\S S\\'\Aq‘\'l&n.
5 ’D‘C farsk’mc{_'\nod d\epenols an "}lne -exisx—fnce o& ‘Hne SADLa‘ (,arienan cowdinates
m\quse ﬁ’ame \rCc\‘Dr'g arc cd\fa-ndﬁ‘\’ czm,sk'ﬁn"' 5 and 'H'h: Seome'j'ry is Qqu95

flat Eucltdenn  geometry . The second dmbkes as ths dorhng
o Pm'ni’ _‘Hr_;e Qfxprcsglm ‘E?r“H'\e r’\ejrf')i _t_‘o Some coordmal“e S,g_s_\em_ ).



oblaining e amnechon Cow\Pwn% by Aa{?«:mhqmr\ . HFuwe
relax the andihon Fhat Fhe metnc Cow?wmjrs anse bjj-mnSFMqﬁolo
‘66"\ standard artesian ex‘)vcsfﬁns then we can sh“ discuss
avanant d‘%mn\\ﬁhm} T\'\cm] o\iﬁevence w:l loe‘ilnq+ "F')e
geame‘wv w“ ho‘\' CHGCCSSaﬂ‘y) bc {H‘ but ex‘qiloﬂ‘ ”Cuwa'}'uhc“)
a encept we shll wust deﬁhe,

For exa'ﬂp\e) consider cglind\f{cal cod rd]AaJres where the

Euclidean metnc 1s 9= dp ®dp + p2de@dy +dzadz,
The coordinate surfuces amec—culindens =g, %0 are cylinders,
” (calt ) R | p=r are YIneEE

Pick one and comsider i+s ‘{ungon‘i‘quces in the muH‘ivanaHe
cdclus sense | namely the dangerts 4o all carves ging n His

ylinder.  We con use {CP)E} as coordingres gn This
cylinder and evaluale (eng‘HnS o]C vector f\eldg ==

I XQCQ’;’Z) + KZCQZ)aZ
on the eylinder  uging the metnc

g, = @ deedy + dzedz < (8ug)= (5 z) i

anly
The mverse metne IS ' ~z°
- -2 P 2. > ﬂ‘
From ‘H\e Q—O\lmengLWm\ MC)!T\&. <y ‘\\% C_‘j‘ldder_') we can comPu'\‘e
. T\ﬁe connechbh comPOnen"‘S by_ 'Hf_\e ’_ﬁm’lMlQ L -
(M ags= 3 (9"‘39‘ ~9s%,¢+9 WW) _ _d’s"‘.i. = ?.'.?.
Pdgx gdgpé‘ )
bt the CHWFWH of‘i“r\.e Me{‘ﬁc are TSmg tms\ﬂn+ so the connechdh
(ﬂ*’]‘)_M'\"‘S ore ldﬂn\aca\tj ~zero, Thus the geomeiny Is shll f\q\'
Cand o fud Y =@ and YT=2 are orthonomal  cowdingles




on the cghhdcu’, But i+ has g "nontavia +°P0l03\j (i,e.) net “Z?')

since the direhon of the coordinabe  Y' 15 closed with fobal
lcng“’) ’Z‘TPO!

On the o)r"?_er l’\ah_cl 5 Suppose we consider SP‘EHCW\ coom{ma'lcj
 where the metnc s

Q= dradr + £ 40040+ ¥ dpod |
Cand fake o cowdinale sweface C=le>0 | whidhisa SF\\erc.
Here {0, 95 are wordinates and a vechor field on the sphere of

- agwven radius (Ca“_‘ﬂ‘i) xX= Ie(‘;lq’)b% + X80 J%

e has Its length delermined by the mec

52_—_- e (de®d¢a+ sSinte dcp@dt,o). > @aa)rcoz ) )

O rfsin®

9 AUROR a0 208) © (9= bee)

Now we have a nonzers denvahve 9:0%9-—' AV *sinBsO

.._and ndnzers connechion CWFMH*S |
MNege = 3 (ae,0— @q;@fi 4’99;?@) = TI3%5nBsb
FQFPF?.'*'_ ‘i C99Q.5$ ~ Geq,0 “"g‘,"a?{’): — SN0 B
M6 = 9¥%Meqe = WFO = [Yoq
e aq = 59@ P'S'CFQ? = — SiQws6

e can now wvgnant- dl%lrm%"l;a-\-c” vechor ﬁc\ots on the s?he'v-e. R
and alse evaluate the commutahr o{- Fuo @uanant denvahuoers

R G U X - Ve VX" = RYfus X
RW%:L&M %%m T
but now 'H'“S‘h'ndﬁ)ﬁ OBL)&‘)T' Lut“ nov Vﬂnisk} This s ‘H\e

__manifestahon of the curvaure of the sphere.  This obyedt s achially
aknsor alled the curvatwetensor,



Su&wose WE Ore VEV) MOrE (MITUGELS, Take the metné in
Sphenéal covdinates  and arhm%mril\j change the Caaﬁaeh“f
]Qnr:\'sém’

- ' 4 2 d
Iy = Q-zvz:.*\_.) drgdc + 12(d6@do + sin¥dee @

Yo = Q-Her?)—' dredr + 12 (doedd +sin0de@de)

These are o 1»Pamme}er -JQm\\{cs oF new metncs on e R
We can comP.Af the connechvs cuwfunah!l’s and with more e%r‘r
the cavahare jensor cmnFoner)"‘S‘ Tre vesult wil) be nonzero,

Fow do we‘mkr\vnﬂ' these metrics?

\Nci\ the most shnlew g -Hrw\hg about mehne geometmes
qre s So ca“etl geoMSfCS . These maybe def‘med iy Two di@v—cn“'
Ways . 'ﬂwey are ) curves  whose fangent is  covanant cnstant-

[Ong the curve ( diredhon of curve not-changed as you move
a__[of'tg the cunre QW"OFG"‘C:’ el > ’Z) curves which af e
Heast loca\\\j mimmize the disance behween o Foers i~y the
_S_Pacn. .

In Euclidean space these are duﬂ—%e S\ng\'\'\"h;\e&
The hnge_n-\— 1o a sjrmgkjr fme i conglant  (conslant cavdesan

CUmPO‘”ﬂ’T\‘S> and also minimizes 'qu dls\‘anq behowen any two
Fowﬁ-s e In the ovhre Space.,

Onthe 9 ~dimenstona) Cy\\r‘\&er) wkfch'isJu,s’r a \meui

of the flakplare rolled up mbo a cylnder, the shaight lines on o

‘H‘\e ?\une rol\ thm ‘Pne 3cod.¢$l£$ oM ‘Hne cyllnder. ThOSeM;I'H) _
wngant 2 ave adualy dosed cunes | jusk cirdes Teofersare

 helical curves except Por these with conshant @ which are s
~ Shraight lives



Noh e that the ‘}angcn% aFa” butfese laller cunes are ho
lorgor amstant but rohide . Boworery if ine cwpubes the wvanank
dgnvahve of fhe J;angm‘}‘ with Hhe cmnechim ccmavy-ﬁpm the metnc
an the c‘gllno\er) one ﬁv{o\sﬂ-\al- s Gvanant m;‘—mﬂ' with H:SPCCHLD
fhis metni. (Wel“ geth this laLsr"> On the ofler hand

lo) Take e cwdvgﬂ\%@ww

for a closed geodesi (7: LMLMD 5 there are two oonnco{ﬁng geadesrc_
GAIVES be{w&m any ‘}wo ?Dirr"s_ on He clrc\e ( cm_n.e,d‘_ M-cm n e giﬂorJ'O(
Airechin or 10 \S _(‘_’_"‘ﬂer” 6*'?'00"1'-\,) , and one will be_[unser _'H_’\an_

many other hongeod,esfc ,,ccmncdmg wnes

__ | in the short direchion.
”P& ' So uaw}v Faru”e| " is ‘Hﬂe -charad-enza‘\'to‘n
, | of geadesics.
on a sFM-e , T greal civtles are geodesics , all of

So we hcw_-g,_‘}‘o d.we[c‘) ‘H-( _ Tﬁ&_(«"\l»efy ’&'D M'\Jﬂﬁf\“’!_ﬂl
deodesks,and_ the cuwature and * Faml\c\ +ranslahim “_ which
_ defires e ,au*opam“_el_ ‘omdrhen o0 geodesics
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Read  ChaplerC | Sechons =13

Donjr wWormy aboud  mechon of Uedrﬁjgmj -C-Md %:Llc B

) __d_enva*wf I G.lD) C;“)

ToC | c;wanaqlra-enmm,..Pm.l\cumoswry,
curvature fensoc

Kead Chagler 4 ) Sechong L€

Dlﬁerenh&\ Foms and H@e @A’Cn-(‘l"’den‘.fah\fé
Cmewc done every‘(‘ln'ir_g but the extenor dsza\‘w'z?)

© Problem .
Evduate the geodesic eauations for the Z-SP%evcof-
rdis o using the  §6 @ cordinatization given N the
notes.  (See Sohwte 6.6)_ o
\f_er&{y that the Pamme{-nzed curve.s
44,0 5 siover ..
whidh are lines of lg}g&'ﬁude (gw—ml-cwc\.u Fhrv pori, Po\e)_
gﬁhs{—-\jt the geodos\c equa:'nor‘xs and are T"\efeﬁve geoc*esl\cf,‘
Note that  the tungont vechor has unt length. |
What does This {ell us about tne “affine paamekr” 57
(vt anable caleulus ).
@ l‘f mehvated , wlalde the single lnc){PendE'Tl' comfonen'\"
of the wuwature tono-  K'212= K% o9 for this cage.

What 866 7 A= €o = _(_?_g,._
atis RO 8§ (Rl e S, 6 %T)yg




