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Coordinate Tr‘ahsformq-hori 5

From our discussion o\f the ‘bngeh+ space n The ]%mlholr cmse of

R? Ahe fo(\owin_g Pic’rure has been reach'ed. On Rn, with skendard
‘basis {ed} and dual basts {Cd"'} , one has the shundard cartestan

coordinate Cﬁmch'ons {X“}, ‘which are no“‘\'nhg more than the dual
~ basis IL*ﬁmas designated w a notahon which doesstrequire
an underlying vec‘rorspace bt only « ‘hDFotogical space | ie., a

space  on whidn open sets are o\ef\ried_

The fanserﬂ‘space TR?,O o R aka Folrﬁ- b is an
n-dimensional vector space whose basis may be taken to be the shandard
cartesion  coordinate ?qrhbS denvatives 4+ %

e, = X,
_ A Jangent vector X =X°{ee;l|7° ar & s just g
__linear f\r_d‘order‘ At'ﬂ:et-cnh'ql oFemrbr atr P whose value on «
funchen 15
S Xf= XPed, f- X o,
= df|(X),
which 1s
dcﬁned o be the value of the d\ﬁercn""\lq\ o\f of‘ the ]ch,’no:'u
ot P on the dangent vector X

dfl, = fax), &y
\ﬂa\rmg O\é‘g:lned '\'\'\e di%fﬂ\“’fﬁ\s q‘\‘ bo og "?hc Slmﬁdq'\.d' CGP%S\& n
coordinates 1o be The basis dual to {e&l%}. .

R dxe{lr' (eg \Po) — S‘Vg .

The " Coordma'\-e Com?onen+s ’ C’E a '*3“99'3+ vechor X .“.* _P°______ o
are obtamed by allowing the tangent vecter Yo differernate



the coordinate 'S?\Jnchonk :
x*= e (B) = XX

Tangent vecors anse as the ‘angents 1o Param’m-zéo\
curves,  Suppose c(®v) ( an B -valued fJnc‘\'h;r') C on the
real line with "vanable" t ) IS o Pamme‘\'ﬂlecl curve qusw\g
Jt\hmugk the Foﬁﬂ‘ P ot tT=0, e | (o) = ¥
Let  C/(t) be the fangertvedor at C() | now thought
of as a fistorder part= Aflevental oFera-‘mr on -ﬁmc’nons atr
c(t). If we evaluate the Shandard coordinate j;nchén_;
along the anmve CEEXY(CE)) =(Xec)#) | u sually
dencted by the sloppy notahon  X*(t) | onc obtams the
Cootdinate com?_onerf{'s of the tungent vedwve by d&{:ferenha\'p})g
Hhese ﬁmc\'réns wifn :tsPec++o the \:‘amme%-er-

o) =)= dlew)

e halny _TUIS
cry =oXx%
© — 2. — dc¥w o
SO { — aC" .
c/t) = ) aX':’I\c:co At &X“l L) .
The_ O\cnva\'\vé Of a E\Ahcjﬂcm by 'i’h_ts “hhgen‘\‘ vector (g
dwf= dow ofl = df 'l
et ac ot o \c&) 5 ) ’

One can ‘H')mle Og ‘Hﬂeﬁh ‘hmgen\' 5']>ace q‘\— a Folrﬁ' qs "\'\'33

space of Tangent vechors o ) curves—thr -(d\ﬂerm\ub\e)
?ammhwd urves 'Hﬂr‘ou.\g\j the Foin-\— The dual g'ﬂ'\ﬂe

R ‘hr\gen’rsPa.ce can be “\'\noqg\r;\—of ac the diﬁfermhq\; ay

‘\’\’Wc Pom\‘ Of all (A%Me—a#—ﬂnzfzm&-) ‘ﬁmc‘\'lth;,olnrcl-,



are C?‘\%Etve")»ml' at the ch"
EX c&)..u 4, 2 eR?

Al)= (=4, cHH= 2t
cal) =— , c2o=4t
/()= —< 2

4
N‘cua) + IXH e

c'f= “a%i%l& N 4%3,;
cl)

cee)

All we needed o drseuss all of s shucure was the se\—ajc
slandard cartesian coordinate ﬁmc‘\'ions _{Xd}. on R? The discussion
an be repeated for other sets of coordinate funchens on_TEh/ (edding
o the Rpic of @ordinate hansformations o " These may be
Jobd cordingtes hke the aartesian codinates or local covrdinates
whids do not cover all o-f: B™ but hae assocated goordinate gngul_aq%'e;
or elges.

Take anAse+f N funchons {X "3 which obey the amdihon

det (%;S'GB( # O Cmverh\o r}y o{: TJacobian. - matmx (37(3 ))

In Some open se¥ MC‘EH ( the funchons are said o be

-ﬁnc\wona\\j mde‘:endm“‘ on U ) ThéSe f.mch:;ns caﬁ be 'blbetw as :
new coordinate funchons on U | o

EX . Gylindneal covvdnates on <3
Pefne  £XPE X T= (P, PH hee
p=OndY - z=x3

Astquad: tan™' ¥k ' - ]
@2 Z"dqu.ad: ‘\'ﬂ.h"‘yf)‘( £V j thrL\ @ on Pa_rrh\rc Y -axts

3% quad * W+ W ond ‘P? "% o megabee yoaas

4 quao\ tan™ W + 2

T = 23— {6)) wobeo, X203 = P-vifplere



These dcﬁne standard cglmdnca] coovd inates
pelow) | Pelom  ze o)

with o covrdinate gnﬂulaﬁly at ‘l‘keaggz‘:lﬂ:mﬁzﬁszﬂm
nenneyaffiz

 Coudinale Plane Xt=0 ﬁf‘m vales o )(1‘_ ,n\/@

EX. SPkenca\ coudinates on  R3
'DEFme {XU; x‘z,f ¥3'7 = '[ r, B, (.P] wke,—e

rs [ () O+ ()] 7

—

.@" same as Cﬂoove

n \(CI'SC_- ""\1{05 FJV‘W\ d"'lws H

X'= rsind cosq
x?= Tsin© sing

X3= rosé

I JF=0
tan™ X +TT;§3< o

H = [J=same a5 above .

. These O\e[:mé skanda 5P‘-vmcq\ coordhnates
r eco'w-) ) Oe (O)W7 J Qe CO)Z'IT')
witha covrdinale $1n9ulafﬂ-5_ at the same Place as cyh'no\nc&\ coordmnates.

| The cham rule gives the JrnnSForma%éq induced on the bases
UE'H"\E Cbzzzl-s-?%e ‘hﬂgen*spaq ahd 'r"s dua\ﬁ b’_&j the oodinate '}Y"IDS'FDMOFHM
dx*’= X dxF = Atgdx’
ox*® o
O _ XA - pf, 2
xR Jor = A9 B

The -rna'h‘;x A= (A“!) at each Po]fﬁ‘ IS ;nver_'hue b\j assumphim

—

_ oAty
XY~ N ox#

XY



aho\ a\eﬁnes a c‘nange O? baS\S o eac\a %ahgaﬁ' sFace ﬁrom ‘H')e
danded carlesan cordinate  denvahve basis fo the new basis.
comwmﬂt of of
The)\‘lmgen ved‘br‘f aﬂol 'H’\e ﬁngc.‘rf\- CUVC(J‘UFS‘ or i-—FDm SN 'H\c dua\
‘angentspace or " cofmngent space " (dewents also called  “cotangent
Vecl'DrS). Then ‘}WUS]‘;’M QCCOI’&!I;B\H_

_ Y% 2 _ 2
X=X 5)?"1}% N :KWK“"}P,

X' &f(X)= c_>_>.<f"]X‘
° ox*®lg,
o= 0w dxs.

= o(2) )= 0p 2
0u! = Olzel,) = %8 &%
and all eomprents 17 the lensor dlgebva  orer the fangentspace

.mngfpm 5|m§lar13, FEi\r*excmP\e7 the Euclidean meimnc on 8™

o

9= Yu dx"® dx* . Gag = Ous

 can be re-exprossed  as |
g: d; d)(d/@ d)(g/
o!/ { = ax‘x a,&y -
9 € FR"" e/ a¥é§
at eadn Ponrr\- a{- fEh. THis a (g)*bnsur”f\c\a on K7

' An3 smoojr% dhoiee Of‘ ('z’)“}eﬂjﬂr' &Iﬁ Ouer"i)hé ‘\'ahsen‘\* ‘?a'u_'q-\— -

eadh point-of T}Z.‘") leads o a CCPL')_, densor Oqéu.... on &7

For E’Kamfble) if X¥ are n-ﬁnc‘hm; on 7 yether than (mgants
then LT =T*Q, definesa vedvr ficld on B, while
o= G*wdxddcf\hejq % L ]CDm Ec{d\o,— diorenhal Afom
on TEh



Tous i classical  disoassions if we have a Uﬂ Sensur

- - SR a A £
= . 2. 9. Rax &
T=T" e ® IFe

at _?o 'P(_\Er') 'l'\"S cor_nPone"\‘B' (La] ‘H’\e news coorqu)re baS\s are

7

oo . _ o kY %
T 8- - _.a—X_. s ax e T S'..

aXK BX“? ‘ o

whidnis the " densor hansformatios law |



EX. |n casncdl disaissions one vefers  instead fo e | ine element
 of the rne‘\'hc
= s o\x"’ dax*

One can eqsllg _o-vu\c on [\Z
= dP2+PZd¢?2+ dz? cylindn cal
ds? = drzy r2d8%+ rIande?  splenal -

Chece thrs,

The menkl image or ever ex\phmlr mage fbrdtagramg N
-thlrwe have f;r*q ‘fnngeﬂ‘!‘ vedorin B is still the old directed
are line Seg_me"fC*_fTw.f?f s Oﬂjtm d,ﬁﬁnrhoq, Thus we Pﬁc’rurc
the basis {edlp.jz {9/3)("*1;:,} as unitvecrors _cﬂ_bh{g‘ﬂﬂe
coordhnate lines at Po,,wh!%'\niﬁét l—;p}n}y at B, The coordinate
tmansformation  leads Yo a4 new coodhinate basts at Po  which
we can shi) pichure in this way . We pieture a/ax“’lp, as a
vechor toungent o the  coodmate line of X at Po in the
 direchon oF Increasing values c_rF Hhat COOV‘D!I:OOA‘E with, a !enS-H—-
et : (9»1»: )" K evalasted ot Po [ terms
_ F'B’)e newd coovdmmLeS lJr \s a vaxgew'r 1o the Pammelm-zco{ cunve
C(O=xl+t = X% | gFL,

?



There s no need to consider on\\j coorthinate  bases of the
‘{un&en‘\'spaces_ One can introduce a 3ehem| " Jc;-ame " by choasing any
n heegr vedhor Jc\elds which ave lineady tndepd@ﬁ' at eadn Po‘m"r
of some open set U | Such a ocal frame " (f U is not-allof- €7

Is eq,uwa\errl- v sFeci{:jfng a nonswngular ma%x—dalw:oi ﬁmo’rwh o
o

Cu = ego( 3%?\3 =A64§.6’
W= W dxf = ATz dx”.

A COO"dI"M'!'e ‘!'\‘nnsft‘yw—.a-*wn \na\u.ces a qunge OF “Cnordmak j‘;ﬂme " _
but Fnrh'q\ derwahves  shll commute

¥
___Wﬁwﬁ%w

Q,( — a lxﬂ

- Lot 2
T e Kg T S

= e Y _ 5
e g2 2 0
e o(gb(i__ S‘B)Xg dxf
= B 2k e32e%) 2
€L 2% - i ) 55

s deﬁnes %c Lie b\rack—:ei- a{ ‘ﬂ?e Hwo  vedor Jqf,\a\_c €y ard)

T €g andther vedor— 56\0\ , Which must  Uanish -ﬁ»r*- cooxdinatre

frame  vedpr fields.



. An or-vhosonq\ cordinate system on R” 15 one for wshich the
@m,?onen\'s og'ﬁ’\e Fuclidean wetnc Yensor ave a\la_gonal) e, the
ordinate ]Cunne is Or"l'l'wjonql.

_ Gug =0 , o+ 8.

[nthis case i+ makes sense 1o inhrzduce  an orthonormel Jq'ame |r.>3

normalizing the Orn\ogona] coordinate j;'ame vecror qu'[d_s

~i, A
Cu = (90{0() ’ }i"‘«’ = X<
g = du oW , Sus= §(Ex &)

C}j\lno\nca\ and Sﬁ'\zncql coovdinates on B> are such or‘(“vagonq\
______CQMU;G%‘&S _q_nd we cnqen F\d’uv-c 'Hf\e agsod a\'g'ea\ qr'_Hﬁomorma\

frame

ndrcal




guch or‘H)On_ormal ‘mees arc vel.aleo‘ ‘\‘o'“'\e eng Ma\ or‘“\onoma\
(,a_r"fﬂqn cwrdihaLf ‘F?nme ij a FOS\‘hEm de?aqden"‘ ro“n'kon_

. Evdugte this m\'ﬂ#wn Mat X ﬁ;r Cglm(lnm\ and
Sp\‘enml condinales on TR’ A-nf cAﬁ\"L'f"rhns of-ﬂ-ﬂs mamnx
reprosert-the fongert vectors { X', X X5 § as diflerence vedors,

The mosY obwéus q’ues)ﬂoh to ask now 'Hﬁcr'r we car Uuse

G Fosﬁ‘l"ﬂr) de\Dender-Fﬂ' basts  for the tangent spaces  compared fo
our "6005\'5”*' :fi'ume ) asSoc\cr\'ed wr\'\\ ’H\c s*undorrl c:or-\-esmﬁ
coorthinates on TE': is the fb“owmg: how do we recoghize
a "constant VEC\'O"':ﬁeld § if we work m a nonconstant fmme?

A Cons\'ah*, vechor f\é\d is clcarb JRS\\‘_______Q vechr ;ﬁeb\ whese

coriesian coovdimate ﬁ'ame coumevﬁs are conshants, Next

how can we defur-;e a gradient o‘pem*-p_r__- For Vcc\-or-f_é\ds

which +akes o accourt the varabihiy oJC the fmme vectors 7
_ The answer is fo 5{m?\5 de)cln'e certain c\gdanh%'es in other
mordhinates by ‘\'V'ans‘f;v‘m‘m9 :ﬁ’um the cartesian coovdimate fm_me_
where +He3 are clear. So def'm'e the G)‘&ﬂsor“ Seld vX
by the fo\low(ng expression ("1 cartesian Uoordinates

v = 2X/oxE o/ae dxg,

called the covanant denvahve. of Hhe vector feld X =X"9/x"
and define its cmpenents ih any other frame by The change vf
fr_ame hnear .‘}mhsfgma'\'léq. ~ Nefe thala " constant vechor fe‘d“
~ has idenfically zew  covamant denvahve | andis sad fo be

" covartantly @nstart



. anenhahs

o componert notation 5 the covanart denvahve af-a vector j;e\d
 adds a covanantindex to ‘Hne__ vector field symbol whichis
convghhom“j seParaaLed b5 a Semicolon

@Y% = XGe = Yig+MaY”
@ = X = XS M XYY

while the ordinary denvatwe 1s denoted by a g comma
Se‘yamlrvr, |



So ‘i'\'qns{'_ormmg f;'orv] cactesian  cordinates

(V X)u/gf - iX_.d/ _{P}_‘I QEY |

| ox¥ 3% I (o)
az" chain rule
xS’

o= ) (é?flxw> - Bzxc(/ IY C'rﬁ‘cgmhén o

xE X IXEox” 9x* % /8 by part> |
o/ é—gg’ P tra '
X 9% verse fransformation

— aI"‘”/)X.G’__l_ .r\_a(/gfs)‘ X/S

,,u)}\er-e IR 5 , 3 v
FO(G’S" = - ‘L>£7'“y. 7-2(“;& e
IXSox? %

_ e (BX"' QXT) ! 32T hegrei)

A A IXT oxBUXE Napers
\/—V_&&'—"
o 5% o
~has a simple .(hfer_‘:zra_ht\'\'on. If Cot = a%“,_ denotes the

new coorthnate f’nme vechor ﬁelo\) then s covanast denvatie
i R V‘ 'eB = [a—é'és?/),{b Pfff/éf (Si’_)JJ %(75: & OX x .

NLLEREE

¥ e’
Mg few@dx®

These q,uqn‘l'l{'icsr Wdefm‘e the covanast denvahves of the frame |
vectors ‘\Jﬂem$e\vesj' unnecessary in the ongimal carlesian coordin 2o
_ discussion,

. Why do we have a (1)_‘_“3‘6‘!‘)59(_‘_ 'fz?f‘ ‘_Hﬂe covanant
denva'hve O]C A Vec)f?f‘_ qu\d _ _l*_'..‘__S\'C__a»d_ 0& Cmo‘\'\f\cr" vedor ﬁc\d 4

 For the same reason we only have a  digermsta (§)—tensor

T‘\ed\f&ren\'\a\d:f 0{’4&%\‘10»3 urh! we have a vedor |



f@_ﬂ:_\d ip evaluate % on  and obtain the denvahve of the
_yE\:tztzﬁv_’R:\_, ‘fﬁnc\"\on along Hhe ve&ur'ﬁ‘\o\

M@= If=Xf
Whem we evaludte the addtional vcd-or Ggumen"r £ 0§ ﬁ vY
on a vedor field

we .99+ the covanart denvahve oJC Y along X, Inthe
oqgm:;\ cirtesian oo rdinate fmme this ls'Ju.ﬁ- the - denvative
_ aloqa og ‘H’\e @ C,Oovqu-\-e CDMFO')E?\"‘S‘

Kf
‘n”\US vqx’ egj = Fq/sf exf’

ML%W&#@MW o Ved'of]q"tolj

The ovanant denvahve o\:eru\'o" de‘f\hec\/\b\__j hﬁnsﬁmmg the
. ordinany denvative ‘from the arlesian coordinagte j;'nme -
N easily be shown fo o\oey a scalar Pradud— Pmd.ud- rule

VXG\D = f VxY + @—f) \(’ and izngnnecxai—ni:%g |

|n]cncjr given an arlp-]w-m:\j jc-nme {%d}) dejcmmg. “Wﬁ\’ﬂ‘—f
oo ComPonerﬁs of the connechion

U, €a= Mis €




ee can then use the product ruleand ineanty to evaluate the covanant
denvahve In terms o][ them

Vg Y= vfeﬁ’yeﬁ: ;zg“(a_xa__;(h F‘ng‘g) @{67'

ol

 Orean defne a (P)-tosor o B eu® PP’ i each frame
buf we shl) dont know +he vclaﬁonsHtP oE tuch densurs defmed '
| dl\gﬁ‘mlr ﬁumes. n the Ongl'nas cartesian cogvdinate f’ame , The densor
s c\ear\9 E&ch\_’lcq“\j_ Zero. The ‘\'mnsfomajﬁo') between these
_an\ﬂeven\“ lensors e eqsilg evaluated using the Pradud- rule and lineacihy .

M = " (V€41

Nyt

BT . LAY L}rv
Aol A~I:' Cu
Aml.\;'ev
- A'ﬂfo_ PX—!M_o(’ wo‘( veu (A-lvgl C‘u)>

\_,—-\’___________________,

(EuA V) ey + A (e

_— R
AYGA]Mo!’ (T A gt ‘equ‘;’>

i

T_h_e qus’r term corresponds to the h‘ansfomq‘hbh of a _(‘:L)"‘}'EDSO'F
but Hhe second leew inhomogenesus fem  involues the denvahves
of the lnear frame fransformahon | lcading To different Jensors

" di{{crcrﬂ“ j:_r!meS. The densor 1s \deann“j zero 1 qll _]ermes
relared ¥o the ahgmal cartesian Coordinate ‘Wﬁnsfomwhén by @

ez csnstant linear ransformaion, butis nonzerv for those involving
non ccns\'ﬂ'ﬁ‘ :ﬁnm:-, V@-CJFUT'S. : C

Efﬂﬂ onghhal famels the grbesian copdlnate Ghme o Peh [/ mw 79 ar¢

. 7 1 ~ -1 E %
tis gref | N gl < AT A\ BuAT Sy fForalmofingte frape/ €q/s HX
i keducel 4o the 6 al CXpressien. = Awe' ! A—‘w’



.l-f-Hne mglna\ ]Q’nme {ed s the m“‘f“‘“f‘ COO"’“"“JFG fam’-)
_‘H‘_\er) PJ.MV ::(367@“ e);) =0 oand 'Hr'\\s reduces to

¥/ _ ax/ =] M
el = A ¢ A

I‘F {‘ed’} is a coordinate :ﬁnme 5 this reduces o the above

eXPK‘SSl!M when Awgl = %_;5_‘;’ ) A~I.B'/o(.___ -3—;—(5:.

One can alse pewrte this expression by " inlegrahing by parts !
I - / -l g
¥ g = e (A eA" %) — GADA

L~
&%
e a
0

= --Le,,(/A“;) A"Wg/ ,

-l ay/ -0
.,(’GMA ¢! = A"V €A s



e guarthies Pdsx = wd(Ves?f) are cafled the

cngonenJrS df the connechon wrb \'csyed' to the basts j;'arne {e‘”} .
They are most habm\\y ‘HﬁougH' of as o mamk-valued A-']Cbm\

¢ =([“’61 Q)g) = Cmds) t connechor, A-foms "
whose wvalue on g vechur ﬁctd [ sti‘ the [near "mnsﬁmcfhohn
of the fangent- space which descibes the cowanant denvahves of the

)q"nme \/ed'or‘s QXX) - PO/TGEX'Y.

The above fransformatony law  for the  connechen @M?Uht"r'\_s defmes
a "Seome\'n‘c object field ”) Whidy is a way of S?ec\]%ihﬁ a Yensur
ﬁe‘d for eadh chotce crf »ﬁ'ame such that the Comthen"'_S‘o*F these
different fensor frelds are related loy a +ransformahion determined
Effh\r‘e\j by the dnange of jCame majrx and ths  deenvahves,

Nohee that n a coordinate fmnne €« then

o/ ;] = »Xd, -Z)‘\Y —_— ot/
e/ S ),3;57&;,: = ["grg’
holds by +the symmeiry of mixed Parh'q\ denvatives, Sudh a
connechon 15 called symmetric | In @@ a noncoordhinate

‘ﬁame9 'ﬁr\e Prevtou.s Pa\se .SL'\OWS 'HQQ'\‘ ‘l'\'\(s syrhme“'\y ;s bro\eer)
SINw® :ﬁ'ume derwatives dord commute put de{;\ne ‘Hﬂ_e Lie
o me\Q_e'\'S of 'H"\c :ﬁ‘ume Vec\-or \:ﬁe\o\s,



So we know howto dlﬁe-mhajre q vco*D_f‘_jie\d i~ a Ycovanant
manner  which SlmP@ th%'CSG"){'S ‘H\c ord\r)&hj de\nvq'hve a{-‘{'lqe Cﬁr{fﬂa'r)
. We can

coordinate compuents ‘fmr)sfvmea\ b e an ar-_lorl-mry frame
extend the covanart denvahve Yo arbihary mnk tensor fields

i fwo ways
l) B'y "Tﬁnsﬁrmhg ‘ﬁ"orn Car'{-eslaq cumPoner)fk‘s
¥ =

VT 5. = 1. /2%
= Ty

T 6w

wherc we use 'H\e SCﬁ\\coion Gnd Commic no‘h’ho‘ﬂ: (‘Pﬂese

So Im a now
g

are equalent for the arkesian ﬁum«e} 7
’frame o’ = A_‘gd €g dI;Aqu o

= Td‘/‘"g/_n sy’

Foen
VK"TH g
/ ~lan e B —]_g‘,
Ad A P A ¥/ FYRRRN o ¥

:..._—=’ c' (1Y
—_— af 5 -
- c’ A T AL o2
and. then l-‘ln‘tgmhng \73 Par+s
[« PN -V
Mo y ¥ A ¥/

_; '
=(ﬁ®~ “fw%%%T
(A ~JM )W)W VTO- A—'VX/

= (Al
éa:/c "‘Aqmsi"),’if’\TU T,
_ e o -G’C” ____ el
A PS u f_..

= ofs-. .
T ety —
o~
2P ‘_ CXFaM b_? Pwdu(}m‘e
' i




—-Pd/v’ef
foos ol o <L
R
’ / .-
+ M@ §7er J T on

Thus the @vanant denvahive has g conechon lerm (ke the ane ﬁra

vedor ficld for each conpravarant index { gust the finear Fansfomation,
awl\eoi o hat index comresponding 1o the malnx of the manxvaled
 Gnnedion {—fom .-efreSeni\hg the covanaat denvahves of e fwm
\K_-’Ot”' f‘c’ﬂ[dJ) and the oPFOShLe sign and Mns?uge matix  corechomn
feems for each covanant index nesponding o the metmix represenhng
‘Pﬁe covanant deﬂvdl'l'IV'QSO]L'H\C fn\me dual Zl_-fBMS) _



2)_ By vecagnizing that ‘H\z carlenm condinale ‘ﬁime the cvanan:
denvahve (—:ofdmwy donvahoe) doviossly sahshes a Froduc{- rule

‘ﬁ;r 'l'ehstlj‘f_ FYDAMCBOP l'cnS(JrS ﬂ\nd ?wduoj'}' 0( ]Qmohonj (_,_n'ﬂr\ {engor;
and 1 llhmr)anc\ In any ‘f;ame the vanant demvahue of
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