@ (edge Qrodwc_\_r b voume e s d
@ e Pwduclrr on V , edendd to fle fengor dgopan.

‘\lﬂnﬁfﬂﬁpaccq) wulhvanable caladas .



Wedge product and Volume

Lwnearty mde/\;end&n*‘ ordered seb ij-o) RN Ep}}
Span {Im,..,) X.(p}} - :X(‘\/\,\\A-X(?) #0
The affernating propectyof the wedge product shows that one canm

add hinear compinations o§ he f’emam\"ng vechors i a setr do a gwen vedor
toinout- changing the wedae product

, Since by lineacty the added
Jerms will resultin wedge pro ducts wirth repeated fxc‘rors,

P .
(:X:m*‘ Z‘ C&X(D\ AI@Q/\....AEP}

- Xm AL /\X(?) + E_ C EDAKQBA ~-- /\:Kc\"3 = Z-m A J\XP )
3=z

This exactly this Pw\?eﬂ'g which eabdes the wedge product
1 exkend fhe notion of a lcng"r‘f\ of a vechor delermined by an
lnner“?rodud' 1o the d-ef‘mrh'an o{; a p-wmeasure ﬁ:r‘ - ?amue\\ogl’%}eds_
_ Geomc:\'_h'ca“j s is dcﬁnca\ mduc‘\'lve\g bg mu\'\ﬂé\%(ng Hhe
@r“rhogom\7h-efg\’ﬂ‘ 5'\'\0&: OPP"S“’S ]%ce :ﬁ—om -1 @—\)_Paml\c\\O?‘Pcd
bg-\ﬁeqreaogﬁfe a;rel ing %ewam\e“aplpcc) along the direchons of the @fD—?amHeuoPWr’ld

while matn’rulmna Jr\qc hei 3H’ o\oe:sh\‘ c\nau-,se e \: measure,

_ J[_r __T%EAP/ o ety

ST ——

X (P—D ~ qu“e\bP_i Pec)\ ~ "{'XU), . -,‘EQ"))}‘
£

CThis Tt J\'\\"g CorTeS‘;oﬂdS exacry fo fhe o‘)emjn,ov-, u§ addma a lmear comboination
g‘l“ne remmhmg edge vecrors o the one smg\e& ouf

_The _6‘_’@”\-56\'“"{“}—%’ orProrrgemal izanon process  (onsists of -two parts: orﬁlnogtma\}zo&l\oq
and noemalizaion,

“The orthogondlizafien steps are  special chotces of the
dbove fithng operhon.  One begims by retmiing Xeo as the fursh vedor in
the setr. Nextone re?\qces Xm bg ﬁ’s ?e%e,ohoq perpendiculac o ch
- Yoy = Xo
T NoXe— 9% Ko
o 9 Fw, Xaow)



At eadn successwe S\-c? one v-er‘;\dﬂ"'; the nex: vedtor :E\‘D"’s the
erginal_set by ifs projechon perperdiodar: o the Span of fre

[‘)T'chd.tt"\g se‘\'

Yy = Xp— = Ml‘m 12i£p

<=1 9 (.X)) lECD)

The new se%"of cr\'\nogona\ vedors \(Lo,.u,\(c?ﬁ is such Tthet the

Span OF the ‘f‘rs\' L vechors comcldes with the s?qnag‘\'\ﬂe ftrs’c L vedoo

c;\():‘ilf’g nﬁg\ha\ set

By corstruchion NoroAYe = Xpr..AXe

Geomell'nc&\\_u} )t\‘\e ?-wto’; the \‘pnm“e“o;‘p\?é&s ‘H‘»c\:_\ determine s eqwu.a\.

The second s&-e?af the Bram-Schmidt ?voccd.ure Yells us what fhal wst p-measuye

ic,. Noma\lzq“non OE ‘{'\\c loasis g\(cn‘,...}\(c\»} ffbr* 'an gurren S&,A\?S?ate

is_a_simple s\rc?

<\(m = |1 9(¥m,Yw) \—Vz Yy < ¢ &P-i

V -~
or N LGN N 2 N
\J\ll& \""-l'll. |

iy LYy oy

By hhear'\'\r\:' OE the wedge Pr‘bduc\’

A A
' Y(,nl\...f\\(u?s =<_ﬁ' \9(\“‘-\,\(&0\%) YC“A“‘AY(W
i

=1

Th@ Cbtjfgic\cn'\- lh Pc\f‘en‘Hhcses is '\'\nc Prbdu.c\' of 'ﬁ\e \.cng\-\ns a("‘ﬂﬂe orHﬂosona.\

SWEs 61 tne Tecranguiar ?~Parﬂ\\dt6§@"ﬁliﬁg'ﬁc Aumber that sheuld

be—assi-gned—as——%c—pwmmswe»of% 1s-p- ‘a&ml—\-e—\lm?\?;:p\—qnd—hem—e—"b——a’-\‘e

orfginq\ )

TNis bumbercan be obhuined by mroducing cin extention 0{'.*,\”& inner
wwwww ——prducE o p-vedtrs —whidh—dssigns — walk—the valve +-4tothe—
paner produck with dsell of awpabol the wedge produck ofa setof

P ortherormal vedors . Th\&uleng\%ﬁ“o? a p-vedor AC6ncd by such




an Inner f"‘"’d"“d', will Yren Pv—oduce the pmeasure OE ‘Hne
\)-— pqm\\e\bo[)i‘;ed ’_rgormed b_g ‘H’We fad-ors {X.CD)...)X@)’—S g ‘Hﬁe
wedge Tomdu. et

Thus the uredgc ?mduc\' dwides uP‘“’)c ser o-g‘).‘)amuc“cp\?e;cis o
équtua\mce dasses with Yhe same p-measure, An 1oner Pmduc‘\' then

assigns a vae tv each equivalence class,



To undershand His gt inner Fmdu et )%r‘ P'VCY:'\'DFS @ne must do a
comfu’ra’non

(P)-—'\‘ensars already have a nquur*a\ \nner product- dotamed from the

(rner FmduC’r 9 on the vecror space, One simply uses the inner produ ch
on cadh (ndex

d’v\..D(P Et"‘@
S.T = Sue G S 1

&- B
= g Toep = SBE @P—T F

where ndex ruising and lowenng enaldles this result +o be e,-cFreSSc:d
{n mony ways,

for p-vechrs one divtdes by o factonal fackor o averd overcounting
so thal the sum s chmuqlen-\- +u the sum arer order=d Indices

£, Ty = l ST = gl oo otp |

'For wedge _Prao\u.d's of P v ecors

PN
ool Loy A a0y ,QA
(Xm:\.../t XU?)\ . gx Xm X(P) \E%{Q\J J R
(T ST,
e ol e
(\{(‘)A AY(?)) [+ dr 8d| ol'F \(CQ\S\ Y(P] X‘f 'j' 'f./“"iii\éf(}“{: Y
S-S %
d - el L
< XA A Kp, \(u)/\ .J\\(upb = . &

l TE o 14

8\
= 8\"\ \-\q X(\) Y(p) Y(\)ﬁ”‘\(mS?

oh- - op \At\) Xt?) \leg\"‘f\{(as‘a

. g
i X o {%}Q_— g
1 (& ( {\\’\‘ - (i’*#xi_\‘n
=3 (\) X(? \ga) E‘ P \G,'ﬂ SF’ W Uefku‘&ﬁmljl'\ﬁﬂﬁ\jﬂb’.ﬂs % le e
Lt ' ) Y
i e
5 L -6 o 5? e )’('(r?‘{. i
= bl (T Yas) o (X Yos ) L e oo N
N e
] o
= det( X Ym)v B S



A A
Thus for an orfhenomal setof vedors '[YU)),., )\_/@;f(

A A A A
/ V A .\/ V A Av 3 — AD—\—K %"
KA A AT AT ATy A1 Q— )

2D
eyt =4

PR l ' . \ . 5 ) O I, _ -t
9\e\.d6 ‘i‘he d.e"\'owmnan‘\" oya atagnal r‘hq"\'h\{ L.Shoie‘““en“‘rne,s oFETXIT '1.

The-dosohstevalue taengues the—esult 4. The p-vechor—mnec
produact therefore ygields the length of a_wedge ?Yvdud'-oE

p vec\_’ws as the ?-m-easwreaf ka associgred ?- Pam“ewé?fpeg&.‘

Whatts Hhe \n]-chrcHndngQ +he ‘angle” behueen two suckh

med-ge-?whahqf P vedors 7

For p= n—\ the answer {s 3'1mp‘c

out for other values | pur  3-dimensional minds have q bit ag-

vsualizahion with the geometry (aHleast-mine does)

The duds og the \_)-vcc}or‘s ae then vedurs -

Dn) = ¥ CKnA...f\ g’.{l&b;_) !)m = t( \éﬁf\m/\\(&))

and because of the \nvaqanteoE the (aner mdud‘ urder the dudl

o?em\wén

onelnas

< .S,T> = <¥SS ¥T>)

<XC|\I\‘..AX(P1 , \((n/\.../\\({p}> = <D(l) )05157 = ey« Neay @.

= {ne il “ nml\ cvs B

'Thfang\e be’fucen‘“\c nomals -!-u 'pnc L\ﬂ\':er?\qneg 1s also ‘Hflc dn,q\(:’

belween the hgperp\qnes

The cosine of the angle 15 yush the inner

Prudud‘t{‘ the normalized p-vedors.

el= 1 Tyaualeh , Inal=
1 T v W W~ H_]/z RYI A—mﬁn\
Y\ VAEA U TR N TR Ao W
Y2 - N
TlAo A Aly) = Te o,







An inner Pruducjr and Norm on a vechor space and s
" extension to the fensor a\geb\’q over the vechr space,

The BEuclidean mner Pmdﬁc{' is incredibly uSeH N e\ernen‘lmy
linear dgebra and s hidden presence i many cirtumstances enables -
one to hide the Hch shuchwre mathemahcal shruchure sifhag on Top “‘:F K"
Having exorcized his presence , e-emast and developed this ndb shucture
we musk naw reinsert i info the formalism Simply because i+ does play

an H‘"\Pddﬂﬁ'\_ r‘ole, |

Cecdll that the hcﬂ fo quoldlng this rch shruduve ps the

‘to\en{-'nfimhon og' the dual weder of R" ity R H-Sc\f bg usiig the

Euclidean mner- product- 4o express lineor funchons,  Thisidenti ficahon

can be made {pg-any mes- wirth any (nonc\ejenem\f) inner Pmducl: (aften -e@nc:oh‘o
and its extension fothe densoralgebva  fulls unde the class cal “% - th )
Herminolegy o{- nrmsmg and louwenng mohiesﬁur\-k the metne. “The |

idea of lengths amd—argles—of of Vechors and argles betven vedhrs

s diso IM\DOV'\"“"'*"’ in @ding physical inhihin and & Joocan

\ge Cxl;er_c._\_ed_ ']'D‘H'm {ensor a\sebm_



Gwen an n-dimensiond vector space V' with basis {ed} and
dual basis iwd}) we infyoduce the dea of an inner Proo\ud' armd s
associated rorm on V' as @n  symmetnc (9)-tensor which is

nondegenerate |
9= Jue W'@W® | Gup= 9gw | deb(gua) # 0.

The wner praduct of hoo vechrs X and ¥ is defined o be
the evaluahon of g on These vechors
g&Y) = G,X7" = XYV , Ju=%®,
and occaswnally walten as a  “dot Fl"bduC')r“) which is q
btlinear binary cperator om the veclor space  with real valves
The nomofa single vedor isits self aner product
NE) TP = 9(X,X) = guXX = XX
ard rts length (s the square root-of the absilule value of s nom
IXh = INI %= |35,
For vectors wrth nonZerv Nomm , one can infroduce

a normalization oFerarhon A as ‘Fol\ows
A
X= IXI"X | IXiFo, — (%I 4

and has the threr‘Pre*‘ﬁ“'wn of the “dlrechon 'of the vedor X
The vedor X s called a umitvector and is said Yo have been

viormal (zed, One may define an ansleebe-}weeh untt vecdhors
A A nA
. AXYIE]
by xX-Y “%;:hee R =1 ¢ nyperbolic cmg\e)
and define this fo be the angle between the onginal unnormahzed

vedors,
Two vedors for which the mner product vanishes are
‘se1d 1o be orJr")ogonq\. A basis of multally or-’i*nogma\ vech s



6r4‘kogona\ unit vectors 15 caled an orthonomadl basis 'Iheam,PonenJr;

éf’rhc menc in sucha basis are dfqgcmaf and a{- absolule valve umjg
IJC V"""Zn and {@q} is the standard bqs'is) then the

s called an orfhogonal basis and a loasis af mqu'uq!Lj
nehzern

standard Euclidean mner Prvdu.c\- has Com‘:onen'\"s

4 o=g
?
pd the,

98 = &’3 = {o o=~ B
e the symneine maiti of gmpenents 9“3;5_/““’—/ orsts 15 an
an’ ma-‘ﬁx Iﬂ 'HMS' case ah oF "H’\e above de]clm'hon_g reduce ar']’hanarm\
o j:umih.ar‘ concepi"s The norm o{' a vedor is Just the basts.

sumof the squares of its comPoneh+5
NE)= XX = qg 92 zo.

and 1S P.osihVe defm‘ﬁ'e > e, produces the nom Fn:duccs enly nonnegate
values and the valve zerd occurs only for the zerw vedor

| | 184
Strting from any basisyof [R”, one an always dbtmin anorthogona)

nd +h - .
‘ aegr-\-\-nonomd basis by a procedure alled the Gram-Schmidt
or%ﬂcg‘ Given any vechor X

Fr'octclwe This invelves the oFem'\’lon of proje
05 nonzero NorMg  one  an always PmJed_ any other vedor dlong X

and of"{’\wogoml +to X
2 XX

YII = &%%K_ = XX >
Y_}_: Y_Yu = (""%%‘)Y.

This ProJec\15r3 holds for any inner product on 4 genera| veder space
and can be edended 4o « P”’Jed"""’ along and orthegoral to any

subspace which fiself bas an orthonormal basis,



IJC {Ed} 4=l p "]5 ‘ﬁﬂ qrfhonarm::\ basls cf: a P—cllmenflonal

m=:§WEﬁL

The Gram- Schmidt Prvcedw-e then takes an arbrl'rary basts with
afleast L edor of nonzero norm, lebrs assume €,-€#0, and
_genzmkas fars\' an orﬂxoguna‘ basis by a senes of PmJeménji and
‘\‘_\nen_ an orfhonerwal busts by narmqh'zfng the orh\aﬂ ona}  basts.

M€=E-
Next replace e, by ts ?n)eohun orn'\ogonql 4o &

&= 8- @aF

€€,
ASSUm:;‘;g ég has nonzeyo morm, \r-ctl:zce §3 by s &)l’b‘)ec:\"lc;n
o the Plane of the orﬂ\ogona| veches x{:ﬂ)@ 5.

i-&- ZGYE
€ €.
C_ovrhnue ln'ﬁ“ﬂs Wy

—_—

_ _ ad o~ =N\ B.
g, =&~ = (& :c)ﬂe*'

e e

The hitth when the innec ?mdgc’r_ is not Poﬂhve-o\eﬁ'n-’t’fc Wlee 'H‘\_e



standard Euclidean th’)erFlDdchr‘ is thet one can run it vechors o?
zerw nom and the pYDJc‘G\’fch oFMhbva is then not ckp.fmcd at the newt
step. TF this doesnt occur, induding at-the lagk step, then the
pasts 1 €afy is an orthogonal bastsaf monzero nom vedors

4}
whldq May Le normalized ‘l’oPTwaCe an orh\gnorma‘ basts { _éa}_

FACT, The numberso)t Posﬂwe nom vechors and of negative nom
vechors are qlways the same 'ﬁ"r an orfhonomd| basts wdiy I’csPec’r t a
TEXed innevr Prrdud'_ The dfﬁerervce (fbsﬁ‘lvé number ~neg chve number‘)
ts called the signature oF the innec P\"Oduc'l".

A ‘Fosthue—oleﬁn'k or Klemannian \nner product™ has signature
s=n; while-g—torerdz~ the lemaining cases are _}noleﬁn_d‘e or
Pseualo—ﬁlermm]m, e cose of only one posthve norm vedor or
only one negative horm veckor (‘bastcally equivalent as we will later
Sce) is called Lorentzian amd isthe mse of special and

gcn_em\ re\q'\'\'vi\-BB_‘les has Sighature s= Q- —1= N~z or —Cn~2), _

This means one has a stardard set-of- components of the inner product

h an orthovormal basis 1f we agree to ?qu all the Pos_‘hve nofm
\fec\'ors ftrslr
(TL"B) = diag C A0 A , "4, -":"'i.)
L

L

P . N
p+a = 1n =dim V

P-—q’:: S = slgnq'\'ure_ 9 )7
thoug\ﬁ n the Lorerzian case PH.S. oﬂen conventional 4o

emphastze Fhe dishnchon beheen the single vedror of the oppesite



signed nom by using the indices 0,4

Zery ndex 6-‘»“ 1’\% ?KCCF*{OM\ basis vcc'roh
ﬂ‘t'\mell\'ze'mo\exJ while 4,

yuahl, agreeing fouse the

Zero s re\:CV‘%\ +o ag q
P-l  are called ”SPa-\'uEz\"

(’RNB ) = di‘lg(—i, i,---,i) or c\to.g (1) -1,..‘,-‘i)
ARy \r\e\‘)s Jo imheduce an index convenhon ‘fbr‘ the Spa\’l

| wndlices ,
agreeing fo use latn lelers Qb <,

= 1,...)n—lj Sofnr-examp\c.
Moo= =4 ) "&"—EF:&:F -n.oa"':o qu-—SaL

1 the ﬁrs\- converton, TR this case the Posrh\;e nomm i< asSociated
with the  Eudidean  nper ?mduc\" ratox — the Knoneckeer deltm, |
Be{;sre developing this apdggg—_*gu ‘E-!\'"flner ,

let us retum Yo the
3cneml case, but f\rs\- an EKﬂmP\e,:

._E_X__ Let Cf(“f@ be the 9 req

02 HO\mens lOna\ Vcc\‘or‘ S‘Pa_Ce og'
PXp matrices,

\n'{'\’bd\»\ce "l'\’)e fb“ou)lnj Yrace mner Pmdqc-\—
<A, BY =9(A,B) = TrAB.=TrBA

~ Thists a Pswdo—-]zwmqnnwfn or mo\efmﬁre nnec Prbduc’r. Whattg
ihs sxsm’m-c7 Well |

Bny mabhx can e uniqvely decwmposed it
The sum of a symmedne mabx and an anhsymmetne  matmx

A= AgrPu ) Ax= L (AxAY) .

This 1s a or‘\‘\‘xogona\ direct sum deccm‘)os\'\'ﬂm _ogl %anﬂa since

the dace of the preductof & symmeine ond astisymaeine meatnx is
piAgey

Y = aym (7B} & aspn (TR)

dim= DD 0 (h-\)
A



Furthermore,  TrA? equals the sum of the squares of the emines of
o s\dmme\’n'c MQ‘\'HX _ umq\ minus +\r\e sum O\C “Phe Squal"es for' an

arhisymmetne  mabx TVERIFY] so the trace nner product s

?usuhv-c-o\ef\h\-\-e on ,A;Jm_(h)g) and nega\'w’? o\eﬁni'\‘c on @%(ME)
Oneach subspace we can find an arthonomal basts of vedors with the
Same Sigh nomm by the Gram-Schmudt chedu\!‘e , So the

S\gnalrxxrc o{— <,7 sr q s 5= n@_zip -n_,(_n;_‘) = n,

This mner praduct Jums out to be quite '|m]:>or-bn+.

PZOBLEM n=%Z
Venfy hak  Eo = 2%(°Y)  E.= 2%(83),
| Ea= 27(58) | Es=27%(%4

: 1S an or%onom\ basts aF §QC2, ). This s a "r-alumenswr‘aa\

~ vehr space with a Loronte Inner preduct, \What 15 the grthogonal
_ijmhon of the malnx (éi) along (_% ?) ?

PRo8LE My | |
S\;P?ose we declare 1he basis - “égf-" (i.i) , -61: (2.-’-0

1o be a standard orthonomal basis of an ner preduct g on R?
wih —9(&&)=+4 = g(& &),

EXP\'ESS 8: 9abwqﬂ)wb lh\-ermso{- the S\ﬁndm;o\ basis, |



The dot product on R” enabled us Yo avoid roducing  d- forms & Hhe dua
space by ) retgrcsenhhg J-foms & demsof the dot product of
vedror, One can do this with any (aner ?\"oduc\’pn-v: With each vechr Y
weassouate o A-fom Oy by ;‘aar\-w.l\y evauahng  the metmc

X o= g(X, ) e, Ox(=9EY)
o im c,om?onerr\-g
(6x)a= 9us W W = GuX¥ o -—-_L__g_giififw“
0x) o

(\O-x)u = Qug Kg =X«
In component form this is called "|owening the ndex " for cbvisus reasoos,
An) @}—{ensor may be m)»a-(‘;rdco\ as g lineac map fon V b v
This iverhble only if s mabnx of cww_?av-erﬁ's has nenzero o\e\rcnmnavsjr)_ as
qsbumachgrm_C.ggg) wrth the \mverse map
o= gdg‘&(}ﬂ = g™, (‘;—umng the wdex )

—

‘“"—““*“”““““““0‘5S‘Ottﬂ#‘cd“wrl“‘\*%"ew“mvemhﬁmﬁﬁt*(,ﬂLg)T“’f%f%&*‘w%\?m\?“

Fon T -~ P 3 8
g~ =g eree; — - g% =g 6 w0’)

which an be used as an Inner Pmduc’r on the dual space

- B
g:p= glloe)= 37 0ps gt e

ond accnm?hs‘ncg index ru\;u;ﬂ ’bﬂ ?m—\'m‘ evaluaon
~ -
T=-9"(6x )

Now ¥ turns out that This inverhble relqhwklp betueen
V qﬁo\ﬂ'\'sﬂun\ﬁs—an%S’O’M*e'\’@"!“‘”,—“'i'."e:'3‘“‘1’"7e“""ma‘ysﬂ--"*cmwm‘\'ew't’l’h* - —
: ner ‘-;mdud‘ - r e = '
T g gm0 Il = 9 X as ¥
' = gesxg’f =9 (XX .




TF we short with o A-form  we can “raise its index" to gt a vedor
Y= 9 (g, )

C_X_’G.)d = g6 =0¥.
Rather than m{-rod'udnj cmm?hcq\-ed notahen iRe Yo pr Ox o whatever,
one uses the cnverthon of \aeepmg the same  lemel symbol In +he mdex
notzhon  and 5""‘?‘3 changing the ?osrhon of the hdex. Ip the index
‘ﬁ—ez notehon , onc needs another way fo dls\‘mgu\s\q the _’l-ﬁﬁ\m and \_rcd-or
symbol , 50 the sHarP S1gN (rase) and the {f\a‘\' 5\gn (lower) are

used
I=X% — X'= K4u® , To= Gug K5
F=0u® — O¥=c"ey ) 0= 9"'30}3 _

Note that the dondard cﬂ'nx o]c inner Froduc\' CamPunenJr; "~ a s\-anolaru\ or“\on\c;:r;?
@ng)=dia3(~i - ,1) = (M)

is its own nverse | so the dud basis fo an erfhonomma) basis 1s

xlrscw an orﬂ'\onomq\ basts wih H’S?ec\‘ 4o Fhe dual 1mer vaduc\‘ In ]Cac’r

index Fasing relates a vecvoe and OJWCSFondrha 4&1- avechrr i sudh
a bas__ls, raultiplied by the Stgh of ﬂse_lr Nom,

{n 3encm\ lay ll“?ﬂ"*ﬁjﬂﬂ ‘
b 4
I!?: @deu) = I( Cu :}_., eo( gé’o(w gugb\)g

and g = Ouwd)¥ = Ox W }__,m"‘*:g"‘geg.

=Tt = 049%ee S

Since, de’r(gw;);éo) { W% 15 dso a basisof V, called the
" basis  are equivalent Ho evaluation of the dual covedors

e L e



ond the e\mlu«hdq of anuy ;d_’pvfo\-or‘ on Q vec}vr‘ Y eq_uivaieh‘\'

o the daﬁfu (Pner Produd‘ wits the vechr oblained )(;‘DM,‘H'\E
GN‘COLU' ‘Vy mdex m‘.snﬁg.

o(X)= owX' = 98c%x% = g¥.x .

On B index raising and lowering ComFohev'ﬂr i~ the standard basts

is fovial since the metnt mahix and ks inverse are both the
idm\’\\‘y matnx  and the cntauvana~t and covanant componc'n'b
are the same . Thus the Buclidean do+‘omduc+) ﬁ:m\liar) was
used Yo express avedurs 1n elementany linear algebra.  fo avoid haung
fo devdoP the uqfnmlhdr 1dea a{ the dual ace,

In general, & ang wikhonomdbasis , Index raising and lownng simpl

changes
the signof a component oy the sign of the nomm of the lasts vedor it Is clSSOCl\ie Ty

W

PROBUEM | For ‘}Q(’?,K) with the trace inner Fmdud', what 15 the
bagis r‘e_c\F\'oca.\ Yo the slanderd loasts {@ug} def‘meo\ bg
ﬁ' = /‘\w g ggo( ; e gq- has a smg\e nonzZerd erﬁnj 4L inthe

ot row and 81h column

( note 4he switeh of rvos & wlumns
o Fom the e.nh:j A%g o the basis
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