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WHAT You GET FROM A TYPICAL LINEAR ALGERRA COurRSE : NOTATION

R § Ky Xou) | Yo €R §
eot-_-(oJl")d')---)O) 3 l€£vEN

standard basig: .
| ol thslot .
EX"[}“"“)"-;“ are the GJMP""En"’S of the vector X wrt the

shandard basts.
m

SUPPose you have q linear ma Al R {Em.
et i,k ... denole  ndices assurming the walues 4,0, m.
Let {ei’} TR denote the standard basis of B b avoid confusios.

The matx of A 1s de‘ﬁncd by -
| Ay == Aix Ei7

sothat A= A(S Xa€u) = é XqAey by [meartty
o= =t
| = é Xot * AEJGL,.
A= L=t
— “)? /

z (éAonc)eL' =
RPN

S

= Xif
.hen_c?- _ : _>S/= _A“_X n ma‘]'nx no‘l'a"'[bf)) .
if we agree Hhat X= (x ) is Hhe column matmx

aS§OClG+€d wd-L\ Y:: (xl)l--) Y"l) thd. Slmilﬂﬂy
for X
b) and -_A_ - (AL“) (=hoym va?)
=Ly n (ccilurnns)
15 ‘i‘he matmx associated withy e array o]c
numbers (Ao tsieym | and use matvix
o= l).u) n o
M\A\'I'\Phca'}'ion o muH‘IPlj A and X.
I]Cone has the composthon 0{* two {inear maps , one matrix W‘U'U”P\‘é;

their maintes fo get the mahrix of The compoerm., and so on.



——

A tE“—aﬁZ ’fheﬂ one has a square ratmx and
A&. EZ Agx g

X = % AueXs
Deﬁne'ﬂ'te delermmnant OF a | square matrix, b‘j

det 4 = Pe%u&uhm?l”fcs,u.%w) Ao Aoy

or  detA T Pezm%oﬁsmfa,,.,ny (sgn) Awip1 - Amma

whith 15 a ansequence of the fack  debAT=der A |
vhere The Mnsp:;e mqjﬁ‘ix is (AT)ﬁgs Ago .

. A [near ‘i‘mnsﬁma'hon AR o s ma+nx ___ are  aled

smgulb.r /'nonsingu lar  or de'geﬂemlt/ hma\egenem-\—e or nonm\rt!’th/ mverhb
if detA s zew/ronzem,

I‘fone has '\'\ﬂ@ COMVOS%W\ og Two sudn \mear "\Tﬂhs%rm Q‘huns A°B 5
then AB s the mahnx o{‘ AcB and Thew delerminant -fach)rs

Cdet AB = detA detB A

w - Tor anmsmsu\ar matrix A}q unique \e{'k/\"lg\v\'\‘ rverse matnix Cancl inverse
lmear'\mnsfoma'\'wﬁ) exists  for whidh

ATA = AAT=
_ whev-e i = ngg) is +‘ne unit mqlrrix and

5u3 = cj; :(_:g is the Khonedzer detha sgmbo\,

 Tis immediately smq:hes de‘{'ﬁ‘i = @e\—ﬂb -




SHOETHAND,  Since {yPtcauj many summations will be invelved in what we do,
wtqchsp\' the  Einglein summoﬂ'léé amverhon :

) Wf more than 2 indices are IrePea;'Cd (h an expression the summahos

convention 1s suspended and one must use the = netoahon fa sumis
desived.

n an ex S’Slc.m .
2) I Zindices are r-cchJred; a surl:cu‘s iMF\\ecl overthetr dfflowed
range of valnes.  Thus we need fo adofﬂ- certain lefes for cerdain

q\(uued tinges 0 arder +o code 'Hne a(bwcd range into our no’]'a'\'lén.' :
A repeated lgrlex ts called a “dummyindex” and may b:g replaced ot wlf} wrth My i
' © W? ",

3) If: an I‘ndex Is GO'\' rcpea‘-cd in an express‘ lon) 'H\e ekaession fs

T assumed fo stand for dll expressions for bihich the index
ASSUMES an a“ow-cd value. - '

—>
Thus : ’S(}: Xo Cor s Y/_‘:Xi,’ei_’ or X/:X,’,EQ
Ae.= A€l or ACy=AguCy
Xir = AluXot or Xy =AwgXg

mqlea;')_g all these evaesstén; mMore com A”‘agp\m = Ovg= Ad'sA-‘”h’g
To dedl with olejre”nlnank in the came way we deﬁﬁé.

L.vv .
Coyenchn =) Sgn (—_ofi,.:_ogﬁ> ‘f @l)---,dn)=Tr(‘)'--)h)

bviou hor&h nd
.'(f}"vr‘ ‘Pe;:uiahbn “-rr- taleing (1yv.yn) o (K15 .. otm)

¢ ig (0(1)\”-,“‘0) is neta Permuhhm of Cl,...)n)

S0 with the s_ummahén converiton the c\el-ennmqn‘}' also becomes compad‘-.
de"'_ﬂ_: eoq...dn 'Aﬂ,oﬁ‘”AnO(n = gof{--.ofn Aaﬁd‘“Adhn'



K" has a standard Eudlidean nner Produdr (the l‘__d£+,Pmd“C+ll>

— > -3y
G = XeYx =YX

The standard lpasts uce}vré sahefy

. eoﬂ‘ B = R

f

;

o K'Y= (ko (Ypee) = Xw¥s Sus = XaYu = Xalg,

The affedof summing an ndex of the knonecker delln agaidst ancther
ndex s fo ref:\ace Frat ether index with the other index of the
lknonecker delta,

This Mmay be used o l;w\-e?“)re\* MmatTx mu\\'\Phccr'non .
Aue = Boﬁf C‘a’

mxp mxn X

The dg'én\wa OE-H\Q ?rbduo\“ Mok \s Ju'.s\" the wner Produdr of the
o th row vecor o§ the jirslr :ﬁ&ar wirth the £4h column vedor Of

ueh
the second , where eadh rows” and column ray be congidered o Fo\n‘\‘oac w®e"

ma na‘l’u\"ﬁ\ way

e quay B = (%)% 15 cdled the lenghhef the vecor

. Aby ronzero veder can be 'normdized o a unt veckor (huanengHj) |
by dwiding by s tength

A — A A
X =} Kex=4
T

The relahve angle between, Two nenzevo Wedors only depends on thetr
boﬁcS\)ondmg unit vectors

wsd = %0 ot ;zg: Il \6“_ 58,

Whenever any two vedors have Zersnner P\'_v,dQG*' 5 "f"’e‘j___ are

ca\\ed Ormhogona\ J When -‘\'\neg ore btﬁ'\ﬁ fNoNZero, 'i"\’)ts means '\'\069
defermine perpends wlor directions , e, their relahve angle is
lz\- adians &F 900‘ . . [ . }

The wndition 5 Lu e =

‘nahes the stundard basts  an octhonormal bas\SW1H‘“‘BSFEC)"'}°%‘e



The untt vec}nrs ?a.rnmo\'hze he space aQ dircdhons
“ﬁ&e%&%‘;onen\' fawj vedor X along 'Hf\f— drechion u s Just X u = [\X“ (058,
while the vedor cm?bnenjt‘ is 6? u) bl also called the ijcc’ndn "F 2\ . _
d\ong Q.



(An{aﬁuna\-e stanchard. dementnry lincar algebra  obscures the &

rich shuchure of lineartty dnd mixes W up wiih the  Euchdean geome‘\'r_tj
a{: R" by quo\dmg the whroduchon of the dea og dual spaces and

thetr Consequences, This cm-&s{on o{: the dishnck cohcePJrs o{: an

ner ?\rbduc\- behween vedors and a4 natusal scdlar product beshioan
a vechor and. a linear func\-uér) ( Jus* eva\uqhén) is built o the
index notahor whidny \raee?s all wndices at the subscﬁp\' level

rather than dls’nnguis\mrig berween subscr‘P‘r and su%ersch‘p'lr
posr\'ioning. To se?ara{‘e these two dxﬁeren’r 1deas , one must

refine our mdex convenhions to  dishnguish behueen UFPGF“ and " lowrer"
naices,

SUMMATION @WVENTION : A repeated paicof mdices manm

CKP?CSS\o'n MUST consist 0? an u‘aper- and a lower index

Tf we decide feaf  will rt?\-escnjl"ilﬂe Sardard basis 5§ K", then
he components of vedors wrlky respect o this basis mustk have an

\ —
“upper index X = X¥€q .

Now when we make the dot ?rbduc’rof twe vecdrs

9-__ ey - @ eg) = X*B € = X'YZ Sug = SuaX’ Bﬁ'._.._.

we can No longer eliminate the Knenecker delta since both
___rzema!mng summed ndites would be up. e manda’i-ownj presence
of the Knonecker deltn with two ower indices %ere{%re 5\3\’\6\
“he presence of a dor Prod.ud‘. However,

we could make the defin\‘\'ion Xg = 5@33(“‘—“ Sé&.\)(d |

o dosorb the Knonecker defta 1o the nototion wrthast brealeing
the new ndex convertion

Xg = Suafss Xagﬁ S

but mow we must onsider Xg d\slnnd-j.mm Nl th%doas-‘ﬁﬂs
“mean P And whhatis the nature of +the Pmdqd— \Aggg ([

etrbrer-wore



dna st (s lincarly independent C* =0 mplies that overy
¢t v((\encl:- cA=0 ,ch\:%nmsg R:AS Cé\CA \lnja.rly o v, Asehs{— n rqeck
li~eart & is cilled a basis and amy vedor m

‘;m?;:n&ﬁ?h 5 F’t\ncgfvcc rs’ the eypansin (ch%c alled m%whmk& aﬁlpam

letus re—exqrnme Vnearity n our ) moTarion .

[The armsio nolohents dropped3
Suppose {X(m} A=l p 1S @ set of vedors in IR™ VTne Pq:—en%ems N

su\p_;c_n‘ﬂ—no\-crhon reminds us that The mndex Justis a label of the set
yather than a comvonen’r of s_omejtlmbg. TfF ¢ areany P real numbers
then CAR@m  ts a linearcombingtion of Thes set+ofvectars

guwosc f‘. KP->R™ s a lnear map, Uneartfy just means
that evaluahing § commutes withs the operanon of faking o \inear combination

£ (P ¥w) = CHE¥m).

- ' Llneanlnﬁ COM?\‘e)r_t\a defemines a linear map from s Vq_\u-es onthe

standard basts vectors |
$(X) = (X = X fle) = <X

. ! =f.
_ The cl’uur\%es :f € B™ are Just the images of the sbndor:l basts
vedors, The mdex summahon which occurs on the n‘g‘r_\'}'hand side of this

_ Cq’m‘hbn is ec\iqu\e'ﬂ‘_‘!'v eva\u.cﬁ‘m_g the lnear quchéh.. 10 terms Of
ccm?onen"{;_f_}ﬂkEﬁ with resped"b'flﬂe basis {eal.

NC3 Suppose we deno\e Jr\'\e_S'\fundard _bqsrs Q# A by {ef} fo dtshngutkh
_'H“ﬁnm {eo\?onTK_“J where 1))k, ... assume the runge of valves [),,, ™,
The image vechors fu can be expressed (0 fcoms of the basis
Fa=Feeh .
£(X) = (‘f" Xyeti = Y'ei
_Yi':ft e X:ix_ .
(fwe let X and X shand for the column malnces cerresper of
_componenits of X and X and § oot = (£¢4) the matrx
uwhose fows are a\oe\eeh bj‘\'\'\c ﬁrs\'(uP?ef) index and  Coumns oy
the second (lower) index. -



m=n then the prime s no longer necessany and all 1ndies vevert to

Greek lelters = chﬂxg
The ldch‘\'\'b JITJIQS{:DFMG'\"IW withy lden%\-a watny _4_ musT ﬂ‘\vev-efurc be
writien 1= (563) , where now fhe Knooedeerdela 1ndices

are \n ‘“\e ?osﬂIon ‘S‘E)f‘ a linear mqp,

Nohee Thot the estemn: dth column of f—@ Cd) comespond o the
comY)onon\'s of the image vechr of e« 1n the new basts = L}

when M= “ﬂnd% f C§6d) the Com?onm‘\'s of the mage of Cu
‘inthe same (standard) basis.

Consider the case ™m=1  of real walued linear j:unc’nons on R™
_Suwose G is such a funchon; Then
c(X)=. CuX® |,  Cu=ole). |
The spoce of such funchons is itself a vechr space since a linear
combination of \{nmrfuhch'ons is again a linear func,h'on (Wnendefined
in Fhe dovicus way ) and all the necessary rules for vedvraddihon and
| s_ca\ar muHﬂP\\cQ’ndn hold. Thes vec\u‘space is called the dual space
and 15 dencted by B" ¥ TIF Yoo has a standard basts | aa denoled by
SL(Q“}, called 4he basts dud to {eu] o Just the dual basis,
e thve-defimits :
Define the n linear {gahC\‘uSnS W by o
| W¥(ee) = &%%. ( dualiy rearhons )
- The linear f*"_?cjﬂvh WY for a fixed vave o\C__Oi g\wes zerv on
all basisvedvrs egce?\‘ the one with The same wdex , whidh gves o
valveof 4. The vc;\ua on an arbrirary vector fellow from Wnearrhy
WE) =B =B led = §%X° =X

T\‘\c c(ﬂa dﬁm\ busw vechor \:ndz; ou.‘\‘ the oth wmponent o f X,



Bu\‘{g g is an arb\'\_'mrg such \inear ]C\mdw'r)
O-CE___ o‘o{X"’ = Oy G)%X) = @Q&)d) CX.) |
and since any fwo linear func‘m;qs which Nave the same valve on every vechor
must coincide 5 =Cuw®
which shows that {w® ts a spanning set for the dudl space , te., any
element oF fhe Space an be ex‘;vesgee\ as a lineal combynahon of- the cet,
To prove ok they form a basis | one mustshow [near mdependence |
ouk 1§ Ce ¥ =0  Fhen O=Cow?(BY) = &8 = Cg
shows that each we%\acn%- mugk vanish | esiab) 15\'\mj lnear independence.
 Thus the dual space " ¥ 15 also m-dimensional,
Thus any e\eme_w\‘o-g the dual spae called a cwe'd'or) has the
expansien 0= Cuw® Cv= 0(eq)
where the Comvonm% with respect 4o the dual basts | hercafler
simply caled the comvomn‘\"s wifln vc;ch)'—’lo the basis {ed) , are
Jusk the valves of the (ovedroron the  basts vedors. Similary
I’-Xd'ﬁw 5 = @ (‘O%X)
shows That the ccm‘)one_v-_ﬂ_'s of a vechr may be obtined by
evaluahng The dual basis cveders on the veder, Nohce howihe
{ndex ?os'\h'oning is 1w Jre“\ng‘yls ,'H\e ongin o]C an tnhdex.
IE f! RY2E™ i a linear map,  and we hoduce  the
dual basis  { '] for K™, then o
\([, = fb X°< where f_f,e@‘-'-;c')d e’; |
MmEans 5 a4 = IL(f (eu)) |
Again the index pesitioning reveals the ongin and o\tﬁen-n’f funchion
of the Hwo indices. The secondower) index 1s associated with the hnearthy
OG'H\C map and s correspmd\-%j summation gostoe 15 equivalent-to N
evaluahon of the map W Homs of compunents with respedt- fothe basts
. 0]( 'l“ﬂe domam Space ]Eh The ppetr QEWSB ndex con \De U«Scdcvcn Fora non\!mrmap



When m=n  and 0\),': fSJUS\' C\)d) ore has
fgd:m‘?CF(eoD),

Now ui‘!a*_a\oou\‘ e dot Pde&? X = SwaXY5
S‘u??ose we &D( X)érheh we oblrm'n a t’tm\va\hcd\mcorflmchx‘mq oo [Eh,
Le., a covedor " X" = Susxgw"‘ whose value on Y ts astT XoY,

and whese Cohq?onev-r\'s qre SGBXB = Xo( > ie.) nurnehcauy 'H\e

same as the componertts of the erginal vecor. Thisis an dovicus
(s0morphism betwees, B and s dual space | but not a natural one
because i nuolves a Pq\"hcu\o.r‘ choice of ‘basls ., [Some}hms is called
"natural ¥ if o arbiany doree s m\:o\\reo\.] As we will see later

char suth o corvespondence @ different basis will net agrecingeneral
wrth this correspondence. [The arbitrary chowe herenvdves the standard
Eudidean 1i->nEr_Pru_d_ug\' if one thinks 05- X "X-" or the shandard

basis 1f one Thinkes X=X oy Xn ='Xh.}

. Sup?osc we explore @ bH‘ changing -Hwe basts )Qom the s\-andaro\ .
one, This may be qccom? lished using o linear J{'mnsfnmq-hov) uf er

whidh 15 nonsingular  {e.

'e,d = B(Eu) B eg Qrc_nms—kﬁ-gﬁ-\ﬂf“—mvd

vechors

_ carr lnearly l\f\depehdeﬂ'\‘ and thercfore form a new basis e "
Defme the new dual bas‘s {(-Od} by The same dudldy velahons as
be’f"”’ - &g = (JJ (els) 4BV e, = IU(B 8y

__ = B ') B
which means ‘H’m)r the mcﬁ'h\( (A.)W(ea;v A% ¥ 06 COm\poneVT\’S aF

the new dual basis rust be the mverse matnx A =BT,

det B #O. |nthis case the mage




Ahg_ vector may be e\(?n:swd in etthec basig
..X':" X"' Cy = Xlaelﬁ’

WE= WX = AW (X)= A o X=AX

which can be nverfed by matnix muH-tP\:cahuq by the wverse
xo’: PS“"IUG X/B’ l: ﬁ*]l/‘

 Similardy for a wvedror

O = Ouw™ = oLw"™

Od = O-(Qﬂ’j’:- O.CBsueﬂt Og Bjt;:- OF; -Iga(
Tfwe let G dencte the row matrix corresponding @ the
_componentsof G 1 the onginal basis | and O thuse 1n the news
basts | fhen 1n mainik nolahon
f= G =i

) A
O=0'A, o Ga=0ghA%

T\“\AS lﬁdcx ?omlnom'ng also indicares whether the Index frans ﬁ;njns

by the malmix A or s iverse AT
F{:'rexam?‘,e) suppose C: IR"—>UZ" is a linear MWSFOWY}Q'\'IGV)

with mattix C =(Cl): C(X) = CeX’ew = %X &
= w(CCe%) = A% w¥( C(A"%es))
= K W) A = AN CYe A
o N ratrx form C/= AC A“ ‘

The index nofation Leads+o uwpper ndices h—uns-f:brvnmg b\‘ﬂ_& and lower
ndices by A,
Oﬁl‘Hm:oHne,‘-:- hand S\AP‘;ose we evamatre "\"ﬂe do-\- Fmo\uc\'
i1 the new basis. o,
XY= Sk = susAT A XX
- (x"ed)-f0el) = el XYY = 9lX Y

. 7
= ug



he. = 8‘£§A~'_§A_lg = A T4dvs Al{s

T
or 9/ =(A 1A
where the franspose is necessary SO Hrz @ column jndex (s summed
againsta row index to make enatnix rrm!Jn? icahory.

A%ou‘gh the mahnx O]Ca Wnear ‘h’ﬂhsﬁlmqlnon qnd"(lnc

N og camPoneﬂlrs G—F-qu dot Produc\’ are both matnies , 'anj
fransform d\ﬁeven\'\\ﬂ and again The index convenhioy makes the

dishnchion automah canj. Nohce also Hhat the relahon

Yot = SveX”
Jrrans]coms o X{o(: 90((3)(’5 , 5o +he coﬁeS?ondﬁcncc between
a vedor and the associared (avedvr {s no longer in genm\_S\r;\P\e,

The det ?wduc\‘ 15 a realvaued funchon of a pair "E vedvrs
whidn i< linear in eadh argument , hence called  bi-linear SuPFosc

intduce the real valued f\.mojrwh of a e Lovedur and ¢ vechor by
E(0,X)= 6(X) = X = 48X
TS IS aqlso biex {mear 1n each qrgumen)r and is Juﬁ' ""’c eva‘““*""“ e
‘ﬁmchon whose cm?onenh are 'Hne Vm‘lcd k“"“e"b"de\!'“ -59‘“17"\ R
[n general we are belng led to mulilinear funchons of o certan pumber
%cwed'ors and vedors, These are alled Yensors over B and 1o
discuss them Vmper\a we need qPPranqlrc notahion

Before gang on ‘l"wouglﬂ notice That the Oﬂ\\j g\dnnec\'lon o(:

| ‘llf\e symbds §€a% with R” was 15 the onginal definihon which didrt h:a.“j -

erkerinto any of the e subsequent formulas,  In otherwords, given an n-dimensional

 vedorspace V with a basig {ed‘i) we could have carmied oulthe EV\*’\W‘_
_ disaussion, undhanged,  Instead of the dtandod dot preduct on B” we would



Eiicldean SHgnatwre
e dedling with q,qu\wu\awnv\er pduct on V' such that- fex] Is an

m’m\"“‘m"’“\ ‘745“5. l}lﬂs\tﬂd we velay, rat condihion ) Fhen
8
Oue= Su- €y =%

?

o fock defines an inner product on V. I§ 3 is a symmetni matrix,

 Bperdtberondegeraie T detg o, by extending 1+ +o all vedors by linerhy
X =Ko o) = JueX"C

¥ will be nondegenernle 1f det g 0,
Thus curdiscusiion, goes orer intact 1 an n-dimenswnal Vechrspace
V wih the addrhon shudure o{- an nner Produc’r, Before we canhinue
from such a move genorl viewpoint , lets re-enamine fhe determinadt and
s mierprefahon
Suppose MR OR" is @ linear transformahon. The defeminant
of s matix A =(A'e)

Gt A= Seeg A AT, = N AY,
~ nowreguires o rowsed alfernaling €-symbdl for consistency with ‘e
- \ndex C°"V‘?f’_'f_"_°f>, “’f“‘ﬂeﬁcﬁ\\y _Cq‘uo\ to the lower €-symbol, To
o .lrs\ﬁF?Te+ the de\frmmarf\', let Xa@) = A(€g) = @) A"geo{

~ be the wmages og the basts vedrrs , ie. X% = A"fgs or equivalently
+the set aJ; vechre corragPona\xha 4 '\'lﬁe_: colurm vectrs of the watnx A ‘

de\'( K{\),...)chg = det (I(g\) = Gu‘\...el.-. Xm(ﬂ_ - X(:)

; |
"E‘_‘\"ffer\?\_‘?h"?g_”_.‘_l'\\@ delerminant as o funchon with 0 vedwr argumerts
which l;___(_\_:_ﬂ_;ﬁg_\_meqr‘ I eac‘h qrgunjeh'\_ alone, [ Fixing +he reslrcf‘ﬂ-ve
orguments  the defcrmin ant 1s Just-a certmin linear combinahon of the

components a&l o given arjgurna-f\' , e coveckor, 3 :
e det (o gEY6Y, ) = a det (L, X, ) F b det (L, Y ).

\NC nouus\rmw 'Phcﬂ~ '}'HC fum\\.mr?m\oerhes cs? 'H'\c .dehm{nqn‘\‘ mak’e r\‘s
absolube volue measuree the volume of the ?qml\e\\quFcA fvrmed -
by the n veders JMdn are Ws argument, L .



m mw\hp\gln& a  column/row by a red Aumber Mu\ln?\\es the )
delerminarst by the same number [ Follaws from soalar muthple
Specialrzahon of hhe,ar'r\-jj

(2 1n‘\"er'<:\nan9in_9 {wo lumns /o  changes the sign of the
dererminant ( hence the delermnant oEq Ptk ity twe
denhcal or by () mevely prepornonal  columns/rors  ts zero>_

S o = oy
X V. - A o
dej\' (X(D, -.,:X:(,j;.--;X'(_\) ,~—> = Edl... - FOR - T () ’ >§j) >§j) (s ‘-’9
o) ol LF
= = G OOl XQ) o X Gy X () ‘f“ranspo&"hun c,\nqng;_v;
. ol EN sign of permutalton
= = Lol ol XO)(D”' X oy X(_'l)‘ o dumw ind ex def\ange
o o o)
= — eq“... dc.-.d-“--; c‘l)‘.‘ x(.i;"' Xd;"‘ COMMM'\'\V\‘\'a CJ$
real Nunmbers
= — del‘.(xm”h_, XD)__) X(\j)y..) defimhin, T

(2 qddmg a  vea mu\h?\e of ancther column frpw o a column/@u
doesnt change the delermnant by linearhy phus ()



o)
T

i

X,U)
p Y2 'Xu) Ya & -I:»_"'"' Kz'\“ ‘)I(\)
Stort with =2, Take X dhong € and Ly along €3

O\e'\' CK("‘) ;KC"-D = 617. X ‘(n X-z(;z) Gm \3 noNzZers \-Cﬂmj

= X% % s0 lder (T Za) | = 1Tl 1%l =
= vol (Km,ﬂz‘m)

Now adding « MuPn‘P\e of one veckor to andther dearly doesnt change
the area sine thangulac reglons ave simply tvansiated , S0 one can
move Xy and Rey o 3enem\ posﬂ’lbns ( plus Pemw\-ahéns for some
speaa\ VOS\hMS) whhout ckahging erther 'H\e aves or e de‘e""“";“'d-.
“Thus 5\'&(‘\'\?79 jﬁum ouUr Nehion c& ¥oeo as a Pmdur.\- OF or'h“’S"”q\'
leng"tlﬂs , v-cprt'szh\co\ here by the ortonermal basts {€,e%5, the .
. determmnant Of the matrix 0? covn?onen-\-s cE 2 wvechors w:\'k...rcs\:ec\"

‘\'Dﬂﬂ's bqs\s , M abse lube va\u-c) c\car\\d meqsures '\‘L\e Volume

of*“ﬂc Poml\e\\OQWM 'ﬁ)!‘meO\ ’Dﬂ ‘{"Luo honur'hqogonql \JGDJ\'DY‘S,

This same Orgumen'\' may be repeated for“ aralell \Peo\s i~
h‘*‘is .{{qm\\\&r) qnd ‘Far‘ RHF\n genem\, P %e:;r;|nah+P[usqr)

porer product give N-Vlume o —theasure n RD

What s the \nx'crprc\'aln'on o-g- sgr det Kosy, Zow) 7
Thig spec\fieg ‘H’\E uorier?mﬁbv;‘ oF 'H'\E crder-ec) se'\‘o-E: n vechrs V‘BLQ'\’)ve to
the onentahon of the stundard basss.

nRY, e, fs relaled by a counterclockuwise rotahon {v_um e, cled
the postve omerfution. B Two veders Fo,Xaf wih -
det CI'm,Xh,.) >0 are relaked 1 the same Way ( Pbﬁlh"f\‘ﬁ onented 5“‘:’\')
Cout i dek (X0, X)) <0, then Iay is relaled 49_9 a ClocRuse ctation
—fnm Ba) { fegahvely onented ser\")_ s -pemu%ﬁs The ser changes the e
g9 '5‘8“)"{" fhe onentation by the. sign of the permulahicn (atmnspesthion
forn=2),



ln R® the nght hand screw rule =& states that carling the fingers of the

nghthand fom  © o €7 leads the thumb o point- in the dicechon of €3

forthe poshvely onerted shundord basts of K3, A lef handed frame (repaecy woked)
would have €5 1n the oppestte  ducchon.  Fora geneva) setof three

\inearly mdependant vv:c\'brs {I@o} it Loy is on %:;\W\S\ﬁw? e plane

c{' o and Xa) delermined bj he ng‘h\- hand m\e cur\ ‘6rgers fmm Xeo hﬂz))
the get 1s Pos\*we\g /neginvely onenrea,

Tn gereval  one declares the standavd basis of R 4o be Pas:’nvc\g onewked,
and any ordered set of linearly independant veders has the enentutton
determmned by the sign of s delerminant.  Thus the delerminantsl-
the matrx of comvm\s A the ordeved st with respec-to the
 onented , orthonormal  Srandard basis  measures the volume and IF nowzero
 the onentmhon of the set. Tfwe carmy over dhe  shudure of &"
used. o -Far o an arb\"rmnj n-dimensional  vector s?ace.\/) we need
an mner product plus on onennon 1o discuss Nengths and onenicd

volumes



Last delail . Whatis Yhe _\hkr‘)v—c‘m‘\wq of the ﬁ)m\u\q
det A = ™ Aty Alya ?

Gienany lnear map AL R’ RY Wb

Y=AX = Yi=pxE - Y=AYX
one can always iriroduce the franspose map
NS
from the image space dual Space back Yo the domain Space dual space
by definig

AT(8) (X) = B(AX) for XeR™, © € R™

= éﬁ.ﬁ‘iﬁ o
[AT(0)] g
| = Op | S

or C=0A 1§ we use w matmces fo representthe components
ot tb covectors,  THuwe returnto the all lowerindex symbol comrention
we would wrke Hhis _ Ci= Aji. O

so treahng the covedors as column matntes S
comes out v be ﬁT')_‘H"\e ‘hmnsvo:e Of __ﬂ_\_ .

For m=n, we can defmé S===3 (5% -

n Cwecjrws G ez by 0®, = Al Ccm-c_spondmg']'o

the row vedors of the matmix A ( cdumn vedrrs & A7) R

uwhidn are just the images of the dudl basis vedors under

the franspose map 0B = Aaw” = AT(wE) R

Since ATw®) (e = wi(Aled)= Ao wlex) = A'u

Then  deb A = €V GV, O, L
may be. m\-erpre*cd as_a mutfilinear funchon og' n aNedors,

Y o of AT

/n



THis Yoo can be reated o volumes once we have an inner Prodqc\"
,{U.‘f" @V_EG\WT‘S. Su?__?b_&f we dedare {w“3 b be an or“\ononna\ basts fbf'

W wb= §8 , O‘@= 8“'301;@3_
g onersfutions

Then a Para\\e\ discussion, can be made regarding volumes, I +he dual space,

Again the index anvention dishinguishes diffeenk algebvaic amcepts which
the usual e\ewvx\nnj__q\ga\:m notation,  dbsaures



nR” nororly do we have the nohon o lengths and velumes  associated
with L and 0 dimensiona) subspawes , but also  p-measures  associated
with all Foss'\\o\evd\menstona\ subspacs L PSP, In % there are
areas of qu\\c\\ogmms , nomely  2-parllellopipeds | 1n adddtonto ordinary
?ﬂ\"ﬂ“C“‘-’P\p&o\S) or ’g-pam\\e\\o()\f)eds, We need to generalvee the
delermmnant to discuss this queshon .



