volume gnd de\-ermsnarr\‘s_é-

volume of pora“e‘o?n ped ]Q""‘Cd by
“{\feo rs as edges wih ongin as a verkx

Vol (X(]) ,XEZ} ,X—D)) = Kol 1 E0 “ “zg?“

3 ndtcular
vebhats

Adding any linear combinabion of e other vedus b X dot’anS'
change the Volume (s ince the hejghtof the Par—aﬂelop,pea remains the same

_ one can ‘P"MS add at’bij(mrg l\heaf‘am\o]ﬂa‘\'long oF ‘[’L\e_ TEMGAINING vedors o qg\ue:‘q
vedor without changing the viume. :_Ef any vecdhr is mu\hplséd by a Posﬂ'\ve number,
+he Hc!gh’;--m s dircchon is scaled by the Same ]ch’rur) and so the volume
scales by that fuctor, interchanging any “wo vechrs m oder doesntchange
ﬁ‘e vo\ume uJH!cL\ O\lesrﬁr &qud on (,Jlmdq ordef‘ ‘H\c Vechrs are S’k'ﬁ+ecl.

These ,P_»Z'bpeH‘aés e-xP[afq why the determinamt absdule \mlw,o][ e determinant
measures volume. The Stlgim:f]C Y]'Llc AGLCWYH;']CI"7+ SFcCi]qe‘S ‘Hne oﬂcn‘}'ﬂ‘htﬂ o{ ‘Hve
three veo’a-vrsa e, i o is o Hhe SQme/oPFos{k cide d\f he plane
of X and T as dedormined by e nghthand screw rule (same sideas
jmx'_g‘m) —ﬂ-,en +he delﬁmﬂ‘ﬂﬂh‘i' s Pasihvt‘/nc,gahué and Hhe tdrdercal
set of vectors {X, Xa )X;)} is satd 4o have the SQMC/dFPoS:i'J[f
onentation as the sfandard bass of K3

“his same discusston (wﬁ'twvﬁ' the njh%‘hanal;cr-ew ru\e) qﬂ)l{ef o any
Amension, [Ne S{gno{: H\e Aekerrmnant o]c an ordored sef "F n-vedrs n 1K
sp_eaﬁes the onentahon of the lirearly :ndzpmclme edus wen wmzerof Wrﬁf@
_ and the absolule valve o the delermant ghes fhe vilume of “_Hﬂc e
Porﬂluc\opt‘)é] fisrmed. |

Zero de‘kmmqn']‘ means “2evb Volume and hence 'H\evcotﬂr;s are nat
Winearly mdependont. |



vume and determinants 2

Ang nxn matny _é WI'H’) nonzero Olc:*emman"' car be alg[-alned f;vm Fhe
| trlenhjfy mattx by the Fnllowlfng 3 OPmJﬁﬁs }

1) Adding a inear combination Of'l'kﬁremmuig det invanant

mws/cohmns o a gwen mw/columﬂ

2) m;erc\nang:@ any fwo rDWS/Co[umrU de4‘ G!/mngej s'lgh)
fdc'l'\lbxfana:ﬂ“
3) WH’IP‘ng a nw/column bj 73 det Sca‘cx }y of

ey number 4 ldeH ccales bB [d\_

An\J n;xr) m%'x ﬁ can EE‘HJO\@H' OF 45 4N orde»edse\’of a)lurnn \/eo!'UCS'

Ax Enwﬁin)z (A;A,“ ALh) = (—K@J"‘Kiﬂ))'

O

, ﬁ e[ = _A (1 s = (Ajg)ré‘,’l'\ailumq vecur = :X-cf,)
_ 0 _
These Coi\-!rnn veo"vrs are Jlljjr 'Hﬂe m')agef a-F ‘Hwe g\nnal@rv( baSIS vec{'bf‘S'
underthe brea ‘f*ﬂnsﬁwmah&n associgled with the malnx.
We can bul 4 up an arL{Jnmry mahnx w]“o N on2erv ‘q‘elermmqrd’ mn ‘H"c
Pollowng way & St wnth Hhe lden'H-j matx , who.se clumns are just
e standard basis veders. g dderminant Is one, cqual o the volume of
g unlt cube a) " ~ Now sca‘e ‘Hre columns o)c the 1d—¢n’nlnj wm-l'ﬁx bj
arbljm""j NOYZevo rea] h_um\oelT) Mapping 'H\e qH'mdqra{ basu vec!'DU‘
+D n cr*n\oguna| veclmrs SCqung 'Hﬂe dc{-emthqn'}' by ‘Hjc Pwd@d*o{"ﬂ'le
dbso!u}e\/a\.\ﬁ d{'Hﬂc numpers Add'n;j qrfoﬂ'mry linear mlolnq'f‘loﬁ; dF
‘]J'K\-cmammg columns  +v each column maq s thece orhwgmq_[ vechrs
to Sa\eml nonor_n\ogonql Péf}%énj l@adih‘g 4 a 96"“8\'&]- matrx A O’F..‘HKSGM
Nozevo AzLommm'}' Uihosc a‘bSOiUlf VQ\V_‘C ﬁleﬂf‘j , rt?he.ren‘}'s Hhe voime
o{%ﬁ Fam“cluriped f\;med b_\j '_H’\e column vec-f-ors,

| de\' (Xa),\-“,&))\ = V°\ume-(-$l))‘.. ,Xm) o

B . e W md.set
G\ >0 Poghuely (mm]-ca ; lm ..m
sy o o, 79 resathy onenled fin. ihd. 5B
=0 lineardy dep set.
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 We can extend This f;vm fEh wih its Euclidesn geav'\g‘i'ry o
any n—dmenswna‘ Vec\vr Space \%2 M‘H\ a npndejenem!c mmr-P_m_duc'J‘

ooor “mckné‘_' s em\itglj to ol—waSe an gr'n\onormq] lpa;[g {.eq} 6_(:
P"ﬁ:&PQQ ) €. Ca*C, = x4 gal, .
- Then ex ressing veghes i This ‘)&me basr's) tre enhre diswssion
for R” in shandard basis cames over and alelemmes vélumes

bj ‘H)e dejrerfm'han}— ]thc‘l‘lc-ih a\( Ae me}( 47[ orh\mw] bagl Y pr‘t)bka\'l's,

On " the defermmant ]anchu'h %mﬂl\%— oF as an cm'l'l.symhe'}nc'

mulhlirear finchoiy on N—vedors s the unique , (g)‘}ﬂ’?ﬂf
anh symrec

w\ﬂose valve on the standard bagis is me. Onee we infyoduce the
wedge Fm\uc\' , then we cun represent this fensor by

o\el- (:XEI)..- :X;"’) = de{- (:X-cc))) = a)l/l.../\b\)n (XE.),...;XE:,Q

= Lsr
These same formula holds B any - posthuely mare
ortonorma) basts of £ e, the h-cvedor @'T" defines an invanant

m dﬂhsymw“ﬂé ”(r?%lmsw o B” hida e\faiuajc_} volure , say " vol ’_I
;H‘ hﬂS cwp‘-er)}'s V°' T—‘Ul"nz m eoh...dn w“'@\-.@ ﬂ@dn '
q”emal'-r@ .S',thLo,\

' AHtmah(mly one has the resubt
]&)A.../\X}n) = CM'CX’U&\)) €i1A...AEn
N €)n
: N e
neCBSm'r‘IM) an

aohsyrechng () lensor k the wefhaent 15 ust the deteminaat

n ke MH‘ lg C‘{.W‘['}" the dual basic n-ueolvr (»Jl”
rR O ealed 1o e meveds Koo



_Volume and delermnant 4

E&xm?\e with nonskindacd imner Pmalud- on n’c’?; standard basis 1645,
Let 9:_ W W’ , 9.1 = 9(€q,€b) have matrix aF Om?unen‘h' -

420
=C9a\o) = (Zg;) 9, =2F © means ot ﬁlgnd e, are not

OT‘H'JSQY\G‘ Wru“i reg Cl" 'l‘D‘HﬂS me'h’lc bu';l' 9‘3 923 =0 means el qnd ez
are orhr\ogdm] $o €3. We cnnge’l’ an or'hr\onorrnql basts as fal bWS:t

Nqul\?e 6'3 : 63 = S = (O O} ,p{"')
| A3<l \f‘
Normalize Ci -él = £l = J 0, 0)
4~ '
Wy

NOW SUB#WC{"&JM 67_ r{“s CumPMqu a{ons e‘

T - Yme) e =e-%e = O ) -(Z) (ko0

o S AP P
“Then g(@' = 9( € - 92183 ) a1 ~ %IL, gy =o
Shows it o be ornwgma\ 4o €, nmvm\\'Ze, \‘“
_ (-J_ y L b)
&§=8 - oo = BF

S Si?z,“@‘) (‘.‘!29)@%})@) }__: (- 107“@): 12 | {Te=12G

Then {§q3 s ON wri- 9'2 le 9(6:».657: Sab.
The matvix Transforming fom the standard basts 1o the new ne is

e A (14 3

o 0 é s o 00 G
Thedual basts is: _“(501: A"qb (.JL (///
, - e o
5 - G W orps
5P < w Gw? , e .
13 =Y Qw\),\(w‘a-\rwz)r\(\rw") = cw?

e et e et e 2@ u 4 wl e e e e e o e et et oo e
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So the volume aF the p'o.m“eloptpéd ‘ﬁrmed by the shundard basts vedrors

measured by the mner ()ruolu.cF g s

onhe ather hand
= BrTa& = (Lela( -erel)n(k &) = 1623
o2

|
A
2(3 \eZ

= de'l’(alé_:d:%) = \olume GE Pam“f,’[olyi")ed 'ﬁmcd bj rc;ﬂ}
measured with vesped--b the Euclidean
ek y
Since {?ﬁq} s oN wrf g one anexpress g as
$| = gq(, (‘3&@55 _\aal:‘: 3 (:é’"a,—éb) =dab

Raising and loweng ndices

wﬂjr\q%\,cdmr I: Xeq = fa_é—% we can assouale a covedhor :be bg Parh;\\g
evaludhng the tersir g on X
TP Xaw' vhee Xu= gabf i

evaluq‘-o:% aF ﬁr,s&' avs,unm‘l-an X

= T T e - b ==}
Iqwq Ia—::_ gqbX :SaLI.
Forcmm};\e Jf\'\e C‘N‘ed’l’\’S CUWﬂP”"\o\lhg + ‘H\c shvwlaml \pag{g w.c‘rors av-e
e,b= 4&)‘-%2001 BM'B‘ _'_Q_",i:": W | Er‘anudrmwhd\r;:‘ "
b= l A eZ = -(:—)z S('S) [owenn3 € mdex
e, = 2 T4 sto Just Frodum the
e3b— 3w? 3 ' dual basts. '
AVEANS , S
i‘?o (é — I\~ @1dho)“? @'ﬁwl
o3 U d 1
V)_ @“’ (o B L=
7 3
o d

@O <y
S
¢/
oo
¢
e
[
[
)
e
&l
&



Volume and Determinant G

Th: thwérse ma#r'lx o%ms qn innev Prooluc" on ‘Pne dua\ Spa& ) fe, ah nrer
produo\' F)r avedors ; o

- 2.3 ° : o _
m.@“b) =3 = :‘f'i ;3 6 9"‘=9“l’ea®€b = __9“bé‘a®eb
. i} 0} ?]..} gab:__ 9~l(wal.w1’)

— ab Spp—
7= g w“,wb);* 5,?’

(e an use thic fo val se indigs” on @vedors O Cato®=0a 0 'H”‘SI maes %Jrfw
Bl - ~ B dusl bagis b
| O- = 9 (0', )-—- eva\ua.hoh aF 3 on 6\13‘ arguneh‘\' dNbas’is(_é"a'-f
0¥ = 0% shee G*=9°°C% | ﬁ”“gfﬁ“‘
. = TE, 723", = 60 ’
ftor GXamP\e {
G)“"’-_- 26‘!;@‘2 ¥ = ? Sms{va ﬂc"iﬁflex on the
L ;?4{ — ¥ _ = wal basts o an ON bagis
03 ._%__S-‘L W Ez glves ba__ck‘]'lf\e hmsis,
w’?»#:‘ ny ev (-/3-3# = ez .
32
Now nohte. that

5(0#,11: M‘:GJC’TL‘—‘ X =0x)
b
0 g(wtien) = wie) =§%.
Somchres (WY TS called the basts \'ECIFl'oca\‘]’b e, since H

prcks aut the mpom-vk with rcsFeo’r b (€25 by wer products afoedws rather
‘H‘ﬂh ha{‘l)\ral e\/a‘ua‘hu.r)ofcwc()ﬂ\(f an VC(}_WY.



Volume and delermnant 7
The Eudidean netne lensor
E = SO0

-
1s 4 fensor ghote 1ndies gun be vaised by g

eh= g g Sa= 9 Bag” = (V)T
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