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obtained, it has to be consideredfone of the fundamental contributions to relativistic
cosmology, and since that time I have made a special effort to publicize it and assign
it as mandatory reading for all my university students.

I then realized that a number of other articles by Fermi were equally insufliciently
well known: a possible reason being that they had not yet been translated from
Ttalian into English, especially those by the young Fermi when he was a student at
the Scuola Normale Superiore in Pisa dealing mainly with electrodynamics and the
special and general theories of relativity. This led to a lengthy process in which with
the help of Emanuele Alesci, Donato Bini, Dino Boccaletti, Andrea Geralico, Robert
Jantzen, and Simone Mercuri, we translated from Italian to English a selection of
Fermi’s papers, including the ones of the Pisa period. In the course of our work
we also became aware of scientific results published in a series of six papers written
by Fermi in 1922-1923 during his Pisa period while still a student and later in
a temporary position at the University of Florence, results which he presented in
Gottingen in 1924. This work, which has been overlooked in nearly all textbooks,
is his solution of the infamous soEallec.l “4/3 problem” that plagued the classical
theory of the electron introduced by Abraham and Lorentz during the first years of
the life of special relativity and which was wrongly interpreted by Poincaré as duc
to unidentified internal stresses holding the electron together. I discussed this topic
with Donato Bini, Andrea Geralico and Robert Jantzen over the period of a few
years, resulting in our commentary article Appendix (A.1) and a shortened version
(A.2) for the journal General Relativity and Gravitation.

While examining Fermi’s early papers, we came across two important papers
which we also translated. The first is a 1930 lecture delivered in Trento in which
he clearly motivated his distrust toward approaching the internal constitutions of
stars, an attitude which had negative consequences for the Italian development of
astrophysics. The second was greatly rewarding: a crucial lecture that Fermi later
delivered in Italian at the University of Rome in October 1949, “Theories on the
origins of the elements,” recorded by Ettore Pancini, which we have also translated
into English. Through this I finally became aware of Fermi’s deep knowledge of
cosmology and derivation of the key equations, which allowed him to perform the
computation in his work with Turkevich. There were also some other later papers
related to astrophysics which, although they had been published in English, for a
varicty of reasons, had not yet reached the attention they deserved from the scientific
community at large. We started assembling all of this material. Of course many
books and even movies already exist which review the glorious achievements of the
Fermi group in Rome on neutron physics, nuclear physics and statistical mechanics,
but none of these overlap with our specific interest in the matter of general relativity
and astrophysics. I first noticed with enriosity Fermi’s apparent lack of interest in
general relativity and also in astrophysics during the entire Rome period of {his life.
This was particularly surprising since many fundamental results were obtained in
those years in England and in the United States which had great significance for
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astrophysics in the following decades. Many of the results were indeed obtained
using Fermi’s conceptual discoveries.

It became natural to ask why Fermi, one of the first scientists to reach a deep
understanding of Einstein’s theory of general relativity and to give profound con-
tributions to that theory, already as a student in Pisa, never addressed any issue
related to general relativity after transferring to Florence in 1924 and in 1926 to
Rome. What could have happened during this Florence transition which inhibited
his desire to pursue general relativity further?

While I was mulling over all these issues in the intervening years, I continued my
work in relativistic astrophysics and was witnessing on a daily basis the tremendous
relevance to the field of relativistic astrophysics of the classic work of three giants:
Fermi, Einstein and Heisenberg. The greatest and most fundamental new results
have come from the utilization of their ideas not in the isolation that they had cre-
ated between themselves while alive but in a profound new interaction unhampered
by their personal prejudices. From this thinking came the decision to contextualize
this material with a companion book [3] dedicated to Einstein, Fermi, Heisenberg
and the birth of relativistic astrophysics which took place due to both theoretical
and observational advances that came one after the other in the 1960s, seen from
my personal perspective as one of the participants in this story from its begin-
nings to the present time. I purposely avoided there entering into matters already
extensively treated elsewhere, including in my own books, and have focused on a
historical perspective regarding some particular events in the development of rela-
tivistic astrophysics which I have witnessed directly or have reconstructed in Rome,
Princeton, Cambridge, Moscow and in locations where relativistic astrophysics after
its inception flourished in the following years. T have privileged the indications on
some current research which I consider particularly promising.

In the-present volume the introductory Chapter 1 summarizes the contents of
the remaining two chapters and appendices. We have reproduced and where nec-
essary translated the fundamental contributions Fermi made which are relevant to
astrophysics, starting from his early student days in Pisa (see Fig. 1) and continuing
throughout his life. Chapter 2 contains those relevant papers from his Italian period
before moving to America, followed by Chapter 3 which includes papers from his
American period, including his paper on theories of element formation in the early
universe from his 1949 Rome lecture as recorded by E. Pancini, and the Fermi-
Turkevich work reproduced by Alpher and Herman. These are discussed in detail
in the companion book. Appendix A contains some commentary articles regarding
Fermi’s early work in Italy, while Appendix B reproduces a selection of papers from
the 2001 Meeting on Fermi and Astrophysics published in Nuovo Cimento in 2002.

In addition to remembering a-this-vohrmt Fermi’s contributions to fundamen-
tal physics starting from his student days in Pisa, continuing throughout his life,
before closing, I recall here the influence Fermi had on science in China. This was
commemorated in a special ceremony held in Beijing during the Fourth Galileo-Xu
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Guangqi Meeting (GX4) in May 2015 (see Fig. 2) just preceding t‘.hc@{@
Marcel Grossmann Meeting in Rome in July 2015. On that occasion both Fermi’s

former cs_t__u(jients C.N. Yang and T.D. Lee received Marcel Grossmann Awards (see
Figs. 314). Yang (see Fig. 5) then delivered a talk of his personal recollections of
Fermi, including an exchange with Eugene Wigner, indicated by, “W”, as well as
their final meeting in the hospital (accompanied oby Murray GellZvlann) in the last
minutes of Fermi’s life. As the most unique Fermi reminiscence | have ever read
and possibly the most touching words expressed by one human being for another,
we reproduce them below.

— Remo Ruffini

Fig. 1 The young Enrico Fermi.
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I remember that it was at the Second Marcel GrossmarZMeeting in Trieste in 1979,
that I formulated the phrase “symmetry dictates interactions”, which describes the
principle that governs the structure of interactions. I am happy to receive this
award from an organization based in Italy, the country I feel closest to, after China
and the USA. Enrico Fermi was one of the great sons of Italy in her long history.
Prometheus in Greek mythology, Suiren in Chinese mythology, taught mankind how
to use chemical energy. Enrico Fermi in reality, taught mankind how to use nuclear
energy.

Enrico Fermi was, of all the great physicists of the 20th century, among the most
respected and admired. He was respected and admired because of his contributions
to both theoretical and experimental physics, because of his leadership in discovering
for mankind a powerful new source of energy, and above all, because of his personal
character. He was always reliable and trustworthy. He had both of his feet on the
ground all the time. He had great strength, but never threw his weight around. He
did not play to the gallery. He did not practise one-up-manship. He exemplified, I
always believe, the perfect Confucian gentleman.

Fermi from 1950 to 1951 was a member of the General Advisory Committee
(GACQ) of the Atomic Energy Committee (AEC) chaired by Oppenheimer. He then
resigned with a quote:

“You know, I don’t always trust my opinions about these political matters”.

Shakespeare’s Sonnets No. 94

They that have power to hurt and will do none,
That do not do the thing they most do show,
Who, moving others, are themselves as stone,
Unmoved, cold, and to temptation slow;

They rightly do inherit heaven’s graces,

And husband nature’s riches from erpense;
They are the lords and owners of their faces,
Others but stewards of their excellence.

In my years in Chicago, Fermi was personally very kind to me. I remember in
June 1948, I had problems with the US Immigration Office. Fermi and Professor
Allison’, the Dircetor of Chicago’s Institute, went with nie to the Immigration Office
in Chicago. The Head of the office was so overwhelmed by the presence of Fermi
that all my immigration problems were resolved immediately.

Fermi made many first rate contributions to physics. His contemporarics, in-
cluding himself, considered his beta decay theory the most important. To bring out
the great impact that paper had on physicists in the early 1930s, allowM me to tell
you a story.

(N oy
Y(: What do you think was Fermi’s most important contribution to theoretical
physics?
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. Beta decay theory.
Y: How could that be? It is being replaced by more fundamental ideas. Of course
it was a very important contribution which had sustained the whole field for some
years: Fermi had characteristically swept what was unknowable at that time
under the rug, and focused on what can be calculated. It was beautiful and agreed
with experiment. But it was not permanent. In contrast the Fermi distribution is
permanent.
W: No, no, you do not understand the impact it produced at the time. Von Neu-
mann and I had been thinking about beta decay for a long time, as did everybody
else. We simply did not know how to create an electron in a nucleus.
Y: Fermi knew how to do that by using a second quantized 7
W: Yes.
Y: But it was you and Jordan who had first invented the second quantized 1)?
W: Yes, yes. But we never dreamed that it could be used in real physics.

In the fall of 1954 Fermi was critically ill. Murray Gell-Mann and I went to the
Billwigs Hospital to see him for a last time. He was thin, but not sad. He was
reading a book full of stories about men who had succeeded, through shear will
power, to overcome fantastic obstacles and misfortunes. As we bade goodbye and
walked towards the door of his room, he said:

“Now I have to leave physics to your generation.”
— Chen-Ning Franklin Yang

1 Eang beb? Elibon sd WA 1Fhots 41 Boabiuabons M8
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Fig. 6 Enrico Fermi (1901 1954).
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Introduction
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WS
The-pregent volume contains fwo chapters including translations and reproductions

of key papers by Fermi relevant to astrophysics, together with three appendices of
some historically relevant papers by other dl:-he#'authors and commentary on some
of his articles. '

1.1 Fermi’s Italian Period

Chapter 2 contains the English translation of the papers originally published in
Italian during Fermi’s Pisa and Rome periods. The most famous of these introduc-
ing Fermi coordinates and Fermi transport (implicitly defining what later became
known as Fermi-Walker transport, see Appendix B.2) was indeed a detour from
Fermi’s initial investigation of electromagnetic mass in special and general relativ-
ity that seems to have been largely ignored over the past ninety years. Credit for
translation of Fermi’s articles {rom Italian to English goes to: Emanuele Alesci
for papers 4c¢) and 5), Donato Bini and Andrea Geralico for papers (1), (2), and
(3), Dino Boccaletti for papers (7), (10), (12), (13), (30), (38) and (80a), and Si-
mone Mercuri for paper (43), using the article labeling system from the l'.wuqolume C*\-
set of Fermi’s collected works noted in the preface. Robert Jantzen edited these
translations for English expression.

This section contains the English translations of a selection of papers from those
Fermi published in Italian in the first part of his scientific carcer. The seminal
papers selected are all related to relativity, astronomy and their applications. For a
better account of the circumstances under which the papers were written, we also
add excerpts of the presentations due to friends and collaborators of Fermi and
published in Volume 1 of Fermi’s Note e Memorie, 1961.

In paper FI 1 On the Dynamics of a Rigid System of Electric Charges in Trans-
lational Motion (1), Fermi calculates the inertial mass of a spherical distribution
of charge with a constant acceleration by considering the reaction of the charge to
its own average field. This leads to the formula mc? = (4/3)U relating the inertial
mass m to the classical electromagnetic energy U of the distribution. This value,
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in agreement with a calculation of the electromagnetic mass of a spherical homo-
geneous shell performed by Lorentz, contradicts the formula me? = U that one
would expect from the principle of equivalence of mass and energy. Fermi considers
tlie chiarge distribution at rest in a homogencous gravitational ficld cqual to the
sign-reversed acceleration which appears to be in agreement with the relativistic
formula. This topic is further examined in the subsequent article.

In paper FI 2 On the Electrostatics of a Homogeneous Gravitational Field and
on the Weight of Electromagnetic Masses (2), Fermi reconsiders the calculation of
the inertial mass of a spherical distribution of charge using for the first time general
relativity, employing a Levi-Civita metric to describe a homogeneous gravitational
field in the linear approximation. This approach has been expanded to what we
now call ‘o'd'zryf- the Rindler metric.! His final result leads to the desired relation
me? = U. Another result derived in this paper is the value of the polarization of an
infinitesimal conducting sphere at rest in a static gravitational field. An article by
R. Ruffini? (see Appendix A.5) discusses some general relativistic developments that
have taken place in the intervening years for describing electric charges in strong
gravitational fields.

Paper F1 3 On phenomena occurring close to a world Line (3) is a classic result
obtained by Fermi within the framework of general relativity expressing a system of
space-time coordinates particularly suited to follow the behavior in time of phenom-
ena happening in a small spatial region around the world line of a particle. Fermi
explores the definition of the related coordinate transport which underlies it, later
known as “Fermi transport,” expressing the metric in the linear approximation for
a general space-time. He also expresses Maxwell’s equations in these coordinates,
supporting the conclusions reached in the previous article.

The contribution by D. Bini and R. Jantzen (B.2) in Appendix B of this volume
gives a summary of what we now call Fermi coordinates and Fermi transport with
a historical update including Walker’s contribution which led to the terminology of
“Fermi-Walker transport.” This article also discusses the geometry of the various
relativistic contributions to the Fermi-Walker transport of vectors around circular

fermi'book'B
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____]_114);1]){-:1' FI 4 Correction qusf a Contradiction between Ea'm:t?‘ody?.r.mmqa'.-'i.d}‘Rala—
tisticyfilectromagnetic Masy Fheortes (4c), Fermi reconsiders the problem of the
electromagnetic contribution to the mass of an elementary particle already discussed
in the previous three articles. The discrepancy between the value (4/3)(U/c?),
obtained by Lorentz for the inertial mass of a rigid, spherically symmetrical sys-
tem of electric charges, and the value U/c? predicted by relativity was Welkknown
to Fermi from the previous articles. Such a discrepancy had been interpreted by
Poincaré as due to the part of the stress-energy tensor contributed by internal non-

1Sce W. Rindler: Essential relativity; special, general, and cosmological, Van Nostrand Reinhold
Co.. 1969.

2R. Ruffini: Charges in gravitational field: From Fermi, via Hanni-Ruffini- Wheeler, to lhe
“electric Meissner effect”, Nuovo Cimento 119B, 785 807, 2004,

A.ﬁ
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electromagnetic stresses, whose existence was assumed to assure the equilibrium
of the charged particles. A vast scientific literature of followers of this Poincaré’s
conjecture exists. Fermi shows that by assuming the accelerated charge distribu-
tion to be spherically symmetric in its rest frame instead of the laboratory frame,
he obtains the correct inertial mass expected from the equivalence principle. This
essentially reintroduces the crucial lapse factor between coordinate and physical
components of the electric ficld which is responsible for the correction, to first order
in the acceleration, of the approximation made in all of his “Fermi coordinate” sys-
tem calculations. The results obtained by Fermi in this paper went unnoticed and
for the most part remain that way today. Some of the crucial Fermi results in this
paper and the historical developments of this most unique accident in physics are
discussed in Appendix A by D. Bini, A. Geralico, R.T. Jantzen and R. Ruffini (see
A.1) and by R.T. Jantzen and R. Ruffini in a brief summary of the key mathematics
and their consequences (see A.2), as well as in a historical review by D. Boccaletti
(see A.3).3 Interestingly enough, related considerations were also put forward years
later by B. Kwal without mentioning Fermi’s work. Appendix A.4 reproduces this
1949 paper.

The paper FI 5 Masses in the—gzeory offrelativity (5)—a short contribution to a
collective volume on the foundations of Einstein’s theory of relativity—is evidence
of the high reputation enjoyed by the young Fermi (age 22) in the physicists’ com-
munity. Remarkable appears to be the prophetic premonition of things to come.
A very favorable attitude toward Einstein theory by the young Fermi is clear at a
time in which the older generation of Italian physicists was skeptical and hostile to
relativity as recalled by Emilio Segré in Vol. 1, p. 33 of Note e Memorie.*

In paper F1 6 On the Whuss of ﬁudiation in an gmpty gpace (10), written in
collaboration with Aldo Pontremoli, Fermi successfully applied the method used in
FI 4 (4c) to the calculation of the mass of the radiation contained in a cavity with
reflecting walls, for which the standard textbooks had an expression containing the
same factor 4/3.

The papers F1 7 The g,“innipﬂc of é_l_a'{;-.hatics and the ‘gysir:ms whichmv Hot r.eﬂm%'t
angle G;Jm'd'.in etes (12)_and FI 8 Some theorems of aiyhfr;u.émechanics of _ﬁmr, j’n.—
portance fm'%mamm heory (13) are dedicated to the theory of adiabatic invariants.
The interest of Fermi in the theory of adiabatic invariants, if we make reference to
the published papers, goes from 1923 throughout 1926. As the other theoretical
physicists in that period, he was convinced of the fundamental importance of the
theory of adiabatic invariants for a rigorous formulation of quantum mechanics. On

3Boccaletti’s review was written before the publication of the paper “The mass of the particles”
by A. Bettini (Rivista del Nuowo CimenI;r 32, No. 7, 2009, pp. 295 337) where Fermi’s priority
in first resolving this problem is again noted and continuing ignorance of his result by many
outstanding authors is recalled as well (see pp. 302- 303).

10n this topic see also, e.g., Roberto Maiocchi: FEinstein in Italia—La scienza e la filosofia
italiana fra le due guerre —Le Lettere, Firenze, 1985.

fermi'book'B
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the other hand, Max Born also shared the same opinioM -

Fermi also devoted a lecture in his university course on theoretical physics_G/tO
the theory of adiabatic invariants and he gave an elementary exposition of it in his
book Introduzione alla Fisica atomica.” His interest was also awakened in confer-
ences and seminars delivered at the University of Rome and in communications at
the Accademia Nazionale dei Lincei. It was in those occasions that he sparked the
interest of an outstanding listener: Tullio Levi-Civita.® The involvement of Levi-
Civita was such that he, be ides\td giving a rigorous mathematical formulation of
the subject,” also promoft.é? astronomical applications of the theory. Those due to
his collaborator Giulio Krall turned out to be particularly interesting. We must add
that in those years James Jeans was also concerned with astronomical applications
of the theory of adiabatic invariants.'®

The paper FI 9 A Eeorem of &lculation ofﬁobability and sgme éf‘i‘t‘;/%pplica—
tions (38b) is the second part of a Fermi’s habilitation thesis to the “Scuola Normale
Superiore” of Pisa (1922). It concerns the application of a theorem of calculation
of probability to the dynamics of comets. The significance and the potentialities of
this paper are well elucidated in the paper of C. Sigismondi and F. Maiolino (B.8)
in Appendix B.

The paper FI 10 Formation offmages with Rdntgen&ays (7) derives from a part
of the degree thesis of Fermi at the University of Pisa. The thesis of Fermi was the
most complete survey of X-rays physics in his time. He can also be considered a
forerunner of techniques which are standard today. As Sigismondi and Mastroianni
say in their article (B.9), although Fermi’s seminal ideas are not among the sources
investigated by Riccardo Giacconi and Bruno Rossi (1960) when they proposed a
telescope using X-rays, Fermi’s thesis was the most complete study of X-ray physics
at his time. Fermi used the technique of ‘mandrels’ to form optical surfaces. He
anticipated the technique used for the mirrors of Exosat, Beppo-SAX, Jet-X and
XMM-Newton telescopes, which is now a mainstay of optical manufacturing. The
paper by Sigismondi and Mastroianni discusses this noteworthy connection. It is
appropriate here also to recall the comments of Franco Rasetti in the introduction
of this article in Volume 1 of Fermi’s Note e Memorie. Since at that time “he had
already published or at least completed several important theoretical papers, it may
be asked why he did not present a theoretical thesis. It must be explained that al

5See Max Born: Vorlesungen tiber Atommechanik, Berlin, 1925, pp. 58-67, 1'[]‘.'-)-L114.

English translation: The mechanics of the atom, London, 1927, pp. 52-59, 95 99,

8See A. De Gregorio, S. Esposito: Teaching theoretical /}'Shysics: The cases of Enrico Fermi and
Ettore Majorana, Am. J. Phys. 75 (9), 781 790 (2007).

"Enrico Fermi: Introduzione alla Fisica Atomica, Zanichelli, Bologna, 1928, pp. 155 160.

8See P. Nastasi, R. Tazzioli: Tullio Levi-Civita, in Lettera Matematica pristem n. 57-58, Springer
2006( ¢

9WeTestrict ourselves to quote the last paper on the subject: T. Levi-Civita, A general survey
ol the theory of adiabatic invariants, Journal of Math. and ;"hy.s-écsM 13, pp. 18 40 (1934).
10,1, Jeans: Cosmogonic problems associated with a secular decrease of mass, MNRAS Sarlu, 2
(1924). e
JHL Jeans: The eflect of varying mass on a binary system, ;\'INRJ\SJ‘EIK.‘.}, 912 (1923).
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the time in Italy theoretical physics was not recognized as a discipline to be taught
1 universities, and a dissertation in that field would have been shocking at least
to the older members of the faculty. Physicists were essentially experimentalists,
and only an experimental dissertation would have passed as physics. The nearest
subject to theoretical physics, mechanics, was taught by mathemnaticians as a field
of applied mathematics, with complete disregard for its physical implications. These
circumstances explain why such topics as the quantum theory had gained no foothold
wn Italy: they represented a “no man’s land” between physics and mathematics.
Fermi was the first in the couptry to fill the gap.” (F. Rasetti, Vol. 1, pp. 55-56).

The paper FI 11 On the Guantz’zation of an ddeal Bonoatomic @as (30) is the
communication (to the Accademia Nazionale dei Lincei) in which Fermi expounds
for the first time the statistical theory which will be named after him (together
with P.A.M. Dirac). The enormous importance of the Fermi-Dirac statistics in
astrophysics is recalled in Sec&'sm 1.1 of Clmp@- 1.

In the following we give an excerpt from the presentation of Franco Rasetti

the present paper, probably his most famous theoretical contribution, where
he formulated the theory of an ideal gas of particles obeying the Pauli exclusion
principle, now designated in his honor as “fermion.”

There is conclusive evidence to show that Fermi had been concerned with the
problem of the absolute entropy constant at least since January 1924, when he wrote
a paper (Fermi 20) on the quantization of systems containing identical particles. He
had also been discussing these problems with Rasetti several times in the following
year. He told much later to Segré that the division of phase space into finite cells had
occupied him very much and that had not Pauli discovered the exclusion principle he
might have arrived at it a round-about way from the entropy constant {rf; No. 20).

As soon as he read Pauli’s article on the exclusion principle, he realized that
he now possessed all the elements for a theory of the ideal gas which would satisfy
the Nerst principle at absolute zero, give the correct Sackur-Tetrode formula for the
absolute entropy in the limit of low density and high temperature, and be free of
the various arbitrary assumptions that had been necessary to introduce in statistical
mechanics in order to derive a correct entropy value. He does not seem to have been
greatly influenced by Einstein’s theory based on Bose’s treatment of the black-body
radiation as a photon gas, although he points out the analogy between the two forms
of statistics. Apparently it took Fermi bﬁt a short time to develop the theory in the
detatled and definitive form in which it was published in the German version.” (F.
Rasetti, Vol. 1, p. 178).

The paper FI 12 A statistical method for the Petermination of-gome @perties of
the eﬂmn (43), here translated, is the first of the papers Fermi devoted to the theory
of what is today called the Thomas-Fermi atom. Fermi was unaware of the results
previously reached by Thomas and his work went on independently for two years. Of
great importance are the applications of the Thomas-Fermi model in astrophysics.
He was, for example, quite familiar with the applications of his statistics (with the

143
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required relativistic modifications) to the theory of the structure of white dwarf
stars: indeed, T.D. Lee, as a graduate student of Fermi, wrote his Ph.D. thesis
on the Hydrogen Content and Energy-Productive Mechanism of White Dwarf Stars
(Ap. J. 111, 625, 1950). As we showed the general relativistic generalization of the
Thomas-Fermi atom has recently led to a new theoretical framework to study both
white dwarfs and neutron stars.

The paper FI1 13 An Attempt at a Theory of # Rays (80a), translated here, can
be described as the birth certificate of the theory of S-decay and weak interactions.
Its importance is hardly questionable today. At that time (1933) things were not
0 easy (see Segré’s report below).

“Fermi gave the first account of this theory to several of his Roman friends while
we were spending the Christmas vacation of 1933 in the Alps. It was in the evening
after a full day of skiing; we were all sitting on one bed in a hotel room, and I
could hardly keep still in that position, bruised as I was after several falls on icy
snow. Fermi was fully aware of the importance of his accomplishment and said
that he thought he would be remembered for this paper, his best so far. He sent a
letter to Nature advancing his theory bul the editor refused it because he thought it
contained speculations that were too remote from physical reality; and instead the
paper ( “tentative theory of beta rays”) was published in Italian and in the Zeitschrift
fir Physik. Fermi never published anything else on this subject, although in 1950
he calculated matriz elements for beta decay as an application of the nuclear shell
model.”  (Emilio Segré: Enrico Fermi Physicists, The University Chicago Press,
1970, p. 72).

In this paper there is the first mention to the possible existence of a massive
neutrino.

‘»O
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1.2 Fermi’s American Period

Chapter 3 reproduces some of Fermi’s classic papers from his American period
regarding the origin of cosmic rays and the mechanism of their acceleration, the
interstellar magnetic field and its importance in astrophysics (in this field, Fermi
--w;ls_L]%iolleel'), and the famous Fermi-Pasta-Ulam paper on nonlinear problems.
Paper (240.3) is an article “The origin of the elements” of Fermi in Italian from
Fermi’s American period recorded by E. Pancini and translated by Dino Boccaletti,
the third of nine lectures delivered in an Italian physics conference held in Rome and
Milan in 1949, in response to Gamov's attempt to calculate the relative abundances
of elements created in the early hot expanding universe. We also include the Fermi-
Turkevich article which follows this same argument. A detailed discussion of the
story behind these two papers and their relevance for relativistic cosmology can
be found in the companion book Finstein, Fermi, Heisenberg and the Birth of
Relativistic Astrophysics by Remo Ruffini,

We have selected seven of Fermi’s papers from his American period to reproduce
here, séu)f W]l:lF]‘l are relevant to astrophysics. We have also added the famous paper
“Study of ﬁ)n!linem‘ ﬁ’:,l‘uhiems." All of these have been quoted and commented on
numerous times but we think that in order to have a clearer idea of their ideas, it
is better to go back to the original sources. As in the preceding chapter, we also
include some excerpts of commentary on those papers from Volume 2 of Fermi’s
Note e Memorie.

The first three papers, FA 1 B—F’H»m*# On the Origin of the Cosmic Radiation
(237), FA 2 [B—Fermi An Hypothesis on the Origin of the Cosmic Radiation (238),
FA 3 ﬂ.-lt'eﬂmr'!r Galactic Magnetic Fields and the Origin of Cosmic Radiation (265),
tackle the problem of the origin of the cosmic rays formulating the hypothesis of a
galactic origin and consider}n{{ the role of the magnetic field. Cominents on these
papers can also be found in the Ames paper (B.1) in Appendix B.

Asrecalled by Anderson, “Paper No. 237 was a direct outcome of heated disputes
with Edward Teller on the origin of the cosmic rays. It was written to counter the
view that cosmic rays were principally of solar origin and that they could not extend
through all galactic space because of the very large amount of energy which would
then be required. Taking up the study of the intergalactic magnetic fields, Fermi was
able to find not only a way to account for the presence of the cosmic rays, but also
a mechanism for accelerating them to the very high energies observed. He presented
these same views on the origin of cosmic rays, though less extensively, in o talk at
the Como International Congress on the Physics of Cosmic Rays (paper No. 238).”
(H.L. Anderson, Vol. 2, p. 655)

As Chandrasekhar recalls, “In. the fall of 1948, Bdward_Teller was advancing the
view thatl cosmie rays are of solar origin. Fer'm.i/ma.s -mrf.n'g; to say—haolf-jokingly—
that this inspired him to take an opposing view and advocate a galactic origin of the
cosmic rays.” (S. Chandrasekhar, Vol. 2, p. 924)
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It is therefore appropriate to recall here Teller’s point of view: “Fermi mentioned
to me his interest in the origin of cosmic rays as early as 1946. Several years before
that time he mentioned the subject in some lectures in Chicago. He had the suspicion
thal magnelic fields could accelerate the cosmic particles. In 1948 Alfvén visited
Chicago. He had been interested in electromagnetic phenomena on the cosmic scale
for quite some time. At that time I was playing with the idea that cosmic rays
might be accelerated in the neighborhood of the sun. I had discussed this question
with Alfvén, and he visited us in Chicago in order to carry forward the discussion.
During this visit Fermi learned from Alfvén about the probable existence of greatly
extended magnetic fields in our galactic system. Since this field would necessarily
be dragged along by the moving and ionized interstellar material, Fermi realized
that here was an excellent way to obtain the acceleration mechanism for which he
was looking. As a result he outlined a method of accelerating cosmic ray particles
which serves today as a basis for most discussions on the subject. In his papers
published in 1949 (N02237 and 238) he explained most of the observed properties
of cosmic rays with one important exception: it follows from his originally proposed
mechanism that heavier nuclei will not attain as high velocities as protons do. This
is in contradiction with experimental evidence. Fermi returned to this problem in
his paper Galactic Magnetic Fields and the Origin of Cosmic Radiation (No. 264).
Some details concerning the origin of cosmic rays have not been settled conclusively
by Fermi’s papers. Another competing theory has been proposed by Stirling Colgate
and Montgomery Johnson according to which cosmic rays are produced by shock
mechanism in exploding supernovae. The actual origin of cosmic rays continues to
remain in doubt.” (E. Teller, Vol. 2, p. 655)

As Anderson recalls “Fermi’s interest in astrophysics was welcomed by the as-
trophysicists. They asked him to give the Sixth Henry Norris Russell Lecture of
the American Astronomical Society. Fermi was quite pleased by this show of regard
outside his own field and took the occasion to re-examine his earlier ideas about
the origin of the cosmic rays in view of later developments in the knowledge of the
strength and behavior of the magnetic fields.” (H.L. Anderson, Vol. 2, p. 970).
(See also the introduction to paper No. 237.)

The paper FA 4 E. Fermi: High dnergySfuclear é)ents (241) was published in
the issue of thg Progress of Theoretical Physics dedicated to the 15th anniversary
of the Yukawa theory and considers a statistical description for pion production.
As mentioned by Anderson in the comments to this paper in the collected work of
Fermi,'! the methods developed by Fermi were relatively simple, and moreover were
deliberately simplified and therefore, were rather useful for experimentalists at that
initial phase of high eneigy physics. Since pions are also bosons, at high energies
when their rest mass can be neglected, the concept of temperature can be introduced
and the energy density will be given by Stefan’s law. Obtaining the temperature
from the total energy within a given volume, the number densities of the produced

W Fermi: Note e Memorie (Collected Papers), Vol. 2, 1965, p. 789.
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pions and nucleons can then be estimated. The role played by thermalization in this
paper has inspired us, even though the mechanism is different, namely astrophysical
applications in the study of the spectra of gamma ray bursts (GRBs).

It is appropriate to recall here the comment of Isador Rabi in reaction to this
paper as told by Anderson: “Rabi’s comment after hearing Fermi present this paper
at an American Physical Society meeting in Chicago is worth recording here. ‘f
Fermi is right in saying that he can calculate what will happen at very high energies
by purely statistical methods, then we will have nothing new to learn in this field.’
Rabi should have had nothing to fear. Fermi’s theory was greatly oversimplified
as he intended it to be, and while 1t did not give very well the detailed results
which were later found, it did serve as a standard against which one could make a
first comparison of the experimental results of multiple production to reveal when
something non-statistical was going on. In the later literature this made it appear
that this theory was always wrong; a point that Fermi didn’t enjoy at all. He had
always stressed the purpose and limitations of his calculations and referred ironically
to his own authority and to those who took his results beyond what he intended them
to be.” (H.L. Anderson, Vol. 2, p. 789)

Fermi’s theoretical papers rarely had co-authors. Among his few co-authors was
Chandrasekhar, on two papers on magnetohydrodynamics, FA 5 S. Chandrasekhar,
E. Fermi: Magnetic Fields in Spiral Arms (261) - FA 6 S. Chandrasekhar, E. Fermi:
Problems of Gravitational Stability in the Presence of a Magnetic Field (262). Chan-
drasekhar’s recollections on their joint work with remarkable details on Fermi’s style
of work are published in Volume 2 of Note e Memorie.!?2 We give below some ex-
cerpts from them. D. Boccaletti comments on the two papers in an article (A.3) of
Appendix A.

On paper (262) Chandrasekhar recalls: “As I have already stated, Fermi and
I discussed a?lmph.ysical problems regularly during 1952-53. The paper Problems
of Gravitational Stability in the Presence of a Magnetic Field (No. 262) was an
outcome of these discussions. Referring to this largely mathematical paper, several
persons have remarked that it is “out of character” with Fermi. For this reason I
may state that the problems which are considered in this paper were largely at Fermi’s
suggestion. The generalization of the virial theorem; the existence of an upper limit
to the magnetic energy of u configuration in equilibrium under its own gravitation,
the distortion of the spherical shape of a body in gravitational equilibrium by internal
magnetic fields; the stabilization of the spiral arms of a galaxy by azial magnetic
fields; all these were Fermi’s ideas, novel at the time. But they had to be proved; for,
as Fermi said: “It 1s so very easy to make mistakes in magneto-hydrodynamics that
one should not believe in a result obtained after a long and complicated mathematical
derwation if one cannot understand its physical origin; in the same way, one cannot
also believe in a long and complicated piece of physical reasoning if one cannot
demonstrate it mathematically.” If only this dictum were followed by alll”  (S.

12 Fermi: Note ¢ Memorie (Collected Papers), Vol. 2, 1965, @923**927, Tf s
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Chandrasekhar, Vol. 24p. 925)

And again Chandrasekhar: “Fermi’s interest in hydromagnetic turbulence led
him to inquire into the physics of ordinary hydrodynamic turbulence. Confessing
wgnorance of this subject, Fermi asked me (early in 1950) to come to his office and
tell hum about the ideas of Kolmogoroffy and Heisenberg which were then very much
in the vogue. However, when I went to tell him, I found that it was not necessary
for me to say beyond a few words: such as isotropy, the cascade of energy from
large to small eddies etc. With only such words as clues, Fermi promptly went to
the blackboprd (“to see if I understand these words”) and proceeded to derive the
K n.’.mogrm% spectrum. for isotropic turbulence (in the inertial range) and the basis
of Heisenberg’s elementary theory. Fermi's manner of arguing is worth recording
for its transparent simplicily.

Divide the scale of logh (where k denotes the wave number) into equal divisions,
say (....nyn+1,...). In a stationary state the rate of flow of energy across “n”
must be equal to the rate of flow across “n-+ 1." Therefore:

Enny1 = P%—L(Unkn)z - PZ”H (Vnt1knt1)?, (1)
YT

'n—+1

if one remembers that the characteristic time associated with “eddies” with wave
numbers in the interval (n,n + 1) is (py1kne1) . From this relation it follows
that:

vy, = Constant x k1% (2)

\"
and this is equivalent to Kolmoyoro@’s law. For decaying turbulence, equation (1)

should be replaced by:
d
E(Pvnf = Ermnt (3)

(%

and this equalion expresses the content of Heisenberg’s theory.” (Chandrasekhar,
Vol. 2, pp. 925-926) -

The paper FA 7 E. Fermi, J. Pasta, S. Ulam: Studies of Nonglnear Problems
(266) (always quoted as F.P.U.) is outstanding for several reasons: (a) It repre-
sents the first computer study of a non-linear system; (b) the results contradicted
the belief held since Poincaré, that any perturbed Hamiltonian system has to be
chaotic. Fermi had considered it ‘a little discovery’ (as quoted by Ulam), thus
immediately evaluating its extraordinary importance; (c) it was one of Fermi’s last
works, completed after his death in 1954; (d) remained unpublished for a decade; (e)
coincides in time with KKolmogorov’s theorem (1954), though FPU and Kolmogorov-
Arnold-Moser (KAM) theory were linked to each other only in 1966; (f) inspired
the discovery of solitons and numerous other studies; (g) its results are not fully
understood till now and the FPU model continues its inspiring mission today, after
half a century. In his recollections Ulam refers to Fermi’s opinion on the importance
of the “understanding of non-linear systems” for the future fundamental theories,
and the “potentialities of the electronic computing machines” and even mentions

fermi'book'B

7




January 29, 2017 12:55 World Scientific Book - 9.75in x 6.5in

Introduction 11

Fermi’s learning of the actual coding (programming) during one summer. The FPU
paper and its influence on various areas of astrophysics and stochastic dynamics are
discussed in Appendix B (see the papers by A. Carati et al. (B.4), S. Ruffo (B.7)
and G.M. Zaslavsky (B.11)). Here is the presentation written by S. Ulam.

“After the war, during one of his frequent summer visits to Los Alamos, Fermi
becamme interested in the development and potentialities of the electronic computing
machines. He held many discussions with me on the kind of future problems which
could be studied through the use of such machines. We decided to try a selection of
problems for heuristic work where in absence of closed analytic solutions experimen-
tal work on a computing machine would perhaps contribute to the understanding of
properties of solutions. This could be particularly frustful for problems involving the
asymptotic-long time or “in the large” behavior of non-linear physical systems. In
addition, such experiments on computing machines would have at least the virtue of
having the postulates clearly stated. This is not always the case in an actual physical
object or model where all the assumptions are not perhaps explicitly recognized.

Fermilexpressed often Iu. belief that future fundamental theories in physics may
involve non-linear operators and equations, and that it would be useful to attempt
practice in the mathematics needed for the understanding of non-linear systems. The
plan was then to start with the possibly simplest such physical model and to study
the results of the calculation of its long-time behavior. Then one would gradually
increase the generality and the complexity of the problem calculated on the machine.
The Los Alamos report LA-1940 (paper No. 266) presents the results of the very
Jirst such attempt. We had planned the work in the summer of 1952 and performed
the calculations the following summer. In the discussions preceding the setting up
and running of the problem on the machine we had envisaged as the next problem a
two-dimensional version of the first one. Then perhaps problems of pure kinematics,
e.g., the motion of a chain of points subject only to constraints but no external forces,
moving on a smooth plane convoluting and knotting itself indefinitely. These were
to be studied preliminary to setting up ultimate models for motions of system where
“mizing” and “turbulence” would be observed. The motivation M to observe
the rates of miving and “thermalization” with the hope that the calculational results
would provide hints for a future theory. One could venture o quess that one motive
in the selection of problems could be traced to Fermi’s early interest in the ergodic
theory. In fact, his early paper (No. 11a) presents an tmportant contribution to this
theory.

It should be stated here that during one summer Fermi learned very rapidly how
to program problems for the electronic computers and he not only could plan the
general outline and construct the so-called flow diagram but would work out himself
the actual coding of the whole problem in detail. The results of the calculations
(performed on the old MANIAC machine) were interesting and quite surprising to
Fermi. He expressed to me the opinion that they really constituted a little discovery
in providing intimations that the prevalent beliefs in the universality of “mizing and
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thermalization” in non-linear systems may not be always justified.

A few words about the subsequent history of this non-linear problem. A num-
ber of other examples of such physical systems were examined by calculations on the
electronic computing machines in 1956 and 1957. I presented the results of the orig-
wnal paper on several occasions at scientific meetings; they seemed to have aroused
considerable interest among mathematicians and physicists and there is by now a
small literature dealing with this problem. The most recent results are due to N.J.
Zabusky. (i) His analytical work shows, by the way, a good agreement of the numer-
ical computations with the continuous solution up to a point where a discontinuity
developed in the derivatives and the analytical work had to be modified. One obtains
from it another indication that the phenomenon discovered is not due to numerical
accidents of the algorithm of the computing machine, but seems to constitute a real
property of the dynamical system.

In 1961, on more modern and faster machines, the original problem was con-
sidered for still longer periods of time. It was found by J. Tuck and M. Menzel
that after one continues the calculations from the first “return” of the system to its
original condition the return is not complete. The total energy is concentrated again
essentially in the first Fourier mode, bul the remaining one or two percent of the
total energy is in higher modes. If one continues the calculation, at the end of the
next great cycle the error (deviation from the original initial condilion) is greater
and amounts to perhaps three percent.® Continuing again one finds the deviation
mncreasing—after eight great cycles the deviation amounts to some eight percent; but
from that time on an opposite development takes place! After eight more, i.e., siz-
teen great cycles altogether, the system gets very close better than within one percent
to the original state! This supercycle constitutes another surprising property of our
non-linear system.” (S.M. Ulam, Vol. 2, pp. 977-978)

Paper FA 8 E. Fermi: Theories on the otigin of the Elements (240.8) was a
rough calculation of Fermi on the formation of the elements in the early hot big
bang universe in response to Gamov’s earlier attempt at solving this problem. It
is followed by the later publication of t)u: more detailed FermilTurkevich work on
this problem, namely paper FA 9 Ji'er?nk;l’urkevich: An excerpt from “Theory of the
0?‘.&;;:6'0. tm.dﬁ'r.eIa'm'.'ue}h‘bmadmc&Qistrﬁbuiion of the éements, " by Ralph A. Alpher and
Robert C. Herman. These are discussed in detail in the companion book Einstein,
Fermi, Heisenberg and the Birth of Relativistic Astrophysics.

13(1) Exact Solutions for the Vibrations of a non-linear continuous string. A. I. C. Research
and Development Report, MATT-102, Plasma Physics Laboratory, Princeton University, October
1961,
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1.3 Appendices

Appendix A includes some commentary articles on Fermi’s resolution of this “4/3
problem” in the ratio between inertial mass and energy for the classical electron
Coulomb field and a shorter journal article summarizing the natural completion
of Fermi’s original ideas about electromagnetic mass (see A.1-3), followed by a
historical context commentary paper. We also reproduce the related article from
1949 by B. Kwal (see A.4) which seems to be the only one to touch upon this
topic until the independent work of Rohrlich in 1960, after which Fermi’s original
contribution was rediscovered. >

Appendix B contains a selection of the articles from the proceedingsl\th meeting
“Fermi and Astrophysics” organized at the University of Rome “La Sapienza” and
at the ICRANet Center in Pescara October 3-6, 2001 and published in Il Nuovo Ci-
mento B 117, Nos. 9-11 (2002). The meeting was focused on the influence of Fermi
on astrophysics and general relativity: his activities related to these topics were
clustered at the beginning and end of his scientific career. These articles. sclected
because of their direct commentary on articles by Fermi or related applications of
his ideas expressed in those articles, are presented in alphabetical order of their first
authors.

Susan Ames discusses the historical background of Fermi’s work on cosmic rays,
along with current problems and further prospects for the physics of cosmic rays.
In particular she points out how the frequently discussed ultra-high cosmic rays
cannot be accelerated by the Fermi mechanism. Equipartition between the energy
of matter and that of cosmic rays was among the initial points made by Fermi, and
in that context Ames mentions also the role of the cosmic microwave background
radiation.

Donato Bini and Robert Jantzen give a summary of Fermi’s discussion of what
we now call Fermi coordinates and Fermi transport with a historical update includ-
ing Walker’s contribution which led to the terminology of “Fermi-Walker transport.”
This article explicitly estimates the various relativistic contributions to the Fermi-
Walker transport for vectors around circular orbits in black hole spacetimes and in
their Minkowski limit.

Dino Bocealetti comments on the two papers which resulted from the collabo-
ration of Fermi with Chandrasehkar (see papers 261, 262 of (.’-ha[)&ﬂ"\l). The first
paper is devoted to the study of light dispersion in the polarization plane and us-
ing the effect to derive the galactic magnetic field. The second paper contains the
generalization of the virial theorem in the presence of a magnetic field. The com-
mentary notes that Fermi was the first scientist to draw attention to the possible
existence of a galactic magnetic field.

The review of Andrea Carati, Luigi Galgani, Antonio Ponno and Antonio
Giorgilli is devoted to the equipartition problem in the Fermi-Pasta-Ulam para-
dox both in classical and quantum mechanics. Equipartition is discussed starting
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from Planck’s work and Poincaré’s theorem. Numerical results on the dependence
of the existence of equipartition and the corresponding time scales on a certain
critical energy are mentioned.

Picro Cipriani reviews the work of Fermi in the field of classical analytical
mechanics. After a short historical introduction, he emphasizes some aspects of
geometrical methods of the description of dynamics and the theory of stochastic
differential equations. Interesting recollections on Fermi arc quoted.

John G. Kirk reviews the Fermi acceleration mechanism in the context of gatac-
tic nuclei and gamma ray bursts, i.e., in processes involving relativistic motion.
Diffusive and non-diffusive versions of Fermi’s stochastic acceleration are consid-
ered, including those predicting a softer spectrum of accelerated particles. The
appearance of anisotropy in the accelerated particles with increasing gamma factor
is discussed for various astrophysical situations.

Stefano Ruffo reviews evidence for long relaxation time scales in Hamiltonian
systems, and shows how complex and diverse is the dynamics of long-range systems.
The ‘quasi-states’ of Fermi-Pasta-Ulam are discussed particularly in the context of
two theoretical approaches developed by the author and collaborators, one based
on the Vlasov-Poisson equation, and the other based on the averaging of fast oscil-
lations.

Costantino Sigismondi and Francesca Maiolino review an early work by Fermi
complete('loﬁ\une 20, 1922, the year of his habilitation thesis on statistics at the
Scuola N(ﬁ(n'ml(-: Superiore of Pisa, with an application o the case of comets. Fermi
studied this case with a coplanar orbit to the one of Jupiter, neglecting the influence
of other planets. The probability of ejection of the comet from the solar system (a
parabolic or hyperbolic orbit) after interaction with Jupiter is calculated, as well
as the probability of an impact with Jupiter. They apply Fermi’s results to the
case of the Earth in order to recover the time rate of collision of comets with our
planet, which reliably produced the extinction of the dinosaurs. In this context the
properties of the Oort cloud are discussed as well.

Costantino Sigismondi and Angelo Mastroianni recall that approximately in the
same period Fermi studied the formation of X-ray images and presented his first
experimental work as a dissertation at the University of Pisa in the spring of 1922.
The need for Fermi to make an experimental essay was made mandatory since at
that time theorctical physics was not yet considered sufficient to have independent
validity. Although his seminal ideas are not among the bibliographical sources
investigated by Riccardo Giacconi and Bruno Rossi (1960) when they proposed a
telescope using X-rays, Fermi’s thesis was the most complete study of X-ray physics
in his time. Fermi used the technique of ‘mandrels’ to form optical surfaces. He
anticipated the technique used for the mirrors of the Exosat, Beppo-SAX, Jet-
X and XMM-Newton telescopes, a technique which is now a mainstay of optical
manufacturing.

Alexei Yu. Smirnov reviews the neutrino flavor transformations in matter, as one
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of the authors of the original theoretical predictions and related observable effects.
In particular, the Sudbury Neutrino Observatory results provide strong evidence of
the neutrino flavor conversion. Neutrino conversion is discussed also in the context
of supernova neutrinos and the corresponding predictions for the fluxes and euergies
at the Earth, including the role of the Earth matter effcct. The author shows that
the data of SN1987 can also be explained by the neutrino oscillations in the matter
of Earth as conversions of muon and tau antineutrinos.

George M. Zaslavsky reviews the Fermi-PastayUlam problem with an attempt
to find the transition from regular to chaotic dynamics. The Fermi acceleration
mechanism is considered as a precursor of the Fermi-Pasta-Ulam problem. The
Kepler map introduced by Roald Sagdeev and George Zaslavsky and several other
problems are considered, demonstrating the role of the Fermi-Pasta-Ulam work
in the discretization methods of differential equations and in the study of chaotic
systems when the Lyapunov exponent method is not efficient.
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TA
1) On the Qynamics of a@igid §stem of H&ectric Ceharges prfIans-

lational motion

“Sulla dinamica di un sistema rigido di cariche
elettriche in moto traslatorio,”
Nuovo Cimento 22, 199-207 (1921).

§ 1.— When a rigid system of electric charges moves arbitrarily, the electric field
it generates is different from that which Coulomb’s law would predict. Now, the
electric field produced by the entire system exerts some forces on each element of
charge of the system. The resultant of these forces, namely the resultant of the
internal electric forces, would of course be identically zero if Coulomb’s law were
valid, but it no longer is, however, at least in general, when the system moves, since
in such a case that law is no longer valid.

This resultant gives the electromagnetic inertial reaction, and the aim of the
present work is precisely its evaluation in the case of an arbitrary system in transla-
tional motion. In the case in which the system is a spherical distribution of surface
electricity, as it is assumed in most electronic models, it is known that one finds *
that such a resultant, at least in the first approximation, is given by

262 2¢?

RS P2l (0
where e, R denote the total charge and the radius of the system, ¢ is the speed
of light, T and I' are the acceleration and its derivative with respect to time. For
quasi-stationary motions the second term of (1) becomes negligible, so that (1)

r

reduces to

—mI, (2)

where m is the elecromagnetic mass.

In § 2 one finds the generalization of (1) to the case of any system, referring for
example to molecular models, always assuming that the velocity is negligible with
respect to the speed of light. If F; (s = 1,2, 3) are the components of the resultant

Fi=— Zmikrk + Zoikf‘k ; (3)
k k

where m;k, 04 are some quantities depending on the properties of the system.
Therefore one can no longer refer to a scalar electromagnetic mass, but instead in

in question, one finds

its place one introduces the tensor m;y.
§ 3 is devoted to the dynamical study of the law for quasi-stationary motions:

Ki= malk (4)

k

ITRICNIARDSON, Electron Theory of Maitter, Chapter XIII. The difference between my formulas
and those of Richardson is due to the fact that he adopts Heaviside units.
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We denote orthogonal Cartesian coordinates by xi,z9,z3, and let (z;) be the
wl = ay .
coordinates of M, (%) those of P. The components of a are a; = ———. Writing
,
(6) in scalar form, one thus obtains

Fi=— Z’”Mkrk + Zdikfk ; (7)
% k

noting that, under the assumption of translational motion, I'; and Tl are constant
when the integration is performed.

m,-,-: // po (i — r,} drdr’

Here one has set:

- !
Ml = Mg = — //pp i I)(”‘ )d dr’ 1#k
e? ,f),(_:(f @
T = ;‘:‘“ deT y
9)
e =k = = /j UAGH _:u*)zh """‘)dfdf’, itk

In these formulae U represents the electrostatic energy of the system =
1 /
5 // PP s dr’, and e the total electric charge = //)dT = /,0’ dr'.
T

From the expressions (8), (9) it immediately follows that if the axes (x;) are
substituted by others (y;) using the orthogonal substitution

Yi — § AT
k

the m;, and o, corresponding to the new axes are given by:

’ 2 : )
My — Qjr Vsl

7
Oik = Z QirVisOik -
s

Hence both 7y, and o, are symmetric covariant tensors. Each of them will
have three orthogonal principal directions such that, taking the axes to be parallel
to them, one has either m;; = 0 or g, = 0 when 1 # k.

The principal axes of tensors m, o, however, will be different in general. If the
case that the system has spherical symmetry one can do the integrations (8) and (9),

(2 — -)(f — k)

72
over all possible directions MP, since in this case to the two points MP correspond
an infinite number of pairs whicl differ onuly by orientation. Now, this mcan value

cos? 0 sin r‘)ri% ifﬁaﬁ-&eaae"/ﬁ # k, it is zero,

since instead of one can put the mean value of this expression

if i = k)is given by ==
4 Jy
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So one then has

4U
M1l = Ma2 = Me3 = o5 Moz = Mg = miz =0
2 2
011 =022 =033 = 3773 ; 093 =031 =012 =0.

J{\FQ/
By substituting these values into (7), one obtains ﬁvell'/;known formulas if the system
consists of a homogeneous spherical layer.
§ 3.— Returning to the general case, we note that for quasi-stationary motions

(5) can be replaced by:
Fi = Z mikI‘k .
k

If one thinks of an external force (X;) acting on the system, the total force will
be (X; + F;). If one now supposes that the system has no material mass one must
have X; + F; = 0, and so

X = Zmikrk - (10)

k
It is easy to show how with the law (10) the principle of the kinetic energy
theorem and of Hamilton’s principle are preserved. In fact, denoting the velocity
by V =(Vy, Va, V3) and multiplying (10) by V;, then summing with respect to i

one obtains
ZX V; = Z mzkvk

Interchanging 7 and k in the second sum, and noting that m;; = my;
dVy
X;V; = kVi— ,
and summing
de dV; d
2 X;V; = i = — ViV .
Z ka< + Vi dt) 0 %:mk Vi

The first 1eftzqand side is twice the potential P of the external forces. Thus one

has T
1
P = i where = o ZmikVin . (11)

ik
Multiplying, instead, the two sides of (10) by dx, and then summing, one simi-
larly gets
k d?ay
ZX»L(SIZ Z?nlk (W T+ WOI}C)

1
{ Z mik(Zpdx; + & ()Ik)} o) Zmzk(dskdii + Z40%y)

ik

Q.| Q‘I\

Zm“‘ Tp0T; +x1¢)xk)} oT .

o0
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Multiplying by dt and integrating between two limits ¢/, ¥/ at which the varia-
tions dz; are assumed to be zero, one obtains

<5T+Zx,o‘xi> =0, (12)

1

A

expressing Hamilton’s principle.
If one refers to the principal axes of the tensor m; instead of arbitrary ones,
(10) takes the simple form:

§ 4. This formula holds only if V /¢ is negligible. To generalize it to an arbitrary
velocity let us denote by S = (z1, 22, 23,t) the indicated r@«wg by \3?1/\)-\
S* = (z,y,2,t) a frame fixed with respect to S with the z-"axis orientated along
the velocity of the system at a certain fixed but generic time 7, and finally let §' =
(z',y', 7 ,1') be a system with spatial axes parallel to zyz which moves uniformly
with respect to S* with velocity equal to that of the moving one at time #, whose

magnitude is v. One will have

: 1
f’Zﬂ(Fp%x); g=fx—vt); YV=y; F=2; Bb=—F—, (14)
N H v
1_5

where, once 1 is fixed, v and hence 3 are constant.

Let us asumme that the forces acting on our system are due to an external
electromagnetic field (E, H); since at the instant ¢ the system has velocity zero
with respect to S’, (10) will hold for it, and so one will therefore have, with an
obvious meaning for the symbols:

’ / ! /
el = mg ', + mmyFy + mg I,

e E; = My, + myyf; + My, 1,
eB, = meo Ty +myy Ty +me,. T .
But one has
eE, —eE,, eE,=cp (Ey . %H) . eE.=ep (Ez+%Hy) .

‘.Stherefore setting

-

k:e<E+leH> , (15)
C

one finds
eEl, =eE, , eE;:e/)’ky, eE, = efk, .
On the other han
O\ ,dPal e — &Pt da
Fe = d’




January 29, 2017 12:55 World Scientific Book - 9.75in x 6.5in

From Fermi’s papers of the Italian period 23
.o da! ,  d*a : . :
but at time ¢, o 0. hence I, = T Taking # as the independent variable,

d

and noting that ]—g: =w, then T, = (°T';. Analogously, I, = #°T', and I, = °T",.
ut

Substituting

ky = My 0% + 1y 81 + my . 0% (16)

g

Denoting by «,; the cosine of the angle between the z—axis and the z;=axis,
one has

k. = Tnzzﬂs-ié + mz'y/B:U +m.. 57 .

ki — allk’t 5= ayiky + azikz
On the other hand, being m;q covariant, one has for instance

Myy = E My Qgpr Oty
r

Tr = E TjQgyg .
J

Multiplying then (16) by aqi, 0y, ,; and summing, one finds

Analogously

3,2 2 2
% Qe Ol X + /6 gy Ay Oy Oy + /6 Ay Ay Ay g

(112 A2
{/6 Ay Qg Qg j Oty + .any,-ayjayi St ;Bayrazrazjfl'yi

Vg — E mrrfi'j
rJ

+/62azraz7‘azjazi + ﬁazrayrayjazi + ﬂagrazjazi‘] \A—

3
But one has a,; — ~*. Taking into account the relations between the a’s, one
v
finally finds the sought after generalization of (13)

o ijdigid

ki = ﬂzfjmrr{(ﬂ -
T

"+ (i)

+8=1) () 25+ () 25| + Gy )} a7)

where

(jr):{l, it G Ao, i j £,
L C———

In the case of spherical symmetry, setting mi; = mas = mg3 — m, one can
evaluate the sum in (17), finding:

ki = Bmi; +mB(6% — 1) % DT
]
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from which, recalling that

one recovers the \Vcllﬁmwn formula of electronic dynamics

d  m;
AN Wy
dt | ve
1— —
Pisa, January 1921

—_—

7
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o,
2) On_the (gifactrostatics of a ﬁl)mogeneous %\ravitational ﬁld and on
the ngght of giect.romagnetic sses

“Sull’elettrostatica di un campo gravitazionale uniforme
e sul peso delle masse elettromagnetiche,”
Nuovo Cimento 22, 176-188 (1921).

INTRODUCTION

M

The aim of Ehﬁ-—presl-‘.y_'b-paper is to investigate in the framework of general rela-
tivity how a homogencous gravitational field modifies the clectrostatic phenonicna
occurring in it. Once the differential equation relating the electrostatic potential to
the charge density, which corresponds to the Poisson equation in classical electro-
statics, is established, one is able to integrate it at least when the gravitational field
is weak enough (and certainly the gravitational field of the Earth amply satisfies
this condition), obtaining in this way the corrections to Coulomb’s law due to the
presence of the gravitational field.

In a first application the distribution of the electric charges on a conducting
sphere is studied, showing that the sphere polarizes by means of the gravitational
field.

The second application is devoted to studying the weight of an electromagnetic
mass, that is the force exerted on a fixed system of electric charges (e.g., sustained
by a rigid dielectric), as a consequence of the presence of the gravitational field.

One finds that such a weight is given by the acceleration of gravity times u/c?,
where u denotes the electrostatic energy of the charges of the system, and ¢ is the
velocity of light. So the gravitational mass, namely the ratio between the weight
and the acceleration of gravity, does not coincide in general with the inertial mass
for the system under consideration, since the latter is given by (4/3)u/c? (with the
same notation) if the system is endowed with spherical symmetry for example.

Besides it is known how special relativity leads us to take Au/c? as the increase
of the inertial mass of a system getting an energy Aw, and this fact can be easily
related to the aforementioned result.

Finally, it is shown how to find a point having the same properties, with respect
to the weight of the considered system of charges, as the center of gravity with
respect to the weight of an ordinary system of material masses.

PART 1

ELECTROSTATICS IN A GRAVITATIONAL FIELD

fermi'book'B
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8 1.— Let us consider a portion of the spacetime where a homogeneous gravita-
tional field is present, and assume the electrostatic phenomena that we think are
taking place in it to be weak enough to neglect the effect they produce on the metric
describing the region under consideration. Under this assumption, the line element
of the spacetime manifold can be written as !

ds? = adt? — da® — dy* — d2* (1)

where « is a function lgnlyj of’z. ‘A%
The variables t, x, y, z will also be denoted by zg, 1, x2, 3, and the coefficients

of the quadratic form (1) by gi. Let w; be the vector potential, and Fy; the

electromagnetic field. Then we have

Fir =ik — 0k, (2)

referring ourselves to the fundamental form (1).
By limiting our considerations to electrostatic fields, we can set w1 = @2 = w3 =
0, and, for the sake of brevity, ¢y = ¢. Thus one has:

Foeoon _Opi _ Opx
ik <P1,Ic Sok,l ailfk; aiL‘i 3
that is
O o 19}
F01=8~i; Fozza—;j. Fosza—f,
(3)
Foz3 =F31 =F1p =0, Fig = —Fgi . Fi; =0.
In addition one has:
PR — Zg(ih)g(jk)p(hk) — g(ii)g(jj)F(ij) ,
hk
from which by noting that:
1 .
000 — - g = g2 33 _
one obtains
F(on:‘lgi F(02>:_lgi_ pos) _ _10¢
adzx’ a ’ a0z
€ (4)
F(23) _ F(31) _ F(12) =0 i F(Uc) _ —F(ki) i F(u) —0.

In the case under consideration here, the action can be written in the form

w :/ D FyFR) dw+/de/¢d1‘o : (5)
Yok

where

dw = \/—||gix|| dzo dz1 dzo dzs = Vadz dydz dt

1T, LEVI-CiviTa, Note I1. “Sui ds? einsteiniani”. Rend. Acc. Lincei, 27, 1° sem. N° 7,
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is the hypervolume element of the manifold, and the integration corresponding to
dw has to be performed over a specific region of the manifold, while the integrations
corresponding to de, dzp have to be extended to all the elements of electric charge
whose world lines cross the region under consideration and to the portions of those
world lines lying in it, respectively.

§ 2.— In the variation of W, ¢ can be arbitrarily varied, under the single condi-
tion that d¢ = 0 on the boundary of the integration domain.

The variations dzx, dy, §z instead, in addition to the condition édx = dy = dz = 0
on the boundary, could also be subjected to further conditions to be determined
in each particular case. For example, inside a conducting body they will be quite
arbitrary, while in a rigid dielectric they will have to represent the components of
a rigid virtual displacement, and so on.

By putting the quantities (3), (4) into (5), one obtains:

) () () o fr o
(6)

from which

SW = 5o | —= Ao ;. Qedllive) | 1 p| dxdydzdt
[[]] o0 Gz se+ 52505
//// ( 2 sz +g’”5 +%5z> d dy dz dt (7)

as immediately follows by noting that dz = dy = dz = 0 along a given world line,
as a consequence of our assumptions, and pdz dydz = de, since p is the electric
density.
Then in order for 6W to vanish identically, since dp is arbitrary inside the
integration domain, one finds that
Az — dboe /e l{:i\/ag—f =—pva . (8)

Moreover, one must also have

////p ?f-d:r—ka’oé + 925, dedydzdi— 0, (9)
Jdx 0z

for every system of values for éz, Jy, dz satistying the assumed constraints.
F fkquation (8) is tpum;:mmdﬂ the generalization of the Poisson’s law, to which k—h—e{ 7
- (8) reduces if a is constant, that is if the gravitational field is absent.

§ 3.— If we indicate by G the acceleration of gravity of the field under consid-
eration, namely the acceleration with which a free material point begins to move,
one has:

1da

S 1
G 2dz (10)
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VVllth this (8) becomes:

Azthrg?——p\/i- (11)
z

In order to find the solution of (11), given p at each point, we imagine the electric
charges to be contained in a small region around the origin of the coordinates.
Moreover, we will set a = ¢? at the origin (with ¢ the velocity of light near the
origin), and we will assume gravity to be so weak that those terms which contain
the square of the ratio [ G/c* can be neglected, where | represents the maximum
length entering into the problem under consideration. Under these assumptions, we

can set:
1 da G
=] —_—— = 1 _—
va ct g7 c( 622)
Therefore (11) can be written as:
' G
Ag(p—i——,—:—C(l——zz)p. (12)
c® 0z c

The integral of that equation in this approximation, as can be directly verified,

,i T U S A
ve = 2 ) MEMA LT 92 r

G zp + 2m
:—//)MdTM (;_@ = > 3 (13)

where M is the generic point of the region 7y containing the electric charges, P is
the point at which the potential ¢ is evaluated, and r is the distance MP.
Given the linearity of equation (12), any integral of the equation:

Go
Arp+ — 2 350 0, (12)*—%

obtained by setting p = 0 in (12), can be added to (13). This integral will represent
the field due to causes external to py. For the application we have in mind it is
convenient to consider a particular solution to (12)* given by

is given by:

c? _g
¢ = —cEix — cEjy + EEZe 2F (14)
with E7, E7, E7 constants.
At the origin one has
1 1 1
Em:*;Fm, Ey:_;FOQ; Ez:—;F03,

since I is the electric force.
From this it follows that the electric force of the external field (14) has compo-
nents

fermi'book B
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§ 4.— Let us now calculate the electric field due to a charge e concentrated at
the origin of the coordinates. From (13) one has:

ce (1 G z
Cdm \r 227

and this formula gives the generalization of Coulomb’s law, as immediately follows
by setting G = 0. Recalling (3) one gets:

P (15)

( Foo_ (s G zx
™ dr \03 20243 )
ce [y G zy
{Fp=—|%5———<1], 16
27 4 <r3 2¢? r3) (16)
Q_N‘OX\I\QX ce [z G222 G1
2 Fos = 3" 2a@3 Tazs
! adm \r 2cr 2c¢4r
— We can summarize all t,]ég_:e of the preceding formulas in a single vector formula.
In fact by indiesti v Fo the vector with components Fo1, Fgo, Fos, with @ a vector
of magnitude 1 and orieng‘atiml MP, and finally with G' a vector of magnitude G

and orientation z, (16) can be written as:

ce [d Gxa, 1 G
— S =40 — = .
dm | r? 22y 2¢2r

It is interesting to compare this formula with the one which gives the electric
force exerted by an electric charge e which in the absence of gravitational attraction

has acceleration f, quasi-stationary motion and velocity negligible with respect to
the speed of light. Such a force is expressed by

Fo = (17)

d Txd 1
E=4¢— a——15, 18
{r2+ 2 47 2y } (18)
with the same notation.
From here one sees that, by setting
. G
I'= —— 19
- (19)
in (18), one obtains
FO =ck .

This result can be put into words as follows, noting that ¢E is the electric part
of the electromagnetic field generated by the charge in accelerated motion:

The electric part (Fgq, Foz, Fos) of the electromagnetic field (Fi) generated by
an electric charge at rest in a homogeneous field of strength G is equal to the
electric part of the electromagnetic field which the samme charge would produce in
the absence of gravitational field if it moved under the conditions indicated above
with acceleration G/2 in the direction opposite to the gravitational field.

fermi'book B

oS



January 29, 2017 12:55 World Scientific Book - 9.75in x 6.5in fermi’book'B

30 Fermi and Astrophysics

§ 5.— Now, let us study how the distribution of the electricity over a conductor
is modified by the gravitational field. To this end, let us note that since dz, Jy,
0z are arbitrary inside the conductor, from (9) it follows that ¢ = constant inside,
and so p =0 by (8). Thus the electricity is completely at the surface. Then let us
assume that our conductor is a sphere with center O at the origin of the coordinates
and of radius R.

Let us try to satisfy the condition ¢ = constant in the interior by assuming
the following expression for the surface electric density at a generic point M of the

surface:
i e WP
+ —acosl / (20)

AnR% 7
where 0 represents the angle spanned by the radius vector OM from the z—axis, and
a is a constant to be determined, which we assume to be of the order of magnitude
MG/CQ. From (13), the potential at a point P inside will be given by:

1
@P:4£ ( e +Eacos9> <__£M>d07
m g

4rr?  r r  2c2 r

where the integration must be extended over the whole surface o of the sphere. By
neglecting terms of order greater than G/c? one obtains:

e do n oen, / cos Do
L 167292 r Aoy r

ceGzp /da ceG /szo ‘ (21)

C32mR22 | v 22mPR22 r
However, since P is inside, one has:
d 0 4 4
—0247rS., /COS do=—-mzp, /Z—Mda:—ﬂRZP.
r T 3 r 3

Thus one finds:

ce cre e
= 4R ' 3 (E £ 27ch3> P (22)
So if we require pp to be constant, we will have to set
_1G
“w=go g

By substituting this value into (20), one finds the following expression for the
surface density:
e
4mR2?

Therefore, the fact of being in a gravitational field produces a polarization of

2G
+ <1+—2R cos&) i (23)
c

the sphere with moment

ZZ eR?.
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PART 2

WEIGHT OF ELECTROMAGNETIC MASSES

§ 6.~ Suppose we have a system of charges held by a rigid support in such
a way that the dx, dy, dz of § 2 have to be given the form corresponding to the
components of a rigid displacement. Leaving the l't)l'.i‘l_t.iulml displacements till later, Ao
let. us consider now the translational ones, that isﬁsay assume that da, §y, dz are A
arbitrary functions of time, but do not depend on x,y, z.
Then we will try to satisfy (9) by thinking of the potential wp at a generic point
P as the sum of the potential given by (13) and one of the form (14). We will denote
these two terms by @p’ and ¢p”, and suppose that the ratio between the derivatives
of wp’ and p” with respect to any direction whatsoever is of order | G/c?, having
decided to neglect the quadratic terms. Hence (9) can be writtr—m{" 3

o . -) ¢ r) " j"" -) M
[af [ o (58 + 22 vty (52 4+ 550 e
. - [0 dr y y

dg' 9y
+(5Z<8z + 9z ppd’l’p}——o.

Given that dz, dy, dz are arbitrary functions of time, independent of each other,
this equation gives rise to the three equivalent equations:

L T g’ 9y
% + 2 oo im d
] (a::: * Q;;,-)pp i /TP <ay oy ) e

) apl atpll)
= + Pr dTp =0. (24)
ﬂ.\l '/TP ( Oz Oz

Now from the expression (13) for pp’, by noting that

or Tp — Iy

H

al'p B i
one immediately obtains:

C Oy o Tp — Xy G (2p —an)(zp +
/ (PPPdTP:_i/ / pp ora drpdny | TE— 2 G im)_le + 2m) ‘
S O AT JonS 1

e 2 E
p 0% 2¢ 7

where both integrals have to be performed over the region occupied by the charges.
By interchanging P and M .mLthe rightpand side, which changes nothing, one
obtains:

(VN
oy’ ’ TN — AP G (xn — xp)anm + 2p
/ - pp dTp :—i/ / pMmpp drvdTp = ) e G (e = Spilau +7p) '
o O [ Dy !

202 74
from which, by taking half the sum:

Ay’
Pr dTp =0. (25)
/TP dx
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In aof completely analogous way:

’
/\ / a—(pppd’l'p:o. (26)
w Y

On the other hand, similarly:
P — ZM

C Zp —
An /rp/m pppm ATP TM{ 3 ;

G (zp —2m)(2p +2m) G 1}

z
m 0z

2¢2 rd 22 r

interchanging M and P:

f} d M — 3[1
—PP drp = —— pMpp drvdTe
™Y TP

(zm — zp)(2Mm + 2p) L & G1
202 73 2¢2r |7

and by taking half the sum:

U
“p =—i// PPPM frpdry = -G S e, (27)
. 0z ar JooSm T c

denoting by U the electrostatic energy of the system (apart from the gravitational
correction terms). As a consequence of the assumptions made about the derivatives
of wp”, we can certainly write, with our approximation:

)
r‘/r)f‘ pdr = —cE} e,

a 1
</T(;ilpd7':—cE;e

(’) "
dr = —cEl¢
\./T 5, P4 = Te,

where e = /pdT indicates the total charge of the system. By substituting the

N
expression just obtained into (24) one finds:

eE;L =0,
eE;:O,
U
c

Our result is contained in these formulas. In fact, they tell us t}ia't in order to
maintain owr system in equilibrivan an external field (E*) is requiredjexerting on the
system a force given (in the first approximation) by ¢ E*, which must be understood
to balance the weight of the system, which is therefore given by —e E*, and so has
components

U
0,0,G 2 (28)

fermi’book'B
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With this we conclude that the weight of an electromagnetic mass always has
the wertical direction and magnitude equal to the weight of a material mass u/c?.

§ 7.— In the preceding section we have taken dx, dy, dz to be the components
of a translational displacement. If instead one takes the components of a virtual
rotational displacement with the axis passing through the origin of the coordinates,
namely setting

dx=qz—ry; oy =rx —pz ; bz =py—qz , (29)
the integral (9), apart from the contribution due to the external field ¢, becomes(( r_]

dp dp dy Oy
d e ANl 4 kA ch of
/ T{p/Tp<yaZ Za;,) dT+q/7.p<Z8.’E T dr
Oy Op

The integrals between curly brackets are easily evaluated using (13) through
methods similar to that used in the previous section. They have the values:

G 1 G N
——//J—PPP/)M dredmv 3 +5— // _%DIOP/’M drpdmv 5 0. (31)
8me T 8me 7

By taking as the origin the point O’ defined by the point O and the vector

1 P -0
0 — 0= [| ——Zpppud
QU// S PPPM TPdT™ ,

one sees immediately that the three integrals vanish for any orientation of the
system about O’. As a consequence, with respect to the new originthe integral (9)
is identically zero, namely the moment of the weight with respect to O’ is zero for
any orientation of the system; thus O’ enjoys the properties of the center of gravity.

Pisa, March 1927 —————— H
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3) On Phenomena Occurring Close to a World Line

“Sopra i fenomeni che avvengono in vicinanza di una linea oraria,”

Rend. Lincei, 31 (), 21-23, 51-52, 101-103 (1922)a {1 }~ 7
Note 1.

¢ 1.— In order to study phenomena which occur close to a world line, i.e., in

nonrelativistic language, in a region of space in the spacetime manifold, even varying

in time, but always very small compared with the divergences from Euclidean space,

it would be convenient to find a particnlar frame such that close to the line being

studied, the spacetime ds? will assume a simple form. In order to find such a frame,

we must begin with some g(-rcumnt.r{’c)%} congi
i3

51
v
Let \there-begivert a line Lpin" a I

erations.

mannian manifold V,, or in a manifold

metrically connected in the sense of Weyl.2 Let us associate at every point P of L a

direction y perpendicular to L, with the rule that the direction y+dy, corresponding

to the point P+dP, will be derived from that y associated to P in the following way:

let 1 be the direction tangent to L at P; let 3 and 7 be parallel transported® from

P to P+dP and let y + dy and 7 + 1 be the directions obtained in this way, which +
because of the fundamental properties of parallel transport will |be E‘til]iorthogonal. U [&

If L is not. geodesicgy+ dn will not coincide with the direction 4 dn of the tangent to /\
L at P+dP, and these two directions at P-+dP will define a 2-dimensional subspace. /
Let us consider at P+dP the element of the S, o perpendicular to this subspace
and let us rigidly rotate around this S, _3 all the surrounding particle space until
7+ d7) is superposed on 1) + dr. Then y + §y will be mapped to a position which we
will consider to be the direction y + dy relative to the point P+dP. It is clear that,
arbitrarily fixing the direction 4 at a point of L, an integration process will allow it
to be obtained at any point of L.

Let us now look for the analytic expressions which translate the indicated oper-
ations to a Riemannian manifold, which coincide with those valid for a Weyl metric
manifold as long as the “Eichung” is Chn@n such that the measure of a segment,
which moves rigidly around L, will be constant. Let

ds? = wdrtda® /Y',kzl,z,...nr/ (1)
S ;gkit K3 6\ /)\

el

and let u;, y@; n;, 0 = dx;/ds be the co- and contravariant systems of the
directions vy, 1. We will then have

ant) - Z hl 77(,,)@ o Z R\ dzp dzy

ds 1 ds i | ds ds '’
hi hi

Presented by E‘h’@'("rl!"r‘t":pmdnrf G. Armellini during the session of January 22, 1922. 7

2WEYL, Space, Time, Maller: p. 109. Berlin, Springer, 1921.
3T. LEvi CIVITA, Rend. Circ. Palermo, Vol. XLII, p. 173 (1917).
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dn’ d dz; d*x;
and moreover = o

ds  ds ds ds?

[5”(‘) — d?}(i‘] dg.TCi hl d.’,l?h dxl 3
o Ll I
ds ds? B Z 1) ds ds

hl

. Thercfore onc finds

The C* are the contravariant components of the vector C, the geodetic curvature,
namely of a vector having the same orientation as the geodesic principal normal of
L and a magnitude equal to its geodesic curvature.

On the other hand one has

™~ )
(5y(l) hk (k) dxy,
ds Z{i}” ds @)

hk

Now since y is orthogonal to L, the displacement with which from y + dy one
gets y + dy will be parallel to the tangent @L and will have magnitude equal to
the projection onto the same y of én — dn; that is to say, since y has magnitude 1,
equal to the scalar product of §n — dn and vy, namely

> (mi — dni)y® = —ds > Ciy® .

7
Its contravariant components will\]_w}rl',herefomi by multiplying its magni-
tude by the contravariant coordinates of the tangent to L, that is dx;/ds. These
are, in the final analysis, —dz; ) Cry'™). From (2) it follows immediately that

d'lf{r} o hk (k) dl‘k dSL’l h
o—\y-\r\"/‘ s V*Z{i}y E—_Ezchy ’ (3)
\]\ hk h

‘;/:b @ (3), written for 4 = 1,2,...n gives a system of n first order differential

equations for the n unknowns vy %% . 4 which are therefore determined
once the initial data are assigned. It would also be easy to formally verify from (3)
that, if the initial values of the y(? satisfy the condition of perpendicularity to L,
such a condition will remain satisfied all along the line.

§ 2.— Let us now assign at a point Py of L n mutually orthogonal directions
Y1, Y2, - - -, Yn chosen at will, with the condition that y, be tangent to L. The direc-
tions y1,¥2, ..., Yn—1 will be perpendicular to L, and we can transport them along
L by using the law given in the preceding section, which clearly from its definition
preserves their orthogonality. We are then in a position to associate with every
point of L n mutually orthogonal directions, the last one of which is tangent to L.
Let us now consider our V,, embedded in a Euclidean Sy with a suitable number of
dimensions. We can take as coordinates of a point of V,, the orthogonal Cartesian
coordinates of its projection onto the Sy tangent to V, at a generic point P of L,
having P as the origin and the directions yi1,¥s,...,yn relative to the point P as
directions. In terms of these coordinates, the line element of V,, at P can be written
in the form ds3 = dy? + dy3 + --- + dy2; in addition, they are geodesics at P, as
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one can immediately see. In other words, for the coordinates y it is possible in a
neighbo@“hood of P to set g;s = 1, gi. = 0 (1 # k), up to infinitesimals of order
greater than the first. Obviously we shall have such a reference {rame at every point
of L. Let us consider now a point Qg of V,, with coordinates 41, %2,...,%n_1,0 in
the reference frame corresponding to the point Py on L. For any other point P of
L we can so determine a point  having in the frame corresponding to P the same
coordinates as Q¢ has in the frame corresponding to Py. The point Q will therefore
trace out a line parallel to L. Now we want to find the relation between dsq and dsp,
assuming that the point Q is infinitely close to P. In order to do so, we note that the
displacement transporting Q to Q + dQ is composed of the displacements denoted
in§ 1 by ¢ and d — 9, and that the first one gives dsq = dsp up to infinitesimals of
greater order since it is a parallel displacement; the second one is a rotation, which
gives (d — §)sq = dsp C - (Q — P), as is seen from § 1, denoting by - the symbol of
the scalar product, and with Q — P the vector with origin at P and endpoint at Q.
Moreover, both dsq and (d — 6)sq have the direction of the tangent to L. Hence,

one has dsq = dsq + (d — d)sqg; namely
dsq = dsp[l +C-(Q—-P)] . (4)

The trajectories of the points Q form a (n—1)P*® infinity of lines, so at least with
proper limitations through each point M of V,, will pass one of these lines; in this
way, we can characterize M through the coordinates of the point Q, 41,%2,...,9n_1
corresponding to the line passing through M, and the arclength sp of the line L
marked off from an arbitrarily chosen origin to that point P corresponding to the
Q one coinciding with M.

If M is infinitely close to L, dsq will be perpendicular to the hypersurface sp =
constant. Thus one will have

dsyy = dsg + dy; +dys + -+ dyo_ ;
and taking into account (4),
dsyy=[1+C- (M —P)]’ds3 + dg} + dy3 + -+ dy>_; . (5)

As a result, in the neighborhood of L we have found a very simple expression
for ds?.

Note I1.

§ 3.— Before passing to the physical application of the results obtained above,
we still want to make some geometrical observations. First of all, it is clear that the
previous considerations, and so also the formula (5) representing their conclusion,
which for any manifold whatsoever are only valid close to L, are instead completely
rigorous for Euclidean spaces. So let us associate to the line L of V,, a line L* in a
Euclidean space S,,, in which we indicate the orthogonal cartesian coordinates by
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x;. If we indicate with asterisks the symbols referring to the line L*, we can write
for S, the formula analogous to (5):

ds3p. = [1+ C* - (M* —=P*)?dsd. +dyt2 +d95° + -+ dyi_1°; (5*)7]

as in (5) C is a function of sp, so in (5*) C* is a function of sp-.
Let KO, K@) ... K1 be the contravariant ecomponents of C with respect
£ 1. F2, - o1, and KO* K@+ . KE=1> thoge of C* with respect to pre
v*. Let us try to determine L* ilLSl&gl a way that the functions K *(sp.) become = dy
equal to the KU (sp). In orderjso, we shall begin by imposing that sp = sp-, i.e., by
establishing between the points of L and L* a one-to-one correspondence preserving
the arclength. We then note that K™ * is the projection of C* on the r*" direction
y*. Namely, one has

1=n ’
r) = " o T fk 67
KO =Y viegm  =L2m-1f (6)
i=1

The K are then known functions of sp. The condition KM = K("*) thus leads

to the (n — 1) equations
KD (sp) = > ujjs 2% ’((7-:1,2,..- ,n~1)/./ (7)
i=1

ds
On the other hand, (3) once written for the S,, gives us another n(n — 1)
equations. If we add to these equations the following paey /
ds: = dzt? +dzy® 4+ -+ dat? (8)

we obtain a system of n — 1 4 n(n — 1) + 1 = n? equations for the n* unknowns 7,
yz‘lr, which can be used to express them in terms of sp. In this way we can determine
the parametric equations ¥ = 27 (sp) for L*. With that the formula (5*) becomes
identical to (5), that is we have represented by applicability the neighborhood of
the line L* onto that of L. In addition, since L* is in a Euclidean space, we can say
that we have unfolded the neighborhood of L in a Euclidean space, i.e., we have
found coordinates which are simultaneously geodesic at each point of L.

Note II1.

§ 4.— In order to show the application to the theory of relativity of the results
obtained above, we shall assume that V,, is the V4 spacetime and that L is a world
line in whose neighborhood we want to study the phenomena. Setting ds?; = ds?
in (5) for the sake of brevity, one finds in this case:

ds?> = [14C - (M — P)2ds} + d§? + dy2 + dy2 .

To avoid the appearance of imaginary terms and to restore the homogeneity, it

is convenient to make the following change of variables:
~~ - . - B ¥ ~ = -
sp=vt 5 yi=1r ; Ya=1ty ; ¥3=1z,
[ g
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where » is a constant with dimensions of a velocity, so that ¢t has the dimensions of
time. Thus one obtains

ds® = adt® — dz® — dy? — d2? | (9)
where
a=v*14+C-(M~-P)?. (10)

Hereafter, we refer to the space z,y,z using the ordinary symbols of vector
calculus. And it is just in this sense that the scalar product which enters in (10)
can be understood, provided that C is considered as the vector whose components
are the covariant components of the geodesic curvature of the world line z = y —
z =0, and M — P is the vector with components z,y, z. We will call z,y, z spatial
coordinates, and ¢ time. Sometimes for uniformity we will write xg, 21,29, z3 in
place of t,z,y, z, and we will also denote the coeflicients of the quadratic form (9)
by gik-

§ 5.~ Let? Fy. be the electromagnetic field and (g, @1, @2,@3) the first rank
tensor “potential” of Fyy, such that Fix = i x — . We set g = ¢ and call u the
vector with components 1, 2, 3. First of all, we have:

Fo Fag
) dn N
Foz p = prady — o Fay 0 = —curlu, Fy =0, Fip = —Fs ;
5
Fus Fiz
analogously
F(o1) F(23)
1 0 . b i
po2) \ _ 2 <g1"adtﬂ+ T?) , FOY S = —emrln , B =0, PO = _F,
a ot
F(03) F(12)
so that

1 1 1 ou\’

hal E LGk 2 Zu—=-{— s

2 a FiF =3 {curl u " < grad o + Bt) } ;
Let dw be the hypervolume element of V4. We will have

dw = /—Ngix|[dwo dxy dzs dxs = Vadtdr |
L4 C

where dr = dx dy dz is the volume element of the space.
One also has:

> pidy; = pdz +u-dM,  dM = (dz,dy, dz) .

- (2%)

4See WEYL, op. cit., pp. 186 and 208 for the notation and the Hamiltonian derivation of the laws
of physics.
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Apart from the action of the metric field, whose variation is zero since we con-
sider it as given a priori by (9), the action will assume the following form:

1 .
W:—/ ZFikader/de/%d:cﬁ/ dm/ds,
4 w ik e m

de = element of electric charge
dm = element, of mass '

By introducing the indicated notation, one finds

1 ou )\’
W= - /[ curl®u — = —gradap—i—g Vadtdr
2/ a ot
+//(30+u-VL)pdet—|—//wa—VMderdt, (11)

where p, k are respectively the density of electricity and of matter, so that de = pdr,

dm = kdr, V1, is the velocity of the electric charges, Vi that of the masses. ﬁ-—-
The integrals on the rightthand side can be extended to an arbitrary region r

between any two times £1,%2. Then one has the constraint that on the boundary of

the region 7, and for the two times ¢;,t5, all variations are zero.
Apart from these conditions, the variations of ¢ and of u are completely arbi-

trary. Further conditions can be imposed on the variations of z,y, z thought of as

coordinates of an element of charge or mass, expressing the constraints of the spe-

cific problem under consideration. Then writing that dW vanishes for any variation

dp of ¢ whatsoever, one finds

0= —// (gradtp‘ g—?) ~6gradso(£:/;i + /Wpdtdf-

Transformning the first iutegral by a suitable application of Gauss’s theorcin, and

taking into account that d¢ vanishes at the boundary, we find

0= //&,o {p—l—div [% (gradc,o— %ﬂ} dtdr

and since dyp is arbitrary, we obtain the equation

p+ div {% (grad(p— %)} =0. (12)

Analogously, taking the variation of u, one finds

i
pVL + curl(y/acurlu) — % {7 <gradnp - ?)—ltl)} =0. (13)
a

These last two equations allow us to determine the electromagnetic field, once
the charges and their motion are given.

Another set of equations can be obained by varying the trajectories of the charges
and masses in W. Let 6Py be the variation of the trajectory of the masses, 6P, that
of the charges. Moreover, since u is a vector function of the position and V a vector,
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Oy, Ay, Ou,

let us denote by (9u/OP)(V) the vector with components O—QLV_T + )—} y+ ,)—l
) 9l 0z

and so on. Now, writing that the variation of W is zero, one finds through the usual

methods:

v

i du 9 )
// (dPM -grad ¢ — 6Py, (8—‘; + a—;(VL)) + V- a—;((SPL)) pdt dr

' dt grada d [ dt
B — | =V sdtdr =0 . 14
+//5PM {ds 5 +dt<ds M)}Ad dr =0 (14)
If the dP’s at a given time do not depend on their values at other times, the coeffi-

cient of dt in (14) must be zero. So one finds:

du Jdu ou, _
/ {5PM -grad ¢ — 6P, [E + ﬁ(VL)} +Vy, - a—P(OPL)} pdr

1dt d AA
+ e =— +—( =V T 1
//5PM {2 Sgrada t(ds M)}kd , ( 5)

which has to be satisfied for all systems of §P satisfying the constraints.
Pisa, March 1921+ 9\
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4c) Correction ofagontradiction between the E]ectrodynamic"ﬂmory
and the ‘Pelativistic_(heory of @ectromagnetic I’ﬁhsse;’( L =

“Correzione di una contraddizione tra la teoria elettrodinamica
e quella relativistica delle masse elettromagnetiche,”
Nuovo Cimento 25, 159-170 (1923)

§ 1.— The theory of electromagnetic masses was studicd for the first time by M.
Abraham? before the discovery of the theory of relativity. Abraham therefore, as
was natural, considered in his calculations the mass of a rigid system of charges in
the sense of classical mechanics, and he found that, with the hypothesis that such
a system had spherical symmetry, its mass varied with the speed and is precisely

. 4o
equal to® =, (where u is the electrostatic energy of the system and ¢ is the speed
c

of light} for zero or very small speeds, but for speeds v comparable to ¢ correction
terms of order of magnitude v?/c? appear which are a bit complicated. Even before
the theory of relativity, FitzGerald introduced the hypothesis that solid bodies
underwent a contraction in the direction of motion in the ratio
V2
1-— ol 01
and Lorentz redid Abraham’s theory of electromagnetic masses, considering instead
of rigid systems of electric charges in the sense of classical mechanics, systems that
underwent this contraction. The result was that the rest mass, i.e., the limit of the

mass for vanishing speed, was still él—g, but the correction terms depending on v? /c?
changed. The experiences of Kaufmann, Bucherer and others with the mass of g\ d7

/3 particles of radioactive bodies, and with high speed cathodic particles, decided in

favor of the Lorentz theory, known as the contractile electron, against Abraham’s

theory of the rigid electron. This fact at the beginning was interpreted as a proof

of the exclusively electromagnetic nature of the mass of electrons, because it was

thought that otherwise their mass should be constant. Afterwards the discovery

of the theory of relativity led to the consequence that all masses, electromagnetic

or not, must vary with the speed like the mass of Lorentz’s contractile electron; in

this way the previous experiences left undecided the electromagnetic nature or not

of the electron mass, being only a confirmation of the theory of relativity. On the

[\ other handqhe special relativity theory first, and alter the general theory, led to

) attribute a mass u/c? to a system with energy u and in this way arose a serious

discrepancy between the Lorentz electrodynamic theory, which gixffato a spherical

10On the same argument see my notes in Rend. Acc. Lincei, (5), 31, pp. 84,306 (1922).
2ABRANAMN, Theory of Electricity; RICHARDSON, Electron Theory of Matter, Chapter XT;
[.ORENTZ, The Theory of Electrons, p. 37 O
B (64
3The electromagnetic mass of aﬁ homogeneous spherical shell of charge e, and radius r is
) E

le 4 u
but if we observe that the electrostatic energy is u = o we find the mass 3.2
r ¢

rec2’

Wil
By
Nl N
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4 .
distribution of electricity the rest mass — and special relativity which attributes

5
to this distribution the mass u/c?. That3dcifference4 is particularly serious given the
great importance of the notion of the electromagnetic mass as a foundation for the
electronic theory of matter.

This discrepancy showed up dramatically in two recent articles® in one of which,
using the ordinary electrodynamic theory I considered the electromagnetic masses

of a system with arbitrary symmetry, finding that in general they are represented

by tensors instead of scalars, that reduce to él—; in the spherical symmetry case;
in the other one instead, starting from general r%lativity, I considered the weight of
the same systems which was in every case equal to -% g, where ¢ is the acceleration
of gravity. ¢

In the present work we will demonstrate precisely: that the difference between
the two values of the mass obtained in the two ways originates in a concept of
a rigid body in contradiction with the principle of relativity, which is applied in
the electromagnetic theory (as well as in the contractile electron) and leads to the

4 u
mass 3 while a better justified notion of rigid body conforming to the theory of
&

relativity leads to the value u/c?.
We note that the relativistic dynamics of the electron was done by M. Born® who
starting from a point of view not essentially different from the usual one naturally

U
found the rest mass rRCT

Our considerationscwill be based on Hamilton’s principle as the most suitable
one to study a problem subject to very complicated constraints; in fact our system
of electric charges must satisfy a constraint of a nature that is different from those
considered in ordinary mechanics, since it has to exhibit, depending on its speed,
the Lorentz contraction, as a consequence of the principle of relativity. To avoid
misunderstandings, we note that while Lorentz contraction is of order v?/c?, its
influence on the electromagnetic mass is on the principal terms of this one, i.e.; on
the rest mass and therefore has a rather bigger importance, being appreciable for
very small speeds as well.

§ 2.— So we consider a system of electric charges, sustained by a rigid dielectric
that, under the action of an electromagnetic field generated partly from the system
itself and partly from external sources, moves with a translation motion describing

a world tube in the space-time.”

4The experiences of Kaufmann and others cannot be useful to understand which of the two results
is right, because these allow only the measurement of the speed dependent correction terms which
arc the saine in both theories, while the difference is between the rest masses.

SE. FERMI, N. Cim., VI, 22, pp. 176, 192 (1921).

SMAX BorN, Ann. d. Phys., 30, p. 1 (1909)

"In the following we consider a Euclidean Qace—time, because we suppose that the considered
electromagnetic fields are small enough to not modify the metric structure

fermibook'B
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is to be discarded because it is in contradiction with the principle of relativity. Let
T be the time tube described by the system. In the figure the space (x, y, z) is
represented by only one dimension along the z-axis, and the time { is substituted
by ict to have a definite metric.

Variation A: one considers as a variation that satisfies the rigidity constraint
an infinitesimal displacement, rigid in the ordinary kinematic scnse, parallel to the
space (x, y, z), of each section of the tube parallel to the same space. In the
figure we will obtain such a variation by shifting each section ¢ const, of the tube
parallel to the :r:Zaxis by an arbitrary infinitesimal segiment. If we restrict ourselves
to consider translational displacement, we will therefore have dx, §y, §z as arbitrary
functions only of time, and ét = 0.

Variation B: one considers as a variation that satisfies the rigidity constraint
an infinitesimal displacement perpendicular to the tube of each section normal to
the same tube, rigid in the ordinary kinematic sense. In the figure we will obtain
this variation by shifting each normal section of the tube parallel to itself by an
arbitrary segment. .

Of two such variations(4l is in obvious contradiction with the principle of relativ-
ity and must be discarded because, not even being Lorentz invariant, it depends on
the particular frame (¢, z, y, z) we have chosen and can’t be the expression of any
physical notion, like rigidity. The variation B instead, besides satisfying Lorentz
invariance, since it only consists of elements of the tube T completely independent
of the position of the frame axes, is the only one presents itself naturally, like that
based on a rigid virtual displacement in the frame where at the instant considered
the system of charges has zero speed. Now it would be wrong to think that the
difference between the consequences of the two methods of variation A and B is
significant only for high speeds, i.e., when the tube T has a big slope with respect
to the time axis. Instead the calculations we are going to develop will demonstrate
immediately that the difference is felt already at zero speed and that precisely A

. 4u . ; . .
gives 32 as the electromagnetic mass the while B gives instead u/c?.
c
§ 3.— We indicate the coordinates of time and space by (i, z, v, z) or (xg, x1,
Z9, x3) as convenient and let ¢; be the four-potential and

o ‘.')‘ibf a¢k

N f}.?f;‘. - aZ'-L
the electromagnetic field, and E and H the electric and magnetic forces that derive

ik

from it.

Hamilton’s principle that summarizes the laws of Maxwell Lorentz and those
of mechanics says that:® the total action, i.e., the sum of the actions of the elec-
tromaguetic field and of the waterial and clectric masses, has zero variation under
the cffect of an arbitrary variation of the ¢; and of the coordinates of the points
of the electric charge world lines that respect the constraints and are zero on the

8WEYL, Space, Time, Matter, pp. 194 196; Berlin, Springer (1921).

fermi'book B



January 29, 2017 12:55 World Scientific Book - 9.75in x 6.5in

From Fermai’s papers of the Italian period 45

boundary of the integration region. In our case there aren’t material masses, and
the only variable elements are the coordinates of the points on the world lines of the
charges; therefore it is enough to consider only the action of the electric charges,

? W:Z/de/qﬁidmi

where de is the generic element of electric charge and the second integral is calculated
on the timeline arc described by de that is contained in the four-dimensional region
G of integration. For each system of variations ¢x; satisfying the constraints and
that vanishes on the boundary of G, one must have §W = 0, i.eﬁ\

;//de Fidzidxy, =0 ,rfO (1)

Now we must examine separately the results obtained substituting dz; by the values
given by the system of variations A or B.

§ 4.— Consequences of the system of variations A. — In this case the region of
integration reduces to ABCD. The regions BCG, ADH give no contribution, because
in them all the §z; are zero since they have to vanish on the boundary of G, and
therefore along the curves BG, AH bfrdfmust be constants for t =ponst, i.e., on the
straight, lines parallel to the a(axis. If we label the times of A and B by ¢; and o,
ﬁTE"cquation (1) can be written, since 6t = 0 and dx, dy, dz are functions of the

time only: /(
to d
Z/ dt (sl-i/deFik—xE T(«i:1,2,3;"\jk:0,1,2,3).
ik Yt dt ’

Since ffh% dx; are arbitrary functions of #, we obtain the three equations

dek
/dezk:FikW -0 A\

ie.,

dt dt

If at the chosen instant the system has zero speed in the frame (¢, =, y, z) the
three equations can be summarized by a single vector equation: )

/‘Ede:O. (2)

‘We could have obtained this equation without calculations if, as is usually done in
the ordinary treatment and as M. Born essentially does in the cited work, we liad set
to zero from the beginning the total force acting on the system. We w;.mtedlzft?tluce
it using Hamilton’s principle to show the fault of its origin, since it follows from
the system of variations A that it is in contradiction with the relativity principle.

d
/de[Em + éQHZ — iHy] =0 and the analogous two.
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‘\"
1 u

From (Q)Lfollows immediately the valne 3 for the electromagnetic mass. Suppose

2
c
in fact that E is the sum of a part EY due to the system itself, plus a uniform field

E® due to external sources. (2) gives:

/Em@+/ﬂ”@:0

Now [de = e = charge; and then E® [ de = F = external force. In the spherical
symmetry case, both direct calculation, and the wellzknown considerations of the A"
electromagnetic moment? show that: I(

. 4
E®de=———T
/ ¢ 3c2 7

where I' is the acceleration.
The previous equation then becomes:

Fzg%r
that compared to the fundamental law of point dynamics, F = mI', gives:
4du
m=z5-
§ 5.— Consequences of the system of variations 3. — In this case the same
considerations of the previous section demonstrate that the region of integration
reduces to ABEF, i.e., to the region bounded by two normal sections of the tube ()

T. By the use of infinite normal sectionsBecomposing it using an infinite nunber
of normal sections into layers of infinitesimal thickness, and in order to calculate
the contribution of one of these to the integral (1) we refer to its rest frame, by
considering the space (z,y,z) parallel to the layer. For this §t = 0 will hold, while

oz, oy, 6z will be arbitrary constants. Moreover';,\dx = dy = dz = 0, because the O
speed of all the points is zero, dt = height of the layer, that will vary for each
point, because the layer has for its faces two normal sections which in general are
not parallel. If O is a generic point but fixed in the layer, for example the origin of
coordinates, in which dt has the value dtg, and K is the vector with the orientation
of the principal normal to the timeline passing for O and size equal to its curvature,
we have manifestly, since dt is the thickness at the generic point P of the layer:

dt =dtp[1 - K- (P - 0)] .
Since the speed is zero we have
K= fI‘/(:z ,

and therefore:

(PO
dt = dt() <1 + L,))
f o=

9RICHARDSON loc. cit,
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Substituting these values we find that the contribution of our layer to the integral

(1) is:
—dto{o‘x/ (1+w)@de+5y/<1+ F—-{_—_Q—)>E dewf'(

&=
+ 62 / (1+ =N p )

This expression must vanish for all the values of dz, dy, dz and we obtain from
it three equations that can be summarized in the single vector equation:

/(1+rU )Ed —OQ L (3)

A correct application of Hamilton’s principle has then brought us to (3) instead
of (2). Now it’s easy to examine the consequences. Setting

E=E® { E®
we find
/E(i)deJr /E(” el (’:2'_ 9 e + B +E<e>/—r' P -0y _y.
In the spherical symmetry case we have as before

4 4
/E(” de = —gﬂr

substituting in the previous equation we find that E© is compared only with the
terms that contain I'. If we neglect the I'? terms\W)\we can neglect the last integral,
and we obtain:

_ﬂ%r_,_/E(z) Md +F=0. (4)
3c ?

To calculate the integral which appears in (4) we observe that E® is the sum
of the Coulomb force
P—P
= / ——de’
73

(P’ is the point of charge de’ and » = PP’), and of a term containing T' that can
be neglected because it would give a contribution containing I'2. Our integral then

/
//P P P2 ) g ae
C

or exchanging P with P’, which doesn’t change matters, and taking the half sum
of the two values obtained in this way:

%//Pc’rf' [T (P P)|dede .

10More precisely the number compared to which the quadratic terms are negligible is FZ/CQ, where
£ is the largest length which appears in the problem. It is clear that such an approximation is
more than justified in common situations.

becomes:
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We observe that, in our approximation I' is constant for all the points and then
can be taken out of the integrals. Therefore the x component of the previous integral

T
+F‘// L_Jhi@}.

Now, since the system has spherical symmetry, to each segment PP’ corresponds
an infinite number of other segments differing only in orientation. In the three

is:

integrals we can therefore substitute
(LL‘ . $/)2’ (:l, o ‘Ll)(y - y/)v ('L o LL'/)(Z o ZI)
by their average values for all the possible orientations of PP’, which are; 51"2, 0,

0.
With that the £ component becomes:

/ / de de’
302 2

We now observe that the expression

1 / dede’
2 b

is the electrostatic energy u; going back to vector notation we find for the integral

appearing in equation (4) the expression: 3—I‘ (4) becomes in this way:
2
u
ST =F (5)
o (O @ 2

that s?ﬁ the electromagnetic mass is u/c?.

(
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5) Masses in the Eheory of‘e-elativity
“Le masses nella teoria della relativita,”

Eds. R. Contt and T. Bembo, Hoepli, Milano, 1923, pp. 342-3/4

R@_ from A. Kopff, I fondamenti della relativite. Einsteiniana,
0., \,_,\

Thegrandioge conceptual importance of the theory of relativity as a contribution
to a deeper understanding of the relationships between space and time and the often
lively and passionate discussions to which it has as a consequence also given pive 1
rise outsitle\hf‘the scientific enviromment, have perhaps diveried attention away
from another of its results that, even though less sensational and let’s say, even
less paradoxical, nevertheless has consequences for physics no less worthy of note,

and whose interest is realistically destined to grow in the near term development ot:f!

science. eve 3 (Q",{;M(‘,.n_\ 1o
-«r@m—wl-m-l- 4 the discovery of the relationship that ties the

mass of a body to its energy. 'I he mass of a body, says the theory of relativity, is
equal to its total energy divided foithe square of the speed of light. A superficial
examination already shows us how,"at least for the physics that is observed in the
laboratories, the importance of this relationship between mass and energy is such
that it considerably overshadows that of the other consequences, quantitatively
much lighter, but to \\-l*_ch the mind gets used to with more effort. This merits an
example: a IJotly (@1 long that moves with the respectable enough speed of 30
km per minute) (equal more or less to the speed of the earth through space) would
always appear to 'hv.xmé—uvﬁLﬁ:(loug to an obser vgr & carried along by its motion,
while to a fixed observer it would appear to be one-mgter long less five millionths
of a millimeter; as one sees the result, however strange and paradoxical it .can
seem, is nevertheless very small, and it is hard to believe that the two observers
would start quarreling over so little. The relationship between mass and energy
brings us iustead Lo enormous figures. For example if one succeeded in releasing the
energy contained in a gram of matter, one would obtain an energy greater than that
developed over three years of nonstop work by a motor of a thousand horse power
(useless to comment!). One might say with reason that it doesn’t appear possible,
at least in the near future, to find a way to liberate these incredible quantities of
energy, something that moreover one would hope not to be able to do, since the

explosion of suchi an incredible quantity of energy would have as its first result
reducing to pieces the physicist who had the misfortune to find a way to produce
it.

But even if such a complete explosion of matter doesn’t appear possible for now,
there are already in progress during the past few years some experiments directed
towards transforming the chemical elements into each other. Such a transformation,
which happens naturally in radioactive bodies, has been recently done artificially
by Rutherford who, bombarding some atoms with some « particles (corpuscles
launched with huge speed by radioactive substances), has succeeded in obtaining
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their decomposition. Now to these transformations of the elements into each other
are associated energy exchanges that the relationship between mass and energy
allows us to study in a very clear way. To illustrate this it is worth another numerical
example. We have reason to think that the nucleus of an atom of helium is composed
of four nuclei of the hydrogen atom. Now the atomic weight of helium is 4.002
while that of hydrogen is 1.0077. The difference between four times the mass of
hydrogen and the mass of the helium is therefore due to the energy of the bonds
that unite the four nuclei of hydrogen to form the nucleus of helium. This difference
is 0.029 corresponding, according to the relativistic relationship among mass and
energy, to an energy of around six billion calories per gram-atom of helium. These
figures show that the energy of the nuclear bonds is some million times greater
than those of the most energetic chemical bonds and explains to us how against
the problem of transformation of matter, the dream of alchemists, for so many
centuries the efforts of the best minds have been useless, and how only now, using
the most energetic means @ our disposition, one has succeeded in obtaining this
transformation; moreover in such a small quantity as to illude the most delicate
analyses.

These brief indications are enough to show how the theory of relativity, besides
giving us a clear interpretation of the relationships between space and time, will
be, perhaps in the near future, destined to be the keystone for the resolution of the
problem of the structure of matter, the last and more difficult problem of physics.
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10) On the Mass of Eidiation in an Emptygpace

“Sulla massa della radiazione in uno spazio vuoto,”
with A. Pontremols,
Rend. Lincei 32(1), 162-164 (1923)
v S
C olld «é’u.ﬂ—

Recently, one of us! had been able to demonstrate, by introducing a more correct
concept of rigidity, that the standard electrodynamics allows us to reach a determi-
nation of the clectron rest mass not different from that coming from the theory of
relativity which, as is known, simply amounts to dividing the energy of the system
by the squared speed of light. We have observed that a similar difference, between
the value determined following from standard electrodynamics and the one given
by the theory of relativity, occurs in the calculation of the mass of the radiation in
an empty space.? We intend to demonstrate that this discrepancy can be removed
by analogous arguments. The procedure followed until now for determining by elec-
trodynamics the mass of the radiation in a cavity consisted first of all in evaluating
the electromagnetic momentum Gy for slow and quasi-stationary motions, which,
neglecting terms in v?/c?, results to be given by?

4 W,
GO = 56—20’0 /)\
where Wy is the energy of the radiation for the cavity at rest, v is the actual velocity
of the cavity, and ¢ is the speed of light. From this, one deduced that the inertial
reaction is given by

i 3 2
\\-’1[(?1'(‘\ I( is \t]u\ acceleration; whence au apparent wass of the radiation equals

_dG[} 4 H"’;) r (’\

L R finig to the, thepry of relativity, it st nmw" Fii
——, while, according to the theopry of relativity, it should(hd simply —-. In this
3 2 Il ] ’E, hEvN \\. Y¢ o ] (‘21_

procedure it ' A j the assertion that the external force F is equal

to the time derivative of the electromagnetic momentum, i.e., to the resultant of
the electromagnetic forces di acting on every single part of the system; in this way,

one themrpmtss Cown Wow (-
F= /d(p. (1)

But this is not correct, because, if one considers the notion of rigidity discussed by
one of us in the quoted paper, the external force is given instead by

F:/de 1+i{’%—ﬂ} (2)

LB, Fermi, these “Rendiconti”, t‘aﬂ XXXI, pp. 184 and 306 (1922), “Physikalische Zeit.”,
Nof\ XXIIT (1922). p. 340,

2. Hasenthrl, “Anin. der Physik”, ‘JGTT\XV, p. 344 (1904) andNe-H XVI, p. 589 (1905); K. von
Mosengeil, “Ann. der Physik™. WﬂiXXIL p. 867 (1927): M. Planck, “Berlin. Sitzber.”, p. 542
(1907); M. Abraham, Theorie der Elektrizitat, Vol. 11, p. 341 (1920).

3M. Abraham, loc. cit. p. 345.
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(P — O) being the vector from the point P, where the force dy is applied, to a fixed
point O, which we can take as the center of coordinates, internal to the system.
Now, dy is the resultant of force dy,, exerted by the radiation pressure which
would exist if the cavity were at rest, and a force dys, caused by the perturbations
of this pressure due to the motion of the cavity. By applying (1), since evidently
[ dp1 = 0, because dypy is the force exerted by a homogeneous pressure on a closed
surface, one finds that the external force is

Fo / i 3~

This force is exactly the one calculated as the inertial reaction by the quoted

authors, whence

i 4 W,
dpy = ———> T 4
/ dipa 572 (4)
On the contrary, by applying (2), still taking into account that [ dyp; = 0, one
finds
} P —o rP-0 e —-o
F= /(dtp1+d<p2) {l + _(_r")_}-:| = /d(pl—(rz—)'-i-/ dg02+/d(p2¥.

Neglecting terms in T2 and observing that dyy is proportional to I', one can
g g g ¥

F:/dapl%i)vL/dtpg. (5)

In this case the difference between (3) and (5) is not a priori negligible, although
it contains ¢? at the denominator, since di;/dips can become considerably large,
being the ratio between a force and its perturbation.* In fact dyps = pndo, where

simply put

p is the radiation pressure which, as is known, equals %Wvo,\l_)cﬁﬁthe volume of \/\%
the cavity, and n a unit vector with the direction of the external normal to element
do of the surface of the cavity with coordinates @1, Y, z&z The z component of the
first integral {)T?i:5) is then

'(P-0 W, . 2
[/ dip1 %} =347 (Tedz +T'ydy + T',dz) cosnz do

E—Wv'\

w,
32V

<Fm/da: cosﬁa\:daJrI‘y/dy cosﬁida+1}/dz cosr’ﬁtda);

but an immediate application of Gauss’s theorem shows that

/da: cosntdo =V, /dy cosnx do = /dz cosnz do = 0.

4In the case of electromagnetic masses one has dy equal to the resultant of the Coulomb forces
(which are the predominant part) and the forces due to the acceleration. For the former, evidently
in this case the relation [ dy1 = 0 also holds: therefore these forces make their presence lelt only
if we apply (5) instead of (3).
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Therefore our component is (W,T',)/3¢? and

P —-0) W, @
/ der o2 32
Considering this relation and (4), it is easy to see that the ratio between the inte-

grals of the rightr\hand side of (5) is —1/4 and thus effectively not negligible. By
substituting these values into (5), one finds

po Ve
C

from which the requested rest mass results to be equal to W, /c?, in accordance with
the principle of relativity.
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