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(0,0, 1), and (1, 1, 1) as shown in the figure. Then the centroid 57. Use Theorem 3 to prove the Cauchy-Schwarz inequality:

L1
1543.2,3)

e

e

54. If ¢ = |a|b + | h{a, where a, b. and ¢ are all nonzero

la-bl=lal|b]

58. The Triangle Inequaliry for vectors is
la +b|=]al+|b]

(a) Give a geometric interpretation of the Triangle Ineguality.

(b) Use the Canchy-Schwarz Inequality from Exercise 57 to
prove the Triangle Inequality. [AHint: Use the Fact that
|a +b|*=(a+b) {a+ b)anduse Property 3 of the
dot prodnet. ]

vectors, show that ¢ bisects the angle berween a and h. 59. The Parallelogram Law states that

55. Prove Properties 2, 4, and 5 of the dot

roduct {Theorem 2).
P ( ) la+bP+|a—bfF=2lal’+2[b]

56. Suppose that all sides of a quadrilateral are equal in length and
opposile sides are paralle). Use vector methods o show that the (a) Give a geometric iuterpretation of the Parallelogram Law.

diagonals are perpendicular.

12.4 The Cross Product

{b)y Prove the Parallelogram Law. (See the hint in Exercise 58.)

The cross product a X b of two vectors a and b, unlike the dot product, is a vector. For
this reason it is also called the vector product. Note that a X b is defined enly when a and
b are three-dimensional vectors.

1| Definition If a = (a1, az, a1) and b = {(by, by, b3, then the cross product of a
and b is the vector

a X b= {a:bs — asbs, azby ~ a\by, arb; — asby)

This may seem like a strange way of defining a product. The reason for the particular
form of Definition 1 is that the cross product defined in this way has many useful proper-
ties, as we will soon see. In particular, we will show that the vector a X b is perpendicu-
lar to both a and b.

Tn order to make Definition 1 easier to remmember, we use the notation of determinants.
A determinant of order 2 is defined by

Far example,

' b o — e = 14

—6 4

A determinant of order 3 can be defined in terms of second-order determinants as
follows:
a) dr ax
i b| bz b% = da

c C O3

by by

Ca C2

b| f)g bl bZ

£ C2

— > + ay
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Observe that each term on the right side of Equaticn 2 invelves a nnmber a, in the first row
of the determinant, and a, is multiplied by the second-order determinant obtained from the
left side by deleting the row and column in which a, appears. Notice also the minus sign
in the second term. For example,

01
4 2

=1

[Ny
B O o

_s
|

|
Ln

10 —4) —2(6 +5) +(=1){12 - 0) = 38

If we now rewrite Definition 1 using second-order determinants and the standard basis
vectors i, j, and k. we see that the cross product of the vectors a = @i + a»j + ask and
b = bli + bgj + bikis
‘t @, da

‘ b by

dx a3

by s

ay  dz

by b

k

i—

[3] aXb= jt

1

In view of the similarity between Equations 2 and 3, we often write

i j k
[4] aXb=l|la a a
b by b

Although the first row of the symbolic determinant in Equation 4 consists of vectors, if we
expand it as if it were an ordinary determinant using the rule in Equation 2, we obtain
Equation 3. The symbolic formula in Equation 4 is probably the easiest way of remem-
bering and computing cross products.

EXAMPLE 1 Tfa= {(1,3,4yand b = (2,7, =3}, theu

B k
axXb=)1 3 4
2 7 =5
13 4 1 4 13
= i—‘ \j+ k
7 -5 |2 —5‘ 2 7

= (=15 - 28)i— (=5 —8)j+ (7—6) k= —43i + 13j +k s

EXAMPLE 2 Show that a X a = 0 for any vector a i1 Vi.
SOLUTION Ifa = ((1|, iz, CI]), then

i j k
axa=|a a o
gy dx da

= (a2a3 - agﬂg)i - ((l](lj - a_q,al)j + (ma; - aga,)k

=0i-0j+0k=0
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One of the most important properties of the cross product is given by the following
theorem.

[5| Thearem The vector a X b is orthogonal to both a and h.

Proot In order to show that a X b is orthogenal to a, we compute their dot product as
follows:

Gy dy ay, s a, as
a; + 25
by b b by | by b |

= Ctl(agbq - a;bg) - Gz{(hbg - a;b.) + Q‘:(Cigbg - G‘gb])

(aXb)-a: a; —

- aja'zb_x - lez(lj - (.I]G'.gb; + b]&z(t:; + awbgag - b|(£2rfi3
=0

A similar computation shows that (a X b} - h = 0. Therefore, a X b is orthogenal to
both a and b.

If a and b are represenled by directed line segments with the same initial poinl (as in
Figure 1), then Theorem 5 says that the cross product a X b points in a direction perpen-
dicular to the plane through a and b. It turns cut that the directicn of a X b is given by the

axb right-hand rule. If the fingers of your right hand curl in the direction of a rotation (through
an angle less than 1807) from a to b, then your thumb peints in the direction of a X h.
e Now that we know the direction of the vector a X h, the remaining thing we need to
P , . . P - . . - 3
a_,f'*-a-/ b complete its geometric description is its length |a > b|. This is given by the following
yd W theorem.
4
P — I
[B] Thesrem If @ is the angle between a and b (s0 0 = 0 = ), then
FIGURE 1

EE Visual 12 4 shows how a X b changes
I_ as b changes

|a X b|=|a||b]|siud

Proof From the definitions of the cross product and length of a vector, we have
a X b|? = {axb; — @by + (aaby — a1 b)) + (a1 — axby)’
= a3b} — 2ara3bsbs + G363 + aibi — 2avasbiln + aibs
+ aibhs — 2avanb by + aibi
={al + ab + ab)bi + BF + b3) — (a1b + azby + azbs)’
= [afibf - (- by
= lal'[b}* — |al]’|b [ cos’s by Theotem 12.3,3)
= |al|b|(1 — cos*6)
=|a|b|’sin’8

Taking square roots and cbserving that 4/sin?# = siu # because sin § = 0 when
0 = 0@ = 7, we have

ja X b|=|al|b|sing

grizationof & » b Since a vector is completely determined by its magnifude and directiou, we can row say
that a X b is the vector that is perpendicular to both a and b, whose orientation is deter-




FIGURE 2

! E__i:l_——‘ ',1___

<
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mined by the right-hand rule, and whose length is |a | b|sin 4. In fact, that is exactly how
physicists define a X b.

[7] Corollary Two nonzero vectors a and b are parallel if and only if

axXxb=20

Freaf Two nonzero vectors a and b are parallel if and only if 8 = 0 or 7. In either case
sin 8= 0,50 [a X b| =0 and therefore a X b = 0.

The geometric interpretation of Theorem 6 can be seen by looking at Figure 2. If a and
b are represented by directed liue segments with the same initial poins, then they delermine
a parallelogram with base | a|, altitude | b|sin €, and area

A= |al(Ib]sin 6) = [a X b

Thus, we have the following way of interpreting the magnitude of a cross product.

The length of the cross product a X b 1s equal to the area of the parallelogram
determined by a and b.

EXAMPLE 3 Find a vector perpendicular to the piane that passes through the points
P(1,4,6), 0(=2.5, —1),and R(1, =1, 1).

—> — —
SOLUTION The vector PQ X PR is perpendicular to both PQ and PR and is therefore per-
pendicular to the plane through P, @, and R. We know from (12.2.1) that

PO=(-2—1i+(5—4j+ (-1~ 6k=-3i+j— 7k
PR=(1 — i+ (=1 -4)j+{l -6k =—5j— 5k

We compute the cross product of these vectors:

i j k :
—> —>
POXPE=1-3 1 -7

0 -5 -5

—~ (=5 = 35)i— (15— 0)j + (15 — 0)k = —40i — 15j + 15k

So the vector {—40, —15, 15) is perpendicular to the given plane. Any nonzero scalar
multiple of this vector, such as {—8, =3, 3}, is also perpendicular to the plane.

EXAMPLE 4 Find the area of the triangle with vertices P{1, 4, 6), Q(—=2, 5, — 1},
and R(1, —1, 1).

SOLUTION In Example 3 we computed that }@) X P_)R = (=40, —15,15). The area of the
parailelogram with adjacent sides PQ and PR is the length of this cross product:

|PO % PR| = =401 + (=151 + 152 = 5,32

The area A of the triangle POR is half the area of this parallelogram, that is, 3 J82.
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If we apply Theorems 5 and 6 to the standard basis vectors i, j, and k using 8 = /2,
we obtain

iXxj=k ixk=i kxXi=j
ixXi=-k k xj= —i ixk=—j
Observe hat
iXj#=jxi

Thus, the cross product is uot commutative. Also
iX({ixXj=ixk=—j
whereas
(IXDX]j=0xj=10
50 the associative law for multiptication does not usually hold; that is, in general,

faxbh Xxe#ax{bXxXec

However, some of the usual laws of algebra do hold for cross products. The following the-
orem summarizes the properties of vector products.

[8] Theorem Ifa, b, and ¢ are vectors and ¢ is a scalar. then
l.axXxh=-bxXa

2. (ca) X b=c{(aXb)=a2aXxX(ch)
JaxX(b+c=axXb+t+taXec
f,(a+thXec=axc+bXc
S5a-(bxc)={axb)-c

6. aX (bxXc)={(a-cb-{a-b)c

|
These properties can be proved by writing the vectors in lerms of their components
and using the definition of a cross product. We give the proof of Property 5 and leave the
remaining proofs as exercises.

Proof of Property 5 Ifa = (a,, a2 a3), b = (b, by, b1), and ¢ = {c\, 2, ¢3), then

il

[ a- (b X C) (11(.’)2(‘3 - bng) + az(bgc‘] — b]Cg) + Ch,(b]Cz — szl)

a1bacs — aybcy + aybscy — aszbica + aabioy — asbao
= {ashy — a:b:2)c) + (asby — aibsdey + (a1bs — azbides
=(axXb)-c

The preduct a + (b > ¢) that occurs in Property 5 is called the scalar triple product of

the vectors a, b, and ¢. Notice from Equation 9 that we can write the scalar triple product
as a determinant:

Q) dy ay
10 ar(bXc=|b b b
[ [T



FIGURE 3

FIGURE 4
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The geometric significance of the scalar triple product can be seen by considering the
parallelepiped determined by the vectors a, b, and ¢ (Figure 3). The area of the base
parallelogram is A = [b X ¢|. If 0 is the angle between a and b X ¢, then the height &
of the parallelepiped is & = |a||cos 8]. (We must use |cos 8| instead of cos @ in case
6 = ar/2.) Therefore, the volume of the parallelepiped is

V=Ah=|b X c||a}|cos 0| =|a-{b X
Thus, we have proved the following formula.

11| The volume of the parallelepiped determined by the vectors a, b, and ¢ is the
magnitude of their scalar triple product:

V=la-(bXc)

If we use the formula in (11) and discover that the volume of the parallelepiped
determined by a, b, and ¢ 15 0, then the vectors must lie in the same plane; that is, they are
coplanar.

EXAMPLE 5 Use the scalar triple product to show that the vectors a = (1,4, =7},
b =12, —1,4y, and ¢ = (0, —9, I8) are coplanar.

SOLUTION We use Equation 10 to compute tbeir scalar riple product:

1 4 =7
a-(bxg¢g =2 -1 4
0 -9 I8
71—147247241
-9 1% 0 18 0 -9

Y
;

1(18) ~ 436) — 7(~18) =0

Therefore, by {11} the volume of the parallelepiped determined by a, b, and ¢ is Q. This
means that a, b, and ¢ are coplanar.

The 1dea of a cross product occurs often in physics. In particular, we consider a force F
acting on a rigid bedy at a point given by a position vector r. (For instance, if we tighten
a bolt by applying a force to a wrench as in Figure 4, we produce a turning effect.) The
torque 7 (relative to the origin) is defined to be the cress product of the position and force
vecfors

T=rXF
and measures the tendency of the body to rotate about the origin. The direction of the

torque vector indicates the axis of rotation. According to Theorem 6, the magnitude of the
torque vector is

|7f = |r X F| =|r||F|sin 0
where # is the angle between the position and force vectors. Observe that the only com-

ponent of F that can cause a rotation is the one perpendicular to r, that is, | F|sin 6. The
magnitude of the torque is equal to the area of the parallelogram determined by r aud F.



820 [Ii CHAPTER 12 VECTORS AND THE GEOMETRY OF SPACE

7 EXAMPLE 6 A bolt is tightened by applying a 40-N force to a 0.25-m wrench as shown in
Figure 5. Find the magnitude of the torque about the center of the bolt.

SOLUTION The magnitude of the torque vector is

|7| = |r X F| = |r||F|sin75° = (0.25)(40) sin 75°
il = 10sin 757 = 9.66 N'm = 9.66]
“”jé‘%j_y If the bolt is right-threaded, then the torque vector itself is
FIGURE 5 r=|7|n=966n

where n is a unit vector directed down into the page.
e

12.4 Exercises

1-7 i Find the cross product a X b and verify that it is orthogoual {b) Use Lhe right-hand rule to decide whelher the components
to both a and b. of a X b are positive, negative, or {.

La= (1,20, b={031)

2.a=(514) b=(-1072}
Ja=2i+j—k b=j+2k
d,a=i—-j+k b=i+j+k
5.a—=3i+2j+4k b=i-2j-3k
boa=i+ejte'k b=2i+ej—e'k
13. Ifa= (1,2 d b= 1,3y, finda X db X a.
T.a= {1 1h, = {1, 24 3t% 3.1fa=(12.1) and b= (0,1,3),finda X band b X a
. s ; : ! 4. Ifa=4{3,1,2), b= (-1, 1,0}, and ¢ = {0, 0,.—4}, show
thata X (b > ¢) # {a X h) X ¢.
8. IMa=1i—2kandb =j+k, find a X b. Sketch a, b, and 15. Find two unit vectors orthogonal to both (1, —1, 1} and
a4 X b as vectors starting at the origin. (0, 4,4).
9. State whether each expression is ineaningfnl. If not, explain 16. Find two unit veciors orthogonal to both i + j + k and 21 + k.
why. If s0, state whether it is a vector or a scalar. 17 h X a—0=aX0for tor 8 i V
(@) a- (b X ¢ (b) a ¥ (b c) . Show that 0 X a=0=a or any vector a in V.
(cyax(bxc¢) (d) (abyxe 18. Show that (a X h) - b = O for all vectors a and b in V.
© {a-b) X (c-d) (6 @ b) - (cxd) 19. Prove Property 1 of Theorern 8.
10=11 m Find |u X v | and determine whether u X v is directed 20. Prove Property 2 of Theorem 8.
into the page or our of the page.
21, Prove Property 3 of Theorem 8.
10. 11.
lu|=6 22. Prove Property 4 of Theorem §.
ul 23. Find the area of the parallelogram with vertices A(—=2, 1),
u =

60°_~"|y|=10 B(0, 4}, C(4,2), and D(2, —1).

4. Find the area of the parallelogram with vectices K(1, 2, 3),
L{1,3,6), M(3, 8, 6), and ¥(3, 7, 3).

25-28 1 {a) Find a vector orthogonal to the plane throngh the

L fi 3 3 i y-pl tor b i
12. The fignre shows a vector a in the xy-plane and a vector b in points P, 0, and R, and (b) find the arca of triangle POR.

the direction of k. Their lengths are |a| = 3 and |b| = 2.
{a) Find |a X b]. 25. P(1,0,0), ©{0,2,0), R(0,0,3)



%. P(2,1,5), Q(—1,3,4), R(3.0,6)
7. PO, —2,0), O4,1,-2), R(53 1)
8. P(2,0,-3), 03,1,0), R(5,272)

29-30 w Find the volume of the parallelepiped determined by the
vectors a, b, and c.

9. a=1(6,3 -1}, b=4{0,1,2), ¢=(4,-2,3)
a=i+j—k b=i—-j+k c¢=—-i+jt+tk

- o o a a

31-3% 1 Find the volume of the parallelepiped with adjacent edges
P@, PR, and PS.

3N P2,0,-1), 04, 1,0y, RE, 11, S2,-2,2
3. P{0,1,2), {2.4,5), R(—1,0,1), S(6,—1,4)

33. Use the scalar triple product to verify that the vectors
a=2i+3j+kb=i—jade=7i+3j+2k
are coplanar.

34, Use the scalar triple product to determine whether the points
PULO, D), Q02,4,6), R(3, —1,2), and 5(6, 2, &) lie in the same
plane.

35, A bicycle pedal is pushed by a foot with a 60-N force as
shown. The shaft ot the pedal is 18 cm long. Find the
magnitude of the torque about P.

GON/

{700

FIIII

S . Nos =

36. Find the magnitude of the torque ahout P if a 36-1b force is
applied as shown.

4 ft

4 1t

37. A wrench 30 cm long lies along the positive y-axis and grips a
bolt at the origiu. A force is applied iu the direction {0, 3, —4)
at the end of the wrench. Find the magnitude of the force
needed to supply 1001 of torque to the bolt.

3B. Let v = 5] and let u be a vector with length 3 that starts at
the origin and roiates in the xy-plane. Find the maximum and

39.

40.

41.
42.

43.

aa.

45.

46.
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minitmum values of the length of the vector u X v. In what
direction does u X v point?

(a) Let P be a point not on the line L that passes through the
points 2 and R, Show that the distance 4 from the point P
to the line L is

_Jax b

al

—* —
wherea = QR and b = QF.
(b} Use the formula in part (a) to find the distance from
the point P(1, 1, 1) to the line through (0, 6, 8} and
R(—1,4,7).

d

{a) Let P be a point not on the plane that passes through the
points @, R, and 5. Show that the distance 4 from P (o the
plane is

X b) -
4 ltaxbi-c|
ER
— — —>
where a = QR, b = (0S, and ¢ = QP

{(h) Use the formula in part (a} to find the distance from the
point £(2, 1, 4) to the plane through the points Q(1, 0, 0),
R(0, 2,0}, and S0, 0, 3).

Prove that (a — b) X (a + b) = 2{a X b).

Prove part 6 of Theorem 8, that is,

ax{(bXxXc={(a-cb—ia- b

Use Exercise 42 to prove that

/

axibXe)+FbX(exXa)+exX(axh) =0
Prove that

a-¢ b-c

a-d b-d

{faxh) (exd=

]

Suppose thata # 0.

(a) Ifa-b=a: ¢ doesit follow that b = ¢?

by If a X b = a X ¢, does it foliow that b = ¢?

(©)Ifa-b=a-canda X b =a X ¢, does it follow
that b = ¢?

If vy, v2, and v; are uoucoplanar vectors, let
¥y X v3 vy X vy
K =— 2 = ———
vy s (vo X vs) V) * (v X v3)
v X ¥a
k3 = = -

Vo {Vg x V;)

(These vectors occur in the study of crystallography. Vectors of
the form s, v, + nyv, + 13 vs, where each #, is an integer, form
a lattice for a crystal. Vectors written similarly in terms of ky,
ks, and ks form the reciprocal lattice.)
(a) Show that Kk, is perpendicular to v, if { & j.
{b) Show thatk, + v, = | fori=1,2,3.

L

g . XKk)=—"F"—F—F7—.
{c) Show that k; - (k; X ks) v (v) X ve)



