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Summary. — Gravitoelectromagnetism has proven to be a powerful tool for
observer-dependent analysis of phenomena in general relativity. Here a brief review
is made of applications to test-particle dynamics, spinning test-particles, fluid dy-
namics, electromagnetism and scalar fields. Relative-observer embedding diagrams
are briefly commented on as well.

PACS 04.20 – Classical general relativity.
PACS 01.30.Cc – Conference proceedings.

1. – Introduction

While the four-dimensional (spacetime) point of view is essential to give the laws of
physics their proper (mathematical) formulation, the role of the observer is also essential
for extracting their physical meaning. Once referred to a test observer, the four-geometry
of a spacetime splits back into space plus time, the “Newtonian” concepts on which our
experience and intuition depend. Moreover, this process of re-extracting space and time
from spacetime (the 3+1 point of view) can be done systematically for the space and
time components of tensors, and leads to the re-introduction of all the classical quantities
(electric and magnetic field from the Maxwell tensor, energy and momentum from the
4-momentum of a particle, inertial forces, etc.) that we are accustomed to working with
in classical physics. The term “gravitoelectromagnetism” summarizes the formalism by
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which this spacetime splitting is accomplished, with its origins in the analogy between
test-particle motion under the influence of gravity as seen by observers in generic motion
and charged particle motion in an electromagnetic field.
Here, after a short review of formalism, we briefly describe the application of grav-

itoelectromagnetism to spinless and spinning test-particle motion, fluid dynamics and
electromagnetism, emphasizing the central role of the observer and of the measurement
process in general relativity. A by-product of this investigation has been the clarifica-
tion of the question of defining inertial forces in curved spacetime and the unification
of many different approaches to the problem into a single framework. For black-hole
spacetimes special families of observers have been introduced characterized by their spe-
cial behavior in analyzing test particle and gyroscope motion or the special properties
of their “image” of the spacetime associated with an embedding diagram description of
the quotient geometry. At the semiclassical level the spin-rotation coupling for spinning
particles in rotating reference frames, foreseen by Mashhoon in 1987 [1], has been given
a more precise geometric content and related experiments have been planned.

2. – Local spacetime splitting

A spacetime manifold (M, g) which admits a Lorentzian metric g and a congruence
Cu of timelike lines with unit tangent vector field u can be locally split into space plus
time through the orthogonal decomposition of the tangent spaces on Cu into the local
rest space LRSu and the local time direction u. The congruence Cu and the associated
local 1+3 splitting of the spacetime identifies a family of observers on M whose world
lines are the congruence curves and 4-velocity is u. Let τu be a proper time parameter
defined along each such curve.
Tensors or tensor fields which have no component along u are called spatial (with

respect to u). The spatial projection (mixed) tensor P (u)

P (u)αβ = δα
β + uαuβ(1)

projects out the spatial part of any tensor field by the usual process. Any spacetime
tensor field may be represented by a collection of spatial tensor fields which result from
their orthogonal decomposition. Let η(u)αβδ = uσησαβδ denote the spatial alternating
tensor associated with the spatial metric P (u)αβ (the inner product on LRSu), which
may be used to define a spatial cross product of spatial vector fields and a spatial duality
operation for antisymmetric spatial tensor fields in an obvious way.
As described in [2, 3], one may also spatially project various derivative operators so

that the result of the derivative of any tensor field is always spatial; such derivatives
play an essential role in expressing tensor equations in space-plus-time form. Two useful
spatial derivatives are the spatial Lie derivative £(u)

X
= P (u)£

X
for any vector field

X, and the spatial covariant derivative ∇(u)α = P (u)P (u)βα∇β , where the projection
on all free indices is implied after the application of the derivative. Similarly three useful
temporal derivatives (i.e. along u) are the temporal Lie derivative ∇(lie,u) = P (u)£u ,
the Fermi-Walker temporal derivative ∇(fw,u) = P (u)uα∇α, and the corotating Fermi-
Walker temporal derivative ∇(cfw,u) related to the first two by the kinematical quantities
(acceleration a(u)α, vorticity ω(u)αβ , expansion θ(u)αβ) of the observer congruence,



GRAVITOELECTROMAGNETISM: A TOOL FOR OBSERVER-DEPENDENT ETC. 715

namely

a(u)α =
D
dτu

uα = uβ∇βu
α = ∇(fw,u)u

α ,(2)

ω(u)αβ = P (u)γαP (u)δβ∇[γuδ] ,

θ(u)αβ = P (u)γαP (u)δβ∇(γuδ)

=
1
2
∇(lie,u)gαβ =

1
2
∇(lie,u)P (u)αβ ,

through the relations

∇(cfw,u)X
α = ∇(fw,u)X

α + ω(u)αβX
β = ∇(lie,u)X

α + θ(u)αβX
β(3)

valid only for a spatial vector field Xα, and easily extended to any spatial tensor field.
The application of these spatial differential operators to any tensor field gives rise to a
spatial tensor field of the same type. The geometrical meaning of these derivatives is
discussed in [2]. It is useful to introduce a vorticity vector field using the spatial duality
operation

ω(u)α =
1
2
η(u)αβγω(u)βγ .(4)

In the following δ = ∗d ∗ denotes the divergence operator, ∗ is the duality operation
on differential forms (or their associated index raised contravariant tensors), and � and �
are the index raising and lowering operations to the fully contravariant or fully covariant
form of a tensor. If η is the unit oriented volume 4-form (η0123 = 1 in an oriented
orthonormal frame the spatial duality operation over the local rest space of the observer
family, ∗(u)) and η(u) = u η (the spatial volume 3-form) is its left contraction with u,
then the spatial cross product of two spatial vector fields is defined by the successive
right contractions

[X ×u Y ]α = η(u)αβγX
αY β .(5)

In certain cases the composition of projectors P (u), P (U) orthogonal to different unit
timelike vectors u and U , respectively, will also be helpful. They will be denoted by
P (U, u) = P (U) ◦ P (u).

3. – Four-dimensional physics and the corresponding 3 + 1 version

3.1. Test-particle motion. – Consider the motion of a unit mass spinless test-particle
with four-velocity U , accelerated by an external force f(U), i.e. a(U) = f(U). A generic
observer u, measuring the particle four-velocity U , obtains its relative energy E(U, u) =
γ(U, u) and momentum p(U, u) = γ(U, u)ν(U, u),

U = E(U, u)[u+ p(U, u)] = γ(U, u)[u+ ν(U, u)] .(6)

Splitting the acceleration equation gives the evolution (along U) of the relative energy
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and momentum of the particle

dE(U, u)
dτ(U,u)

= [F (G)
(tem,U,u) + F (U, u)] · ν(U, u) +(7)

+ ε(tem)γ(U, u)ν(U, u) · (θ(u) ν(U, u))

D(tem)p(U, u)
dτ(U,u)

= F (G)
(tem,U,u) + F (U, u) ,

where tem = fw, cfw, lie, lie
 refers to the various possible (i.e. geometrically meaningful)
kinds of transport of vectors along U , ε(tem) = (0, 0,−1, 1), respectively and

dτ(U,u) = γ(U, u)dτU ,

F
(G)
(tem,U,u) = γ(U, u)[g(u) +H(tem,u) ν(U, u)] ,

F (U, u) = γ(U, u)−1P (u,U)f(U) ,

with

H(fw,u) = ω(u)− θ(u) , H(cfw,u) = 2ω(u)− θ(u) ,
H(lie,u) = 2ω(u)− 2θ(u) , H(lie�,u) = 2ω(u) .

(8)

The gravitoelectric vector field g(u) = −a(u) = −∇u u and the gravitomagnetic
vector field H(u) = 2[∗(u)ω(u)
]� of the observer u (sign-reversed acceleration and twice
the vorticity vector field) are defined by the exterior derivative of u

du
 = [u ∧ g(u) + ∗(u)H(u)]
(9)

and are essential in showing the analogy between the gravitational force F (G)
(tem,U,u) and

the Lorentz force. The expansion scalar Θ(u) = −δu
 = Tr θ(u) appears in an additional
term in the covariant derivative of u as the trace of the (mixed) expansion tensor θ(u),
of which the shear tensor σ(u) = θ(u)− 1

3Θ(u)δ is its tracefree part

∇u = −a(u)⊗ u
 + θ(u)− ω(u) .(10)

The sign of the (mixed) vorticity tensor ω(u) depends on index, signature and orientation
conventions, and is chosen here so that its spatial dual is the commonly accepted vorticity
vector (in an oriented orthonormal frame ω(u)α = 1

2curl(u)u).
The derivative operator D(tem)/dτ(U,u) is the rescaled (by a gamma factor) spatial

projection of the intrinsic derivative D/dτU along U . More precisely one defines the
“Fermi-Walker total spatial covariant derivative”

D(fw)

dτ(U,u)
= γ(U, u)−1P (u)

D
dτU

= ∇(fw,u) +∇(u)ν(U,u)(11)

and then generalizes this to a “tem” derivative, simply by replacing the term ∇(fw,u) with
∇(tem,u). The term D(tem)p(U, u)/dτ(U,u) contains the “spatial geometry” contribution
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which must be added to the gravitational and external forces to reconstruct the spacetime
point of view. This term comes out naturally and is significant all along the world line
of the particle: the individual terms ∇(fw,u) and ∇(u)ν(U,u) into which it can be further
decomposed have no meaning unless one defines some extension for the spatial momentum
p(U, u) off the world line of the particle, which is unnecessary.
From this spatial geometry contribution a general relativistic version of inertial forces

can be further extracted. In fact, as in Newtonian mechanics one can decompose LRSu

into the direction of the relative velocity of the particle with respect to the observers and
its orthogonal subspace

p(U, u) = ||p(U, u)||ν̂(U, u) ,(12)

so that

D(tem)p(U, u)
dτ(U,u)

=
d||p(U, u)||
dτ(U,u)

ν̂(U, u) + ||p(U, u)||D(tem)ν̂(U, u)
dτ(U,u)

.(13)

The last term, connected with the variation of the unit relative velocity along the world
line of the particle, generalizes the concept of centripetal acceleration as measured by
the observer u

F
(C)
(tem,U,u) = γ(U, u)||ν(U, u)||

D(tem)ν̂(U, u)
dτ(U,u)

,(14)

and the equation of motion becomes

d||p(U, u)||
dτ(U,u)

ν̂(U, u) + F (C)
(tem,U,u) = F

(G)
(tem,U,u) + F (U, u) .(15)

In Newtonian mechanics the relative velocity of the particle with respect to the observer
and that of the observer with respect to the particle only differ in sign; as a conse-
quence, the centrifugal force can be seen as a concept attached to the particle’s reference
frame, whereas the centripetal acceleration belongs to the observer’s reference frame. In
relativistic mechanics these two velocities live in different 3-spaces and the concept of
centripetal acceleration can be related (see eq. (14)) to the transport along U of ν̂(U, u)
while centrifugal force can be related to the transport along U of ν̂(u,U). Details can be
found in [3-5].

3.2. Spinning test-particle motion. – The equations of motion for a “spinning” test
particle were first derived in the purely gravitational case by Papapetrou [6] (see [7] for
related references)

D
dτU

pα =
1
2
Rρσβ

αSρσUβ ,(16)

D
dτU

Sαβ = pαUβ − pβUα ,

where Rαβρσ is the Riemann tensor, pα is the (generalized) momentum vector, Sαβ is a
(antisymmetric) spin tensor, U = DX/dτU is the unit tangent vector (UαUα = −1) of
the “center line” �U used to make the multipole reduction, and where X = X(τU ) is the
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center point whose world line is �U . The fields S, U and p are defined only along �U . It
is well known that the number of independent equations in (16) is less than that of the
unknown quantities: 3 additional scalar supplementary conditions (SC) are needed for
the scheme to be completed. Once a suitable choice has been made, in principle �U , p
and S can be determined by the equations.
Gravitoelectromagnetism has been useful here in characterizing the various supple-

mentary conditions which are considered in the literature: these are all of the form
ûαSαβ = 0 for some timelike unit vector û along the world line �U . According to the
special relativistic analogy (see [8], p. 161), this is equivalent to defining the central line
�U as the world line of the centroid of the body with respect to an observer family with
4-velocity û.
The supplementary conditions most frequently discussed in the literature are

(CP) û = u (Corinaldesi-Papapetrou condition, where u is a (known) preferred family
of observers usually suggested by the background;

(T) û = p/||p|| = ū (Tulkzyjew’s condition);
(P) û = U (Pirani’s condition).

Clearly the fields �U , p and S all depend on the choice of supplementary conditions so
a more precise notation would be: X(SC), U(SC), p(SC), S(SC), where the index values
SC = CP, T, P correspond to these choices.
For example the (P) case has the following 3+1 version:

D(fw,U)p(U)
dτU

= −E(p, U)a(U)−H(U) S(U) ,

dE(p, U)
dτU

= 0 , p(U) = a(U)×U S(U) ,
D(fw,U)

dτU
S(U) = 0 ,

(17)

where the split versions of p, p = E(p, U)U + p(U) have been used and

H(U)βδ = −1
2
η(U)γµ

δRαβγµU
α

is the magnetic part of the Riemann tensor. The spin equation in this case reduces to the
Fermi-Walker transport law along the center line of the body, while the equation of motion
has the well-known problem of being dependent on the derivative of the acceleration of
the center line itself.

3.3. Maxwell’s equations. – Maxwell’s equations can be expressed covariantly in many
ways. In differential form language one has

dF = 0 , d ∗F = −4π ∗J
 ,(18)

where F is the electromagnetic 2-form and J is the current vector field, obeying the
conservation law

δJ
 = ∗d ∗J
 = 0 .(19)
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The splitting of F and J by an observer family (with unit 4-velocity vector field u,
u · u = −1) gives the associated electric and magnetic vector fields E(u) and B(u), as
measured by those observers through the Lorentz force law on a test charge, and the
relative charge and current density ρ(u) and J(u)

F = [u ∧ E(u) + ∗(u)B(u)]
 ,(20)
∗F = [−u ∧B(u) + ∗(u)E(u)]
 ,
J = ρ(u)u+ J(u) .

If U is the 4-velocity of any test particle with charge q and nonzero rest mass m, it
has the orthogonal decomposition (6). Its absolute derivative with respect to a proper
time parametrization of its world line is the 4-acceleration a(U) = DU/dτU . The Lorentz
force law then takes the form

ma(U) = qγ(U, u)[E(u) + ν(U, u)×u B(u)] .(21)

The relative observer formulation of Maxwell’s equations is well known. Projection
of the differential form equations (18) along and orthogonal to u gives the spatial scalar
(divergence) and spatial vector (curl) equations. Using the notation and conventions
of [2] these are

divuB(u) + (H(u) ·u E(u) = 0 ,
curluE(u)− (g(u)×u E(u) + [£(u)u +Θ(u)]B(u) = 0 ,

divuE(u)− (H(u) ·u B(u) = 4πρ(u) ,
curluB(u)− (g(u)×u B(u)− [£(u)u +Θ(u)]E(u) = 4πJ(u) .

(22)

The various spatially projected operators divu, curlu and £(u)u have been studied in
detail in [2].
This representation of Maxwell’s equations differs from the Ellis representation [9] only

in the use of the spatially projected Lie derivative rather than the spatially projected
covariant derivative along u (spatial Fermi-Walker derivative). These two derivative
operators are related by the following identity for a spatial vector field X (orthogonal to
u):

[£(u)u +Θ(u)]X = [∇(u)u + {−σ(u) + ω(u)} ]X .(23)

3.4. Fluid dynamics. – The absolute dynamics of fluids for which the thermal stresses
vanish is governed by the equations (1)

∇ ·M = µf ,(24)

where

M = ρU ⊗ U +X(U) , X(U) U = 0 , ρ = µε ,(25)

(1) For a generic tensor T : ∇ · T = ∇αT α1α2...αnαeα1 ⊗ ... ⊗ eαn as in [8].
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and U is the four-velocity field of the fluid particles, ρ includes pure matter energy µ and
internal energy ε, X(U) is the proper mechanical stress tensor and f represents the action
of an external force field. Equation (24) in the comoving frame of the fluid becomes

∇ ·M = ∇U (ρU) + ρU(∇ · U) +∇ ·X(U) = µf .(26)

If one defines the total mechanical action (internal and external) by

µf m = µf −∇ ·X(U) ,(27)

eq. (26) reduces to

ρa(U) + U [∇ · (ρU)] = µfm .(28)

Splitting this equation gives

ρa(U) = µP (U)fm = µP (U)f︸ ︷︷ ︸
µf

(e)
0

−P (U)∇ ·X(U)︸ ︷︷ ︸
µf

(i)
0

,(29)

where P (U)∇ ·X(U) = ∇(U) ·X + a(U) X(U). Introduce the notation




r0 = −f · U , external force proper power
per unit proper mass,

w
(i)
0 = −U · ∇ ·X = Tr(X θ(U)) , internal force proper power,

W0 = µr0 − w(i)
0 , total proper power.

(30)

From eq. (28) one has the “energy equation”

∇ · (ρU) =W0 .(31)

By requiring baryon number conservation (µ = m0n; n =baryon number, m0 = proper
mass, constant for each baryon)

∇ · (µU) = 0 =⇒ ∇Uµ = −µΘ(U) ,(32)

the energy equation (31) reduces to the first law of thermodynamics in the proper frame
of the fluid

D
dτU

ε =
1
µ
W0 ≡ r0 − 1

µ
w

(i)
0 .(33)

Summarizing

ρa(U) = µP (U)fm ≡ µ(f (i)
0 + f (e)

0 ) , equation of motion,
D
dτU

ε = r0 − 1
µ
w

(i)
0 , energy equation.

(34)

Note that according to (29), µf (i)
0 = −∇(U) ·X − a(U) X(U) contributes to a(U), i.e.

the internal forces (“compression”) do work on the fluid; by making this contribution
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explicit and transferring the term a(U) X(U) to the left-hand side in the equation of
motion one has

[ρP (U)−X(U)] a(U) = µP (U)f −∇(U) ·X .(35)

Equations (34) can be then referred to a generic observer u in the usual way, simply
by projection onto LRSu and along u and by using some results obtained for the single-
particle case.

3.4.1. Example: a perfect fluid. In this special case X = pP (U) and by using
baryon number conservation one finds

w
(i)
0 = pΘ(U) = − p

n

Dn
dτU

.(36)

The evolution equations become

(ρ+ p)a(U) = −∇(U)p+ µ[f − Ur0] ,
Dρ
dτU

=
ρ+ p
n

Dn
dτU

+ T
Ds
dτU

,
(37)

where the entropy per baryon s has been introduced to give the first law of thermody-
namics a more familiar form. The general relation between entropy and temperature
is

T
Ds
dτU

= µr0 +
pΘ(U)− w(i)

0

µ

and in this special case (since pΘ(U) ≡ w
(i)
0 ; see [8], p. 559) it reduces to

T
Ds
dτU

= µr0 .(38)

(ρ+ p)/n represents instead the chemical potential. In terms of internal energy the first
law of thermodynamics can be written as

Dε
dτU

= r0 +
p

nµ

Dn
dτU

.

In the absence of external forces, r0 = 0 and from (38) one has an entropy (per
baryon) conservation law along the flux lines of U according to the equations

a(U) = − 1
ρ+ p

d(U)p ,

Dρ
dτU

=
ρ+ p
n

Dn
dτU

,

Ds
dτU

= 0 .

(39)
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Finally, if one defines the “index” of the fluid, F , i.e. a thermodynamical variable
equivalent to the specific enthalpy of the fluid [10]

F =
ρ+ p
µ

,(40)

the equations of motion in the proper frame assume the form

a(U) = d(U) logF−1,
Dp
dτU

= µ
DF
dτU

,(41)

which gives F−1 a “lapselike” property (i.e. a slicing point of view can also be adapted
to the fluid according to the definition introduced in [2] with lapse function N = F−1).

3.5. Scalar field . – The field equation for a scalar field φ in a curved background can
also be expressed in 1+3 form involving a d’Alembertian-like operator plus a gravitoelec-
tromagnetic force term. In fact from

gµν∇µ∇νφ+m2φ = 0(42)

a standard splitting gives

−∇2
(lie,u)φ+ divu(graduφ) +m

2φ = Θ(u)£uφ+ g(u) · ∇(u)φ .(43)

The right-hand side of this equation represents the interaction of the scalar field with
the gravitational field. Since the field is spinless there is no coupling to the gravitomag-
netic field. However, the spatial curvature contributes to the left-hand side. Clearly an
analogous splitting applies also to the Dirac equation when written in curved spacetime,
but here the so-called Mashhoon effect, i.e. a spin-rotation coupling is present.

3.6. Embedding diagrams. – 2-dimensional embedding diagrams have proven to be
valuable in visualizing certain aspects of the four-dimensional spacetime geometry in some
special situations like black-hole spacetimes. In this case they have led to the popularized
“image” of spacetime deformed by the presence of an isolated mass distribution or a black-
hole singularity. However, both the embedding diagram as well as the associated mental
image of the spacetime are observer-dependent and relativity is “democratic” regarding
the choice of observer. It is not difficult to imagine that because of observers different
kinematical states the corresponding quotient geometries can be completely different.
This has been shown explicitly in the case of the equatorial plane of the Kerr spacetime
where a family of “planar observers” has been identified which sees the equatorial plane
as flat in spite of the mass singularity [11].
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