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The definition of inertial forces in general relativity is briefly discussed for circular
orbits in black hole spacetimes.

In recent years, gravitoelectromagnetism has been used to study circular orbits
in black hole spacetimes and to better understand the possible general relativistic
definitions of inertial forces which correspond to various aspects of the much simpler
Newtonian concept. In particular, the Frenet-Serret machinery which is so useful in
decomposing forces in Euclidean 3-space in classical mechanics can be introduced at
the spacetime level or in a relative observer point of view based either on the local
rest spaces of the family of test observers used to split spacetime or on the local
rest space of the test particle under study, and in each of these cases, using various
intrinsic derivatives along the test particle world line. All of these complications
disappear in the nonrelativistic limit, while many of them do in the limit of a
nonrotating black hole.

The idea of a nonrotating reference observer is also crucial in the nonrelativis-
tic analysis of centripetal/centrifugal forces, but at the spacetime level one must
also distinguish between the intrinsic rotation of each observer (as measured by the
rotation of its acceleration and torsion vectors with respect to test gyros) and the
rotational properties of their collective motion (vorticity). The ‘locally nonrotat-
ing observers’ (zero vorticity), also called the ‘zero-angular-momentum observers’
(ZAMOs), are rather familiar in black hole spacetimes, but even these have nonvan-
ishing intrinsic rotation in the field of a rotating black hole. Intrinsically nonrotating
observers sharing the stationary axisymmetry properties of these spacetimes do not
even exist in general, although they do in the equatorial plane. In general mini-
mally intrinsically rotating observers (MIROs) are the best one can do to reduce
the effects of the rotational geometrical effects of rotating black hole spacetimes.
We briefly recall the main ideas of this discussion here.

The unit timelike 4-velocity U of a test particle in a generic spacetime can be
decomposed with respect to a generic family of test observers (with unit timelike
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4-velocity u) according to

U = γ(U, u)(u + νν̂(U, u)), γ(U, u) = (1 − ν2)−1/2 , (1)

while the same splitting can be applied to the observer 4-velocity with respect to
the particle

u = γ(u, U)(U + νν̂(u, U)), γ(u, U) = γ(U, u) , (2)

defining the magnitude and direction of the spatial relative velocity in both points of
view. The centripetal (centrifugal) force is defined by projecting onto the observer’s
(particle’s) local rest space the covariant derivative along the particle’s orbit of the
unit vector of the corresponding relative velocity field ν̂(U, u) (ν̂(u, U))

F (Centrip) = P (u)
D

dτU
ν̂(U, u) ,

F (Centrif) = P (U)
D

dτU
[−ν̂(u, U)] , (3)

where P (U)αβ = δα
β + UαUβ is the projector orthogonal to U (P (u) has an anal-

ogous expression) and τU is the proper time along the particle world line.
In the Kerr spacetime circularly rotating test particles with constant speed (unit

timelike 4-velocity U) form a 1-parameter family of orbits which can be conveniently
parametrized by the magnitude of the relative velocity ν ∈ [−1, 1] with respect to
any well-behaved family of observers (u). Using the ZAMOs, whose 4-velocity n
is the unit normal to the standard Boyer-Lindquist time coordinate hypersurfaces,
one has

U = γ(n + νeφ̂) , eφ̂ =
1√
gφφ

∂φ , (4)

where {t, r, θ, φ} are the standard Boyer-Lindquist coordinates and the relative
velocity ν = ν(U, n) in the angular direction is constant along U : dν/dτU = 0. In
the n-eφ̂ ‘relative velocity’ plane in the tangent space, U traces out a hyperbola
as ν varies from −1 to 1. In the complementary er̂- eθ̂ ‘acceleration plane,’ the 4-
acceleration a(U) of U (with magnitude κ) also describes a hyperbola parametrized
by ν. The spacetime Frenet-Serret curvature and torsions κ, τ1, τ2 can be given
explicitly for these orbits; the torsions are the two independent components of the
Frenet-Serret angular velocity ω(FS) which measures the intrinsic rotation of the
world line with respect to test gyros. The acceleration magnitude is nonzero except
for the pair of oppositely rotation geodesic orbits in the equatorial plane, while the
two torsions and consequently the Frenet-Serret angular velocity are also nonzero
in general.

Thus the nonrelativistic problem of a rotating particle as seen by nonrotating
observers cannot be directly lifted into the relativistic context. The best one can
do is to use observers with the least possible intrinsic rotation, i.e., the MIROs,
which correspond to the vertex of the acceleration hyperbola in the acceleration
plane. They minimize ω(FS), but since they still feel a nonzero centrifugal force,
their intrinsic Frenet-Serret axes are not aligned with gyroscopes and the intuition
from the classical situation is lost.
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Specializing these observers to the equatorial plane of the Kerr spacetime leads
to the reappearance of some of the classical properties of ‘non-rotating observers’:
a) they have zero Frenet-Serret angular velocity ω(FS) = 0 = τ1 = τ2 so are intrinsi-
cally nonrotating: their intrinsic spatial axes are gyro-fixed, b) as vertex observers
of the branch of a hyperbola which degenerates into a half-line along the radial
direction, they are also ‘extremely accelerated’ observers (EAOs), c) they do not
feel any centrifugal force. Finally, further specialization to the Schwarzschild space-
time recovers even more of the nonrelativistic properties of nonrotating observers.
Here vertex observers are also locally nonrotating and static, i.e. their extrinsic
properties—vorticity, expansion and shear—vanish in addition to their intrinsic
ones (τ1 = τ2 = 0).

It is useful to make a short suggestive table of the four special observers which
are characterized by distinct intrinsic and extrinsic properties in a rotating Kerr
black hole spacetime (except in the equatorial plane where the EA0s and MIROs
coincide), but which collapse to a single observer family (with vanishing intrinsic
rotation) when the rotation is turned off in the Schwarzschild limit, namely the usual
static observers moving along the timelike Killing vector field which corresponds to
the asympotic local time direction of the hole’s rest frame at spatial infinity.

extrinsic ZAMO angular momentum pφ = 0
static orbital angular velocity φ̇ = 0

intrinsic EAO acceleration min/max(κ)
MIRO intrinsic angular velocity min(ω(FS))

Table 1. Observers characterized by the four aspects of ‘nonrotation’ (or the next best thing) in
rotating black hole spacetimes. The two extrinsic properties are associated with vanishing Killing
angular momentum (‘locally nonrotating’) and Killing angular velocity (defined with respect to
infinity: ‘distantly nonrotating’), which are respectively equivalent through the Killing equations
to the differential properties of vanishing vorticity and vanishing expansion/shear for the observer
family. The two intrinsic properties are associated with the curvature (acceleration) and angular
velocity arising from the differential properties of the individual world lines of each observer.

Details and complete references may be found in the references listed in the
bibliography.
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