
Rotation in cosmology: Comments on "Imparting rotation to a Bianchi type II 
space-time," by M. J. Rebouqas and J. B. S. d'Olival [J. Math. Phys. 27, 417 
(1986)] and similar papers 

Robert T. Jantzen 
Department of Mathematical Sciences, Villanova University, Villanova, Pennsylvania 19085 

(Received 19 March 1986; accepted for publication 4 June 1986) 

The aim of this paper is to clarify confusing notions of the word "rotation" as applied to 
cosmological solutions of metric theories of gravity, both in general and in the specific case 
addressed by the article in which these confusing notions have recently reappeared. 

Flat Minkowski space-time or open submanifolds of it 
may be sliced by a family of three-dimensional spacelike or
bits of three-dimensional subgroups of the Poincare group of 
Bianchi types I, III, V, VIIo, and VIIh;o'o and thus be made to 
appear as a spatially homogeneous Bianchi-type cosmologi
cal model. I Timelike congruences that are spatially homo
geneous with respect to any of the non-Abelian groups of this 
list (all but type I) are in general rotating congruences: they 
have nonzero vorticity. No one would correctly call Min
kowski space-time a rotating cosmology because of this fact, 
yet articles in the literature continue to do exactly this in 
similar circumstances. 

Rotation in cosmology can refer to one of two distinct 
notions that are often related. Either ( 1 ) the space-time pos
sesses an intrinsically defined timelike congruence with non
zero vorticity,2 or (2) a natural slicing exists in terms of 
which an orthonormal basis of eigenvectors of the extrinsic 
curvature necessarily rotates as one moves along the con
gruence normal to the slicing. 

The first idea is relevant to stationary space-times where 
rotation is usually first met in studying relativity; unfortu
nately intuition about this case is often extended to other 
situations where it is no longer appropriate. Nonstatic sta
tionary space-times possess a Killing vector field that is 
timelike on an open submanifold of the space-time and has 
nonzero vorticity, i.e., the corresponding one-form is not hy
persurface forming.2 On the other hand, perfect fluid filled 
space-times whose fluid velocity vector has nonzero vorti
city are often justifiably referred to as rotating cosmologies. 
In both cases the rotation refers to a component of the mo
tion along the congruence of the perpendicular projections 
of Lie dragged "connecting vectors" associated with the 
congruence relative to a Fermi-propagated triad of ortho
normal vectors spanning the local rest space relative to that 
congruence (a "nonrotating spatial frame"). 3,4 In the fam
ous Godel solution,5 which originally challenged people's 
ideas about rotation in relativity, the fluid velocity vector is a 
timelike Killing vector field, combining both of these possi
bilities into a single example. 

The second idea is relevant to space-times where a natu
ral slicing exists, since it refers to quantities defined not by 
the space-time but by a slicing of the space-time. A "Kasner 
frame6" could be defined as an orthogonal spatial frame con
sisting of eigenvectors of the extrinsic curvature relative to a 
particular slicing. The orthonormal frame obtained by nor-

malizing such a frame (a unit Kasner frame) can then be 
compared to an orthonormal spatial frame that is Fermi
propagated along the congruence of unit normals to the slic
ing. If the unit Kasner frame rotates relative to the nonrotat
ing spatial frame and is unique (nondegenerate 
eigenvalues), the slicing might be called a rotating slicing of 
the space-time. When the eigenvalues of the extrinsic curva
ture are degenerate, one may freeze out the rotational free
dom in the eigenvectors due to this degeneracy by minimiz
ing the square of the angular velocity vector, which describes 
the rotation. If the rotation is still nonzero, the term rotating 
slicing may again be used. 

Like rotating congruences, all space-times have such ro
tating slicings; for this to be significant the rotating slicing 
must be intrinsically defined by the space-time. Probably the 
best candidate for such a slicing is one for which the trace of 
the extrinsic curvature (Tr K), also called the mean extrin
sic curvature, is constant on each slice.7- 14 Such a slicing is 
referred to as a constant mean curvature slicing or a 
"Tr K = const" slicing, and in the case of vanishing mean 
curvature, a maximal slicing, and is a choice preferred by the 
simplifications that occur both in the initial value problem15 

and in geometric coordinate conditions. 16,17 A space-time 
with a synchronous spacelike singularity also has a unique 
slicing associated with the maximum lifetime function. 18.19 

For a nonstatic, stationary, axially symmetric space
time, an example of which is the Kerr rotating black hole,20 a 
unique maximal slicing21 exists consisting of the hypersur
faces orthogonal to the congruence of locally nonrotating 
observers.20-

23 Some thought shows that this slicing is a ro
tating slicing, suggesting that the idea of describing rotation 
of a space-time by an intrinsically defined slicing rather than 
a congruence is not unreasonable. 

Spatially homogeneous space-times have a natural con
stant mean curvature slicing by the family of spacelike orbits 
of the homogeneity group. When these space-times have an 
initial big bang or final big crunch singularity, this slicing 
coincides with the maximum lifetime slicing. It therefore 
makes sense to classify spatially homogeneous space-times 
as rotating or nonrotating according to the second sense us
ing the natural slicing. Such a space-time is rotating in this 
sense if one cannot diagonalize (for all time) the matrix of 
components of the spatial metric with respect to an invariant 
spatial frame that is comoving with the normal vector field 
to the natural slicing. This means that in orthogonal spatial 
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gauge (zero shift vector field), the invariant spatial frame 
cannot remain an orthogonal frame ifit is chosen so initially. 
If it does, the space-time is nonrotating, a term which is 
therefore synonymous with "diagonalizable" as used in the 
literature. 2 

All Bianchi types including Bianchi type I can be rotat
ing in this sense provided the source is general enough. For 
example, an electromagnetic Bianchi type I space-time will 
be rotating as long as the electric and magnetic field densities 
are not eigenvectors of the extrinsic curvature. As one might 
expect, all of the spatially homogeneous slicings of Mink ow
ski space-time are nonrotating. 

For a spatially homogeneous perfect fluid space-time 
both notions of rotation are relevant but not synonymous. If 
the fluid has nonzero vorticity, the natural slicing is neces
sarily rotating, but the converse is not true. For certain sym
metry types the slicing may be rotating without the fluid 
having nonzero vorticity. This is true of the class B "sym
metric case" models, which rotate in the Kasner frame sense 
even in vacuum but which do not admit a rotating fluid 
source. 

In the case of Bianchi type II space-times, a general ho
mogeneous perfect fluid has nonzero vorticity before one 
imposes the Einstein equations. If no other source is present 
with nonzero supermomentum, the degeneracy of the gravi
tational supermomentum components that occurs for Bian
chi type II, requires the single component of the fluid veloc
ity vector which is responsible for the vorticity to vanish. If 
one includes a general spatially homogeneous electromag
netic field as a source, one can have general values of the 
individual supermomenta of the fluid and the electromag
netic field while still satisfying the supermomentum con
straints and thus have a rotating fluid. Bianchi type I is the 
only symmetry type that cannot support a rotating fluid un
der any conditions. 

The form of the metric presented by Rebou<;as and d'O
lival is a locally rotationally symmetric (LRS) Bianchi type 
II metric with an LRS electromagnetic field. This is a mem
ber of a continuous family of exact nonrotating LRS Ein
stein-Maxwell solutions of Bianchi types I, II, VIII, and IX 
known as the Brill solution.24 The type VIII solution follows 
from the type IX solution by the Weyl unitary trick, which 
relates these two semisimple groups, while the type I and II 
solutions are obtained by Lie algebra contraction of the 
semisimple case. All of these may be obtained from Taub's 
original vacuum solutions25.26 by a "variation of param
eters" trick discussed for the semisimple case by Jantzen. 27 
One may easily write the structure constant tensor param
eters back into the equations of that discussion and thus ex
tend them to the type I and II cases. 

By introducing the new spatial coordinate 
x = x - S C -2A dt and defining WI = dx + y dz, the 
Rebou<;as--d'Olival metric takes the usual orthogonal gauge 
form 

_ ds2 = _ N 2 dt 2 + C 2(ivl)2 + B2(W2)2 + (W3)2) , 

N=Bmc n
, (m,n) = (1, -1), 

which is explicitly diagonal, where {WI,W
2
,W3} are time inde

pendent one-forms in the new spatial coordinates having the 
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same exterior derivative relations as the original one-forms. 
As originally noticed by Bonanos,28 different choices of 
(m,n) lead to different decouplings of the various equations 
determining Band C. The choices (m,n) = (2,1), (2, - 1), 
and (0, - 1) were made, respectively, by Taub,25 Brill,24 
and Misner26 for the type IX case. For the choice n = - 1, 
the vacuum zero cosmological constant equation 

O=Goo+R\=!(ROo-R\) , 

which is also valid for an LRS electromagnetic source and 
nonzero cosmological constant, decouples and provides a 
second-order equation for B alone which simplifies for 
m = 1, where the solution is B = (2/3)-1 cosh/3t, neglect
ing an integration constant associated with the origin of the 
time variable. (This equation is identical in the Bianchi type 
VIII and IX cases.) The vacuum zero cosmological constant 
equation 

O=R\+R\, 

also valid for an LRS electromagnetic source, then provides 
an easily integrated equation for the natural variable C (not 
the unnatural variable A) which has the solution 
C = r sech /3t. (This changes for the semisimple case.) The 
super-Hamiltonian constraint then relates the two param
eters /3 and r to the single conserved quantity determining 
the LRS electromagnetic energy-momentum tensor exactly 
as in the case (m,n) = (0, - 1) used by Misner. The same 
"variation of parameters" enables one to insert a stiff perfect 
fluid as well. 

The initial Rebou<;as--d'Olival ansatz 

-ds2 = _ (dt+Aw l )2+B2(W I )2+ (W2)2+ (W3)2) 

_B2(B2_A2)-ldt 2 + (B2_A2)2 

X (WI - C -2A dt)2 + B 2( (W2)2 + (W3)2) 

== - N 2 dt 2 + gab (Wa + Na dt) (Wb + N b dt) 

is motivated by the stationary case for which - (dt + AWl) 
is the covariant form of a Killing vector with nonzero vorti
city and is not particularly relevant to rotation in the nonsta
tionary case. It manifestly expresses the metric in an obvious 
orthonormal frame, which is tilted with respect to the slicing 
and expressed in coordinates that are comoving with respect 
to the timelike member of the frame. The above coordinate 
transformation to orthogonal gauge coordinates represents a 
translation of the group manifold that eliminates the non
zero shift vector field while leaving the restrictions of the 
spatial one-forms to the slicing unchanged. 

The above ansatz is a special case of a slightly more 
general ansatz introduced for the same LRS family of type I, 
II, VIII, and IX space-times by Bradley and Sviestens29 for 
the purpose of studying rotating imperfect fluids where one 
no longer has deterministic field equations. This form of the 
metric 

_ ds2 = _ (dt + AW I )2 + B 2(WI)2 

+D2(W2)2 + (W3)2) , 

dwa = n(a)wb 1\ we, n(2) = n(3) , 

where (a,h,c) is a cyclic permutation of ( 1,2,3) and n (0) are 
constants, may easily be reexpressed in lapse/shift form with 
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C Z =Bz -A 2: 

- dr = - B 2C- Z dt 2 + CZ(O)! - C-2A dt)2 

+ DZ(O)z)z + (0)3)Z) , 

= _BZC-ZdtZ+C Z«(ij!)2 + DZ((ijz)z + «(ij3)Z). 

The new one-forms Of' , defined by 

S=/k l
, e=NI=-C-zA, N Z=N3=0, 

kl = - n(Z)e3
z + n(3)e2

3 , (ija = S -lab (O)b + N b dt) , 

where eb
a is the matrix with whose only nonzero entry is a 

one in the ath row and b th column, satisfy the same exterior 
differential relations as the original one-forms and corre
spond to a new spatial frame which is comoving with the 
normal vector field to the homogeneous slicing. This shows 
the ansatz to be entirely equivalent to the usual orthogonal 
gauge form of the metric for this family of space-times. 

The velocity vector u for a perfect fluid must coincide 
with the normal vector field for this class of space-times. By 
choosing u to be a/at in the original coordinate system (a 
vector field that is tilted with respect to the normal as long as 
A is nonzero), one cannot satisfy the perfect fluid Einstein 
equations. However, one can impose a single condition on 
the Einstein tensor of this metric to be able to define an iso
tropic pressure and let the other independent components of 
the Einstein tensor determine a heat flow vector field. The 
original frame and coordinates then comove with the fluid 
velocity vector of this imperfect fluid, which has nonzero 
vorticity as long as An(3):;6:0. This procedure is entirely ad 
hoc and done only to investigate rotating fluids. One should 
not forget that these are more appropriately described as 
"nonsolutions" than as "solutions" of the Einstein equations 
in the usual sense in which the word "solution" is used. 

This ansatz was misunderstood by Gr0n30 who integrat
ed the Bradley-Sviestens equations in the vacuum type IX 
case with a positive cosmological constant to obtain an exact 
solution already found by Brill and Flaherty8 for the Misner 
choice of time corresponding to (m,n) = (0, - 1). (The 
same solution with a "variation of parameters" allows an 
electromagnetic source and extends to the other Bianchi 
types of the Brill family. The general vacuum type IX case 
with cosmological constant was studied qualitatively by Sir-
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ousse-Zia. 31) Then using the imperfect fluid vorticity for
mula, Gr0n claims the solution is rotating when in fact it is a 
vacuum solution which is nonrotating in every sense. 
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