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1. INTRODUCTION 

Teitelboim and Nelson 1 and Henneaux2 have given a 
Hamiltonian formulation of the coupled Einstein-Dirac sys
tem in which the basic geometrical canonical variable is an 
orthonormal frame or "tetrad." However, an alternative for
mulation exists in which the usual gravitational canonical 
variables are retained and a fixed tetrad depending on those 
variables is introduced only to define the Dirac spin or fields. 
This can be useful when'the symmetry of the class of space
times under consideration is such that a "natural" candidate 
for the tetrad is available. Such a formulation has recently 
been used by Ryan and Obregon3 to study the symmetric 
case Bianchi type IX Einstein-Dirac system. 

For spatially homogeneous spacetimes of all of the 
Bianchi types except I, II, and V, a natural parametrization 
of the spatial metric exists which is closely related to a pre
ferred class of orthonormal frames adapted to the symmetry 
properties of these spacetimes.4.5 These spatially homogen
eous tetrads consist of the unit vector field normal to the 
family of homogeneous hypersurfaces and a triad tangent to 
that family ( a "time gauge" tetrad 1 or "suited tetrad,,2). The 
triad is characterized by the fact that the Lie brackets of its 
elements are in "standard diagonal form,,5 and represent a 
compromise between the desire to maintain the simplicity of 
the group properties of the triad while introducing as little 
rotation of the triad as possible with respect to one parallely 
propagated along the normal congruence, the latter choice 
being favored by Henneaux.6 

For the Bianchi types I, II, and V, there is some freedom 
involved in choosing a parametrization of the spatial metric 
adapted to the symmetry. One may arbitrarily fix this free
dom as is done here and hence single out an associated triad, 
but the resulting discussion is complicated by the symme
tries which have been ignored. In particular, one cannot easi
ly exploit the constants of the motion which arise for these 
special types. Here the approach of Henneaux6 is perhaps 
more suitable. 

The natural parametrization of the metric divides the 
gravitational variables into two sets, the scale variables and 
automorphism variables, the latter being associated with the 
symmetry of the dynamics. In the Einstein-Dirac system the 
automorphism "coordinates" do not explicitly appear due to 
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fellow at the University of Rome and the remainder while a visitor at the 
Max-Planck-Institut fUr Astrophysik, Miinchen, Federal Republic of 
Germany. Partially supported by NSF Grant No. PHY-80-0735I. 

the symmetry of the system,leaving only their velocities (and 
momenta) to influence the remaining variables. This is 
slightly different from the Einstein-perfect fluid and Ein
stein-Maxwell systems, where a change of source variables 
is first required to eliminate the automorphism "coordi
nates".4 In this sense the Einstein-Dirac case is more similar 
to the vacuum case, where the automorphism symmetry is 
not broken. However, due to the supermomentum con
straints it is only in the degenerate Bianchi types I, II, V, and 
VI _ 1/9 that any of the associated constants of the motion are 
allowed to be nonvanishing. Unfortunately, it is precisely in 
the first three cases that the choice of variables is not well 
suited to the exploitation of these constants of the motion. 

The aim of the present paper is to extend the Lagran
gian/Hamiltonian formulation of spatially homogeneous 
dynamics described in Refs. 4 and 5 to the Einstein-Dirac 
case, in which a spatially homogeneous classical Dirac 
spinor field acts as the source of the spatially homogeneous 
gravitational field, the notable new feature here being the 
occurrence of derivative coupling. The derivative coupling 
involves only the automorphism velocities, which are re
sponsible for the rotation of the triad. In the class B case the 
spinor field contributes to the nonpotential force4.5.7 which 
drives the Langrangian/Hamiltonian system for the gravita
tional variables, while its own equation of motion obtained 
from the variational principle differs from the Dirac equa
tion by a single term. The Dirac equation must therefore be 
imposed separately in this case. 

In Sec. 2, the metric parametrization and preferred tet
rad are introduced together with Dirac spinor fields. In Sec. 
3, the Lagrangian/Hamiltonian analysis is carried out and 
its relation to the more conventional approach is described, 
while Sec. 4 studies the allowable special cases of the general 
system of equations. Section 5 discusses the possibility of 
considering "twisted" Dirac spinor fields as sources. The 
notation and results established in Ref. 5 are assumed in the 
present paper, which is intended as a sequel to that earlier 
work. In the nondegenerate case here, as described in Ref. 5 
for a general nonderivatively coupled source, the number of 
gravitational degrees offreedom may also be reduced to two 
by explicitly solving the supermomentum and super-Hamil
tonian constraints. 

Since the spatially homogeneous Dirac field is taken to 
be an ordinary commuting classical field, it does not satisfy 
any of the usual energy conditions required of reasonable 
matter. In particular the energy-momentum tensor vanishes 
identically when the axial current vanishes, leading to 
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"ghost solutions"of the Einstein-Dirac system3.H consisting 
of a vacuum solution of the Einstein equations on which a 
Dirac field with vanishing energy-momentum tensor propa
gates. This is a rather clear sign that the classical Einstein
Dirac system, although very interesting mathematically, 
cannot be taken seriously from the physical point of view. 

2. THE PREFERRED TETRAD 

The metric of a spatially homogeneous spacetime 
(R X G,4g) may be written in the following form: 

4g = _ dt iii) dt + gab{i)a iii) (i)h, (2.1) 

where I {i)a 1 is the basis of left invariant I-forms dual to a 
basis e = lea 1 of the Lie algebra g of left invariant vector 
fields on a 3-dimensional (for simplicity, simply connected) 
Lie group G and the positive-definite matrix g = gabeba de
pends only on the time t. The frame 
lea 1 = I eo = a/at = ao,ea 1 is a comoving ADM frame for 
the spatially homogeneous slicing, which simply means that 
the "reduced frame" e is tangent to the hypersurfaces of 
constant t (the group orbits of the natural left action of G on 
R X G ) and has vanishing Lie brackets with eo, which in this 
case happens to be the unit normal e 1 to those hypersurfaces. 
Let (i) 1 = {i)0 = dt. 

The remaining Lie brackets define the components of 
the structure constant tensor of g in the basis e: 

[ea,eb ] = CCabeC ' (2.2) 

which may be written in the well-known form9 

C e cd + ,,(e ab = Eabd n af Uab' 

af = ~Cbfb nab = c(acd~)ed, afn fa = O. (2.3) 

When the symmetric matrix n = nabeb
a is diagonal, i.e., 

n = diag (n(1),n(2 1,n(31), and af = atPf , the components cabe 
are said to be in standard diagonal form. They are called 
canonical components and e a canonical basis of g when in 
addition they assume the canonical values given in Ref. 5 for 
each Bianchi type Lie group G. The matrix representation 
Aute (g) with respect to the basis e of the automorphism 
group Aut(g) of the Lie algebra g is just that subgroup of 
GL(3,R ) which leaves C a be fixed under the natural action of 
GL(3,R ) on these components. Aute (g) for any canonical ba
sis is called the canonical automorphism matrix group and 
SAute (g) designates its unimodular subgroup. Unless other
wise stated, e is assumed to be a canonical basis. 

As described in Refs. 4 and 5, the special automorphism 
matrix group SAute (g) is the symmetry group of the ordinary 
differential equations satisfied by the metric matrix g when 
no sources are present. For all but the degenerate Bianchi 
types I, II, and Y, the canonical special automorphism ma
trix group G is 3-dimensional and has off-diagonal gener
ators I Ka 1 which permit the following parametrization of 
the metric matrix in terms of diagonal matrix g' = e213 and a 
general element S of G: 
g = ST g'S = HT'H, H = e13S, 

P = diag(,8I,/32 ,/33) =f3 AeA =f3oeo + f3 +e+ + f3 -e _ , 

leo,e+,LI = 11,diag(I,I,-2),diag(v'3,-v'3,O)I. (2.4) 
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This parametrization can be interpreted in terms oftwo suc
cessive transformations of the canonical basis e: 

e~ = S - Ibaeb , {i)'a = sab{i)b, 

e;=(e-l3)bae~ =H-1baeb, {i)"a = (e13 )\{i)'b=Hab{i)b. 

(2.5) 

e' = I e~ 1 is an orthogonal time-dependent canonical basis of 
g which can be completed to a comoving ADM frame 
I eb ,e~ 1 by adjoining a certain not necessarily spatially ho
mogeneous vector field eb = e1 + N,ae~ as described in 
Refs. 4 and S. g' is the metric matrix in the new co moving 
frame while N ,ae~ is the shift vector field for the frame and is 
determined algebraically by the "automorphism velocities" 
I dJu I, which are defined by 

(2.6) 

On the other hand, I eo,e~ 1 is an orthogonal spacetime frame 
which may be normalized to produce the tetrad I e~ 1 
= I eo,e; I· e" = Ie; 1 is a triad with time-dependent struc

ture constant tensor components: 

c"abe = (el3tdCdf8(e-l3)fb(e-I3)8c' (2.7) 

which are still in standard diagonal form since they differ 
from canonical components only by a scaling (hence the 
term "scale variables" for Pl. Since G is a symmetry group, 
the components of all geometrical quantities in the frame 
I e~ 1 do not explicitly involve S, except implicitly through 
the automorphism velocities. In fact, by the introduction of 
the equivalent shift vector field they determine, one can ob
tain the spacetime metric without knowledge of S. 

The components of the metric connection in the tetrad 
I e~ 1 are given in Appendix A. The components r::Ob deter
mine the angular velocity of the triad e" relative to a triad 
parallely transported along e 1 : 

De;/dt = Ve"e; = r;Oae; = - Eabc~ "be;', 

~ "a __ IK" ~bcdJd =~ "a dJd (2.8) - '2 dlbe] - d' 

Clearly, the automorphism velocities are responsible for the 
rotation of the triad. 

Any other spatially homogeneous triad e'" is related to 
e" by some (generally time-dependent) rotation RESO(3,R): 

The angular velocity of the triad then becomes 

~ ma = f7tab(~ lOb + ub), 

R - IR = ka IXUa, ka IX = Ebac e\. 

(2.9) 

(2.10) 

However, unless the spacetime metric has additional sym
metry, the new structure constant tensor components C /lOa be 
will no longer have the simple standard diagonal form and 
will depend explicitly on the matrix R. If there is additional 
symmetry, this form may be preserved but will generally 
increase the angular velocity of the triad, as discussed below. 

For Bianchi types I, II, and Y, SAute (g) has dimension 
8,5, and 5, respectively. For Bianchi type I, SAute (g) 
= SL(3,R ), while in the other two cases, respectively, 

SAute (g) is the semidirect product group (T3)T' X s SL(2b and 
(T3)X s SL(2b, where SL(2b is the SL(2,R) subgroup of 
SL(3,R ) which leaves the third axis of R 3 invariant under its 
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natural action on R 3 while T3 is the 2-dimensional abelian 
subgroup generated by {e3

1,e
3 21. A suitable but nonunique 

candidate G for the parametrization (2.4) is obtained by re
placing the special linear groups SL(3,R ) and SL(2h, respec
tively, by their special orthogonal subgroups SO(3,R ) and 
SO(2h. However, all rotations R belonging to the special 
orthogonal subgroup occurring in the parametrization leave 
the structure constant tensor components in standard diag
onal form and so may be used to decrease the rotation of the 
triad while preserving that form. For example, one may al
ways choose ~ "' a = ° in the type I case and ~ ",3 = ° in the 
others. This freedom leads to the problem that improper 
choice of initial data can introduce "spurious time-depen
dence",4.s masking the fact that fewer independent functions 
of time may be involved in the solution than seem to appear. 

Using the tetrad {e~ 1, Dirac spinor fields are intro
duced in the usual way. Let {Ya 1 be a set of Dirac matrices 
satisfying Yla Y /3) = TJa/3 with 1) = (TJa/3) = diag( - 1,1,1,1) 
and introduce the notation Ya ... /3 = Y[a ... /3 J'Ys = YOl23' Let ¢ 

be the column vector of components with respect to { e~ I of a 
spatially homogeneous Dirac spinor field, i.e., 
e;¢=B;¢ = 0, and let ¢ = ¢tyo be the conjugate spinor. 
The weighted spinor IJI = g1/4¢ = e3/2/3°¢ satisfies simpler 
differential equations and enters the Hamiltonian formalism 
more naturally. The covariant derivatives of ¢ and ¢ are 
defined by 

V~ ¢ = Ve .. ¢ = (a ~ + !r" /3ar y/31¢, 

V~¢ = a ~¢ - !¢yf3rr 'Par' (2.11) 

It is also convenient to introduce the following standard no
tation for derivatives of spinor expressions: 

AVB =A (VB) - (VA )B. 

Recall that the Dirac matrices behave like covariant 
constants. 

(2.12) 

The two equivalent forms for the Dirac equation may be 
evaluated using the expressions for the connection compo
nents given in Appendix A: 

° = gI/4Yo(yav~ - m)¢ = .p + !(~ "aYa °Ys - r "a a yOYs + 2a;'yOc + 2myO)lJI, 

0= g1/4( _ V~ ¢ya _ m¢)yo = - .p + !.p (~"aYa °Ys + r "a a yOYs + 2a;yOc + 2myO). (2.13) 

The current density / and axial current 4..af are defined by 

/"a = iJiyulJI, 4..af"a = iliyaYslJl. (2.14) 

By choosing a particular representation of the Dirac matri
ces, one can show that if ..af"a = ° at any time, the quantities 
..af"o, iJilJl, and iJiYslJlwill also vanish.3 The equations of Ap
pendix B then show that they remain zero for all times. The 
next section shows that such solutions have a vanishing ener
gy-momentum tensor and hence correspond to the "ghost 
solutions" mentioned in the Introduction. 

Define o-a = - !i€abcY'c. The matrices {o-a 1 have the 
same commutation relations as the standard Pauli matrices 
{O"a 1 and { - ~io-a 1 is a basis of the real Lie subalgebra of the 
Dirac algebra which is isomorphic to the Lie algebra of 
SU(2). This basis has the same structure constant tensor 
components as the canonical basis {ka IX I of the Lie algebra 
of SO(3,R ). If the rotation of (2.9) is given by 
:!II = exp 8 aka IX, the components of ¢ transform in the fol
lowing way: 

¢"' = w ¢, W = exp( - ~i8 ao-a). (2.15) 

The matrix W is one of the two matrices (namely wand 
- u2-') which satisfy 

wYaw-I=Yb9?ba. (2.16) 

The parametrization (2.4) has singularities when the 
subgroup GnSO(3,R ) is nontrivial, which occurs for Bianchi 
types I, II, V, Vllo, Vllh , VIII, and IX. For all types but I 
and IX, K3 = k3 IX generates this subgroup and the singular
ity occurs for e2

/3 EJ( T(3)' i.e., (3 - = 0, and 8 is determined 
only up to left mUltiplication by an arbitrary element of the 
subgroup. This presents difficulties only if (3 - remains zero 
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for all time (if (3 - passes through zero, 8 is determined by 
continuity), the case oflocal rotational symmetry when there 
exists an additional spacetime Killing vector field which oc
curs only when g is at least diagonal for all times. Any 
8EGnSO(3,R ) then satisfies 

(2.17) 

The velocity di3 is therefore arbitrary. However, it is logical 
to choose 8 = 1, i.e., di3 = 0, leading to a parallely propagat
ed triad. Any other choice of triad (except those differing by 
a time-independent rotation) will then have nonzero angular 
velocity. For types I and IX, G = SO(3,R ) and singularities 
occur for e2

/3 lying in each of the Taub submanifolds J( Tla) 
[where (3 bc (3 b - (3 c = ° and (a,b,c) is a cyclic permutation 
of (1,2,3)]. When there is additional symmetry, the freedom 
in 8 may again be fixed by choosing 8 = 1. 

For Bianchi type IX, 8 T = 8- 1 and so 

g=exp28- ' p8=HR
T HR, HR =8- 1H. (2.18) 

The triad {e;' = HR - Ibaeb 1 has:!ll = 8- 1 and if = - iJa 
so that 

(2.19) 

Using the expressions for ~",a b given in Appendix A (with 
n = 1), one sees that ~ ",a~"'a <~ "a ~"a' i.e., the angular 
velocity of e"' is less than that of e". However, unless ~",a is 
itself invariant under the rotation S, which is the case when S 
is confined to a I-dimensional subgroup, it will depend ex
plicitly on 8 and therefore 8 appears explicitly in the Ein
stein-Dirac system, preventing its elimination as discussed in 
the next section. Ryan and Obregon have chosen the triad e"' 
for the type IX symmetric case, where 8 is confined to a 1-
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dimensional subgroup, and this problem does not occur. 3 

Note that in the class A case, the structure constant 
tensor enters the Dirac equation only through the rotational
ly invariant expression 2r "a a = g-1/2 Tr 0", which there
fore is independent of the choice of triad. However, unless 
SESAute (g), this value will itself depend explicitly on S as 
well as the scale variables. 

3. LAGRANGIAN/HAMILTONIAN ANALYSIS 

The Lagrangian/Hamiltonian analysis of the dynami
cal Einstein equations given in Ref. 5 using the parametriza 
tion (2.4) is easily extended to the Einstein-Dirac case by 
first evaluating the spinor contribution to the ADM Lagran
gian and then passing to the Hamiltonian formulation. In 
the class B case the Lagrangian and Hamiltonian equations 
must of course be checked against the Einstein-Dirac equa
tions to see what modifications are required to make them 
correct. The Dirac Lagrangian, super-Hamiltonian, super
momentum, and spatial energy-momentum tensor must 
therefore be evaluated. The gravitational constant K defined 
by G a{J = KTa{J is left unspecified, although other treatments 
of the Einstein-Dirac system choose 2K = 1. The choice of 
L ADM = 2KL ~7>~ as the gravitational Lagrangian 10 requires 
that the usual matter Lagrangian be multiplied by the factor 
2K as well. 

The components of the energy-momentum tensor of 
the spinor field are given by 

T~{J = - !i¢Yla Vp)t/!. (3.1) 

The spatial components are found to be 

g1/2T" = _ r" .9/"0 + 2K "C E .9/"d (3.2) ab lab I la b Icd . 

The supermomentum and super-Hamiltonian are evaluated 
using the Dirac equation to trade time derivatives for spatial 
derivatives: 

JiY'1/2 = _ 2Kg1/2Tl = 2K(1{ij/·JJV"IJI+ V"JiY''' C ) 
aU aU 2 rae 1/2 a 

- 2K Tr b;JiY'i/2 , 

JiY'i':2b = E abc .9/;', JiY'i/2 = JiY'[;~2Ib eb a , 

JiY'1/2 = - 2Kg1/2T\ = - iK(ij/yCV;IJI- 2mij/lJI) 

= 2K(imij/lJI- r "aa.9/"O). (3.3) 

The matrix notation used here is explained in Appendix A. 
The components of the supermomentum with respect to the 
triad e' are needed for the discussion of the supermomentum 
constraints: 

JiY'!~2 = - 2K Tr baJiY'i/2 . (3.4) 

The following Dirac Lagrangian is chosen: 

L 1/2 = 2KigI/2¢(~yav;; - m)t/! 

= iKij/yOaolJl + 4K..!' "a.9/; - JiY'1/2 . (3.5) 

By inspection one can see that the Lagrange derivatives of 
L 1/2 with respect to IJI and ij/ produce the Dirac equations 
(2.13) only in the class A case where a;' vanishes. The term 
involving a; is missing from each of the Dirac equations 
because of the choice of!V l!1 the Lagrangian; however, ei
ther of the choices V or - V will lead to at least one wrong 
Dirac equation as well as the wrong expressions for the de-
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rivatives of L 1/2 with respect to the gravitational variables. 
One is therefore forced to impose the Dirac equations by 
hand in the class B case. 

Let the total Lagrangian, super-Hamiltonian, and su
permomentum be the sum of the gravitational expressions 
given in Ref. 5 and the Dirac expressions given above: 

L = L G + L 1/2 , JiY' =:JrG + JiY'1/2 , 

(3.6) 

The presence of the automorphism velocities in the Dirac 
Lagrangian changes the relationship between the canonical 
automorphism momenta and the velocities; this does riot oc
cur for the scale variables. 

Pa = aL G /aiJa = 2e3{J°[1 ab iJb , 

na =aL/aiJa=Pa +Xa' 

(3.7) 

Using (A9) and (AIO) leads to another useful expression for 

na' 

na = 2 Tr lCa(1r' + KJiY';(2)=2 Tr KaP' . (3.8) 

The noncanonical "coordinates" {S,iJaJ and {S,Pa J 

on the velocity and momentum phase spaces are employed 
here. These may be used to perform calculations by first 
imag~ning a local coordinate system {e iJ on G with veloci
ties e i and mechanical momenta Pi> in terms of which one 
has4 

(3.9) 

where {ea = eiaai J and I iJa = iJaide iJ are a basis and corre
sponding dual basis of the Lie algebra of right invariant vec
tor fields on G determined by the basis I Ka J of the matrix Lie 
algebra: 

'" '" [Ka,Kb ] = C cab Kc , [ea,eb] = - CCabec , 

(3.10) 

Since the ordinary canonical momenta lli have vanishing 
Poisson brackets and Ie i,llj I = 8~, one finds 

Illa,llbJ =ccabllc , {S,llal =KaS, (3.11) 

Furthermore, since only the automorphism velocities iJ a en
ter the Lagrangian, one may introduce the generalized La
grange derivative 

$L/8?Jf = -eia[caL/aei)'-aL/ae i] 
= - caL /aiJa). + aL /ai;cccab iJb 

(3.12) 

By direct calculation one finds 

aL 1/2/ag~a = Kg I/2 T,aa, (no sum on a) 

-IJL 1I2/8iJa = 2Kgl/2 Tr Ka T' + Q !/2, 

(3.13) 

Since the Lagrange derivatives of the gravitational Lagran
gian are given by4 
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_ ~L G 1~f3A = - 2g1/2 TreA 4G' + Q~, 
- ~L G I~fif = - 2g1/2 Tr Ka 4G' + Q:, 

Q • = 15 + Q. Q. = - 2g l/2 Tr K 3G' = ~ 3 Q. 
A A +' a a a 3' 

(3.14) 

the correct dynamical Einstein equations are 

- t5L It5f3A = QA =-Q ~, - 8L 18ija = Qa o==Q: + Q!12 . 

(3.15) 

The momentum canonically conjugate to the Dirac 
spinor field If/ is 

1T op = aL I alP = 2KiW-t . (3.16) 

However, the passage from the Lagrangian to the Hamilton
ian is most clearly accomplished following Nelson and Tei
telboim I and assuming a real representation of the Dirac 
matrices and splitting If/ into its real and imaginary parts: 

VI = r/J + iX, 1T.p = 2KXT, 1Tx = - 2Kr/J T, 

1T.p¢ + 1TxX = Ki w-taolf/, 
1T.p¢ + 1TxX - L 1/2 = 7t"1/2 - (ila - Pa) jja. (3.17) 

The Hamiltonian is then defined in the usual way: 

H = PA pA + ila jja + 1T.p¢ + 1Txi - L 
= (PA pA + Po jja _ L G) + H 1/2 

= 7f"Gif3A ,PA ,Pa) + 7t"1/2 = 7t". (3.18) 

The result is just the total super-Hamiltonian, where the 
gravitational super-Hamiltonian is the same function of the 
mechanical momenta Po as in the vacuum case. However, Pa 
must be interpreted as shorthand for ila - Xa when it ap
pears in the Hamiltonian which is a function on the momen
tum phase space where ila and not Po are generalized ca
nonical coordinates. For example, ! ila , VI I vanishes while 
I Pa ,If/ J does not. Taking into account the nonpotential 
force which drives the Lagrangian equations, the Hamilton
ian equations for the gravitational variables are given by 

[PSA] = {[f3S

A
], 7t"}[~J = {~J, 7t"} + [~~]. 

(3.19) 

The Dirac equations (2.13) follow from 7t" in the class A case 
if the spinor field has the following nonzero Poisson 
brackets: 

2Ki(If/I',If/t,,] =~v, p.,v= 1,2,3,4. (3.20) 

The Einstein-Dirac system is subject to the constraints 
7t" = 0 = 7t"a' . The supermomentum components are easily 
evaluated using the expression for the gravitational 
supermomentum5

: 

(3.21) 

together with (3.4), (3.8), (AW), and (A13): 

7t"a' = - 2 Tr6a p' = - ilb pba - aa P+. (3.22) 

These are the expressions appearing in Ref. 5 except for the 
replacement of the mechanical momenta Pa by the "canoni
cal" momenta ila (once an incorrectly omitted factor of ~ is 
reinserted before ~ there). 
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In the nondegenerate class A case, the supermomentum 
constraints are simply ilo = 0, leaving an effective potential 
behind in the Hamiltonian: 

U eff = !g-1/2 ;§ob Xa XI>' (3.23) 

At this point none of the automorphism variables appear in 
the Hamiltonian and the geometrical degrees of freedom 
have been reduced in number to three, those associated with 
the scale variables which exhibit no derivative coupling (i.e., 
mechanical and canonical momenta coincide). As in Ref. 5, 
one may eliminate another degree offreedom (associated 
with f3 0) by using the super-Hamiltonian constraint, leading 
to an unconstrained Hamiltonian system for the two degrees 
offreedom ff3 ± ], driven of course by the matter variables 
whose equations of motion also follow from the 
Hamiltonian. 

In the nondegenerate class B case, the supermomentum 
constraints are ill = il2 = il3 + ap + = 0, so il3 must be re
tained in the effective potential: 

U eff = !g-'/2(;§ II X
I
2 + y22 X2

2 + ;§33(il3 _ X3)2), 
(3.24) 

until the equations of motion for the scale variables have 
been derived, at which time it may be replaced by - ap+. 
With the energy reduction, one again arrives at an uncon
strained Hamiltonian system for the two geometrical de
grees offreedom (f3 ± I, driven by the remaining component 
Q + of the nonpotential force and the matter variables, whose 
equations of motion do not follow from the Hamiltonian. 

In both cases the supermomentum constraints may be 
used to determine the automorphism velocities in terms of 
the remaining variables. One may either use these to inte
grate (2.6) for S or to define an equivalent shift vector field 
algebraically, thus eliminating the need to integrate (2.6). 
Since the super-Hamiltonian constraint reduction may also 
be viewed as defining an equivalent lapse function,S one sees 
that the solution of the four constraints may be interpreted 
as leading to the introduction of particular lapse and shift 
variables. 

The degenerate Bianchi types I, II, V, and VI _ 1/9 re
quire more detailed discussion similar to that given for the 
perfect fluid case,4 since the degeneracy of the supermomen
tum constraints allows one to eliminate fewer degrees offree
dom while permitting nonzero values for some of the con
stants of the motion associated with the symmetry group 
SAute (g). 

To discuss the constants of the motion it is useful to 
introduce the variables H = ePS with conjugate momenta 
~, which may be evaluated using the expression (A 7) for 
r::Ol>: 

~\ = aL laiI b
a = aL G IJgcdagcdlaiIba 

+ 2K7t";-:f ar ~/aiIba 

= (pH-ltb' 

P = 2,. + K7t"1/2' (3.25) 

The only nonzero Poisson brackets of these canonical varia
bles are 

(3.26) 
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The action of SAute (g) on the metric variables (the spinor 
density 1/1 is invariant), 

g-+B -IT gB- I
, BeSAute(g), (3.27) 

reflecting the change of basis ea-+f!b B - Iba of g induces the 
following canonical transformation of the gravitational var
iables (H,&'): 

(H,&,)-+B· (H,&') = (HB-I,B&'). (3.28) 

If Ae~aute (g), then 

d Idt 10etA
• (H,&') = ({P(A),HJ,{P(A),&'J) (3.29) 

shows that 

PIA) = - Tr AP = - Tr A&'H (3.30) 

is the canonical generator of the I-parameter subgroup of 
canonical transformations corresponding to the action of the 
I-parameter subgroup of SAute (g) generated by A. When 
1/1 = 0 this reduces to the expression (2.9) of Ref. 7. 

For example, using the definition 

SKaS- 1 = Kb R ba (3.31) 

of the adjoint matrix4 R on (; together with (3.8), one has 

P(Ka) = - Tr KaP = - Tr SKaS-IP' = - llbR ba' 

(3.32) 

In the class A case these are constants of the motion. Howev
er, in the nondegenerate case where R = S, the supermo
mentum constraints require that they vanish. For Bianchi 
type II, where R 3 a = tP a (see Ref. 5), the supermomentum 
constraints III = ll2 = 0 lead to P (Ka) = - ll383 a' so that 
only the constants of the motion P (L), P (e.12 + e2

1), and 
P (K3) = - ll3 associated with the subgroup SL(2b C SAute 
(g) are allowed to be nonzero. For Bianchi type I the super
momentum constraints are identically satisfied and eight lin
early independent constants of the motion associated with 
SL(3,R ) exist. This case was completely solved by Hen
neaux6

; the choice of variables made here is not adapted to 
the exploitation of these constants. 

In the class B case, the time derivative of a function F on 
the phase space depending only on the canonical gravitation
al variables is given by 

F= {F,KJ + Qa aF lalla + Q+ aF lap+, (3.33) 

hence the generators P(Ka) satisfy 

P(Ka )'= -Q3a(llbRb3)1all3= -Q383a' (3.34) 

since R 3 a = 83 
a here. Thus P (Kd and P (K2) are constants of 

the motion but since III = ll2 = 0 for all types except 
VL 1/9' one again has P (Ka) = - ll3 83 a' so tHey must van
ish. For Bianchi type VL 1/9 the constraints only require 
III -ll2 =O,sotheconstantofthemotionP(KI + K2) is al
lowed to be nonzero. For Bianchi type V the situation is 
similar to type II with only the canonical generators associ
ated with SL(2h C SAute (g) allowed to be nonzero. However, 
the connection of this subgroup with constants of the motion 
is unclear. 

The conventional Hamiltonian approach of Henneaux 
as applied in the class A spatially homogeneous case6 may be 
obtained from the present approach by introducing the time
dependent orthogonal matrix fYI of(2.9) as an arbitrary 
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gauge variable (involving three degrees offreedom). If ~ is a 
spinor transformation which covers fYI, i.e., satisfies (2.16), 
then the following may be considered as a time-dependent 
transformation of the configuration space variables: 

(3.35) 

Choosing h and X as new configuration space variables, one 
is led to the Hamiltonian approach of Henneaux, who uses 
the notation 

h - h b cr.c lab) _ cr.cmab {} - r m (b)a - a' en 1/2 - eft 1/2 ' lab) - - aOb' 

and the opposite sign for the components of the structure 
constant tensor. The present formulation is simply a particu
lar way of fixing the rotational gauge freedom possessed by 
the triad variables of his approach. The class B case may also 
be handled with the Henneaux approach by expressing the 
non potential force in terms of the new variables. 

4. CLASSIFICATION OF SOLUTIONS BY DEGREE OF 
GENERALITY 

Let J( Sial -:)J( D -:)J( T(a) -:)J( [ be the symmetric case, 
diagonal, Taub, and isotropic submanifolds, respectively, of 
the manifold J( of metric matrices as defined in Ref. 5. [For 
example, gEJI S(3) hasgl3 = g23 = O,gEJI T13) hasgll = g22' 
and gEJI[ has g = at.] One can classify solutions of the 
Einstein-Dirac equations according to which gravitational 
degrees of freedom are nontrivial, i.e., modulo the action of 
constant automorphisms, to which of these submanifolds (or 
others) does a given solution curve gt belong? One is thus led 
to ask which gravitational degrees offreedom may be frozen 
out, or more precisely, what are the invariant submanifolds 
of the phase space on which a Hamiltonian system of fewer 
degrees of freedom is therefore induced? 

Let (a,b,c) be a fixed cyclic permutation of (1,2,3). The 
first possible specializations in the class A case are the sym
metric cases J( Sla) for each value of the in~ex a .character
ized by the conditions Ji1~' = Ji1~' = 0 = CJb = CJe. From 
Appendix B one sees that Ji1 ~' is then constant. Without loss 
of generality one may assume that the metric matrix is con
fined to J( Sla)' In the class B case only the symmetric case 
J( S13) is possible since aj' = a"83

j #,0;Ji1;' is not constant 
for this case, however. Ifin addition one sets the one remain
ing spatial tetrad component of the axial current to zero in 
either the class A or class B case, the spinor energy-momen
tum tensor vanishes identically and the gravitational equa
tions reduce to the vacuum case discussed in Ref. 4. It is 
therefore assumed that the remaining spatial tetrad compo
nent of the axial current does not vanish. However, in the 
nondegenerate case as well as the Bianchi type VI _ 1/9' no 
further specialization is possible except for the type VIo 
Taub-like subcase J( T(3) of the symmetric case J( SI3)' This 
case is characterized by the conditions Ji1;' #,0 but 
P - = p_ = 0 = dJa (for all a), which implies 
r"a

a = 0 = ~ 1133, Since ar"aalap -1.8- =0 #,0 one must 
have Ji1110 = 0, so that p _ remains zero, but the conditions 
Ji1;' = Ji12' = Ji1h' = 0 imply WYs 1/1 = 0 and 
1 WIJII = 14Ji1 i' I, as easily seen by choosing a particular re
presentation of the Dirac matrices. The only nonzero part of 
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the spinor energy-momentum tensor is then 
KI/2 = 2Kim ijI'P, which is a constant. One thus obtains so
lutions of the vacuum type VIo Taub-like case for which the 
gravitational super-Hamiltonian is allowed to be a nonvan
ishing constant, i.e., dust (pressure free perfect fluid) solu
tions with 4-velocity u = eland energy density p = im ijI'P.6 

Unfortunately, this energy density may assume nonpositive 
values. 

For the degenerate Bianchi types I,V, and II, the spe
cializations corresponding to local rotational symmetry and, 
in the first two cases isotropy (of the metric), are possible. 
For Bianchi type II there is only the locally rotationally sym
metric (LRS) case vii T(3) characterized by the conditions 
&,i'#O and/3 - = p_ = 0 = dia. An additional constant of 
the motion in the massless case enabled Henneaux to inte
grate all of the equations explicitly.6 For Bianchi type V one 
has the same LRS case. However, in the general type V case 
thethirdsupermomentumconstraintp+ = 0 =/3 + isasim
pIe holonomic constraint which requires/3 + to be a constant 
which may be set equal to zero by the action of a constant 
automorphism, as in the vacuum case.4 Thus the LRS case 
coincides with the isotropic case. The only nonvanishing 
part of the spinor energy-momentum tensor is the super
Hamiltonian KI/2 = 2Kimijl'P = 2KpgI/2, which is a con
stant since r "a a = 0 but not necessarily a positive constant. 
One thus obtains the open Friedman dust solutions, al
though the energy density p may assume non positive values. 
When the mass m is set equal to zero, one arrives at flat 
spacetime in the hyperboloidal time slicing.8 Bianchi type I 
exhibits the same LRS case vii T(3) [the others are equivalent 
under the action of SAute (g) = SL(3,R)] for which p + is a 
constant of the motion. Setting it to zero yields the isotropic 
case. The general Bianchi type I case has been solved exactly 
by Henneaux.6 

It is worth noting that although the LRS metrics of 
Bianchi types I and VIIo and V and Vllh , respectively, coin
cide, the corresponding spatially homogeneous Dirac spinor 
fields differ in their symmetry properties. Those of types 
VIIo and VIIh undergo a space-dependent rotation relative 
to the spatially homogeneous spin or fields of types I and V. 

5. "TWISTED" DIRAC FIELDS 

Let! ea l now stand for the basis of the Lie algebra 9 of 
right invariant vector fields on G which coincides with the 
basis! ea l of 9 at the identity. Interpreted as fields on R X G, 
the elements of 9 are spacetime Killing vector fields. The 
most general spinor field tP whose energy-momentum tensor 
is spatially homogeneous satisfies II 

(5.1) 

where A.a are real constants which satisfy A.c C cab = 0, since 

(5.2) 

In other words A. = A.cWc is a time-independent exact left 
invariant and, therefore, bi-invariant I-form on G. The clas
sification of possible symmetries for such spinor fields there
fore corresponds exactly to the classification of spatially self
similar spacetimes. 12

,13 All Bianchi types except the semi
simple types VIII and IX admit bi-invariant I-forms. 
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Let tP,w = FtP, where IF 12 = 1, dF = iA.F, and tP is spa
tially homogeneous II and say that tPrw is obtained from tP by 
"twisting", the analog of the conformal scaling of spatially 
homogeneous metrics to obtain spatially self-similar me
tries. 12 The energy-momentum tensor of tP,w and its Dirac 
equation may be rewritten in terms of tP using the relations 

a:: 'Prw = F (iA:: 'P), ijlrw ra:: 'Prw = iA~' ijI r'P , 

(5.3) 
A.:: = A.b H - Iba • 

One must therefore add the terms iA. :: yao 'P and 
- iA.; ijlyao to the r.h.s.'s ofthe Dirac equations (2.13), the 

term - iA.:: t/J(ryao + yaor)'P to the r.h.s. of(Bl) and the 
term g-1/2 /"(a o b1nA.b to the expression (3.1) for the ener
gy-momentum tensor of tPrw' The twisted super-Hamilton
ian and supermomentum become 

KI12 = KI/2 + 2KA" «""a rw a~ , 

(5.4) 

The presence of the constant I-form A. in the Einstein
Dirac system reduces the symmetry group from SAute (g) to 
the subgroup which leaves A.a invariant. However, the space 
ofbi-invariant I-forms is I-dimensional and hence automati
cally invariant under the action ofSAut.(g) for all Bianchi 
types except I,ll, and III = VI _ I' where this space has di
mension 3, 2, and 2, respectively. For type III, only the 1-
dimensional subspace of "exceptional" bi-invariant I-forms 
is not invariant under SAute (g), corresponding to Eardley'S 
exceptional type rIll. 12 

For the Bianchi types other than I, II, VIII, and IX and 
for the nonexceptional type III case, one has 

A.~ =A.bS -Iba =A.a =A.30
3
a, ,1,3#0. (5.5) 

Thus SAut.(G) remains a symmetry group. Only the third 
momentum constraint is changed here, becoming 

(1 - O':)ll3 = - 2KA.3/"0 - ap+. (5.6) 

For the class A types of this class, /"0 is a constant and ll3 
remains a constant of the motion but which is now allowed to 
be nonvanishing. Only the symmetric cases vii S(3) are now 
permitted, requiring &'; = &'~o3a and/; =/~o3a (for 
the class A types, &') is again constant). However, the con
sistency of these conditions with the equations of motion 
(B2) and (B3) requires that 'Pbe an eigenvector of (73 = ir12, 
i.e., a spin eigenstate: 

(73'P = r'P, r = 1, (5.7) 

which implies 

4&,~/ /"0 = _ r, /"3 = - r4&,"0, (5.8) 

results obtained by choosing an explicit representation of the 
Dirac matrices. Excluding Bianchi type V, the one nontrivial 
momentum constraint is 

P3 + ap+ = - 2K(A.3/"0 + U' "33&'~)' (5.9) 

For types VIIo and VIIh , the LRS case vii T(3) requires 
/3 - = 0 = P3, in which case..!' "33 = 1 and (5.9) becomes 

ap+ = - 21</"0(,1,3 - -! r). (5.10) 
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For type VIIo, this is equivalent to 

A3=!r. (5.11) 

If this condition is imposed in the type VIIh case as well, then 
p + also vanishes, automatically implying isotropy as in the 
spatially homogeneous type V case. In fact, (5.11) is exactly 
the condition which undoes the twisting of the spatially ho
mogeneous type VIIo/VIIh spin eigenstate fields relative to 
their spatially homogeneous type IIY counterparts. To see 
this, identify the manifolds of the type VIIo/VIIIh and type 
IIY Lie groups by identifying canonical coordinates ! x a I of 
the second kind with respect to canonical bases of their Lie 
algebras. Using the explicit expressions given in Ref. 5 for 
the canonical left invariant I-forms in these coordinates, one 
finds in an obvious notation 

cu"a (VIIo/VIIh) = [exp( - x3k31X)] a bCU"b(IIY), g E.A" TI3)' 

(5.12) 

Since! - !ia a = -! E abe r be I is the image basis of ! ka IX I in 
the Lie subalgebra of the Dirac algebra, the following rela
tion gives the components of the twisted type Vllo/ Vllh 
spinor fields in terms of the type IIY tetrad: 

IJI(IIY) = [exp( - !ix 3a3)] 1JI",,(Vllo/Vllh) 

=[exp(A3-!a3)ix3]IJI(VlloIYIIh)' (5.13) 

where the choice F = exp iA3x3 has been made. The twisted 
type VlloIYllh spin eigenvector fields satisfying (5.11) coin
cide with the corresponding spatially homogeneous type IIY 
fields. Thus, the LRS twisted type VlloIYllh spin eigenstate 
case satisfying (5.11) is equivalent to the spatially homogen
eous spin eigenstate subcase of Bianchi type IIY. 

On the other hand, if (5.11) is not imposed in the LRS 
type Vllh case, one sees from (5.13) that the spinor field is 
equivalent to a twisted type V field with twisting parameter 
A j = ,1,3 - ! r, i.e., it is sufficient to consider only the LRS 
type V case when IJI is a spin eigenstate. 

For Bianchi type V the momentum constraint is 

p + = - 2KA3)'''0. (5.14) 

The LRS case J( T(3) now imposes no condition on ,1,3 but 
this constraint shows that isotropy is no longer possible for 
nonzero ,1,3' since )'''0 = IJItlJl vanishes only when IJI does. 
The massless LRS case was solved by Michalik and Mel
vin, 14 who mistakenly thought it represented a nontrivial 
type VIIh case, and later by Ray using a different method.8 

For Bianchi type I, Aa are arbitrary but since the spa
tially homogeneous supermomentum vanishes identically, 
the supermomentum constraint requires Aa = O. For Bian
chi type II, ,1,3 = 0 is sufficient for bi-invariance and using 
the freedom in the choice of a canonical basis one may as
sumeAa = A,8'a' which breaks the SL(2b invariance. How
ever, the symmetric caseJ( SIll is still possible provided that 
d; = d;'8! and)'; = ),;'8\. For this case A ~ = Aa and 
d;' andil, = - 2KA,)'''o are constants of the motion 
while il2 = 0 = ily 

6. CONCLUSION 

The conventional Hamiltonian formulation of the Ein
stein-Dirac system was developed for a general spacetime 
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where no class of preferred tetrads exists. Additional gravi
tational variables subject to new constraints must be intro
duced to describe the most general tetrad, I which of course is 
not adapted to a given slicing of the spacetime. However, the 
mathematical machinery is much simpler when the timelike 
member of the tetrad is the unit normal to the chosen slic
ing, '.2 and hence for a spacetime where a natural slicing ex
ists, it is therefore appropriate to use a reduced formulation 
in which only the rotational freedom in the spatial triads 
remains. For a space-time in which a preferred class of spa
tial triads also exists, it is logical to suppress the rotational 
freedom as well, thereby removing completely the additional 
gauge variables required to consider arbitrary tetrads. 

For spatially homogeneous spacetimes (excluding those 
of Bianchi types I, II, and V), the symmetry picks out such a 
preferred class of tetrads, permitting a reduced Hamiltonian 
formulation from which simpler differential equations fol
low and which allows the explicit solution of the remaining 
constraints, thus leading to a system of equations for the 
minimum number of unconstrained variables. Moreover, 
the decomposition of the gravitational variables which ac
complishes this has a direct geometrical interpretation 
which aids in the understanding of the system. For the Bian
chi types I, II, and V, the symmetry allows a certain rotation
al gauge freedom to remain which complicates the discus
sion somewhat but does not prevent a treatment analogous 
to that of the other types. 
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APPENDIX A 

The frame! eu I has structure functions 
C n f3y = cua

( [ef3 ,ey ]) = 8~ C a bc8b f38
c 
y' The metric connec

tion components are given by 

r n
f3 ), =cuU(Vefley ) 

d;( ) + ' C" + C a = ! g' ey g/jf3 + ef3 goy - eo gf3y '2 f3y 113 y)' 
(AI) 

The only nonvanishing components are 

rOab = - K ub , r
a

Ob = - K a
b = r

a
bO , 

rCab = ~ CCah + CIa \1' (A2) 

where Kab = - ~ gab are the components of the extrinsic 
curvature tensor. 

If W is any two index spatial geometric object, let W, 
W', and W" be the matrices of mixed components of Wwith 
respect to the spatial frames e, e', and elf, respectively, i.e., 
W = wa 

b eb 
a' etc. For example, for each a let Ka b c be the 

components of a tensor field with respect to e', so that one 
has 

cy/" I d, 
Jl abc = Ka(bc) = Ka Ie gb)d , (A3) 

or in matrix form 

%' = 1(1( + e - 2131( Te 213 ) 
a 2 a a' 
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(A4) 

The primed extrinsic curvature matrix was evaluated in 
Ref. 5: 

- K' = t3 + %~(ja. (A5) 
Using the formula 

r a CJi3 - H a (rli CJi3H -I. + dH -Ili ) (A6) IJy- liIJ. y y 

for the frame transformation e; = H - IIJ a e IJ of (2.5), one 
finds the connection components in the orthonormal frame 
[ e; I, where Latin indices may be raised and lowered at will: 

r" aOb = - K;[ab ) (jc = - HHH- I - (HH-If]ab , 

r"abO = -r"Oba = -K;b' - K" = t3 +%;(ja, 

r "a lC"C +C"C bc = 2 ab la b) . 

Since r " a IJ y = r " [,/ y I' one introduces the following 
objects: 

~ "a = 1.<' abcr" = _ 1" abcK" /-:,d = ~"a "'-d 2" bOc 2" d [bc J'" -~ dUJ , 

r " 1 r"C d ab = 2Ebcd a' 

r " 1(" 1£ "C) r" 2 "C lab I = 2 n ab - 2U ab n c' [ab ) = E abc a , 
r"a a = - !n"aa = -! g-I/2nabgab 

1( (I) IJ' -- IJ' - IJ ' 12) IJ 2 - IJ' - IJ ' =-2ne +ne 

(A7) 

+ nl3leIJ' -IJ' - IJ'). (A8) 

As in Ref. 5 let ~ ab = Tr %~%;, = Tr %;%;; (with 
inverse ~ab) and letpA = aLGlapA and Pa = aLGla(ja be 
the mechanical momenta. Using the explicit velocity-mo
mentum relation given there, one finds the following expres
sion for the gravitational mechanical momentum matrix: 

'n" = - g1l2(K' - 1 Tr K') 

= n(",ABpAeB + 3poeo) + !~abPa%;' , (A9) 

with the immediate consequence 

P± =2Tre±'n", Pa =2TrlCa 'n". (AlO) 

Introduce also the following matrices: 

ka = Cbac eC
b , 

8a = (C b
ac - Ubaac)eCb' kOa = Ecadndbecb , (All) 

with similar definitions for the primed and double primed 
components. 

The following choice of matrices {lCa I generating {; is 
made: 

CLASS A: lCa = ka + OIIZ 03a k'\ + o'z k,xa , 
(AI2) 

CLASS B: IC I = e3 I , 8 1 = - 3aICI + n(2 )1C
2 

, 

1C2 = e3
2 , 82 = n l l)lC l - 3aIC2 , 

1C3 = kO 3 + OV z k'\ , 83 = (I - OV z )1C3 + ae + . 

{k'X a I are the canonical Bianchi type IX adjoint matrices 
[generating SO(3,R )] while OZ z. is the Bianchi type Kron
ecker delta. Introduce also the notation 

8a = ICb pba + aa e+, [lCa,lCb 1 = CCab ICc . (AI3) 

One fin~s C abe = E bcd nda for all Bianchi types except type I, 
where cabc = cabe(IX), and types II and V, where 
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C abc = C a be (VIIo); the Roman numeral in parentheses indi
cates the canonical components of that Bianchi type. 

The basis {lCa I has been chosen so that ~ ab is diagonal 
and ~ "ba has only one nonvanishing component for each 
value of a. When lCa = kO a' as occurs in the nondegenerate 
class A case for all values of a, for a = 1,2 in the Bianchi type 
II case and for a = 3 in the class B case (except for type V), 
then ~ "a a (no sum on a) is the nonvanishing component and 
the appropriate cyclic permutations of the following formu
las hold, given here for a = 3 

~ "33 = - IC;[ 12) = ~(nll) efl" + n (2) e - P"), 

IC " 1( (I) -13" 121 p" 3112) = - 2 n (1'- - n e - ), (AI4) 
~ 33 = 2[ lCi'[12 d 2

• 

In the class B case (including type V), the remaining compo
nents are given by 

~"21=!efl03, _~"12=!efl", 

(AI5) 
ca 2IJU ca _ 1 2P" 
J II = ! e , J 22 - 2 e . 

The remaining components in Bianchi types I, II, and V are 
given by the appropriate version of(AI4) evaluated at n = 1. 
(Recall that pab = pa - f3'> .) 
APPENDIX B 

An immediate consequence of (2.13) is that if Y is any 
pro<!uct of Dirac matrices, the following equation is obeyed 
by l/Iyl/I: 

(tPyl/l)' = -!tP {l:"a[Y,YayDY51 + r i,aa(YY5 + YsY) 

+ 2a;'[y, yDC] + 2m[y, yDlll/I. (BI) 

Applying this to the basis elements of the Dirac algebra one 
finds the following equations of motion: 

~"O = 2a" c,if"C + !mtPY51/1, 

~"aE l:,"b ,if"C + 20" ..f"0 ak a~W , 

/"0 = 2a;' /"e, 
/"a = Eabel:"b/"C + 2a;/"0 + mtPyDal/l, 

(tPl/I)' = r "a a tPYsl/l, 

(tPYsl/l)' = r"a~ tPl/I + 4m,if"0, 

(tPyaOl/I)' = Eabcl:"btPYOI/I- r "cc tPyaOYsl/l 

+ 2Eabca;;tPYOYsl/l + 2m/"a, 

(tPyaOYsl/l)' = Eabcl:"btPYOYsl/l- r "cc tPyaOl/I 

+ 2Eabca;; tPYOI/I. (B2) 

The addition of the term - 2iA.a fi,(yaOy + yyaO)t/I to the r.h.s. 
of (B I) leads to the addition of the following terms to the 
r.h.s.'s of (B2): 

..:1~"0 = 0 = ..:1)'''0, 

..:1~"a = !EabcA. "b/"c. 

..:1/"a = _ 8EabeA. "b ,if"C, 

..:1 (tPl/I)' = - 2iA. ; tPyaO 1/1, 

..:1 (tPY51/1)' = - 2iA. ;tPyaOY51/1,' 
..:1 (tPyaOl/I)' = - 2iA. "atPl/I, 

..:1 (tPyaOy sl/l)' = - 2iA. ; tPy 51/1· 
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