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In non relativistic mechanics non-inertial observers studying accelerated test particle
motion experience a centripetal acceleration which, once interpreted as a centrifugal force
acting on the particle, allows writing the particle’s equation of motion in a Newtonian
form, simply by adding the inertial forces contribution to that of the external forces in
the acceleration-equals-force equation. In general relativity centripetal and centrifugal
acceleration generalizing the classical concepts must be properly (geometrically) defined.
A useful tool, deeply used in this paper, is the relative Frenet-Serret frame approach.

1 Introduction

A standard approach to study the intrinsic properties of spacetime curves is the
introduction of an “absolute” or spacetime Frenet-Serret frame 1,2.

The obvious space-plus-time generalization of this analysis with respect to a
preferred family of observers in a spacetime with symmetry (i.e. a relative Frenet-
Serret frame) has only recently been introduced 3 and provides another tool for
understanding the properties of test particle motion in the same framework in which
we ourselves experience spacetime.

A relative Frenet-Serret 3-frame may be introduced independent of any space-
time symmetries in an obvious way which only depends on the choice of a geometri-
cally defined relative temporal derivatives along the particle world line (for instance
a Lie or a Fermi-Walker derivative). One can introduce a relative Frenet-Serret
3-frame living in the local rest space of a family of test observers, and this reflects
the way in which those observers “see” the motion of test particles.

Analogously, one can introduce another relative Frenet-Serret frame which lives
in the test particle local rest space and this is determined by the unique Fermi-
Walker derivative along its world line. Such a “comoving relative Frenet-Serret 3-
frame” is defined through a reconstruction by the test particle of its motion relative
to the given family of preferred observers and leads naturally to a geometrical way
of re-introducing the elusive notion of centrifugal force within general relativity .
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After a brief introduction to the spacetime splitting associated with a family
of test observers and their analysis of a test particle motion (see section 2), the
relative Frenet-Serret frame along a test particle world line is introduced in the
local rest space of the observer family. Based on the direction of the relative motion
of the test particle with respect to the observer, this splitting geometrizes the usual
decomposition of acceleration into longitudinal and transverse parts with respect
to the relative velocity unit vector of the particle with respect to the observer and
gives rise to the definition of a relative centripetal acceleration.

A “relative comoving Frenet-Serret frame” in the test particle local rest space,
may be unambiguously defined by using the natural Fermi-Walker derivative along
the test particle world line. Based on the the direction of the relative motion of
the observer with respect to the particle (i.e. in the local rest space of the particle
itself) this splitting geometrizes instead that of the acceleration into longitudinal
and transverse parts, but with respect to the relative velocity unit vector of the
observer with respect to the particle, and gives rise to the definition of a relative
centrifugal acceleration. This is discussed in section 4.

Thus the concepts of centripetal and certifugal accelerations in general relativ-
ity have different geometric origin whereas they coincide (up to the sign) in the
classical context. Section 5 discusses finally how they both enter the splitting of the
acceleration-equals-force equation.

2 Spacetime splitting language

A spacetime manifold M which admits a congruence Cu of timelike lines with unit
tangent vector field u can be locally split into space plus time through the orthogonal
decomposition of the tangent spaces on Cu into the local rest space LRSu and the
local time direction u. The congruence Cu and the associated (local) 1+3 splitting
of the spacetime identifies a family of observers on M whose world lines are the
congruence curves and whose 4-velocity is u. Let τu be a proper time parameter
defined on each such curve.

Tensors or tensor fields which have no component along u are called spatial
(with respect to u). The spatial projection (mixed) tensor P(u)

P(u)
α

β = δα
β + uαuβ (1)

projects out the spatial part of any tensor field by the usual process. Any spacetime
tensor field may be represented by a collection of spatial tensor fields which result
from their orthogonal decomposition. Let η(u)αβδ = uσησαβδ denote the spatial
alternating tensor associated with the spatial metric P(u)αβ (the inner product on
LRSu), which may be used in an obvious way to define a spatial cross product ×u

of spatial vector fields and a spatial duality operation ∗(u) for antisymmetric spatial
tensor fields.

As described in 5,7, one may also spatially project various derivative operators
so that the result of the derivative of any tensor field is always spatial. Two useful
spatial derivatives are the spatial Lie derivative £(u)X

= P(u)£X
for any vector

field X, and the spatial covariant derivative ∇(u)α = P(u)P(u)
β

α∇β , where the
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projection on all free indices is implied after the application of the derivative. Simi-
larly three useful temporal derivatives (i.e., along u) are the temporal Lie derivative
∇(lie,u) = P(u)£u , the Fermi-Walker temporal derivative ∇(fw,u) = P(u)u

α∇α, and
the corotating Fermi-Walker temporal derivative ∇(cfw,u) related to the first two
by the kinematical quantities (acceleration a(u)

α, vorticity ω(u)
α

β = η(u)
α

βγω(u)
γ ,

expansion θ(u)
α

β defined for instance in 7) of the observer congruence through the
relations

∇(cfw,u)X
α = ∇(fw,u)X

α + ω(u)
α

βX
β = ∇(lie,u)X

α + θ(u)
α

βX
β (2)

valid only for a spatial vector field Xα, and easily extended to any spatial tensor
field in the usual way.

Moreover, when dealing with more than one family of test observers, say u and
U , then the mixed projection map P(U,u) = P(u)P(U) from LRSU to LRSu arises
naturally. In this case the orthogonal decomposition of U made by the family of
observers u identifies the spatial relative velocity ν(U,u) = ||ν(U,u)||ν̂(U,u) of U relative
to u, where ν̂(U,u) is a unit vector (the unit relative velocity), by the relation

U = γ(U,u)[u + ||ν(U,u)||ν̂(U,u)] , (3)

and vice versa
u = γ(u,U)[U + ||ν(u,U)||ν̂(u,U)] , (4)

where γ(U,u) = γ(u,U) ≡ γ = (1 − ν2)−1/2 with ν ≡ ||ν(U,u)|| = ||ν(u,U)||. Note that
in this general discussion, the speed ν is nonnegative. Of course in a specific case
it can be useful ν to be relaxed to signed quantity.

This decomposition of U , upon differentiation along U and splitting with respect
to u, leads to a corresponding splitting of the 4-acceleration a(U) of U

a(U) =
D

dτU
U = γ(U,u)[A(U,u) · ν(U,u) u + A(U,u)] , (5)

where

A(U,u) = γ−1P(U,u)a(U) = P(u)
D

dτ(U,u)
[γ(U,u)ν(U,u)]− F

(G)
(fw,U,u) , (6)

and D/DτU = ∇U is the intrinsic covariant derivative along the world lines of U ,
while τ(U,u) =

∫
γdτU is a Cattaneo relative standard time parameter along those

world lines. The spatial gravitational force field F
(G)
(fw,U,u) depends of the kinematical

quantities of u in the following way

F
(G)
(fw,U,u) = −P(u)

Du

dτU
= −P(u)∇Uu (7)

= γ

{
g(u) + ν

[
1
2
ν̂(U,u) ×u H(u) − θ(u) ν̂(U,u)

]}
. (8)

g(u) = −a(u) is the gravitoelectric field, while H(u) = 2ω(u) is the gravitomagnetic
field. In the spatial projection of the acceleration-equals-force equation

P(U,u)a(U) = γF(U,u) , (9)
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where F(U,u) = γ−1P(U,u)f(U) is the relative force, the gravitational force term
may be passed to the righthand side of the equation where it has the correct sign
for a force-like term driving the observed rate of change of the spatial momentum
p(U,u) = γν(U,u)

D(fw,U,u)

dτ(U,u)
p(U,u) = F(U,u) + F

(G)
(fw,U,u) , (10)

where the abbreviated notation for the projected covariant derivative along U with
respect to any parameter λ along its world lines

D(fw,U,u)

dλ
= P(u)

D
dλ

, (11)

is called the spatial Fermi-Walker derivative along U . It is also convenient to intro-
duce the Cattaneo standard length parameter along the world lines of U

�(U,u) =
∫

γνdτU =
∫

νdτ(U,u) . (12)

�(U,u) corresponds to the spatial arc length along the world line of U as observed
by u, as long as ν 	= 0. If ν = 0, the test particle remains fixed on a single observer
world line and there is no relative motion and no curve in the quotient space of
observer world lines, so the parametrization is not valid.

All of the above continues to hold for a single test particle world line with
4-velocity U , except that when differentiating any tensor field defined only along
that world line, the symbol D/Dλ for the intrinsic covariant derivative along the
world line must be taken seriously and not just thought of as an abbreviation for
dτU/dλ∇U .

3 The relative Frenet-Serret frame

One can further decompose the spatial parts of tensor fields using the decomposi-
tion of the local rest space of the observer u along the unit relative velocity ν̂(U,u)

of U (longitudinal directions) and orthogonal to it (transverse directions) in an or-
thogonal 1 + (1 + 2) refinement of the 1 + 3 relative observer decomposition 6,7. It
is exactly this decomposition of the local rest space LRSu which corresponds to
the longitudinal-transverse decomposition of acceleration in the ordinary nonrela-
tivistic classical mechanics of a point particle. It is most naturally accomplished by
introducing the spatial orthonormal 3-frame defined by the differential properties
of the unit relative velocity itself in complete analogy with the Frenet-Serret frame
approach in an ordinary Riemannian 3-manifold.

The first vector of the orthonormal relative Frenet-Serret spatial frame is the
unit relative velocity vector ν̂(U,u). The remaining two vectors are the relative nor-
mal η̂(fw,U,u), which apart from the sign is defined as the normalized P(u)-projected
covariant derivative of ν̂(U,u) along U , and its cross product with the unit relative
velocity vector, namely the relative binormal β̂(fw,U,u) = ν̂(U,u) ×u η̂(fw,U,u). Let
{E(fw,U,u)â} = {ν̂(U,u), η̂(fw,U,u), β̂(fw,U,u)} denote this righthanded spatial frame.
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The relative normal and binormal span the transverse subspace LRSu ∩ LRSU of
the local rest space.

The covariant derivatives along U of these spatial frame vectors E(fw,U,u)â, after
projection in the rest frame of u and reparametrizing the derivative by the spatial
arc length, are the relative Frenet-Serret equations which define the Fermi-Walker
relative curvature, torsion, normal, and binormal

D(fw,U,u)

d�(U,u)
ν̂(U,u) = k(fw,U,u)η̂(fw,U,u) , (13)

D(fw,U,u)

d�(U,u)
η̂(fw,U,u) = −k(fw,U,u)ν̂(U,u) + τ(fw,U,u)β̂(fw,U,u) , (14)

D(fw,U,u)

d�(U,u)
β̂(fw,U,u) = −τ(fw,U,u)η̂(fw,U,u) . (15)

The Frenet-Serret relation (13) only fixes the product of the curvature k(fw,U,u) and
the second frame vector η̂(fw,U,u) and not their individual signs. Once these signs
are chosen, the third vector β̂(fw,U,u) = ν̂(U,u) ×u η̂(fw,U,u) is then chosen to make
the frame righthanded, after which the sign of the torsion is then determined. The
sign of the curvature may be chosen conveniently.

These relations may be written in a more compact form as

D(fw,U,u)

d�(U,u)
E(fw,U,u)â = ω(fw,U,u) ×u E(fw,U,u)â , (16)

where
ω(fw,U,u) = τ(fw,U,u)ν̂(U,u) + k(fw,U,u)β̂(fw,U,u) (17)

defines the Fermi-Walker relative angular velocity of the frame. The test parti-
cle world line with 4-velocity U will be said Fermi-Walker u-relatively straight if
the Fermi-Walker relative curvature vanishes k(fw,U,u) = 0 and Fermi-Walker u-
relatively flat if the Fermi-Walker relative torsion vanishes τ(fw,U,u) = 0. In the
first case the normal η̂(fw,U,u) is not defined, but one can introduce any spatial unit
vector in its place which is orthogonal to ν̂(U,u) and transported along the world
line so that its projected covariant derivative is zero in order to obtain a frame sat-
isfying the above equations with vanishing curvature and torsion. For cases when
the relative curvature vanishes at an isolated point, one must allow it to have either
sign when nonzero in order to extend the relative normal continuously through this
point.

4 The comoving relative Frenet-Serret frame

While centripetal acceleration is an acceleration term measured by the observer in
its own rest space, a centrifugal force is an “inertial force” felt by a test particle in its
rest space. In nonrelativistic mechanics, these rest spaces share the same Newtonian
time, and one can simply move the centripetal acceleration term to the force side of
the acceleration-equals-force equation to obtain the corresponding centrifugal force
term. However, in general relativity, the observer and test particle in relative motion
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have different local rest spaces, so one must look for a geometric description of
centrifugal force in the local rest space of the test particle if one wishes to generalize
the nonrelativistic concept. Classically it is also a relative effect, involving the
relative motion with respect to the implicit Newtonian family of inertial observers,
so the relativistic generalization must also involve the relative motion of the test
particle with respect to some family of observers. The generalization developed here
will involve the comparison of the rotation (with respect to gyro-fixed axes) of the
relative velocity of the test particle with respect to the observer family as seen by
the test particle itself.

The two vectors u and U define a unique boost B(u,U) of each tangent space
into itself which maps (u, ν(U,u)) onto (U,−ν(u,U)) in the relative observer plane of
u and U and leaves the orthogonal 2-space LRSu∩LRSU (spanned by η̂(fw,U,u) and
β̂(fw,U,u)) invariant. Let

V̂(u,U) = −ν̂(u,U) = γ(νu + ν̂(U,u)) (18)

be the relative velocity of U with respect to u as seen by U .
It is only natural to differentiate vectors in LRSU along U by projecting the

covariant derivative along U into LRSU . This leads to the usual Fermi-Walker
derivative along U measuring the rate of change of vectors in LRSU with respect
to a Fermi-Walker transported orthonormal 3-frame in LRSU , interpreted as test
gyro fixed axes carried by the test particle

D(fw,U)

dτU
X = γν

D(fw,U)

d�(U,u)
X = P(U)

D
dτU

X , X ∈ LRSU . (19)

One can construct a Frenet-Serret-like frame starting from the first frame vector
V̂(u,U) by adding two new vectors in the usual way, this time unambiguously since
there is only one natural derivative to use

{E(fw,u,U)â} = {V̂(u,U), N̂(fw,u,U), B̂(fw,u,U) = V̂(u,U) ×U N̂(fw,u,U)} , (20)

with Frenet-Serret relations

D(fw,U)

d�(U,u)
V̂(u,U) = K(fw,u,U)N̂(fw,u,U) ,

D(fw,U)

d�(U,u)
N̂(fw,u,U) = −K(fw,u,U)V̂(u,U) + T(fw,u,U)B̂(fw,u,U) ,

D(fw,U)

d�(U,u)
B̂(fw,u,U) = −T(fw,u,U)N̂(fw,u,U) , (21)

where

K(fw,u,U)N̂(fw,u,U) = γk(fw,U,u)η̂(fw,U,u) + ν̂(U,u) ×u [ν̂(U,u) ×u F
(G)
(fw,U,u)] . (22)

This is derived by differentiating (18) and manipulating the result. Thus the two
vector curvature quantities differ by a term which also belongs to LRSu ∩ LRSU .
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Since the test particle is not moving in its own rest space, there is no natural
“rest arclength” parameter to introduce. In fact it makes sense to continue to use
the arclength as seen by the observers u in the parametrization of the derivatives
because the test particle is essentially reconstructing in its own rest space what the
observers u are seeing it do.

In compact notation the comoving relative Frenet-Serret relations become

D(fw,U)

d�(U,u)
E(fw,u,U)â = Ω(fw,u,U) ×U E(fw,u,U)â , (23)

where Ω(fw,u,U) = T(fw,u,U)V̂(u,U) + K(fw,u,U)B̂(fw,u,U) defines the Fermi-Walker an-
gular velocity of this new frame, which describes how the test particle sees the
direction of its velocity relative to the observer family u change with respect to
gyro-fixed axes. Again no assumption is made about the choice of sign for the
curvature and torsion in this general discussion.

5 The longitudinal-tranverse splitting of the force equation

The longitudinal-transverse splitting of the relative acceleration defines the relative
centripetal acceleration, which is rigidly tied to the idea of centrifugal force in
nonrelativistic classical mechanics. Applying this further splitting to the spatial
part of the acceleration-equals-force equation reveals how the centripetal term enters
the observed equation of motion. This splitting is accomplished by projecting onto
the relative Frenet-Serret frame.

Let ||p(U,u)|| = γ||ν(U,u)|| be the magnitude of the specific (i.e., divided by the
test mass) spatial momentum of U as seen by u, so that p(U,u) = ||p(U,u)||ν̂(U,u),
while the gamma factor is the corresponding specific energy E(U,u) = γ. They
satisfy the identity

E2
(U,u) − ||p(U,u)||2 = 1 . (24)

Then the spatial projection onto LRSu of the acceleration-equals-force equation
a(U) = f(U) takes the form 5

d||p(U,u)||
dτ(U,u)

ν̂(U,u) + γν(U,u)
2k(fw,U,u)η̂(fw,U,u) = F(U,u) + F

(G)
(fw,U,u) . (25)

The relative Frenet-Serret components of this are

dE(U,u)

d�(U,u)
= [F(U,u) + F

(G)
(fw,U,u)] · ν̂(U,u)

γν(U,u)
2k(fw,U,u) = [F(U,u) + F

(G)
(fw,U,u)] · η̂(fw,U,u)

0 = [F(U,u) + F
(G)
(fw,U,u)] · β̂(fw,U,u) . (26)

On the other hand, the acceleration-equals-force equation may also be directly
viewed in the test particle rest frame in a reconstruction by the particle itself of the
description of its relative motion with respect to the family of observers. In this



8 Bini, de Felice and Jantzen

case the Frenet-Serret frame of the unit relative velocity V̂(u,U) naturally makes its
appearance.

By applying the derivative D/DτU to the test particle decomposition (4) of u,
solving for a(U) and using the relation (7), one obtains

γ−1d||p(u,U)||
dτU

V̂(u,U) = f(U) + γ−1P(u,U)F
(G)
(fw,U,u) − ν2K(fw,u,U)N̂(fw,u,U) . (27)

If there is any geometrical way of introducing a force term that generalizes the fa-
miliar centrifugal force in nonrelativistic classical mechanics, it can only be through
the last term in the right-hand side of this equation. This term will be called the
“generalized centrifugal force” keeping in mind that there is no clean separation of
“gravitational forces” and “inertial forces” in the general relativistic domain. Of
course it depends on the choice of observer family, and the relative gravitational
force term itself reflects the “inertial forces” due to the noninertial motion of the
family of observers. For constant speed orbits such as circular orbits in stationary
axisymmetric spacetimes, the left hand side vanishes so the resulting equation (27)
may be interpreted as describing a force balance in the local rest space of the test
particle. Its nonrelativistic limit in flat spacetime leads to the familiar centrifugal
force relative to the usual family of inertial observers.

The comoving relative Frenet-Serret decomposition of equation (27) is

dE(U,u)

d�(U,u)
= [f(U) + F (G)

(fw,u,U)] · V̂(u,U)

ν2K(fw,u,U) = [f(U) + F (G)
(fw,u,U)] · N̂(fw,u,U)

0 = [f(U) + F (G)
(fw,u,U)] · B̂(fw,u,U) , (28)

where

F (G)
(fw,u,U) = γ−1P(u,U)F

(G)
(fw,U,u) = −γ−1D(fw,U)u

dτU
= −

D(fw,U)u

dτ(U,u)
. (29)

These equations are valid as long as ν belongs to the open interval (0, 1) (and
with a slight modification when ν = 1 7). When ν = 0, the spatial arclength
parametrization is singular since one can no longer use the arclength in the observer
quotient space as a parameter along the world line because the test particle path in
that quotient space collapses to a point. However, since they are just projections of
the spacetime acceleration-equals-force equation, these equations continue to hold
in the limit ν → 0 including the scalar term ν2K(fw,u,U) which goes to zero and can
be interpreted as a generalized centrifugal force term, but the factor K(fw,u,U) by
itself goes to infinity.

One may use the terminology “comoving relatively straight” and “comoving
relatively flat” for those world lines for which the comoving relative curvature and
torsion respectively vanish. By solving equation (25) for the gravitational force
term and inserting the result into equation (22), one finds the relation

K(fw,u,U)N̂(fw,u,U) = γ−1k(fw,U,u)η̂(fw,U,u) − ν̂(U,u) ×u [ν̂(U,u) ×u F(U,u)] . (30)
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For a geodesic where F(U,u) = 0, the two curvaturesK(fw,u,U) and k(fw,U,u) only differ
by a gamma factor and the two directions N̂(fw,u,U) and η̂(fw,U,u) coincide. Thus
for geodesics the notions of relative Fermi-Walker straight and comoving relatively
straight world lines agree.

A relationship between the relative and comoving torsion may be established
too 10 which, in the special case of geodesics, reduces to

T(fw,u,U) = γ4τ(fw,U,u) , (31)

so the notions of relative Fermi-Walker flatness and comoving relative Fermi-Walker
flatness also agree.

Finally let us observe that for general test particle world lines and observers in
a general spacetime, these relative Frenet-Serret frames are not closely related to
the spacetime Frenet-Serret frame.

6 Concluding remarks

The natural Frenet-Serret machinery from the point of view of an observer family
has been presented and linked to the natural geometrization of the usual notion of
a centrifugal force in the rest space of a test particle world line (as opposed to a
centripetal acceleration in the rest space of the observers).

For the most interesting case in which these concepts may be illustrated, namely
circular orbits in stationary axisymmetric spacetimes, it has been shown in a related
paper 10 that this comoving relative generalized centrifugal force is nothing other
than the effect of the orbital rotation relative to gyro-fixed axes of the relative
velocity, itself rigidly attached to stationary axisymmetric axes. For equatorial
plane orbits in the Kerr spacetime, it agrees with our nonrelativistic intuition about
centrifugal force near the circular geodesic orbits. For equatorial plane orbits at r =
3M of a Schwarzschild black hole, this generalized centrifugal force then vanishes
due to the phase-locking of gyro-fixed axes with stationary axisymmetric axes.

For more general noncircular orbits in stationary spacetimes, or completely
general trajectories in any spacetime, this comoving relative generalized centrifugal
force is the first such inertial force introduced by decomposing the test particle
acceleration in its own rest space, which is exactly how the usual nonrelativistic
centrifugal force is experienced.

Further applications of this relative Frenet-Serret approach to the case of grav-
itational wave spacetime solution are still in progress.
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