Motivating Index Algebra
bob jantzen, villanova university
May 2006
Abstract
A brief discussion of index positioning to motivate undergraduate level
notes on differential geometry starting from a background of multivariable
calculus and linear algebra
http://www34.homepage.villanova.edu/robert.jantzen/notes/dg1991/.

Elementary linear algebra is the mathematics of linearity, whose basic objects
are 1- and 2-dimensional arrays of numbers, which can be visualized as at most
2-dimensional rectangular arrangements of those numbers on sheets of paper
or computer screens. Arrays of numbers of dimension m can be described as
sets that can be put into a 1-1 correspondence with regular rectangular grids of
points in Rm :
{ai |i = 1..n}
{aij |i = 1, . . . , n1, j = 1, . . . , n2}
{aijk|i = 1, . . . , n1, j = 1, . . ., n2, k = 1, . . . , n3}

1-d array : n entries
2-d array : n1n2 entries
3-d array : n1n2 n3 entries

1-dimensional arrays (vectors) and 2-dimensional arrays (matrices), coupled
with the basic operation of matrix multiplication, itself an organized way of
performing dot products of two sets of vectors, combine into a powerful machine for linear computation. When working with arrays of specific dimensions
(3 component vectors, 2 × 3 matrices,
etc.), one can avoid index notation and
Pn
the sigma summation symbol i=1 after using it perhaps to define the basic operation of dot products for vectors of arbitrary dimension, but to discuss theory
for indeterminant dimensions (n-component vectors, m × n matrices), index notation is necessary. However, index “positioning” (distinguishing subscript and
superscript indices) is not essential and rarely used, especially by mathematicians. Going beyond 2-dimensional arrays to m-dimensional arrays for m > 2,
the arena of “tensors”, index notation and index positioning are instead both
essential to an efficient computational language.
Suppose we start with 3-vectors to illustrate the basic idea. The dot product
between two vectors is symmetric in the two factors
~a =< a1 , a2, a3 > , ~b =< b1 , b2, b3 >
3
X
~a · ~b = a1b1 + a2 b2 + a3 b3 =
ai bi = ~b · ~a ,
i=1
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but using it to describe a linear function in R3, a basic asymmetry is introduced
f~a (~x) = ~a · ~x = a1x1 + a2 x2 + a3 x3 =

3
X

ai xi .

i=1

The left factor is a constant vector of “coefficients”, while the right factor is the
vector of “variables” and this choice of left and right is arbitrary but convenient,
although some mathematicians like to reverse it for some reason. To reflect
this distinction, we introduce superscripts (up position) to denote the variable
indices and subscripts (down position) to denote the coefficient indices, and then
agree to sum over the understood 3 values of the index range for any repeated
such pair of indices (one up, one down)
f~a (~x) = a1x1 + a2x2 + a3 x3 =

3
X

ai xi = ai xi .

i=1

The last convention, called the Einstein summation convention, turns out to be
an extremely convenient and powerful shorthand.
This index positioning notation encodes the distinction between rows and
columns in matrix notation, with row indices (left) associated with superscripts,
and column indices (right) with subscripts. A single row matrix or column
matrix is used to denote respectively a “coefficient” vector and a “variable”
vector
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a1 a2 a3 ,  x2  .
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The matrix product re-interprets the dot product between two vectors as the
way to combine a row vector (left factor) with a column vector (right factor) to
produce a single number, the value of a linear function of the variables
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 x2
a1 a2 a3  x  = a1x1 + a2 x2 + a3 x3 = ~a · ~
x.
x3
If we agree to use a boldface kernel symbol x for a column vector, and the
transpose aT for a row vector, where the transpose simply interchanges rows
and columns of a matrix, this can be represented as aT x = ~a · ~
x.
Extending the matrix product to more than one row in the left factor is the
second step in defining a general matrix product, leading to a column vector
result
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Thinking of the matrix as a 1-dimensional vertical array of row vectors (second
equation of previous equation array), one gets a corresponding array of numbers
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(a column) as the result, consisting of the corresponding dot products of the
rows with the single column.
Finally, adding more columns to the right factor in the matrix product, we
generate corresponding columns in the matrix product, with the resulting array
of numbers representing all possible dot products between the row vectors on the
left and the column vectors on the right, labeled by the same row and column
indices as the factor vectors from which they come.
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Denoting these two matrix factors by A and X, then the product matrix has
entries (row index left up, column index right down)
[AX]ij = ai k xk j i = 1..2 , j = i..2
P3
where the sum k=1 is implied. Thus matrix multiplication is just an organized
way of displaying all such dot products in an array where the rows correspond to
the coefficient vectors in the left set and the columns correspond to the variable
vectors in the right set. The dot product itself in this context is representing
the natural evaluation of linear functions (left) on vectors (right). No geometry
(lengths and angles in Euclidean geometry) is implied in this context, only
linearity.
The matrix product of a matrix with a column vector can be reinterpreted in
terms of the more general concept of a vector-valued linear function of vectors,
namely a linear combination of vectors, in which case the right factor column
vector entries play the role of coefficients. In this case the left factor matrix
must be thought of as a horizontal array of column vectors
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 x2
= ~v1 ~v2 ~v3  x  = x1~v1 + x2~v2 + x3~v3 .
x3
This interpretation extends to more columns on the right, leading to a matrix
of columns, each of which represents a linear combination of the column vectors
of the left factor. In this case the coefficient indices are superscripts since the
labels of the vectors being combined linearly are subscripts, but the one up,
one down repeated index summation is still consistent. Note that when the
left factor matrix is not square (in this example, a 2 × 3 matrix), one is dealing
with coefficient vectors and vectors of different dimensions, here combining three
2-component vectors for example.
If we call our basic column vectors just vectors (contravariant vectors, indices
up) and call row vectors “covectors” (covariant vectors, indices down), then
3

combining them with the matrix product represents the evaluation operation
for linear functions, and implies no geometry in the sense of lengths and angles
usually associated with the dot product, although one can easily carry over this
interpretation. In this example R3 is our basic vector space, and the space of
all linear functions on it is equivalent to another copy of R3 , the space of all
coefficient vectors. The space of linear functions on a vector space is called
the dual space, and given a basis of the original vector space, expressing linear
functions with respect to this basis leads to a component representation in terms
of matrices as above.
It is this basic foundation of a vector space and its dual, together with the
natural evaluation represented by matrix multiplication in component language,
reflected in superscript and subscript index positioning respectively associated
with column vectors and row vectors, that is used to go beyond elementary
linear algebra to the algebra of tensors, or m-dimensional arrays for any positive
integer m. Index positioning together with the Einstein summation convention
is essential in letting the notation itself directly carry the information about its
function in this scheme of linear mathematics extended beyond the elementary
level.
Combining this linear algebra structure with multivariable calculus leads
to differential geometry. Consider R3 with the usual Cartesian coordinates
x1 , x2, x3 thought of as functions on this space. The differential of any function
on this space can be expressed in terms of partial derivatives by the formula
df =

∂f
∂f
∂f
dx1 +
dx2 + 3 dx3 = ∂i fdxi = f,i dxi
∂x1
∂x2
∂x

∂
using first the abbreviation ∂i = ∂x
i for the partial derivative operator and then
the abbreviation f,i for the corresponding partial derivatives of the function f.
At each point of R3, the differentials dxi play the role of linear functions on the
tangent space. The differential of f acts on a tangent vector ~v at a given point
by evaluation to form the directional derivative along the vector

D~v f =

∂f 1
∂f 2
∂f
∂f i
v +
v + 3 v3 =
v ,
1
2
∂x
∂x
∂x
∂xi

so that the coefficients of this linear function of tangent vectors at a given
point are the values of the partial derivative functions there, and hence have
indices down compared to the indices up of the tangent vectors themselves,
which belong to the tangent space, the fundamental vector space describing the
diffential geometry near each point of the whole space. In the linear function
notation, the application of the linear function df to the vector ~v gives the same
result
∂f i
df(~v ) =
v .
∂xi
∂f
i
If ∂x
i are therefore the components of a covector, and v the components of a
vector in the tangent space, what is the basis of the tangent space, analogous
to the natural (ordered) basis {e1 , e2, e3 } = {< 1, 0, 0 >, < 0, 1, 0 >, < 0, 0, 1 >}
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of R3 thought of as a vector space in our previous discussion? In other words
how do we express a tangent vector in the abstract form like in the naive R3
discussion where ~
x =< x1 , x2, x3 >= xi ei ? This question will be answered in
the following notes, making the link between old fashioned tensor analysis and
modern differential geometry.
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