W
= "“9geovdesics

8 Stratgt lines Y= awbpam\\e\ curves <=
How can we charadienze the stvaightines of &7
The tangent veckor " follows s nose' as i+ moves along
sudn a line, The tangent vector sl is Paru“c\ +mn5?or\-ecl
q\ong‘“\e line. This condihon is

MA =0

on
o 0= DCN(%)= dci’éq_‘, P.‘ngw(h)C"’zz)
dr

2c‘7~ + M C“'(»\ '
>

B rnb-oc(,\) c*c\ ac
g M o8

| » : . kAl 0
‘_sz%z) o= 0%\‘:24\— n'ka%\)—‘%
Iﬂ Cartesian coordinates tohere p‘zj =0, %!sﬁy—c’du‘ces o
CX <0 wihshhos X'= abatb
of more carefully C‘(ﬂ a' 7s'\'b
The Cartesian ordingtes are \inear ﬁmc\wns OF' the Pamme'\'ef‘ w‘m\e
the Carkesian cmponents of the fangent vecdor are amstents  CHO)= -at

\?one uses X“=C0
" ‘\‘O\rep\ace c'w

Onthe previous page we sao that fhe fangent vedor C'N=€r tothe
rwordinate lines in their natum) paametnzation 3= {s pardliel transported
q\ons -\-\\m This fs c\car since '“'\Cs-e Ooom\mo:\-e l\'nes are '5'\'\1\9‘\'\5 hq\fhfse_g,

Swee dxk 6‘2 -E:r'\'\nese curves " 5p\ner\c.a\ moro\\ha'\'es one can

A 2y R 2\ . _
‘*‘r‘\'g - WD{( = do\;iz'\"ﬂ rr = Mre=0
in this ! S\DPP norahon ! _
A qume‘hted cunve whc,se, -‘mnqen-\- vu\-m- {5 ?ém\\e\ ‘\TN\SP o r“\'e o\

qlonj ‘chche Is Ca”ed a GEODES[C-
{00




gxercise. us\hs the cy\mdnca\ coovtindle exXPressins ﬁ;v’ Fhe corﬂ?onenjrs oF
the oJ\anaVA‘ o\enva\'\begwen on ‘x«ge 59 or 37) veﬂgj T\'ﬁa‘\' H\e P ond &
coovtheare lines are geodesics (r.e. s\‘mkgk\'\\v{cs‘)

A “curve'ls a serol ponts with no parametnzation , descnbed geometnadlly
oras a seluhon of-a setof equations, A curve s a geodesic if

t admits a ‘)qmme\'rizah'on whids is a geodesic,  Tis generalizes

our previcus ée(:\hi'\'\dn ae Scodesic We saw thal- 'Hﬂe revm\LS
defnihen led to shauightlines paramekmeed  linearly 1o @rks\ao wodinates,

but- nonlinear- ?amme\'nza\'lons -wan also be used.

Suppose C'( sahshes DS =g and we consder a rew

paranehnzchon - P el = <05
of the curve | where $() 15 a real valved funchion of .
Then e'(x) = '§‘(>J C'(E6)) is the new 'hngen-&-

vechor mu\‘\"ip ied by the ‘ﬁmo\'\ob f‘(ﬂ by the chan rule.
Irs couonan‘\' denvahve a\an_9 the curve € is

X i el 3!
_d_‘e (7‘3 + P k)t MNed ()

UATAY A B2 ctF) ©'(+60)
L-\p-————-———-—-—-—'

£963 e + ') CHF6D)
= E@)* (et Mgt EC®)] + £ c”’((@)

ﬁ"(»)
)

[QQ/ ™ =o
dn

= _g“ (75) t“()\\ e DE (75 _ { “(h} S‘e (})
$'(N S £6)
Instead of being zevoy 'Phe couananJr denvahue oF‘Hne “\'angen-\- vedor s

~ proporfional to-the Fungent vecor. TSl “ followos drs nose ™ but danges s
b




leng'\'\\ as + moves due Jo the ar\o\\'mrg Paruvf\e\'n'za'\'iov;_

A Pamme\'nza\'ton {:or w\n\ch DJC;‘@ =0 |5 Cd\\ca\. an d]cﬁne ?ammeh’)zaﬁgb.
o-f the geodesic, Forsucha ?amme*nza\‘l'on

D hcoal® =~ D Cg“ c'd’) = %C‘lw*—gu DL A - gy D"DQ':o

ax T
vl 5 ; ¥
so D 'O —_—P_(u ey = L (lc'oan®) & D(\c'w) 20
&x e
|

-l. ———— e, -
2 e ?

i.e\) the \cng‘\'\wog—‘ﬂ'sc ,‘\'ﬂhaen'\' vector is cor}shn'\', We a\req@ knew
s since porallel trunsport presenes \ength:

Dic™ = 4 yc'ol = ©

™ i
I{: we m‘\'\‘vduce ‘\3'\9 am\ﬁ\g\‘\f) ?amme\’f\’w\'lon as we o\to\ " Cq\cu\u;

2_ <hc'o
i sk says o\ZS %\\om\\— o

e
e, ,:\‘l‘ne,_,,Qtﬁ.ﬂ@b-_at\dm?amme/&er A _are h\'\car\,g related,.
Tfue vse the arlelength fself as o parameter we mush have

- 4S = \v¢oWN=A .
X ?

sv4he fangerk vecor 15 @ uritvedror as we veal| fom caleulus.




The 2-sphere of radiis

y The Euclidean metric in sp\wenca\ coovdhnates is
g= drodr + r2d9adb + rzsin® deady
- ke .S wih ‘COQr_v\male f\:ame er‘:g() Co= 2‘9) e‘(’::}q
L= aed dudl fame  @=dr, W¥=d9 , L =d¢ or
=Y A s A %) ¢ )
%z WY’ + WPOW® +wfew

i1 the assoualed or%mom‘q\m:ﬁmme 5 - . A

e=F, €T TtH, €= fanode 5 W =dr, ¥°=rdd, Y= cnbdy,

The aodinate surface F=To is a phere of dws o on which §6, 45
seve as local coordinates with o wovdinate singulacdy at the poles

0=0)N vhere @ is undefined, We an hve with $his problem as long as
W€ are carefu\

The 2-sphere 15 a Space th 1S own right and we o use all Fhe machinery
‘e have develoged for 2”10 general_coodnate systems o study k. We
can also picture %@m‘;‘é’ﬁ’? spaces 1o fhe A-sphere as subspaces of the
fll 3-demensional Fangent space of K3 at each point. e sphere has
“intonsic” or inlemal  geometny of @ Z-dimensional nature | plus
'oXeMAC or odemal  gesmetry fhat has 4o de wrth hew f siks in the
locally ]

larger space.  For example; a cylinders had the same flat Zdimensional
geomelry as 4 plane  (cuhtdong o seam & vl dod ) | but dearly ;
~Wis bent as a subspaceof R3 ~~ Toshdy the miensic gemetry
v sﬁnplg,_\&ss_%ﬁ 2-dwensunal codinate  Nyslem & aalaulale  as theugh
we were studying R%in nonGorlosian  coordinates.
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The me’mc of the sp\nre H\s us '“ﬁe pner Pmduck a‘; the Jrame Vcchr:
€6,€¢ or €8 e@ |

dr=o ’ = Rt Ld’WdH +snZ0 dq)@a@)
I me\-nc 'ﬁ:or unit Sphevc r=A
Scalmg factor fo get metnc ofsp\aere of radius C=ro
Now there are no backgrounc\ e a—-ol\menstmd\ Cartesian aawdma"er +o
UR In o\e(\'h“\mﬁq coponents o Fhe connechion, We can oy use the
generl formula

R Y =3 9" 9;9, Yg5,5 +9+5,3 + Caox—Lgss+ Cvin)
K B=12 ‘ |
applied To_erther the coordinate ﬁ'dmc or the dsseciahed orthonomad) 1Crame
and usmq ‘H\e —d\'&nﬂom\ mo\“no ‘z’q We have a‘recw\q ev&lua-leo\
all oF Hnese cmoomn\:s i the Hlmnswnq\ context of sb\nenca\ coovdinates,
All we have ’fbdb s cm{:me our aenhon, 4o the amoonm-\-: wrth no radial
indices and set =1, in their expresswns__ From page 99 (pases @%and 1S

r' {4 --6059 ‘rv "< @<= C"‘kg on\y neryzZevo ones fur‘ ca:mlMa\t
frame —{ €s,€¢7
& L éq,q ~@t6 = ?é\é\ dith for srthonormal f;n\c {63,?43_
‘-(owhdmnsof\? 99)

Thc\«’é:er com porenks comspunc\ fote anhisymmelne  metnx
= (wiep wh)=( L7 ) de

This just '}e\\s us 'lhd' as we Move o\ms the 9 woordinare |Ines 5 Fhe

“orfhonormal Avome vec\or.s begin 10 rb\'a‘\'e wirth respeo\-+o ?am\\el tvans FOrl-ed
5 g roh‘nlm \pbrﬂr\e Omg\e ge
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y 9 %\ eé‘_

= ed / q

~Padins

[ Frveny smal 6, this picture looks just e the
oxo polar coorinate ‘Frbnw n The p\ane 2=, tangent
 Yothe .svherc dH'he North 'Po\e You can see that
'Fne orﬂ\onorma\ frame. rolutes by Cappmumalsld) the angle
. (P as we move arvund‘\*\e Q. (,oordmal-c arc|e which
s exaoHy what the qnhsymmhc wmahiy C? )defC“LeJ ,.
'ﬂkmk ofd\we OF as_ e leun-') maang ‘ﬁov-\ any paVHm\ar c(va\ue

PAN“G\ "‘nmspor\co\ veo\or; avound 'l'\'ﬂs arde ,howeve(* 'l'vg '\'b malwhln

 ther direcion with resyed' to the erveloping  [R? as bes\’ H\cg can w“n\e
s‘n\\ remammg hqgcn’r o the s‘:zherc

In 9enem\ ’r\ne comvona'ﬁ'saf'ﬂwc couanan\' dmvahve a§> +el us how-"o

vecVorg alon‘g %e {9 (fg C‘k’fd!ha“‘e lmq In Parhmlar' -

e 6 cordinde ardes (greskartes throgh e prles) and the sngle

.q coordinale carde 6=Y¥ (the ealual-or)  are an 3vrcq\- arcles which,
 we know 1o be gcodesi'cs on the sp\nerc.

‘Vﬁé eR= \[:%ﬁ?f; =0 fells us that the orfhonormal frame s cuvanart

8T T cathnk aleng €, e 15 porallel ransporied

along the € ovdinale lines. mlML Jave €6 as a
1? 'l'angeﬂ\' [SD these are 3@&;\6

- Vep €8 = +15 c°+e €3 fells us hed same Fhing 15 true for
ve €@~ (etd €8 the omﬂ\onormal f\mMe a(o"'!ﬂ ‘\'he S

[0S




‘Thus suppose Yld)?,(ch e +\/c$ ﬁé’\]lezo 15 some ‘b,’)ﬁﬂ\*‘wo}w at
the north pole. Tf we pavalld hanspodt of down a Ireof longitude, Wy
orthanormy| @myanm}}' _vemain constants ) fe
i mainhaing ihs fength and ibs angle with the
lweof longthde.  The same remains frue
a5 we move along The equator | and then
ade up 1 e of longthude tothe Northy
pole again,, resuﬁh'vy i the Anal tar ngent- vechor
Neo Jhich has rotated by the mcremcn'!'m ¢
beh@n 'H\e two [ines. af long  fude, evadly as we descnbed ﬁ-m intuthian,

NO\'\c.c ’}hcd‘ 'H\is Rl\s us ﬂ\a{‘ ‘H)e Q‘SP\')eve o{nna'\' Qdmtﬁ’ __qugyanan*' Cmﬂ'nf\‘}’
vedwr ;ﬁé(d, since If 1} did | ¢ would cincide wih ks Panl\e‘ ,'\'nnspor-\"

along every sudn (oop and thus the findl valve would have fo equal the
onginal valve gf-the Noth pole, whtdnue have jugh shown wull not-happen in general.

exercise, Suppose we do an analogaus discussion with @ gylinder p=p,

N cylmdnca‘ cowdma*ef {(ptq\ ?} on. “23 Thenf'ﬁ?,?jarc(oas
codhindres any This 2-dimensional space.
; \Nha\-arc‘l'\ne noNan\shmg chYwm)'s af ‘H!c amncohon 18} 'H)c cowdma(c cmA
assoualed orthonormal fmme o

Do Cﬂ\mnan‘* am;‘-zmlf Jedvr f!elols fXIS\'? S

* Dbes «_avarant conslaat B orthonommal fl'n'\e €X.I_F\:7

.Wn‘re, sut the geodesic equahms e

o= %f@ =... , 0= D’Z 3 “C““ﬂ"“ sdve. :ﬁ\ege? Can You ex\?\g‘ﬂ ,
% & he soluhons 7 o
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Degcr-l\oing In“h'lnsic Curvature
‘R"I uﬂ"q r\~$ EAC\Cdcan Me‘“ﬂc lS ﬁq‘\" The 2—5Phew= IS nO‘" HUW do we
describe this mq’rkew)ahca\\ ? Weneced to nhroduce a ﬁ““’,’H"ﬁ thatwill

be cdlled curvature and show how 't agrees with our vague muthve
dea of curvature,

We will inbroduce fhe ' Rlemann curvaiw-c Jmnsar " stweva\ s‘eps

@ Car‘cs\aq coordma}‘e: on. IZn where wvana.n*"-ovdmary aLnC(-ﬂcrcnlﬂqhm
So WY Jb_ Y) "ZL)JYJ hence

Wy =W %) 2°= (W) X" [W2] e Y™
[Z )JXJ] RX - [%l,‘) J] kY ) “ tx‘?aﬂd u§|n9 Pmdu.d' rule
= -Z iRk YJX -ZL >3k X)Yk\ swr}clq c*fmm indices on )(\Y

k in Hhig use dismbuhue
250X — 2Lyt R S ems

o COWYNOY ﬁ(c‘-a(' -0 \a.s‘\- 2 "'CMS,

use a\\s\'nbuhuc \a.u
= EZ— >)R™ 2 E)]X‘ZYJ ‘\‘ Z)j YJ Iex XJ hyt}

\/;65\1& «Pa\"hn\" o — [X ’Y] I
denvanves commute [-VD(\Y] } {
s [~ - qu lz2s0

SGCmo\ orzler' d\ﬂ:ertrr"‘?a\ o?erajror ,

T dher words Fhis second, order differcntial operator on vecor fields
is idenfically 2ew on R, This will betrue no malterwhat comdingtes
e u$e+o CXF"CSF 'ﬁ\e oggm{'vr,



@ Gordinate f\’ame caloulabion for arb\h'a\y wordinates on any space,
We Jus\- have 4o indlude 'Hwe wm‘wnevﬂ's F‘H\c cvnncchoo

(% 7)P= @5+ MhmZ™Y
(vxvmi—([vyzmm‘m[wz}m)xk
( [@5+M5mz Yok + e (2755 ezt )X

) S

ex‘xmd u S\n9 Prod'uc"\' rvle
:{(‘Z')jk AT 2%+ T eZ™1Y 7 + @542 Y
25 @

g T
= [¥‘)h 4 D _)MZ )R"' r' h"l'\% )J + PJM)YZ -+ r‘ R P JPZP)X&Y

N ® @ C
+2)JYJ,\<X‘* N n G A% slbhe
Sy mmetnc @ o
S n(R)
Now\-f we gwi*’c\q Xana\\/ " ste fownulas .
@xV\/{\\ = (.-)‘okx‘e\(J R
| [VYVx 3 A o A St ;..=;_:\~J‘m XeY2 4
;wnh}no\ummﬂ
|nJ:\tcs inthese -

o OB (Y[ Ta) x5 |

Ferms symme\'hc n Qk) cancel out e

‘“‘HMCV)(V‘("V‘/v?-\Z (\" im,e ~’\"‘ lem, ) +V’ knP m —P onP“zQX‘ZYth
‘ @ €y

5 ( YoexX= X%, \c\/k}
\/—v
[vD(\Y_] Z ]

flO‘é




so the vesult is

-

(TxWy Ty - Vgan) 2° = Rimej XOVE"

where R Mh) P Jn l P kn_) +\" Rnp )m"rl JnP km .

s opera’ror s qc\'ual\g linear in X:Y, and’Z e dcﬁnes ‘l%e
__cmponents of-a ersof‘ field
R= R'mk; & ®w"’®w‘e@wu\
which {s explicy anfigymmetric  its lasi" pa\rof \no\!ce_s
Tris called the  Riemann curvature fensor and the previous a\cula‘hm
 shows that in TR” with the Eiclidean metnc , THscuN«\we fensoris
dentically  Zero,

@ Caldlahion 1n an arbiirary frame o
erts of this Yensor in an ar\»\ng Jq'me are

Rineg = ROIEmnS) o

~but VP- Cr= F €

VCLVE.) e~ v’& ( P .)keQ} 6?6 P f} €t Pfukve‘ f.e
:@ka,L + Fe‘mp Jh)eg nchiéns r‘mg em

’ - M suitth Landm
and v{ o3 ﬁm?-VCn»%_ Ce= C) Ve  byhmeadky

Cnpmk e,e
o 50 ,
, (ngVe “Ve_;Ve‘ ".vCe e&)]ek“ (Fe.)\e ! -t 1), )"’dn M ml‘ ,

P e LT L m>€z

ammassne

. e
S (09.




The on\ d‘ﬁtmce is '\Sf\c exiva s\'vuchre fMChM {jcm» wl’»icL\ appeacs
QoMPd)'ed {-o-P'\c covdinate fnme alawlahon

We can (ower the fisk index on the cunvahure fonsor o dobn a
,, @}knsvf wth gmpuments Ry = Gme Wi
One can show that this lensoris anbisymmetnc n s firsk par of
mdices aswell as s sewnd as well as under the infrchange of the
fwo pairs: Romiy=—Rmnty
Rmnji = — Rmni)
, kmn iy = Rigmn,
Forq ’l-dmenstona\ space, H-has therefore at- mos\' wne mdzpenc\en‘\"
nezero component” - K2z, o
In an orthogonal Jrame fhns means that RY2iz is the smgle
independent Component,

‘eretise E«;r ‘]’\me Q—o\\mcns\unq\ quces -
\) cghndnca\ coarqu"-es {P,Q} on ‘W\e F\cme z= O [@5 d(?®dP+ ‘DZJ\P@JAP]

2) sPN,nCu\ coun\ma\-cs on '“'\c sPhcv-e r‘— r‘, ’

) caleulate the Sl\qg\e lndz?erx\en)r Gam‘aomrd' R'2i2 of‘ ‘H'\c Cm\/ghuc
fensor iy the coow\ma\e)c\'« . o
b) repeat v iy the asseciated or'\‘hononna\ ‘ﬁ'ﬂMc {'D ge+ R' 'z‘

Y EYcise

Vertfy thal the curvq*uve Jcer»sor of Euc\\qu Rg U‘\'\'SkeS e T |

aj\mdnm\ coovd\na'\'es Note that af most 9=3x3 mdependerﬂ' Com‘)Onef)'tS
{R%31; ) R*ij, R QUI (1=123,31,12] needtv be checked.

o




\njrerpre’m%on o( Curvature |

7 vaahu-e 1S a noho»') (n\re\"Selj rc\c&'ea\ +0 rad ius
ofcur\rq\’vre A circle IS more curved lf i+

has a smaller radius | less cunved ar “fla(-}-er"

_ lf thas a larger radius, Tn ﬁc’r in mullvanable

 aaloulus  one leams that the cuwature ¥ of o

arde 1s the N?C\P'fbtd‘ F'+5 adius o, o k= /("o

AS‘&Yu!\gwr ne con?g\g»no\s to the imiy 20 and has zero cunature,

(,'. For an arb{‘mry curve at each point we can delermine
C’m ~a ardledf best fit 4o the curve in the plane of the
/o tangentvedne €'0) and ts denvahive (osculating plane

2% and osculahig circle) with radiis Yk in temms o the

mwcdwc a{“H’»e 91\/cn Poirﬂ' . Cﬁudf this in ﬁZgor ﬂZf’]

To \’)and\e waa"ure ]q)f' Surfuces e [E?’> H~ +um; ou{’ we can alvgqys ﬁ'nd
Hwo cwdles of beskfit-ot ng%jr ang\cs +o cach other whidh
 best describe how the surfuce awrves at eadh peint.
~ These ardles may lie onthe game side or oppostres of

 the tangent plane s wh an ollipsoid (upper figure)
_ora_gaddle surfuce (lower figire).  The cunvature

) (S '}uhlﬂ '\'D bﬁ . e o e e qull 0{: 4,‘00 C‘\r't:kej
K= =+({)(m) et

Z C 4+ (€ same side

lncrcasmj cither mo\ms 'ﬂa“ms ou\" ‘Hne gurface at the Pon R

A cylinder s an examP\e where Oneof' *‘\Oe '\"UOD mc\\\
“hag become infinite , so one of these two ardles of best-
At reduces Yo straight line  leading fo Zer cunature.
e

_1—' I'F"??"f‘}eslale; e




A SP\‘)ert‘ has both radi cq,uq\ to s nadus ot each Pom\' \caahn9 to
Cmature X = M2 Nohee thar wnaluve has dimenstons af

mvese length 1o the L-demensivol cece and of inverse area in the
2dwensional case.  The 2-dimensional cunature amcept generslizes

o andhon of  cunvature in_higherdimensional Spaces.

Picka 2-plane in e fungerk space af « guen poirk:

| // / s can be done by specifying Hwo linearly Independent:
// qungenx' vechrs X and X . The 2-vedor XAYL

_ contains ba‘l'\-; onentahon mﬂ‘hon as well as \eng\'%

oQ?;ounhnq qwes an qréa oF 'T‘ne. Dam\\ebmm ‘GDFMCd \g ']J"\e {'Uo
vedors,

- Now mu“\éy X QMY 5\) a m«\\ cnouq\") WS!"\V‘C nuvn\agr € 'ﬁ')a'\' we an
dentify them arth Jnrec\co\ curve Seqmcn% n the space teelf | te the

_a QODLG‘L@Wlea\Ion‘}V partof e Space r\se\ﬁ The paml\e\oqmm i ﬁ\e Tangent
—-space. mggbgm&gq:m\_ql ds a dogcd cuNE 1N ‘ch o

S‘Ja,(m'\‘s;\&hc‘gjjmg and ended at ‘Pnc po_m\' r
oour disoussion,

) - thc any &ghsm\-vu}w- '-Z q’l .E and Paml\e\ o
P X hnswd'r\'arowd the loop. Tks length musk vemain anglant
5o armost it can rolade relahve b tts _onginal value, The dfference 1s a smdll

 roYaion which we have seen 1s descnbed by an anhsymagine matnx in an orfhongmal
,,(ﬁ"me jh‘s dlﬂ‘ﬂrcna is QPP\’ox\mq‘\'e\q

(2

e-=0 Mo\‘e'ﬂna\' I‘\'S’VC(\U‘e ts -

i
CAZ A K .)mncd-v €

T opproximaion gets befer s




ywpor\'\ma\ fo €% or more grccuse\g) $o the area of‘i'hc |

‘ _‘Pa,m‘do‘gmm ]("ﬂ')ed Ly IandY -

e antisymmetry in e l«s‘r pair OFWMS means HmL on\

“)e o onen% o{- I/\Y 004’ I@Y (m\‘nbu*'e +o ‘H’»LS value
The. ahhsymme%y of the _ﬁfﬂ’ pair o]clhd‘CCS when both [oweved |

 mMeans Wwﬂ'm an or honormal ]Cmmc the mixed mdices are dlso aojnsyvnme('nc
and hece the mabwyx |Q ‘M) (G)QH(GY) .

) ,.,Arevn'sm\rs q small \mhhon (,shich whencm’mddwlﬂa ZJ ro}u@cx * by
ﬁﬁns gmall amount, o \mducQ the 1ncremen§' mZ,

- Hux fixthe indices. @n) e Ry, we are lodeng of the
 subspace of the tangont-space spanned by the frameveches  m and €5
o YH" and WX na wovdingte frume, The remaining 2 indites

 desonbe the small \rvjminér) (M ‘P’)e sense of 'H\e ncrement of a vedor under

 bhe m\‘uhon) a%ocla"ed er'\ \'\m\— Z—Flane 0[‘ direchions.
 We an basiadly fhink of The  canvalure Yensor as a hnear‘]wnsf;m«i?m_
 Volued funchon oy 2lanes i the fangent space.  As long as e bave

g weme oty Euclidesn 5y ndfure as we lave assumed i these

d'ScuSS\onS ‘\"\C h"e“f M"SEW'M\'W?S (’-ESCHLC mlc ch‘wangc o(:
Cowhes,

 In 2-dimensions , the choice o 2-plane 15 fiked (he whole 2-din
__fangertspace) and o single number charadenzes the rale of-change of-

~ a rtation n that 2-plane , explaning why the curvahwe tensor
Chasonly 4 mdependont component  R'z12,






