Covariant o\'\ﬁerenﬁqhén q\ong a curve and Parallel Hranslahon

Suppese we have a chmme‘\‘hzéc\

c'(™) crve CO) in R with fanget vecror
shndari carkenan ords

C/Oo): |
CO) , cm= (C'k),, ,c”(hﬂ , cim=Xx (k)
c/= ct’n I
| | )
‘ﬂ (v § genem\ COUWA\na"? Sgs\f"') {Y"’} deﬁne qna‘ogoulgly
SN = Xt el (evaluale coovdt funchons om curve)
5o that (= TV L.
e X cw

The equivalence of these two expresstons for /() isthe chain rule.

E/qmp\e. On 123: Carlesian o lvdnal SPhen;o\
KX = (Y,2) F R = (0 9,2) | X BEX3)=(re,)
X = 2sin0s &5 =c' P =280 =CM=C) | r=2 = =c®
y= 2smB SN | @= A STHRHECH (0= 8. =TV “CO)
2= 2050 =c0) 2 = 2058 =TI =C20) |@= A=TH =CYN
dxan = -29mBe s =0 |dpdn= 0 =T'6) = <P |den =0 =TGR =T

dysdn = 268 A = C20) |d@dr=1 =T = CO) |do/ar =0 = T = c®’(»
o) \dn=o =T =c* 09 o/in =1 =T 1= /6

dedn = ©

C'N= 25mb. (- Sm?&%i\ ’rcosh}a\ )= D%”‘coo = ?Zp‘ e

»
for 2y 02w 'w"S s a edcie—rone revohihon of a circle Which is a
codinate line °§ @ bt cylindnedl and Sphencal coovdinates.
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T §is any funchon on K, therthe dhain rule states that tts denvahve by
the fangent veckor C/(x) ot COM is yustthe denvatwe of { dlong the

g;urumetmeo\ arve ar that ?o;'ﬁ’
VCI(I\) f = C’(?h:f = t‘i’/()s-)?\a:__{i ! dX( i
IX e 0\71 | 0><°C®
=3 [foc(0)]
dx LY

Since the covanant denvahive ofa 'Vﬁmc\"l‘on by a hngen+ vector 1s the
ordinany denvative of the fl:\nch'oo by the fangent vector this relates that
avanant denvahve o the denvahve oF the {\mché-q along the curve,

T
““V'y 1L ’CL“!VC
We can exiend This Opemhm +o tensor ‘ﬁelo\s o measure their c\nanqe,\

with respeo\—’ro covanant onstant ensor  fields

Prelimmany example j: =xy= Fp?sinze = > 2GS

YVoor £=Zsm6 (=swr I F esn X )] 2swE (s {ZsmBosinag+
! = 25N (—5in 0 =
c'(» j’ | ( ™ + oshy (2smboassh)
= 45108, [ws22—sin?A) =  4sintBo Cos 2n
__.____.._ﬁ_O_C__w;:ﬁ_ . = : 2 __«_:_._45“:}2 _________ —
993 z  Z @
or = VA (1r25l0195102¢) \(m = = same
exercise . Ewvaluate -VC‘()‘\\) -g -J@r 3= XZ‘HQ.
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Now WP?Uﬁe Y IS a veckor \‘thd. “Then genem\ Covrdlnaks

[V YIt= Y55 C 0N =(?L,J + MY *)C6) L
= Y5 O+ T IO (&)
=d el 0 B e CJ”(x) X Roc () y
d%L } "b\/‘JJ | JR \rV‘)V. Iy
g T\\ mn-‘rn(mum
= D [\f% cm»] = [ c()q’\L Chdngeoycﬁ'ame
d7\ LH dwng curve .

where in the next fo last line.the fuck that all cw?)ncn+ funchons are
evalugted at c(® s made exlpl\ﬂ‘\’ (Suppres:ed eorlierto avoid ugly

cx?re55l0n5>.
Al we need o know about Y 4o evdluate the covanant denvahve along
29

Tharvalues 4t all

the curve are ihs ccm?ohen‘\‘ fmc\'lovus along the curve,

pounts of B2 off the cunve are irrelevant.

confinuing example let X= Y %ﬁ‘X% . In Garlesian wodinates D/dA

sust reduces b /X of the CDM'ponen‘)'g of X along CON
_..___4___M‘DX?@)__-_—.__§(9<> . 2y 261 E@fx p) ( —Slo) Q_l 1
ax ) Ma{}itn *%xﬁg}@{— OXlegy MY\
In cg\mo\nca\ coovdinates 6“570 = 8 & so _CT) E(C{(’\ﬂz rl 'qalz and
Xf=psinlp = X¥=cos2@ > Foch)= 250 sh 21, Xhch)= @52
Dxe. ciXPJ, [ (NX@_ 4508, cos W — 251900 S = 2¢inBo cos2>

dh A 7 s dd\c )
_______ f’_}" given on page 5 ™! R S
P 252 + (fZ;u;Sost ) ="=sn2x qnd%j;zro>

¥
LT oLty MpX'= 25mbs
DY Z 6 w2
ocly) — JCos2n & | — sin
so 1 = Z5sinBeCos?2 5‘-0 o 33"1(@ '

e ‘%ﬁﬁﬂf%w\%ﬁ"&"ﬁggw*%qiﬁg Yransfoom of

Carlesian egpressian.
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One_an do this for any -}fnsor-f\'e\o\ T

T T T \ . = =teles TR \
DTech] = dT55@ & 1@ TG T 5o+
) o ™
an - 7,78 . - .-
- PZRJ"CO\) CW()\) T‘ e
which 15 Just f:'(?,./, T.\‘ cesehy its ﬁﬂﬁ' Term (‘e-ex(‘)wsseo{

Uging e dhain ru\e

Te f’)d"né IS tovanant_gngant <o [D 9°60’)‘B )= an//n C” =0

1., the avanan-denvshve of 4

the meln¢ alony any curve is zero,

TEC Mos any wvanant constunt veclhor ;ﬁeld N 7Y =0,

then i+ too will have \)C(h\SLn\hg covanant denvahve along any

curve

o= [ D \(accx)\ d Yocld L 0 3&”@ g8/ TRt
- ldxy ) “dA

Nohice Hhat e\/erq‘Hm\nq i~ Fhis 1Qrs+order linear ordinary dif{erenhal

equahon for Hie ﬁmdﬂons Y °C(>*3 s o Rmd-aom of 7 alone,

Suppese we just s‘pecn_(j arbityary parhcular values

\( L(C("ﬂ = Y

at A=0. These are infhal condihons for the differenhial equettion |

whidh then has a unique soluhon —C(h) Then we have

succeeded, N dcﬁninq a_vechor °(>D B ]w) along Hhe cunve

whidh doesnt c(r\anSQ s cowx\?oned's wr\'l’\ resped' o a Car-k%'\ an

;ﬁ-wne as We moge a(ong the curve,

This process descnbes the Pamue\ ‘*‘V’MSPOF‘\' ) a{‘ the 1arhal fungent

vechor along the curve,
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DYy =0
0\'7\

From the D»-cwous exawle\e the Qéluqhdﬁs

Con‘hr\umq e,mmp\e

are QY? 958, %= d MO @YY du'_ |,
an —> <« d»

A 1442 |

d‘{" 1 = a(2 GoYv =_\FP oy ==0"
T e L Ax( smbel™) =—Y o

Q"_\(_z’:: a-_Y.\}:o d—ki—? = O
% aA A7

Tistsa wnsiant coefhcient linear differenial equation which ts studied

N evevy fms‘\- course on drdinary d‘ﬂ:e"t’*‘"\\ equatons |

In {ac\'m"more d U\~ /0 \yul)

dx\u¢/  =lo 4Y

wHh page 8\ rewﬂ\‘\Cr\ ﬁr +the m\'a*]onog '\'\'\c vaﬂllna‘}ej X and¥f |

D\ (e -sn8\/¥) d (%) 50 wsh\/x) _ (0 e smb)/x)

X d
@)‘tzs\ng @s8/\Y/ oI/ "‘(059 "SInS/w/ ‘Ql O&Smg cws®/\Y/

/O‘\/X\

O AS)
Idfnh& (73, u\) uz) with (9, YY) for soluhon - (and of tourse U3=CMS\'.7
= @05%){45 *‘é"\?\)U% 1 . 1 P NP N ] , S
Wr= ~snp Ul + cosn U3 (h? et back o X751 getsolatrors
W= u’ J which Vt?v-eseh“’}' the coluhon ﬁr—lmhc}\

. P P 2
wndihons o, o) ) 16,

oF course we Jgows this Just represents Fhe wmponents of fle weclurfield

4 %}%‘Dt €y (—- Y(o)% +Png>§(,,+ Y(%‘-‘)?'%Z .
5 r)h\mcg.\
O@ g=o _» 355 =< amponert.
,A‘\mvl_‘,ab “‘\'\K IS au(\"‘h) give you-an \ded L\om 'H'HC

can be done in phnctp\e
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C(-?:\ /ﬁ
A M 7

v Suppose we have 4wo ?om'}'S‘ Pand Q and
K //’ two curves  S(%) and €0 with

KY“’) )/ cO)=e0)=P and EG) =C02)= Q,
e =

7 - /(7\ 5 Tfuwe +mn§por5' Q ﬁmge'ﬁ' vedror Y at B
\&

q\oﬂ9 each curve 1o, of course we'll getthe

same result, Ths Pq-Hv; fno\e?endence aF Pam\\e\ fvransport

on R 1s a {edture of ds  flat geometry i

" Parallel Fransport " s called 'thr-qne‘ " wa—ansfor'\" becquse at eadnh point

on the curve we move the vedor o the aext fangent space so that ik remains

Qam\\e\ to the\g (and dlso has cogrant \mg{-k\)_ ' broud A

This gpemjnon jlgrov\o\es a
qu nechon”  behween any Mﬁngen\'wacey‘\v ?omﬁ‘ connecked to eadother bu

a Sm?\e ave. Every vecdhor in the ;6\'5\’ ‘*‘Aﬂ\gen‘\' space can be transported

a\ovxg the curve o the {'anged— space ot the second Po]n‘\' (indeeolang other

pom\'m the curve7 es*nufs{nfnq a_vector space isomorphism befween them.

{Yh‘s mapping also preserves canqs % aqq\es so i+ maps the EBuclidean qeorv\e\'\’\{

2t
aH)he, ﬁfs‘V OTA‘D Md(— 'H)c Seamd 7 For ﬂx\s reason QG mvanard“a\er\va'\'\ve

ona space Is Oﬂf/) caned a " Connechon , and P jk are caued 'Hﬂe

" Comy')onen'\-s oE the connechon l.|

|nner Qruduc\'s ( and so all \en‘fﬂ"'\s ano\ VC\(A'NC a'}g\es)o(: "h"lf)eq\’ vec\'ors arc Pvc;emeo\

under this opcmlno'm since the mebng 1s cvanant constant

9u5k07 DOV 9115 = 95k C*by = o
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NCRAORS D (g =gy K Y+ g5 DAV gy XD
oo T 5 o ™
funchon =3 ‘ o
Thus if X ond Y arc Paml\e\ trnsported _along the curve %‘%L:O:%l
we 96* d (9157(‘\{]) =Q ie ‘ilnelr inher Proo\uc" is a_onstant a|on0
the curve. M Trus  (X=Y) lengths are presenved _and janer produds

fy& unitvedurs (aw\é) also,

A( O\C *&'7656 oroperhes are oLV\ous i{ we wor\@ o) }ems o§ GL“'\'@S\GG aaordmaﬁf

where pa\rq“c( hnspor“ amauﬂ*s}v Ae‘:mmq a J,engor a\onq G (urve whose &rkﬂao

cum\mo.\f fame CMponen% are_consrants _ but they are not obvious workeing in
! 1 7 4 4

4 non@!"\ﬂ\a;’) cowdmai'e sys{-cm or- o 5emm| mee wl')ere vv-er‘y%lr‘;ﬂ

de?enok o j\)OSi{'\éﬁ,
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EVeryloodglg fovorte example & a carved sucfuce 15 a sphere 1n 3

which we @ fake o be g cordinate sp\werc r=o n Sphenca\ a)ord\ma{'ef)
leaving Hhe qna,\,cs, fand ¢ to serve as wodinates on the 2-dgmenstonal
Space of Pomh— on that SF\nere‘ Their cosdinate lines are the mesh of
ines & longthude and laHJmAe)dHno\gb for the lafrer we measure the
la¥ihde as an ang\e ﬁum ‘ﬂwe equabr nstead a{: the Nordh fsle.

Supvoge we fake a unthvedor at The
North Po\e {‘M‘(jen“'{b*‘ne Sp\nave ond
making an angle 30° with the ¢=0
wrdinale ine, Tf we move this
Vechor down the e of longitude ¢=0,
so that i remains 'l'clvxgerﬁL tothe SPHere)
but mam\-ummg q 30° ahdl e with reSPea\'
fothe diredion iy which we are mwmg 5 then
O'FCW"W 'tl“e divechon of‘]"we vechr has fo dﬂange (n avder to remain |y the
2-dmensind {zmgm} P\ane fothe stev-c at eady Poini‘) but apa& from this
Necessary rhhy no further unnecessary rolaton occurs. Keep on 901;19
avound Fhe equd‘}()l" as shown %nd then wme back up }o the Nornxpo\e ,
vhere 1T wil) now be q_’rqnqnj\ecﬁ% the lne of longdude  ¢=9,. RBUT It
will be mlated by an aﬂj'c . with rcspc&ho its iaha) direchon !

—n‘ﬁS is {'L\e manl{;S"ﬂ"“;ﬂ 0{; CUNGWFB, :EF you “'mnsporjrq ved-or around a

c\osed cune Wy a curved space, it will undergo o rotolon A 9en3m|,
[Or\ some curves may net — ﬁre\(an‘)le on any ‘gv'crc"ca'rc\e , 'H\e abwea(era;\o
will ot change the nrhal vedwr wpon cwnp\ahim of- one revolut én:]




orlce
X s clear fmm Hhe geomelny of sphert ca)

coordingtes that- the orthonomal frame

ier ©s )ee} (s \)ara“e\ ’\ans?or‘rec\ along the

v oordingre lines. These curves may be P«mmo*ﬂ'lcd

by r=C=x CTH=) cloh=TVorZ| = 2| = ee|
&= co(N=e, O (») =0 U ¢y .

7
o= C'(M =@, C¥M=0 1Xi={r 6,3
Since ¢ -is tfself the uat fangent veckor the avaront denvative along
Ynis cueve \:sxPressco\ in e orfhonomal ’)q'ume is
A
DXL_ dK‘.\.FQJCz&R—dTL ru -X-J
dx
Le“\ngX be one of the vcohrs {€n€g,e@§ resubls In cons\'an‘\’ components
I\' CE’FQY“MP\G C€r3t 8"/\ > So the +erm dI “/dx vamg\meg
R ] T‘)e coMPonen\'s p Jk are g\ven on ?age IS n
PP5s =" =-Oge  [Pgge-r =~ 0gs  Mgg=—rioto=-T¥s
Thus ‘ﬁ:rexamp\e .
D[e )t= d Erl Pesfesld = rher =0 - ?d%xe? —°

says that € 1s Pum\\e\ fransported dlong thas curve,

V€T{§b “"'\qj\‘ €8 s also Pom\\e\ ‘\’\’ans‘)or\-e@\ a\oq$ C.
o) Fiest use the orthonema) f'umc as in the emm‘a\e
6) Next usethe codindre frame jwhere  C'N=ef=er and
)= 0, €61+ [€3)7=0 e S page 834
(‘lere:P‘QW:r"‘ \""-ee-=—\' POye=r , r Qq~—r$t§9 Y Qr-

PCeq= “ccsﬁsi',’e,f’ ‘o=@ and %%L O\I’k + V‘ " Y‘?
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