Laplacion and divergence and gradient

The d\ﬁermha\ n—£ Rmchor\

df= £,iaxi £i= 25 = d5(55) (o fame)

df= £, i Si=ef=df(e)  (ach frame)
is_a__covedor §|é\d ar _1~f0nm f\'e(d o s‘"’{"f) a .i*fbm n the

shandard terminolegy

In_Garlesian cosrdinates _on R” | the gradient —655 grad §

a vecor field whose components are the conesponding parhal denvattves

of £ (G471 = g9c,
J VO] hd JoJ

= stic. 2. = #
gradf = -V =8l ge = df

Tne Knonecker deltn ts necessary 4o vespect index positiening and tell s

as That we are ac\ua\\g using Hhe Euclidean metni o vatse the

index_on the 1—6)11'\ O\:f +v obtain a vednor‘uﬁo(d %)f

The same relahion  can be used 4o evduate the grudient n

nonCorlesian coordinales or 0 a frnme ﬁr the Buclidean
metne or any other metric

grad§ = V = @)% = 99§ 5e

o hile. 'khs._d«ﬁfgmo:l'ualm,dﬁﬁ*cﬂ_leﬂda_mdﬁ‘xndan" af-a metnc,
e gmd!cnlr only can be o\ef\neo\ with the use of a mehmic,

For a fundnon | covanant and ordinary differenhiahon condde, so

one can_also. wrile [.'579:}1‘: 3\)f3} = fits AL

n other words the olpem\‘or' \-:'7’ = dfo \/ consists of anvanant

differenhiahdn followed by raising the dewahive index  when achng

on ’Smcho'ns.
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)=

T 9= 95XV = XV Ixf
H®= (%S

= -
S~

,F.’;CU’"" .If a Ved'or' 'ﬁeld X is ‘l'ar\qeh“' +D a

el hunersv\rﬁace 1C anst a{: {he gmchon ‘(: then the dernahue oF F
—_alang X \s_Zer uhid« m?hcs that I S or“noqona\ o 7? or_tuming
4 around, _the qmo\len{' iS orfhoaonal o the space of ‘lanqer% vechos

whidh dre in Faz} hhqerﬂ' 4o Jr")e level swﬁcuu 0{: -F at mck pom'\' e

is_a_nomal to the fangent plane, W:Jfkoulra mehnc one only has

+he_differental d(: whasehyperplanes in the tangent space descobe the

inear am‘)n))qrv\«“'tm to ‘\’"mc mctfmen'\'o{: '( Quay ’Fmrn each pow\' and no Wm‘\\‘

c};lmdnm\ and SID\'\SWC&\ coovd{na-l-e_g,

In Car\es\oq mordindes on [K the o\\vemence o% a veclor *Ge\a

i5 guenby .~ QX‘ X =X LJL

awv.-a = =Syt

XL

Since cwanan*?»ordman,j Iecihahon concde here‘ by the

Aef\mhono'f Cdvanan" o\l%ﬂcn-hahon , O\\VI has ‘i‘\'»e exPh‘!SSIom

ST ol o Y P = LU D ¢
LV LI A L = 2 F] (% __q, ) & t J
Tﬁaﬁg‘f?ﬂm € o (o0 \’UA\I nd't"e S ys %‘C’V) .
eyercise oLPS) c\ﬁec\m% WuS eLess ow\) |

let X= X?R*Q% J = rsind [5169 ?,:+ C°59 %ﬁé}

e

A mb97 _check_this result for
8\4““5@/&7@ d!\ec\z.ma fhat de 2 _in C‘-I\mo\ﬂm\ C&rd\nd\'es movre "‘L‘ccv’y

ca) coml ma+e5 e



= $9% [ 9eie-%iee+9m)] + 1 (Clie=Cip“ +Ce ;)
M= 1G% [ 9 p-Qimet+Opei) + 4 (Clip=Cir' + Celi)
Y éJ -7 7 7 e LN 4 &N 7
: VY
= 1 41002 . Qe R - 1,0 . v, D
) - 29‘ gﬂ‘;h "‘(2'9 9!20)!? +‘\7'_9 Jre,i "%CLRL_%C ki "'éCh;tﬂJb
’ \ ] [ SR :
\ 9“¢ 9y L/\ji : /-J/ |
e — - C ke / '
o ;
- - = N %"—%’”‘l
o= La¥®a,r v — Cles =y I Pwefn
.................. Nie= 49" o ) g A
C}vftjut' &) -
. N
To_get a simpler expression for the metnc S o \Qéz:g.{-j
=/

denvative ferm we need a~ asde gn the

delermnant ‘Jﬁmc\'\ém

6]




Aslaﬁ ( Part A, WVIS‘\EO\)
D‘\ﬁ&m\‘la\ 0& det
Recall on page 54 of part A the f;)mu\q for the delermmant of a maax A

- i‘ P .
r AD‘"A N % — C - . (’1...\ q.l d‘\\~‘Jn
L W 7% g')(ﬁdh — C““\m A, d‘ A SN} ] M-

— M
de’rA €31 in E’J' U = €J' Jneh ‘in A\ Atnjh
(/v—\..l____-—‘ \/"\/———-—-__—a
— ak = § o

SO det A = 6‘“,. i A“J. Acn Jn 5}';'{(5);"% Aiﬂ.i

e

Define the c0&oh>r mahx < ,
Jn- 1 T—
B f = G s s AT,
so that det A — YO(A\ J" A " = Tr dA)_/_'\_ .

Jn — J)i~dnm In 0 P AL
Then Ay i, A"y =L ST AN AL A

JA-) J o~ A']\ A \n-) In

- . pea ) A
E"' Cipe imiin Y0 IV Gy R
G b imin J
—

 Ciiime detA fmmmder

g i eI 5 ) ontachor fooml

Mg e Joe ks | 0N page 56 \7«&1
— (de\_ A) 83'1

e, BA A (ae+ A)I |
i Srifdet Aot @gkA)ZLQ@A) A=48
~

- e
[} ’. ﬁ |

wWe Nave denved the ‘6>rmu\q Jcor the wmverse 0& A.
( achually ECAT is_the ofacor of Ad L — ie differs
by a transpose f‘om the matnx of  ofaclors, |
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Now by the vaduo"‘ rule

_d(detA)= L F\)‘ J" d (Al Ai“i)

H' < 218

&

k,—\, [
dp‘“b\ 02T A :i)dAJL T AT padA Gn
— pr ‘
SR AT AT A, (o ke propecty |-
= ,nﬂn f1em m i1 Jn A dlln tems allapse |
\ P n fmes fast /-
\‘:JA\JY) 1A L"_ fem L
= (n U7V n N
= Tr (a) dA
c = 2
Soif det A =D d (detn) =Trjdet A) A7 dA I
e oA — -~ ATl A A W
or d(indeFA ) ="t 62

Now N’p\qce the mq*‘r;)g A bq the matnx g

B e et e B

Yol can fwge,{— s dcn\fa\—wr) {pr now

[0S0 —sm‘(.p O\ /0 —| o\

e

 exerase  The mahnx &ij b"‘(’ w‘e i) Qd&dl &) ) d(p

OF' H\e exedise on p 50 (uorkcd onp S"B) IS an or'hoqoru' ma+nx erq un.%dekmman{'

so what s Trada"' ({ef A=A lhawﬁ“ﬂ““) 7

)




Rd‘um'bg -{-o'Pne Sé‘&- Cm\'ruohon og 'ﬂse Cow\?ovpﬁ"s'q‘c ﬂme aanant
denvahwve

\ i v
D= 29 0ot —Clet

. ) ‘ VY 4
50 dv X= X'+ MreX®—CheiX

i ete) e
rya

L belaHebL

(deba) ™ [(@eta)= X '],

( 3nce by produck e = @e’fg)‘b'f@f@"ﬁvl’z;t “"‘@?\'3}3 3

A |
g =X U ¥ In@ery) °3w X

/ 1
div X=  detgy™ [@e*9)VLX°]' =X°-~ ‘ [coodinate)
- = 7 Cme 7

R DR ORI /(“"b)

ocercise  Use this formula fo oomgu\e div X

S?\\wcal coordinates  for

n ?olar and
_X gwen an Ppage Co.

__Nohce that the dwemence O?€m+01‘ 92‘_@] pvolveg the meinc Hﬂrbulg\q
the fﬂcjfof Ge"'&}yl = Ny whidh is the compooert of the
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untk velume n- fom associated with the metric | T does not care

qoouthendwidual metnc cmpme'ﬂ‘s. Ay memcs whose amt

volume foms owincde i ) 9\e[d the same d\vergcncﬂ o\laemr\'br

'_ﬁr‘ veckor ﬁé\ds.

5600hd CO\/anaV‘A' den\/qhves - nO"'a'Ll‘on

T_)h)g fVVT] RS
IS_abbreviated o T 32 5

n_other words the Senrs\—co\ow) s used to se?am\c 'Hf\c addlhnng\ |

ovanast denvahve Indices from the ongina) Yensor indices, nomaller

how many extya denvahve indices are added

R a Jﬁ»l"\ChOf\ V'C d—@ .:E;Z OJL IS ‘H‘Ieflrﬂ'

W

ovdnant denvahve ano\

VV‘F 4'1\&)690))

s ‘H\e second covo\naojr denuahve. The same nstahon ls€><\°'\d€v| +°

i‘\icmma and ordlf)w’g Wfeonh ahon: £y = JC, 1)

¢a thon

The \-qp laclam is o\eﬁned in_Cackesian coovdinates on k" by

V%‘ d;ygmg(,_\f— = éf_)_ , ) &U :f *[ 1}* C _~%;¢;L+ @x”)z)
'Pﬁefefke a0y 'hmmgz.“ar;_@wqak sustem one las R

[9% = v gua = 95835 = @6:051

Slnce 9! 5. = T
s both the mehnc 8 1vese

ekee ave covanant-€mstands- -

raL1slog +he ﬁrs\' denvatve index

and 'H)er) df%*—t"\“‘la{"lhg aqain

s eqivalent to differenbahng erlce a*\d"H\ef)

CUYWTU.ChnS Ulh's 'HSe THvUerse ™ M‘o*i'nt

b




Using the formula {:r fhe dwergence letng X= %f:ﬁmf}’wege\'

/ Yt : , baf)
Vaftd\vgmdj: (detg) 2 [@et9)*e 9155 1,0 - C%ed " F )

e .

vanishes
B "“"“"zbuvdm*aie@ﬂfmme
______ oerdse 7 (X?-y?) = 2%2 () - J?ﬁ(wt a2=0 o k5
/‘// £ = Yl yt= 0%coslp=5In2%p)=_P2C0S2Q
/ / J [A U r L N 17 1 ¥
/ el COS2L0

c Ar
\ exercise Veﬁfvl the dwewgence ﬁﬁw\as ince (det 9) = 21 r 25149 SP“ C"""*‘

- ML

.. ! \NZ >
v = 4 (P f‘) * _(;._2 a s =
F'zg/ r@ / * #ZEF,‘@ @é D‘Q%}”“Tzﬂnlé 3@ T
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eXEerCiSe, Suppose {xi are_ortegonal ovdinates on 123

g = (hy2dx0dd +(b) bcdx’ () &I ( hylg hy0)

g~ (h)* gﬁ_ﬁba_%z&u < Hb) 2Er 07

I L O RS WA I TN 4 1O
v MNZVZ OR NARN TR

o

Let ei‘—'ic and €S 494 = 'klffj%@ be the coordinale ﬁ'amc

and s associaled Normadlized Or‘b\onoma‘ f;—amej wI'H)

w = dx" and w¥= hiw!(nosumoni),

Venfy the fomulas

2r - 1 b eay ok ey L OF o }
VI =T I T mOXT Y 3z O3

diuY = | 2 (X hehs) +2 (RZhsh) + i X3hiha)
P e L OXT .

of

/‘\

hz2h3 ){:]L& /h}"\; 3{'\ -a—(b___.

[

L
n.:zj_r~ ) [2
v h,hzm[b(' hi oxV/ 7 XM\ h2ox¥Y XK\ h

/A

what about the curl ?

For this we need o explove ancther denvahve 1 the "edendr denvahve ‘

i
o\ which gevsem\\’zes -qu C\‘gcvcn‘)'m\ QE"Q ‘JEAnc“'\GV) {0 an o‘pem-l'or‘

on P*fbnms o "differenhdl ﬁms " (Canfisymreh ¢ covaniant

,,,,,, dmr feldls )
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ﬂore Vmc\'lce Elqluaknq COMPO'W\*S o“l"t’ (ova rant Df"Vaf'\Vé ;
The or‘i'honorma\ ‘Fume assocla}eo\ wl'}‘l) ﬁe orhogpm‘ s'Pl}cnca) Coovqu%e qu"”e
is veldred o the orthonomal Cartesién aodingte frame by a rokshon

| | o [smPas¢  wsbase  —smng
(ep Ce €$> = (ex €y €2> $nG sme s sng  Cose “
cos9 -gind o)

,
el

l

e columns of the orthogondl mabix &' are the Garfesian covdinate frame
components of the new orthonormal frame vedors and are obtamed by
nomahzthg the ou\umns Qf ﬂ,’?- majfﬁx. _._/_\_v’ on page A whw'n 'rc.p)cgen'l'_%t
Gortesian cordinale components of the sphencal coardinate frame vectors.

One can undersiand fhe mamx _@" és b-esulh'nﬂ jc’om the ]L;J“owmﬂ

sequence og s{mP\er— ernsﬁqqnqhép_g}qs\ﬁ &3!’91\_/2);&)3 shorthand ﬁ;_r_h'gﬁmchons

(egesce)

(r,6=0,9)

et L
ez'/ejq o L _(e"* ea,.e{(’\). l(r.eur) . .
76 rotahon by
ro]rux\bv\ \73} 0"'913_‘? “ qng\\e-l- © abou\'

a{,‘ In plane oE—

sbout €3 n Y\qne eg and el
nd €7

of €x,€y to diign
ex with diechon of © coothinde

line in ¢ direction

Cf
74 =




Check that the matny Produd- oF these ﬂnree ﬁc*'or matnces is ‘4_4
Since _CL Is an arn\qgoml ma(’nx) CL a, or (_@“) ng , S0

a = snOwsg SnOsmq osb
2 7| &0 cos@ s smy  —~smO
=sing @S¢ O

Now 1fis a s\\'u\g\nﬁh-orwar—d P)—p_)o\em to evaluake the matmx
— sust a rommnder of ON frame

®=4d4d *‘( g WE) 1 the sphroncl orthonamal frme,

—%S¢ —CeSe —Ce
de-l- Se Co ®Cp —Se de

e ¢ CGSq

=[SeCe SoGq Cé
~S¢ . O

)

i

Qr nonzero comPonerﬂ; of’f\"e covqr‘iarﬁ' denvahive,
SiX (wrs)

We aan also o\enve +Hese rcsuHr j;vm ‘Hﬁe mehc ]%rmula ﬁr an

orthonerma) f"«me '{e }) then 9"" = 9(€e,6’)7 8 , he
the cmponenk oF the heHc are cuns\’an}s s0 the menc com\)ooen-\- denvahve
Jerms i the ]Q"nnu\q wnts\f\ \eavmﬂ only the shuchure &hc")m Jerms

"e=4(Clre- ~GetrCe®), = 1 (Cha-Cllr + s

JR T
On page 53 thesc ave 9\venA(mmwecH3) /t(s‘”“ ""’l'xd’“ﬂ" ngnuial | in QN-f“mQ
Cinp=-to-Chp  Chgm—k=Che, Gy=tore—-che



The . _noreen. wm?omrr\'s o&‘ﬂﬂe @nnechon mus\' have indites which are
~ aFmosta Fermu\'u\'\on of the index posr\"»on: on ‘ﬂ‘\e sty chrc ﬁnchons
Tirgobhing fr amonent Hhakwe knas which fﬁ(&gxmm?s?beﬂﬁ of the

__onnechon_are nonzero, we cwn use the following reasoning o avoid

__evaluahng the fomula for many. gomponertts which fum out + be

On Fqge 60 we saw that 'H\Q Co\sanarﬂ‘ Cons\ﬁncg o{ "Hne mebric o

.. megns

~ Foran or’\‘\nonmm\ ‘fru 9y

 the meinc Cm‘)unen\' matnx 15 the fdenhhy
fhe mabm 0 (P'e,w )

0= 9*1,‘2 3‘»’2‘ 990[) RUT 9‘2P QJ
= Qiy,e~ Miri—TMe)
9[),!( = el +Mie

_or

=6l ano\ gi, se= O (wns\an\'com[:mw('s)
e o dea--—l"lz,)

] le ﬂ\e componen’rg QE ‘\'\'se Couanan\- denva‘hve ace arr\'ls‘gn\ﬂw*‘nc \'\

thetc ouler ndices. This remans true when we rarse the index since

,,,,,,,,,,,,,, matax  and explains why
 evaludbed above for the sphencal
r‘\‘\‘tonoma fmme s unhsgmmemlnc — s matnx indfces are the

,O\A\er‘()al\' of md\ces on '\'\nc COV'\POneﬁ"_S oF ‘Hue co\mr\wﬂ' dcr\vah\le

[Gob‘“/k ~and ‘°°\C“+'H'\e resuft ﬁ“ L anbg,«p@\z\, sus page

and see thot it is antsymmetne,)

Thus the ouler pair of ndices on | €5 must be dishnct
and anhsymmeimy fells us the valveof one invdex ondenng 1n dems of
fhe cherordeniig, Gaven the three nomer independent shructwe
furchons (6 5y arhsymmetry)  fhere arc only fhree nonzero ndependent

omponerts of fne connechon (G by antisymmoly)  Hharwe can
write down .

¢




n\'\ﬁ W"\S h
el s of oo

dishnct
A " A 1 A A 8 N °
Cora=—CTap = 178 = £(CPer-Cor®s 2°%) = 4 (Clae+ et e

VPGQQ, = C?cﬁ'\? -
dishnck
uge i Tl it ecit9-4 (i +c%o+c/@
‘f‘é\f?r? ,—,»c‘f’ge— oo

So n fact we did nolxhm useless werk o venfy ceviain ampenents are
KAILN

What s 1“ne s‘gn\(:\cance of the qnhsgmme\-ry P\mper{—:j of the
matnx W = cr mo.)) M an orthonomal ]anc . w,e,l“\, the

definthion Vé.z r.u o N
Vx‘eb - V)(h e(. = X veneb = P)kbxk,e.) .
dtre.chom‘ CWana.n+ ) Wi (X)
denvahe linearin LCX)
dtrec\‘wn .
“XJ VeJ YL

| A m

The uqmecf fhe 1~form WO on X giwes H\e Mcr\—nx o—f +\3e
Lincar ’mnsfwf)a%m J]L 'Pﬁt ﬁ'mﬂe ,Vec&'\)rf u)('\l,c,lq deganes 'anlr
covanany dewar"\ve o) ﬁ/\a\- d\woﬁbv-, ie. how '{'\ney dr,ange relahve

toa Corlesian fmme as we moe In ﬂrm&— direchion, The fuc(— -H»a{'

this mafnx is anfisymmetnc dells us that in 3-dimensions it can
" be represented by The cng—produd oFu vedor. ('7_0




~ ASIDE ON GRTHIGONAL MATRICES

__ For fhe Euclidean inner product on R” 'l'he comoonen{'s of'H\e o
~_inner preduck are Just 9(&)6,,7 = €€ =23ij
in the shandard bqsls or 1h any orthonormal basis. Tf
R A (15 Ayep B
5 a ‘\'mnsfomq*'!oq rc\a\"mq any {wo ot‘\‘\wonom\ baSe.S) 'Hv.'n
the ioner produc\' ‘I'rmsFoms 1n the ﬁllomnq way

G AR Sma or &r AT Ay San

or i de'nx fvm 5\) = A" Smn A ) -
- > = ATI A = ATA |

, T‘WS , A A dqgcnbes the tnhatnx of hnem‘ '{“mnsﬁ)ma‘hans B
between orﬂ\onorma) bases, The condihor, A TA=T Just

 shabes that the column veo\ror; of A gre-an orh\onomq‘ wrof

~ vedorsin B Such matnces are called | ORTHOGONAL Majmcd .

- ey represent rotations and reflechins of [R” into self,

- Suppose A depends on_a_paramelet A 5o we geta famly of

or‘ikogoml mabnces . Then

A [aA=T)

(74 Bgg=0 [ auAT=Also
| A‘gﬁ +[A‘JA] =0
SN .
. Th\SJus\‘ Says - that the |
mtx B= A'dA =-BT
B e |
is antisymmelnc.




The same Jr’nmg 15 te 1F e dake the dl\fgﬂcnx‘}a\

A'dA = AdA dr
- dn

lns&eao\of the denvah\;e Thls GXP ans w‘\\j o
= 4dd" = @) @)

IS anhsymmd‘nc,r Wcare d[ﬁﬁmka"\nﬂ o(n‘or'”\ogcm‘ayl Ma‘\‘ril)( _g;,
The mabvnix CO(X) for a given vex)nrfctdj H\s us .

the rale f change cf Hhe rotahon whidh the  erthonormal fm
undergoes as we move in the direchon of X, The rate F G‘")ange o(l

q rolohon @n be degcnbed by an angular Vfl“ﬁy.

To understand 'ﬂﬂs SUPPOS€ q Po\fﬂ*of "(3 Ulndekgoef an aol'we mh'l-von
X =AGHX0

| B Posd‘um ¢+ ‘L‘ 0 ’
Thn il = ‘%ﬂlﬁ o  dh Al X
AT AT

DAY %ﬂ, X

/i? :::AIM = B’z anhsymne%c N

GHE g e rnn 2% (T )
V\“\ o - 11 oAthonoms

| D frae

S0 dX‘[’c)a - QIEMIL@)X%) _» e,mk ,Z‘”’({ ?(l)

‘ 4~€le - [ﬂg‘)xfﬂ)‘]c
%{7{(9 _ O x X ® o)
Va:smbcs N V nstantaneous 1ale a)( cl\éngcapq le

angular vdoc\ﬂ Q}“ \ < = @& ?
9 f\)‘i@ ) ﬁ kkq\w\’\;andm\e ﬂ%_\)\ﬂ’m«x\nﬁ

I




 In othecwavils. by faling the dual of he anhsymmetnt mqjmx B
‘wegc{- an anjuinr vc(oaé VECLW o”'ﬂclo deSanQr ‘,'L)c Jlfr:ohm alow)’

” which « mluho-, 1s occunnj ( ms\uﬂJaocmxjj) and The n]-cofckangeo(

Kta*g)eabou’* ,ha’* ﬁflrzzhw\
R Anywag) ‘r‘ms s more aF an aSIde fl’han I ouanL:al +036{’
\’9'0 IJBS" wav)lcd ‘fb give you a Vfcelmq ﬁ}r ‘H)c an&'\symmcl'nc
 mabix of covanan} denvaheer of e Eame veders.

~ . Okay  se you dudrk do rolehen and angulac velodty vh

rule, or moyoe youre st not patient enough to read this stuff-

__about _denvahwes p§ orthogonal matnces and. g dudls ef anttsymmetnc

_ mdbrces ——— O\CA\( - doesny matrer, .

~ e cmss-deud- % hgh\ hand_tule only worke in 3 dl’ﬂmﬂons where
a_pai- o afsymmelnc ‘Indices can be swapped e asingle index by
the o\m\\lnﬂo‘zcm\pq. . Inony other dmension ; youare stuck wrth

a 2-plane in_ uhich a _rolohny Hales Place, sott (s enough fo leoke
at rothens o&-mi fo undestond how they eork.




(e‘_z\é-ézx - P’

A% €40

™y B 056 51D
€ T (5O e +snle, o (& ez) (e. ez) S w59>
3 CQ\ \ez) CCI ez) SM@ —sin 9>
4] es)= (o2 ) — GEeE)n @) (5 )e0
lncv-emensra\
B change n €, €2
— {:Or‘ sn\a\\ cl'\anae 459 \ng a\—G——O

The mk:vrprcjm\‘\on 0{: ‘Hms 1s. ‘\'\m‘r as you begin to rotute Fhe basts vechoss
. ‘l'hrou@\na sma“ anﬁe A0 9 €| begms tv rO"TA‘c “'@Nq“d C2 . and &

‘\words =€ ) ex?lalnm9 '1'\'\e ah‘ﬁsamme\‘ry (rF the f“‘l'\'“)‘ @ A[Q ,
rF 8] =

Now logkak Q= @ dd" =ngg>d9 +(§ % 328)0\@

whidnlells us how Q © chosO 0
o Hhe s‘}ef\ca OP\‘\\OOO\"MI\ &mme ue&ors begm‘l'b dnqnse as we make
| qu“ mo\revr\en\'s 40 and AP m‘i'\'we omgu\ar uoanef y Or a“emalrc\\ﬂ,
bells us the rale at whick, fhese fmme vedors are rotuting as we hange
' ‘H\e(lhgu\ar‘ courd\na\'es The fac\' thatl these A—foms have no
g,m‘)msm\' q\on o\r Means That ‘H\ej abon-\‘ rvhlre as we Jl\anﬁe r)

le. as we moe m\m\\d) ~and Fhat 1s eway ngbrt.



~ 1fwe held @ fixed and ncrease O,

€ romars fived whle €p ,€8)

roate by exactly the increment of 6
I 'Pne\r- va\ane i the usud

Cmr\\:erdoo\(ut;e senge | so '1'he

o2 pari-ou(-lrhc ma’mx ‘*"‘w‘ (2

 Jwo dimenstongl discussion .

 Hfwehold B fived and marease q., tho"'
~ happens depands on the vdlve of 6, £ ¢
_fkro= {Pj:)‘arem e Xy Pane ané >< T
€ remains equal v —€; a5 we Aange @
-V 13 £4) undergoes fhe same ’Z—A\mengund\ ro\-a\-mn ‘oj
Sy the muementng, 1 GA[T ;,»EA
Tis 15 gushwhat ey

soqt. | =
é‘jeﬂﬂf Q)g%)dq B I

A‘\“pf\eo%er Qc*\-eme 9‘? D we end
B u\) on 'Hwe Z—-6XS qlwwa\’ .,)he.-e € €-;_ remains fw\eo\ and |
466 (eé\e@) rdale by exac\-{\d the m(,vcmen‘\' ih P

which 15 wWhat w‘ v = (883) d
1620 S T e ol 0

ACSCﬁ\?@.S . Arcgou cmuinced ?

A




-1
What s the infer pletation of W =AdA " for the 5P‘#enca\ coord inate
fmme which is Nt orthonomal ? From page 26:

SeCq SeSe Co SeCp (CoCq ~YSeSe
¢ = r-:CGCq \’""Cescp e | A [ SeSe rcose s Cp
Se e Co -rSe O
(-] Se
W e
O Colp. -SeSe¢ +Colep —TSeley ~eSe ~SoSy —rGeSy —CSelq
O Gese SGq|dr | GGy ~Fsese TGl 40 + | SCo Feelp -FSeSeldy
o -se¢ O -Se  -rce 0 0 o o
= Flortofdrtf 00 o +{ 0 O Co |dg
(xermse) | 0T 0 o ot fss o o

Thus Fere == 1" | |
Y MOr=r"" ; r‘lq’eq'—'aﬁ'e
Mop =-rsi  Mer=T""
Cep= — CeSg ,["fee= CoTo | [Chec\e ‘\'Hcse“)

The appearance of ¥ in the € and ¢ comecn"S of the {~form Q__Q
Just takes mio account the fack that for $red r, e and €, are

ndl” unif vedors, so the exishng nunzevo: comMgof the couvanant denvahve
N the stocia\ed orthonorma) ‘f\:nme are S’IMPB res caled by fac\'or'so{: r‘>
except for +he addihond conPOnerﬂ' M%oq = wt O ,"‘w%eo Qq)), This
Jdescnbes the dncmge (n the {eng%o‘: €g as we clnqnge 0. S‘lm\\arlj
the exta w?vnen{-s M9 and M¥q descnbe the changeinthe
\ena% of €o und €¢ oas we c\f\ange r,

©32




cXert\se on page 40 C workeo\

-0

A A A A A A A le/ A A
INY]E = Y2, pxP 1 XE8X? ~ X%, pYP + ChygxIYE
= 59? (o) -(psn2q) + ;LJ@.(fZ.(pwzq) Uaf((,g.,,&,), o

= (;smzq: —psnze =o

D(\\(]‘(’ = g>?x?+z\§)@x$_x?7pr+ Caﬁé\x9l\£§ 1_(‘&‘ "XQYP
? (ped P

L

= _%(pcos’lq).‘o + pwwzg = O

\
v

o= x3axt-g3axt + ey =e
\3 \\0

S0 [x\Y]=o.

Con?are
P
D)= (o5 tx g, x %95
=Y 32')52‘)"%( + X%@)b% — X %(X)“g —3%(9)(%
= S Ry Byuk =




exertise on puge 571 worked
Freliminary vomark . 1n any ﬁmmc we have the &G‘Fmrhon
§ 0= GO ShEm.
Hwe dlﬂcvmha‘re this equaton
6mn R = 5|m‘la§"\n+ SMSJD kR~ 5 u§ 3

=9 —-() -0 =o

then v 6m =0 1':0“095 F'W) Y% $=0 and the Produd' rule

PR
MSMk =0

Hok)eucr) Jus* using the f?ﬁhu\q e 'Hmc barred fmme

—y! "b i ) T me Ti)  Fe &
8?)00'\2: \’-+F|29 m“'PI& ) mn PRmS,QJn"PIzngm)Q

\ ‘ . )
=0 d.-P . d—\’\ 7~ /N
S ¥ il €d v »JU N
AN KRN ; AN \/ \J/'\
i N d;fa‘/' ‘o,
5 » e *

(F bmt&‘ r‘ kn m> (r' knsl —I'jn _—gn) ' j
_\C{'\fman— sz n)/ (P

0 o

85




erettige on pq_ge 59 wor"eec\
Remember only

X,Y have no Z om\?onen{'s)

PP‘M“F) qu’e P ) ™ pe P

are nohzerd

no am‘;onenb drePend on Z, 50 this
15 basicaly a  2-dimensional problem. (anything with o 2 1ndex vanishes)

So\ :
°= ws¢ X&=- ﬂ;—‘f wnle down only nomerv ferms:
Z'P)_e - X? + ‘SP\E\ix(':O
:X'P/.q_ Xe X% + FPq.?X" = —Sig ¢ 5wy =0
—~sing  —P ("—EM)
XP;2= Z_(_S_E + [.‘:Pyx" =0
X< o= )(“’ + P ¢X = -az‘sm«c "Lsmq =0
'57.5"’" r é—:'r;ﬂ)
x® 19= X5y X ¢ (WC{ ‘_X_FJ = 0
ey p™ cosg
X 12 = XQZ"'ﬁ(EOX
o vbO .
IQ)\ = X* Xt P%i)X’ =0 50 :X‘;J':O ,ie, VX=0,
=0 =° neuo‘lvbegamcd by doing V[%] <o
So \?é move on
EX\P: ®sQ [o\X]qr=_~fosu§q A [dx]‘“- (dxVi, 5 — me i [dx]q
Oxi; =.(b\x]£,z."_\"zz;@\x]e =0 , [dxJe;i=@x1e, -rga'f_é@xh:o
[(th,P = (dxle P u"]u =0

[dxjfi‘-( W)OP)Q ‘"%cﬁb{h{ =0

-—S\nq P" —psing

(dx)e;p= Gxle,p - _e_,,a"}? =0
B P“'epsm)

“‘[OX‘)Q,Q- (dx] M) @)« "'\___g,(fba =

“pes¢ P cusq

no‘\hmg nowfvvm < dy =©

Fina“ﬂ [d?]‘,‘20taflq) Ld:ﬂ"f‘:l 50
(dz]1;; =]y, — 15: ),
R - 1
= — P%J\: =0,

8




eKertises on page ©2 uorr\?eo\

— = —_ — =
8 Thes 559 Tee— Dot Jey)  bub 9ij=0Qii so

Try= 399 9ee,; ~Fgje +90se) = Tl v
[ N
Jee,j; — e + Jak
® @ ® |
m (ijes —%_( gij,!" gdb,i.—i-_ﬂ-\zo,j) (m"es:bg&emame\wé nGl) ﬁr]

§?P= = Tae, —gwq: (Z.

A¥ least two indices have o be the same to gt a diagonal metnt wmponent Jo
differenhate | oMerase you differerhate an off Aragonal metnc component whtch is zer
Finally the only Alagonal com\‘aomo‘\ with ¢ nonzevo denvahve is 9¢@"=(3‘

30 the ndies have b be some Femw’rzhoq of (@wp) tgeta

nonze v kcwH".

Moo= 3 (%ce’@w,r*’%ﬂ‘ ~-3(zp) = -p
Pape= 4 (Jafie ~ Jpole +Iamp) = 4(20) =p |

= 1 s = P s mmehnt 1N ‘GJ)F'
me‘e 7'( ) R F s‘;'lr:I(: 12—%\“:; \n w,uvv\mal-c

frame.

Now raise f\rs\’ ndey
PPQQ-.: BF(PF9¢(= —F :
Moo= 9% Vepe = o) = _(L' = Mep Done.

lnkrp"e"ﬁ\’lo'n: ‘ Ve eQ == e'epl , v€q€f’ = Jf;_ Ce = 'Vepeq’

~N QP(F'QYAw) . e(f "ms \eng‘H‘; e. Tmns\a!'e
49 1 its valve ot (?,Qi’d{) b“?k
"e";tzzh? w (p, @ so has same \niha)
” pom\' as €q ot @:‘l)
Di({ewnce ts ﬁ-—PA?
i1 radial direchon.
‘[(e}(@ Trﬂ 'ms‘GrP'éhv;a qno'“'\er.

Ce




last-exercise on page 62 Worked
Pre“"‘;"nfy temark, th'\'Mr‘ symma\'ﬁcj q -‘m$or'v\na$’ \+S cuvana.ﬁ-

denvahve has the same ymmeknis.
Tig=Ts s ssmme*ﬂc so

example : ®
le;kz TnJ) I" TQJ PQRJ-T-IQ
Tiise= Tiyk— M) Tei ~MeiTye = Tij,\e*PeRiT’lJ‘mijie
= Tijk.
A symmebnc 2-index o\p)eo\— in 3~dwmensions has © mdcpcna\en* Componen'l's
Tts avanan} denvahve hag 6x3 = 9 wn 9cnem\ (sH a(vjr,no )

But req“y ‘H\ts (S aq ’Z-d)mens\om\ Pm‘o\em becaus-e no%mg Acpend.r on &

and no 2 cam?ov»en\'; are NoZero so o .z-(;)«,vo.qm{— Of TIJ;\L 1S nontevo

So we have 3 ln&cp'mkm\’ Cum‘)on'en% 'of Ty hmes R FY ks @vanant
denvale for a gmnd +tal of € . Not oo bao\.

Cecall FPQq:' "‘p P ?Q"P €= P

-lwsgsne P (—-ps»m(xm) P~ (“PS")‘ww)

/w\\ |
Tog;p = Tee,p — P P‘f{ru? PPC? i = 2psiniq +2psin%g =0

dpsvie P @) (P’sm «)

7PN
Teasq = T‘N’,‘? PQQ Tue qu’Tm = 2(’5\n¢casq—?g?rloqmgp_
<o

» 9_(,’25“,,@ oo P (—'.gSm«cc-xq) -P (—FS\M( <)

Toes = qu, P EE.BTW - f" PLTP ¢ = — SN wse + sQ wSe

=0 - ) = O
Smose P Cpaneen

T(m q = qu,q — PQPTLQ P qupb = —p((oszv-sm ?) — psin’y -\-pcos?‘(

51 (esm) (r'(pum) ~p cow =0 v
= - (JCdSZQ —--—p(cos q-smlq) o8




exercises on page @4 worleed
. , M

N { " * l: @ \_ W
M= el * 3 CCow — Cog*+ Cee'a) %\“ﬁcg

PR , \/\'o-—‘ ey oE‘n

=0 C‘ .
JR e (s
ss;'ce th-:\d’ 5 (C‘Q e G h) N
anfisymmeMC : ) .
Inthese \ndices . = -—% (Chj = Cr L)

O cancel 1n pairs

If 9&40»’)‘\' believe 1t

CkJ 9km9|nc n
—-9\”-,9 CmJn="CkJ

ek,

A
C ?’P‘a? = 1(3 (mnlg nonzem stuctuve

nc Oh

On page 53 we found
So to geta nonzerd (nm?men\* of rf J€ the indices must be a

permutahicn of @¢ P).
[Pgp = l(c 06~ Co0°+CoP8)= 4 (Clpy - Cop r(fs¢)
o *3(%

= CQ;‘,?: ""\'(,
¢ -C'\N
@p-l(cé),s\ ~Cop?+ (%)= i(C“’t?rCé'\e +CCoe)
- % + e T

L

F

Cornqmwr“q P §$ and oD?s T forget fo normalize J

A A\ _ ) O - o A
e®)= tglﬁ AQ:(@" ° °)‘*’q

L0 A

@=(New o
-— N <1 -— -

So PPQ{P\:—P ) r"??é\: P I asmw\en‘\‘




exercise

Following up the ﬁ's\‘ exertise on page GG,
consider instead the ﬁncho\q |
35 = Xy = pzsmq) s = = pZsinle = 2 r2an? sinze
Then
df = Ydx¥xdy = x"
- ylelds our ﬁwend X fnm pases 33, 21,348,329
Vi=@f1F =y et "99, =X
where we saw that
X = psSng ?F + tos 29 )&q = sinOsn2¢ (T‘SMO %1—(0;93%) + (osch;)%,
X¥= psinzgdpt plasigde = smbsinle ( >0 dr + 2u50dB)+ (25inl astedy
[f;«]f 9; E}J)—“ 9ir - [f}}u 9irdX = GrrdT =dr
8¢ swilady %']V:__ 9cei0\§(.i= Gedg = 20?8 d((
5«‘9]"-- O d%‘= GoodB = rtdb
g gereral €= 9, OF - giew"
so that )(“”-Q(Lec)'P= Xef=X" G = XeW
Slm\\arlg [OJC]#F = g T €;

fo~an orthogend) -ﬁume , ndex shifhng the Fame vedurs ,‘

and dua) frume medors  yields the cnnes‘nnd.aj basts cwedud

O’Y‘\Nc\or mul’np\\co\ ‘:3 ‘H’\E o\\ggooq\ meh')é Cwn\?oner\“‘ o s
vcclpmm\ _J

Compute df ond 9“3:3?5 " cg\m«lnc«\ ot natres and
venfy that you geb cur previous vesults quoted above.




