Covanant Denvah\/@ R” with Buclidean mei‘né

This dear ohat we meanly a “nstunt Yensor field " on 7 — namely one whose

Cartesian coorzhinate Cmm?ona'A'S dre cm;‘-m‘i’ 1 the shandard Gatesian wordinale

sysleron K7 (orin Fuck for any  Gardenan wudinales ). Thevers o [-|

@arespmﬂence bc}wcv‘) ‘cn.wrs Wﬂ\e veclzur-space R"” and such cmslw\{' {ensur

ﬁetds i R"

j )
5= ST eo-wie € TR
A cms\mﬂl:s —
¥ . 5 anstant
~ - M - o0 \/, i
5‘ = b J‘m ‘J'(. ;X_""w 84X - = G())*;"Onjorﬁolaltan anV)‘

Such a_cnstant kensar field is also charndented by the vanishing of the Grlesnan

COOYdmaLe dZnVGl'IV'eS OF H’S Gl"’-crldn CoUVdMql-c ampu»cn{’s

2 g h""j"p L gil {5 . ~
(94 I"Jq_ = B -J 5 R = U,
dxn u/

This Is an Tmlaor‘m" amc?}' for the geometry of " since ifwe fake a

‘*angcn)' veohor al Hse onNgin anJ Mnsla'l'e s'l' all over space, ﬂeon'n a

Oms\'ml'vcc\mf‘ fcu,' In d‘H’»af‘woJ’DlS cms)’an',' }en.r\r f»olalf l-e“ us Somcymiﬂ
dbout how to move the tangent and whangent- spaces_ardnd In space

wufkowl—d\a-\qu, Iengﬂ\ of 4nm¥ul‘ﬂ‘>h lnfownqhdn_

The arlesian oudinake 'F'umc ddual frame amsishof suchy, qm;\uw{' Jensur Fbelo\s

SI)COA‘S"M{“ lmear Gmlalna{\ons U\C 'H')em anA ‘l“\c cmcspundmg lrxtff! knfurﬁcw

an;eq'y-mﬂj cms‘nnk Howofer) Ifwe use a 3a,em\ M,Mjfe sgs;om) +he
‘ﬁ“mc vedwr ‘60{4\5 Mu mﬂ‘ Lc MJ\'&VY’}” and ber)c@d m(]-,,,,.l.-

‘}vnsor ﬁvH musk bave poncongant amnvnenﬁ How can we test for

cms\'uncu o(—g fengor ‘ﬁelo\ n_a aeneml udinate Sbls\cm

f The expressions (ﬁr [zaxwraz) dxd's B2 3 in o lindnal orsplencal anvddinales

alrcq 9004 cxamplt ] 44




Bample: 2L (2 )9 X") | ax0oXipm  ox O%E ¢
- FIN Cr UANY L B P LI -l et
.I'II' 3 jé e RS )
j:‘ . e, term for fransformahin extra |
>) 25 though X ™, n ‘r}v::nhoMogencu; |
dehned components of the bm\\’.m
same (,')-»Lmsurf\etel n fensur
every ondinale systen '{';’Z"S@Wh"")
If X is a coghant Vecdor feld , K" n=0 mnthe Gresian
Cbudlm\“‘eS) +then I = " a"z;(f) X
=) O wax™
on\q |€ )(k = A' X) define new Cartestn Coprdinates [173 geneval r\onor—n\onon‘uD
cms\m\-s ,
so that 9? — A ™ a’lyu =0 -Hser, y) =0, Othenwise the
ax"' ? ngxﬂ ?
new parhal denvahoes of the new components wil) ot be tdenhally zer,

ie. the \'bdi'or will have nmconﬁm\t‘ C(M?dneq-‘—r n the new Cdodl-na‘l'eg

——

- We can do the Fo“omnq manlpu\ ‘\‘IO') O("H\e exdva \—crm
M X" XM= X X' X Tl - {9{) IX *(X"'
0X0 XX IX) Ix"IX™ Ix¢ A \Wriaw’&}
2 uz\( aXP)__éL ] /\ — = - Ptjn XQ
aX" JXMEQ 2} \—_( T .—-; 415\; F\-lm :\
- 5 ,)x”+§_z° X o \_No\ve M= Am l/ﬂ
2Xﬂaxm &5{2 ()xn DX”&)(‘Q . %j
&P 2ex”? 2L
Ixn - IXPIXE S~
:XQ 2P [ gy AX“" _ \y(, Ayo 2™ A\ \
N(Jx“ax"’ ox* o o &W" \
—A . P 5T 2 ']
= & X ,;,-gﬁ/ R OR
—extvatorm X ‘;( vm&r XM\ FOIRE
45,
!




SG\V\Yiq for 'H\c ‘Jﬁrﬂ‘ km on the n‘gH’ leads -l-o
— _— -——; = —— f
KR g7 = T, 4TE =[v XJ =X;
172 SN RS S
new COMPOOBV)‘}’S of |
new covaonenJrs of

fensor field whose
" cova ﬂaﬂ"’deﬂva‘hve c)(-_X”

e 2 "'laﬂ S \e
70110'71)
aye g m .
Lol S A >y
'wﬂ%tf—é'r);l@w damely  7X"
e ? [~ Ve

VX
|0 other coords we o\ef\ne a \cnsorf\e\d 53 '\'Vnnsﬁanmng the
fensr freld  TX = X"n 0" fom Gardesian coovelinabes
to_any other coodinales ,— 1he result will vanish any time the
Cardesian comnonm'b’ vanish jte, dwill be zer m any  wovdhinate
N _any corhinele syslem

Sg)s\'em ths\ﬂfﬁ’\eck)r {w'clJJ haVe VX =0

The addihonal term 1n the new com'ponen’rs of VX s a comechon Yem
Yo compensate for the nonconstant frame vecko— f\'elols_ T will be inlerpreted

— be\ow 1n termg GF 'H’)c denva\'\uts a{: ‘“wse nor\cms"w\{* Cﬁfume vedror Jf\clo\:r
n fact 2 - " 2 A" 2
D oX™ = ’LM ox"™
&id CUMPO'\eﬂi'; of' new Tr;l\ﬁ\“c've““vrjc ’
. ™ -4
é.)i' &Z_.X_. A .LM/A\-‘mz,j [A '5%')/\.‘ e
T understood as nhew Coodhnale
dervahve .

Mlje=
X IR

So*ﬂﬁe Cdﬁeoht?% ~\-em cmes ﬁ'nvv\ ‘H\e ne) o‘envahvoy of'Hﬁe ne.J ﬁumc

vechrs,




NO‘\‘ahm ‘FW‘ CWZmafﬂ‘ Den\/q‘\'fves

; J
Given any G,i)—kn;or ]qctd S S l\.‘ua e, © W 1

on R ex?vcssezl In_any ﬁ'ume {ef,} with dudl fnme {0.)"’}}

defme the fonow\'nj two knsor‘j;elcls/, if X= I‘)e; s _any vecl-or;ﬁeld:

(P 7 Foc) i ke Y ovanantdenvehee
@ Vrm:c.rf“frcH \V, S -LVSJJ\"-SQk O & of S
- Vvq = RX/S.T{':“‘P.- " annanJ—dtnvahré
‘A—@Wﬁtu Ya T I LV A B e

N
Cv&z S] fi f

\ lu‘ [ i /
9}'_"’_"?_«__" “75 l” 4 = S ‘3..{54‘;\6 are q”-ema'\'e movre

[ -1 h“"‘? —_ P iau;lh —ym vacn‘m‘— ° ons

LVXD_J J""j‘{. = D ')ln-l,).qjkl for Hhese ﬁ:o[ds,

They are defined so thal their amponents voduce o ordinary denvahves

n a Carlesiun avdindle system

Shele = Shele

—~ d'n;Jq s K <~ ‘J|\-—J1 L) E

A denso~ field which vanishes m a single f—ame, by doﬁm-\-{m vanishes in

eveny ‘F\'ame ,le. tevo cum?meojr: n one ﬁame c\eﬁne a Zevvo 'Sen;orf\‘elo{

whidh must have zevo COA’IPO')en"s " ey Emme‘

Constury Yensor f\elol.s have vamshing cwvarnan) denvahve and wil) be

cq{lco‘ “C(Naﬂd'ﬁ‘ cuns"an‘\‘ ."

The gmponents i _any aon Girkesian wovthnale frame may be alculaled

l;y ‘in Wayse l) by "'th{;m\aho}) fmm 6"‘*65\40 coovd s 2) b_\’.) bem’-, c\eucr-.
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HFS{‘ nolnce ‘H)a{' ‘H’)c covgn qn‘)’ denva—hu‘e abeqs ob\/\uu,; ?mdu.a'l— N\ej

which are l']))er‘l‘-cd fmm ?qrha\ don\fa\"!\;td wny Cavkesian coomlmales,

Yo e [ve k- R .-
|V7 CarLcﬂan COMW\‘A'BI ((Sh T >)m_ S Je )m_]-ze' SJ" T A=ym

5010 any frame (Q"" T )J-m= Q“"__ ~mT 2 S‘” T2 sm

ne fmme, Thus d"DPpmq ndices

T {S®T) =yseT+S@VT,
or vy(swﬂ = WS®T + SO UT,

The same pmdud'rule holds -for‘ any num\oero{: contrachonisc oF up/a(oun

wmdex pa\'rs in this equahor, , For example

Gy Ye SE&%TJ_..LS?_' TJ .

\J

QSTT ’(— Sd)l—[ﬁs T""L‘

For a @’knfw) e, a chhu‘v\ £ we get

f;k = ‘F)jg In_carkesian coovds

— N x@—f 3\,2 '\{: \.C.
jJE: B—Y— j. %< axk

K Hﬁc cwmm\- alom/d"'IV‘é cquqls ‘]‘ke?xed—w‘ whose cmpunerﬂj

@are »ﬂc GNYCJY»ndlhj pd"’ﬁa\ deﬂ\fahm 0{: ‘H’\c ](Aﬂch;v) N énuj COOlef)al'Q

sysem , 1e., the differenhal of the fulchan

[V;C': .‘Ek47k= ‘hlzo\x = df

'i’o indicale ia'efg

Vif= 30X - (D =XF

The cvanant denvahve of-a funchon dons X ts jusk He odinany denvahve

OF& bg X.
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SU?‘VOSC in_a _given fmme {e(.} , Wwe deﬁné

’d

— W%@Lﬁﬁm@m&af vechr
almg €¢ vechr field ’ field Ve, € .

which can be exPrcﬂeJ —

tlermsof-samefraome

From these we get the avanant denvahves of the dual frame vcovcd-or-ﬁeld_;

fnce Co‘j(eg) = 6‘5‘{ (dualiby wndihiay)
conshant fanchan for eadn €0, %)
;der‘lvaﬁ;cr dFamgant fanch, sinte = evaluahun of wvecdhrfeld onvech—field
m-c ze
0=V Ve, [@'(e0] = (Ve;0) (e0) + 0°(Vg®e)  ( product)
e et N \ m"ﬁ /
n+ ﬁ J_s b ‘%
of avedor field
Ve; W

SO -\7(’;\‘ CL)J: APJLwa .

Naw use (Droduc} mle on arbibrury tensor fields

J
q S“ TN -r\l{ eh® ®wd'® GL‘J r Pezn‘lﬁ

oS clinle N o o oo o @P yd
Q’Cu Jieag) o0 (4

Ven
l\\ i
FS :x\ 5 jv%&
ek S Jl -‘)qr d
p ST i@ Ve w @ OuW e
LA RAe 1 3 R - .
o —me
= eip e m o hle, ,
—Lekg Jivdp + F Rm -J\ .J'q,.+“‘ — P vbdus m‘-~Jq—“'—l€[L®-~-®b\)JP
= ity ; o
_____________ = N 3—k 'e!‘|®“‘0w P E%tem!e*—”—“ e g e ,‘\2 dewn
~ ; — — 4«—-‘—————~.
‘[‘u {P S‘“n\ !? -_i!i ™ ‘P = FM - Si‘\“ .p p——
or S Jivedp ) k= Lgh Jie-Jdp + smS J\...JF*— ' L4 "\“'JJQ
~ aia denvahwes

ortinay demichve dony € B9\ “GF Fame e dusl Frame.
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The wmrechon fems ave all 2ev0 11 a Gresion cavginate \'[Vdmc

uﬁ‘revcﬂc Jﬂumc and M‘ fﬂﬂ- \/CC/L‘VS andl aArcc["orI ar¢ ca\fanm']'cmgl-an]r

and 50 the csnant denvahee reduces b the odinany denvahice

So once we cakulale the cwn'pmmjns of the avanantdenuhueg

OF'H'\e ]‘Qnmcvwlof'ﬁcldr LS ('"i_i , we evaluale any

covanant denvahue | Thesenere -ovalugled {:or gﬂnm( ca)vd\M\-c ‘,R‘W\cs

on ?a.ge ‘fC In lerms oFH\e ’rvansf;mahbn @um Gurtesian coordmmte! .

The or)tj ou%mq_ &r a Qenm[ —Eamc 5,10 that noahon,

=D R
A A JYJXJ 3 ‘ .
— — T T
Nhe= . = =[Ae&iA e

— N

\. . .
exercise a) Caleulale the honzerd Componef\)rs M j2 in cglindncal
]

Coord\nc&es b) DO‘Pﬂre Same fvy +\we crs;oaa\'ed Orﬁ?onomal '{;‘ume

,,,,,,,,,,,,,,,,,,,,,,,,,,, {__gﬁ_e" eil _{%) 7 X’a?’}, with dual fmm—e {W(S\l wﬁ}bﬂ3=id(), [)Jte,dé?‘

fecall  Goi=dXi= Adx

whe@%nl= Gu)t A &

aLiJ = normalize vows of A l”g‘lhet?\en‘g-\k

. -/roscg Sine Q\ a_/ (3¢ SN O\

— (—'-ﬁSmw -bcosq ?/) | —S\ne CDSL?
5 |

1) \ O O -—l—-/
e "
\ rotahen mat0x of rokafies from

e forcod fame ca\ailehon, orthonormd_Eactesian codinale

““““““““““““““““““““““ (i < from page 34) Frame o-the orthononml

-~

normalized qjlwlmq\ Coodinate

a S ss =S e frame.
( sing @3¢ ° ) < sibshhle A oy CL forthis
O A A
— N Y calculahon .

{SL‘ 5 @Wﬁw\:%%c«\ﬂmm
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Matnx methods when appls cable are yauch moe efficient than

working with nd N(dua\ componen\'s, The ﬂ3 Compof\en"}‘ r iJR
bl ] i 1]

Og the covanank denvahve o\?erzf\‘or‘} or " connechion" as iFis alled

for reasons o become clear |ater 5—may be packaged i a more

ureﬁ’t‘c'nc\\u ﬁmma\' bu (h\’roducﬁm ‘\"'\e matnx o—JF onnechon

Gvedvr fields for a gwen ﬁ‘aMe {eﬁ

l(A)b- r”)bO)J ; CCO R)

i
Far\r\en'n‘\j\rﬁ Mic mabmx 0D _is o cuec\'or'f\e\é or A-fom

as C(NC(L\NFJGe\AS are useal Called,

:f.)'h dXL‘ 11 a coovdinate ;E‘nme,

i

The O\\“:ehfn\‘la\ oE a ‘E.lnc\’l;)h df

s q i-(l:otm whtdy has the ex‘presswq

£ = dflen) = fiwt

value ﬂf i—Form an €. = eif b\_;; o\efm.ho'a of-dlqerenlﬁ‘q\

(compment of af wit$ei}) £ 1 extend comma notehien

i

- "\'o ‘F’umz denvahues of

farchens

Thus re\'ummg Yo our barred no‘rﬂwon on the previcus 1‘7“96

—i. -\ 01
Plhie={A A R

Gla= [AAE T = [A AT

|&=—A 4A"
= = "=

e

Tris makes 1t easy o caladate 6 . Once found the (1)) entry

g\ves he l—*fom a)ik= T;“‘jk(d) and the J"“\ cami‘)men‘\’o{:'ﬁ‘\lf

A-fomm 15 the onnedhon com?men\' —\:".j\e

cho*‘rg fhe dboe  exeruse,
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eyerdise on page O)orw . . 3
_ L 2 9,9
\ = FZ‘D‘F g = (%) [ x Svyg

——
2)
v

2 + [-9gkt x4,

(ryre " ) )
= xngrg% £ ﬁ%‘-}—X?\; = Vv ZJ>'<+(X"B>2%. tzfz
cYercisSon page 40 worked @Qﬂe q\po«e>
[£2,0) = GO =HIET) ~ c@(hy)-gy(ix)
Y L O
A TYE

\ / /M E P % i (47

= FE)Y rFhIY - W)X -

hf YX

= fh&Y-YX) + HED X -

hif)X

= $L[XY] £/®DY— }NP)X'L
/° N

Yer) eq;-_k r(x “+3/)\A+20£3 —959?_‘—)‘%]

(x%y%y 2”') ke

R 2oy 22
ok E-ma:ﬂj b

4 @W@%@ ----- W/\W

—

r-—"l

LT Ly nd )3T

x(%@-a- 1"35"(‘3)%(

~Ix !
W |
Wi |

S - (‘329& X +Xo\j@

=gy ¥X(29) =9

T

) g€  hat'd r
ecaesl= (42,1 V- 1 (12 . _ 8D _ ~Lytbea
L N e
réA 6“‘3 =1t D= A Y oA
Se < i) o1 sl og T T €%




9
el\_% <H :?;‘ng 62:%
- 1)\ 12,
(<5 <) *)ra’q»J Py p
[ep,¢2)= f;‘f‘qﬂot =0
- )
[62) "]" [,%)QF] =0
¢ T 3
= C? $ -7 t: B L\Q ?} is the single ndependent struchue funclrion
___AM“MMMMMM
("e/\,‘=-—‘- AA= —-L(O“’Q Caé?_‘: _r.‘;
<6 0% Y > / .
\«,\'55\".’ 'Lm""‘ﬂ ‘7 59’

Tused +h cychic ovder 23 31,12 r'é\ é\‘("\; ‘?'4

I Comgu{\ng‘“\e L\ebracke\'s) dner thany  (¢) * 23,13, 12,

A2

eXET\SE on Vasc 95

subshiute  €,€2,€7 by 0K dy,dz (ie prvedirs - p~cacchons)

) = dxadyrde

*(XidxrYedy + ¥ dz) = X dyrdz + Yo deadk + Yz dindy

*<X‘Z! dyrdz + X;\c\ZM\X-\'X\zo\XAJ}D: Yz dx+ X;ldg +xczd%.

¥ ( Xz dxadyadz ) = Xgz

¥A < dpradpnde 603‘92_ (A)(/\CJ@/\LJ; dp/\(p&te\)’\(dﬂ _po\p/\d?«dz

' (fm" AL +Xﬁwe) Xs e P a)%pﬂ(‘ N

+H +Xéew@“)<ﬂew )= ne, whxgﬁw? +XMW

) = Tpps




uppose [ _1s any lnear denvatve o?em‘j'or which produces o @)‘knmr
feld OT foma (Z)’ lensor T and which obeys the product rule ]QT fensor

('mxluc*s and contvachons H\ereog, Then O s enhirely defermined by how i

acts on ‘ﬁzncho})s and how It acts on the frame vechor ,Felds, ‘

Consider  [D€{ forthe fame vechur ]Cl'e\o\s_ Eadh such feld De, s

aga(n a\/eoLvr :S:lé\d So 'ﬂ' aan be acPrr:Sfcd as « Ilhcor' ww,L)ma-Hon d]C ‘Hf\e

‘,Fﬂ'"\c vedur f\clcis

Oe, = e, D= o¥(De)
e~ 7 J

Square mabnx of &unchdns ?J#’) com Ponen'\- o’(:
called ¥ compenents of O vedv—feld 1€
with respect-to frame

Howeuer b\j dualt{’\j Q)L(e)) = B‘J /( D2 CUhSi'an‘}’ ﬁmchons

brained b laahng dual frgm }
K r{?\/prisr ﬁw‘“" 9 h';e

the convachon (e\fa\ua\-\m) of the dual frame «xrcc\«orﬁelds withy the 'ﬂame vector

fields ave constant ﬁnc‘nons whose denvahve must be —zero ne mau-er‘ what (1

ac\‘ud“\g is , sob,; Hf)e p\md\w\—m

/r](u‘)(eh yw'(3e) = as; =

l/%-/ \N———'————-—/
a)vec\orb’\c\d g B
\/\,——__—_)

J'p'\ covn?onen'\‘ ? CW‘e(J/ﬂ" fle\d

nw —ﬂﬁw)(eﬂw“‘ = *D >

"‘L_Jd

Thus H\c Same rﬂq\"{x de}emmcs '{%e am?uvxen}x o-g- DOO" bu"‘wl‘H'\a minus Sigr),
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0

fors
Now take qn\j/\%qsur f\eu T= T e @ ®w 60\ .

P Rds o fukrs

Thisis q sum o\[ pwduc\'s oF ‘E«ncﬁoos { the mplwv»% OF'T) ﬁ'\d fensor pvuduc%

og 6’Ame veo\fvff;c ds and 4wl “Fﬂme cm\a)fﬁoo(; 50 bu Fhe pmdqcl— rule

OT = (™) ee-ewe - + T"5. (0e)e- ow’ Fo ] {
funchin ,!i;’,ﬁ“;,;m"”gg‘”gfm
+ T ciom8Dw)e 4 \
CL—) a'Hrser ferms 6"
n‘}herd\JUIYVHMe
avedvr fields

D(F"“J‘“.) e ® WP + Ti“‘;“.([]'%eééau-@wj@m Fo

i

4 TN o8 @D e ) e -

l—](T' 39@ O WY ﬂl-rk, C:® - @wdw - dan JunLreLaU

I

< duy»my md!ce!
— r"lk T' o ) % geme indites

on baﬂ_g f-enjd(.f '

CL8 QW -

fl
L
—
Q—'—'
N
+
=
et
—]
=
(
a
N
—
o

|

[OT3"5 = o) + O™ ro = DTk —}

N " —
Cﬁj’:r::mes ml—nkuhm —Q.-.M ] denvahves oC
ﬁ?@mﬂwn* ﬁmme_ and dua\ UCame eld.r
ﬁkhc OnS

m In O\d 6‘5\'\“’”30\ ‘{GV\SW dM\U)S'S ov\\q usu;\q cmoonen\’s and no

fome vedors or dmkWe covedors ,  ome trops square backeks

O T e WACARS [DTT S

Trns ho*ﬂhw) no ‘Uﬂge" dishnguishes between the denvative of the

csmponents and the  @m ponents of the denvative, so one has to be

coreful. “Thus T sk arethe Compmcﬂ‘\’s of the CWanam\' o\cnva’nve of T

ook The Guanant denvahve of The components (CINch are altsags s
55 denvahves




Note on_class of Cartesiun coord syslems

on_page 45 e saw that the new coortlinate Componen)t?' f l))'m

w?or a;;gygﬁsﬁm‘r vedorficld L' yanish only i

K —¢.

oxXox"
'Thegeneva\ 5o\u\'\ovon Ws (s ")(i: An) XJ ¥ bL
where  A'p and b’ are  amstants.,

This Correspohd;{-o a“owl‘ng

new Carlesian  coovdinates qda?\-eol to_any basis of te vechor space "

and with any cheice of oNgin.  The mathemahcal struchire associabed

wr\ln fhis \a\fger clags o_F Carlesian cowdmﬂe SHM; ﬁ;r which no Pv-cﬁ\'h'al

N f L}
angmn exists (s called an "GF‘F"’C shucture ' L, An qxq'mespacc I's

bqsxcol\xi a vccbrs?ace module 4 choce ofan:gin, Dt'fgcx-mCe vecfors

\pe\wecrw po\h\"s " Hﬂe Space mc«"lc sense bu‘\“ no dl‘)Solu“'@ poﬂ{'wn vechor
T ) 7 v

does since T\m‘- requires Jﬁ'rs\‘an ar-bi__\'mﬂﬂ choice og onéln.

When we think og“éngs\ca\ 3-gpace " hether doing calwlus or

?h‘)s“csl‘ s rea\\\j +nis q(.;(.:'"“e SPQCC (S\'hccweha\:c-k-o

or\faljt'mn\\;q choose _an Onsm :ﬁ)r our cmes) ‘\‘OQe‘Hﬂer— with the

Fuclidean inner {r)mdud’ \qu“ o\‘ﬂ:trcnce vechors

T\!\oﬁ‘ we work
with
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‘Some oov)s\'w)\’ \c\nsor 5

The YKnoneckeer delta ‘\Cnsor%c\d 8'—‘ B‘J e®w" = e,0w"
has conshant cow:\aonenjc' in every frame not only 1 a Cardesian coorelinate

frame. \he Sqme is true of the genemlized Knovnecleer deltus

’ (2] in J
5 =&" n ,’4& 10 @CLAW '®-- ®‘*-PP‘ AN of these are

‘\‘ﬂevefbvc congant tensor flc\ds on R"

woghnake

B\A ‘\'\1e m\e &r (D\/qnar\‘\' o\\ﬂeven\wa‘\'\of) in A qencm\ ‘GTAW\C {61.}

‘5‘\9*"1!226)“ P&kxgﬁ = Pm—ﬁew—

\/v-—-—-—

S b= qu Sﬂ

QoK ¥

which cor),F\m; s conJangnt (ons\'ﬂncgg ie, 7d=0.

T ) A
eertise, Repeat this aleidahon for S® = 60 Pn €18C) BLWTOW

o an QYBMQW&{Q 3 . wheve 3 'm U = 5 mn -
[No/e that by the Pmduc/’ and sum rufff', \v4 =0 imlp\iés that

v 6P =0 for all dllowed p valves | but using the formula Yo

\rehf‘j Thig he\‘?s ‘fami\\anze you with the nles of codanant

M fferenbiahién, |
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@1‘?;2“) ~(1,2,3)

exercise on piges 49-50 wor ked
inverhing the ZxZ block oF A qives ( cosp —psme i\
S\n @ Cose
Chede that A_|_lé_§ :_:E [ Alsoguendt &“"m:“‘ \\ ) F 0 i/

[OF page 31.

N ACAA-‘ ='/C S © /-—smcpdq ~pesedy —~smedp 6\

= (“("S (‘C 0/ cosq dg¢ —psinedy +COSQo\(7 O/
' o) S c"/
A N
_ (-5 2PN uq [0 % g’\d
AN
= (O ~p O\ o
(F e )a /ST 5
\\ [7] [5) KO 0 O/
so [Pep=-p -I:'W«??"* o~ M= p'

—¢
are ’rhcon\q nonzero  @nnechon oomwncff“'s from the three nonzer m“'ﬁe&

¢f— Q) r‘eca\\\hq fhe ma\'nx ndtces U\Z é}’v ((: @, Z)

The mabix Q 'ﬁ)r he a;gocm\tea\ or'\’Honorma fmme 1s_ol¥rane d 'ﬁ'om .&

by sc\'\’m9 ()—\ 50 _one can denve - -l'hewwy-ces;: " b‘ﬁ P“Pﬂnﬁ \p—:\ inho
‘H-)e alnuve CA( cu\a\‘lo-’) x
A
E=(@le)= (Fhe@®) = (073 \ag
\o o o)

N
I P Qe = -4 P al @p = 4  arethe only_nonzero @nechon

components due to the volation by the angle ¢ of the

orthonormal  vednr 'Jﬁc\o\s e‘,"; and €£', reletive o €y and 'ef}
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C)((‘?rc\s-e ‘;m(o %e CmneChOﬂ ‘705 no ij\gmm\‘; G\th % ""rQ CUVQTTG'T"
demahw. o(: 3/32 ez 5 C@gd‘ “'0 1"’)6 ordman., denvahve

A\‘7r\.e - r“{—)P' :O o WPQ I-C Zem\
MAVE R 2=y = M 2
o~
@)

L6, >/22 1S cvanant wnstant as we a\h‘,’aO\j fenew befvve, ﬁvm o
defihon of avanint Aifferenhahion,

From page ;4 ! 2 . In(m_a — SIVHP 2 =) r-a—] = C°§_€'P Di_ ‘?’ ~s\ne
‘ IX p o o %] 7L P
v-—-.smq aj', oyP= AN ST

oy %8 & © L5517 &%) P

. Von‘ﬁ.}%a\’ _Xi/"} = X)J + \—“J\QX =0 'far‘ X = %x and X= 3/3_9_
wm_-—«»——w‘Re\:m*:ﬁnibewi:ﬁﬁxm;~--9weq«m-a>nge_——324€~or—a\deeslr Lor ax)

— % 5@ dp—pSNRdQ. {axlp=ose—[lg=—psnoe |
dy= o\p +Qos@dw
dz. = 4%
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Te"dever ! way of evaluating the components of Yhe avanant- denvahne
L Su??ose 8 9iy dx)@dx) Is qn\J cnstant m enc on [Enl\ e, the B
matnx G-=(94)is symmenc and, has nonzero detemindnt <o thatit

an be iﬂver\-eo\/ and is constant ( for Corlesian coovdinate '@amez
Thenits covdnant denvative  must vanish | Expressing this 1n a geneva
coodinare sustem leads o

= V%—Q——@*—Q—My%“%ﬁﬂ% """"" gjﬂ‘p‘@r

by defimhen of index Jowering : 1—1) k¢ ‘ 13

e

= jbi ¥ Piizr') hwice symmetnc par+ in INndex
pair \)

This expresses the ordinary denvahves of the metmnc co«\Pongq{-g v terms
of a cerfain symmehnc qu'\“af the indexlowered fom ot The
COW\PO"GV\"? 0" the Qunant deﬂ\lahve

- STTLN2ye™ ;

Bg deﬁmhon e JR = 3;nﬂ%<}‘r&\z = “kj

is symmeic n s down index j‘pmr ( ?arhq\ denvahves COmrm.dvé>
which have n(n+1 /2 lhdcpendcﬁ" componan ‘67(‘ eadn o%_‘l‘he‘ a

A Valves of the upper tndex  fora total of N30/ ind e perdent:
CoM];)Oneﬁ\'S, Bul the collechon of ;\)o.rha\ denivahves OE 5;_-\

( Nint)/ l'\o\e?ehdeff\’ (,ow)goncrﬂ-s himes N independent dcvwa'hués)
has the same oumboer of \ndependent components | so it is

__not_surpnsing, that Fhey are equivalent, (e , containthe some

50 9

y
),
J7

—
Jp—

m@rma{wim N k‘-dlgwe'\;" I‘%C\wg\'\'ﬂ —— N other Wods one can

mvert the above velaltonship {o express he comnonenjrs of

the @uanant denvahve 1N Yems tDP the mq\mary dﬁﬂ\f“h% B
0’9‘\'\'\6 melnC Comp cnehﬁ .

 Thisisa classic caladdnon of differenhal geomebry.
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giv‘\)\o\: L {vz.)-} Piey,

—“.9‘)_&"‘ = —P}‘k r,YZJ\ & \'C' “LB\ lhdICCS cunvemew\'ig ) ‘anﬁ qdd

but k?ﬂ ngmaﬂ'\’g N IGS}’ ’|'U0
indices, gt s mple resu i+

—— om——

).

(&) 9“7*% gjjtt; "’%)ﬂ""" i[‘w& + P\\\J + (P \\zt,—ﬁ)“@)*( Q:\E{
V@_E__W v\,—&iﬁ O'P =y
""""" 2k
so  Dihe= % (9b>z—9m tJei)s)

[ =i —12 7

and T gr=TY T = 7,9 L%,k 9.k +9km?}

by rasing e ~firsh-tndex—bocke-fo— s -sagim—position—

n oﬂ'\er‘ words as Lonq as ‘qu me\'nc s Q Cb\fanqr\" CM.S"R'T"

nondeqenem\'e s\;mme)mc (2’) ~tensor {:\e\d on K" (C"“CSP"“J"W +°
e sqmme\’nc nondeqeneml-c mnerpvvduo‘r on the ve&-of‘ space 4 )

the comoonerr}s of the Cm an_be represented in fems o{; e

comwone'ﬁs ond theit denvahves 1n gwen coovdinate system,

Na maﬂef Nh“’\’ SuC\’) Me'h'\C we S\'UW'\" Wl‘H') 'ﬂ\t H—'SUH" |$<__.Vqlwq,g5—

1. ’
the same set of components M jR dand the same cosanant denvahve

which deﬁnes constant fensor ﬁ_ekds on R” intemsof zevo

______ . avanant denvahive, The covanant denvative s v-ca\\tj on\j

onnected  with the @S‘ahoﬁa‘ symmetry of " not the
Euclidean innec ‘pvodud‘.




exerase Show'\'\'\?‘P"tcec\\f\j formula ﬁr ﬁ‘5\€ is symmenc in (JW).

SeCTIse Reca\culate the nonzero COMPonerr\'g M ijk of the

R Y

covariant derivative ;fi)r cylindrical coordinates by ﬁrS‘\'

Ca\mla\'ng the nonzew F'U\tz and 'H'sen aising the E"ﬂ’ |

|
|
|
__wndex  evaluahing the above -ﬁ:rmula tn {ems o][ the Euclidearn, E
metvic, |

I& you Fcel ambihous 5 Hped\’ ﬁ:r‘ prenca\ caordtoa"'e;

exercxie

The constant  lensor

T=dx@dx = (wsq dp— psnede)® (cvsq:o\p psince de)

= wtq dpedp + prsitede — psnease (dpOderdesde)
AAem— N h) L/\/——f [ S W T — \

o Tee Tye Tee=Tep |
_¥5_covartant constunt: :\:-i;;k =0

Verlfy that al\ C»M\;Jonen’fs of this covanant denvahwve are indeed zero, |

\Me\\\ we_are (N qood skape @r compuhnq the cb("\DOnen“’S oF +he covanent ‘

denvahve 1 a co;rdma\-e ;ﬁmme m’(‘\rel:( ) +erms f the metric, but

hat 15 the _corvesponding formula for_a moce general frame with

[ H
i i

ponzers struchure \funch'ons ?




The express\on -for the Lie brucket in a coovdinate ‘Frnmc

[x, %= XY* YT - vo Xi-XEY

is the " Ordlharﬁ denvahve ' commutator o;F two vechor d envatives,

Suphose_we troduce the comsPondm'g cnvanant denvahve

commututor

YVvY—VYX]k LX( =X, LYL

= \rhx N L P‘Q.,X(XJ

|'"M X Y?

= x¥1%+ al®cipm Xy

N\ R
+wice anHsymmebnc ?ar+

=0 far* COOdenq"‘? f—um E.bj def]'n.ﬂﬂén

Thus WY - V)‘/X = [x1,

A‘ﬂ)ough oblamed n g coordinate f’ame> this equahon is valid ‘ﬁ)f‘
ﬁov\oi‘h'arg vedmr\felds X and Y since it is a j:rame mdejlaenden\-

:G)rmu\a |nvo\v1;33 Yensor ;ﬁe\o\s. Anocther way a{— 'ob\ammg s

Jo nohce that \n o Grkesian  cordinale ;ﬁume , theve is no difference

behween ora\morg and wvenant differedhoahion so the cqvuqhdr;

whidh holds there must be a tensor equahon valid mdex‘xnden{-c)f
what f—ume we choose 1o use.

S S—— R
T"\j\eu r.)\ec C\J ¢

[Pwij —P‘Sl]e = Chjjek

( [ \j’p JL,_:W_C iJ of PX [\)’) = "LC 1)

in.a noncoordlnar\-e 'ﬁ'amg the anhsummel'nc par-l-aF +|oe

comonmkmf the co\/anani' denvahve 1 the lower index pelr

fquq\s‘“')e Correspovw\mg Sh‘uc“‘u*'c ‘fﬂ)c“"lon The S‘yMMQh—u ln

@




a_ coodnate ﬁume fo“ws &Dm the Vﬂ"'“SL*I'Dg OE the S{"VchreJFAn chons

L&us reconsider equq’non @() on_page C\ which ts valid any

i

'5’&"36. We then used the sgmmeh')/ d‘[: \Q ) acwrolma‘-e fmme

dU'ﬂ’VG'\WC.f OF %e MG“'hc Le¥s dmp ‘ﬂ\e bar no"ﬂhon

gu)ewmga_kﬂ +,m._9\gbﬁ_,, @mﬁﬁ,{,ﬁz) 4 (pl\u-nuk> b s (pln PWJ\)

\/—\’———_——
L/'V—N/

Cree

Copi
LR J

/" where we extend |nde>esk(ﬂmq —b‘H)e shrudure \Cmchun s \

C |Jh.;:__glx C JR

k 50 Pise - Nikj= Cie or [ije< P‘£)+Cuk/

N

sz = 3 fgmh-— Qie,t *9%3 + Cipe— Ciec 4 Ceij ]

S S Mm-ﬁ Qs Nk 2 ] oS T < SO A
M= 5 ¢ (9 Tt ¥ 9ens) + $TCH=Cr + Cey)
N
=1 $

exercise The f\rd' Pa"‘l" Of ‘H'NS ](Brmula {JR} {s ca“eol a

C\'\r\s‘o&( symbdl and we saw above that it 1s symmetnc ks

lower ndices,  Showd That the antisy mmebn¢ ?a(‘“ o_F the

second W 'reduCes to %C{JkA

_exerctice Use this &wm\a o evaluate J\'\He componen’ﬁ‘ oF ’f\'\e

@vanant denvahve ‘ﬁ;r*"w orthonormal Gamc as:octa\-col wrﬂ)

cglindncal c_gprdma’res.




C\ar‘ﬁgm_g remark fvr page ¢4 denvahon-=lowerindex o ge*—conq;\gondmg formula s
9lzsz[- Fﬂi5~pﬂ3i = CQU 3 — Meij= Pej = Cey
oc  [kiy = Diji + C\eij)
= Meje = Cryl é‘i‘é‘i;i“é‘ﬁ‘ﬁ'.";”;’“?
so I iRy = Mije— CU\Q fom lQS\*o{—‘H’lcs\:) velabeling nd tes. on shruchure funchors

whidn 1s the. ﬁrﬂ' subshhvhe,,  The other o subshivhons are the bastc
idenby,

The 'E’\‘Mu\q r“ gk= % 9‘Q( Jej - 95,0+ 9 nc,ﬁ +‘2CCUK~CM”‘+ Cm‘3>
has two extremes X :
In a coodinate §'¢me C‘jkzo so I \Jkt {)J Is yusty the ﬁrs\'par\-,
\n an or‘\'\wnoma\ :)(mme 9\3= 8{5 so {l\kz =0 and 00\3 the secnd P“‘J‘_

remaing F‘Jk = -%-_(C‘Jk*cjnc“’ Ckii)
* ‘ :
/= %CC“)Q—C‘\H. +Ck33)
‘\T\"fon\» )

ON f\‘me Nl"'\n 9\328() (EM\‘AG&n)

(n any f\‘\'\‘er Rind, 0{' fﬂmt both ?ar-\'s annbute. We havent had an exum‘;lc
oFa f\‘l\me whichis Aot Cooro\mw\—e or or‘\’\'\onorma\ 96\',
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