rNon~Car-\-es\an Coordingtes o, K™

The dual basis covectors ¢ ?—X‘: to the slandard Cagkesiarsesor
lpasts Q‘F r" {GL} are the shndard Cartestan coordinales on [R"

Any cnange of besic leads 10 a new set ol Corfesian cordinates
V= A{;. X‘j R (Ai 1) & cunstant matnx
, The Cartesian coordingtes also induce a  basis { Y OX" \g ki of oo
e Jangent space with dual basis  $dx p % of the corresponding cotangent
space The setof veckr ﬁe\dsv % 'B/YDXa}J is a ‘F\"omc oi KE"’V
17 terms of which any  fensor ﬁeld may be expressed

- ““ |P . ‘a, (X% Y \®‘ @‘JOJq-
T=T it S ® s% @oa’

T g = 0 CEUT L Sy Sy

in terms of ks Com?onen\’s) whidh ate fAnC’noris on [Rh_ The
" constant " Fencor fclo\s on [B" whose (actesian wovdinate com‘r;onen‘k'
'Jﬁmchons are Just conshants . agre o 1=l corvespondence wrih the
frensors on the vector s-paco R".___Their components are dearly ansmnts
N _any (artestan ‘ﬁ'nmg

— For example = “S(J" /)au Al ;)a‘;& is_a_onstant vector {‘e\d on Kz
while  O= dx®@dx +d,969d\’4*‘d2@d2 = 3,\o\x ©do [s_a constant
metnc field | ,_the Eudidean menc fensor ée\o\ on R2.__Tne self-inner
produck of X with ifself

) G(XX) = dX(ax/??/é dX(% *%Jr dH@@% 0\9

= \+|+\1

"

3 = (LL0) (Y, D
15 Just the self-inner product of the corvesponding vedor (1,1,)) €R3,

The covector  field @ = Zdx 150 cnsant 1-fom on R>
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{oops, no page 191

= Fa
K
) __;g
3~ x
g = %dx

Wnich rc?resen\’ its value at cach Pom\" u\us’r hke. we j‘D‘dW‘c a vector

_\f\eld as a f!e\o\ of amows with invhal ?otrﬂ— at the "poirﬂ— where '\'\neg

represent g velue, Similar_protwres hold for nonoonstant vedror

and_covector fx‘e\o\s‘

Non~ Cartesun coominates on IR of\*cm prove use\f:,\\j esPcct&“xj

when a_problem under consideration_has _a symmetry assoct ared wiby

special  families of wrfaces like ncentnc 5Phems or cylinders,

Polar_cordingtes  {r,6% on RZ are the most famiharexample |

followed b\} cg\\r\dﬁca\ coordinal-es {P) CP\"Z} on R3 and

SPheﬂca\ coordinates {F}é, CP} on R3

. i 2 ‘
Cansider loo\mr cordinares on R The usual P‘C“‘A"'E,, IS

Y4 v
L~ — ,(ay) § X=rese
o / ;u [ y=T35n°
A (:\J ( = {xy? 20
\ l * O TJmnG‘ 9

_Tf we agree fo choose Be (“'ﬂ")'“’] we. gc‘r a_unique (Do(a\’ S

_ (nopagel9) 20




r -\
fan ¢, x>o

)
, X<0,Y>0

angle for every pont except the ongin: 6—7’9' 4t ¥+

[let ® dencre s Parhcu\o.r chorce o{—pc\arwmi) ‘o & =T, x<o,y>o
T/a. , X=0,Y>o

Thus o unique pair of values of the
e . 7Ty XS0, <0

pdar_coodinates _charactenze every ponk Y Xx<O0 . Uu=0
> Lo

¥
in the dlane e.xceTM- the origin where

=0 but 0 is undetermined and no choice og value fure there

will make fhe ‘f\:mchov) coinuous at the odgin. _ This's called a

“coordinate singulartfy

and © for different

WARN\}})G'. We use The symbols X andy or

'ﬁ)\ng's‘. We inferpret X and Y as 54‘16\'\0“5 on the plane

, bud-

\‘.e

we also use  (¥1y) o \'CPI'CSef\'\’ a par‘\'\;:u\ar- pom+' in Hhe p\qne

the pair of values o§ the Cartesiun cwordinate 'Funchon.s at that point,
+hak

This sloppy ha\m‘\' means we have 10 be curej;\‘ So N any gwen

Instance we understand which meaning (s th'\-eno\eo\, Or o be clear ;

we an _use noraiton which 0\!5\‘\“3 wishes them.

Whatis  redly gong on with the above preture and relahonships behoeen

the Eardesian and go\or coordingtes \Ne\\) RfS\‘OF al we have ﬁ
two dishnct coples o£ R® , " ghgsicd\ g‘?ace," °E Pol;\'\'s which has :

o \ot ¢f mathe makical s\“AchAreJ and g * coorthhate spdce " on whick
ooerahions invdv \nggﬂnc polar codinates ocour,  The relahiondhip between

fhe two sets of @oddinates c\e{}né two maps between these spaces going
The "coordinate map " assoaates with each

a partin the coordinate space which 1s the
{
! ?amme\-nzahm Mq;‘o‘

n a\o?osi\'e directions ,
pontin the “physteal space "
pair of values of the polar cordinates there, The
associares with eadn ?oh\- i~ the oordingte space the Pom‘\"n‘a ‘he

" physical space” that -('\nc\/a (‘elpvexn'\j

2|




© ‘ "coordinate SN gUla ity

] o —2— e/ <

o\

S 70 e

/

. = X // / /2/ / /.

...... NN = I

R%: ‘coordinatre space i

2

- @ : ‘,\a‘— %3} — [lelp | coorelinate map £ |
— , ma'pja#m—f ?ow;i's In |
B (w) = ({g)2+@)*,0uuw)) phystaal space to |
N " its coovdinate |
r(ll_"(l";) l_r-cP\-e_(errl'zHoo
CM“PS a\l of R%onto U )
-l o2 2
‘ @ L ‘%““"”

D WD) = (U osu? u'sinu?) paramemzation qu,-‘
_ma'ps 'H'\e coorhinate .
wwwww representation of a pha steal

pont onfo Hhat Pom-i—

7 H—A—H 2 } 1 m-:\
;maps al of TC"= onto all of1R®
\

many himes ( infintle #)

Nohce that @ o @—‘ maps all of the coordinale space cgn‘l-o the

set U whichis the Image oF the coordinate ™map @ . For Pom\-s

. U his is the identity map . For peints outside of U this assouates

_oue speafic_thae of polac_coordingtes Wi, _gny other possible chowces |

ke f\Y\n@ e (.0\2“'3; orc«“oun;\g negatwve r The verheal Segmnﬂ‘

Mo o— between =W and W on the © axis (no+\':) ud

‘ - A

corres@ndsiv the ongin m Phgs\cal space 1N the sense that qﬂ:roac‘nmq

it from angﬁm\' of U coresponds fo_approaching the ongin in physical

Space In 4 _cerfain direchon,

22




-\
The map P ¢ @™

onto H'self , where v is the identidy map.

maps_all DE \phqswa\ space excex‘aJr forthe ongn
Restnching @— "tothe

set U _makes it the wvecse of the map o,

The po\mme\r\mhovs map represeff\s the P\q"c as a Q‘P“““"’e‘"‘ AN

{amily ohcuwes ‘%coordma\—e hnes") which make up the polar coorvhna\-e

%—;‘—*’X _sz—gg___________?r
—
N
|
| )
-

(wuy =

VSR
NG

= (rcos, rS\h9>

e Held-B- ‘Fwﬂd“‘“vm‘j"’f: _______________ € coodinate- hugs.wc
ok T foety vy O

*fn:m angm)

6 coodinale fines ( ardes cenlered)

a\- ongin

We_can_eastly oow)pu‘re 'ﬂwe tangents 1o these [\pamme\'nzed cunves

"“‘"”'-@I(ﬂe}':‘"%% %%——-«»»{ees&ysmg}-‘—-w-—~~~-~--~-~~~~~~~w—-

a (n9)~= @—'g 3 5—;) =€ rsind , reos®)

kﬁ.g\_(ﬁ@)"’~ 659 ()X\

Q‘zCr@) =y gl

P
Crcose, mne)

dX

+.
' CrosBiexinf)




Suppose fxy)=%x-y? i a ﬁnc‘non on [R%, Then the
‘}ungcﬁ" vedvr  Za(r,9) acts onit o produ,ce the Nnumber

Eilr o =wst 2 (=g sme ] ey
‘ ax \ (s, rs16) \Crz-&mb)
.
ET— oo
QLcosP 0]

-

= ") m) rnr?—Q

I for_gven valves of —and € Note that thisis ius‘s

N —— «%&Wm@%ﬂzﬁ—m@_‘ = ArwstO -—-w%

|
|

]

It

‘—7
,,,,,,,,, The mner produds of €, and €2_are
e B - E,(r0) = cstOrsinto=) . (E.ro), ‘Ea(ﬂo))

S w_%f(prg)._%c&g = [2snOrtaslp=x* _ 1
- - (d \“‘o} |

S0 €4_(“|‘9) and E,(c0) are mu\'ua“q or-Yhoqma‘ +ungan-\— vedrors
ﬁ ____._._ogmjgng\'\ws 1 and r ﬂsgechvelxj

Now 9oy back o the 5\'0?\)\4 notahon x= vs®, y=rsnb

__then o= ?“W w§.1!1_9_"‘t‘,~%=@9‘@__,,“_
___So defmc Fhe vedor Sfelds- _on_physical —space. by

= &?mc\“’z /x?,+q§-\
E'Lf-' =y FX 59 "

Their values o (s, rsmb) are, jus¥ €(r0) and EZG”.G) : |

i N = ol (\"‘ Q\ = l)l
1*2 | (mﬁ\rs\ne) LPRL S Rt
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Indher words Ea ot a gwen ?oin\' equals the 4angentvector 4o

the curve through the point_corresponding 4o tvansiahions in the
o Godwngte while E2 s the same ‘Eor' 6

Their achion on a @nch‘%

= ;%_ [fo cp-'l (r, ©) ‘
E?.\/r'mcé csin8) ’( = ?’,, Cr. %) ‘F:' ;ar‘\ ‘G (re®, FS\ﬁO>

-2 SR

The funchon f"a} on the coordna\'e space 15 \us’r“‘\ne ‘ﬁmc\-mm one gels

by_ expressing ‘F n tems of the mordinate \')gjndhons r and @= ®

and we write

, EA._M._ a?w, S E.= 58

\n other words iE 1( 5 the coordinate ‘ﬁ-nme_ dssoctated ern -an
__polar coordinates,  The dnange in frame

E.= AYcR A= €T ~u] der A= GaygD”
= L& 2 - 5
OxJ (X9 VzLj XJ
15 nverhibe even,\w\ne\-e e\cccp‘\' al the ongin where E2=0 abhiEa
_has n‘g,\: l\\e\r\m\‘\'mq value, N 9 1 B
= ~&2+\’1>—ul3 (x-l*tﬂl =l >< &:‘
e ) Gy 7>
I€ we let XY= (r \6),
fhen X - AT oX' — A';
DX 3 oY ax .’
i N o
S0 2 = X2 y2 :%%*%bﬁ
T o Tr X oT Y TR o

H_{{Usmﬁ po\ar cpod\nq\’e; ‘:xxs‘\cq\\\j means re—expwssmg eve\'y""'s\ng n \crms oF ‘Pnem

W€, . moving over Tothe coodinate space . and downg caleulus o?em)nov_v: ‘Hneve
7 4 - T C4 <
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The po\ar coorb\ma\'e G’ame vec\'ors

E = &) ”Z(waw) 9 £ = A“&

X D'é
do _not ﬁam a ﬁfume at the ongin, E_A. s n&deﬁneo\ and has no limi

there | uhile &, vanishes,  Tf we remove the -ﬁd—ur (&)™ from B

d s o\efmea\ bul also equal o zew at the ongin.

—hﬂs means we

cannet use them to eX\vorcfs ‘*cmqen" vedors atthe origin, 'S\IW vhere else

‘“’\eg ave_fine, We 'HWPGFO@ need the idea d(-a LOCAL FrRAME

d nale sysiem
and a_ LOCAL COURDINATE  PATCH {0 handle ﬁ'am e?nw aerd. sustems”

have
pro\o\cms at cerl'um ?Olrf)’f a(— sFace ([KVD

,,,,,,,, A local frame (o0 an open set U C ") will be o sebof n

vedor frelds which fom a_basts of the Jangent space at_each ?Dmh{: d.

If U"']Eh) & wil) be called a g\uLal frame or)u;F ﬁame,

099”

Ao coorlinabe pa('ck will be an se# UcR” and a setof n

cordinale fmo\'tons such that ‘H\eqs?:owﬁ&e d'edvrﬁeul; form a

local fmme o0 U, TF {x] are Gorlesian andinales and
2 3 _ gl 2
A VS AZig%—

this requeves that dﬁ’A = c\e\"( Xi’) #0 on U,

F"\")D\arc:mwlma\'es M= R~ {Qf

ln orderb ‘h'ca\' Jmsor fcld; or bﬂgenjr '}'chsor; q\’ a gwen pom‘{'o(’

(E”) h must be an inteni- Ipow'd- af: the open set U of— the

local frame e wish to we _or of the loca| condinate Pva‘q we

w\s\m )ro use,

example _Let U be the ndenor of a cirde of radius €70 dbout The ongin in

the plane. The cariesian wodinates {X;U} are local coords on U ﬁpr-ev-ccq

velue of € 70,

In srder o use PD\dr cooro\mq-‘-eg wk(c\q ﬁ(\ q\"
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the or\g‘(n ,_Wwe mugt- use some other local coovdinale pakch [ike onco'f-'fjnesc

o)kt(,\q Con‘-qp;g ‘H‘)c on‘jin '(h ov‘der "I'D hahcne 'H’\G\‘ ?YDL))CIV\ Po]n"‘, The

-‘?o\mtmydma\cs temselves are local coordma‘cs on the F\dne minus the
mgdin.  This local convdinale ?aqu has fo be SuFP\cMenltd by some

other P«HH like the ones we have swggesled wn ovder fo ﬁﬁurc out whatts

51um9 on oA- ‘H\e onjln. The two \‘744‘6\365 b\ge‘%er ‘H\evs ﬁm a

! COM\'\ak co\/ehh\g ! 0(: 'P'\e P\Me; wrpﬂ 600\'1 ?0|n+ L(caVe’v*ec:\ " b‘\j cha.s*'

one_focal coordinale t‘m"'c\a.

When a coordingre ?q\'cH Jt'as\“ misses ‘De\nﬂ global, “the points

where 1t -(fa'\\s are caled  coordinate smcu\u\qri\-ieg, The ongm is a

coordindre s\ngudar'\\-\;\ for 'Po\ar coordinakes.  The coordinde oap Cb
fui\shbe well c\e(':\nccl SNQ the (‘)amme\nzq)\wn o s no \onger l—\)

sv ane has many chnes “Ex Pre coovdinates o \vx,aSSlg ned ‘\*\ehe,

Sup?DSe we M‘rua\uce ad _new mdia\ coon\male b_g

r = tan’X X=tan"'r
m mn

O N rn t\

o7 LYz 7

Although the _coordinde ines o shll the same , all of physical space

except for the ongin (s ma?Ped ot a vedwngle v aovdinale space

with the news "edge" rc?Vtsethq "mfmﬂy "
A

. going out TV INPIhITY TV

/J// '4/ gach angle 6,




CYLINDZICAL AND SPRERICAL ORDINATES oN [R5

2~dwmenstons is a bad ewaw?\e{rsom Fhings sine A=n-1 ) 5o surfaces

and bnes_cancide,  3-dimensions gives us 4 beller pichire of higher dimensisns.

Also let me dnange my choice oqumLo\ U o refer o the su\ospaa af

the physical space_associaked with a_gwen ceordinate p«{’&\ inshead of s

tMagC 11 the wordinale space.

coord singulartty ( 2-axis)
CYLINDRICAL (00RO * ZH |

F
|
/

NS 522
i Y A — <§%%%7,¢

YaE S

Y B 7P
\_—:n/ - / — ]
X o) Q€ (—ﬂ\) i
“ pe Lo,
YX* pcosce ( p= IXZ+g°
SP i 5 ()bl')“( ?1 { +unCF:: .;_)(. same soé; rc( as
272 z -2
= R~ {(\!\,‘2\, ‘- 3:0;5‘5—0} / {03 ave Jusy \
negahve Xz hq\{‘plcme / +he (‘70\0\" couvt nates
where Jump n @ ocoars { {‘,\ 9‘3 0(_ the P\‘OJcc)fb:W\ /
\“ € AKVS
goora\\na\-e mngtﬂan*y \ down o the xY P\aﬂe /
) ~ 7
— 1 1
=1 — ¥
i Zn ‘o I E—
Codinate tmesT) N (- cylinders————

anl? tmes

arcles coofthngte S\Ar‘%&“’s" iq} Y\o\(‘p\anef

a3

<'ﬂ—.—)\_

~

(Z V\ancJ

lines 79 |




_SPHER\CAL COORDINATES

To go from cylindocal gordinates to sphen cal covvdhinates

Z A &9

g/ﬂ{ gne mlfwduccs po\ar coordinates {r 05 n the p-2 plane

-

_dl——%r) _coordh flhgu\aﬁb .

2 =res® ay ""Cn postve oA

=Fsno — ’ggzgpr’/\rﬂw T

209D ¢ i
— = S O
o / 0rf555| 1
B /! -
| —7
= e [0 °°} 2-ads
D ge Lo,T) \~egative- ‘
Qe —ﬁ','ﬁ‘:‘;
@" ()( = rsind Cos§ - ~= J Xlyltze
ﬁ = rsmﬁGqu g 0= cos- \‘;f;a-;
\ 2= fan @ = 2 [ same goluhonas \)eFDn]
v X
IUt - N T {(’(\‘9\%{“7“%%@} 7
e ]

wegmwé x:f:'w\ spare o e
JumMp in @ oceurs plus Z-ax\S

where coord\msre smgu\an\\j 6CLUCS




I botn c)’; these cases the coorthnale map ¢ is_disconhnuaus on the

hd\‘;p\ane Layid)| X<0,‘J~‘°} where @ has a Jump of 2W

qr\d uhdef\ncd on -H\e 22— GX‘S WHer—Q "H\e anq“lar Coordmak-e @ ‘S

deﬁneal A M covrdingte S\hqu\mn\-q dccurs at the Z-GX\S

'fw this resgon 3 Jhle o the O\'\gm O i (s G‘SD undcgnec‘ X Mdh\ﬂg the

angulanty worse,  The paramenzahon map maps g |me segment”

( dfferent ¢ valwes ) onby each \‘70m\~ onthe Zaxs @xceptal the ongin

Where 9 rcc\-ung\c ( all B and ¢ v«\w‘o Is ma?ped onto q\, S\ng\e

?Ofn\'.

The 16r5¥ ‘qug-‘v do is cw\?\ﬁre 'l'\we new C00ro\mar\'e flme vecbr\ﬁéld;

and dual 1-{:0nns_ The nex)rs\a‘p 1s $o evalughe 'H\etr-mnerProdudj-

are rc~en?res$'\'\ne Euclidean me\'n'c,

F‘av;eﬂ“\e\'& rcmar-'\( Wehave some mp"g spae heve so 1 mtgH'af

well indude a short remark, Thavent been ansislentabout the open set U ofu

focal coodinate \:M\'c\w, For ?o\ar‘ coodinates T induded the Vegahve X—~axis wheve

he Jup 10 the angular @ordinate ocours, but not e CWTCSFDHJI;\IQ hqlg plane

for cylndnal §sploncd covdds, TF we require (P +o be arhnuous fhen

we must exclude ?omh'o(- dl'scon\wv'w\‘kj . The cwrdingte frame and dual f‘;-me

are lfef'{FoHH ﬁnc ﬂwere ;howmr; b@cuu;c AF ‘Deﬂod‘a“u] , S° ""’C loca\ ﬁﬂmc

$E E2,Ex) axpresced in foms of Gadestan @odinales is valid evonuilere except

onthe 2-axis, he,, i U mndudes the drs cnbmuous (‘aqu of &
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X2yl
(dp = (Y\ -Y\A.l) (ggvlmﬂi) n = w9 = Wﬂ !
{ (K (Xt3gir™ |
)dCQ d (Jrcm +aps¥> diz) ?) - = 0‘**%?— = —9dxixdy = prt |
} E29% Qk’—w}) /X* X2ty ?
L a2 =de =W’
&V X)) = () 9, 2) (K, 5x0) = (x19,2)
NI I LW 2 A9
A =73 DXL 3 JXU DX" |
-' ~) Lo V‘ér%"?;xi_mbwr‘)rﬁsr”‘m
o (A () = [ DD (ng)™ W
X OR—/ —_) X I Cq [,)—!
Xyt Ryt — c d ——(_ O(
o) o ) ad-%c
¥ AR f=x Y O\ £
D B S E o R
Y
k (vl \\/2_ X © ,
A
o o 4
so the coo rdnate Vec\\or{:\e\ds are
gz:"l = K L@_,@'“ )(7+\A1\) & /X""*ﬂi\lx = .
D? axl! &x S/ <+
=g & ¥X ¢ =
SFEWNT A 23T TR =5
%EZ%):A-M-(‘;D;{ = ?—2 EE}
lings are ) )
_3..[ —_-(@_(.A Q.\J.QA, 3\-,:1_@ \ = (osf{-a'\ +Smc(’9-\
d P )@m;ﬁ,gm%@) L&P ox &F N ()F 9z l(mﬂ)}m?z) oX lémeﬂr%) ‘(gueps\-gz
) 2 =]l = ~psng &\ peosg 2
_— 5 s 0 ] % 1(()(099,(5\"‘?;3} v v (-s\(;@m(nz)
) B
0 lp ot @ind D Pt )




Note Hhat-the coorinale. vedor felds {52,555 il To be

linearly mc\eoenclen*' on_the z-axis where E, vanishes . while at the ongin |

£, \,q,,,;s\,,e; Thisleads b W n«ﬁ'\nav\na) a we —«\efmd hmﬂ' ok the z-axis ;
and,_causes W 1o have cof?»mk which becae »V\_F.m\-e Hnem‘ |

Now we need « c\'\ange N notoRen ﬁf“ the Eucidean momi , We have

. e
Deen using g Kor EAnG\'lonS . and G F>r‘ g:;érprvdud' Yensors.

33 convenhon one uses 9 for symmenc  ner praduck fensors,

The Euclidean metnc lensor ‘f\eu 1y

| 0
0= Sidx'edy’ A = q(,{l,;,;:-.) = g
d I\) ) J J L) Y WISV &7

We can re-ex press oin lemst the new ﬁumc
-] .-
¢ = ﬂnlA\l @AY nxlzl—ﬂ/@ a— ) A m “) gmn

J AN y  JVd J\OX“"OK"/

T A
/7 == J1)
One can O\\rtc\\q ke the imer DYOdud’S o( {E5] ov

- uje 1‘% ma\'hy '\'mnsFOHVM}lm \aw o 0Urxm -Pv\c New (,omponen‘l's

as ch\'wnf 0{' ‘l'L\c Cm’\-cﬂav) coovd\nd'es or one can \US\" evaluate the

d‘gcm"f"m\s o Xy which wil) |ead to SpreEssions In Yoms of the

néw cm‘omev#s.

e mabviy_calodahon (excmsc> 9’\6L0\5(q ) /d(_) )(Z%Zj : 2 \ - /9"("??79?“"
Vil = - Y QW Joz-

R A {q

hite N

T ax = d{posd=ostdp=ping d e O\XL" zx\ axé’ A“" @!Xb > A= csg —psie o}
AR A —pose
(V) ;

e 1
Az= ) (2) =4z j

o 4
(x dx®@dx_ +dy0dy +dzede = (@5qdp—psmg d€) ® (cosqo\()-mme&«) +d;®de

§ (swmedprp@sd de) @ (smp Ap-hgcosce de)

< ia\oo‘odo + pldeody +idz@dz |
Y \ - - ‘
I 9, P22 |

) (¢
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The demdk gwne IS dl"quona ( s mu‘l\m‘ \f)rwrpvoduo}y vams\) and

3 and & are unckvedor feldg e 2 2 bas lnghh_p.

P :D Q@ e~ length=p

/r';b

!

Note {hat re-—ex\'>\rcssm9 A N km;o{: Hhe

Nend couvdma\ts leads to

The {':wr matnces A and ﬁ—\ csq'pvcsseul in
lerws of the old and new coodinates may be used to Frunsform any Jensor |

63\35 ‘E“D'“ one COWd"ML: Sus\cm%'ﬂ\c O'Hne(', ‘

For eYamp\e

T"/X') - X [X(X‘)) X (Y(K‘))

2% WC—\— old coords expressed 1n fems of new

L

c‘nanse ‘|’D nNew Cum?onen-"s

. AY
psing

The vechr ,Flc\d X=y (%( +><-a?9. has wmoooen\-sq&/ \~ /mow/)

o/ \F5"
So ﬁs new comyonen\'s are

l/\’

/XV\ / cos«e Sing 0 : { pSwng ) ;’ZpS'W@W ) p stc() |

S Y= p S22 Spt Cos2P g'q,
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gmﬂarl\j Tb = ydx+ X dj can be hansformed

Z,

TSE—=p3me—® A

(:K._l) _ CX;‘, A*\J‘L) :\gg)‘lx,o> <J’|no(’ Deosy_o ) :(ZPCOSQSM(P) @7((/‘57.\0—51!;9) 0)

0 0 4

- 2
(’Ww = Cﬂstq)) P CaSW/)O)

50 f)(fly: Ppsn2q dp +ples2gdq i
! d :

[

Y X, The same raulk could have bean
—A'r o
=q_vf =q, Y9I obrained using the (‘e«exprcssa\
el AN . ‘
X psinzg 07 (os2u menc,

Since $he frame is orthogonal | index s‘rilg'\‘ng reduces Yo mulhpli cation by the

coms‘md\ﬁg d\agom\ menc avn{)onemL.

We can é\so Juy\' re{\(‘prosswn ‘H'\e 0\01 meaLeM ’JF“”’C VQDLW'(E\&(OU
n km; o'F the nel

~ AS_D (D — chpawsmcva

5QX.‘-’:: H'O)(J, —"))

Exercise ;. Evaluale the 24 ovder flhear‘dfgﬁrcn\'m\ o?cm\'mr

2 P N /QLDLa\

VEs 0 im0ty

bﬂ)‘lsuksmukno the alppc cxpm‘ﬂo\of fbr the. Grdesin Mma\gvcdm’vﬁelo(j‘.

%4




exertse worked

A ) ~ 1\ 2 \2'
d_ {2\ _ smcuz. _Sm Z n'y 2
5o (&) = @“‘*ap o) (=505 L 12 s
= @9 ?_7' — os@sng 9% _ smg(~sn@) 2 filosq (5129) , Sne tsp| 2
op* P dpof AR AN VA L

= ol 2L L ante? + gvf_@ o° _._rocmm;c_i_ 205N Q__W,mw_‘
Pt f N T e T 9 ‘

\

N2 2N ) o N N -
O I BSY 2 2 2
— (5 ) =(sme &+ — < ws
i (0s) = ("5 5 ‘{?XWW‘?KW ped b
TTIN 9\31 F oSy gy 2 St \2— L> AL (S lﬂﬁjz“”
o 2 dp )("' —p? e Ay
T
= s &y @_s_'fg?% ! @S—Qg o - SIne G54 3 2005w )
¢ e 0e gt P opd b7 g
L 438 o (odpistg) Sl 4 Snqresdy ) SWRYesy g
Cal TS T AN T
(=S 4 Gsesw] 9 Pesgsue  pesemdl
P rJ g L ez pz ¢
324,6} — _A_E J‘.LD + A 92 FI'F@—‘@")(F'?)%‘SS‘M
J)?" Y 9(77 p ()f (02 acpz L V2 on 2% in Polar COdVdS-J
o) e ) { ) WA
= L ¥ I s S = g__ JL_.
N p FD—(’ Pt oqr  o22 )
Note that FA‘%(P\?%) = S—;—t + :(\585 , so the f\rs\'-\wo feoms
canbe rewriten as: . ;\."/F’) A
p 9o/
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exertise ﬁ‘bm page b vorked

: - P ™ ™ D dXJ v,
CX \ﬂ (A de)ym B "XnK" A‘JXJB "%&i a%("’—g oX AJA\/M&“

., AR Iy
27 ,70,7J 8% 6”, -
= BMADO 2~ Al BJ X" = gmaA WL —AT B X
. [ N
[B, A" % = — [A,B)" 5% £n

. J .
[;Xl2:l = (A‘.X A9 ) bea%j = — b*Ay 9)52 b = ”"A bd ()X“

S°z

I\
|
=
>
&
4

zo d N\
@l Nj = L'LJ(;?Q ) C ?o'(';—(w,) = QO (CMS"&'T\’ COM\)QWCh‘\'S}

We cary moke these results ook mathemahcally P\'C\-\fj

oy G(A)= AR S(b)=b'd,
then

o [O®), G(&)] = o([ABD

@ FNKA\ \P/L\—\ = $(Ab)

\})

o [FB), o) =0

{nxn mamies ¥ — {Vedor feldson B § 15 a linear map

(checVa G( qA"f‘OB) QG'(A)'\'LGC@)) ‘f\'bmq vec\'vrquw_ with q

commutator  into vedor space witha  commutator (Lie bmc\e&)l

Relahon (1) says you can do the commutator before or afle the map

ond shl) get the same _result L Ach,{?vrs;?qce_ wits  q commutaber ts

caled a Ue a\ge% and sud~ a map loetween Lie qlgebms ™Mapping one

wmmuttor into the next is arlled a Lie a\gebm homoMor?Hls;w _\
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cretige  at bolom o(— Page 175 wiorked
w2 i) (FrZlegnd) - b2l L)
Z%(%Xﬁ:b—»?ﬁ +><v33 “‘&Z\) \\’ [xalz_y ’+x93 _4d® )
T % SR IS0 0y
S (et A £
ARG (mf—)\ ¥
STV B T
Ky aytogy  + 77 MR A ayox
TR @ S
—_ O &&r@mi’hm\c’ cancc\j\)

The same calelarion apples to
i

- rd /() ~ ni/’: )
[ 8 i e | men
m—
y U 7 dehne x"=X
2 2 v DZ 3 g ( \Ln-.:y
Cll s = T~ %ox —‘
U oyt emn &0 J
s Jerm commutes with, % 5% ~Y 55 O
Sine. ¥\ Corgtanks ol iespect b vtvv\mm'mj wovAinales_
\




e\(a'(\Sc o (DO“Uma‘F?aﬂe HC wuv’hed

Tf = (3rg123) (3)- YRR I %5 =o
=

e 4D A AN 72\ 52033V y2pd) |
497 @ﬂ*”@“@‘w) ] T ol I o
Ax 2 2Y°
\ |V\7 -
M — £
L\ S Y o \17—-—7‘?&_1
df= A/ih =g dxt Ldy = —ddxtxdy
ST X
C\S: (A/r%—:f_fb\ = —_'1../ 2yt 22 d(xl;{yl) +_d__Z‘___
Wy Z() g
ZxdxrZgdd
= —z2(dx39dY)
2%},& ':C;:r!
X&) XY
(}\B(X): “Z_@’Xﬂ"}'gxz) 4 _l:_.? = "2‘0(7'"3?') + i =0
) Nk Xy 7"
| — 2
P s
Wy
Ae(X) = —yX'+xX? = ~YX¥XYy _
v X N
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Summary of what we a\io\ for cylindrical coord indgtes

(D dX" = aX (X3 dX 7 Apgne( new COOYdma‘\'e \Q'M)e
IO i\

Ch\'ﬂ?\}j in {‘CMS of' C“"“L'S\an dJOV'd(’\a‘(‘eJ'
{
PO GOP R

oX X+ e)l 7 \(4)

@ &g M (N 7

= rcpreSen‘\‘s Cartesian 'frwnc N dems
g% (5“!{/ ( of rew coodinates

4 ?Z"; = _B__)Q’/(X(X'>>2 ] \

R .S TS

{q words *

) Ta\Q\hg the d\ﬂ:ercn\'iq\ o(: the codinate map (b - (Xl/) x?! x;/)

9\e\d5 ‘H)e ncw COOTZI\"G\-;:?\ﬂmc ti‘ﬂ'ems o{: ‘Hse Cﬂl"'CSlr;n coov&m"&f

and the mabnyx A‘3 (X> whidh aan be inverted bo qwe A_' "_" (X)

and  Cartesian word 1nate ex?vcsguo;».s (2) for the new wodinde vedur Flcldg

Suks‘n}u\'poa oQ T\ne ?aramc\'nw\-\bn map IntD ‘(“ﬁcsc +wo ma\'ﬂ(és Fe-expresses

them 1y dems of the new wovdinarer Whida may Hen be used o vepresent

'\\v\e_ coordma‘-e ‘Rmmc, and dual —ﬁ'ume n *kms c(— 'H\e New coordlﬂa{fj‘

(5) A\\cma‘n\:dq one_can J\abe,‘l'\ﬂc e renhia) of the pc\rumchnahon
mMap +o dlqu q(e\a\ % ‘J(XCX'D which can be mvcrkb\ +o get
AL, (xC),

(6) The we re-expressed the Eucidean metnc

9= 3\5dx‘®dx3
= By & B__ "edx™ = g, dx" @dx”
%

either \’M su\>s\1'\'u\-m« @) o 9_or by_using the marx Yransfomahion

A“(x‘)TI A"(X‘> = (9w )

(7)_Then we Wﬁ\uQ*'ed V= SU o~

X0
EXERLSE | ﬁer‘)aw\' \‘CO( ;\";\\enm\ (oords

ﬁew?mss Y=y %(* X%‘j. and f= Bdw*)(d‘ﬂ .
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exercise o page 35 worked CSPHEQICAL (OORDINATES >

= X () (A @) () \
X = rsind (ss@ "/ 6)(/3)(’\ / snb s @ rcos® cos ¢ -rstnes\bcp\
y= rsinf shg / Y/, 5(3 ) = / SN0 sng o ® sing Cand wse /
2= o5 B b 2/ / k cosb ~rsind o)
Y2 \ G"‘\'”‘\“Mjh—S&—— ‘(%)_H S

X Ar
Xyt Z) "2 (x2%y2) "2 ~Y second cdumn 3 first e entres

- - O 3_ . yz ) st—a cos® = ssnb cot®
(/\ J (X)) —( 5?;3 (X)I _ l\y&ngzzsvz (Ziat) V2 X

XSy =
.Z 3 < T ve .
\/ b I, 1 -17.\"2 —{Y‘Z«N?'\VZ /3 / (ack o V F m)
X 1"&1': ] \) v A § LA A8 vl “‘J VV" JJU)I —~P
lastcolumn | mkrd'\ange Y phs
s ——L( 3 IS S1g e,
X =X (X 2B _ 3 N
Lt o G‘"‘”——*-‘-“'“‘““‘ s “[:- 3%(%‘/ “swplty
[} Z
r=( X447 /~ d’“ (i 0% ‘h (@) (xﬁ%n‘)w'k same for Pt Ey)
- - _%

6 = _0s ‘(-X’ﬂj?f""w’v ie... - . [ 2(2D } ] SM‘D\\(;.

07 7 ¥ -
d wiu< r.\—u’z J\"(x 1#2’) L (’_‘z*‘tl"*"!’y”z (X“VE.?‘) i

——tr=t M e ! /'m
Y=o ¥ €
2 z
/ o/ 3"’\ / Tyl d) (ﬂw%‘zl) “ Oteylz) 2

) Q’\ (X) )= [ 20rox )z/ XZ ~ fizvy)

/‘ N

\} o/x3] \u—w’ﬁ’; 6*2*991’*““‘(@9742‘)6@*‘315"’“ Ry ) /“““‘

\ e x"m o /

AL

/sme s @ smB o s\ nraow jusk 2

@-,é- ) (iqo('—) (—-cos()coscq -:;cosesmq ‘lrg'he Seumdmo ﬁzﬁg\“

A
- S'lng cos @
\ rsng rsin® 0 thdwow Y

rIsink

exertise fodnis solvhon :  dhede that AR A)=TI _
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b
The mabdy A (X = (,B_X.L 2y QE&)

= A0 Y4
or —v0—0¢~

nas as its_columns fhe Cartesian coodinate con%ponenﬁ of the fungerts

Yo the new coordinatre [ines ?amme{'nzed by those coordinates, The

ﬁrs\- cg\umn qare \‘\we olo\ {'a\shoncd com?onen*'s o(; 'H)c -\argen\'vecbraf 1'\'16

curve nich results fom \no\d;r'.g 0 and @ fixed and varying r, ﬁreyamg;\c,

new 1“”937\&-
Since Jf\\e/‘\coord\rﬁe 595\'&*\ is oanthonq\> 'H'xese '\'\nf‘QA‘vchmrs ave orykoqonal

gs ane an venfj b\j {u\llhg clok ?Yod\uc\'s a? the Cﬁncs?)'wl\ri% vedoes 1y 123,

‘Y]'&C\' . s
(A®)) " A K)

s The matnix o(: all V@SSIHG inner ?WduC\‘S of these veclvrs. By orm\ogovu'\'-l"\;‘

 will be diagonal _The diagonal dements _caill be the selfdof praducts of

'ﬁle Jrhnee ‘i‘angen{’ JGC"DFS . e, 3 *)he lehg'H'\S °£ 'H\e ‘l“hree Co‘umﬂ Mﬂ‘*ﬁiﬁf

W¥‘O(' Qas ‘/ec“ors l;w |RSL

Fue dtde cach alumn by s 'engﬂvs; the new colurns will be

orthongrmal | s de'ﬁh:s an ornwgonq\ matkrix
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The rows oF A ( x) are ;zngéoer}g of the ouﬂl-m{—,q\s of the old coordmates

b= %ﬁb 5 ey [dx - [ ar /smecosco dr + resd coS«ethrSmOstﬂ
d‘]{‘: 0% /dg = A ()ﬂ) ( do | = sinbsingdr +r wlsinedd +rsind asq de
at kdz \d(o \ s Qdr —rsnb Jd@ /

Cm"?mm\'s of the dd coodinate ;g'ume becors

b o/2 32 AR)
X 5{‘» T30 43¢ =(or & o /y

nodermahve of Ay yush-domatng produdr————

and Pw\' demahvcs v ns\y‘— again .

MM%%MM ———
Snb rsm@

~ These., fogether udh e parametnzation map X“= X(%) are needed +o fransform

the Oom?onery\‘s of densor ﬁelo\s‘

- - . / [~
Fravech field T=T'2 =" : X' LOTOo/L|_AR) [
i

) /rswdgme \iﬂq/ \F’ /

eXam‘;le L= 55(“‘03 (x‘l):{%) krsmg‘cow /

/x\ / sb wse Sl'\OSWP €50 / r‘smémn'(p‘\

/ rsin csp s + T3INZOOMY (03¢ \

( sinDosBsinq sg + sBeosd smessp /

(IX_’" = [ FoRow Losdsng —hsm / FSMQ@WV
& rsmé rsin® ; / c/

\ —SINp F sty

= /rst'nZG SinZQ\ @ X= SlneSlDZQ (rime_aaf__i- CoSQE'a ) + 0sl@ )D"cp.

{5\69605 8 sing

\ o529

Fora avedorfeld L¥= Tidx'=LidX": Ti(X)= ax (X) X005 e

clamgle Xt= yixt xdy & (LEL) = (G 0)= -

T Lo To)= EXIDAR

swd c»s«p

-------- (T Lok, )= (rombsmg rsmOesp0) [smbsmg  reismg B -

S Snd

(474"

c oot cosp -rsm@s»}x

ol

= (rs\.\z,e SihQos@ + rsn Sing 05 ‘. rZsmOcosQ smiqcosq) + rsmewwsthqafwe —-rzS\rhslei' r"m"e )

= (rofbsinng resmbesd sty resmib os2e)
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- Iy: rsind ( sn2¢p [sm0 V,Q( +f2059;‘%] +reps 2@ 16 a@c'o )

. Smilarly o fransform the metnc g = § ;5 dxledx) = (Slnecus@ﬂlf )@ (snBes@dr+.. )+

( 9 (X)) (3X (x)&nn_l. ®) = ATERTA () e\c ? |
DuT Mo\my ;
meﬂwo\S are

- / sinQ cosp  snBswi @ C° —more eFfyerent——

"L 09 coso—rreosDSing—=Fsinf S\anwp ra® sing rsnd C«vS(p

\"rS"\BS\N( rsnd ose 0 ~C 50

” - [ A——— P—]
columns ¢ un\’r\rah( r,(um-}\&jw) rynd x (um’\’vcdor)
—_ /i /o) D \ co\urvms arc mu’Hmlla Ormogom‘ as vechors in R3

=[ o rz o
(0 v Enb)

so Q=Adrede + rzdb@dO + rZin'® de @dy
J— \

_ Orc 999 9<.eq;
................ b P G 2 drndBrdg—=——F2smO deadeade
(3\"' Yoo 9!{) -

L Y T LA . g GL
od § = %“ar Y 9% U rzanw 20 %09

We can chec IJ’ is velaled v L by Index \owenng (csn)l ws2) v/
Xe= 9'.(?: Xr v . thQNIO= re (Smém@;mi@ v \ IX}(=‘—9WKQ=3

The matnces  A(X) and A'(x) arc reces savy for ’h'ansfommj mthe oﬂaos-‘re
dwechony ) from sphencal to carkesian meh{—S_

L The rows o(' P\(X) ore n( dd amlwnmh' a(' ﬂ\co\(ﬂcvm\-w\,s oH‘l\c news (,owoluna'\:e;

- \ [ v drydy-+2dz N\ [ e\
N e/ | e

1) =TT Ay = 2(X0‘)4+943) (X% 'I.‘)A.2 / e
do-— N Y- ex g™y \ @
_ \ ~ydx+ xdy // \co /
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The columns o(— A l(’Q are dd amptmeh\'s of the mew coordinale f\lmc vedwor %c\ds

) ~ [2 2 <
S —@?’3’9 3}0 (ox g o "\ A(X)

Qiud L 22 2. —fxl
=/ (A E+Y5,+2%) Z ["m*”?@l CRTRN y \ = (ec 06 €0)
\ s Kay)™ , /
\/\/“"‘”’5"‘ W
— fread: |
. i = chech out—y=0-cuse  %>0- e fe —%@iﬁ»w ------------ -
ﬁ-_’fﬁ = - {DOEG\’I\M y, becomes “'DC\"C‘CS > ‘
] posifion vechor -~ % 23 2 _x %2 \/ length P:&‘th.
-3 =Ys5in®
umhegg\\‘)rrc :\)_‘o?o\\a\ u dﬂmﬁe dwechon h./

dee
YW\ YC AL )(,u-))w Y

M -\'angen*' fo chtc
length

+ &

. ~2
eXercise ¢ Xpress Y= ¢ t 29 > carlenan covvds.

T} we take the GKP\'CSSLD')S {ef; €e,€¢5 for the sphencal coodinate fnme Vcd'urge‘df
» Carlesian Coordnates Gnd their dual frme oubder fetds {wr,we ‘*)?}
we can use them as an orthogonal 'fmme on &? , forgethng about their
WF"‘C”WQM v tems of s‘?\"encq\ Coord\nalnes‘

Clearly € 15 undehined at the ongin gnd € alomg the 2 -axts | while €

is zem on the Z —axfs | o the f'ﬂmc s only valid o(—g the =—axg,
wWe can normalize Hais ﬁ&me to an cr”\oharma\ f\‘nme ‘1,\ d\\/‘dmg

by \engths " e 3= (‘n)-1 : Ex S W %o Q)" W
''''''''''''''''''''''''''''''''''''' Eﬁrﬂ €s,€8 ‘i”” { Co ? Q(zw%”' ee) C’?hf)"l Co. z—- = { I V“ie l_mne fé}m_ﬁ_ﬂj
) Jf: rs«ne

Components iy an orfhonormal {rame are called Fhﬁsfcal COmpORErTS " Sihce Given
____________________ %“mev%u\‘twwf‘lﬁ{m oo a-pom— twﬂgm%%%%b\cm Yeemg ety
arthoromal gmpp-ents, Eor example, fiv our vedofield X we have: |

XP = rsint® st'nch 18= rsin8aws@ sine I? = rsin ws2¢
=Xe =X¢ = K:p
wd X = rsin Lsmzg (smoep+ Cofesgé‘) + ws2q c?_\

!




Nte that XX = &jX‘XJ: 32+X2= Dz*mzﬁl o ITl= r—;’.noi

which s the factor autside the square brackets.

We_can also V\S\La\w,e ﬂme cm\ev*s d("l‘he square bmc‘ec\'s ) km\s aE +wo Successive

rotwhons cf €54 y\eltlm'q a unitvedor ¢

/ $e6 [

/ /T ‘
A, Firsted s nikdb €p nthe o Then €4 15 huled |
/ 2-p plase (fxed @) inFhe Porvzantal plane
O’ N’ (honambal e, n® 2-6w\‘)wv}\) anangie 2 Wﬁrymﬂ‘e—&rvw"rm
X s this vedor hmes msnb. ‘
exervise for bob:  venfy Yhat [@. 2’\ < [€r,€61=0 enhrely in caclerian wodlls -

| s ’a —q/x.{)_.\.u.a.\ &71 ) 3 1
Ltr)eot = % AN ARA" Y \'_“'Ulﬁj
&7-*\4"1'?"5‘“ : Ky ™ \

Note ['FX)KYJ =

\ I' X Q KA 1

AE YT+ TR Y-h (YHX

@1%2421) (‘ﬂ i X oz 3 3

oy (o) (o)

]

'_——M_t‘wljﬂ Vo [(X Mb KJ*’ \ @*99 éJ {_Z(XOX.*\" d\j)-(x 1)A] @

S R0Rw e T (3@ 2216
Gy ‘——-—7/‘\7%

Change 3‘.9’)

-0 (2303 1y -2iB) 2 ORe,) ~ PR OBt > sl b

(xlmlrzz) Ve (xlryt)'

(205~ PR
W=

@ -

[2 (8o 62 B]

"> cuncel

9 g G

[Ex TG0 —(XHGNZR) } o

=0

exertige . Ty caster cale. t [er\ eyl =0,
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neess¢ ards

hno 400
exervise_on page 40 workeed ﬁese Wﬂ%e mS’th*l«m to \cz Yach 9e
A P <A han Mu‘“P“j X
A 64 “a#/ M, ‘\’ﬁ&h ‘heh‘p'ﬂ 1
(X ,hy) = SThY)- WET) i wkon et 20 g
ARy Ty (PI+SYX ’

Hhese parentheses cmfme achory of X oty oy

which quesa R&nchof} which ‘H'\eq mul'['\phc( the

opemh]r Y,

LY +HhIY — W)X — hfYX
= thEXY-YX) + SE@NY - h(¥X
= I’)(‘Y]

)

S 4 MR T N 7o)

an %mp\e 0{’ ‘ﬁ“S would be the f\uwmq mvo\umq sums of:sucl«\ lems

5?'-) \ c)XJJ (=1 3=l

[X‘LD_ v 3.—\ —- E %x 1_%;__5()2 ]w_‘ ~%§ {X‘Qv \();%]

S N N W) V-
mk&;ummnhmf F
§ X b Y dowe g | shePfe
. A 7""’“‘ 's as

é_g X YJ [axt)o,(JJ

o ' XL ng

\\\\\

y XXV __\(JQ_X‘ )

¥ 0
= ' 9\/)_&_ = VJ QK How <um>n:<< summg °~) ‘

S oxe oxX? 2% ax‘

GV GO - O
"Aft‘ X Y‘s—- YL: YJ> »3~
- NIRRT

T\\USJ&\Q \nalc ‘@Jmu
AU WYX = ¥iX- MYJ
s a cmm\ymu ”.F ‘HMS \0(196 N\ ‘E’r how commuhbrs wcrle wkm 30&.4 ;hc‘e

fanchons vn dhem

__Aoh




aﬂo‘PAer examt‘)\e 15 f"\e 6“""" 'ému\a f;f Lie bm‘(efs.

. 3 n l: - A] j 1
Tel, Y] = [T, 2¥e)

]‘g
= 20h l‘\/l‘m4 VJ'r.)‘1
== ke
....... e et et O .
f X DY nonginel
frmu

N

= 22 /X“Y(’ rer‘e-.]:f by, — Q(‘je,;X‘)e;)
N e AT A

‘:'J:l A e L
- % X“‘lj \'/XL
Cij Sk
- . t { ¥
_ = [xYde - X, ¥ Cg}x ij’z

r N\ ovl) ) R 2 A
=(Xy)e; = ke F iRy er

= (xy‘- YX' 4 C';n>(5Y"_] e/

<0 the flame formuls for the Lie bracket 1 dems of compments wih respeck fothe

o DX YIE = XY YXE s Ol X"

9 ven ﬁ'ane is

= Yt.'.y)—- Y

LA

ARVN I WV ¢
)J'YLKJK)(‘Y

T BN LG N

\{: we agrec ijr f)j = e;{ rs ‘“\e o\mvahvc a(‘a fmohov\ JC q[m/q

the gth frame vedvr as with aordhirale fames,

(ngc?@ - 3 , e
. = co. ;
wocersss { = yBoxdy == g rotele p8 & N <

9 _ 9 3
L= xz+dy == 3o = 0EP

w\‘\"d?z | . NG

A Pa)
e W/ B VAVAK ] A s S o L 1
YD 85T eom the aboe

S

Com‘)uﬂ'e e con?onen{‘s [x\\l J

““WGW‘W’M*‘G%#W —%p—ﬂ%#&-ﬂﬁ%ww..>.4.WW_.,.A

shruchure fumr hons.
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exerase @Mp\d\c all of e Lt biadeeks O'F {ev’})eé) eé)i ererhg 1o
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eyeruse Normalize the c:)l\ndnca\ coordinate frume 4o cblain the

W\ A= 2 =—-L9 e 2 = 2
orfhonsrmal fﬂme 6,/,; p A ; 84.‘__1;;;’ > = 2 =
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Evaluste the nonzero Lie brackets of these veclor felds using heir

PO | .
wimmmymr‘ﬁvﬁm}).

Given any frame iedd , define a setof ™ .S"nl.c‘\'uv-efvnchob; .

for the ﬁame n the following way, Each of the cmmutabors [e&.ejj
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=R T@“ﬁ% *“{“X’“‘/oq,
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