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The Tangent Space tn Muivariable Calculus

2
0N Po (%o0,Yo, Z)
“The space &3 has many different mothemahed > Y
shudtures, Tt can be thought of as- a space of J<\,

%

Pow%‘\‘s with no ado\ihv‘g;s*wc"urel whh the values _— ge?ﬁ- space e &l

of the three cartesian coordinates ixl W, 23

at & ?&‘n\' serving 1o locate that Pcn‘n‘\- relahve Y0 the grandard or%ogooq\‘

axes on_the Space Altermahvely one can think of R?as Space 05

vectors L€, as @ vechor sPace

with_vechwr addhon and scalar

% mu‘H?ll'cahén . ln this_case. the

A ACKIED lor
o poits P of K> are retnierpreled

| L -~
~ = (XoYoyZo . : v
\ /47 o (;.9 %) as_direded line chmgn-}-s orarmows

= Ok with imibal ?omjr at the ongin O and
B ,\X N {erminal port at the point P The
pont—vector duality { _’ ] |
notadhor = (%1y,2) for the

oosrhon vector aF 'H’e DOIn'\' P(XM ;’é)

emdﬁas\zes this vedor m‘rcrprerhhoq o«F the port  (¥1y, ) e R?

lnﬂns case the cartesian cordinates of « Pom'\" are nem*erprcko\

as the @mpon*en\‘s oF"Hwe Corrcspond\'nq vedor with rcsoed- to the

S"ﬂhdar‘d basis = (1, Oﬂ)) , €2=(00,1, 0) €=, 0, l) OF‘

2 as a vedor space. The cartesian coordinates {X\‘J \?} are

veal valued linear f\mchons on R3 shich Pick out the dssocrated

‘Coﬁgﬁhen\—og a_vechr whh re.sPed' Yo the standard basis In.

%&‘W"dsc they G!‘CU\\AS*‘ 4he basts dual 1o the s\'u.no\a‘bo\ basis

{Fm? |




TTne closest one gets o the teminclogy " fangent space " that one

gets in muthvarnade clculus s the tangent ?\qne o the greph ofq

funchon of two vanades o~ fo the level surface of q funchon ag:

three vanabes, The idea of‘: the ‘hngeﬂ'\‘ space 1o a Poh\' Pe

is not forma\\y mroduced  but d-is nonﬂ'\ng\css used and understvod

. . -
TXris u\us’r the space oE- all o\\ﬂ:erence vectorg - Fo = (X—Xo, Yy, 2-22)

Hor all ?o\'rs\-s P(x\y,2)_of R®  These dfference vechrs are

Pic\‘ured as  arows  wrih inihal powﬂ‘ at P cmd ferminal Pom‘\"

at- P Le,, Qs the directed line Seqmen'\‘s PoF’ They are ca“eo\ Rungent

P(KM 12) + Vvechors at Po.

2 4 =(xqg)ﬂ‘/"‘“ \"0 (X-Yo,g g”)? 'z°>

, Polxo \J.?J

/ ° CXO\B.),?»)

» ‘

A basis for this tungentspace is the standard basis

§€.,€2.63} OF R? +\”°\*.9\7+ Of as direchted line Segmcﬁ{’s wrih

theic_nihal ports at Po. To recall this interpretuhon the symbds

&g, ﬁngﬂ €l p,,,z can_be used. Eadh sudh tangent space is

a real vechr space tsomorphic o K> elf and usually no dishnchen

is made behween them In mulhvan'a\o‘e cal culus, However, ‘fun\gcrﬂ-

veciors are discussed in relahon fo cunves and .sw*faces v R3 The

fongent_vedor To a parametnzed curve ts always Thougnt- of as

anc\ned v 'H'\c Fom'\"on the cunve at which 'r\' is def;neo\; while

a_normal Vedor _delermining the onentahon of the fangent plane +o
a S\Ar'f'nCe at a lpo‘m“' is a\wags -i'\noug\q'\—of as_difached 1o Thq‘\‘P&n+,

Each of these are qum?\es o(:- ‘fuhsen'\" vedtors.
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The cartesian cordinate differentials  1dx,dy, d2f ot the

 point o are sometines (ntroduced as new cartesian coordinates translated

&pm%e origin o fo, but "°+ah°'5°llﬁ the P""ﬂ' Po is suppressed.
-
(dx,dy,d2)|, = (XX y=yo,22) = T-F .

The value Of‘t‘hese new wordhndtes at « '(;o:FA- PLOay i 21)
dXIKPv (E.l.)':' X\’Xo7 Viey

are dus‘\—-i%e” cow)Ppnen% of the d\'FFcrence vedor wrth rc.SPed"iv'H\c

basts { €ilp, ,E2lp,, e_g,(p,}_ of the fangert space at Po. |n otherwords
the carfesian coorthnate  differentals i dX\p.,, dy\p.,,, dZ—,,\,&,} form
the dual basis 1o this basis of the fengertspace at P,
However, o interpret the differenhials as the dua) basis we must

~ agree b evaluate them on the difference vedrors rather than their
» hm\nq\ PO\V\"'S O‘Cla\'\'sve‘\‘b Po J:f:

: j Xi ed.\f, *Xzezlv +X3 e,;!po .
s a Jmngcrﬂ- vedor at P, then

dxlp, (£)=Fejenn

o The diﬁcter‘rh'ql,,_,,of,an arb\'\'mv\j (differenhable) ‘@nCho;mf at Po
s defined in ferms of the Parﬁal denvafves of £ o+ R

d§ l \’S: (x")g")?ﬂ)d)(\p A fﬂ (XW\JI) %)43 I A fz(\fc‘gu?} AEZI A
TFis a redlvalued linewr funchon on the tangent sPacc at P, e,

a covedor or A= j’orm When €valuated on a '\'ah‘gerr\-vcc‘mr f a?
- doove ; T produces the result e

d’,ﬂr (i) = 3( (X@J&)Xi + {:3 LD s jS:z()G\J 2.) X;

f v (woza)
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where V4 (62 = Suley) €aly + fu(002) &g + £ (eu2)|,

Isthe gmdlerﬂ'of ;F ot B, The dlﬁevcnh’q\ d;F l?- represents o

[inear qfi%’)mxmﬁhc;n to_ihe funChu}, f— 'g(\‘gH;v%D at Po). as a ]chh;o

o& the dtﬁcrchcc vectrs relabhve 4o Po,

Two \m‘por\'ahlr uses o{ ‘Hne hngefﬁ" ST'7qce in MuH'\VanaL\e Ca\cu\us

occur in the discusgon of tungent vedors o parametrrzed curves and
in d\rec‘riona\ denva'HveS o:f ﬁnchbns’ and "H'\c_\’.; come ‘\'Dge‘l’her‘ I

Hhe chain rule. Gwen a parametnzed curve

F=TK= (xcz)‘g(e),z(a)

u)hlc\q Passes ‘f‘hrow‘_gln a Pouﬁ“' Po (Youu?o) at ‘t':ﬁo} one Pn:duces
a “'ﬂngen{"vcd'vr at Fo by dIﬁQrcﬂHoang ‘o Pmduce the Jungent vechor

+o'Hne cunve at P

P = (x(8), Y, 2 (4))

= X'l €ulp, + Y&) &, +2') 5,

where ‘H’\e LﬂS{' ea_uah@ revnmds Uus noh“‘wnqug o-F ‘Hne Connecho‘n

| of the -fungm‘— vedor o the ?ob‘ﬂ' o This dichnchon Is never

made but i is an lnkem\ Ipar-l— of‘Hr»e nhuathve PIC\‘Mrc one has
of the tangent vedor

Po(l(),\)o)?)

(%)

7 A
&

T o
)

T~ x

One can think of the 'hngenlr space at P as the space of dangent vedors

at P 1o all ?«KS\U? Parame{'nzed curves i‘)assing Hhrough B, Thisis in

facta useful 1dea which 3enemh'z;e"$+6 mdre cavv\'pltca'l'cal se'n'\'ngs‘

—




The chain rule evaluates fhe derivahve of a funchon £ on R’
_qlo_n3 the qume%zed curve as a ‘ﬁmchon of the qumf*'er‘.

Oﬁlit. ) = Fluuszy X + fybua )y’(a)h%(wda)*z’(a)

t=t,
= P/ - T (oY),
, Huwcver‘) Hhis ISJMS*‘ the value of the dlf{:ev—en‘}'!a\ of chi- P
o “H\e l'ungen{' ved'or d/(ﬂ)

dsEe)_ = df], (r-’fa,.o)

Gne can also differentiate a funchion along a gwen diredron
_at P withod having an egplicit perametzed curve, For this one
inhroduces the divechonal denvabive which generalizes the PaH‘zhl,,

denvahves to an arbr\nrg direchon spulﬁed by a unit vedtor
u = (u.,q;,‘\b) U,U 1. Rk\n‘g‘f“ﬁc Ql'“Clehg‘“’\ Fammc‘l’n'ceJ

)

 shraight ine_in the chrechon Ot b

X= Yot SU, 5 H,=9.,+ SUz, 2 = ZotSUz g
_onc defines the direchonal denvahve of a ﬁmchw)fa’i‘f’o N
ﬂwc 0\\"60*10\.0 A by an. qu‘[cahbn o(' 'H'Sc han m\e L

O‘ jc(‘j(S)) \5 0—- Q- Vf(xogu;) D"§(mgu)z,}

(u.ax](,°+u2 9"‘%) 3C

o = d:}\lﬂa ( U) , o
. A\‘mg the coordinahe dm:-ohons ‘H’Hs‘ rc-cluce_r‘l'u‘fl’)e arqur\j
_parhal denvahves | using the 1, §,% notuhon




Note that the dﬂmd"lond\ denvative D{A\'F (‘(o}j»}o-) mMay be ‘
nlerpreted edher as the vesultof allowing the firstorder diflerenhal ‘
operator

w2l s w2 +u 2| = QT

A Y w] Iy)
L " cr, ro

toackon the ‘ﬁmchon \f or by evqluahng +Hhe d\ﬁe»—mha\ aj'
the funchon  af Po on The unit tangent vecdtor g However;

Fhe condiion That U be a unit vector vequires —the use of the

Euditdean mefric, So if we want 10 generairze the direchonal

““““““““““““““ ﬂeﬂva‘\'wlv—‘\'o—crSe“'%wg—w\wcr_evd“wﬁm—ﬁrreqp—(re&“;‘*ﬁﬁs*‘wsi‘ﬁt'héw_"—"‘““—

So_introduce  the derivahve of- £ a+ Po along the tangent-
JN
vecor X by

Vg § (@ = X iy ouamd + X £, ovad)t Xs fa (02D

lrthts-way the-—drain-rule—lnks the-dervatve of-a—fumchon-atong the
?arume'i'hzeé curve Yo the denvahve q\onq s Fangent vector

d £Bm)] = <Z (o)
ae s Te=t, g § e,

= (X't ?:;\ ¥ y'l) SE\, r 20 & "Lt% )

[ZaS{S

“‘W\S m '\um Mmay be m\‘erprc\\'td oS *‘He rcsuH’ O‘F a umq}re\g &S%c'\a’\'ed
ac’nng

& firsy oder W f{ereninal o?em'\'vi‘ at % oy On the 'Rm dhon,




BH\ we haventt gone G;renodﬁln with the '{'—'("’SG'T\‘ Sche idea. The

nohonef o fungert vecor as a_ difference vedor requires _an underluing

vector space. Tf we wart to geneml\ie this tdea 4o a sethng witheut

vedvr space_structure,  Hne, difference vecdhor iberpretahon must be

atandoned.  The ongwer lles with tungent vedors o \;Jarume\’nled curves

and denughves o§ Junchons a\ons Them,

One can always d\(:eewn\'nao\-e 'ﬁAnchvhs qlong Fammejmzeo\ ounres

and fhe dnanrule shows that this i1s equvalent Yo the denvahve of

those E/tnc\‘\ot"\s a\ong the corvesponding tongent vedtors, regar'd,\cSS o{: oul

we ‘\'1’3 \'O'm\'ev-Py-e¥ those {-anaerﬁ' vedors, |In fack With evevlrhngvn'}-vedmr

3 .
ab o pointythere is o uniquely associated fistovder inear i flerenhral

gerdor_whids_accompishes fhe denvahwes of funchions along thaltangent

vedor . Ttis just the Wneuc combindion & the parhal denvahves at Po

whose coeﬂ:\c\eh{-s are the corresponding mm?onen'\'s of Yhe fangent

vechor, __Why not simply define the dfferenhal operutor to be the

ﬁr\gerﬂ‘veckor? This makes the ?ar'\'xh\ denvanue operators basis

o§ the ‘k‘nhgen'\' space atr each ?o\‘n'\*, The covvwx‘oonen\'( ¢€— a fangent

vector with \'%Qeo\- Yo fais basis are exactly what weve been caling the

(pmr(wncn’rs 6«“ Q\Dﬂg So '\'h\'S deiﬁnl‘hém cam be \,oohcd q‘\" as

o bodeleeping trick. Tt fums out fo be edremely useful.

So_suc _previous expansien of- a_dangent vedor at

i = X\ e.i\.r.. + X? ez\po Y X; €3\_.',.

can shill be used if we re-intecpret dhe symbols e'»\_P‘ Y mean

the wrrcspoho\vha Dar\'\&\ denvanves af P«u_@ e \ca“'\\ L notzmon zxﬁ\@

instead o¥ (X\ Yz.Y‘s} must alse 9v so mdexedh Paua'\'lons usng 'Hf\g summa\-ron

onuenhon _can _male &pmu la_wrhng SumD\e ﬁnd\u ndex oosxhonma, B o

be ms?eo\'cd We can_remind_ourselves of the o\‘gcv-m%q\ doen‘\‘or‘ t'ﬁf/rpro"ﬁ‘lm
bg dmﬂ\'tlg the arrow no\'u'\‘]on % v\ufr \e* X deno"t the q‘:ov-e, {un&m-\-wc&'m‘_ ;

=



Also, since we have changed our deﬁni‘norﬁ oQ “4an gert vectors,

and d\ﬂ:ercfha\s were de-F\ncd 4o be dudl 4o 'hnqen{‘ ved"or's e

real balued lineac ﬁmd'nons on fangent- vedors  their deﬁmhon

must be dhanged If we insist on maintaining  dualry .

The d\qeren\"\ o(: a 'gmc\'\m ‘(: o B will be de]Cmeol buj

an_equohon already used above

—_ 0
(D =X = L LT m 2 )£

The right hand side 15 a real valved linear funchon of +he fangert vector

X and so defines a covectvr or A-form ot R, The coordinate

differential  dX s no longer a4 new carlesian coordingte  X—Xo,

but the real valved limear map obtnined bj (eﬁ'lﬂg a "'ungfr\'\—

vedor X acFon the Funchion X

dx (X=X X = X5, & ...

and so on. Thus the covrdinale d‘f{emnha\s mev—e\\j pick out

Hhe com\?onen‘\’s OF‘('ungen'\‘vc,a\'ors in e coord mate d'envafhv;e

bGS'!S. This ldcn\“l_ﬁco:(hc;q of "I'\')e hn3m¥sFace and l:\'s dua\

enddes us o extend the concf?'\' o ﬁpuces which are lo cc«\\j

hke R”, called manifalds.




c 2
Some Problems on  3-D CaCuus[, X=Xe < I'= X ()X“l ﬁ“’ﬁ'\jm\”S?a&a‘X

h'\n

|

n Su??OSe X=1t u= t7%+| N Z2=a—t 5 oY F%'E): (,-E) {7+Q aﬁ‘t)

(4

Evaluabe *'(a- what s the angent vedror af t =47

Express it a5 a '6G\Y‘0d€r\\n€ar‘d(g€rcnhq opem\-or call vt '@

with no overamrow,  (and /(%) mo,encmD

Consrder the g,mc)ﬂon '?(7(\&%%) - 2‘\"9 — 32 c

whatis — df (xy2) 7 df(1,2,4) ?

‘What 1s d£C1,2,0) (r'@) 7?

\th* is ‘-1(17 f ? C achion o% denvahie o‘)em\or' oy ‘GAnc'n o g —}

Fing ey;‘;rcss\o'ns for X, U\2 as Eméﬂons O'G‘t ’for gome other
paamenzed curve which has The same tongent at =0

as J‘—»\e pfg\/\Ou.S dinve CSUC\'\ %Q*’ G+‘ ‘\_ ) R= O\) 9“:1) Z=2
as wr\’\f\‘ﬂ'\e p"C\JIOuS cw‘vc> CTV\\S {s ) >
L T=22 -2 +42| ot is
) N \(‘—2 0 U& ‘C\,?—\\) (2 la"z‘ \) J

d‘?(‘\z\\) (K) 7

If = dx|,

e
[\ L’i

N

. } ,
e o e C}/n—l \ 2 faWie AW
oraT—ts N LI & 7 B ot




fhore_Motivation for the Re-interpretotion of the Tangent Space

The stundard Cartesian coordinates on [R” are those funchons which

pick out the mdividual components of vectors — these are just-the dual

)(CE_.-‘ COC

basis foovectors -
XUNS V) =N

However, since we are going o _emphasize different mathematical

ghuchure on R" . we will use a different notakion. Tf Z=(V5.,v7)

is G Po(fﬁ"ff) L4 a\e—emPhqs‘lz'\ng s vechor nature using « capital leltter

ds we convenfonally do 1()(‘ ponts | then

X = X(B) =V

will Indicate the value of X ot P.

We can now re-interpret a  dhange of basis on IR” as a dnange of

Carlesian  covvdinabes ;

W= Ac_iwj Z where the clumn's of A" ace the old

) components of Fre new basis vectors

e i/: AU‘J“' -eo
comac VL’.., A‘ e, i XL—AH;XJ/
peceMmES y = _) \ g J
""""""""""""" ‘%—o"efm' o Q& LMhon fora__given coordinate system
axJ gd QXJI §JL
DX > ())(L'
U
50 éx‘ [A“zx‘e) A QX—-AZJE
OXJ ORI
and -?—)S-:l‘,‘: c-+v (same Cq\cu\a‘hu\;>> - = A" 'J
axXv

SAPpose (M ) are N Qﬁﬂ(‘vﬂl\)ﬂn F\mc\'wﬂs on [E and we m’n'uduce 'H'\e

parhal denvahve o‘aenﬂvr u= UL;))“ on  real-valved differenhable

O




'ﬁmc\":ms o K" 5 aching n the 0\’\/'0\*5 w(y +o pmduce new @nchons

4\—-—-9 Uf' (“%)JL )\“

6\1 ‘H‘)e C\Mm N‘e D ,\
J d
u(._ ut ap ue \X ?,’L\/ = J <u )jc
ONYIAC
l [ B TN ) : . .
uJI b9 dehr\.ihgf\; uJ,—_—_ de’ uu = AJ(:ul\v

,5)("

one dbans the “Yvansformahion law” for the wefficent funchions i

fhe |near d‘gﬂen"m‘ oPenﬁ-or which is satd {0 be ‘Hse ransformahion

law for a wrvavanant vcc\-or[ﬁeld)'frhe corresponding JF&V’&T“al operator

is bg def\'n\héq lhde(‘)eno\en\' af coorthnates |

Cowerse(q hC one has q setof cm\?oncn{s which Fvansform n this Way

'H'\C Comlmna}lon

R O<J
;r NIRRT STyl d = Y22
! X B %2 2
is InVanant: Using this same chain rule calculabion one has
of _ I E _ A3, oF
XV OXY X XD
which (s said to deﬁné the hnsﬁmaﬁén law o(: a covanant vector
(ﬁe\o\), In fact these are just the coefficients of the
()lﬂcrenhiz\ dF e)(pchSed Le) )Lems 06 ‘H)e coovdinate di ﬁ\ereq-ha_s-
df = ofF dxt = of ax‘/

axb O\(LI

which OQ (ourse dOeSn%' a\epeno\ on whitn coovdinates are used o

express W

TNus _expressing the wovdhinate independent™ operatrons u—§ and

af i parheular Cartesian coodhnate systems leads 42 the usual

i




erns&mahon df ‘Pne componéh\'s OF %c%rf and cowco%rs DOIV\"—N po\ n+‘m (Z
By caling U= W2 the vedur field ndead of the collechon of
comPonen\-s (uv )> it enjoys the same imvgnant status as the -dlger-enha
o(:a funchon or even of an ordma'ry vecior

= (V... V") = vie, eR”

—_
which is _a quantity V independentof the choie of basts , whose conporents
mevely dnange with a dnange n basts,

On the other hand, although erenybady lznas the rules ﬁw evaluahing
differentids, the meaning of the differenhals of the caodlndes Fhemselues

(s oﬂen los\- on studeni$ dr?oor'f\j P»cgenlcol in fextbooles, We all remember
that we ?\u.g in ncrenents in the copdinales for‘ them when we use the
differenhal appoxim ahon , but™ the mathemaheal inlevpretation of the
differenhals themseloes we quickly foger,  TF shaild therefore @Ause No
3rcalr dpyection i€ we redefne wka+‘ﬂ»exj mean Ma%cma{'la‘(“b’> aHhough
the nwles fur h\'llﬁﬁ differertrals wil) remain the same,

Uncmﬁ\"g 0( d(gcmfha\ﬂbn mcang
(\au+b\/)3£—_- (qu"a- wV)X,,)f— aw%+b\f°d*' = quf+bvj'.

..................... o Guibdl, £= Gulf +bVF o fhere g barcamstarks)

Thi's means  associated g the valve of the denvahve of a mecho'r) by the

denvahve opembor at a certaim pont-of B with the denvahwe operator
ul, > Ulf ek

s a real-vdlved lear ﬁnc\'zon of the denvahve operu"'vr' The WO(:'GH ‘

such ogem\-vr; at- a giwven pom\— P s deady an n-dmensional vedhor space »

somorphic 1o R uer er” < U ;Mi e 27, o

V\eed. a name

(spau,o(— ‘“zsco?efq\ors a¥ _E)

\Z




X9) ’f%'ss o\eﬁnes a covec\'or on 'erﬁ ved'or‘space, {,%Jg} 5 a bﬁs(:of‘\"mc

sp«md{' ’\Lscom\'wx @ N4 , and_with rcs\")ed'JIo Hhis bqsl5> the

CoM?onen)rS of the avedor are of/oxt  smce

ubf= \/(;;Dui.

BJ m“\@mo) the Slmp\e ale{:m\hon ]r d£l (u) = U‘ ‘F

’ﬁ)f'fhls CU\/ed'D( H‘)erebg, o\eﬁmhq 'Hﬂe, cl\'FFev'cnha‘ oP the

-Funchm -F at _E we_get a meaning for the diffeenbals

of the cowdma\'es Hhemselves

dxtlp (u)= w3 K = uds=u’

as the coedwrs cshich chk_ ow}‘ the Comooncn'\'s op these lincar

O?eru\'t)r‘s with rc;Pec{— +u the lbasis § Q/W \z}. (e. the dual

basts Bl 0 YY o D1 sl =5

XS
e Gty =Sl e~

LQ"‘S use the notahion TE; for the “ungen*'space to R" at

“‘\'\eyo\'n\' Y (Tﬁ’f"""‘@eﬂH) fdcn'n'ﬁco\ withy Ns?acadg linear

di fferenhal o?cra-l'or: there.  Then the awrdingte differentals

\79 this new de(:\n'nh'on O\C' d(%ér-enﬁ'a) “fbr‘"\a basts {:or ‘Hne dual S\‘un.

K" ).y‘ ca“eol ‘\')nc Cohﬁdeﬂ’\’S\")ace a‘\" _F

Thus at cach r)om*‘ .f OF’ mn we have 'H\C "'U"\Se"*‘ space

V= TR ern \:asts 1 o/ax" 1% and ds dual space the

Co\'anqerﬁ' Space (TIZ )*wd’k dual basts '{ dx ¢ lE}

and we are {rec 1o consicler' all the epaces of (P3 {ren;oc'

d der\
over each such \V and mcfxpci;qes of basis at different pom+s

Objects deﬁned at  eady POm\— of a space are called “ffc\clsl,l
Pic‘zmg out (smoothly) q tangett vedor at each pont B |eads

3




to the a\reaAq famil o cuncep\‘oH Vechor {‘-\c\o\ (o least for n=2and ":3).

The O\YHercn\‘la\oF-a (smooth = d(gemhalslc> funchon leads 4o a

covechvr Vﬁe\d or " 1—fom fe(o\ ( p-covedhrs are offen called

p ﬁmns) on IR, These are s'pecfa\ 4 Porms since the componenlrs

come ﬁvm'ﬂ}c dervahves aF——ﬂ ‘ﬁnchor) Gwen n ‘FAY\ChOV\S N

o RY,  ©= Oidxt defiries a gemeal A-fom feld (orjust A-fom)

S\m{\arlg —H’)c Euclidean mez\'nc “'ensufﬁcl()

G.=_8i dx'® ax’ , 515 = 65 )c)XJ)

“C“S us how ‘o {1(}26 'H\c Ie"tq'H"S o‘: vecJ’Df' ]L;clo\s bq demea "H7€

basts faldx"]g} fo be or*”'\onomal 'ThISJuA‘f'repmducg T‘neu,ma mr)erpvoduc‘l'

G(U,V)= 83UV for ﬁuove&lor-ﬁetd; u,v

when expressed 1H ferms of Cum?onen*’:,

A p-covechr field or  p-fomm ﬁeld or Just  p- form s

of the form S =1 S dxiaendu'? = L g ax

while a p-vedor ge(c\ 5 3
is of the ,ﬁ’rm T“‘ X T“ ir T’u/\ AT\;"P

3
where the Cow)(‘)onen‘};c Gre_NOw -’anhon: on TE"

4.




FRAMES AND DUAL FRAMES

A smooth cheice of basis for the Jangent- spaces o ®” s

alled a ":\“ame and  congrsts oF N Ved—or felds whose

values are N hnear\q independent” e@%— fangent vectors

at each \";om{’ oF ™ The cowesponding  choice oE dual basis is
cdled the dual frame {9/@(53 iS such a :frame, R

usual\q called g wordinate ‘F;ume_ since_the individual frame

vedkor ﬁelds are jusy var\ﬂa\ dernabves ity c::pec\— to the coordmar\-eJ

and ‘{dX } s its dua\ f;'ume

Allthe linear algebra we dcve\OPeﬂ\ ‘ﬁ:r' a single vectorspace we can

QP?D to each fangent space to R" fno\e\?ena\enHB , atthough we
must assume that what we do ot dlfgevth“' ‘\'angen\" spaces is

a conhnuous or even differentrable funciton of ?os'|ﬁoo_

For example, we can dhange the gztme lLe.. perfbm‘\ a change of
V4

basts oacach Jmnﬂen’r Space " & COTNUOUS oF d\ﬂc—mkqb\e fns\mc;n_

Eo= A 2. W =A" dxV

OXI D

—

e W%—Wg—t—mﬁnx—vﬁd—fxmhmﬂ‘ﬁ%w%—nmv

L——

delermmant of course.  The com{)oncrr\'s "}C Jrcncordﬁe\o\s will change
according fo the same }gMulaS as before c\(ce‘p‘" that now poth the

COM\")Onen\'S og‘Hse. fencors and the mdamx of the ‘]‘mn:fomahén arc

funchons on IR"  The specidl mse of constont A describes the

change o @ new ﬁame which s the womdinate frame associated

with +the new Carlesian coordinates X‘:/= A;J XJ S50 ‘H’)ak‘

. al
F:= D/QXP'. A more genem Sﬁcs'e corrwponds to the change to

a__frame associated with o nen—Gartestan coordinale system

IS




SU??OSG ‘{XU} gre n ﬁﬂ.nohons on izv) sudn -H,-)a‘.— -H]e ma{"r{y Ald —_ a_)_(i

of parhal denvahves has nonzero determinant at eadh ?om%-a{: ®"

Then the chain nle says that E7 = 2/0X are parhal denvahves

wd‘l\ vcs‘pe«v\" ‘fD‘H')e n-ew COUrdl-”a{'CS'.

Thus we have  Cartesian coordinate ﬁumegI non- Carlesiany coordinate

frames_and _“non-cordinate ﬁ‘umes) namely frames for which no

Sgs\-cmof wovdhnates @n be -f:vunol ¢o that the ‘ﬁ’lm«zverl'or’ﬁel.df @ be

repros ented as  Coovdinate denvahves |

Thercis a SlmPle way + lell whether a furne is noncoordinale or not,

We all knag that parhia) denvahves commute, e, as long as

a_funchon £ fs well behaved

FRE BRI IR ORe
O\ 7~ o~ o~ ~
d 2, __d 2. —
or (2 25— 2 8:) F =0 foralsuch §
or fanda ) _ /é 2—- “2—
(8 %)= s sooxe =0 \

ohen achng on such well behaved :ﬁAnC'hc;ng, Forany

o?em\w:)r's B ana C, their commutator is defined by

{B,C] = BC—CB

and when i+ vanfskes} thelr order doesnt malter,

Defme the commutator o{:— any o vedror vﬁelds by the

same ‘formu(a [u,V]= uv-vu,

) o\\{-(-oveﬂhq . .
Thisis q?v'o?era“vr on 'ﬁmchons. What s 1+ 7

We can_express i ODM\Donen\’s)when o.chng on a '@ndﬁo-@_

Cnote that [wul=uu-uu=o0 1

and  [WUI= VU-UV = — (uv=wh) = —[wv) K

16 -




[uV1f =(uv-vu) £ = uvf-vuf

= U2 (2 ) vid [uidE) . relable
0((.\ de g)((.\ oOx>/ /(J/L dummy

{ azp \ndices

St VR v o a0

);\,oh'x‘ 2\/(})(J |

o] (AL I P F TV s e
u PYer] \ éi{b),,xd t ()yvAyJ gx»axg) i}
\"V . N |

O—for wet-behaved £

*Hls de Ines a new o
Py | d‘\ﬂq O'\

vccro‘i’ycw LV‘)V

I “——whfe“wonev%- are /[ u,Vj’;— uia!f__\/mur}

ox* ox ¢
= uv}_-\/uu‘

1 | O VP N AN .
cajledine LI bralkeT o uwana—v.

Thug \f Eyv = AJL %5 can be rcP\-c:efﬁ'eo\ as_coodinate deqvahves
L/
'fbl’ SO!V\L(ﬂ')rI].l"\GLg S“)‘Sl.""’} . E{.’ = a/axb

‘Pnen, rl:: / E = 3 _\ O _<ince gmrh'a\ denvahves
Cdmmu'\‘e,.

A necessary condition,  for this is ‘I’Hev—c‘fore the vams“n‘lng C{F‘H\e
Lie brackels of all pats of Aishnct frame veckor frelds,

novyzevo

exerdse. Compule 'Hne Lie brackets among the vedwor gelOU

namely, Cu,v] , [WHW] and [v,wl], on IR°
......... 00 B2 dothe same for u=0C) - +98) and V= g9+x

if we_introduga new frame by  E,cu, E'-, =v__then A [r‘ﬁ:, "‘3\
Whatis det A7 Can this vanish 7 wha\—does Hhis mean ? t 9 X%
What does your yesult for [v] tell you 7 >/

i1




: _ot o . 2°
More on Lle Bmc\ze_ﬁ:APmdug¥m\e: /%; 53@" m373+§2x53><3
(3, sk 8] = xy £ snla) & —snG) 2 xy <
- i oY 785 A
Y ~2 o~
= KXY WXKyy) = & X s g 2 = J
9 3)(& 9 N 3>d¥<a\d XY QOS()(-\*&) 19
— sk X ~Q~ — s (Kry) xq:‘)f %m(mg);%(
/4 7 “’avgx

)
L4

So  the ommututor 0{” the vednr ‘{:\'e\ds on R wrth

CarYesian coordinate cgm\\vovven% (¥y,0) and (0, s® O‘J"w>

nas _components (=% snlend)y xy @sfry))

wod B= (8"

E\LGVC\_Se'- :.rf A (A 07 “&re Cons\ﬂm\‘ matricss ano‘ (b am:\ C (C)

are_consmnr veckors 1 [R” ; deﬁne the ﬁ% vedr ﬁ

T= A x'9 = B\mxn\f‘a,m 7 b, W Ck;\am
- 7 PP X
Faluate [XY] and [, Z] ] (US)@ A%i X’ = 5L >
and [ Z, W],
These results albow us fo amsider ovdudle the Lie biadiets o% any
ve(W‘ﬁcLGLV whoye COMPDY}QA'S dre (inear ﬁnoho'ng OF—qu COOVd!fla‘l”cs‘
Exerase: 2" order \inear diflorenha) opera\'ors arc also useFu\.
2 N =3 - 2"—' \
Defme \% S Bb)z‘_axd ‘%_%Q For n=2: V (bk)z ok
Girts [ 7% WL XE | Fr n=a
| e, [ @{f%y) : xfﬂ«gé}\ﬂl Ctmy: & ( ;}Q %(x(xa\ﬁ»
fﬁ‘?«ﬂ\
\ o oY

Litho In US.A. —
7o J




More on tungent covedvrs , the o\lfI-‘emn\'\h\ , and vedor E'c\ols

%H dﬂ@\:o Clongent plane to level Surfme)
| T T

| SE@)= 5, () = KD

Oj& {evel surface

n?S

| D)

The diffoetnal 45 (2 oF £ aF T can be

re?resen\'ed by the pow of planes 1 R> shown vy the diagrum

'(he VG\\AC d{lr‘:‘: (i,) US\ﬁq ‘Hne ca\(,u\us mcan\ngs a.F

ol\ﬁo-mka\ and_tangent vedor (os a o\(gc‘-cnce ved—ur) 1s the number

d{— m\cqerspaced p\anes aF thig fam\\q confaining Hese fwo p\«e; |

which are plerced by x. Tangent vecors in the fangent plane

give zep, I the ddfashioned language

S0 'IF this s 2, “f (s perpendtculnr 4o Mhe C,\rzw\\c.-;%-a(L F which 7—\—$e\f

is O\V““’)MOM\ o 'l"ﬂe ‘\'angeﬂ*‘ ?laﬂe o the level surfac 5 maleing x

’oelmq o thrs tangent p\ane [FWSMG“ c”Wg‘WG the plane o\-ﬂp (X¥)=o0 -

conresponds fo rangerﬁ' P\o\ne Jo the level N“f‘“‘* j( o +—i') Fote. J

The new meaning oF the d(«tfcnjﬁ«ﬂ\ and hh@fﬂ— vedkor

df |2 () = Xf X« TR,

+C“S us if T\f O 'H'!en .Z: be\Ongs “'O"Pﬂe +D\ﬂgeh+' P\ahe “+o ‘ﬂ")c

level S\A\“fl\ce 0? f al To. Sup\;ose we have \n‘s\cao\o\ Veo\'o('j\c\d\ X

such that 13‘ =0 . This meuns \—) is Tﬂh\géﬁ\"’ﬁ‘%\éﬁé\—sﬁﬂ‘ft‘v

otj‘ ‘I'hr‘ou\g)’) ro ar ew:ry ‘/omY ra

overase. Sk that X=X ()XT (% %——L&—i"ﬂrzgm{' to the level surfuces
: =z @W’?\A\f AganA

= —and—gtkyE)=
dg and dn,c@)} dg}CXi) as web\xas Xf— c_mdzg, X221y

Ve




