MEASURE  moTIVATION

The delerminant of‘ a matmx A= (-Li(l)w‘_ll_‘cn)) whose columns

are the column matnces cmfsbond\‘nq 4o vechors Uy eBR"” may
g

be ‘H’\ouq\'ﬁ’ op as__an aﬂ’(\sqmme}ﬂc mutbnear real-valued ﬁmc‘noq

og N Ved'\vr argthrf\*g 5 i.e. ,_ 4 (9:) Yensor on 127

det ﬁ = det CU_C‘7"‘_U_(")> = de‘\'(Uc‘))n-) UcnS)

[ Recall 4nat Vol (Ua,...,Uow) =\ deb (U, .., Ue))

VYA .
/ 75) 77 has the inferpretation as the volume og the

N ﬂ’?qml\e\\OPlPéd formed with these vectors ag

¥ V.1¢))

D the edaes from the comer at the ongin while

K
sgn det (Uo,..., Um) mmdicates whether or not the .
)

veddors have the same " orjentation" as the standard ‘oasts. & > g ‘

[ Indhe plane moving fwm the fip of Uy to the fip of Uy , e
L ' -7 | | L %P13,

counter declewige (clodeuise ) divechion means that the ordered pav
(U(\)I,Um) has the same (oPPosH‘eB enentahion as (€,€2). In 3

we spca\k 0¥ hq\nﬂvawied ([e(—H—;ano\eoD ‘h’)blés o{- ovdered vedhrs [Ucl)\Ucz);chj)

,4 U\m s on 'H\e Same (oppcsﬂ'ev side OF ‘(‘\'se p\qm; o(— (Um uab as H’xe

EV'OSS?YDdchr Uy XUy . The shandad basig is an—haneo\ _l

We'l]l returm o the onentahon \ater

We want fo see the Lay) > whidy the ft)“owm\g Fhree

P\m‘)erh'es charackenze  Wlume \Moo\ulo stgns

(1) det (um,.‘.) Uentabep, ...y U, »‘Uca)) =det (Uay,.... Uiy Uy >Um>
et (et loads o adng an rear ombngher ]

(2) det (Um, AUy, . UmD: a det (Uc.)) Uiy, 3Ucn>)

(3) det (veuj.‘ Ch \ = {L true ﬁ?ranu or'H')onorma/ basis mc P wrth

" the same onentahon as the S\Lundamf boasts
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Pm‘per\'iej (D) and (2) gre mde?eha\eh‘\’ og the Euclidean mner

product and  remain valid def‘-hfnq Volume with vespect o any

inner Pwduc\', PTDQCH'\;{ (3) bo\s\Cc«“\j ﬁxej scale og‘ e volume flAnch

n Yems of the (nner Pv—odud—,

Recall Prat we defhe volume o&; a Y’C’dﬂhﬂu\c&\’ selid with -
Perpendicu\or edqes +7.) Lae 'H\t Pr‘odud'd' ‘f‘L\e \eh\gHﬂS oF— s or‘nnog\ona\

cdges from any cwomer This is then extended to n~paml\elbpt§edg

(csg m\u\'na one can aluq\j; C‘no? e up and pe-assemble vk g

v‘o@\-ahuq\,ﬂar SO‘.M‘ Wl'H’\ ‘H\c SGamM¢e volume, (r; ‘H’we ?\qne ‘EJF e)(aw,‘pl 4

e < This lorbr‘:'cr"r‘\/a o\,f volume |5
/,\_\I ‘\:"'-'ﬂ "|\\\\\/ exacH& equivalent o ‘pvoFeH'\j ().
I:Z*\ ,'\\>/ In (R; ﬁr QXCtV')‘plc) we can move
{
> Uz arpund an\jwhere in the p\ane
T T e through its 1o pavallel 4o the plane
g / U J— v — —
/:’::*:_::b g . e og ﬂm and U.(,z) ernou{’ C‘han\g\nq
/ = the' hesghL " velahveto that planc_and
O ﬁ f\nerefme not Ghanq\;wq the volume 0(' the

oom\\c\ oolpcd \n oar\'\cuw wWe can a\waq <

mve U $o that} is perpenohcu\ar 41: +ch plane oﬁ Um and Uy, Then

bg qdo\m}mw\}‘lp es 0{' Um to Upy we can "‘abe Ueay mMJw\« o Um

h:’sulhng " a redanﬁu\qr solid.  Sudn an 1 ferahve prbcess cun_be used
n R" o reduce any n—h?lc,o@ vechors to an orfkogo\ql n«\—uP\@ with
‘\'\'\c same vo\uw\é PWPQF\L\« (2\ allows us fo (‘7\4\\ au‘\”‘Hﬂe

fu crors oe'H‘se 4(6"\3“‘}5‘ O‘F ‘Pﬂc orh\og\ma\ cdqc;) leanng the sale aF‘H'ue

VO\umaf‘l'U be Sd’b\;i comdihon C3)) that an orthenomal setofvectoes

has umt volume,

Proper\—g () is a4 e rcSuH’oF the aanymmejn—g o\_C +he
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Ag\ewmhaq\’/, since aﬂlﬁsgmmebzq%bﬂ th a ?air on}ez\\—nca\ or Pm!)orhona(

cb)ea‘s almys gl\ch Z€vv, :L‘" dﬂ‘fCMmé‘S an cayuwalence rc\ajn'on an ‘Hﬂe
Ordcrcﬂ\ V\Jr\m\es OF vecbr; WMC") ch*'cspoMs b havqanq ‘Hﬁc same vo\ume

AVN UY'WIO(WM\ TCOTCSGV\H'\VC OF suohn dn equ,wa(ena: eLGSS "H’)er\ 5e+5 ﬂ)e valvﬁ OF

’P’\c yolume Jr‘nn)u W pv°pcrhe§ (2) and (3) 'h;qe\uner

We il see H\a*' anhsqmmeh\zalﬂovx o‘: veojmrs is somehow equ\va\en+

to0 es\ra\ms\nnj a vo uwgor mMoe, Senmuy mmsurc) q‘u\\fq‘m e A—,M) while
an_inner @mduc\— merely sets the ccale,

We are dlso lﬂLﬂvfjl'eo\ in_the measure df F‘dmmﬂovwlf O\DJCC%

in \‘E“> ke ?am“e\oﬁmmg in 2%  These tum out o be conneched +

subdelerminants ForeXcmlp‘e} an_ordered pair a‘: vedors (vjua)}llcz))
e in IR " defermmnes a ?am“e(og PMm with a cefnin
A\Xm orientafion 1 space (nsider the 3X2 mainx
\ W ( UU)UQ)) T+ has three  2x2 subdelerminants
\ /<\//ULD dblamed h,) ellmma{-mq‘\'he ﬁvﬁ' recmd | and third
b ?e}lq
@ s "‘-’SPCG\W{W"O‘ ’Ze Te cmjponen%

oF the crwss deud‘ of Um and Ug) whose Magm-k«de

gives We desired area ln{omahm and whoge o‘lrrohvn Sbedgcj the

Onant\on op ‘H\t pane JF (/‘a) dnd UC‘L) s _u_ v g .
o U ) (0 ‘79

Ugy XU(-L\ = ( ’Ula) Uz) ( l Uey3 ui;? , { Un\?- Ua? )

Youalsa fnew that e~ Lol

C\c}(ﬂm Ua) um,)) = U (L{mxuaD

i.e./ the vedbor U XUp) 15 bagca\y ‘Hve pq(ha‘\ evaluahon oE~qu

O\G:Xremnhqﬂ*" {ensor \ea\/\nj ine vec,\/w“ ar\guwv&f*u , ey a chdrvr)w\mc\')
s then 1denhfied \»\{’\'\ a vedur by the Budidesn 1nner ?mdud'

det (Udnu(z), ) = [Mu)x Um]b
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The glxo?er\'\és of the delerminant \funoﬁov) dnd of ”an)n'%mmoyjm zabon

n qcnem\. thus dharadenze  p-measure in R” up to a St‘H‘mq of scale
v ) 1) =4 ¥

whidh ¢ uccoﬂ\\')\fs\'\cd via_an mner‘{)rvo\uc;\" We heed fv_develop a
: ¥

nofahan that can mare C“S‘\} handle this kind oﬁ?mb\fn.
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SYMMETRY PRRPERNES § VOLUME (MEASURE)

We have oi\reao\q used o zymmex"r‘\,j condhon ‘ﬁ:r"ﬂ'xe class of 1hner products

we have been wnsidering name\q G(\X)= G(X\Y) N

and have Me'\honeo\ qnldsymmeimc (nner‘prvdud’s, S\Jmmc{“ry pmpc.—hesof \Lcnsor;_m

tumn out o be @c)rreme\\j ¢éx\'7orlrun+ so_we need “vo\eve(op a notation fo handle
them.

Symme\Wy Prv'?g[_“\’iej m\IO\Ue ‘Hwe be%avwﬁ og a kﬂsor under m}erc\nange OE"}WO

arguments or more 9enera“\4 under an_arbitrary permutation ov(; a cerfain
aumber df mvtgumenlrs‘ OF wurse o even amsider the value of-a +ensor afier

the Permu\uHOn 0& some_of its ar};umen+s) the argumeh‘\j must be

og:-"\xe same_Yype ,Le, covedors have 1o gqo in . covector arguments and

yedors in vechr arguments and no dher cmbinations are allowed .

The S\"‘)P\es\r use Jf0 Q‘\S\de(‘ are \Lcnsors wr“‘n mlu 2 arﬂumen‘*s oF

the same @\pe For vechr arqumen% we_have Cz) -fensors,  Define forsuch

a Yensor

T(>(,X3= T(YP/) Tis S‘ymmevl'n& in Xand ¥

T(Y}X) = - T(XI\() T fS anﬁsyrnme(nc' or a/?‘?ma/'mg n )(anq’ Y

\_e\‘hhjl (X\\(\C Cec> ev;) a~d uSlhg the deﬁni‘Hon o{:- com?onen*"s) we gei"

a con‘c)?l)nding condibiorn o the comg)rrc-'n'\'s

Tii= Ty [ _is_symmenc_in_the index pair (iyj)
Tai=— Ti)' [ is anﬁsym»vefnc' é/vlrrf)m‘m‘g> (n the mndex
pair (1)J).
Such
Any,“rmsor can be demmposcd ("ﬂ"() r\'; Sqmmei'hc omd ar\hS\JMMé‘“C
parfs by defing _.
[sym T = 3 [TOe0) + T " the sym, purt of T
(ALT T] CY\\() = 3 (T(X\\() — T(\()’(ﬂ ! the anfisym [mr{'df T
Cleow\q T=SMT + ALT T since evaluahng Hhis equahon on

the pair () lmmcdta\-e\y leads fo an ‘clcnh‘\'\q [ Chedk.]
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(Howto get-these res Ws?)

Agaln \eH\nq Q(\Y)v (e %) leads to (,m-cspono\mq cmponerﬂ' formula s \L

(sYm T]U = [Ty i) = Teip / 0/ :ﬁ;m ”\ |

B TIss $[Ti-Bd = Trin w0 (N=1)/3 1rdependent v
Tii= Tap + To S

Round prackets around a peir of indices denctes the symmenzahon

oFera\'ior) , while square bradeels denotes the anisymmetnzahon, This

is a very covenlent shorthand, Al of this can be repedred for (%)-}cnsors

and_just re{—\co\-g what we already know about the symmetnc and anhsymmetnc

Qar\'s of} ma%ces .

In order o wnsider more than g pair of indices we need Yo discuss

ﬂ’se S0 Cal\eA 1\ s_gmme\'nh \;quuu“> n Sh o,F Pemu%ahéns oF the m\tqers ﬁ‘bm 14 n:

(L,2,0,0) 3 (U(D) 0(D),..., TN re-anangementof nlegers

re-ordenng = permmutahes .
Thisis alsownten /1 2.-.n P

Loty 6t - 06

which indicates to integer (1) replacing the nleger ¢t 1n a two oL matix,

The O\r'denq'g OE 'Pﬂe columns € \cqr\3 o\oesrf\— m:z’H‘er:

s (V2B ~ (230N (32 mean b2 EF6(0,002),00)

“)lf\

T zm T e = (22,0

COMPOS('\'\O'O 0?‘ two peﬁnwﬁhéﬁs (l 5 2)...) h) > @’0 6) ( 1)2)3-’ n)

= [ O0,en, )= (THOY, - - M)

is easily performed using the matnx algorithm

C~ (lzz'z.;\)‘l’ T~ (—‘;‘zn 2) < z) (|lne up upper W of ™ wrty

lowerrow of O, Then cmfe

ﬂ~f 23\}1/%\: /f %(g__ﬂjgg__mu,s_‘b_gﬁi wo

\/.\ji/\ ¢ rous of ' Pr'vduc‘r of fwo
e Kl( %; ) Pamuhhon_:

FACT. Eveny ?ennu\'#\lon " can be re?wSeﬂea as a cedmin number N of

transposthons ( only hwo miegers nterthanged , others fixed) , +he evemess

o oddness of whdh is an invanant. One can thercfue define
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and this dwides the n' ?ossMe Pemu\-n\won; of n weers %uadﬂg o
even and odd permulahons rcspe,chveH For evample

oon o (3545 2 GGG

......... + + -

This group itself has 4 nch shucure which dlso has exdtremely IMPor‘hVT}'
_ physical applications but we have enoygh nfomahon forour present pumposs,

.

Suppose _we have a (g)-lrfhso( T, For @)-\cngors we defined the
g\jmmehé and an*’\suvnwe\'“é par\'s by SUMmMINg over all pemuhhénf of their
arguments /mA\ces Including the sign for the ahhsgmwh‘ic part , and
dvidwg by the -l-oh\ number (2) of sudh permutahons,  For g Cg #tn,ro(-
the ana(oqwts deﬁnrhons are

\
the s\gn of a_permuttion 4o be (=1 M= el

“““““““““““ ( TR T TR AR T ffi‘?Xr?)ﬁ%;ﬁ)ﬂ

where he upper sign (lowersign) apphes for the sgm.(a'*"mmb ?ar‘}'.

C\equ\j under any pemuh\'lon o(‘ﬁ\e ar-qume'f\‘s SYMT is
unchahqed while AT T dmﬂqﬁs by fhe sign op‘\‘\qc peﬁnv\'\’u‘\"wr)
Lefhng (X"2) = (€1,€5,€%) lends fothe Componefr\“ form

S E(AL :F:}—["L’g— ~~~L E'Fay.z 4+ Tiri+ ‘Cmﬁﬁwtju%iﬂ&] : 19’—‘«") _

R)J e)

However | 1 addihon 4o the cmplelely symmetnc and complelely antisymmetric

parks of T . here are dlso mixed symmetries which were not pessible
with only fwo aguments:

T = SYMT + ALTT + /TUVF Teiey + Toigky +0 )
This quedion, hos 4o do wHbs The vepresentations o the symmetnc grmup

and, be\ongs n Qa course on ‘arbup ‘Hheofg_
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Use {Xm} i=i,,n Yo hsta setofn vedors
o dishnguish from e symbol  X¢ forthe _

CU"\P\M@V\"’{ of-a single ovecto

In_genera| for a (?)-{-ensor we o\eferJ

4. S T‘(X(G'(l));“ 2 X(U(P’))

M T X Ke) =
' 0'6S\>

LALT T] (Xovsyoesy X(p))=é‘—, = (sgn O‘)T(IX(om),\..) o)

e <
Qv

and \epnno ( TR X{.ﬂ ( G‘.iﬁ...,.e ip) qies the com?onerﬂ— version

i)

Tovmn T ’ T, v 1 =
B s Tt = 2T = oo™ o,
' 0€Sp

[AL:Y TJ i,‘ e = T[f.l-h‘,‘_\' =L = &900'7—1—! : (:5(?) .

- ") o€ §\,
WARNIMG ! _FASTEN SEAT BEUKH

However E»nd('«\'l;m is bad naws — we infroduced the summahion coavenhon

fo ehiminale i+ s0 far and we cun dothe same now by ma\emgsg\m%on\/cmén{-

deﬁni»ﬁons; at least forthe anlisymmetne case Jhidh is more manageable,

GENERALRED Kzamzae PELTAS

|
|£psn: 8\‘\1 - Jp _pg é‘jtg ’Su'é B FJ_’\y

I j ho‘hce why equivdlent for

pP=4 37 o=z
_ chip - it clh _ chich [ Tehigiz  STzsh
= < Vs~ Yu0d;™ 9,0 U7 UgPo Yo/
— ilu.-ih 5 sgn i\"‘ in\) _f e kd ndices a%-e\'\"\er"cde\
P‘ n éjl“'\)h = 9 t]l“\)r\' Iy no Pca nal
[ ) othenuide.
i . n Sh,
[in fudt each gerwalized Kronecher giely D50 | ]
del’m 1s q determinant oFa nna\'m o ‘J'“JP - : i [
uhom enines are KWonewer dettors O|?J\ 3 Dup
= Z@@é i) 602) 8 o0p)
i ge SP __J
Then Loshide, T gd gl gde T
P! U l....,l? (IS R [ vuIinho h U (F ~JTVIP
¥ @ 4- |
=T 1) = BET TS

Tors Forme 1N CE each '&w”ami deHa Cﬁiilmchv iEPkaCES 7 J"l')dCSZ bg an c=tvta\ex

7525
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Note thatifa tensoris already antisymmetnc | anfisymmetnzahos

does no+chan3e + (s equal o its antisymmetni ?ar‘l')) or

ALT (ALT T) = ALT T

equivalent o G e /_L Xk‘“ E’, T = L "TPP .Jg(z___._
Pl iy r \ PI YUY IS 4 of - N
= CIEE AN . e
6 heap Q005 © P ~lp .

what exactly are -fkegg\l(noneo\ur delfas 7

Eadh ‘l?m in ’H’we €Xpansion of-a gener-allzeal Kronece - delta 1c a proolud‘

of Kronecler deHas , whidh rc?rcscn'}' +the oorn‘ponen‘\’s of certuin Jensoc Produc{‘s
of the Kromedher delln tensor (ar unit Yensur) (orth ﬁge(f and so are

Themselves fensors  as ps the enhre sum of such terms,

Thus o ‘P. are the C(k'\x‘?monlrx og,q ('lﬁ)fl-cnsor‘ S® A our vedhor

A ™ ] ¢

S?aczv which has the same numencal valves rﬁpr“‘s cvm?dy\an“'s (n_any

basss

SP= St

T b
denyp SO OO WYL P

s value on p—\/cck)rqmumenjrs and| P-cwccl-or‘ arguments [s Jus{-

the determinant o(; +the mabny o(; all ?o;sib\e evaluahans of a coveckur on

a vechr

B(P) (5('),”.,3&) Uty yeres u(P); ) — 5(»)(u0)> \

N de‘-erm‘nq-r\'

a |vv

Fma“g defme the (qlkmabng , Permw*uhoo ) Lev\-cM\"«) §9m‘oo\s b9

Y T \e" in o §itie

These dO ntﬂ' deFme the componeﬂ*‘s o% tensat_any more Hhan St deﬁ';es

the nponertts of o covecor, 10 the sense that-gy sirigle tensor- existy.

which hns these numencal component valves 1n everyy bass . [5 { are
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+he cwnoonm’rs og Q= 6Abwc which changes osyou ckanofc the basts
S’\mllarh 6(u ~in aVC'H\e G/'V’POV)WA’S 0[/4 cer‘-nm -L-nsc)r‘ but a d\gercn‘l'one

E‘*’ eat/L\ dhoice 0(, bau; (s ]
Thece al%mm\'ndq SHM\DO\S avc Ulfe](\"\ " VC\?VCSe'\'\'Mg o\oLer‘mmEm“’S‘,

det A= = (s 0 A - AT
S PR
TS Lre-a range facus so tvp order 1s 1,2,...7
/gé Sgh& —%!A 51'43 bt ; Jyﬁ—éc——
/ _ T€S¢ and a some aver 0! fu

afl C€ S.p 5_a sum ower_every }790'7«47[!71!0;3 sine every pemuh«hbn can be reprsenial

\ as Ml inverse af anofher pcmu/aﬁuo (qmup properl-\,>
N\ /0 '(l) -0 (")w so_the inverse appecy

0— " KG(D‘O—(“)) ~ (.i ceee N / w")enguu e ofd-zf"'H'\(
[Cocer oW or'r‘ne
_pemuﬁd'v o .
But b\j de)c\mﬁon thew — _ i _

del' A €;rl“, ;ﬁ And“‘Alnh - Ellu-‘hAi ,““‘Ar}h

Also -
(6 R) €jperry, = Gipoin Ay Ay (Sppce g ermetaiend fle @y

A 5;‘,, e ;3,“.',-, ésl, 53\ ‘ot L torbrorof }__

or rcp\ac\nq A b\) A- N ’H’)c ﬁrs\' GOA hco'" N ‘)’\c SCcano\ (recq” c\e} A~| éVQQ’A) ‘) |
€hu = @et AV e Al AT

Clidn o fAek AT iy pAdL L AN
— \w 1 7 k\;\\( 7\ l‘ (A} vy |‘
\ p— ) / . — J‘ .
oy YSOY '}"V)’HS'FET”TE‘TO“) 1K/1%] ‘T e F —= A t c -

addhonal weight (dp{- AYW which rescales tensor to

hew Yensor uolmdq hqg same Numertca) valves as
The c;m?onen-\f_g o&— +Hhe old Viensor™
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7525

Litho In U.SA, 54
il




So i fuck these aH-emal-mq _qu\)o‘s dehne the w.,,o,,cmqu[ a_lpurameler

-F&M‘lqm[ DYDDO\"’l‘lan\ (p }CV)SWS and (0 ‘\'CV)SO\'S Fesvec'{"wc‘q uhtclo

{'ogef\xer are rc,ferrd'b as 4 fensor dcml'}\) oF wcgl\f W= —1 and

w=14 i TCS\'JG(/hVC\vLj ( det A #0 for a Clnahqc af: ba sis N bu{'\“‘ Can aSsume

all nonzew valves )

'T;') ﬁ\c{' ‘Fnese are nd{” SO unﬁ.m\ \"4" For any basis we can |denh(:\,

Jr‘f\e C(mpo'\eﬂ\'; o{- vco\vrs wl'H\ co umn ma‘\'n(_es

U= U.bec ——)U—] ,.n

and the valve of the ersor Sy w"w\@w“" on N vecor

aguments (s just

[thg,\ wh" e W] (u(D, )U(»D

= Qli““ﬁ‘- Ut:}‘ l'h\ = dg’\'(U(\)\ Um\ = de“' (u“) g.@")

~N———
e e malnx whose 1
determmantas m““""‘fh Columns are
funchon an i coldumn maTMi Frese column
Marntes

But undera rlnanoc aﬁ basic.

u‘/‘ﬁ° uJ S0 d/ AU so

det ( U(.) U ) = ﬂl AUp == A U(m)

- Jd{ A < Ugg ™ * Ueny ) ! géﬂ:’\} AGHUU) ‘mz
ot A

—>
é
-
[+]
-1

s ————— l‘;\ wr TOrTrey f\Jr‘¢11:¥ef14\V\antS

A agamst columns of ngk‘r fuchr

has c«\unm; of— ngh**fuchf Mulh?\\co\ by R

Yhe delerminant of the new column mamces differs by the delemwnant of

the transformahion_tsel§ | explaming uhy one gets o different (but-

pwpur\wnq\)kmw ﬁvr o\l%ﬂcn}» c\rw\ces of basls
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Now T have to odmit I have a sick love for lebs of mdices . but T wouldnt

drag you through +this mdaJur@\e \f - werent true that the algebra of

anfisymmeimc bensors did not p\a\ﬂ a @Mammﬁ\ le in allgfvcnhal

* .
gcameh'\ﬁ‘ Que;hms r)F Mmeadsure fl)r’ P-—dlmensl'dm\ Sb\rFacgs'

negessary for genevahzing  [ine inlegvals _and surface inkegvals of

Vec\ﬂ”’ 'f‘CHS O"\d VO\uMc m]'CLGJ\WIlS oF 'EAnchor-\g a\\ involve ‘H"H'S

a‘gebra N a Way ‘de?w‘!n “'um out "'o )oe \/er\j bazuﬁ Fu‘ T‘msFme.

» \ bt wnd i
* maape <L woula

Wwhat hﬂppenea{ +o S:Jmme’mb ensors 7 E'xCeP\—'ﬁ)r jnner Fmo\u.cl-; they

tun out not do be as impoctunt, so we dont need o dovelop q machine

—ﬁ;r"l‘lnem 5 which anywoy involves 'H\c symvw{'n‘c grivp ma vauch more

nonrmvial oy

BM"" we're not fnmsked FW‘S\' an easq E)mu\«

ES ‘] i?} — (Ei|' ‘ GE;jE‘. ,

L
<F

¥y

\/\,———\_a
sign of permw’fahoo Trum = producr 0%’ Sighs a}' pemm\uhw\fﬂ)") upper
\Appe\’ H\d‘CGS b lowef‘;r\«]l(es E-n (L ——-h\ lglhfl 'Hneln R«-nm fl n\ "’DP,OWU('

Next g ham\ formula (sust amep\-N— for now)

dp o L girir Ko b’? _ ekl
W: e oo

VJ.\-up (A=p) > UT0p Kpri B
O ———
Ln—p) cntmchons \
1 N "
A U R AL SO — ~easgfroms
= @ € €y p Rpw = br | protas
j'omula -«
That ﬁmdnec M@M___Nﬁx{— we_build the house
Qc"\a"k By ilerahon of nus W&L‘l formuls g cahqe{' ~—-\
S‘ lP @ q_) ‘p ?p-h QQ ‘

Y ! P! Sorap e Fad fo sncak thaf 1.
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I{,he\?; b (oon at ‘Hne ase N=2 1o have a move concrele

(den of what all +hic means:

€22=C23= €312=

Ci32=€2m = €321 -

o — \ 8\‘231\2‘: 6‘\26)1," 6‘\28)‘( - 26“[‘[6‘)9') = QED J)Q

b \ e Pz

SUE < [Snnds (= 58,0% + 0 idn - O a n

mn ~ ; . O ¢ X
Fnn 8% |~ §Tnt's8n- 5\ Duds — O m

SW.”

(Si‘);f,z.z alm 6Jn % + Sih‘g\)kgfn + 6‘|h6.:q5f1) = (3"\"\) 6;m5Jn_

3 6‘) :ln? - e H J
‘; 3 < / 3 8.3 gy el ) 8 \ (3 ‘ ‘)6 ﬂé‘m
— _ v _
N2 S ) N 77
— J = ansn

§ii= 8= BaB=8y¥n= 6-DF'n=2a &

\
"ji = a.a“tt 2\3 = Zl

r'ﬂx\s Knonecker deltn  business is Jus\'a shorthand for gving cavnyaaL ex‘arcsnohs /
\ for 3%3 delommnants and  subdelerminants (minors , mmors ofm mors,..) /

| 5123 Xy 2= 3?3yt XY 23—

/ _ 8 NV

. ey sl ‘
\ Sak X Y= XN AXINT= G ga| = 53’\§:mo‘rﬁi§vmwf
\./ u )

TOPS FORM
7525

Litho In U.S.A. S




For the case in uhidn A = (Um..m U(m) we 96‘)‘ on ®e"

Cl‘Of'} (UC\)>\\~) u‘“’) = e!\\n k4 A“ \'\\. Amn

y

- Vv (‘«\ .. t"'\
— ¢ 1 FaN T )
~7 ‘l\.‘ ‘n v
= ﬁ‘ ‘l[A bS50 Y ( I.-)
Yo 1% ()] oYy

This is the -smg\e \no\ep@nden’(‘com\vonen+o{— the anhsymmetn zed

dersor produd' 0§ the n vedors
\FALT (4 o e NINSILYNE s R

FoN @\‘
AU Ay O Jg—Jn FO

= e‘\\*““ﬁ det (U(n,n-)u"‘))~

( .
'(he 9enm\\2ed kr‘oﬁccker o\cH’a Sn) areses \N a """B slmP\e way

- 3w
U(\) YUy = Bdn uU) UCn)
| T - i <-Fad
P m"‘ m 155 'an m u(n)
\/—‘-'*-—-—-r—“/
— <h"~ In
= O JYi-dn

as the antisymmetnzer opevator moduo the factund) factor

The ar\\'{symme\'r’"z—ca Yensor p\rvo\ud—o(— P vec,\'ors n_an n«dtmmstoaa\

vcc\“rsvace conkmns  bothy informahon doout the P-measure of Hthe

P pora“t "P‘P@J TX‘W% Fom as wel\ as Irs Dﬂeﬁhhoq withiy the Space

\\ASSY Lie J('\’\e CYoss [DTO(X\-((,\' does \n ‘23 C“\M"S'\') An mnerpﬂ?cluc%’

Mcv’c\y/\ se\'f +\'1c SCq\c O'F -H-»c V ~MLasure ,
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The algebra of antsymmelne densors

Ne need names ﬁr Hhe vec\'brs\‘r'yaces of- densors o‘,; gwen NMpes over a

VCC\’UF‘ SPaCG, V

Let T(\P‘co (V) be the vechr space of C g)—- lensors over V

S= QP eg.ge@0 9 oW
< Ty h ‘P —

\__Y_._——-——

‘DC{S‘S . ?TLL tr 1(7‘\5\,6) )cu-bl") jra-\@\ny—ﬂ— —————

L ThVAN P
a1 V) v .

L@*‘ S A(m(v) - AL‘T T(P,O)(v> f .IV'\Pnr<‘h\DChn('PC A'C W
LA Al L \"‘ ‘ I

| AP()* = AT TOPE)

(9 p-covedors o p~forms
g i:i QV _ _ f-\‘=\-- \‘P e E("u“' L?j ;
|
T g ]
—_ b QroN . , %
¢ = Sj.. ip ('O AW'T SL“_,L\? = Sipdal |

Anﬁsymmeht Yensore cannot have nonzero wa\lt)onor\'"j with any P’CPCQ'\'QG(

wndices __since ‘m\erdrunglh\c/q anv (\Ja\'faF imdices must dhange the slgth

the vesult | but an inlerdnange of an idenhed Pa'\r dies change Fhe comPanm—F

50 if can only be —zevp

Sije=— S:fﬂ —> S\\zz—sl\z — Sz =0,

Thus an anlr\'symm’rnt tengor can have ab most n  indices without

%emg ‘-denﬁcautj ZerQ,  The nortloc«{' condihon tells us the dimension ou{}

lx:hesx‘?aaog Gnhsymmhi lengors a\lc a_qiuen  ‘yanlk " D, cqui\fa{ong He

number of " inde pendent CDMPonen'\'s " of sudh g Yensor,  The number

of 1@~h1‘>\eg o dishict frlegers  chasen from the setof inlegers (15, 5 h)

15 bydc’/&m%on the n“"‘\D@" OF G’“biﬂa‘\‘t‘)hf o@ N ﬂxmag fake  at-a time

TOPS FORM

7525

Litho In U.S.A.

59




o AP0 = dm APW)* = ()=

“D nlf. '\\ ’
| prin—pr

T{iwe defme /\@(V)— A@N * = R e 'H’)c (3)‘ *chscr; or sa.[arf

qre Mvr\hﬁezl W‘ﬂw anHS\{mm“ﬂc kn;ors Mn’\ no thlcc{ (1 index u‘v\sm are

anhgww,‘*rrc lou) J@(mv»H'> ‘f\f)ev\ we have (n+) Such Spa(,e; 'gf 'Hflc

Cm)m\)amﬂ} avxo( CUVGV\Q“"'"CMC( WH’ICL) Dmr oq: bu dimensum_ ince

/MY /NN

\p /= np/

SO the case P=0 and p=hn  arcloth A-dimensionc |

p=1 and V-’“‘ h—dlmmﬂm;\
p=2 and p=n7 DCD;.‘) AW‘CYLSW‘:QS ete.
EX, n=3,

A 2vedor SV ei@sy

has 3 IndePandeh+ Cow)poncn'\'f

(s, 5? S)
A Zvedor SR egejpe,

has a single mcle‘pen‘Hev\‘\— Cw\lpwey\-!-

Any hme we ge\— our hands on avedor space . we Tty t F‘mal a
convenient basts  We ain do the same here.

Cnsider The ?vvedor case,

? . .
N \ Ve L'\.- N (.)“'"l)
Since S [ gtust i r)l 5 ? > F) then
oo
Q g‘l PP @ @P[ -._‘. |\~ dP X—h p‘(ﬂ\\\mpxt)
e Sor ".)P AN
l
S N ) P Sie-r Jp
- L= led = -é . S %Edr-u\’
' W———” §{<“'édf
Torszom [ el oo
{ nn\u d‘-q?(“ \D\A Sldh Sum only over
Litho in U.S.A. same 60 OTJM P-«‘&MP\Q&S') \QU\VC OM’ P hd"ﬂr

! —




The ser {eﬁv“ﬁp}g%(...a‘e is a basis {:or ?—ved-og,

[ Exertuse. We have shawn Fhat any p-vedor is a Imear mbination

of them . Howdo we show (mear (ndependence e :

= _gir-le Chtp =0 = S dp=0 forall pussible 7
1

-

(|<"‘<.(’ Index valees

EX_n=3 p=2
2 2\ 2

— < L
T

+ $? ewe + S'2eve; +52) eue

= S? (e®e-cwe) + SB (qug-c06) + S?(e0t~gee)
e

e [ NG
6!2 Sz €z

For this case i+ turns out that Fhe basts  {e, ea1, €21

\S More u$e¥u\ , as wewill see later.

Well, rather than write ,M‘ ( g——maahmrs bad vemember)

we ws"r sum over all Om\ennqs omd dvide by P ‘when  We

chfcsen\L q i‘D'vedvr a\os\‘mc'\’\\jj or we Inbroduce more notation
T A Sl.ml?
S = = S Ciprorip = UZA €y Tp
‘ 1 “ s ‘ .‘l’\
- o b {P P I
- S A IIRE Y

Verheal bars enc\oslng a p- '}u‘>eo€ qr\Hsymmehﬁc hdiccs

]
Mean sum omg OVUTH d?t)\'ﬂ"ev\_“?'h‘mc votves:
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WHOA e westem movie expression ﬁr"S*'t:F")

OKOB\) before 30{09 on lebs see what we've done so fi\r‘“l‘o e aAscUre

wrselves that we have g generd| idea what we have done. Just let V=[K"

We have been ex?qndtbg on the fo“owmq struchure

[mpr det b b et = (0= lengor
I W L e T det=\n) .
A R B ____{ s9n det: shandard onentahon
‘ €ir6=0i . Zabs.val. det: Euclidear volume
oy MEEEUACYN TN 90 1IN it g ST —
standard (ner Yroduc‘r paral\c\\op ipeds |
basts K

s Jdud space R

dudl basts %Q){’} . ust M artesian aovdinates '{Xé}"

dua\i{y C«){(C;,\ = 5i3' ( o\cﬁmhdn of shnc\ad basis cm?bnm‘fx>

'Y Jdudl of dual Ldenﬁ‘ﬁca’rion: u(—f) = —g(u) = fguL

&) = W) =8';

So we know how B evalugle vechrs on ﬁrms and viceversa , and +he

indox pair CUh'lLTZChc;r)UiuS‘* sgmbolécr evaluahion of a_real-valved linear

'ﬁ‘nﬂ"lon o,F a_vechor or a_Govedor when cxip ressed (h terms mlﬁ fs

Compunents Us Ulel U= wit)

F=frwt o= elf)s feei)

We then generalize to multilinear realvalued fundwns acceia‘hhg

p avechr argummk and q vector qrgumen‘f"i

L h

PG . 3 4 - L“! et \‘:‘
T = T, e eeesteew

where The Yersor 'produc{f (uck holds fhe vech and covechors
apart i order un#/ H;oj acclepi- their arguments |

at- whigh ﬁxey become real humbers

©Z




value o{* 1. T@’ﬁ"")ulﬂ\/)“‘) =

= Trde e (e @) (W)
Ji- h I 2 A * 4N v

1 Jdq

= ‘x\ .). C\
- T‘o\.v..d!, fil‘jlz‘“ VIAVACEES

Value o,FT on_basts vedors vechors

T(whuh..  e,en,-) = TV, "™ “] (W', (e

i
Thedp 30 5‘%1 5”&3.

N \Jt

—***H—*————Wﬁmfﬁmﬁwfd%eﬁhwmk~ :

s GmGyulen | Gye 6(e)=g 0 =5y

= §ij wow

‘é N ngt so 5‘6{7[/0'76:(‘0»-041\40%

Ry
Uu= 6uu) = gw(u)) =)
=
ey = (f)(ll\l\- Gy °{u)\/°(v)__ (..,nu W

g

N

We _rednen rvf the olmL Drvdqu’ as__q (z) “densor with Compowcnb'

in the \ybndknf IWSJS equef fo the unlf’rﬂa‘ank le , #\eg/—analard

basis Is orthonormal .

| {
o deb (U W) = det(Ei e, B UMY P WP

= €Ei,ivn Quﬁ'a comrenraﬂ—de(')

Ttn

= €h()““n UC\V(L‘“W{" = 5\\\ Tn “ ttv "W

= = (goo) U‘m\'{ch)wwwm = n' uca\/z an
0€Sn

So det = g ..., whe@w

=nlefg @™

Any antisymmetnc. (§)—tensor 1s cwm‘oleLelJ determined oy g S\rg\e
nmzevo wwy‘pvww&' (ﬁ;r K" )
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t €lroiin t = Tizen i Tahﬁfgmw'}”h'c

L

(unich \usi’mans i clnanqes stgn under «H’Of\je af:qvx‘\) fwo arvquthr;).
Positvely (negahvely ) onm}ea n—forms have t 2o (t<o) |

equna crrl' to dF){' (€4, ez)‘,.}\@y,’) >0 (<o) firg ‘
poslfwwly(negaﬁvdj3 onenked _pasts 3 €43 . ‘

]r) 'ﬁle’ l\g:lvcz\,. wcn = Ttllz“.[n s dn(?}_}mﬂ)r
N fedors

with anﬁ53mmefné [Mfl' LBLTT] f—tm = h fc‘;vh\__v\/‘mJ
which has a smglc mAe{)e»)denJ— C()mponer\{"
(AT TIkn = [ fayz- w3 = & det (L., W)

The anHmmmanc koSoforvduC{"}“mSW+ fo be veny “feﬁ"‘
e il qef'f'o it next

a MATRIX NOTATION .
You did al] this sfu_/cf first n mabnx  notahoh (et go back toit

+» remind ourselves
UekR"+—> U= (UY)  clumn matnx
‘g emz r\J ¥ —> ‘F ( 'fﬂ row matni

— A S S

U= 8‘) UJ EC‘“‘“P“”“‘"S 0\[ U"é[ﬂZ'j* > _U_.T 1oL Mot
W =5y u; e W)T=u

The fmnslpose Coﬂ’&jponds ‘fv rarsmq andl {Owﬂ;‘ig indices m ﬁ’fS
& frespondence. ’ﬂ/)c dot prvduo+' Is then

GuW) = U-V = Bx\U\/J- US.\V) = ULy
and the delerminant-1s

d(e*'(u‘)\lp-.)\/\l)'t de*'(g__\pﬂ) I ‘er onglh.,/ matrix
) dﬁﬁé‘mmanr Senie
4

matnx




a Change of basis. let AS B-‘l be a lineatransformahin, of 7

{

=0 €z : e

<

/
©y) A
’\ lv,l o
- pad
\K ’ﬂx -0 (= B/PJ e =N A)

%AV/ ~1 v = A=A
/
. Y

e —passwe frunsfomationt ———gchve Pansfomaben s —

U fixed butexpress in new basts fixed byt veche U
basis {eif oL\rach by dvahqcs to new vedor U u
achve linear fransfom angn with new cdvv)\')\)r)en% K

d@yhn&am{ boasts— -

new cwn\")un eh\'S U ¢ w\d’ ol d bas(s

COW_)BOHGVA'S of U wrt ieclj CCUMI | Fhe com]')onefﬁ';

of;' U with vcsPco\"h) 1€5 asn Picmrc =t

. ~1J L v .
eyr= B¢ =AY (€ e BT B 8y =A% €5/
ol = ol — al. - : B Y AT § V4
_ W'=g" (UJ /D& () Ww'= B LW AT W
- ngta‘luvch o U o /xe""
L] J 4 ‘l N
- nev (_dm{wnen%’j (d(’ (W)=A 3 NG, MATDX E0RM:
: u = Ay U u'=Au
‘ } —_— —— e

} N A“l../
B\d 0\6 mhon these are the — U [ or U=

amw\v; of W mear Fangfomahon of Uby A, 1o UY=TL.

e So uv= UIV = (Ku) TV =) @)LV

-1
G = )TTA

—

- Zn z g
C{/J/= A ‘mi 5\rvrm A J = A\M(,/\nj gmn

"“Jensor fﬂl"Jme)aﬁén law " for (g)—ﬁnfur

‘;A\k"m\'\ut\i\ GU\S’: ©,/°C) = A‘l"{' A--mi CunCn = A-lM(KMJ Smnw

S




P Fmau\)
delr(%\’)‘--)\") = det (U 2 )
= det ( A’ ’ A"V’ - A'W)
= det “'(g'_\/’mv\/’)

= dpsr/\_r- det( MKV""_‘Y’) é’-dekmmm}'a%n(/ucf‘ ,__
4 e :m “,‘J—-— |

bl — 1

. A
= i U
S
= [derA) €1ty ] U o W
e

det (€, ) € i) = [deByr. 1

- \ W4
So_ det =(det A”') S (_A_s“‘/ea\-.@)w“’

———— e le—ew?d— — plele-en
P PE—

cofrects valve o]C delermingnt dé matnyx of new

dmyonen% to gwe vaivcof deferminant fensor,
Whidh s \hclq')eholen‘\' 0{' basts,

@ Linesr fransformahans | Sugpose ure have someother [ihcar hansformats
07C D into r{TG[F 77774)6 \/a"louf nchLmLIonS

U Lu Ut L u ) u L)

—

Peh M)fﬂ:msﬂc__i bq

LEu= flhw = $Lu
sothat [ = ﬂ( \A) is the par‘h (e\mluajnon of [L (‘HﬂmkquF‘Hﬁe
vedor L(w) as wathng ﬁ(q covedw a\rgumpn{"7 , N
ey [ =Ll o0’ U= fGte) (= §'l™ng =L )

<o A/ u— Ly ) - Aut> ALY
v -~ = _ / st _——_—/W"J/
f £ __;\ t Ll/ A
So U > ALAJU o
L/ =ALA L ’*’A’ML— Y J*/O\”*f) )& n
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so  we qu'\xe lrehsor:l'mhs{omajﬂm laws for g (| - —Jensor

Bo'%mner mduc\s and ‘IV)C“\F”{'\’AHS'A)MGF!'WO,S‘ are WDMSMM bu m«“'n(ef

louttheir dlﬁcm’r mathemal cal struchure is rc{qeo[cd in ﬂe

diffcrort mahxhns@ma‘nm laws.  Qur index notahion malkes

thege di gcrcr\Ce_y exphcﬂ' [We need indices Yo hand objects curth mue than b |

indices. )

Qemar\z What 15 ‘H\e d(ﬁcreﬂce belrwem 5()' and 637

Tdepends on He m)lcrprcbjnon The vqhxc; for eadh index par? (1, P

are \o\enHCa\ BUT we tnkmmf 6) as #\6 G/moonenjrr .
o= BAL(wie ) IDENT (whe )

of a_tensor which_does not de?md onthe choice of basts yle

has the same cam{)owenﬁ‘ no_mater What basis we choose,

WHILE _ Sii= G(®e;) are the components of q gwen

tensur G (independm¥of+ke choice of basts) but whtch change
under a ohange gf basis

a(kmah%lj the covn?oneﬂ"

valees  d1) 1 every chag of basis de not” define a >3 e

densor buk g ﬁm(b o{’ *chfors;

Remar\z. Are 511, +he COHpoweVT\’S 0{’6« C(Ntd'()(?

Again it JCPono\s Shee W= S awt , tHhese are the

cm‘acnmjcs of the flrshow&vr (h_our chosen b:sis} 50 h‘C

we change the basis Wi will no longer (im g%em‘) have such

,sunp\e amlponenk in_terms of the new faaﬂls) but sHil i+ defines
a meq(re ~\-cn50(‘ namdu Cdd' On 'ﬂ\c aH\cr hand T\'\e numcnc\q\

valves 5 v deﬁne- d‘germ‘l' Covechors (n dlﬂ:cm-f' Eas'es One

rCéoug nee()s '\’D q,\mhﬁj our o!JemnS qvtres{“lor) So ‘H‘xa-\- dne c)\C ﬁ)e,se

Fuwo m‘:eq‘;vdajnons is clear  Then we can answer —the question .

1

!



a  The dot OYDO‘UCSV dualrm and mdex S\rﬂ@mq can_be exiended ing

natura) way +o 646\0 space T(WD( UZ) oJk(ch Is r('sefxcq Buclidean

vm\-afsmce tsomorp\f\\c o (Tﬁn ) . Such tensors have

Pt mclice;) n c\no\ces For cach so (P"HQ tndepcndm+ Componen'k

‘JS\'W)Q %em in a ceH—am order e‘s“qu fg[/\es an fsgmorp")(Syy) erq ['E n

7
which has s oun dot product: This dof produd-and index shiffing
arrespnds exacly fo_the ones we have _established for (B)=tensacs,

For ecample, _lef W= TP (" | wth basis {€06 5= {Eyf

and T The Qe = e EI\ Instead og using _an index, say

A>B’>CJ... which rnng ]Q'OM 1+ n 5 We can use the N2 index

patrs (1)) f label the drshnct basis vectors \n W and alse

‘H’\_g CmFonenB' og Vedrofj’ l"‘: W

T aim the dual basis can be idehh'gea! wh, W b = Ct);@w:)

and the dual space oy, w¥=TOY (")

Wi (Eny = [@'60] (endE) = @) WNEr = § s
=T Y

Kihonecdkerdelts on W in thie notehon 2

= §4 £ aN=imm

(0 dthenuise.

So  S=Sy WY 15 a cordur'’ with the evalushon, given by

S(T)c gb TU /cunmq'{'o ﬂiea.mkemal@(
Letus define £ ¢ B = SinSin = §ij,n = £ 1EGy)ytmm
| ; __W [ 0 sthenwise.
Bymn

Then this corvesponds o an inner product tensor

1 .
}g = gm}mn WD@WF‘"‘I

B (T,U)= F5mTB0™ = SimGon TOU™ = Taau ™= TH0,

(3 Whehis how we defined the ner produdt previousty




Nd{'@‘\’\ﬁd*’ ﬂ\c ” : " 8" g?])mn W‘J@\an -

's the tensor pmduc’r \Cur’ , not ﬂzh swce 1+ s hl qu the

“covedors (et W) WP and W™ apark unhl they aceept

Wyecror ' (wrt W) arguments _ but Hors dtsﬁnchor) dognt

mallers  The @) Tensor

H = Fy,mn WOWRW "ou”

can_be contracked against 2 (@ tensors to yield 9

real number which Is exquq ;ﬁ’( THJ) ;57;) yMn Nf RV Rt

Qus\'neeal Yo allowe fDr‘ u Con‘h'lcjﬂor) a]C any owmbcr ¢F md!(ej

OFG 4"'\'&0(' wﬂ'L) ‘H’)OSC()F another

F—UN)(OM?\C . what Gnvbachons “ are allowed behuween

- v
T rem and S 7% 7

F‘rﬂ'def"’é [T@Sj ‘.‘quleﬁmn = TUVZQM S qu

We can then contract any Su\osd'-of contavanant Indices wirth

any _subset of covanantindices of the same number, to yield

#engwsdf'\/(mous lankes less than S3,

: -R
T} b;j m S mk o~ («})-—- Fensur , ﬁf‘ €><C(MP\Q,

fFurthermore mc)esag\m(ﬂwnq on W carespords o ndex shifhhy

0@ pairs 0(‘ ndices with e ner (pmducP G on [P

T T’J ES) > TV‘T\\U)[)

= 8‘3;)‘0‘0 Tmn = S‘MSJnT as O‘€6n€d 5&’0\/‘6.

\Ne_an \—eq‘xal( Hnis R)r W= T(Pm)(m,,) ond \y -Y-.;T(%)p)(nzh)

Y
T S

_ J‘t--JQ -
T(S) = T%775.5a S fptp 5 et

J o




Looks like T snuck in a few naw T‘ﬂoug]ml}’ n ya,

Anyway  our extended problem with V= émcr) matnces S beginniing

on vage 43 . deudlops malix opevations relevant to hinear

1 4 L ¥
Mnfgvrwmhom ~ ({) “kmor? m&kadl d,F HwSe relevansr

Jo_(nner products @)*‘knsors and_more _geroval

{inear maps qu'mn R into Hs dudl space.

The carespmdence A= /\‘J 8‘36 — A :A’j Wee,
meps the S\“an'(}m‘&l basis  §€’if onto the basis
$EIfg=Jadee) of T (™) Now we have

1 » N
indicec \n__the S\"M.cc\/ whidh  are lug!idown‘ index Pmt:s,

werll discuss this n class,

-]0




Discusston of Problem Beqmnmqon page 43

. Tf A= A‘“e“ i'\qeﬁ WA= ® ‘(”e) Anw (em)—AJ

5'mS"y

_."‘

() “(/\‘3 L8 )(Bme) = AR g€ = A Bime
§n €5y  [(ABY m= AIiBm v

G~ (V)

0

[l

H(M8)= TrAB= Te[50+ADB) = L TAB+ LTrATE

6(/'\) B) =Tr ATB K’x‘\\‘r( ATR :—Tr(ﬁT\B)Tm TF@T@T
—TrBA=-TAB )  TrBTA =T AET

gp(t‘,',e'"n) ‘ ‘ AB=0 TrAS
() Trehe™ = Tréhe y=8n]re", S §ne - W¢é on
L AT_ M ~ n‘)~nl”) ‘6mj (‘Hﬂn‘é \ - clm e
Tr€) € n =Tl 6"’h“€”i - banan*%() 5o \/
6(6"))9'““\) ii it L)))“\ )
(179) 814

(\\/D Be(ﬂ\ne A— AT 0 or B+8T 0 are lineacandt {'IUYKO«) LcenMSO[’u
Md\’fix and so ave PKSM Undgr linear combr nqhvv\

A\WZN /\l \n ’2 Wmamo\\aqﬂ\a\ Y\MSJM M\ —> % L

I
for rgmvekac matvices v=t

BN - 2 W*wl [ Z)=n
h %an\q;yw\o = /
ot s -
doesnt have to
be arthoguma)

i




iy > 2N A (e re') + < 27 (Al -h0) (e —€h)
< = |

NG = AWK € A
(Ao g e I

A ‘ ~d I i.
sy el
|
""""" prer v Lol L~ ‘
@MA n Af‘;& \SYM/\)“ Spee
s U, Nems ‘

SELEN) = Tr EYEN- 'Tr(e &) (€ 1en)

= 'ﬁre " +"€f~€ Le " +—Tre e'm +T’reuem)

/\‘ Trp'v) 5 Tr(? L 6 mT(@ B)MT(’G L

= S slgy e Paflrgng, e—5°ni")

@ Qi Omy binB‘S T A

0\f JEU n<m [ T=h and ™=}
Iy

then \’4(:,. means
HeEA—3 "’/ 5

8(%;}H n) TFE 5Emn: -\Tr‘(e)‘e c)(e'“—e *Q

= 3 {1r e)e,, = Teedie™, - \FQ)€M *"T('Q')Lfmj

ST S MR LS LY S XA e '

R

/il‘f\(\

= —=0 din + éﬂéJ

'\ .
UG G700,

an? P~ W LR n TeAR =g L R L.
) \( |0} ) T nj— U SN Ty tY l swlv\ DoanTisym
>, 3.
W) (M 5 aw (A= 5 /\ T FA B
1 o™
(i) .25 ;= Sy = T elie «Tr%‘n'e = 58"
P— .
G "= (e A edien= Tr 8 = Png = & gim.
F= " W wlisWn = Tr_@@_ce
& 8wz W@ Wt = Tr @'V
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(g) NOK—e a\so ﬂ'\a\’ 178 Pue is q v-cq\ ua\vcaf )U\e«r ][\md'wn on \/) e y 4 cw&(’w‘:

Trebs 8, > Tr= FLwi= wil =Trw

£~

&) © ontgf—ped—pmce—tets |
only \§ P=1 since’ & is not hinear with meme Hhan A facky

b (A+BYC) F# detAC +devB( .

TFyouhave frovble wlb wdids, laledr n=2,n=3 cages.

n=2 ‘%ell')é’hetﬁa 3,5 = ((mﬂ (O‘D 6)8> < )3

4 Z =

L L 2 A I B

MRS (.? s)

Tr(Fzr" 3 Qo) = 3 T(o7) =

%
@3~ § T ~—lz,r<o‘,l,—-\- of.
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Remark ' another look at the 390*9'“'\234 kronecker deltus

(O Ciipylp)is noka peomcdahon of  CGisie)

—

’!]\n <
S it = Ygns

~d

=LC)5e ,c(j?})-—«i;—such-aﬁfemxdﬁwem-_-.-—-v»-~--~----«»~~—

This SH"'"O\ dlows us o eliminate the %

notution {L;' the

ahhsgmme\‘ﬂz a*\l;'\ OPemHW\

T[i-\ -i,F'J\ ‘@ -\-; g___; Sgn 0 T. Ly <- here we are 'permuhn_g the
I'nb\ :
== = 53"“ T‘]r(cl)“. W) here we are Pemu\'mg '\"‘sc
o Fﬂ'f B ST  indexvalves themselves , reg ardlegs
[ RTTIN - of their values
:) \ A\l l‘
= —'P—', 8 o |r ] \)| - \Jr |

J

This Pomjr‘s \““5\95 an examy\c he\Ps undecstand the relahon a(— (a) and (b):
T i 2 7\;( Tise Ylpel ¥ Teij — Tog) “Tie—Tes!)

iﬁ%,é:‘f%*:—[‘%:}—%z:jj\gz — T2 H"—RZ\)

‘[ rinal

L1&e™d)

T o C (Tt Tt Th= 1= hn~5h|3= 0)
‘Llll)- C\/]H) LU B 2 B B | ey t 7

We can re—m\erpre\' e Pemu'\‘a"ﬁohs of the inde indices as a Ferymﬁhéq
w“"‘*"W-—vf--ﬁeﬁrdm*whcfmﬁmnse\vefw;ﬁhtck“m ~~~~ qng?me{‘nere;;un{ywm

diskinct | chogien from (1., 1),

In sther words, we should have inhwduced the permuiahos group of hob;ots

more obs\'m(,\'\j ,no{- qur\ne concréde radlizahon as Eemu’n%ons c{' the ‘6?\5\"

n ?Of\h\l.e '(nkgers.
The cquality ) foMlows *immcd\axb\g from (b) since only the pemw\'ahéns
o(_- (in...,ip) enter the sum ((AH'\') nonzerp am\'nbu\'ﬁv:) over the ) mdi'ccs)

and the coc(:f\(lén¥ (s the desired S\qn

74.




The Wedge Product : the "obvious” anhisymmetnzed +ensor Pmduc{-

MG on\u becomes covious  AFTER you understand 1 For each mwl-cqer-

vdlue 0% P__h> we have p-vedhrs (anhsymmd'nc (5) fcn;orf>

Clnd ?-—coveo\urs (qwhsymmehvc C? kh;ar;) qlso Caﬂca( ?"ﬁ””f)

where (8)"*“50"5 G"CJ“S\’ s calars 5 1.€,, real f)UMLx’rS‘,

Consrder  covanant an‘})sqwme*'r\c %Surs e, AT T = T

T: Tli‘p 6\)‘.@0 Q('“)(IP 5 Tf(q l)p:]-T(q (/P

0
= Trheipd ool =L T P 10 we pr
‘ - v W—

)

s i, L]\
(= Tioi 6"y ogw i
= gy hle

AT

No\'\ce how GQHGyMMmi% on ‘H‘>e lMV'lhdlCCS S eqm\/q\en"j"‘(‘o qnhsym»e]'nzlng

_on the ugper indices.  The ensurs {CO ?ztld 2lp s a basis for the

space of p-forms . but since ordered sums are inconvenient (more notahon) |
¥ A I

we_sum over_all mdies and dide by P! w Comlpensa‘"e‘

Now w‘l"“f s '-,-\Se\(; an anthmmeHvied fensor PmducFOF covechors

m\“'\p])ec\ ‘og a Coun‘Hﬂq 'FlAd'Or, \Alhg is the OOWWJFI'IQ 'f;LG‘"OF (name\g P’)

L"\cl%deo\? \Neu lF v=R" and p= n, "Hﬁev\ we saw above thot

det = €4, © 0188 i Hhae de‘:cnmnan+func+{ur>,,

Which Is_more intereshig fhan Hhe delerminant funchon divided by ﬂ!’

ulnlclf) 1S eq}w\ '\"b 'H\c anhsgmme\w\zea\ ‘stnsor‘ ?mduo\' wH’L\ no cauml':hﬂ
facvr rodifying i,

T tums oub fo be useful Yo inbroduce  an ahisymmetnzed knsorv

product modifred by some counhng fuctor coepﬁc\‘eni-) -ofany numberof

fachrs which are themselves antsymmetne densors of a gwen imdey level

(ﬁl\ cvanant or all contravariant so that we can takethe ﬂ"'HSM mﬂe{'”é__,,_

Par\*) .
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For examg\e} Si‘ﬂa: Tijg'n are the cm?onenlr,s of- S= T@f

which are dearly ankisymmetne i C,3) 1f Tis anbisymmedmnc but
nobin ol three indices.  However, ALTS = ALT TOf with

e
componen{’s S(‘i\le'lt Tri’r(h‘] is aanqmvndﬁé

We wov\lo\ (llee 1o iInhroduce a new pma\ud’ Ca“eal 'H‘)c weo\,%’ pmduck‘

A" 50 that we can write TA f (some fachor) ALT(TQs)aC)

where the ﬁdor is chosen COﬂ\/Cn(.C'TH‘L/A

Suppose we make 'Phe de{:’m‘hon

ﬂ WM. A WP = p! wlile ®wrl= §u-'r . P

0D l|~‘- |F

and exlend this b\j [meanbj to the u)ealje produd'o{ m\q p covechors

{-'-(')/\.../\-F(P): (cu H),\ )\(_f(r)[p q») .) {(v) 1\/‘ Aw\p

= _c(n) . _F(P) YR _L> only L nm—’c

- _gm _Ccv)‘ _ .)! - ip contnbutes Ho sum

Lb| O UpI ™ /'b\
— o c () — r(P)‘ 2 ., \il“i?
| D g— —
[§D7a. AP, - f
L™ 'l I" l
eXP\aﬂaho.m w“‘“‘v-- (J‘h el = SQ‘J. *JP o1-0F smce anH53mmhL)
o ®  edp_ O, cr B Y
Y T iPCJ’ P= 4’ ,F ) 8'..p.nUJl

~h

gv.? . W” 3

[ 93]

o

with this definthon then forthe ase p=n, the siygle mdepend .

e')
amponent ({9, A;C("’] = ol £4. = (i )
1S \uS‘\”‘Hw dex-em'tman{' mC the ma{'hx whOSe WS are ‘H\e

cpmvncr&s of the Govedhors i Hhis ek

76
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¥_,Slm.\lm£lg f;?f ?"Vedm'S Wwe _can defm'e ef AA eio €, X

and 'ﬁnd that [_U(n/\---A Uem ]I\ "= de"(.y(‘) .q(")),,,___
For V= R” this s just the volume of the para”e“ov)tped ‘H)eq ﬁ)m

So In cach case the facbna.i ﬁc}'of' el(mma}rs an uq(\d a;unhnq -ﬂc{-or ‘f'o

give somd“\f\\no\ more m)ﬁrcs\"mq . namely The de%nmfoqrﬂ'

However, we shill dont know howo tabethe wedge produdt of higher rank

dhhsywmehc %nsors our no&d'wb umphar}‘l\g {el\; us how Tv do ‘H\!S since

o lerdis i a@l A WA = @il IR

~ suggests how fo wedqe J&vo basis {ensors fogether 1N a way consts#e:ﬂ-

with the naation, This an then be exlended by (imeanly fo any fwo

an%symmeh}, fensors

TAS = (4T w“-‘-‘m (31 Si .U-,.wj'“‘“)

=1l - ‘p,Ll WJite
fmb'. Mp=Tp Jd) Ja UU —
' £ 4 ll fp.vlg-\Uav
to
ot
- ?“'.\"q! Tt de--dq‘l P ﬁfﬁﬁ? :
4, i p)
= JL;(P )_T{JM%&%{\MI r(a%
@ C [u, ]u qu y (P+q) | Cip= lqul AYS|
J Plql
| TAS = @*‘Q" ALT(T®S)
Pl q!
) exac\—\l\'o the came way we could have Par—HhoneA the indices inb 3 (or mb\re)
shsds and fund  TASAR = (e+a#0). aiT (TBSOR)
L L

N m )
p\'ﬁ"‘) Z\IS;A” \JS))‘? Pt%\ .

and so an_(the \?ﬂ“em is deac).
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Remark ( aside)

our notation assumes the wedge product is dssociahve since no

?a\-enlr\neses dre necessary +o evaluate TASA R . s this consistent 4

Dowehave [TASAR = 6_/\8_)/\ R = T/\.(S/\ R) 4 @

Sy |

Ves, weve defined itto be true | but lets check as an exercise,

/\S)/\K = (pror ey /‘\L“\'[CI_/\ST‘)@”2 - EP““" ALT[ACT(85)@R)

o fnlﬂ\!r! ¥ )“ F \
r e ALT(T®
[ o\ 0.4 TYI . [ ,+‘(-\3 f e vand \ AV
TA(S AR = ’AIJLW(SAR)J = W CARLT TR
\ ni/cu,r\ elal o
P Q¥ SRRV AN 4

@D ALt (so0)

ng

—:[busibc—;csm&_eqd@—ag@ﬁ_gm the formula ®, is equivalent-to
ALT [AT(FeSY9R)—=—ALTFo ALt ser) ] Q).

Tfwe had cleFmed the. weddge p\’vduc\' by @ asis offen (usually) done  then

we would need fo venfy @ in order fo shoa Yhat i Is an associate

operahon , le. , To prove @ Let's yust dhede that @@ s indeed true.

fALT[ALT(T8S) @RS,

‘!“‘“‘n il.nl“ﬂ‘ h!\-- kr
o '\.

= .1 61 “:\pJn‘ ndﬂqé\ 3 U\LTC@Q—J\M Ry
) 1 jrde K- Xr 1o mphyeeig Voo kv
(prq0)! v C _ P b
1 ~Ap Ov
(‘f)-*-d)'_ mpn\ -hq’ qu qlpgb( bi ‘
- J ,
(by definhin) = S rdpbrebaffrecde Since the kischerdetfois-cHhready————
Ny
" " ’P Jidg R kf D) antisymmetné in @ Op b~ ba,
= “? b\ ba 2ydr &7 antisymmefnzing does nothing
l o \n N ’\a 2 Vr
_ ) MO h-\bq BLe __

@ﬂ-rr)‘ O'\ g diemag Riemr L. qP>b\n ba ‘\2‘ Or,

I8




B Siin the PomarR

Exeruise : Lepart for the nghthand side of @ b dbnss Hhe same aUpress Lo

and A%vqfvve prive eqvuah‘tg.

Thege f“l,‘\rﬂﬂ‘d\\s arc rca“\J a_nwisance ngH’? zquH‘ They come ]va sSuUmming el

oll mcllce/s vather- Hrkm ordeved indices I(:we agree only + S‘w:\ over adeved

|ndlu5,f+\ne«j Ar;anyr)ear.‘ Recall sur double vertial bar nototion of

poge G

PR T u..j
F%&T?v“‘? W= = T 0 = T wh P‘

?n

= T\L\ ID\ W -

‘ﬂ“sdus\- fells us fo only sum over Phose p-tuplets  (fiyuey 1p) whose

values are ordered. = lsing this notation

MpaMp Dy
[’T/\S—}h ‘QJ\ w)qlzL TEH*‘?SJ\ quJ"' 8 ‘P P

oml mPni Mg —

J’Q T’\n "ms Ny n‘tf

Ol ipdy-dy | I mp| >m..-.%\

qnd Slmﬂar\y

6—/\ SAR) [ dp i Jg Rinler

— CM\‘-\“\?“\“‘ﬂQk\\"zr

Ofimigine g Bonler | [l Siimng) < 1owPq]

NO FACTORIALS |FYoUu DON'T OVERCOUNT

IN SUMS

EXAMPLE: n=3 ¢=2,4=1

n i 23
[TA Jq ijle = S{ié Tmny fz = 3?33& Tzsafn +3§§ Tyg,fz +3bvz lefg

[TA'F]lZB = Tzsf; "TBJCZ '}'T-llf?» = TZS'F: +T3)'Fz 'FTIZ 3C3

\\/"\/'—"‘7‘——-"‘/ — " h “
“"ordered sum__has “cyclic gum " has a

altemahng sign posifive signs

19
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MMM—-_..LEML@**&?F‘%@ U=(1,2,3) and V= C’“l)'12> on IEZ

(\\) th-]» are ‘H‘)e -H\ree mdcfeflden"' CUMPD’W')*'S

@AV)za : (u4v)3\7@/‘\/ 12 ¥ .

el by

Ik w= /\"4 AA)  uhatis the Sing\c fnJe‘DencIeJ'ﬂmlponcn}: o{ UAVAW 7

() Suppose B= B'ey +8€;+B%€is gnd E = Ele+EC+E%

whatis [BAEY'™® 7

Exercise . On ﬂZA) sfmp\({:\j

(B’ €334 + B34 + BZei24) A (Ele+ E?ez*'fchz),

Erentise

S{'“P-M H fﬁllDWin; iR (n—;g,)} cxj‘:)reSSl'\f; as a ’I"\Mf‘ cumblnq'honaé

odared lusis lensors

@ 93 AQQA €24
Wezn CsACe2

© erlia t€cq)

(@ (oy+3e4—€c) A(Z€a3 +€30) A €4S

© (2482 A (€34+€25) ACst €%>!

Exerase . {
N= N'epa — N, + N3@ 4 —N%e ., |
X= X¥eq
whal 1s XAN 7




SUBSPACE oRIENTATION gnd ANTISYMMETRIC —TENSURS

J:}C {um,...?u@i s a collechon o(" p vedors i V, then

SPqn {W\),u-‘) U(P)} {s ‘\'\')e S‘e'\' OF cﬂ\ ?ossiue finear Comblna‘\‘lbn$ oE— 'an_ge

vechors — uyielding o vechr or linear subspace of V .. whose dimension
bt ! J 7

s p i the setls \nearlq (no\e\oeno\cn+ We can Think o(: sudh o

subS\xlCe as_a P~Pane through the onq\n We would ke to

o\esmke the mch\f«\‘l% or “d ivedhién. o\C the P P\ane

_ in TRB there are three Ways o do this : +Hwo volve only hncanjr}ﬂ )w\f\\\\e

T‘dc'\%\'r‘o\ Uses J&'\'\e Euc\!dean e pv'uo\uCk" The nonhvla\ SMbSPQCeS are

lines and planes through the origin.

) = “)'fr’
““““““““ 7%‘27?%—@% A

/ \

x\

T s e s

/] 7 o<
] L ~ e

%1 ,9/\‘ \/; ~_ 7~ span | Ua, U

I

VB A LA I i

span I U} @ m
' o~ ——~

Asubspace con be ‘S‘ng‘ed EXPUCTLY b}ﬂ S\'\ving Qa bas\s,,, which may Leused

h Qammelr\'ne ‘H’ u \e. ,\re;)resenﬁ— a pom\‘ \n ‘H’c S‘Aosk‘;ace as an arb lHM f\ncar conquq'n::r)

of the basis vedor ,or IMPLCITLY as the simulfaneous soluhon og a_sysiem og

Wﬁea're,quq\'ion5'7 e, Fhe ntersechin aF the Zevo value level surgqces of q sev o?

\L'Thedr\a} ‘indeq‘}enM covecors

Consider 4he cage of- a plane, that-of ol - Ay +wd lincacly wnd ependert

3\




comoinghons og 4his basis d&jus’r as 3000\ as the onﬁ'\na\ two — either set+

m(ﬁes ‘ﬁ)e same p\ane The Q-vec}or UC\)/\ UQ) oﬂ' most cHamgeS \oq

a Scaldr mu *\pe under such a change of bas&s r
Uiy = Al — Un/ale’ = A A UayAUcy = Ar'lg Aéj Uciyp Ug)
= Q! AU‘AZE UmAale) = det A Uyale)
to fuct it jusk changes by the delermindnt of the madrix of the change of
basis, The wnditon that X loelong fo the plane is equivalent to
X= alw roUue —>

UaAUgp AX = Un AU A (a uﬂ)f bu('l.)) =0 ("Cfeﬂjec, fuctors n each km>
or in_index_notahon Um um Z\.‘E) =0

or 5 E-Zmz UmU/z)X

L \

T o, - [@ %MZT},J-AQ.%..&.}A%lif‘,<.__w..~ﬁ

Thrs C\eﬁ‘ffes a cvedor which SpeC(F\eS the came ?\ane |m‘l>\lc\'\-\j. One

Cany ga bacdewards ‘R’DW\ the Covedror* by the Z‘VGC\'Dr

fO ¢ kRmn _ Cije UQDU 2 € Emn :='~; - CW)ECU\Q u (ﬁucz)
S = [UsAUn Y &%

@ como The map @ s wlled the na\’um\ dual " Ope\nﬁ'ta\o .
{ 97 |

For the case of a line. byfhe same reason  orly 5§74 5% 15 needed
R T /

Yo s?ecif\j the oreqtahon Ol,; the f{ine ,_Snce_any Hwo lineacly ‘no\e?enden\—
avechors which s\?ea@ the line_will have o welge product diffenng only Yoy
o muthple of  §OAEP The natwwl dual of this 2-cuedor defines
a vechr !Jm' L éanB:(W ‘E('L)jmn = Emm (Fm ’Fm “@?} fa)’\fm} "
which _lieg qlmq the \me since, [f\)/\ f71mn = Emnl Um =@ U] man
L 20 e X abng e us ,hence

(sinee the am’mxchm of X wx%ed’(«e«-ﬁd—ur\mm&%g)
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o= [(5af9),.,x" €™

= € mng U(Q\)Xnem‘j = 8‘32 Uﬁf&” ={tles /\IJ\J

“The uec\ge \"Nv(ldd‘ OE ZV‘GC\NS belnq erd maans ‘H'\ej avre llwar\v dcpev-\a(eﬂ)

e, along the same divechon,
4 [ 4

Thus \n “237 a p-plane s gpedﬁeoi by the wedde product o{: a basic
b Pt J !
O‘p p vechors or b\;; the wedge Produc}r 0{: @*P)—lmearlj mdepehden'\“

avectors which {m‘;\‘C\¥\ﬂ gve the pplane, The natwal dual ynap @
g 1 |

relates the ?~vec\-or and (O-\?) ~vedor Yo each other,

B\JJ " T'Q‘S\f)gu the indices” on the covedors with the Buclidenn metnt one

makes the change 0= {‘(t') (X) = ,S(D‘H‘ - X
Converhng %ezzrgva\uah‘on o(l the wuh~ on the vehor o a Van(ghing

do \‘D‘roo\uc\-, Thus X s Orh\oﬂonq\ +o eachof the vechors opmined

‘,me%e CNeVOTS iy ‘\"‘\\s War @nal Yo ‘Hwe enhre Q\“P)— F\ane ‘H\exj

delermine — whida 1in fum is S“peC\'F\ed by the P —vedorwhich fs

'H\C wc(lge Q\?Yvduc\* dE +he5e Ved'ors. This 1s ‘\‘\ﬂe ﬁ‘ rd wany oE'

SPeC(E\J\th 'ﬁ\c oneq\—w\'lon o{r Q P——\‘D\qnt""'—' ‘Q\j &l\/\ﬁg\ [+$ ornf\ogona\

QH?) - ?\cme.

This also leads to a mehnc dua)" Opcm\'fv\f) whidy 1s the natual dual

Hollowed by shifhing all the indices +o the oppresite level | le,. the same

level as before the nabwva\ dual dnanged the index level . Thus

'6\"'\ the  Veder sgec‘\gjmq a \mé, we ger the 2-vedor SPec({ﬁl"‘q

the orthogonal Plane , whife from the 2-vednr S?ec(&\'rg 4 plane we

get a vechor orhrwgom\ to the plane,
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The same. salement an‘;\ggq +o the vanous cwvechrs and FWWS'

For the case oFa \mé) fom the 2-codor one 963*5 a VCC\/Urd{On&—H\Q

Wne loy the natwval dugl and a avedoe by fweong ts mdex . For a plane

from the avedwor W&o\ﬁgg the ?\ane one &ek—g the  2-vedhor \(U‘ﬁnc

natwaal dudl and {5m\\5 a  2-cwedwr loj [chn;aﬂ “ths indsces

The V\a\‘um\ dua\ *‘u\Qes ﬂg-veo\'ofs mkm Q‘P) —csednrs  and Viceversa |

while the metne dual faes p-vedvs into kep—vedos and  p—avedos

wiv ?“‘P)"CW'CO\*OFS, Note that because €ijk are not the Cum{‘)one'\‘\'S oF

a_tensoc, the notvra\ dual depends on the choce of basis and dhanges

L O

by a scalar fackor yndera dnange of- basts, This ts okay since the

()\rem\\ Sca\e O'F Omg O‘F 'H'\GSC \ensors ?S tﬁ‘e\C\/avﬂ' +D ‘R’\e Oﬂef\\'a‘\'l:nq

O‘F'P'\C SALS‘DG-WS. Howerer | MUstna, the metrc we cn convert this

wy il

o a duahid operation ¥ ohere the overall scale 1S ﬁxed so_that-

the mqgnl‘ru&e og the p—vec\'ur defermines ks p—meusure. (nstend of

uang €ige for the duality opevahon_ Le, :D,H €1 W= W',

namely the \maic Bwl/ec\-or wh(dn o(; Course c\'\angeg with a cl'\qnge of bagts)

one an _use the  “unit " Zvector which tEduces to W% -ﬁrm\j Gaented)

orthonormdl bagis—~ n_parhalar, for the standacd lasts.of 13 |n other

words we \f\Y M= W3 in the standard basrs o£ R3 gnd then one

an_express the ﬁxed Z2—credor NN any ther basic b\j the ‘hmnsﬁma%ém

law whids will 1nvove the determinant o(l: Hhe Mns,ﬁmqh‘m ﬁr a 3corechor,

Nisd= @& A"A" A e Nnne

€Emne \n standard basis

€ijk (de’r f\_")
vietst

As \On9 asS o\e'\“_:f\_ =\, one witl have /Yl.i’.)"tz’ = Gl of M= @ \

otherise there will be a correcrion fuctor

Sal




Suppese  one Jra\lcs an dt‘\‘\wnomq\ \Oqs‘s oF “27 Cd‘ﬂcr&cd as We\\) adoplcol '{‘D
I \

a S\A.\pspace> e, %e\{e‘b)efﬁi Jhere  {€1 isa bass Bf a l-dimensional

sbspace . or 1£1,©23% is a basis &v‘ a 2-dmenswnal  subspace.
Y 4 1

FZ)‘- “"\'\e (,q,pref cos€ e\/\ez slped?\ej -H'\Q ?\GHB ar\d _“‘)C MG"\’\(, d\ia\

*ere)) =€z (well see this more easly \oe\ou)> will gue a unit normal o

the plone, For the line *€ = €24€3  will give dhe 2-vech-
which S\\?ec\{:\es the 0“'\‘\7030»'\0\ ?—?\qne. IN eadnh case The “magn\hde"

:;E these knsors . dwided by e usual werzounh'r)\g f%\c\-on‘a\ —fic‘ror' will

,9‘;,e '\'\We P—measure o’F ‘\’\wc ?*E)am\\e\o?(\;).eo\ ;ﬁ)ﬁnco\ bﬁ ‘Hv\e bas‘s

vectors The same will @dend oy linennty }o any adapted basis.

This is just a  mohvahen ﬁr giNing +he %m‘ﬂq: ‘be” the geners\ case.

For p-vecors and ?—m‘mrs . 0€pPENn, o\ef\vée;

W
(onh—nc’non o T WIS yrs’r P elices

: R -
{@T} ‘P*l“ - p —T ?gi""“’) )?*’l\.-ln = 09 wl Awrded b‘j P

. i . - ‘
(@ S:\ Iph m‘ = _\ S““NID ellm!? ‘Ph"'M = conbruchen o(: = with ﬁ‘rs\' P (rdices
) ()l ‘ ' O" Ci.n dwided bv P.

Exercise; use The tdenbity

. . el i \.\‘ ey \ fr-
é\\\ww Jere-on e‘l lpJp+ ’Me\ '= @‘@‘ 6‘ e

l"!.v:"? ‘)?.ﬂ J:.' L\‘"\'o._}l‘)-b\" Ve ()\\-J?
Q‘f\d '\f\v"vﬁ "}6‘\""“va\3\\\7\1} resutT o P) ‘ ; J J
- ST TR
~opne dn bl = f \\P pop
<
-p-transposihens pAndicesto —
fo gek over thts group fove oee = P(P) Transpositions
é\nd&ces
o show that PN
®® pan=y/
T = Q—D T for a P—Vﬁec\'or' T,
. p(3-9) |
whaf is (-1) fur allvalvesof p s o0epse3 7

What 1s (~l)?(4~P) for all valesof p:  04ps4 7
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Note that f  T= 'T ) Piyip _and

N . i‘"\‘? . ‘P‘h‘- ‘V)
! @T . . wtde ) | - 1
@ ‘ = Cim n\) ‘D.“\\l \h (0 P - o (f\'—...?)} G\\w\plpf....m ('()
RULE €A '

then by \incw'—fh o(: the dq)mra\ dual

9 %T“ e @e..

50 equq’nna the ‘hoo expvessions {or @T one qe'\'S

Npai T |
‘p'\'l v 'h — E\.!\\.i?‘?‘},\""h w

®eh“'\o = /C";V)\ C\l ‘D+| ih
S[m\lar\q one ﬁho\s “ e eree {h
@(,Q‘\ = e'elr i in)

EXERCISE Verify the farmu/a fur‘ @)ei, p _Using The

. BJ\ \
Com’ponenf‘ relations r(%i‘ sodpd h-lp

[ T = 800 = it

and the ‘com’ponenf' 74rmula :/bf‘ @T

Like the wedge product in Pmchée) fhe natural dud n ?mohce Is SimP\e' for

n=3 one has:

pveclos Yo p-anedes | p-tvedvrs o p-lecors

& AWV S AW ATV AW)

= {_.,\13 =
p=° ®i = €22 W= W3 ®1 €' €12y = €23

| = 123 - e
® € = €122 = > Ow €7 G 3

P = g2 e, = €3

€ = S 0 =

® €3 =€z ' = W'* Br=¢e32e,= €

@)quzeu‘w\ = (! ® 3= 613‘6-‘ = e,
=2 @ e; 25,07 =W ®wP=ct?e, -e,
@w\l - €\23 eg _— e?

3
@ €12 =€ns W= W

\23_—_: 123 _
p=3 @e\n""em = A W € A
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if =3 and
EXEROSE! () W_B= Bzz 07+ Baiaf'+ B’ yhat s ©B,

T E= Ele;  uwhatis  EA®B ?

@ 1§ n=4, uwhatis O[w?+w?] 7
(,dha{~ IS (\Z@m +3€r3"€23)/\ @[w\z + w;q] .7

What 1s @ [€; — €aiz +2€42 | 7

Q) ‘zepeo\\’ ) 'E)r n—=4.

A decomgo:aéle E—Vec\'of‘ ofr ()—coved'ur is one which can be

represenied. as the wedge prpduck of P vedors or covectors.

An__adapled basis _of a vec,\for-s?ace\/\ adapled to qAP_sdu‘«gsPace W,

< a Yasis oF V  such that +he \ﬁrs\- p_ basis vedtors are a basis

of W. FEad ada(_ako\ basis determines a  dwedtsum of V nto W

and_a_complementary subspace uhidn 15 the span of the last ‘o-p) basis

vechors AH“mgL; this changes with o change o{:- ada(‘)\-ed basts, +the |ash
(b-p) dhia| basts aweclors shill determine the guen subspace. W,

Inthe B3 example this dlaémm

v \
/ A =Cn ’r\ne ?\ane OF €, and €, is deknmned
,/ - /77 ®ep=w?> by @¥X)=0., TF e; ts changed 1o
o e / (=0 R/, ®° can at mostchange o
R (K 2/,

w?l:: C 6\)3 o PV'QSE\’VQ C\)3/(e;,) =.i )

put its onentation muststay the same, fo mamtain wWi(e)=w3(e,) =0

Th general it {en.oep] delemme a p~dinensinal_subspace., then

x[e\/\m/\ep]= (,L)W,mh conab mast d‘)aqqc b'q a delermmant 'ﬁwbrsmd

LW . W'Y mustbe Inawdy mdepodent hnear combingtrions of Twh. w3

aloe 50 Fhal the dudlhy relahons gwing 2evo dlong {(:’ll)h.‘_ e,_,uj are P\cserveo‘

[ these must be linear cmbinatzons of fa)...}ep} only Tobean ada!wlco\ basis ]

Exerase. Using theideq of an adapled basls, explarh why the naural

dua/ a:ﬁd o/cwm'posaé/c _p—ved'or munl’ /f.ye/')c ée dccam'paﬂié/e.
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Toner product for antisymmetnc fensocr
T{we have an inner ‘pr'bddc\" on \/) we have sham hew +o get an

wmer_producr on_any of the knsor spaces over V. Tf Tand S arc

hoth GO ~lensors 4 Fhen thew mner product s the scalar

Gim** G T S™aee = T 5. ST 27 T ™G e

For anfisymmetnc tensors this overtousts the numberof independent

comporent ferms i these sums, so H is natural 4o dwide by the umber

pveches : LT S> =1 G”mﬁj\’j Thlp Shde

= l‘Jl"tjP b

. : " T ‘ ‘
?‘C"VCC\D"S'- <T\ Sy = ‘é’l GIIJ' -G Pr _r\l ‘~\\|‘>S:j|~-\)\‘o

1

= TUI-‘«JH S;l.;..-‘ 'hl'

For the Euclidean metne, the selmnecpraduct of a prvechor Is jusy

the sumof the Squaves af' s ordered-ndexed cow\'omen\'s.
Exerise. Whatis the Q{[-moar‘lomducf‘ on (P8 [516/16/5’4'7’"6'/'"9

of () EqrEe,tE%, (i Blentfest B3Ga () 3Chz 7

(i) F=Ee}; .




T™he ust n- Fbrm on an onentred \/cc\rors?qce wr\’(-) mner Pmduo"(’

On_page 54 we used the Q\kmahn‘g sgm‘oo\s 1o give a com‘pchr expression for

the determmant-of any matnx A -

dot A = €., Al APy

debA €jgn = Cpty A AN,

hd )

The index level o@ the q\%mahnq gmbo\ {s Just-a wnvenience here 4o use

our summahon cenvenhion, Xfwe apply these 4o the mabx G =(6i5)

og com?one'ﬁs of an mner produd- . we can woke

det & €.y, = €MN0 Gy Gy

Indn

et G"’éd\“'jn — e 1 (_Z'IJI.__ Glm)"

7 G“I\\‘n \J

Obviousty we get nto frouble l% we try to exiend ouc mdex—shi{:\—{ng\
Convention to the a\kmahhj sgmbo\s since iris off bg the determinant )qld’d‘.

However, suppose_we have an orented veclor space and delFm'e

s foranonented—basts—————— |
Tipwin = £ 1dek G172 €1, T

and define all ofher index posrhohs forthis object 4o be obhain ed,

by the usual rules for mdex rmsmq In_partreular

7\|\\.|n= ||d| GInan ida

6‘“. PN ed...un (£det 61 ”%)

= (detg™) €lin (& (det 6] )

= & (s;nadet®) [der6| T2l

S
Lo\a\m ‘P"\q‘\' fn 'YU\ ‘h “' = 7\¢.~-n w\ " IS a umrque\\j

defined Yensor, mdependent of Which particulac basic we use to defineit,

o




First recall vir= ANET Gee © G'=(AYTG A

o det G'= (de*-f\"‘)ad&G (g 7)

and  ldetG’)'% < sgndet A) ek A |det 6|72

Accordwig fo the bottom of page 54,  detG  acts like a scalac den\SlJr-Lj

of weight W=2 , while \de¥G 12 ads hke a scalar densihy oF

weidnt W=\ except that it changes stgn under a change of onentation

(der ACO) ,_so ‘tis called an Yorented" scalar o\ensﬁg,

Next evaluate

A - av basts
\dl o AR i N\ onentahen sign for n

N =
=(¢me\e» 6\V2 €pmnn ANNAI,  =(gnder A) (31) e E gy,

o~ —
! [HP\-A\) F-\\ i
(.

_— = nil/‘" (nf

(ndet A) [def 671"

j} deFA <O Hhis switthes the onetahon s\gn as i sheuld ,_So mfad’ the

't"I’MSFDma‘hoo Lo ﬁr q (DB tensor hold sy e , the above comgonerﬁ"

dehinition defines the same Yensor for erery chowe of basis

MN= (—‘,—{ Nipe- Ly ghih = Nyun AR
Thists ca“ed_ the_unit n—ﬁ)m for the orenyed ‘Onefp\fodud‘ ved—ursmce

AY does two ‘W\mgs : D W carnes he onentohon \hﬁD\"MQ'\";OV)> with €Y,

posujnvdﬁ onented 1§ C7 0 and negahvely onented 1f <0

2) W measures n—volume bﬁ se’r\—»ég 4he scale 4as exP\ame'o\ a‘oove,

An orthonormal basts  with respect=1o a given mver product is one

for which cach basts vector ts a unit vector (oot sign £ Gﬁ=6(éf,f’é)=:tl)

orthogonal fo the rest (Gij=0, i#J >. The difference ih the number of

pesihve and _negahve signs is called the stgnature and Is ﬁxed for a

<0




gvén inerprodudt (ageptas a fack fornow ). A "poshve-definite"

mner produd- has all {‘)qg'ﬂhw 5Igns , le, slgrmhvc n, while a *heqahve-defrle

. th
mner?roduc\' has all negahve signs ; e, sunatire_—N.  An"indefinife imer

product bas Siynature S behuween these two ecdreme valves . A Lorenta "

e ?r‘odud— has only one noj;a.hme sign_or only one po.ﬂh\rc sign (the
ohowedcpmds on ,Dvglu.dlcé) and so hag ﬂgmhre Isl= O-D— = n-2_

Useful obseahon: For an arthonommd basis; | det G| %< q __so

N=w'""_if the basis 15 posﬂwe\j—ohcn\rea\ (same onentahios) as the chosen one)

ad N= —@W""" otherwise.

[Oq R with the standard 1nner ?voduok' and, onenjrcr\'iaq} =" n._‘l

Thus N s the N-covedor whidhassigns untvelume 4o a umt hgpwwbe——-/ ,
Wl‘)cﬁl formed g W%WWS‘G < OSpT
So Whar !

\Ne\\) nNow We can deﬁ%e Q me:\‘né d.ual\-\:, oPemhov\ ‘H’M*‘ ~

has {ensor characker b‘\,g using ’71,1_\'..4\_,: insiead of- Eiplp . weuwil) obhain

a_unigue fensor by taking the meinc o\ua\i iﬁdcpcndcn‘}'of' the choico of-

bagts, s will au’rvma‘nca\\j fell us  both about p-measures
for __p- para“elop!peds i N-dwensind V. aswell as onertahon

'unf:omqﬁoo fhat genem\izes our "cbunterclockuice ' onentahon 1 a ,olane

and s _connechon to the n‘gl'r]'handcd nomal in  R3( 1nnerand ouler

anentations ).
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Metnc Dualty operahion: 3 ¥: APV > A7)

¥ - A(P)(V)A‘ 3 AQ—p) (V) ¥

We Mod.‘ﬁ,, the natural dual using MNj.ly 0 ?\ace of Ein and then

SifE o)) the ndices back 4o thew onginal tevel using our fnner product(metric).

A

¥ . ; i o s 2 )
P"V“\W : [ T] lwi%_ﬂ‘:pn"p‘pﬂ vl

T Twen ot —
p-crvedor: (¥T]PI= L T ’P’ml,.;r_“’.*‘ "

which Is cqw‘ya\en*' to
lpH

¥ Eil P = nil"‘lr : e{»lml ih!
¥ CL)“ P = fn}““‘lrl}sﬂ\“ in @ \\p-J-\'l“'[hj

— sy

N qqur\ﬁnormq\ bas\s then Mywn = A , and raising each index

m\»\){\“a\\es s’rb\) 'V\ﬂe 3‘9“ of ‘W\e cow'espondfnq basis vedror,

cxample  B*  stundavd boasts  slundard onentuinon | bul mner produck
_—r Y ’ 7 ¥ .
1S mq\md G = diaq (4- A A' "5-> le. , €4 has a neqa-\'\ue stgn,

Then Moza=A = Naoza= N = ~ Nt =—N1>* ek

since © s dmgona\ ,_So N2zt = Ny2z4G* == Niz34, ctx.

Sxample 123, standard bas;g nnerpvuduck onentahion -

s PO W) 2 APV P
¥4 = €22 Fl= @'
¥€ = Ra23 '= WP
¥€ = €a1 | FE W
S L exertise: _note that
Lo = X e W f;reacko?i—he basrs fensorsT:
Ye = €2 e Pr= W TA¥T = €3
€ = €3 * 2= W’ This is no accident
€= 4 \ R \ L

! Has nohiced
sve\\?v:?:(:e pqm\\e(o\:»i ped 7 ?




Linear maps

Suppose V' 1s an n~dimensiondl vechor space  with basis
v 8!

%eiz(.;—‘,_an and_W is an m-dmersioral vector space  withy basts

1Eafusium. A ler AL VW be a [iner map, Then

W{WN} be the respechve dual baseg

oy Linarity A= A(vee) =ViA(e)

For eadn (,} Ale) eW an beexpvcsseo\ vy terms of s com'pOnCnJrS
with respec- Jo (Ea Aled= AY; Eo(/\ A% =WTAE),
Thus N i
= A= VIATE, = KV E,
= W

becomes \N°’= Au.‘t\/" ™ comPonen’l\'S ) ectulva\efﬂ' To

Lﬁ(eﬂ: AL Ex| on the basis vectors.

The matnx _fj’(Adﬂ ic caled the malvix re?veSen‘mhm o[; A wih \nfspeoH'o

the bases €54 and {E 43 o}c V and W rCS‘?cCHV'e\\j‘ TF efher basts

v

chonges, the matviy will dhandge 1h an  “obvious "way ( sbwious when you

Sec\{'> A2V oy (ﬁb/ R\ (,))
= A8 gl % uib
For=c%Ey W==CgW

K (o) BEeAES L WACRE) ’

& = ¢ W(ARY) B = C AF B

or A= CAB

Al — pe™?
~ AC

N
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FFor o gwven veckor Space V  each space Og fensors oh glve})

" index type T(P‘q)(\/) or subspaces with certuin symmetmes fle

/\(ﬂ(v) and _A_(P)CV)sL is a vecdtor SI?QC@ " s own ﬂq\ﬁ'\r,

However, instead of [abeling the basts vedrrs i these spaces by

q subscn't‘a\— labe} taking valves bohweern 4 and the dimension of the

space, we use callechons of indices assoclated with the underlying

space V, The linear gperafions we lhave wmiroduced all
' \

Corvespond to vanous lmear Maps between these spaces  which can

o %XPresced etther n M COMPOW'A'“ \CDTM or as a relahon between

the new and old lbasis vechors, whidy defings the Umatnk "of Hhe

lnear Mhsg‘of‘"\qlhéq — byt matix 1n s generalized sense of one

ndex conmssponding o a Co\\ec’nomo? ‘”d'c‘es.

’ﬂnen\ho\ex—sh\%hq“ maps assocated with an inner produck o Ymetmic”

G are a perfedt example.  nsidenng the “lowenng map o V!

P Vo V¥ [iji = X, = GU )(‘S . [ component relehs )

or Xr= Twt= GpXlw'

= (X-Ve))v = Xje—}b by lmearihy

whidy means 'Pﬂaj\’ ej b= Gj‘ Kﬂ ‘ [ basrs relation j

Symilariy .
#£:vH Y [c#¥]) = £'=GYS, [ companent relatiin ]
(3F = adie; [ basis rela-Ho’v;].

( Exercige: \/erh% this as abWe>

The mdexs\mﬂm;o) mMapS Can e odended o any collectton of' indices

‘fbr“ any ﬁpace o(— knsors of- A gNen ﬂpe, The P and £ no%ob

w\“ Q\wags \Y\d(ca\'t: §hl{‘hn9 q“ ‘Hwe (Vw‘lces down and U(‘> res?ed{"!vc(_l.i
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Th \;;ar\-\cu\or ]F)F P'V‘ezc\fUY‘S ar)o{ P"CW@C\TFS one can Jrvtms\qk ‘flne
cdm\‘?ovve% relahons

: e Jp
Tiprdp = Oipjy Qi iy T

i - . -‘\‘ (
Thie = G G Ty

hadi ]
Yo the basic re\aJNOVSS

. j“» IJV
Chly ¥ = GOii Glpip W
/ \i. { 4= F(‘J‘ r‘ ‘pJP £ - M /;/Aﬁ/rfn AV‘\L. '\"\Aar'@
wl] "l " — O D) \_, \)P \\4\ TOTO™N v ‘t) s/

for the maps P2 APV A‘*”(v)* L L AP AP

i fact ks nabrall o m\rerpre\' AP as the dual Space o AP(V)

s\nce “\%e hc'}um\ Con\’mchéh

i ke g\\\ ‘f\ —ﬂ\ \n Sh

|‘ Ll 4

is hnemr boH’\ N ‘\'\’le P—VQC\'OFS and, '\J\’)e (g (,oueo\'vr T 50 _Fn(mo, eaner-

fachr produces a real-valued Imear fundrion of the o‘Hner-,

iw““ e \E 's the basts dual Yo ‘{e L I»\% and

RN
Q)h\‘ Con‘\wnc\’ed on ol = {x‘ iy _’;1\ ( Kroneckerdel o w

e\)‘u L‘}?! tH--Gp- \'ﬁ)f“\'\'\esc MOSPa%/
15 the duql\‘:\;\ relahon,

e \nner produ &k on (m(\/>

— i\"‘i . .- didp ., cor=dp
<TS7 = T Gy Gpgy 8 = TS
nduces the 1nner pmo\ud’ on _/\CP)( )
l _ —
<N Sy = Tn\ p G Jr- GiPJPTl e P T')’ JDSJ\Z Jp

'FU\" w\mc\«, e dbove reahons ore ‘H’\e componemL‘q'ﬂ baS‘S \FC(Q‘\TO"IS

tor ‘H‘\e two ndex S\ﬂ‘ﬁ'\hq Maps bewn ‘Hmese o qucef (ﬁ)reack p)

The m*m\/ o(r this (nner (“)Vodud' s

- v \ IWP
< 6\.‘\49‘ ei.“;\.\ﬁ = ?ﬁ Gb W "‘k i
LI ) L4 B A 4 A\~

ot PO

a5




BOJY)'\“\'\R nqjmm\ d\m and %c mehnc d\ml are (inear map; among

These spaces,

@ o r rv‘iphh'ih]

Cl\"‘ip = S TpprTinTvY

0 lfn-h ‘n) .
*6‘1""P:ﬂh\nip[p+\ ‘h (*) *

} _ o~ lpH ‘p-H - in ‘ho’

] — 0 pFT rry
| O
A\.../‘xvec“\" nE <t in'(

\ VUUU' Y V; lei =4

D § CTSTSa = 'O T

L \ h
[I_ f\)r OT}‘SH}‘CGIL Orlr\uW‘G%'??e.

1.

Similar basis relahons hold for («)“N\p, In an, o omorrvm( ’Fume

the naturdl and mehnc duals are very closely velalted

The melng d\m\ tums out o be very c\oso\ly related to the

mne\r?rvduc\'s for F—\/eo\'urj and ?—"COJCC‘TD\'s The f;,\\oww;q
calcaalahon eslablishes that stmple m\m%or\shs;x‘;
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A ¢
- \‘ ‘P J\ L)P \Ph "[q
TAYS = (5T, 7/\6l W)
Lo o ___.‘ﬂdd*JJPIPp_L;“ STy AU
—p—Cacd’ e e

. 5 Jued [ 1 P

n-avedw /_‘AT S oo _— Nyidplpre-in & e f
¥ TP AP
—?\Vl""Tédl"rJﬁF"" = sh é ‘

)

A - Jp e Tw b 9
p! Th»-d_p S Q:ial éa;-.dpip,wb, NynW = <T\S7M

Qll *Ip n

3 |
—\é{ Tl S <T.S2
g w&w& A
) — | ‘
TAT = <TION o tsofalingss x o |

onenked ———:"/\ e

meTT \ !PW*_@‘—““_ \U\\ \P) Shysip 776
|

Frbduc\-ofm‘gmﬂ' e\,, -, €ip

_____ *Qu Ap is what you wedge Nto —e\ ~lp on tre n@-‘w\'

4 get ?mdud‘og‘ sighs assonated Wit omE\ama\jrwy

ndices b Himes W'” w |

|
Exerctse. Why “complementany indices " 7 |

' Evernse. Use the component defomtions o shaw hal

<¥T ¥ = <T,S7 for 2 p-vecdors Tand S,

Everise.  On R® define *(X/\\O = X"Yj for two

vedore X and X . What are the COM?OI\eh‘\"S L}(x\ﬂ:

(and verfy)?
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erertise  Eualugte *¥T G aq p-covedtor,

answert -
[*T_l'upq-lw-‘n "P,Th lpn . Pip-\-v-'in
T *Jdn-p
E‘( )]Jh-‘n-\ (; T)J\ dn—-f In-pr TN
— . W ip . d v dn-p
= Qh—P)e P Tllmwz\; J"“Jn-P N Jnepr1 > In
i“"iPJl“'Jh—p .
”Y\ TLJ.“"Jn-r Jp.-p-u I P
~ move (N-P) indices across
P rdices. requires
p hransposihons for euch of the
- bp ndices | which leads to
B A 5\gn change of U)P(T
Pl _ i |in
PARTT: \— v 7\ l nJ”“'Ph\ - v+ a-p
99‘) in anonenled basis ¢ - : R i
mmed.

|| \PJ| J“"\’
con detB) S S dn e

L
Qn-P) ! B J y,-v.h J“_‘,

T\u"'ie%\"mw ) (“)W~P) sgn det CGm} -

” ‘Jﬂ"?ﬂ”’*{)h'

Tinendn

| \9 (**T = ("l}w\-? ) _sgn det (Gm») \

T oe~—— L \)y o dc\ _H,“S " o
e = =) ,‘_sotfmso gn.
LD C‘) (D C ) i Vos\’nve (n—'3 is odd )
- (-t) "U) B “widependent of-p. L ("\)
s o) I niseven, (TS
\:“ort’ﬂe usuo.\ Euo\\o\ean mncr(mduo\' on TR.?‘ -}¥T=T.  (n=4is ewen,
9% (P«rfI)




