Ll hear J\Tansﬁarma\'\ons and a c\wanqe r)% ba5|5
) Suplpow A V=2V is a linear '}'rMSFOMa"'\oB of \/m+o rFse\-E

Tf 183 1sa bosis of V  fhen the matmxof A wrt el

i o\efmco\ \9\4 (poagelo)

= (A A;3= w(A(e)) = Cﬂcow\powr}df Ale).

LS flﬂe row Index _ang ] 'Pnc dumn ndex ( firdhand second ndices \rcspag\"\\lc\_\j\ L

a\\%uak tre finstis'a superscnp* nstead of the usual subscnp ke the SPC(McD

The \‘H’) columyn IS‘Pne colymn \meﬁﬂx d{: com?mcv-rb of /\(ed) wrt ‘Hhebaﬂs)

densted \W underiing ng,

= (Ale) Aler) v Alen))

I1C we ?XVand ‘H')e cquaﬁon

uie// A(vie_,-)-_- WA = VAT e = A5 V)e;

']

we get the tomponen\" relahor = A id\!J

or ifs matnx ﬁm \ U=AY \

A — |

w&(\p\@ U= / i \ . Vo= / { \ -!he«ealum._m‘z:\nceg _QF ﬂ)mPQqen“:S _o{ ]

- \uo/ (Vv)/ : \/ A(w) |
' . /
W ond V wrt the basts, /

We can mxcrp‘re\ 'Hh\s as  qnN “qch\/e”‘\’mh.?g)ma‘\’léq @G “H\e Pﬁ\rﬁ's (vm‘*ms)

o V 4o new pom\'s of V. e s\aﬁ' qu—\ a ycd'ur V( ard enc{ up a*\‘

s

+the new \rcc\”or u, o
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We can also use a_linear fransformahion 4o change the basis of V|

provided that it 15 nongingular (tts matnx has nenzen de%ml'nan‘l'))

justthe condihony that the n image vectors of the onginal

basts €07 are h’ncar\ﬁ mdependen‘\‘ and so _@n be used as a

vew basi's

If B! V™2V s sudha linear Mnsﬁma\'@v} ; with
matnx B = (B)= w(B))  det B FO.
then_define eie= Ble)= B e;.

As disqussed above,  The coumns of B = (Ble) ... B(G-D)

are the componen*s of the new basic vedors with resyec*’ 1o

the dld ones Biu; = Cddcecei)j = wé(ejJ .

Onmed indices will be associated with CQM‘DOwen‘\‘ QXPYCSS\OV‘)S I~
the new basts,

Since B s \n\/er\"\b\e) we have

e, =B'(ev)= B} ey

The new basis {e(/} has it own dual basts {C{)r’/} sqhsﬁ,{rg

o' (e) = &

. t/ - 1 |
Th e defyne ' B W dhen

W (&)= g, k(B eq< 1 BY &%

= R'ii(gBkJ'= ELV( strce _E_"B::;___[_:)

so this is the conrect expresston for the new dual pasis

(Given any vechor V., We can eXPress 'r‘— erpﬂer in fermg o{—' ‘Hr\e ald Basr;

or ‘H\C new

vie, vi=wiv)
. 7 1 - { :
NN V‘I'*'(OL/M = B2, w! (V)= B v
¢

2\




hO'\""’C"" ooords if we ac\nvelu ‘h‘ans{:orm the old basis 2 4 new basis

usmq B The New componen\'s o@ any vedor arc relaled to the old

ma‘mx._@"' /

/

Similacly we can  express any dveghor in Yoy of the old ornew

_dual basis

. mb :36 }&7

6’:-:fu
R

S e e =SB Befe)= 5B

e the wvechor campunenlrr Pransform by the mamx 3 but mul‘hply)nq

ﬁ“’m ‘]“\ne nq%\' IF we rcpfosen¥ leec}ws as ow majrncq

L T

_;5'/ = i'_g_ oreq,uwa‘en‘\’\y j‘-‘f’lﬁ )

where 15 understood from the mabny conlext Prat Qf and f’ are

row vecurs,

This descnbes a, mssNe MQSR’M@"’O“) c)(; V (nbo \Jrsegor OFV

into lkeh since ﬂfse pomh' of Thege spaces do not chanqe but their

@mponerts do _due %T‘ne obanqe of baﬂs (dvo dooo)

Chqnamo"an basic, aohvc‘u by a lnear ﬁnsﬁm%m B mabkes the

GMDOWH% OF veders ckanae Lw ‘H'\e INVEYSe m«%x B“ aF B while

an aG\we Mnsfmmhm 0(: Vi n'}u r"Sch d\ch ']'ke comr) onerﬁ's wrl'l'\ ey ped’

o the unc\f\angcol basis of the new ved'orS as the ma%vx product by

\d cmponents,
Bg %M Pac"lve and Passwe ‘Nhs}(;mq\'wns go N opposﬂe d\rcalrwn;

So "D Sl‘oeak .
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\

N\ \)\//V gi) | 92

N ; AN y
/‘(\G/IV \tﬁ#;ﬁ 1‘v

- EL/: BE)

© €) €
\ L -l
onpat:y =B u A =

————

achive ba‘s\s ™

eorors - Move

passive . basts moves —

ok -
VEOIUTS ﬂXﬁa .

1f weare more nlerested 1h changing bases than achve |inear h'angﬁmahénj X

we can let A:B.—' jhen we have

CO”= Aul‘, w‘) - VC/=A°JVJ

A4

= AMie, > L= £ KV

Tnus_upper indices ossociated with vedor component labels tvans form

by the mahny A , while |ower ndices associated whh @vector

component |abels transform by the tatrx AT

TN the jargor oF{'\’f\S subjéo\” . these upper indices on components are

called " contravanant " while the lower indices on components  are
1

called " covariant” Vecddors and  covectors themselves are somehmes

called "conbruvanant Yecors ' and Ycovanant vectors ” y-cs\:)ech've\ﬂ‘

The above relahons between old and Pew COMPoncn+S ov(- the same

obhject _are cdled " transfomation laws” for _wntvavanant-and

covanant veckor.. wmponents,

83 the linearity of the tensor “;\rvde‘7 Jﬁ\csc“ lws"  can be extended

fo the Components of any fensor,
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For example | suppose L= L' e 0w’ is fhe (})- fensor associated
with a_linear transformahion L V>V,

%en 1 '\ l; i /I|(; n\
L'jeow’ Ly ="1(w5 €5

I
L

* .‘ Vp 'I T N -‘
S Uepowd = (W5 e = 1 (AR5 A S er)
= AR AR L (whe,) = AL AT LE,

L B AN B S v y LT
N other words the cortravanant ano\ wvanant ndices each transform
mndependently ; Py AL R
- ) S At

ol

or lﬂverSe\,g . LLJ = A" ‘ LT

v

R A
This generalizes i _an gbvious way o _any f g) khsvr :

o ’ —r—{w- = Tl ¢ . )
tt@‘_Tr@wA%“ | J" I ({I\}) )€J>lc\l

v

=
o W i/ ,
\\ —TL J/“. eil@ “'@(A)J ®“' TLJI\\- = TC(A)L7- ) .n)

)

— -1, TR
- Abh'“ At I | Q-

Ttis Jus" q ssmp\e onsequence O,qulmina;rﬁg.

EX  Wefirst defined the Knonecker delta justas a amvenient shorthand

sgm\oo\ 5‘5 N but ﬂﬁen saw Jr\ﬁa{’ i coinclded wH*\ 'ﬁ\e cumponm\'s 9(:
' the wauajaon of (dcn\ﬂ{mj Rr?so\’ |

EVAL = %"J ec,@wJ:— ecsaw‘—: e,@w‘+\..+en®w“‘

Sirce this mustbe true in any basis) (Fw\e "‘\'mns{ovm " TL"C ¥nopecler

delta_as the Cvmponeﬂ{'s oF q (’) “\‘CHSO(‘\ i+ should be |eff unohanch

éd’: AL A-IE 6'1 = AOKA"“Z @A—l)u =

The new (mpovxcn{'s do equa‘ Hhe old !
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N\a‘\‘r\xﬁ)mag "h’dnS’f“?rW\GJﬂov\ law 'fo(' C ) "f\?")QJFS -

e "transformation law " for the (1)-tensor I assocm‘ec\ wn‘*ﬁ @

~linar tansformahon L V2V fg
L= AR A LR = AV L% A

L/_\_.__‘,I

n d“ner wom\s ‘we recover the mcd'nx MnsFoma*\ﬂoq ‘Qr a

l\'veaf'*"““gﬁmﬂhm under a _ch unqeof loasts

CALAT

wh‘d’) \eads +D “Hﬁe Comuqahdﬂ <0Fem)f‘loh (san dw‘dﬂma bcjfwt-'eﬂ

_a matex and It \nverse )7 excep\’ e was wolten 0 %cmns::?‘\'\ng

- _
 merse A =B -

S

L'= B'L B« cohumns oF B = olo\ compmen*SOF

Ne—— —— 1 e—

now bas‘s veci-m:g or

CoMofor (B)-tensos
A (% ~lensor has 2 vecdr qgumen’fs 6(‘*/\’)6“17 6 =G‘le®wJ e

- Tetanspraton s
- - - -In.
Gy ATTA '"J Gmn = A m Gma A"y

: AHhou h G diso has a max re?resen'l'd\'lon G = C@b) i C°NFonen+-"orm
'J[S f’)cﬂ'n)( mhﬂ%rmahm tQuo (P)chl\/ﬁ' -H.e—i—mbs Q)'e

e ‘hﬂhs‘;‘l&% IS nece';{aly “+o rep»ejeo++o (Sumrrrq-\'vm of ‘Hﬂe oL ndexof-- AT
e o o o . 1 foms o ke ol

 Recal] thatit-vasthe Mn.vpose vergon of the law used i linear QBC‘DW O(quO’ﬂhZ‘ThO')

d‘SCufslonQ Ofwursc \fon\j or-wogom‘ mq{-n(es B are uScA (ref&‘nchor\ to

or“xom‘:ﬂha\ ccor'p[ma"ﬂ) B~ =g8" and there is no d(ﬁev—ehce Bt thdl rcquircé T

—the d0+Pwduc+ +p discuss and - therefore — addihional “grructure. -
\




=X The \‘n?\e scalar ?mduc\’ on R?1is a mulblinear fmnc'héry

——

on Jmp\ejrs OE vedtors , namely the dek’rmmarﬁ’ﬂndwén) which

Is_q (.23— tensor / whuzy3

D(w,v,w)= U-(vxw) = det /\\,\/,';szzvvfz.

Suppose we define the shorthand symbol for rl—\s componernts

Elip = Dlei €€ = 9’4~ If Clyj)lk) = posi pem. of (1,23
T 7’ 4 7

(-—1 [FCT,3,1)= heg, perm. oF (1,43

Féo)

A "
UgTnenorse

Recall that  (1,23) (23D (3,1;2) are the postive pemwhﬁonf of (1,2,3)

while (32,)),6,13) (1,3,2) are the negahve FermmLuhz;ny‘

Suppose we evaluate the new components of: the determindnt ensor

D= Di(;b CJ-)C@(&)JQCA‘Q = Dl:’.iIYZ/ UL%U‘)’/@UW

gt == P\{ D
W'k = Y oA mhp
I

=1 A™) ﬁ' =P

Amnpf"\ c oy Ak

det A7 @R = (1,23 Dydehnihos
det A

ek AT if Qo = puper of (20 2

0 (lfnerwwc ( vepeated rows) by m: R

<}§
F—det A7 if ()= ngperor (129 ]
\
’

det A’\) G'IJ o nles

in other words the new Cowx?onerﬂ's of' the delerminant ﬁ:nc‘h\an

differfrom the dd by the fador deF A7, So the symbol €1k

dees not define a densor in the sense that s wmponents i any basts

have these same values | as doesthe Knonecker deltn symbol.
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w permutathon symbol "

Another waL) og SH%@ this 15 that this "q‘kmajnn\g SHMLO‘ ) ('" Leviavits

ind i cator “) Gi)r dcf;mes q Oﬂgev-cnjr fensor ﬁ;reagiz\ chorce c)xc baslg

Deey-=-Cljk AT IR Z D/e/\ Ciyk @ ‘DuWew?

56 the im?or-\-un‘]' lesson frvm +his (s, If we define an opectwrih

indices not by Jruk\v'xg com?onerrky of some densor | then it 1s not

_ necessarlly o fensor — but-may define a different densor i eachh

Cko\ce 0(: basis .

Andther way of hano\h'ng this problem 1s o gencralize the 1deq of
a Yensor (‘mdc?enden\'oF%c dnmce&basiS) o a " fensor a\ensH\\) g

which is a family of tensors | one i) cach chowe of basts

related by g more ,3er>era\ Mns{:onnq{'wdn laco  wWhich not on\j

changes the components of the tensoc_but-also  changes the

{ensor riself by dan overall factor of 3hene power of the
determimant of the fransg;)m\ahdq_

Dw\dm'g %muﬁh by the delerminant j@c\'or 9ufe\5

Clik = Cde*’A_');{ A7 A~InJ A" "% Emnn

old CMPMeAko(LoU bensor
Tv== [\ [
new amporenls  changes to | plean compunents of old Rnsur

q new Fensor  pew tensor i ' '
‘ S - rﬂ@w—ﬁﬁw&m'm"w"mw

The pemu%-o{’m\f) tqmbo\ mqh be m\-erprel-cd (bvy dc]cmnhovg as the

cmponents of o (§)- fensor densibyof- weight =1
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Linear Mns{bma%bs between V and vY

So far welve gener‘allz'eé vec*vrs2 covechors , and (:)“+€WSO\‘S ‘Frbh

CO\L}_MVI m¢‘|'nCCS, oW mﬂ*\’)(..GS y and 'I'Lwe mcr\'nces O€ lnear '}YU"SEMG'\';gﬂg)

bul have net ansidered (i) —Yensors and (g)'khmrs w\'\lc\q are

also associated wrths certain matnces , e)ocep’r for the matrix fom) of

the Hansformahon |av f"‘” the (9)"an0\3’ on_[page 24b,  The ( z) ‘}fnSoc‘; ]

and (¢)- tensors may be interpreted as linear frans formations betuween

the vector space and it dual |

Forexamp\e suppose )@ V‘—”\/ is a4 linear map, Def\ne 'Hne a,s:octql-co‘

(0\ fengor ,@ 2 wew? by

Q)= Q0N = fas;u‘v3=@uw')u“ .

avector ) fumn ™
) ar
'[ ,Q(v7 =4 v)x
where the COMPM""*S are \\—-«r@om 4o make a
atri m
f;" = Q(Ei)e)') = f(e;) (e) e ﬁmﬁmﬁ.m

The linaar rmoap X is realized hq evaluahnq the second argument o€ Fhe

fensor ] on a vechr so that a covechor remdins waiting for the first

argument- of the +ensor.

ﬂ) componcn\— fom ‘H‘)e ‘l’ka.nsfomah‘oo IS agafq Ma‘HX W\M\"'\P\Icahdr) bu'}'

because Loth mafrix indices are down, one is lefr withy a cwedor

requiring an addthonal franspose in marx fom fo yleld a vow

malrix as agreed for yvepresenhng  cove churs

These linear -\nmﬁ;mahoﬁ s LOWER the index PosH'i'on_
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| ﬂ exac\'\g the same way a4 {near mMap L V*ﬁ V has an assoctated

) Jengr ST = r-’)eL@e,
ﬂ(ﬁﬁ §(M9>) =R = @T"%)

ved'"r

;a,‘\a(

or A= k9N

\=to malee cotumn
yechr {br ma{'nx

e A0l = 0 (W),

The neur map. is redhized by evalushng-dhe second aguneniof e

lenscr\cwg a vedor warhng for the sewnd argument of the densor,

_ These linear transformations  RAISE the index_pesttion.

i lnverh)o\c Maps behoeen Vard V¥ |

~ The images oF the bas:g or dual basis vec}or; _under ,Suc"‘; maps are

ﬂ(et)"‘ ,Qi_)w)
nwh=ave; .,

The condition that these mops be iverhble 1s gust that ther

_@Qc_g__@ngh_ng matnces be mverHH , e, hq\/e nonzevo de%cmmm‘ts

st e st der(Wg)#0, aet W0,

> ['3(2“))21:‘5( i) «‘f><‘sjram°l -

2 ge=de o ANe=8"e

. TheSC are "H\@ mqh(es o(— {inear Mmaps ,Q—, V ‘9\( qnd

Ao VE Sucha pair whether we start urH> £ or }L)( se‘\— J

)lvﬂ ~and 2 0 for exa'"?\e> establishes an tsomorﬁgism between
 he Yechrspace andits duol.




nonsmgular

~ Although mecan_use an - arbitvary ymatvy  (41]) and tbs iverse
( 09) % play this_game | in pmchcé +wo spccu?'l leinds of such matnces

%-mmg&x;irn;_m«.,,Qg,g_.'-i_-243 - 12 (V N=2L2 d‘ V)

. -h‘t C°“'°5P0hdmg %nsors are a\so called symmetnc or

__antisymmemnc, and in this wnlext are sald o define

i *rtspgwovc\ﬁ\jquw |mer proo\uc’r (symmein¢ cue) O a

sp;mp\eohc form_(anhsymmetng case) and both (usually the

EX On [E the do\‘ produd' dcﬁnes a parhcular inner product

Glu,v) = uv = §ju’ Vi

Gifg" Su 6(ee) < e € .

_ Nefethat if you change from the Shindard basis to an arbitrany

basls, the componenis of O will dhange

Gy = @i @) Gmn (= ev-ey )

M,OQ(&L{_QA} Q) \S an or'\’\‘\ogona\ Ma"‘ﬁ')( th this again equal o ') .

In other words the gumbol &i3 dehnes q different tensor in each

pasis unless one resticks fo only orthonemal bases,

ina nonorthonemal basis | Gifi'# 4 breales the normaliy

(uns‘rvcc\vr) CO"Al‘hovx ,uhile C;I T#0 (1#5) breaes the orogonaliy

' Cundﬂm n.

.......




EX  On BY leb Mi=Mp=Tus=—TN4s= 1 and Nij=0 (I#).

CThen 6 = My ‘9w defines an iner product | called the

/th\rzowsbl' metnc,  This o\e‘ermmes +he qeomew‘m o@ space‘Hme i 5pecm\

,_,_,_y,g,\,,ng_\._e,___,_.mM us_sfgn.

__ Bxercse:  Given an mner product G on a vedrue space \/ we can

__always use the dot product notation by defining
_G(uv)= UV

The se {—d(ﬂ‘ Dr‘aduc\' _contoins +wo \ndcpendew\’pleces oS: m‘FDrma*'mh

ﬁs 5\9!’\ /—I-he +\H>e ot ;0> and s maqm‘"“de De'Fme 'H'\f S

._____‘maqn\hde or ehq‘\’\'y 0({»q vedor and s sign (o “‘\'yPc") bu

vl |vevi% = 6l
s9hV = sgn (vv) = S,fm(G(V:V)) < {+ 0)‘}.
(. dn "™ A what 15 the value o(- 53"\\/ -for- any \V# 0 ?

[ Mis makes R" Euclidea |
() W R” GE W =0 | then whet mus‘f v be

G in B4 withthe ‘Mm‘zws\e\ metnc,  what s the sigh OF

ghevecors (1,00,0) . @2,0,91) | (0,9, 1,1) 7
) ek are their magnitudes 7 uwhidn vechors aan be "nomalized”

4o unibvedors by dividing by their temgths 7
() A basis of mutudly orthegondl unit vectors is alled Morthonormal ! ‘

(s the dondard basts of R ¥ ith the Minkouskl metric orthonormal ?




Index shifting \

SW\??OS'C we _have a VCD\FDY'SDOCE w\’Hf\ an Mher prvdu(:'\- G_wﬁ’\‘) M\rer.SeG.
1 ¥ P

Then we can iMhroduce a4 shreamhined notrhon g)r the velaled maps

fom V + V¥ and back

VPl = Glupd = G = (Gisv3)u" flat fordouwn,
gyl L /owen@ index
[V Jc CDUV“'
£(9%) = G'(§4)= GYfig;= £ (GYg) Sharp for "up"
vechof . _V\"-""" m’-‘”’ﬁ the
[g#JU: GUBJ IHeled

US“B ﬁxe me‘)ﬁc and }+s inverse we can aSSdC(aLt q cwed'or \/b wnl\.)

cadn vedor V. and o veche JF with cach covedor g, we have just

nioduced shorthand nofahon i V2 V¥ and 4 : V¥V

for the associdled maps behween the aeom—s?qce ancl tts dual .

fwo maps are [nverses:

V1AL LT | WV A NN el TP VAP PRV ] SSVA!
k\V 7 3 =~ TV I Y V

-4\ 1 o -H-\.'\ - ~3 1y ..
(977 =060 = o6op % 9x= 5 ige="9

TThe TnhﬂorodwcF pn)\/lo\e5 an ldmhﬁca{‘lon MGV ' behomn q vac"orspace

ano\ r}'s dua\ This +U\'T)S ou'\' +o be S0 usefu\ 'Hf\a\" more S‘wr{'\qc«nd no‘l'a'{‘lon

is Introduced:

]

Vi VP(QL) = 6;3\/5 " lowenng the index

9l = wY(eg¥) =cY g, W raising the fndex

We use the sume leller fov‘ +he can-espondviﬁ avedor or vedor ( called

‘(‘Lne kemcl s{ymbOh ‘Qcme‘ m‘Hr\e sense ‘-fL‘:a-" we adcl S\Jb/SU'perS‘mg}S +D—l+>

and just F“+ the index n the ng+ [ocatton, One then refers Yo the

“antavanant " o ' covanant” fom of aveder | 4 dishnquish the two,

3\
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EX_ On " with the é‘“dﬂm\ bass §€g} and the g\undam\ (o\oﬁ’) mner produd—

6‘) _3\) ; 6‘)‘5‘)‘ The mo\eXJHﬂ'mg maps lde'ﬂ”\fj vechrs and cu~(cc+vrfw

wrﬂn 'H\e game shholard cm?onevﬂ‘s

(‘y").;e:\fg:SgW (Le., Vi= =V' for each 1)

()i 50=80F (e, g°=9ifrewhn i)

Thus ev:zluahon oF a aNtd*or“ on a vecror

RIVE ﬂw Sy Pvi= g

is WPTcsenSed as the (shndard dot p\mduc\’ o{: ‘H\c vedur wr“L)

another vedor hose compomente are the same as the avedor

I this way lineor'ilry is converted 1nho geamehy and one can

ignore the dishndqon behween the vednr space and s dual and

thus onu use gubscn‘p% indices,  However, there is a catdh.

For evcmjr%mq o worb ,_one bhas to use anly orthonormal bases —

o%rwu\se 'Hv\nqs ﬁﬂ apar'j' ( I\C the basis 1S ho*‘ avh\bnoma( one no

longer_has the same oompmcn}ry ﬁar* a vedor and s cw*rcspond'lmq Cr/vcd'or>

™ fums out-to be no P\-n\o\em ﬁv- e\emeh‘\'and [inear algebra with

s imited goa\s) but i*is a ?mb\em " you want o go Eegonol that
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The relahon  VI@E)= V- K'=0
shous that the vector v is orthogond|

¥ { : foth ol o < (v P
__Geomemce nn+erPre}uth O.F index  shifhng evovel surfuces of th cveo’rorv

The rc\ajnon

o
)

VIV = V-V = v

TRE1=V-X
< >\/ rMay e mlerpreted as s P

Lw\/b(ﬁ =) = VX “\'\f\a\“ the vec,\:or VvV perces

0
1 Y sortagond gy “lagers” (inbagervaued \ewel

0 — “Face
L WIS sichei) of the aetor P,

Thus (f v has length  JiVIl  the " layer Hhickness” (s AVl oL

it [1AVA| I
Wy NI TV

e. the reciprocal o the \enq'\‘\'\ o§— the \Jcc’ror(\‘.e.,qumhec\-or—a\anq v plerces W \M&Q
P4 ¥ o 4 o o
For a_ bk vector Jwil=i and his separahon is also A

Ih 3 we At learm 4o wrte an eq‘uahmﬁr a !D\ahf: in the f:rm

a3 + b(y-yo) + (z=20) =

or Kl-(?‘?%}:O where —‘\-)):(a,b,c),

I fact  (3,b,¢) arethe components of the covector, one of whose

level surfuces is being described. This is then (onverted 1nto g

geometne staremenk about pom\-s whose _dif{erence vector from o

reference po\h\" is .Per‘peﬁd\\tn\ar o M ‘the vector whoge

COMPOW?\’S are ‘\'\'\c same as 'Hr\e (OCFGC\CV\‘\'J oF TL\e linear ’ch‘hon

Ccovedror)




3
A
DRI x
PROBLEM e GO = (B, E2)
g g . ? cdlumng = stundard cumpmm\s
o) ,e' > sl new Basis

[eF euz B for Te problem discussed above , o follow The change of Bastc

nv%Mﬁ—@h}k—\g@_ﬁQe—@q&r P ?m,\. Lt Yensor,

A" 4~ ghenn e Y

4\ Con?w\'e Q)= eyre/ dw*cc\'\u, and »\:rom i ‘h‘uns(:omqhoq lawd

(i CGMp\A'e the matrnix G“' /= C@‘I’> ‘ﬁom ts \'\'nnsfbmcrhm Vaw

1 What=1s the Md'm( {omoF this -\ﬂnsﬁ)m\ahm \aws

(i) The vechor Y= (O\ZD = —8E+4E; = - e +4 6y

has Y= Qw' ° Use G’ o lower” ts Indices n the new basis

verfy that the expression for ¥ n terms of 63 "and ¥ (5 W',




Cute fuct (Aside fir your reading pleasure)
The relahonship between o vedee and  covedor o{e\*cwmneo\ oy

the Eudidean metic has o cute geomelnc mkm\‘&aﬁm

(Cons\derthe case og RZ The unit cirde (q\ vechors of leth\ .’l)

dh s tells us evenything we need 4o know
/f‘\( o2 about the éuc\\;edn gevmetry of the
( o \, mebc densor
SUppose V15 a vedor wnth (ength

=0
K/ *\/\'(gD =% bigger than 4 as in the diagram
Y \‘Iv(ﬁ/ Draw in the ‘&'anvqenlrs AD and BD v the

/ /G unt cirde. Tonnedt the Pom% 04: |
/ /Le Y‘;, tangency. Then  OC has length
( OL\V;’;‘ )\’ T{Q‘u since %qqg\ej ACOB |
\ 4 lig) ‘/\ and A CBD e similar 50
N T g A
vt o AB-s—perpendicslardoifo

Draw in g m\rzt“e( e H)rvua)\‘H'\e

ohlg'm' Then Jr\r\ese “huo {‘Mm\\e\ |\V765 chPCSCH+ ‘HWC as\/cdror Vk

= &( )V>5 since %elfsev‘)an'\’l‘om 15 the \rcmpru@ | of the \cng‘\'lﬁ of Vv,
ahd. %eg ore or%ogona\ 4o V,

I‘F we have ano‘H\er vedhor U 5 '\'\E‘h 'H”e value O? +the metn ¢

on the Pa«it‘ 6(\4 V)= '?(u)
is e number o‘L " |ayers " yf V plcr‘ceﬂ\ (ou; u, Which ts about 3

in the dfOﬂmm. [Thtscange cxkew)e,oH'u vl <4 b\4 mve'fSlov)J




The same scheme works ﬁram posﬁwe defintle " 1mer- producton &

o= Awl®w|+ g(wlmﬂm)?@w‘) +Co\)2®wz , A>0 C>0

L~J

W

6” Gre= GZl bz “norl'}‘m:dzlqm’r"
The um\—csrde for this metnc o f X=(xv fplus AC-BZ> 0]
= 6(X,X) = Ax®+3Bxy+ (y?
IS__0n t’Hl\DSc Cenlé’v'ﬁo‘ a“ H\e thm _E)(ac\rb%e same smi\ar
/ ” el v ‘h"'a'?‘i\e chom(%n; works here
: o — J
- as well,

Y //,/ f)& v We can alsomrerpyet This as

/ W/ ) smply 0 repveseh\;%on of the

/7X 7%{ 510\‘46’“'\ qc,umeM 0L T"\c D\qhe

/
\/ / X ) bytin nmwv\\oqona\ comlma,ks

i Guap oo o

P / 7 _
7’ This also worles with the umt * hypersphere ' 1n [P

- ] ' N |
e{ccp*— dne.has 4 ‘Hngen} Ejpercme " with an

2> U

(n-z)—spke»e 01£ '}mnqenc\, 'J%rquh which

paSSeS a Ir(\jPem\ane or‘H’wQuml +bV

‘JBaGH)er with ‘Pﬂc Mn”f' kqperplanc

through The cenler oyC the I'\u;wrspLevc

(‘Hn: dhgm 0>.,, we 3e+‘Pne Ve?vfjcnh%q d{

the covedur \/L and tts valoe on andther vedvr

iems o the numL)er‘oF layers p)crced

Thus the unit hupers%erc can “represent”

an Inner pﬂ)ducjl' w\fﬂc\f\ s a S\jmme's"‘l(

nondeqenemk‘ ( nm"zem o\m\emmanlro( cmpwr\Jr Ma‘\'ﬁ)&> ( %} Hnsor

Deqenem\e (’Zew o\e‘enmmn'\/> Symmejrnc (—A knsors have hypergy[mo\er mprcsm'\u‘h;qs

6{":. We dort need these qame-\'v{c l'sjmx‘?ﬂ?\'ﬂf\’lohsj (Du{' somehimes ‘H'\eg can be uSe&‘.
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lna sl{ma\'\on q)\here an mnarprw\ud” G 15 aval ch ond rc\euanf“‘*‘o‘l‘!’\e‘

end of anem bcmq desonbed ma%ma‘w @

(L{\ we can extend ‘H've ")ndexgkiﬂ')qq

Maps to _any Jnﬂ;«: of fensor,

A (P\ %sor is scnd ‘o have rzm}z (P”L) ahdl lf')a;e p cm#a\m.na\-\'}

(no\\(es (i P avedor arqumcnjs> and q cvanant mdices (;e q vechor

arqumen\'s > -

[or all {ensmrs qu ﬂweﬂ*dm\ mn\z we can esbuls\:» qa covvcspahdence \ochucen

tensors wr“«u o\igdrmlr “index' POSI‘\'ions For ex«mP[e , if pH ==, then we

art Jed\mq wn{'\'\ (2 () or (2) ‘i‘éhsurs

it

U = GJ bTL 5 Th =. 6.3‘2_-[‘2 ot

Suppose I= T') eb@wd Then we can tntroduce +wo 0+\°€V4‘5“5°r5 bﬁ

These are redxfd +o each UH'\?r N Fum b‘ﬂ e

TU‘ G‘MG“" = Gim GMT

D

Fora gwen starhng %nsur T, we can m}erprd“ all ’H»rce as dt{(ewn*‘

" Yt!?resenﬁ%ons of e same l?lﬁb ica| obmh put wth d s(@eve»% index

arqongements,  Of course Fhis 15 a avement ]qcho'n cince a veche
and covedr Ve have m?fek\j d\ﬁe"ﬂ"ﬁ’ gcama)hc /nkrprclmho"zr) but

+hase m}chrcMw;)s are re’la)—c4 to each O‘Pnc:r ) an \V\W\'\ng way,

e use the same lemre] leller and Vet the Indey POSHHJV) dishnguish behoeen

the o\\%cvovﬂ* Lengors 0} thig J&m}‘j oﬁ relabed Jensors

for rank 3 %hSOrs 'H\erc are 8 d’*?@amvﬁ' ndex posr\'?ong:

Thk Tl;h/Tn ke, Ti 5 TiJk TI N T;J T Iyl
k,./-vf-———————-a

& () (2) 757

- < e 07

NO\A‘b o\is\'mqwsb bd%een gltﬂ:crm} lrwlcx pOShL[ong oF Ji%rmjr arqu'ncn’b of 'Hoe

“‘CV)Sor we have 4o suspem\ our Canven‘hor) oF Hshnc) q“ ‘%e cove o
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rxmumeh‘\’f R"ﬁ‘ ano‘ ‘ﬂ\e veoHr a/@umcrﬂ'; [aS‘l‘ Thls IS D«d‘a pmb]em

s\n(g, '('l'\c mdexshtﬂmq furns ou++o be dhvme‘tj ucegx(

Given any Gé)‘ {'CB‘SOT "F\\C\re are two D‘Pec\d\ mem\Oﬂ‘S O{"Hhe f;mﬂg o('

Jensors velated +oit b)) (ndexsh\ﬂ-mq namely the "+obally covandnt " fom

oFWL\Y\e \msor (a” \ndtces down) and ‘H\c ﬁ\[aﬂj conhvanani'“ ‘ﬁ:m
of the Jensor ¢ all {ndices up)

fas > TSI L TF

T T
‘;)VV _T'.*"‘ o "T'k

slide over

‘mﬁwv m&;mg:ﬁnem

or lowennj Fhe

Ul‘}\)c( i Uu\,ey

This extends the b and 3 maps fo arotirary densors | meaning

respedhvely “raise al ndices” and “lower all indices.”
i

Forthe usual dot vadud* o ﬂZW; usng the dandard basls) all of these

fensors have he same ﬂumenéa\ valves \Q‘r Coﬁ-cs?ondif\al Ccmponcn'('_r)
=4 1] 7

S0 _one can q\uaqg use ‘er %H‘ig cwanani' {:om of a Yensor acce‘(o%rig

only_vecdhor arguments  to_disuss e(emehlmy linesr algebra,

We can also introduce fhe magniude and 519in of-a fensor Just

e that of a vedror 1n Yewas oF the totally avanantor conbravanant form.

Def'mc (Th=zo and sgn | € {'i‘,O,—--} by

(sgnT)ITI* = G G- T Tewrneee = GimGinee TH T

= Tiyeer TH [wth Tl =sgnT =0 if ths vamishes ]

Sice Jﬂnequgeo(r( \ lensors —Qr{wxcc\ , amkq is \'\'SC’FO\ VEdDFSche t can

have an inner produc\—. This defines such an 1DNeC Pmduc\' inducec by

the inner produck o the uf\der[gl@ vector space,
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For densors over K™ wr\“w ‘ilne USM‘ dML prvduc\‘ TWS mhchYodu.ci' ]Cur‘ Yorgors 1s ]

very s\mpk to descnbc The stgn 1s adlways posrhve exceptfor the zer '}CwSor

&q gwen valence ( pandq, ’> and the mag nﬂ'ude is q\wags posH-\uc

chcep%for%e ~2ero H"SOV') dnd equa to ‘\‘L\e squore roo-Fo\C‘Hne Sum 06

the squares o all s cwponen\'s (Hust ke ]Co\’\/ed"urs )

Rr%am%’)e 1 TI® = 5'“ ok TiyTen = } Tl)
n 2 N
= =z Z T - =2 Cﬂﬂ , snce Tu=TP for
S dv! (o o= S .
nncL e ralnade Al 4 0)
A TEOTTIUX \4 3 L')JI

Note that Fhe inverse tongo G™ 3'-6‘5&@%‘ de,cm'es an inner Pﬂxlud—m

the dudl SEace V* ‘H’\oqghjr'a\ﬁ as a vedvr space in s own PWH’ ,and thrs

defintion of the magnitude and_sgh o'F a avector 15 exadly the definthon

we ntviduced  above *f;)f a vechr space V cxcqﬂ‘ ol a'p;?).-eo{ 1o the dual

Spaa .

29.




€

’ e/=He) | -) .
PROBLEM. 93435("1) A v ! B- (7 \ ‘> is the matni 0€an achve
\[ /:3 rofuhion of the pl p are by 4S° counh"doc\fcwse
N s A =67 () e the mains
L

by Which vedror mohces ermgForM

The ariesian couvquk; ar{ﬂ‘N S\uHMro[ dud) basis X=w' y=w? so

Y P Y Y R YT

W=7 W T L o)

con'cspono\s tothe cordinate change ( ‘;( '{/\r — / )‘\ — / J% QW)}

G |

=iJ | - -1
S‘lm\\wb Cu= e.)i L O (e =& e)A '= (6@23 Tvléa ] )

oW row )
mﬂjn:}?—'w*vix—l-aj‘)m‘r /“L o)

— e [ Zlena)

mUuit, \V z

[——

Consider the symmetnc tenser H= HU(*)‘@LJ'J why  h = 53//72 ;Z )
. )
m\/e\'\%:u that the ch«nqe% basis leads Yo H A"‘T R A = /2 0)

Ny,

e, O\‘aqoﬂ“\l‘LeS H wh\e l’)(f\‘ckanqmﬂ‘pﬂﬁ Euclidean 1nnor

Droduc* G 6/ 'TI A- =T (sme (€ is o‘sooré’t\onmo,

(i) comovk the mgh\‘nm\e a\c H s eadn basis (w\qqnn‘udc wrt 6)

(m) H moq t'ke\( def\ne an  pmer proc\uc\' Wh\, is s lumk ardle” de{:\ned by

the_equation A= H(Xf) SXHBGTr g - ax)%+ @D 7

z
Yo X
\5( K ‘(7.% V) e semiaxes of this eUiFse arc A and V2
/\’/\ \} / ) Nohce that the CH\PSQ lies inside ‘Hﬁe cirde é§

/ ,/,\ . // —X \'Zld‘us quua\ +o ‘Hf)e Matﬁnlhde ,J'E' 05- H
( )< “ ThuS ‘H’\e ngh\{'uclle doerg jm\ndcq usefm‘ bound on

1)

\\>i/ LA S UY”W)C VL\)YC)CV)TQTIU"\ o e et FYUQ\LOT LR
/




Par‘ha evaluation of a lensor and mde)cSNprmg

:[:(: we 6V4\ua+e the !nnerp\md\uc*' G only 02 it second ar;qumm+ " 6( V) ‘: ‘

V’f’_ \Ne @n wrﬂ'e Suggeshve \/Pc G(C )V> . -f&r*-Hve partial

evdluahion of G on one amument, Similady  £F=G( , ).

We can Far‘\’\‘a\\j evaluate any Jensor o1 dny number of a@umevd'x.

. ! 4 1
F’Uk e)(amp\c) ‘_g T fng Ti‘]hw @wo@w e " T( , R ) )

Then T( , V. )t—: thlz WO wWEe C\)J(V)::: TU\er (AJ“@LOV

makes sense asa way o rcpveSen*' Pav—h&\\ evaluation on a smgle

argument.  Tevoton of this exlends i+ Jo any number of argurents,

contrachon of fensors

Fora Q&)~¥msw with at least one index of each Type (P z 1, 121) onc can

select ane upper index and one lower (ndeX and sum over them | veducing the number

o free dices by 2 leading 1o q (;’>‘+ensor Thists alled  @niachin 0€

’H\e knsor on Jflha{’ yatr df md[ch OFO\?VOHLC valenq (oneuplanedowh ')

FQWEXQn‘p\e; wit q (2\ fensor T T IR NCINE TN,

we get two cwvectors / N . . from the

R % L
1wo r\yos«;x\o\c T 1w

cpn)r\mc\\ms og"ﬁ\e S\nqq\e cm‘rmvaf\m')' mdex wﬂ'x‘u \’\\t '\wo mvanafr\‘\ndlc"q,

4\




Remark for R” with "PoSlhue -defintte "inner Produc\' (sgn X always po:rh\ie)

Ulsm 'H/";C Symnlem pl'vperﬁ'y oF o N ner pmduc{’ G(V\\O:— C(V/X}

GORY XY ) = GEX) + GYY) + 26(6\)
GO = GUXHY, XHY) = G00X) = GOYY)
2

we can determine all 1ner preduck valves fiom sc('(:-mr)cr predvwct

values | whitch explans how the unit sphere 6(X,X)=4 can

cntam_ dll the 1formahien about the ner pmduoﬁ cven _angle

fh'ﬁ)ﬂ“&hbn,

2 u

P / nd\veﬁhono‘\: Ui\

7
Ve

A< ¢ "

/ /\3:/ 4= Wiy o u=Tuld

[
)

\ /’\ G(LI)=1

Proyechon o unit” sphere by normalizahon (o vedwrs whose s\gn Is not Zeru>

GOOYY = iUl o(X. P

o xM= WV &Y using dhe det prdud nolahén

Rr un"*, VeC*Df"S ‘\'\'\e qbo\/e V‘e\d\'\oa bCCOME‘_S

o= L[ c®¥H-1-41= LI~ 1€l,4])

C—

A € [0,8] by Euclideun )
=059 9‘\ O Uhen X=X Geometry
defides—cosiae - s )j‘ //

;{' Oqg\el behveen \Q when

Fwo direchions

- i 1)
For e progue s Wit Tenpestive —STgrywatves 5

mus*-be revtéed, More \(ﬂe\—'
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Preblem Let V be the na—dimms(ona\ vec%rS?ace o Pxn real matrices,

Dehine the S\'ano\ard baSIS bq

A = AA" ‘b . where e L= n¥n mq'mxwl'l'\') 4 entry in ith row,

—_— JTh calumn) SN aScw'bre

l"ﬂ\:) \‘_ (h‘nwun
lnde)l mdex
Then
A = Alel +A’)_et+ 4+ A|ﬂen.1, = U'El“'quL*““* u"En
+ Al tA%e Y ME, b v U B,
t :-
. 1 o Ra— imaima. 2
tAentr  Aa€n 1l Epge ' TU Ep
defines an  isomorphism A €V (U,..,u Ve R

with ]Ian; ma??\ﬁﬁ this basis onto the Stundard basis orf that space.

However, the ongnal i notahon is more useful be cause of matnx MUlHP“C&'\'Ibn,

Q) T\C fhe dual basis s o\egmeo\ bv\ G)'J (e n.) 6' Sm

how are the componenk /‘\ J vcakd fo them 7

(i) Shaw that the malmx Pmdud' law e e n<= 5l n e )
fzr“‘\we basts matnces extends bq [incarlh +o the usual index ‘f;)rmulq
for maknx mu\hpllca\'lr;m [A BJ J= A' k B‘e

(‘Ii'l) Defm.e Yo inner ?rbduc\'; on V bg

G(A ) B) = Tr éT_@ = Tr ABT w‘\ere ﬁT ierlne *mr)s‘po.fed m‘\'\";x anol

ﬁ(f\\e): Tr AB = AS;B% Tf‘__/i\ ‘s‘\'\ﬂe ruce o?‘l’n( mo&ﬁx Aii,
(Pecall s Te A= THAT (AR)"= BTAT
Tr AB =TT BA

_I:fwe w»n'h? rAT]i = Sm Anm gm in order fo respect our index

awnvenhuns | then G(ﬁﬁ} (AU BJ EdngmkAn BJ

GCA,A) = &jn 5m/‘\n P\) = %— Z(A L)a.__ sum OFscLuaref

of all entnes of matnx.  Thus G comesponds to the usual dot preducton

R N2 inder the above Correspondence., fake sure you understand this.

T Nele hat  X(A B)= G B),

Litho in U.S.A. 43
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0 Mppose A= A ts_symnenc _and B ~—§ ts_anhsymmeinc |
Usmq the Eucl\o\ean p—oper‘\-u, of wsﬁww-de(:\nljrenesx GAA>0 with
G(AN=0 iff A=0 , then
H(AR = G(ATA)= 6(AA)z0
Y (B8)= 6(€)6) =-6(58) <o
chows that s;nA=1  sgn B=-4 forall nonzew  symmelnc and
an¥isymmene mahnces vcspwhvc\\g. Use a similac argument o show
that Aand 8 are ar%ogonal with respect to both wner produdts,
(1)_Ts the basis §€'53 of V orthonormal with respeck fo_both mner
products 7 Why?
@) __The 5ubsmce5 SYMV and ALT V oF sqmw%t and an{‘ls‘ymw“'h\c mahrices
o@ V ave each Veoh)rsu\ospaces (wh,\;?) and every matnx can be wn Nen,

un\qve\g n Yerms of s sgmr-e“nc and antisy mmene {‘park
A= SYMA 1 ALTA

l

- 1 /A
=\ ) 7072

Vis satd fo be a " divect sum ot- hese two vechn SUD‘;PaceS

&}:hh_\rf\ -
et cmenstons ™ d'“@W1~ = = ¢ why?

- F“’ A The maps A SYMA | A+ ALTA
T ' are PmJechom maps «xocmleal wr“v ~H~rs

O+/5y,y,,{ ISV d\wed—sum They dre orth ogmql

MMLM@_WLQQ\D_WA <u\o<bace<
[ proyechon mags $ah$F\) p* _P &=Q , PQ QP=0 Ffor a Pmr(V Q)
which \DYCDV 5 onto fwo SubSPaCes M o o\\rec{’ sum j

TOPS FORM
7525

Litho In U.S.A. 44




(vi1) Make the -ﬁ:\ oumq o\efmﬂ'lons

Eh = a(e-e’i) Al = (A-A)
By-dehy =i AT =S A i
Th(el-edd) | i® L2 (A -A%) , i)
Then _/’_&‘-—'—Ai_igji = > AR = rA‘iv',EJL
ig) 1<)

shows fhat {E’;} ey U {E%};g is a basis of V adaphed tv

‘l‘\ﬂc“or'\'\‘\ogona\ " direct sum irto  symmelnc and anhisymmetric matnces.

Bualudte botn inner prducts of the pairs (’E\':;,Er?) (Eij;gmrb, (E:))E"ﬂ,)
What are the \eng%s o? these basis vecrors 7

What are thér $ygng with VtSPcd’ o eadh mner pmduc’r?

Wha\' kind a? basis is Jr\n(s with rcspec\"b e'r\'\ner inner prbduojr.?

(vild) I‘F we introduce ‘H‘»e covector \ndey pomhomnq bq

F= L5 el £ (el wli(e” n) &' 8" (dualihy)

then we @mn qssocla’re a vechor E ;F' g L with each such covechor,

Show that £(A) = Tr FA =}f'(|:;£,>7

Le E= :g‘“: wrth rcsPed' o N
_F'%marb ﬂm had m;/eaa/ used the notaton

I= Jtqu'J 2 (‘) (C ”) 5' J7 ﬁjcf(ej‘.);

we would have found mstead  f(A)= Tr(FTA) = 6(F,A)

ifwe let F= fi7/€';

We could have also used the altemale rofahon A= A‘J €; J from the

'be,,gmnm'q) which would have resulled 1 ﬁr#vk-nd\anges. _ﬂ'lsmpon‘nd'

o redlize that a choice of netahion implics Cerfuin I")Iphfl‘)(‘ choices nof
Obkus at ﬁrS',', ) E/enerfherchomg A= Al“\'eii or A':‘A'Uel) qre

pssible. ]

TOPS FORM
7525
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(\X\ SuOWSe we deF.ne H H.l n wJ @(/J N . = H(e >

fm“ any (2:) tensor over V. Whatare the componen'\‘: OF G and g

using this notahon 7

(x) K= TrAB s a (%‘E‘OSOY- Why £

For the same reason, for each posthive nteger p, the ﬁ:\\owmg defines

o (B)-tensor over v ; T® (A,B,nC) = Tr(AB-C) |
[WGE——— s
o vetor agument s p factoes

TP a covector, Express it in dermsof the dual Yoasis.

Nofe thatthe oyclic ’pro'per/y af-ﬁ)e face Tr AB...CD= TrB...CDA=...

implies certuin ggmmefties of these fensors. T# mabes TP =9 symnefne,

¥) Tfwe defne  DP(AB,.,0) = det (AB~C).
istis a tensor 7 Why?

TOPS FORM
7525

Litho In U.S.A.

46




(i) Skekhy remark foryour mathematical mierest-(sustread for Plea:u»e)
The mrer product (A B) = TrAB —=TrATrE  only differs from
éD;‘TFA_B_ on the ggmmg'nb mehn ces swnce aﬂhs&m'ne{*nc mameces l‘\ave

zew tace. (Why?)  The symmetnc matnices themselves may be d@cdm?oswl
wto_an op(:d\aqonq\ Subgw(ath zerw trace) and a dtagonal Jubspace N while
the dlaqona\ .subspace r\'st{ can be olecomposed o the '{'ncefmz Su\ospace
and the A-dimensional * pure trace” subspace o( mulbples of the idenhby mahx
A= (AT + [A-Ltca)T] = =Aliel r=Alel

i= - i#J)
S —— T = > L
(_l? A"h'-u + A-hmceﬁee,sym (2 Adlasw\ + A otrdiagonal,sym
3 L -
(E) ﬁ\‘h’ﬂw e /_\\Mocf»-a'.d!agws + Aogd_\qvqgg_a\) symoo ‘
: \ = — - S -
— Ao\laguna\ n A O,g:dl'agona\ 5SYm .-

Eachof these three dewmposthions (1), (2), @) are orthogonal dewmposttions
of the subspace of symmetnc mances  with respeck +o & (whidh comcides
with G for symmelnc matnces — 'H’\cg o\l%lb Sign onthe anhsymretnc
Mces) s while the ggmvv}nk L th‘symwﬁé mabn ces ave orthogonal
whhicspeck o boh K and & so dexdends fo an orhogimal decnmposiha of
\/ &s@‘w. Ahywag the new mher produck only d!{"Fers fmo
G and N on the A-dimensinal space of ?u‘\re +race m«%&ef, which has
negahve sign  wih respeck +o % ( Gand & here poshve signs fur
symneinc mq%ce_y)

$TT L % E""‘ LI}&_h 0=l is an orthogonal basts of
+he diq qom/ swé?&paoe qdap}cd +o Phis erCfYa(q/ ‘l-mceﬁ-ce olecumv/posrhc}n}

which has only one basts veofvr with a neqahvc sign.  Such mner pvoducfs

where the arfhongrmal bafeg have an‘q one neqa'huc sign qre called
TOPS FORM

7525 LQEHU?Z[P(M- (hke 4-dimensivaal Minkowski quceﬁmc>
Litho In U.S.A. o 4—7




Wi thout pursuing the detalls ; you can see that just pushing on

some _simple familiar properhis of mances |eads 4o an exhemely
rdh shruchure CdMP]e!-c with seome'\'nj, ) '6-0\" the Space a{:—

symmc\’n.c maJrﬂces wﬂ)h nonzero delcmmén\' is an open Sptbspdcz

ofﬂ’)e setofall cymmetne mabnces and may be interpreted as

q " curvecl space” OF al\ posslb\e (Sl\;mme*‘n&) (nhem\foduc\'s' on ﬂ?"‘

This tums out to play a key rle in the shucture of the

Com?\lm\‘cai non\\néar cou'p\ca ?arh&] dl{:(ercr\*'\d( eq‘v\ahof;.S aJ‘:

genem\ \rcla%w-}ﬁ cidled Einsten's equahons,

It you reQ“y hee _mathemalics, you can see that by PkoPe(‘\ﬂ
recogn\’zlﬁﬂ ma‘\*xema"l(‘:qs 5\-ruc¥uvfe and qdaphqlg nohhon +o it 3

one can c\rcq\-e O\A\' o{: hO‘\'\Ol.ng qQ beau‘Hﬁ«\ aqrenag Of geome"'\"\r—-

which 1 fack 15 notjust 1dle games ?\agl;ﬂg but-offen, has |mPor§un)L

applicahons 1n phusical scrence, On the other hand | sweeping
he sruchure under the rug n order to amve mmediatdy ab

calaulatrona q\gorﬂ'\nms [as unfoﬁunak‘y we must in g one

somester Imear dlgebra cotrse complelely hides this shrudure

and the "beav\*j}’a". Gur 90«:\ is Slm'pl:] 4o bggin ‘o

apprectate  houw this can e uncwered and see how +
R
ia?p\\és fo the 8cme1‘n$\ o\‘[ “cuved s?aces'; which self

has enomous importence n the phusical sciences,
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