Tnduced Orien*‘aﬁé\’z

Suppose we have a Faramc\-n—z,eol F—S\M‘fnce Zwith a bounolauy , part
of which corvesponds To  constunt values of the Jirst Faramejrer; ~ The p-vechor
E.()A...AEp(u) delermines the (nner orventahion og S at each Fo‘lrﬂ-) said to
be posthvely onented. At the boan,la to be denoled by 0= hal'Fo]C the

} ) | Y, ) >
Jrunsm“ p-plane b s with Hang O)C]C the F—Sur]cace — n fact the ﬁngerylr
Q?-Dylane Yo 3Z ot fhese boundary Fom% will cut the hngemL F~Plane1‘o z
mio dwo halves . Ha\fofﬂ)c nonzero vedors will Fm‘n’r mward towards (nlevor Pon:H—;
o & while half wnl pointouhward e)«epaL for those vedors in the
Yangent @1) plane  subspace which are fangent o 2%

T W2b near partof the bounday 02 5o That Ei(4) ponts ouhward |
then the remaining Pammkvrs ‘{UT)--‘)W} give a‘qume{’nZahon of: 32
wh05c agsoc_m*'ed dricnhhbf) ) namelﬂ ‘M’\ajr a{ E‘:L(Q)/\AEP(U) 5 fs caﬂco{ 'H'\e
induced orientution OJCQZ , delermined by the onentahon af > ( name(j
EWA... aEp ) _,

I{ Qéd‘ mS\tad) S0 HMA’ E\(\*) [70\0*‘5 lf\Wa"d) flﬂen {uz)"’),u’,} are
said fo 3(ve‘m‘oﬂen¥ulnm ﬁr o= (nqmelg, E'z(d)/\-./\f'p(u)>

which ts oFPusH'e o the mduced oricnﬁ{'l'on.

Ancther way of stohrg #his 15 hat If {Eudie,., is any sebof vechor
Sields which provide a posihwely onented basis for the fangent p-planes
o Z sudh that on 92 Ey poinks owtward ohile Epn.AEp
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describes fhe (P-‘D"dlmenswna\ su\as\x,ce fangent b 92 R then

E2AWAEp is posihudy oriented with respeck to the nduced
oneh\'a\'non o(- 22 . In 'H’C GLWC PamMe{'n?,ajnon deﬁnl‘{'\o;\ )

-El(u) Pom'\'s ou“'Wo\rd u)hen af'.U‘ descn\ae5 \"\e bunda@) qnol

[-E) INEE W) A A EP(u)j = E‘{'@‘A‘n A Eﬁ{;&): RPN

ouhr induc ed: onm\‘a&'l\on anm\-a\'ton Z

for 0%
Wher U'ﬁ\D) then |
(6] A [EUNAGW] = EOAARL

N v—rt

L0
awkr : - mduced—»dﬂmh‘-\’l;\n onzn‘-n‘hm F’r Z- .
| for 0 |
We N even extend this +0 the ase \7#1 01; a cunve sgmen'\' =
wih s fwo  O-dmensiond endpowrlls 9Z on which a  O-vedor (fuschbn)

ortentohon can be induced -
7 } [E@)] A [+4]) = E@)

5/ Mg, ) o e
| o ey
7 [E@), (4] =80

Nz S mdwed

frdSs

This assigns & plus sign 1o the Jerminal porrt and a minus sign o the
bl pontof thedireded cunve segment.

~ Nobe that when p=n, one @n dluays use: the wnentation of fhe whole space.
obme = fridsonerahen,
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Note fhat the induced
onenlabion is the direchon

ih whichthe lomﬂows 1‘?
gou brng 1t fo the boundany.

Nofe that for n=3, p=2 or p=3, we can also descnbe the inner onentahon of a surfae
by a choice ofq vechor off the surface_ picking ouf one side or the other qnd
lm\eiﬁj lJrJroﬂ"e jnner Oﬂenl-uhoo by ‘Hse n‘gH' and ru‘e, Thisis clled an

outer onenthon for the su\'fcu:«s:7 and is the way we were imtreduced to

Hhe onen\'ahmoga surfuce i mulljwanable  calculus,

wample .
leb S betheregion G2rea i K3 u'=r, Ei(w) powntsout of &

T x=Lanbcse  Q£04W - £6,@3 onent the outer
U SR Y= 2sinbsng pegear spLencal"l?—omiand .
h 2=0, cos§@ ' | | (eguivalent o the choice
A0 *= GLY =6 (0 of ouler nomgl
- (W) ponks int
)(-;.—A,.rISInQ,_C"‘S(P_ s =1 %(p‘?g ;;enir-}kemner
y= N smb gm{f ()g@g 20 o cal boundary

or nner nOrMa\).
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25
cxamﬁ\e . q ball og vadius (R R4: @l)z+@2)2+0§3)2+@4)12@2

X4
Afthe Northpde  %0x% pasts ourof = .
o The ﬁngen‘}' P\ane x¥=R s fangent o 0Z.
— X , |
Y b (b R
e orrentoton of 124
124 ) P:4 lhner'on'e-ﬂn'hbn Yuben as oncn'\'ai’lon
of 2= for £

The ndeed onentation o( the boundqrg 7S :53 at+ the North PD‘C“ IS
the oﬂyos\k’ os: the SuB;Pace I‘R3 C !24 (X4 =cms¥un+) with ths naturs)
Oheh‘\'d'hu‘h %, A%z A%}

STOKES THEOQE/V\ é no metne rfquimd):

T =(dr
V»B'j B
C pfem U oneted (purface
with boundary P13

| with thduced onchhjﬂo;r)

The ?WO\C& Hhis 15 net worth ourthev\hdr) a this late dq&e) cmsidenng
that our hme bhas expired.

I{’one has a meimc arouno\) one N rewrﬁe his “'L\emm using “ﬂ\e
mehne so that one @n Pichre what & means a  IilHe bellrtfj
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eample
WZ Lot Xk be our 1- F’M, Then 0sing ¥¥=14 o, 13
§ I'- g i3’
) S x(*ﬂ-l’)
P-‘-‘i /‘ B __Lcurlx.]k
P b .. Jh
Y, (wrl ) Nije dx’ /2
_.i i.de = v 4G, 1 dord ‘F@ﬁ\ha\
XJB \/\;9-)\/ o - ! d>i | :E;urfacp(, area onB
A2 S, = “dx? : 2
I-ds, :Sﬁ._j:i 56 furlD)- d3
VCC‘OF'(MFQ'Q\"M\
oFamleng-\'L» : '
S Xd3 = g (cur|X) d Shuafz:alTheorcm
AB on %

A e more worke shows I T&s _,g @ud X) R 5 N difforonhil disurfacaren

38 '\'
- unl'j' \\ di ﬂc,.e,}m‘ ﬂgh‘\’kaﬁd M\evdaw

Wd‘nma\uc&) Ofaf‘dengl‘n ~ T Um¥ normal -
Menjfaha, .




Le} *Ib be our de;m,‘ Then

S*XP :S d*Ib
% 8 W
Y j *(%d*xk)
§ axinijedd” I
@& ) ¥ Y)
[Rari jﬁ _
2D @"DZ&
7 “dvn
\
S0 [ S i’\c{f = g@ivf)d\/}
oB B—
aor S fﬂds = SB(dNX)ol\/ .
08
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Okay ) fime F"r Par‘hng wWords.

One semester ts so ghortahme.  There are sl many basic nohions
mna\b)hg) ameng the most lmPoﬂwﬂ- : grougof fmnsﬁmahéru and 'Hneir
assoqated denvahve opembf~ fhe Liedenvahve. Thic is dlso ,mFo,—{-m{—
for the metnc gcome}vy ve have explored —  t describe symmetnes of
Fhe gesmetny . |

The larzguage I have yarhél\y inhroduced you To is basic fo the
descphin o fintle dimensional amhnuous thslc«l systems ( and some
6O—dim ones Jroo) T3s m}crc;hr'xg in s oton rny as pure mathemahes
andaven powerful fol for desenbing many aspects of how our world
works, T hope you have enJogecl seeng some 0‘: this shucure a _‘)C;‘GC‘h&V)
as much as T have erDogeo\ the quodudubfl'o rethinle some of these ‘tdeas,
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PS.  Someworked examples of Stokels Theorem for R 3
“gzl—kz%df ,  Tfa d-fom,

S xlyhEt=qa”
220
Oh?n‘\‘e() bﬂ un;er

f?orma\

S - xZ+yt=q"¢
Z2=0

Induced onenation
parametzations with crved oneniration : bt
S set r=a i sphenal wond {X: a sin® cose 0£0£ W2
pamfne\'nzq\im wap Bf a SinB sy 0< RS 27
2= a wsb

{Q) Cf} onent Z (JH'\'\ ’Hﬂe aWcér'onerr\a\w&n' relaled v ‘{‘Me u?uard
nomd) oy the nNghthand rule

onN 'ﬁ)c bl)vnﬂlmj C\f'C,\e

~ —

/ ) \ \\ ) j  (equator °(’5Phe“:>

T 6 ' ;

e yd \__/_lﬁ €5 A [E(L] = EgA€q

outwad \L inner onertahon
Co lnduceoq of T ‘
| onentation

02 58 (=a,8=L sprenca) wovd o of ¥Z |
Vamnw\'nmhon m“f' CF PﬂN\dQS ‘H")e ccmd— OWT\U:\-TOQ 6)‘__ }z
K= a asd oL@

d%i ‘< Y= a siny

Now wc need q A-fovm o use o Ve“(:& Fhis Version o? Sholee's "‘Hoeov‘ém,
s take auc old fend Y= ydx+xdy

\
b L dendy - recall X = d(x)
dX "= dyrdx ¥ dxady =0 rec ‘
R ore W 5o 4I¥= 43 0)=0

sothe nght sndeoF S\'bhe‘s Theowﬁ 15 ldenhally zew,
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For the \ef-\--nde 5
(Paz*(xi’) = @omna) d(awse) + (acse) d (asiie)
=~ q2sntedy + a?wslgde =  a%ces@dy.

ALY ar
éixy = So awsledy — -—z‘aZsz‘éll) =0 v

Oha\j) le{% 'h'y sbme\"nng movre lﬂkﬁ‘Hﬂg bg Swrl'domﬂ a rfﬁn.
Teke insteddl I’V=_g d¥x 4 ng

d)bz* (Ik) = —@sm ) d(a@m) + @Cosw)d(a.nvﬁ()
o = Q4% dg
Vo (W etee 2Ta®
QSZI So tatdy .
OEV= —dyrdx +dxady = H‘lo\x«o\g R
<_‘p;(dx") = 2 4d [qslnercup}/\d[asmesm'qj
= 2q2 [ s wsedb e sinompde JA [ a0 gin@d® +smbese de)

=243 [smdosd @ dordy — ad s’ ddgadd ]
—dBAdQ

Ta0? smbesh d9AdY = aZan20d0adep

Lo 2t . LZ
- ted=




Tne mu H'wanaue ca\cu\u.j apy\rvado P same p\rv\o\em

T = (-4% 0
o3 = (3048, 3H-40 3 46) = (0,99

2ryiat=q? — V(xzm’q,z?) = (;lX 79,28) ~ normalize Fo aet und normal

A= (9= r=duzry 42
A .
aurl X-h = 52;5: 258 splencal covvils .

The surfw. area o\(\[germ\'ms is a s‘m@Jedgp | ( recall thi J)
50 g (M"lI_‘R G\S - ji\gi(oga) (a.ﬂv&)) d@dq = 2‘!’]‘(1Q as \)cewt.
b4 0 0 ,

r/ (@=G'(~5‘Wn ws) = (=9, %)
N |
T= (~wX o) ds = ao\cp on OE

2+X1 1 thf’—“ G on 02
S G (M{({’) 2zta’.

S Xr (mhp = S‘{amq)é-aﬂw) + (aose)(mese) ) dy
qudcp ,wa

The nonmetnc vesion is cleardy smpler, but He melnc ventsn gwer
us a P‘MS*C@\ P\c’cwc aFu)HaJr we are mi-e‘gm"ﬂqg

Auﬁ F‘“ﬂﬂ""

i PAM\"'\U‘

it
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How dbout & Gaussts law problem? let 2 be the mienorof the upper
hemisphere of radius @ af the ongin, with the
usual B> onentahim 92 has two partsy

fre upper hemt.rp\-e»e and the disp of vadius a iq

\'\\e XB ?\ane i [nheach caSe we can use a
SPNn @l oviinale PamMc-i-nzq'\?m

2. -/ | X= psind cos 0¢réa
- g ‘ Y= (CsOsing 026LW, ((]G,L(’} onented
== 0 ‘ 0 é_(eézn-
X< asinDgy COLT
a§+ ' Y=asnd smy (())sz‘ '/Lzﬁ' i@ﬂ?} onenlted
+=a os§ =
IS_ 1 X= rwsy 04 réa
Y= rsng " 0<epstht (@) r§ onenled
=0 - Snee
= €rNEoA
- Spweneed a rl——form -b\“\GJYM\-{ S , E*“%;\ [%AQ—} A€ Cyp
o mE. .
Tdhc, *:X:b u)here —X."_ Xa—z“’&% +Z£“? r'a—r (:— ez.)

rdaldwechin, [
length

eybe ¥ (xArydyrade) = Xdyndztydendx s 2dmdy
y sherfost.

Hrar) = e =F ¥ = (,03“’ =r (rde)/\ (cs\nOda) ——rBSmQ déadg

L G T e

53 s S rz'sine o\'\‘l\de'\d‘?
) =3 CZ“ ) 2ma’

T
Sa r35m6_.e\e'\dg,,:_‘g, r%medGMke ggﬂz Snb dgd‘(’ = 2ma’
2 024
o+ “"f’z;«:@a@u‘q b S 0
=T
dﬁ' Oan }2

. OrayTquit.
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