The Ex\'en'or Denuah'\lé d

5“\7?"58 we (,oor\e N a coordinate fmme on R ' or some N-dimengiong| spact
f inferest, Tne for each p sqhs&mg,, . 0=pEN
we hdve forms or “diﬂermh‘a\ jq?thoF degree F“ which may be
eyprcssed n dems o\C the coovthinate dhq:fren)ﬁa\s as

% ,;
r, Thewfp ax" 7P _,.?L-rh ip dxln adx'r

= T,| (pdx

= TH ‘pAX”@ @dXP (Ewe Uafﬁ”{'\? US"""Hﬂnkﬂ(
. tasa (P +ensor feld

[T-Ipl if we don‘\’ waq+ fo wercaun+

A fudun f 50 0-frm a5 diffferential df = §aut =2 ax'
is a I-fom_ Thus the dllgcwnha' a4 maps O"forms to 4- furmS
e eba_cvanant index associated with the denvative,  IF we shart-inslesd
with a p- FDM ‘adding a denvative index to s Cornponen\—;‘ymbd will not
yield an obed— which is anHsymmelnc in all o]C s indices unless we also

, -h\Qe ‘ﬂ\e an\wgym»e\v\c Par“' OF Jr"\fs New ob)ed- We kJ)“ ‘Hnm gei"q (\7+l)-f>m
, A?arjr from q . noma,lzahor) cms*un{' ‘Hﬂls IS how ‘H‘)c Qx+€ndr denvu‘hve 0|
15 defined asan exteshon of e opem)-or 4 which fales The AiHerniual
da funchon, o

e adual o\e{%mhoq Is S\mflc ,_;,_1,:5&‘,("5‘“ :

4t pfom—

T="“l T\\ lf g tp

@'.) 4Tz éT]‘ Ap A(h(h F o Tdke 'l'ke di‘ﬁereﬁhq oF ts cumronen'l'
f () R ](unchon and weclge tF info the tw\rdma{'e
: ; Jq'“"’e lOﬂS‘S P form erobhm q(PH) )Qrm
. ~ Thists al we nced n Pmohce '\'o evo\\ua\'e d,T fur any P_ﬁym, T' but we
can develop .Shor*m\' ﬁﬂnu\as 26




ds comwnem}s are easi ly. caloul ated lzg ,;e;cpand_n,n'g Hr, d.[Gqurean‘ -

d,x,Jll ‘f'

T fruelp )] 4% ”l d' | _SiNce only the anhrymmelm Par'l‘u”
o PJ Cm{'ﬂbule o ‘Hle sum |

[ |
(P+ ! [‘]T]dh Ip JXJ - eﬁhlhon of the com ehi—,s' dF‘ﬂ)e
D - (PH) ﬁ)rm olT ‘M

Cmym'\j 'l'he ld{*’ 'IWU C{\AallheS we 36{'
[dT]Jll (fﬂ TC‘I pg] = (pt) TCQ

\«'\/—~/
So the exenor denvahve af a. ‘ﬁm bas s @ordinae @n?@'?ehts

equsl 4o (P\'D Hhes the anhswmm\'nc oqri' °§ feiv deavahves ,exceP-\-

fhe extva ndey I odded at the begmnmglﬂSMdf ar the end asinthe
_uanet-denvahive,  The notahon 2§ = § SL IS beter suted fo this:

~ The fadorof (p+)) s necessary to eliminate overtounting.  Suppose we expand

his expression 1
. nM\"m? nn\ n?
Lt = @S T = ST S0 Thoemn
Vi k) r ?
St e -

' e ————

I disappears once we avold overtounhing n the sum offer the  p anhsymmetno

indices. We can adso write this as |
\J?. J\H\

() [dTl O (P“") aD;T!z wipw) = 51‘ igts
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Butwe can do belor | T this anksyhnme_'\'hza‘\'lc;n over p+l indices, p of

them are already antisymmetric , so the ,99'?’9,‘?*?‘“0“‘3'"!"9%2@500 Co“apse_s
Yo 5°“‘?+h‘“5 much S\M\?\er

~ Recall that the generalized knomec\rcerc\eu'a\ may b \oe o\e(:\ned as the delermmantof a
matrix of-ordinary Knonecker deltas , which we can then expand dong the firshrou

wsing a cofacr expansion ) the minors of which are by definbing  Kiwnedzer deltas
of-ne \ess ordery

B P B % o
T den J2 <2, L. Sh Je “ Jp
é\\h \p+| ,6}]8 b2 6 ‘P*" 8 \| iz \\p:l‘

) Jph
+9 "33 H'lz ‘4 “Ypn

B‘JP“ BJ]H'\ deh ‘

N :
v Jph
+(—0“ ion S1o iy
— ad Q; __h Jz - -:‘.P’*"
k“l ‘h , ll“‘\\;-\ ‘h*‘m‘?“ B
= \) 6‘)"'! "\2 ‘ dphhm where \L/K means this indey

s QM\M ﬁ-om > index sel

(=i abbreviation)
Using this formula for the edenor denvahive gwes. |
\ 97:‘\@
L ‘ . ‘JP-} . . . . \(\ AT
.[dT]\\"‘\pﬂ: 6) \p+: 9~-‘\Ti’?— den)__— O\\?i"‘“‘sw ’ ,

P+l - J?H
= (-')! 8 “Apn A3 T ldee-oprt] -
\T—--—~/ —r \/-‘-'-""““

p..
T dothis sum
+)
i i
= T‘ -1 y B\;_T\\\z i3+~ ‘P*\ - 9\3T\\\2‘3 l¢: -‘Ph t-
(3 | | 2 p )

+("\)P BIPT\P:_- lp-1
Sowe have 3 formulas (N, (2), (3) that we can use to compute d.
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lﬁeb':brcemed_{”‘ |
The case p=1: T= Tudx |
T= dTadd= WTiddad s T ddls  JpiTodxd
= -2- {&—XUT;,j 5 dx““,, = .‘.zfgﬂ'-sd'\ ax’'

S0 (d-ﬂ,)l = 2o tin= g Ti—a'ly,

e’ N
Tros is formila (2~ Tnts s formula(3)-
with pr)==a S

The case P=2* T—‘-, TU dx‘v‘
dT = 1T AdXY = 3 ahTu ax*2 o\xU - _,t )k-n) ';%gthﬂjjdxbfj
=+ {30 }dxm) = 31 [Ty Ix
so AT )iy = @ o0ty = 3_‘.' { Blsz, +9;Tj\z+aBTg‘ }

Thists fomi.;\q () e 1) ~0i g lie
uih =3 Ty T 2y Tes

= 6T+ aiTieroTl = deTiy— 0T + 5 T
rp o TR A —
t - ) 'ﬁ) emulo _“(‘3)'”‘ o

T 4his case The cycic sum.) 1S easter 4o remember than
'1'\’\2 Q\*Cma\'\nj slg\n ‘fomu\q (3) " [ b\)hywc use Hhe ndeyx
patrs 23,3\, 12 inskead of 23, 13,12 ] |
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Achalemmp\es
. Pecallourfnena X'= ydx+xdy = ¢, F=xy.

Then  dX'= dyndx FOMAY = 0 whidn shows that  d2f =d(df) =0
—a\x/\d\j

w T= ) dxs (XF-ydy
dT = (2xdx+2ydy) adx + (2dx=2ydy) Ady = 2y dyrdx+ 2xdxrdy

Yo 0 —d¥XAdY)
= 2(%~y) dxAdy
d*T=d(dn) = R (d—AAdxrdy =0, Again d3T=0.
o 9

a T =92 dyadz + (xty)dzady + sm(x+€)dxrdy
e —TD {
dT= yz d&xAdysdz + m + «s(x¥%) d2Aderdy MM)
+dxadyade  tdxadyadz

= (yZ+ 1+ +os(x+@)] dxadyadz

d1T d(d—r) = O smce no‘Hn\ns e\Sc an |oe wcdjed m’m JX/\dyadB |
n +hree d\menslons "

. We can a‘SO eva\u.a’re ‘I'\r\ese cx*'eﬂor‘ denvq-l-weg N oHner coordl'\a'\-e sys\emg
e cy\\ndnca\ oovdh nates., meme?o

X7 ponrd dpr prasie dg
XY = 2p w524 dendp + Z? cosch o\p/\ohe @pcosy —2pcosq) dpadg =0 v
L -—Mo\y’JAM AR |
~ exerusea) Tmngfpm T and dT of the previous page Fo gylindrca) coovdhinates
Fodbhain T = g\zwz)dx;( (Xi—\d‘)dy = = pHos cos2¢ﬁﬂ¢3dp+p3 [—sundv+cbs’£¢fo:¢3dg
dT = 2x-y) dxndy<n = a()? (csq-singg) dpAde o

b) Now °\°"" ‘P'rex\cnor denvahve \n gjlindnaal covvginatres;  shows that this
-~ result &r 4T is What you achually get ugng tng. leakibies!)
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Tuo facks seem fobe cwming to l\ght =
D) 43T = d(dﬂco for any p—-form T
2_) our def\ni’n'on o? dT n a \;ar“hcu\ar coovdinate system 1s ad'ua(kg
lnaependen'l‘o{ the wodindte system.
To show the ﬁr‘s’r Just do the exenor d‘en\/ahve fwice

- . Yyeeod :
dT - “\'P—{ dT\\“'\f/\ dX\ F = _é_‘ TQ‘\P,J dXJ/\AX\\ ‘e

£T= L d(Tineiey) Adxdndxh e

P,
— r . . ) i n.\ N ““
= ?‘-: Tt\\--wm\\j d@o\x’/\dx‘ P = f’L' Tliv ip, o) PSR
But parhal denvahves commute so antisymmetnzing over fthe 1ndex sef
Con\'m'n'mg the sgmmehnb Pq\r JR symbolizing e second quhh\ denvahves
whose order doesnt ma’\\’er gwes zTerv d’;—‘-— =0

Tue beltovers may skip the vestof the page

Notso ﬁsf'yousqy_ L sheuld have anfisyrmmezed aﬁer-ﬂwe ﬁr:r}’denwhv.e

and then agaimn aﬂcr the second denvabive . Hows do T know that fs equivalent-fo
Jusl—anh‘symmofnzing aﬂcr‘ﬂ')e second which is what I did? Well, lets be cureful

en :
1. J|.-'J,P*) .y
[dT.N,n-lPu = #’{ 5 fxee Ap4 BJI—[]Z“‘JHl

(G i ipra= Gimys 835007 B, (AT iz s

Ilze ‘ptz

L ¢hkyv R
., AR A T e

: Jpos Jp2
- 1 L clea - Rpia Q.J‘z»-d‘»t 2 P
@' 7! Oadpr Obiav lpre 0y 20y s bpwe n
- HimesThe
These wndices are anfisymmernc . THis Is BN antisymmezer for
theser dlready antisymmetnc indices . so 1F just Swrithhes ndices § adds
Y Y J
’ ’ k 4 FFAC\W‘ o (p'H )
e 5J|R,Z“" pre

< L T T e =GP Ok T e
~— - ‘ -
_8?“'""77'??41 D - .
iy dgee iprz ORz now switth indies Rz 20 lez
backsymmely  “hyammubig and el minis onginalexpressisn

= = [d@ivip, 50 dldT)=0.  Uglybut carehul.
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Now why s d independent of the coordhinate system ? An ugly way o

sha +his 1s 4o smrlg ‘]’Yunsfom ths componen% and. show that 'H\ey o|oc3

the correck ﬁnsgamahoh law. We made a btg deal outof the -F:\d— that

the ‘)ar\‘\a\ denvahues of fensor amponents do not Hransform ‘as a tensor” whidh
led o the covanant denvahve) but anh‘sy Mmeh\zcr\'im kills ‘H\e second
denvahve lerms whidh anse Fruw\ the dervatves of /’-\sd' = ai"/axij restoring
the @med Mnsf;mqhbn rule.

True believers slap restof page

IT= 5 ATty AR = g d LA™ A g T A [A AT ]
1 -1k | hre

= ?L! %‘“ﬁ“.uA 3 (Nm f\ ] dTp, b‘,dx’ ' i,‘)
ki s,
6,)\ 6Jr [dA‘lk' . Ibv'i’+ 3t -\le.“ dA lp]/\Th lvpdx .&P

= Mo L apte A, 505, 5¥2, AN, A M

A e i

dT

— - R il - { Jpo)
“dT # [ MtTk|jz~-d'P +o-4 dA hPiPA pJ'P _\-J'\"'Jp—thr]’\dx oo
N ’ : (i enh
-l . -lep .
= A% dAY, ~ A dA

b]

A% A =8 ) -
dA"” A‘ +A"24A‘ -oISJ o A= %5‘;
dAY = C)a%@ X = A dX
"d‘A"[-jAdX““- J)M\x’- 3 =0
gyw\ anhs

So ead/\og These extva dems vanishes
above. and a-T =dT as claimed.
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What properties does fhe extenor denwvahve have? Well, tHis a
denvahve opem\'vr so it should c)\;ej sum gnd Fmdu&- rmles ;

N T o ool ' L -~
T4+S = P' T\p-\(‘,dx\ P 4+ (‘}. S‘\‘“lpd)c\‘ (V= FL' (’ﬁr-—ip’fsir-‘r)o\X“ P

d(Tts) = ?L{ d (Tintot Sive-1p)A dx e
) fg‘ ( dTI|m[P+AS“"“,P> A Athh’ Ofdmafydlﬂ;rcn’nql sum rule
= ~(‘)—! d-ﬁl"“f/\dx""“r{- _[‘5! dgl'\"-[')/\o\xhh:r

= dT+dS,

S0 )d(T%S)': dT+dS ) (#)

N R T

Tren  TAS E’J!_‘('- Tiyip Sy dx herlp | gt da
d(TAS) = (»T\’cd [dTiyip Siega + Tomip @SS A dx i1 gy ieSa
‘___‘,//J_ T . i"--“, _L J\“‘:Jq_
Lp dTi, tp A dx )/\ Q/( S:):..JQ dx ) _ dT/\ <
b T 4S5, dx 1R g 2T +6) PTAdS
Ok Sy nia dx Sadx e
E0P dxhteadx®
FO° XA RSy adx”
- dx n...x‘v/\,o\ Simda

t‘) P(ﬁ Th“‘ (40\7\‘\“-;0/\ G’-,‘ dSJ\)q A d%‘hm‘)k>
o { d(TAS) = dTAS + ()PTAdS ] (8)
\P k‘l

RT= d(dT) =0 (¢)

ot‘f\d 6“4“3




These three properties uniquely characlenze the exlenordenvative.,

A final \Dro\oerb/ exlends the coodinale nr«\ependence o Hhis vpevator to
any map between o spaces M and M

guWOSC CP C M N

and suppose T s 4 q)—fovm on N

Then (P"‘T rs s Fv“\oa(,\e b M also a F-]Qm,

T tums out that wean do the exienor denvahve before orafter
+he pu“\oaCk without and shil ge“"‘ﬁ\c.Samc resull

d ($*T) = S¥(T)

T /l\exienor'o\mw\hvc on N
kanW o‘enva‘h\fé on M .

A speadl case of this arethe Pammekr_ maps associabed why nonGerlesian
coovdinale systems on 2" Expassing a P—fvm; 1n ferms o the new
avvdinares 15 equivalont to puling it back fo the covdinale space,
Compuhg s epdenor denvahve in he new wovdinates yields the same
resuthas fivgk taloiny the Sxdenior devvatie in Gartesian cndinales
 and then re-expressing the result 15 the hay coordinates




‘The extenor denvahve and a metnc

(When we have a metnt fensor ﬁelol 9’= i) d)(.‘@dxj

on ourspace, we can use the lowening and (aising maps b and ¥

to convert P~veo\rur ﬁehis nto P—fom; and viceversa, These are

|nverse ope\fah‘orw, We also have the metnc duality map ¥

Whidh converts P«vecl«ur felds and F—)Coms into @-P}-vec"vr
Selds and @-p)-ﬁw TCSPéc\"\\.;e\j and then lacle again | aHJ'wugL\
¥ is not s own  [nverse since ¥ X —Cl)me ,  which means
Pkt o\lﬂ:ﬂ‘f ‘ﬁom the inverse by a sign fachr which depends on

Py N and Hre signatuve of the metne (how Many minus s1ns in an orthonem|
$rame). Al of these o‘ﬁmh’ms may be used with the exlenvrdenvahoe
1o make new diﬁﬂ»—m\‘wé\ oPem\'urr.

Fﬂ's" (e" A_P be‘H"’eSPQCé of P—- FUMS on our n-d\memldhq{ gPace
and let [AP]# be the space of p-veclor felds. Then the mdexshtgwia

ard dquv ma\;s may be repvcsen+eo‘ as F:Hows‘
AD“P "'__‘") [’Anﬂj#

xlT ‘*i']\*

= no*

These operahions commute , ie, r\‘doesfﬂ' matter it you firskshift
Indices and +hen 'hbe ‘H')c dua\ or f;rg-\— +alee the dua\ andl "‘J"m
shifk mdices., E}r emmP\e) if  TeA’ then

¥ (T:ﬁ:] E\‘-TJ#

ngH“‘)‘henuP up thennght .
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This means we comdud' wn+e *T# u)mvw‘}'syeclf:ying the ovder 10
whichthege Moopem{’lahs are done on . |fyouneed fo be cmvinced:

D"#]i""i\’ = T'l"'iF
Cohebn e ipan . ot In b ip Dphie- 1n
[-X-U‘#J‘J iphin _ll;| T Pnlr-[p P = 4 T 'Pn

P !
BT fon i = ¥ Thoeip U i |
[P"T]*J Tpre=-in T\)" -n\‘--ip»’nhh.ip Tph = in - [* [T#:]] Ipayrein

50 we jush wnthe [L} TJ#] phin [,v—l—)lp», An = E[T#J] lp#...

Thig 1s just to remind ourselves 'a:bou+ JMF we dld Iy Far-(-I
Now ‘now can we miX '\‘lneSe opemjrorr wﬂ'\; the extenor denvahve?

SU\PPOSC we Jud‘ looke at ¥ and d dlome ., We can malee « Pld’bﬂ‘é’
ke

- /\n~p+\ Atw , A

~ Yuch! f (”; ec\n‘ as :H\c vsqchm\‘ﬁk’bsav "J\"eﬂ \?‘“d by s ”""F&)
Letks ﬁ)rge{’ we SawW ‘H’\a{- Iﬂ:ue srart in AP we can do
things like

DR L L o amsm«w

| - *d" o A"*) ,./\'>~ ] ﬁ)rgo\\v\‘—!\' _,
The (as'r q‘ggm}ar lowers fhe degree o*: 1"'\: P—fum by one ,gong
in the opposite direchen of di . xa¥

,,,,, | /\ . '——?/\



We can also made second order opembrs, d?=0 is of nouse but

drd* + A{ AP and
xd*d 1 AP Af
are two in\'evcs*{ng second order [inear dlgev*cn‘r]a\s which produce P-ﬁmns
from P-fom\s. These turn out fo be related do the Laplacian (for O-Foms>
and s genem\\za\'tbv) 4o F-«fumns,

By nduding index s\n\ﬂﬁhg Jallof these operators  ain be extended o
p-vedor fields.  Firsh tower the mdices to obimin a differentral fom |
do the vanous abuve operahons | then raise the indices o go back 4o 4
q-vedvr fe\d for some valve oF q. with g iifle Pahencq we could gef
cxphcﬂ’ ; Comyonenlr ff)mv\\as for any of these 5 Just by amposing the

C«?rn‘)onen\——%mu\as ﬁr the individual oPem\’lth,

0ne useful formula | howevery re-expreses the exdenordenvatve 1

‘RMS 0{ -HWC CUVC‘”WA' AC“VG""I(IC, n a COdea‘c 6’(0"\( VCGZ“ "H)q-l- P[ti‘)] =0 =
‘V\|Th‘"ip+l = ah_ﬁz“‘\ph'— PAH\Q,TJ ‘3*",lp+\ e r‘f‘iphTIV" ir_;

. i .o . T } ,

v[\\Th"“p-h-J = b[h‘“zwlf*ﬂ - P[fﬂz ‘3(3““&\] == rur_hiph T\\“' fij

L \
exdude 'y from aanmeez}nzahM "

cads fem.
= 9 L 'I\T‘ZW ip+1) since antisyrmmetnzatton o(T‘ fhe covanantdenvatve
lwer componehts” gwes 2evo

50 the ordinary denvatve can be re‘j\dced bythe cw«nan+ dermahue 11 0
cordnate frume (AT g =CPHD O 0iy Tiobpy = @4 i, Tipmipg
but since dT and VT are frame indeperdent odbyedks 5 This is frue

1h any Pume ,te. T o
- [dT:\s“f.\P,,“‘*'([JJr\) V[I,leu—ifa
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Returning to the provious diswssion, recall that fora  funchon f
we alveady nhoduced The gnd\eq\' as

i f- (DF =TS |

[praag)t = 99,8 = 9VVif= V'S,

Suppose we have a wvechor \ﬁelo\ X . Then

¥d ¥ y is a 64"6\150‘ What (s T com-Fonerﬁ- ﬁ)mqlq?
_A-fom
@-0~form
- n-fom

0-fom = funchon
) { . since ML is
FEYiin= Ailhin= X Mifemin  covanant anshant
[d *Ivll‘ir""\n =N v[ilén"fz In]XL) &let) niizm'lrﬂ
no anhs,gmmehzu\'wo —t

oni ﬂ
*d*x\’ = ""T <vll) X )nl‘z ‘n] b - ‘
h‘ -in )
= Q\ ’Y\m PRI v VL\ XL = andt,a’r (9,.,,,) V; X'L

o 4G 6" dv X

Thus we get ﬁ\c dwergence of the vec\'or f\e\d a?ar\' _fﬂ'm a Posslb\e sign
when the metnc Yus negahve  self-inner product values,  For R dhthe
Euclidean menic , this sign 15 +4 50 one gets exactly the divergence.

Suppse =3 Goder theogurar  [FAL' 1T foravederfield X

j_:}-r:suﬂs in avrec\'uyrf\e\O\: S |_1"_‘CL"3
Z-form

 vedorfed
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what is the oom‘wnen\' express lon fy- +?

o
‘\\9‘7‘) X.
Y ﬁ‘*}{f‘g«»
(XY = 2% -9 O
. N q{\\(\"\) o‘\\\,)\qﬁ ((““
it L [ -y%i] M s
[ IKJ ~b) ]7\, AR ‘:\\2”(\
-y

P‘Clxkjk: [0 -&f&] YL = 90 e 0 Je_ RS -nU\t

In Cartesian cosvdinates on HZ . this has the exprEssIen

PR = kI
#dI¥1k= ¢ )a%fd

hichis the cx‘;resston ﬁ)r +the curl oF the vecdr f\-c\o\ X. Since
[»C}Y'l’]ﬁ‘ is a vedw fc\d \ndcycndm‘\' of the choie of coord\mr\eg) this 1s

True Pe\rwd ' [*dX"J o ad X,

N calewlus we Leamed that seveval secwnd ovder denvahves conghcko“ii |
fom gradycurl) div on B3 vanmsh fdenMcally  These are just
nsequences 'H\Q\' d,&TEO ‘fur P-’ﬁDMST UJVH'\ ()éP.‘:Z\
Speci‘:lcf«\\_ﬁ

(\uo) curl Smo\f = [¥d (9m43c) ]1; - (*daﬂ# _

df o
(?-:b di\} CUH X = .yd *.@Ud :K}V = {(d X*dXP = *daxk =0
¥dX* T ¢

* ¥ T= EN for Euclidean metnc on 3
(See part 1 pege 98).

What dbou‘r Cur| cur} 7

arl arl T = [#( [erI] J [*Ola‘d Xb ] #
*dx”

or one iﬁose srewnd onler oPem\vrswe
. grud di\/Il’ [o\(dNSQ 3# = [d*o\"}:b]#F
T pAgTH

unoﬂxera ne dF Yhem i
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o

div grad { = ¥d* [QW\dﬂk = *0‘¥0‘f |

df there g s aﬁafn but acﬁnﬂ on aﬂmchor\
wther than a vedor figld -
Whatdbout the dtherone - dé‘d* JC =Q L'denhca"j zero,
b
: 3—fom
=0

while werre at i{') uha*qkod‘@ ?- ,’V"X ‘qnol all ‘H')a-l-.;x
U\)d\) on |23 Wwe an o\eﬁne X XY_ = *(X/\Y) » for Twa vedvr ﬁe\o\s,

whatrs the ﬁmmula? [I'x’Y] " =%EX~AY]JﬁﬂJﬁF o ”ll.m X{ijJ

LN

N T -
o] I{JYEJ n Jk Ihf nglﬂAICEJ,j \
e and dropping anfisymeem’c
= ML Ve partsina. 7\ 15 anhsymehis

\ o : s this redundant,
Th the Gresian covdinabe fnme H,,rg is Jus} the wsual ﬁmulq_
(X*Y]' = €ije X’Y*<

—)
Welve q\"mc\y {\Cf)neo\ v as f‘\c avanant denvahoe oyemlvr with the
denvahve 1ndex vatsed , 50 gmd\f = ?f and
, e — _.9 o
ol T= VYT = WV G T = (VXKD
L 7 |

canveplace - vdinany
by aJanask denvahive

In exrenordenvahve

dvI= VX = gy UT = P

o so dwewl X = —V‘(VX X)> etc,  These may be eas.lj evalualec in
any countmq}gxsg&em now,
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\NhaJr qboud*f\weamnw; [a.-ofjuc{— rules ﬁr grad ,curl ) Atl/.7
Moﬁ o(: them are decjutseA versing o? the Frodud- rule f:ar d:
d(TAS)= dTaS + (MPTALS GEPLEN.
(P%m\t'ﬁ)m
Because a(- T/\S:H’P{ SAT , F1s enough to- ook aFthe cages P_é%) but

dso PYA <3 since the edenor denvahve o(—a S/ﬁn\, is \Aer\hcaug 2ev0 and
@*Q‘F"MSW‘? (224 ﬁf P*Qg>3. This leaves

mo ¢ 160, @, @ a0

exercise,  lsing the defmtons of grad, cordy div 10 demsof d | reexpres
the \eﬂ'\nam\ sde OF the ﬁ’“o“’mg dentitles and use the above Produc\' rule

for d with the gwen vauesof (p1@)  and then vnle 1y fems of grad,
C\N) curl ( recall :s:/\ T= 5T fx'a 2erD-—F>m f > .

(©0) gmd §h= hgudf + Sondh
(O,l) el (%)= @mdf)XX + fcurix

(0 dv (f0)=(gmf)-X + FdvX
(Y Qv ()= Yrad X~ odY

emmp\e: div X = *d"(fl*) - x4 (F¥TF) = *[df/\*l*{ﬂ)af d*X"]
= ¥ [dfa *Ef] T S (grodf)-X + Fdw X

W,i.:.?;':«_s._r av X
<d, X7
: | "% (TA*S) = <T,S7 for two
= E T ( p-forms
= grodd)- X since Txg =LTSyM and
see page 97 *n=1
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another examp\e :

v (ExY) = *d¥PEAIY = #dx [x(TY)]
= ¥d (T = <[ IR~ x (%dY"]
Q\) RPN Sne TAS'—"@)WSAT
= *[\(’/\ dX") ~ *[xPrdY ] |
= % [rPar(dDY) - [TV s FT=T for
[T— ‘
T @Aﬁ I)y é’“r‘Y) n=32, Euclidean mebntc
A-foms
- YherDry - <K% @A)
= YroardX XY

O\qu) +‘ncse \OS" +W° were q b\"‘ C‘/\a“engmg Since once nccd\cal 'Hﬁe lden‘\'\b

¥(TA®S) = <TSY from poct T 5o T dy thom for you. The flfﬁ' o
are comp\ée\y s\‘mt‘g\r#gvmm\‘

Nohce frat these "vedor analysis” identihes Lhdn are usualy prowred by
€artesian coorghnate eomponent aalaulahions like

AT = 2 E€YETY) = VO Yie + K AYie
C€IT) e - €AY X; = (et D)+ Y — ) X
Nave just been proven for any ragtne  posihwve-ddinte metnc on
a 3-dimensional space W) ony coovdinate  Sistem (since they ave

independent of the wordinates > Thus . we con extend all of this
[R? vedor ana\5 sis \mmedlcr\-e\_\j +o ‘H\e Z‘SFbeve -ﬁx‘e)(ample

This 1s the power of real mathrematics as oppesed to "just 96“*:\03 |03 ' techniques
that areusudlly used in a_PPhed sclences,
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Not 'lmpressed ?

Maxuells auahions for the electromagnetic field which brngs gou
cabe TV and géur fauorr\‘e radto stahon gnd all the rts\'o-(: oucr
madem life ,  involving the electni and magrehc vechr fields
Eand B and the dhage densiby 'ﬁ:(nohOnP and cumen’t densify
vedor 5e\d J :

dwv B8 =0 dv E = 41p
wﬂE+§§=O cur\B"g__% = 4TJ

can be wnlten 1n the simple ﬁ)m -
dF =0 “g¥ F = 41\'%/
by definng the elecomagnetic 2-form
F = (Exdx+Eydy+Eade)adt + Bxdy«dz-& Bydzadx 1—3% dxAdy
%’ = ~pdbt + Jxdx+Jydy +Jzdz |
oM sFacehme. Many o{- ‘H‘»e .someuha'\‘ me“ca‘reo\ mamPu\ahonr
done (n Phgﬂcs, urses become veny Smp\,,ew n this language, We
dont have hime to go to that here, but T wanted you to get a
glimpse of this “Wdea.




