Tn+e9ruhom of c\\gerenhal ‘ﬁerS

First recdl what you leamed or amost learned n mulh\mna‘b\e alculus about
changing vanddles in multivariable ntegration

Suppose % “Zn"’k is an "Werh‘de “’W‘P frbvv\ a clqsed reglon 0
 onfo s image «%(XD Let {U } be the standard Cartesian cwordmates

o R™ and ‘%u = (o :6 the component funchons of this map.

The cglmdr{m\ and sphedcal wordnate parametmzation maps from

X= ‘ocosce o %‘(ﬁ)r“.up;w&u?4,.,; | |
Y= psrg T (u)-.-wmzw
Z= 2 3(u)

Then 'l'he m+@m\ of some real valued 'ﬁmchor) ‘_F on ‘lq% Imag e ,6(1]) .

can be axpressed as an (n’rﬁg‘fa\ over U by

SS f duidu..dy’.. SS j 4% [ def )I du'dy’.-du”

%(u)_ . correchonfuc’mr

+00Hmn f 4% . a cme?hqq fw’wrhbes o account T‘f*e ,C_ha"gﬁ

in the volume element aganst which the funchion 15 beig miegrated.
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~ Changing o cylindrical cordinates to evaluate an inkegral overa
~ &ylinder 15 a familiar example of this. The dosdute value i the
~ corvechon fackor guaraniees that the ntegval of a posihive funchon

on %(U) resulls in  inlegrehng a peshive funchion on U,

~ This s allweneed 1o knos 4o descrbe miegration of o p-form

field ona P-&*Yf‘???,"’? ‘an n-dimensional space,

| et ponfice

suggose we have o 1) mapfrom o closed region U of B
o " or some N-dimensional space wihh local oordinabes (X1
 Leb 0F= Ko be tuse wordndbes sressed as funchons of the
parameters’ @y, Leb B = bZu,p denchethe
i B e e

B\




above
Fi;rexqm\g\e, T’neAupammder map ﬁz\’ CU“”d"',C“\ coord\nates rept-cscmh-

R2as a P“W?‘e\"’?'?-ﬁd, Fsurface or"Sf;po,c_cf  Or fixing the radial

 cordinate

a COS(P c\:‘(u): Q cos u'
Y= ashg € dou)= asinu
. 2=Z o P3(Wy= Uz
leads fo a qumehned, 2-suface represenhng a gylinderof (adiusa,
or fixing 2 as well leads to a parameinzed |-surface or cune
X< O wse p'(w= a cwsu'
Y= asng d2uw) = a smu’

7= 2, Py = 2

X

1

g

~Ingenenl | fiung any np cordingtes inthe parametnzation map
assocated with loml coordinates on R" leads +o a parametrrzed
p-surface in which the p parameters carespond fo p of these
wodhnates, {845 of spnena) coordindres parametmize the  coordinate
spreres | for example, n R3,

~Fora given parametnzed p-surface, fixing all he parameters but
~one yields a parametrized curve which s the image of the U*
‘wordingte line on R under the parameimzahion map ®, Vorying the

fthe pammeters 1h tum.  This correspends o mapping 1o wordinate
gnd of R¥ onto fhe mage surface in the n-dimensional space.

~ (See diagmm on previows page.)

BaW) = Sia X is the Hangent vecdor fo the

parameinzed curve correspording o the U cordingte line in RY
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The hngen+ ?—P\qne {'D \'he anme\’rned
P-—surface is qunned bg the - ~vectors f Ea (U)}

assuming that they are linearly independent so that dfs,,,d,,\m,,en,.stpn s

ocdudly p. This is a ondhon we must place on ’fhe_]?amme"nzed B

p-surface,  If § Ev] are lineacly independent , hen the  p-vechr

Ewa.. /\Eg(ﬂ with com?onenk IE WA /\E'P(u)] e \P . ,
= P E‘lubl EP(U) P]

B V‘WS* be n°°2€“°m"9“‘°efe ‘ Th'sde\mmcs the onentahonof the

_Tangent p-plane, T‘“S condihon reduces fo the requirement

that the fangent vedor fo a parameinzed cune not vanish anywhere,
~_ohich showld ring a bell from defining ime integals in muthvarable

aleuus,

Pullingbade differential formns

Suppose T' Pl Tl\ e dx" ‘ ——ru O\X“‘ ‘P\ R
_is a_p=form field on our n-dtmermonq\ space 5 us«m\\g cq\\ed
a "diffeenhidl rfom" ora " " differentid fom " if the' dgree P
L ,m?f made explicit, Exprﬁsm_g*\ﬁ‘s differenhal fom 10 demsof
 fhe paameters on fhe parameinzed p-surface leadsto a
 differechal p—-‘;moon the parametec space

o
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Pil W\__J (/Q_‘. ____D’—/.
o ,,ext:;ssamo'\mis _express. doovdinate
n emso

A Lerenhals in tems
parameke © of pavameters

<_§2’ 'du°") AA LQ"’ du"’l’)

aU'

nivbutes foths X U U — R
Cﬂﬁho‘hov, e -\ . gl dukk,'"';" ;

N‘\
= Tipipe acb[“ 9q>‘ﬂ Urrop P

an’nsym - - —
. . . ‘~ t'l I,P . The aryh mmc\"nzahov)
P %—2 " %QDP on the mdtccs el
u u makes the antisymmetzahon
‘ over ‘o‘(\;;.o{P wnnecesSary
 sothis comtrachon has
P'. equal ‘erms

 oyahoyemiriegrt 000 07 gever § o~ form on

= Tieped 2000V gper
U ouf
o= ?,. Thegpo® (E@AnA] "™ aut?
- Thlsquncﬁor) 15 the patur) contrachon og the _p- cvecor T
onthe pvedor  EiWA..AEp(W) ot eadh point of the

_pamametnzed p-sucfuce,  TFtis a. funchon on EF

Suﬂ;ose meDEFNE—!‘nem\eSm\oF q‘;.ﬁm,on(z" hbe R
S £ qu"t = Sfdu/\ AV’ S Sfdu‘dw . duf

'Pflcord\narg mu\thnq‘o\e \nfegral o& (‘fs Lp omponent funchion,
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Ne can then define the itegrlof-a p-form on a paametnzed
p-surfmce by

= S oT = S‘( ,, 11"“ ‘PY,LE_t.(u)AHAE,,@)}‘\“I ? iy du

To summarrze | we soshiute fhe quame\'n‘whb') o T, expand - out
 foger a coefﬁc\enA— fundion  fimes  du™P and we yust ihlegrat
that aefruent fanchion on T in the ordinany sense,  The coe@me'ﬁ
funchon is the natural contrachon of ‘Hney-fom T with the
prvechor Ey(WAAEpM) of the parametnzatior , divided by P!

Note that d‘j i R —> n-dimspue maps ‘F"D"\%e?qmmc\-gr L

space irto. The ‘_sPaye‘ of infercst | but ¢¥mPs dsﬁem{’\a\ﬁ:ms |
_onthal space back to differenhnal foms on_ the paramelerspace,

) goes fomar'd and d')* “pu\s back”  dvfferenhal ﬁ;ms fum the
_Imoge oF C‘J backe fo its domatn c)s.a_c.ﬂg hire CDY'I\?QS'1hO') cé: a
‘f:m don :F on_the image  leads tp a ‘Jf‘-mc\:loo. dpr

(pul‘bacb.o?a O-S'Dm) on. 'ﬁvr, domain,

o This same " pu\\mg\e. oPLmhoq works wr\‘H any . ova nar\i'
~ Hensor uEe\d and_Simply dmeunts 1o subshuen of the ?ammel'nuhov;

~ map ko The expression for the tensor field, For example, the
_ porameler map assouaked with  eyhindncal ( arsp‘ena.\) cooydinates on B3

__pullsback the Euclidean metnc on R> 1o the coordingte expresson
~ for the metmc_on the  @ordinate Space..




- (gdy«xdx)/\dz

Suppose we anstder our old fnend *Xb *(9 dX+)(dy) y d@rdz + Xd2adXx
and infegrate F over the povametnzed half gylinder =T

X=d c"o“su“ - S'T': g'(@s\nu‘)d(qsmu‘)
BT Y - eydten) ]
U{ofu'én’ = S Eazslouf'cos.u‘ﬁ»»q7SlﬂU'»“&U_u‘), du'adu?

N

2 (2L
Owu,u;h; e e u I aq.:a'gln.ul@‘;q‘.

=a%sn2u'

= SS a5z’ W < Shgw aZsinzu' du'du®
o "o

U
= q S du"S siou' du! = —g2h [_”6052'“'”@503 =
\N"“"“/’“’ z
T \c052u L'

In ﬂns corr}e& the 2-fom ¢ T“ q snnZu1 du /\du
s eC{U'Vﬂ\C’W‘\““‘D TE-exprtSS‘lnj T in c_glmdnca\ coordinates and se{'\'\ng

pasdp o A and dp O
T my xdx) Adz _-'.""[p"sm‘q;a('pm)'—' pose d (pgse) Jadz
= N - p(ﬂs»scoace) <—pmed\°
+ P A@ -\ teoede/
Q() Sne sy do + - F(S"J?‘?-@S"P) de] rdz -
_ps02g dyadz = puese¢pdpadz
Tpeq = oSl doade o GT= oy dirde®
w “u?
F
v restnichon of T to surface P=a "
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dercise.  Repeatthe above discussion Jor T= (ydy-EdxAdZ o
~ X=asmu'esu® %e,pad‘ofa sphere r=4a
~y=asnu'gnu?  inthe fi-octant usig the
, z=o0csuy'  sphencal cwordinates (B¢
woé,,u!,sg . asthe parameles UyU,
, o 4 T in sphenca\ coorﬂma'\es and rcsl'nc\' l'\' ‘{'D'“")e_
5?‘09& b};i‘Se“W'ij __=a, d"’-O __Comepare with your Y‘eSuH' far‘ CP*

- GXQTUS& B

;,_‘Ln“\eculmo\ncq\ V\’D\J\em ‘\Me ‘bhqen\- vedrs *Df\'\e pamme\er gﬂd are

, (E\(u}) = ,,(g,,q,s.m_u__!__)_‘____arcagu_,,,, 0) M&)“, ~asmu’ .Q.l 0;{)- QA G5 u‘(?y lqw ;

,_‘_‘f

EWAE () = + qsinu‘ ;3- 9—\ + a osu’ ;9,-/\'?3 X
Ve UI\M)OI) 0y V&

R V—the n(\’fuﬂi‘ cm’imchon ur\'\\ T ‘S ‘H)cn -

L Tnoc\> [EWAEW) " = Tob BN Tyt & TE@AB)” +T,g¢tzcme,u%

CAm——r N— e~ N
94’ a@sw X asmé O ‘.’,
=qsmu’ = g 5w

= aq231nu‘ cosu’ "a'zsm2u‘ N |
CG\CM\Q\'e E\(“)/\EZ(M) {0" '“se pvesnouS exercise ano\ r\‘s con\-\mc\'\m quH‘\ T B

i 2xactly this same way.
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Per\f)q?s You were uoondenng tA\mg 'W\‘.S sec\'lor) begaq w‘f“h‘|'\'):: chan_ge o{:vanq\o\c
dtsaussion for MUH’TV&HGH@ inkegration ond d A“5° rl— New is its Hime,

b= $(u

~ Suppose we | have 2 dﬁ‘ﬂ“""ﬂ' such ‘;ammehimjﬂbru of the same
 p-surface . W\na“dowc need 1 order that the integral o(— a p-~ form T
| on;\\“nc.\‘ deperd n the parametization 7 Well, £= ¢e® s map
~fom R” o RY whion corresponds ‘o the m\a\’lposh\‘a behween the
pammeters which gpecify the sume points on oue  psucface

B The 'QQ\ugsfé&"a;& parmnetozed surfuce a5 defined q\me are

| S S « Tiipo® (E@A-AE A audetdd
q(u) o
) &T“ S § Tu iy 75 [El(‘)/\ 2BV . e

u cummy vanables SO
’@( ). e " canuse any Synbo\

“ B\X\" 'ﬂﬂe )ch‘non WP‘) erus\- rcPVCSen\‘S a dﬂansc o?vana\o\e
m‘rh:s orA\W' \Me m\ u‘*"{"'ﬁﬁ)

CRaY b= e ‘% = dﬁ%ﬁﬂ
= 9§ /(@) = é@”@d

E@nA Bl [Eiuﬁ HOY p AT gy 5L E. 410y
= Ea(ﬂ@)/\ﬁ/\ & (u(w) “é{%}"m %%d:

Eqap E (U, A€(lf‘) 123




= det @er (“)) E ((u@)A...A Ep (u)

ou’®
ome Gupop- ag‘ @) s %P(u)

§ (@
_ae\r(?ff'ﬂ o

So %( T = S g TL Ap? ¢% [E.(d)/\ /\E}(u)j % de‘r()#‘) e
. u)

Bqu*\'ﬂs is exqc’r\g " )T \mdera dnanae OE ucmq\)\e QXCeP'\' -\’na\—
U

e cnedhos o | dei()| 16 gk ooy 0ot () 70,
Inother words, once we wash to o\c{:xne an m\cgn\ o{' a

P-fbm on 4 V“Surgace \ndependm"r o{* '5'\ne pav—ame\’nw-\'\ov;’ wc Re.\re -
1o gwve it the aAd(*\onq Mq%cma\'\cal shawchure of- an " oncn-\-nh

e pvedors E(@A-AEW)  fedl ",;m.,,ewa;a;a;e\,’;;(,;;y..,m\
and onzevo since they o\elumme the same fangent p-plane o each

~ pant °G‘“’\f—’ \7‘5\)“&(3 Howevor, fhe nenzevo @opu«hma\xb fuctor can
be posthve or negahve,  Fach parametnzahion delemines s own
A,‘_VOGCV\\'R\'\.OV) ﬁr "'»\e p—asurfuce T Pﬂ'&ne{'n’ie_s — 0ame\9 anq b‘ags og

'\'\ﬁe Jrungoﬂ]r ?-\b\cme \nas \’\‘)C same onevﬂzr\‘wn \F “H\c oropar-"wnamv,
fidor relahng the basts pvedhor fo the p-vedor E'\(u)A AEp)

;0H'»7c ParaMo\m‘Lq*\m \S Pos\ﬁve,

~ Thus the lrﬁ-esm\ o?q P fom on_an . onenkd ?—S\M’?ace is urcl\ ,
&e(;\nco\ mcla(\pev\o\w\'d‘% chow o(- Damr«|rvw.\'r)?.a‘\'lo")w o

For ? 1 ‘\'\-\\s Jus\’ ccn-gsPono\§ ‘h: a chmceog

d\rec\'lon 'fbr'q Curve chmcrr\'




For =2, thists a chace & a scrousense
” ‘“‘E fora lOO\p in the surface. This tels us the
~ diredhion one muS{' Yﬁu’fe ~qu f\nd' basis vedor

‘lv 9o towards the second basts vechor 13 -Pnej
| qreJro have the chosen ,Oﬂeﬁﬁ‘%"m) at e“d‘.ff‘?‘S""i“?“ceﬁ% 2-surfuce.

For p=3, this s a chote of \e&:\' o nghthanded
L ~ basis OFe‘W\" W}gm\’ space fothe 3-surface

) Cur\m9 fingers of nghthand from Ei to Bz then requires E; o
lie onthe sideof the plane of Ejand B2 delemmined by the thumb
1f the basis (s fo be ngh%w\eol Othemse tt (s lefthanded.

| Of(,ouVSe ‘\'h\s has fo be a)o\e -"Dbe done cmsis\eﬂH:ﬂ o ‘Hse P—Suf'fncee
e .SU"?“(X N“S\’ bc oner)\-q\b 7 ‘\h\s s no'\"a\wag; Poyg\u
~Sup ppose we. Hake a Cg\ma\nco\\ s‘m‘a and cutrt
a5 $hown and {wist it once so that A and B
exdnange places and then reafludy the oo ends

— . smestly. Nowas wemove our onenfahon
md\@a\'\ng crdde amund the S\'Y\\') ™ comes ou‘\'

o YCVﬂ'SC(X qger‘one \DoP I}-{g po'\" FOSS‘\)\@ ‘\|'D
“..‘cmhnuws y assign an Oﬂﬂnhhon +o this Y Mobius s*‘*nF - T is not

onenhb\e S0 one canno\' O\efme the (r)\-%ra\ g(la 2—form on e




