_ INDEX CONVENTIONS  We need an efficient abbreviated nofation to

_andle the complexity of the mathemaghcal struchire before us,

u

We will use indices of a gwen “type' 0 dendte qll oossible valyes
¢ v [

of qen mdex ranges. By index ype we mean

Q,b,¢;..

'\'\ k,.
o9, 3 T,
\/ar\qhons ""SH be borred or \pnmeo\ \e“-ers or caFPm\ \ePrers

For exam\?\e; su?‘pwe we agre lookmq o“r linear "r‘mnsf;)ﬁWa‘}ﬂbnf

between R” and R™  We would need fwo different index runges

Qa\:’ \}J)k).-\': l)‘2)"‘7 N Qﬁd O()B)j)\n-: I,Z,...,m_

A gwen index |dler chould only occur once i a gwen

expression , i which the expression stands for all expressions for which
The index assumes s allowed valuec ( call this o © free index"

or +wice bu\‘on‘q as_a superscnp-} subscnpt pav (one up, one

don) which wil] s’mnd for the sum over all \\owcal vabes ( all

s q “repeated index ")

A" © n QX?reSSIonS: A') A‘l) . AT

i L.
Ale @ Z AL 5\03\e -expression with n Yerms
) N €% Pression s

At - é Al eacdmafushich

\ L= has n terms

AL . <
[ [

NP

,.
d

-4 <
B LA 1% 014}

Al € 1o sum_ just an expressin for each [

or I we wan++° \re(er'-h: a S?ec‘{‘c di qgono( chPo-ven‘t’

Ttrﬂﬂy)dra matvise 5 for CM"\FH:

ATV YWD = AVt AWS ALLOWED  EXCEPTION

[l 17 Wt h.af.h-:b.n nl_. P ad
[ A LAY AVA Y l'\LU‘H‘Ig LACUY

dummy

A repested ndex 15 a dummy index ' ( \\he the wanable in a defintte inlggeal

)
g: H)QO\X: ga §(‘Ddu> ’ A v = d . We can change ﬂvem a’\'w\u,

i




A Vechor quce ano\ s 6@40\ Spqce.

let V bea. '(:mH'g a\\menswnq\ real vector space, dim V=n,

Elements of s smce are called “vechrs' A basis of Vv

{€i¥i=gn  or NS* {e } is a lineady independent
Soommnq set 'FO\"V N

1) spanning cindihon :  any vechr V€ V can be rcprcsen‘rco\ as

a linear combination of the basis vectors:

$in abels comp

V= i\/e; = Vie +his ane labels bastsveckors |
g_—-____—s

(Qeﬁ:\uen‘\'s : "CO‘MP"W“OF Vurk (€3

2) linear \ndependence ;
4 f

1§ Vie, =0, fthen Vi=0 I{l é\l e =0 ,then V=0
9 | 7 f-or-all L=l ,JV)J

EX \=R"= -§ U= (Uh...,uN) = Wy | ot G/IR} ~ rﬁ‘wcpclgo teal numbers

natural basts  €1=(1,0,...,0) | €,=(01,0,...,0) ..., €~=(0,...,0 1),

let V¥ be the "dud space " of V, equal 1o fhe space of regl-valued

linear —(:n.mchons on 'V e\emen’cs of V called © covectors "

Condr’non_ of \mear'lsru i 'CG' Vx — —F(QLH'\)\/) = Q’F(“)*' bf(v>
! J .

real nypboers §

" value of [inear Cbm_bmaﬁar) /Ir)egr‘comémahon O)C vqfues."

This easily extends to linear combinahons wr{'\'\ any number of ferms; for

example ; f(V)=4% (é Ve L) = 2 Ve f'(e«v)

V= u ’f'S jor
camponen wved
- ‘s:‘ P F

- - - w"Ji' bub\.) T,e(’}
or equwalentiy flved= vifle) = vife,

A covedor Is en’ri’ﬁéy determined by its \/qlueg on the basis vectors,

The dual space V¥ is sl an h—d\menswnq\ vechor space, with

lmearcom\))r)qhons of mvtc\'ors deﬁned To ‘H\e usual way one ‘= kes




A Nechr Space and tts Dua) Space. |
let V bea. ’Fmﬁe ahmens*uonq\ real vector space dim V=mn,
A basis of Vv |

linearly mcle?enden'\'

Elements of ‘H'»\s smce are ca\\eo\ " vectors .
or ;us\' {e } s a

{e }L—L)\")n
spanning set for V, o |
1) spanning cndihon : any veckor V€ V an be represented as
2 linear_combinghion < 't'\ne basis_vectors: FATE Thdex Ta6eis compongnts
V= é'\/ €. = Ve +his one-labels bastsvedrors
i) \/T_, R - m————
‘ ‘ me\q::c\en\'s "‘Cém?o"mjfsuof Vurt (€3
2} lnear 'mdepeno\ence :
tF \/Le. =0, then VL=0 I{— é\/ ec=0, then V V=0
| > Frall =1y oo
e
EX_ \=R"= §u=(ul. ,u") (U | U eR]~ n”hﬁéﬁof,dw,as
natural basts  €,=(1,0,...,0) | €,=(0,)1,0,... )).,,, En= (0,0 \)‘
let V¥ be the “dud space of V/ equal 1o the space of real-valued
linear —fmnchohs OHV clements of V¥ called " covectors'
LeV* — f(aurbv) = af(w+ b £&)
1 realnymoers S
= [inear combinatron of: vafues "

£ond rhon o-E \meaﬁ\-\‘j -
Y value of fincar comb_y_?gh

This easily extends 4o linear coﬁ\o)na’rlons with any number of ferms; for

u comFonen\'x o{: covec‘ror' |

f(v)= 4% (é\/“e) 2\/“ f'(eb)
= —F. Ca
wr l UH)\) t ‘l;

£(veed= vife) = vif

or ‘equ walentu
A covechor Is enﬁré\q detrermined by its values on the basis vectors

exam?]e:

is fiself an n-dimensional vector space, with

The dual space \/
\mearcumb)r)thns of Covcc\vrs defired 1n 'ﬂ»e usual way one ‘= kes




w;_\_,\pear comloma%ms o@ any 'ﬁhC“l%j 5 i.ﬁ) n 1L6rm5 o1c ‘_Hne vq(ues z

(af+bg) (W) = a50) +bG() £,9 covechoes

v Vector

Exercise ¢ Show that this—defines a tirear functon af¥5q;

so-thatthe space {5 .closed under his Jmcarwmq:hoqmd oration.

[AlHlne other vech space properties are mhented {fom the lmcar-

S\'Nd'uve of V.]

Let us prvo\uce a basis ]q"' V¥ 5 called 'H‘se d“Ql basts {wt}

Or“‘H‘)e basis dud +o f=h '} S b‘j ‘ﬁhdxﬁg N coveckors which
SQth\'i the ‘ED“Ol.J\nq " dua[‘(.{.\ﬂ relahons

W (GJ) S = $4 ifi=) " Knoneckerdelta "

- 0 if ¥#)

I we can do +\'>I$) then by \lncar'r\q

o) = @iVie)) = vo i) < VO Sy £ e \(onwem.m_,)

o v bures T0 s ursy

<o the (Y dual basis vechr pl ces ouf the (th component of a vector

why is fhis a basis of V¥ 7

1) spanning condihion : f(\/')= Flvie)) = vied(en) = VC&

= V'8°i £ = Viw (e £y = Guw)(Vie)

= Fowd)(v)

f and fiw° have same ~yalue on eveny V€ V SO are same ﬁmchon .

\_Basts coveces~

(s o o) /;_T W°  where  §1= £(er)
C

IS @ omponents’ 04: £ wr basts {w% of V¥ are
Components du-ﬂ- -qu “COMVOY)C")'\'S 05 f wr_;(_ _qu basis iecﬁ 0

already wiroduced above

2) linear \ndependence : SUPPOSC fiwt=0 = zero covector !

Then e\laluajnhq ach side of this equahon on € J

0 = (Q(e;) = (fL(O XEJ> Fiw (ea>" 5 g| 53}
S0 ‘Pney are (lbearly \rnae\venden'\‘.
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Thus V¥ is dlso an n-dimensiona) veclor space ,

E-_x_. The fo\m'\\\'ar CQ\"\‘es\ah Coord\;'\a'\‘es an Rh are degned bg |

X'L ((u‘f.‘,\.("‘)) = ui [ value of ith nUmber |n n"mP\eK

But this is exactly what the basts 103 dudl o the natural basis €5

does — ie., the set o{: cartesian mordinates {XL} . m’rerpre%d as

inear funchoris on the vechrspace ™ Luwhy are they linear ?1) is

the Adud basis ¢ CO.L:XL, A 9enera\ 1\'near~f\4hc‘\'10¥7 on R”

has The fam\\iar ’fo\‘m f:-_ :&@i = f; X(_

Vc&ors and \/ec\'or qo\d\‘\'\‘ow are best vvsua\\’zéd b\j \H\-er\‘areHnﬂ

0 f\ 1] . . .
Pom’(s n R” as  directked line segrnen‘\"s. Funchorns cam be wisualized

in ferms og their level surfuces. For linear

//ﬂ ‘ﬁmc\'\ons', the level Suf'fa(,eg

f \XV // &LX£ =t (q Par—i:me**er)

N
M are a_family OS' parullel hyperplanes , besk

—*

(Yol

represented by selechng an equally spaced setr

—zero vecror

o\
WY’

0
or.
OESuCH hgperp\unes ,_say by chooging \nteger values of the {‘Dar‘ame\—er 1.

Houever; itis cnm@k'\"o qru?\’x two

/\ T f®= 2.\ Such level sucfuces  $(X)=0 and

W)= “ &(X\c 1 do have o mend picture OS:

C(r

\\\/ ’<-_i)= oJ . ' ‘
e /Z J "H\e en\'\re f&m\\\é, Th\s Pm(‘ 0{’ |

—0— FE=—
Q‘ / Planes also enddes one to have o
T T
geomelnic \n*crpme\—u\'\on o§ covectur addhon on

the vector space ’&Se\g ,like the ?ora\\e\()gmm law ‘Jfor‘ veckors . Howorer, instead

of the main di‘agonq\ line 86(9“004&': one hog the f cvoss d\agom\ hjpe?\o.ne

*_E)r T\We, F€Su\'\' . |

Le¥s look at two palrs ofsu.c\/\ "ﬂaper?\qneg rtp\f"csenhr‘xg f and a but |

4




_“edgeon", namely wthe 2-plane orfogona) fo the 0-2) planes of

_infersechon of the (h=)-plares whidn are these hyperplsnes . | Recal)

thet 2 surfaces of dimension ™ in general inlersect n an ()

dimengiona) S\A\"Ga(,c'.\ %(94\
| = = / & =S
o ™~ \>< z 9 !
CEr@ =0 —— > — ) N\  (f1g) (@)= 1%0=1

=1

=
__/ \ o

¢ ‘@
N
< A [Cl—n\ LT\ \ /
 connedks these {'wo ponn+s S

LUO\ZS ke a honcq comb.

Of course the dual spacchx is |somor'p\n\c o R

5= fuco Ext e ®" ¥ (£ = Cf‘,\.j{-})eﬁih

_and_as a_veclr space itself covector addihon is just the wsual

Forq“e(o&mm veckor addition, The dbove hyperplane mjrerprc'\'ajﬂdm o£

the dudl space wvechor oddihon occurs on the onginq\ veche space ‘

S




These same p\C‘N"L’S avp\ to any ‘GnH'e dimensional  vectur sbace.

The directed lime §egmen)r / dhfck& ‘fy‘peq,)\qqe pair difference in geamch£q§

(n\crpmH{on iS one renSon for c(n'egﬂ\ﬂ d‘S\’m&ulSk(ﬁﬂ V 15’0\"\ \Vd \7:/4

suittthing index posﬂ‘fon\nq .
7 i J

For I|C" the dishnchon 56‘}\»66?7 h‘\'M?\eS a]C Numbers which are vechrs and

covedors is made using matnx notohion.  Vechrs'in " are 1olcn\'i€eo\

uir\'\q co\umn Mq{-_\—_j@g and ‘\Jﬂose ) H\c dual S\?a(e (»r(‘H row m~<_z_“lj\filces ,

u\

\ u

= (Us.., U] &> | . ‘
R Fa= Sz (5 £
\

I')
C Co 1 rc U }
fF=fwre (S fere(h =)

W"”"""‘"

= {fe) B (5(9) Y E(e) ) /’@‘%\‘;"‘%iﬂ s\nce H”de }

p——

e evaluation of a Cwec\‘or on a vecror (just the value of Jﬁnc f\mcho\o

Foxt ot the (‘Jomlr with ‘pvsrhon vechor W) is a mabnix ?mduc‘r of ‘two

Adifferent ola\'fc\'s; qH\oug\'» i+ an be v—e?veSethco\ in fems of the

usual det Pmduc\' on R™ of two vectors  ( like obyécks)

I

() = §,0u = = Fo'uU

=

put the re\ahons\n\? between the wovector j‘ and the vectr ECe)

ivoves addihond mathemdrical siuchure , that of an mner product

on R®, whichis assoaated with the Eudidean geometru ue all know

ond love,




/\ The evaluahon oEq govector

>f(X)— on o Vector also has g

'{ S\ >ﬂm’ geometn ¢al interpretotion,

\ \// TF we imagine the i—?GMMO‘\tr

o~ -
(fw=3 | §@=0 family of Lv\j'perplanes fix¢= LX) :4:)

dher the value t of the evaluahion s the "number ”oF \nqpcv-p\anes pierceo\

\y the arow rc?Y’ese'ﬂ'fng u, i by numL:er re{-erjrb%e mlreqer— sub{:qm\\q
and 'lﬂkrfda\t be)rween%em

1
naturat

This exacdy this evaluation cpem\\‘on which ts embodied - the

Einstein gmdex coh\lmhon/ﬁ\) summed wpmkd Sub/super \ndex pairs, which is

different fom o dot product eyt U= 2 {@\

whidh requires more shucture as we LAl see  below.




m‘;er?rc\ju\wbn ,

A vedhors \enq{‘l‘] Is mulhpl‘cd bq IC-\ er) a ol\rec'\'loh

rvesal if ¢ <o, but the sevam’non betwee nthe two paruh \

planes rcgrcsenhn& a_ovedor i divided by |C) (with o direction

mevsq\ \\C C<0O In the sense that the p\ane Cf(x)f-l ts on the

oppusile side of%e plane )C(x)-o from F@)=1 D,




UlSlng H’K-‘S‘e 9eome'\nca\ F‘CWFES we can gwe a 9eomc¥nc‘; Cont\‘mcho‘q

of the dual basis 4o a given basis.  Suppose we have 3 linearly indc\'nx‘eﬂxr

= = wchors in [R® They form a_basis, what

=3 rA
7\ / [ H’\e Porn“e\ P\ane rc})regev)\'ﬂ-;oa O.F 'i"ne

three dual basis vechvrs 7

The dual basis is o\e(:lne«v‘ by the

LI (= N\= 1 (nosumon 13
WS €L ”

The 1C\rs¥ (O%quom\) relahong says that a gwen dual oags vecror W* ‘

should "l " (qve zero on) the "other " (3#() basts vectors | and

hence on qnq\inear com\olnq‘\'lo‘vy oE ‘Hne OHner‘ Veo\'UrS d"\o\ hence on anLA \/ed'o\r‘

i the P\ame ( l'yper?\ane n K ”) spanned L:q the other vectors

F—Z So the F\qne, of Ez o E3 ts the

/’ W '(Z)=0 dane W!E)=0 for W?

1 > ana\
/7M A similardy for the others  So weive

/}?// de*cﬁn‘w:ei the onentahons oF eachof

O 3 \(@/ En mT'gv/I)"D the d\m| basis cmc\'orsémm the' o%\aqqom

&//g\[ O\ualr‘\'j relarhons The ' magnitude” is

—;ﬁM determned by the 'o\lqvgond‘ " relatons

Tre relaby WHE)FF A means

o =N that the Yipof €, ltes in the pkane N'(X)=4

which must be qu‘a“cl o ‘H"c p‘lcme W (I\ O comp eky 'ﬁxmq the ]cbme\"

bt —
E /- (x) ‘ memg inal % pairs o(: ?qrxc_r maes

a B-dimenstona) Honajcomb structure

which T wont a“ﬂwﬁ' Yo draw,

1c




~ Nohice that (Mn@nﬁ E, ﬁr fyed Ev, By dog ot change the orentahon QJC w4
dﬂ‘u%e “maqn\‘f\«& or H‘\c Sepam%u'n '?OMmeLCF. Oﬁ‘ﬂ’COH’Ef" hdhd Ch‘”f)‘g)njj E‘

Y
doesrit affedthe magnihde of W3W3  but does change their onentution
H o[uaH-x,j H

These " comp cmenlmy " effects of such a change reHed the
6{‘"CO¥'60! Line qum6ﬂ+ (i—dnmensiom\)

between v‘eo\vrs and _coveclors.
A \led'vr IS rcprc’smxcdl b/) 4
wh\\e o cordnr ls represenkc{ by a diregred pair of parallol _planes of
hyperpaneg (d;menglon n- l)tn fer

dmensin . 3—-1=& in R?
The 'directed " qvuahf\er rel(ev-s o
'Hﬂe senge (N wh‘ld’) we SHH— a{' ‘H\e
O~valve and finish at fthe —\/alvc

(lU’/
7‘ Q > f
Ql%o\g(q ‘H\ere 1 No PaA"»Cu‘ar

\/ JCCX)’U
. direchon from the ongin_(te. sPecIFrc
unless we ‘introduce g Euclidean qeame{—n/]

.........

vechr) along which, we go
for example, Lhich pices out the direchim or-%oaona( Ho the zile 0@

is the or'\%oqonq‘ vechor v [R? ‘ﬁ'Om +he

N

but

Suppese N
origin to the SeCOnO‘ F\ane.

Then F(mM=Fint =4,
0, -Hm:n by orthogonaliy

}*/ Hz)=1
T R g D= fixis
(Ie*' hL—-D ﬁ)""ﬁ:\cl'\(,

o=n'X = Zn‘X‘ = nix
oovtobor (hi) hove the /

p\ane; .

UF'H"T"C/qﬁo'.,

CAUse

be

to make indices memimam haws £ and, the wed
same [evel- Sul{u(z WIH\ valve O and so much be vapo\'ﬁdnqS but 1+ /

will fum ouf loterthat 1\ fact the Eucidean leqq%s oF‘H')C\r camponen\- /
vechors are invevses a( one another 7 fhore later  Bor now \%su{*(xces
pqr\-\cu\ar direchion 1n which the

to say that we carlt prok out-a
level surfaes -« ongedhor  increase in their value without qddrh0nal
shucture,

1d




~ Well, we began wih a vedor ;sPaceV and. nrvduced s dual Space v*

whichis o Vedor space n'ds awn nght and so has ds awn dud space

(\/y) * = 0( reghvalued |imeac fuochons aF ovecors :

EV™ mans  F(afsbo)= aF ()+bF(D) [lnembyomdher)

Bowever  unlike a relahonship between o vedwespaw and ity dua) which

_requires addrhom\ md“wemalﬂca\ shruchure, there is a ha'\'um io\anﬁ_ﬁ cahion

o? o vedmor space ard the dudl OF s dual O wurse 'H\e;; are all

n-dmensional vedrorspaces _and therefore isomorphic, bt one has to drrose a

pasis 1o eshblidh g parhadac i omorp'nlsm whidh then deperds on that

chace of baslg( “unna’mm\ " , nofindependent & dnaice of bas\s)

For each \IG’\]—) define a VeV b\j G(lﬂ = f(‘j) _____ forany

ovedor§ Then  (qU+b¥)(5) = aT(¥) +bV) dfgﬁf/,g,me
o ncrlons

= a$0OFbI0)  defof tilde

= f(qu%\/) Imaanb d[' e chor

= @uibv) (£)  def of Hlde

Thus the map vaﬁ—v—” is g lnear mdp since

(cﬁ—/bﬂ’v‘af\)'ﬂov (simce £ arbibury) Tiis also -1 smce
e &':’\7}%@0 UE=VE) so W= 5M) oand £(u-v) =0 (h'neah@

£or every covedor £ | whidh can only be True if U-V=0 or U=V,

This means it s o vector space !Somor?hism (1-\ tinear MGP)

S0 if you srt iy Fev* , Then

FCE) = Ffiwd) = fc F Cw‘)'" §Fi= £8P = fwtlenF

= F tcompnedts wrt i) of F

= i) (Fle) = £ (Fe))

3




\e.

, evaluahon o? F on '(: is equivdlent Yo evaluahon o{: ‘f on the

N Tw)=
VEO\‘O(' r €. .

[{6 }‘S the basts dual +o the basts {w* } of V¥ sme w’(90- 7
We can therefore {:orqe\—qbou\' V¥ by usthg _evaluahon of covecbc & |

on vecwrs to P\’Dd%c \inear funchons of  covedtors,

Tous the  natural evaluation GC(V) = 'ﬂ\/i

can be |Y\§fq;7r‘€L66\ 0s a ‘)Y)eaf'“EAf)cHOf) of V for fixed £ oras a

linear ﬁn&\&) of f for fxed v. This Pu*'s vecho re and covectors

on_an_egual 1}%0\159 wih rcsruxx\- o e\/a(ua)n'onl and somehmes this

is made ~e>(‘p\l€|\' b\ﬂ ugfng the notanon

f(v) = < F,v> "scalar Produc‘\'“ of

covecltor and vecior

which elimindres \having to wrtte one evaluated on the cther

as ﬁmchim notahon requires

[l\ncf\‘her indicahon OF naturd Zunnalural 1somerphisms 15 that each

fme we g0 tothe dud space we Inte change index posrhions — afier

fwo m\crdnw\g\cs ’r\wcg are back i the n\g\\\' posAwon S0 one

dw’grﬁ— need qddl*\.ohﬁl S\"'\AC\\AV‘C '\'0 98{' 'ﬂ“)e Ino“l(eS bac\e fh 'H'\C

" ng\w\' ?osﬁnoh" a5 15 neessary in the rthhonskn‘p be hwten

o) \Iec,lrors(‘)acz and ths own dual: E=F'€ < Fle. —\

b

\Le}




~ Lnear transhrmahons of-a vecror Space into A'Sc\g

Suppes-e A:V—V isa linear ‘\'mns&rmcrhbh e, g V-valued linear

Lunchon on V ,or a linear \Smchon oy Virth walues i~ V,

By imcaﬁ)ru
AV) = A(VYe) = viAle) <for each (, result A(et) is a
\/\,..—‘.—-J VCDTUT UTTVS COM?U wr )\)
. =Ae A, = W (A(e)
= (AJ' ; \/L) =~ no‘\'e ncr\'ur-q\ maex
i B | & yux oS U\P/aow

or [P\(V)]i = Al VL‘

The LJle COMPOheﬁ{' o(: the image vechor s the \‘\’L\ ch\—m r)({' ‘Hf\c vvm*‘ﬂ)(

,__ﬂ,m_Pmd“d' 0{ the mqjmxA (Ad ) F1~rows ¢~ columns ] [undeH)hc /lbe

10 boldfae ndtahon for matrtes | with _the cdumn vedort = (VY),

The mobrik A = (W(AED)) 15 the "mabixof- A wrt the basis fei}”

Obviously 1€ you dhange the basts , the matmx will change, We: |l gt o

'l'\r\a\" later

E\Ien i‘f we arc no\’ uoorkm\a) er-\ fEn) o\hy C(ﬁm(c oE bas‘ls {eci 08:\/

eS("ﬂ\\D\IS%cS an liomor‘y\'\(sm w\Jr‘V\ “Zh ( n"hA lp[e‘{’of M ,poryen'l‘s df:a vechor

wrt Mis tasis is a Fo:vr)' in 87 — this essen}'za//ﬁ /Jenﬁ'ﬁes the basis 1€c§

of V with the sfandard barls‘of r" )

Expressing everuthing in components  [cads us Jo matnx notation |
\ =4 L 7 i

Vedors 1n Compone/\)r ﬁ)m become  coumn matnces N covechors becomc

now mahwtes> and 'Hne linear ‘\‘\r'ahs{:bmahm becomes a square Mq+nx

QC‘h"lg ﬁy W\a\*ﬁ'x vV\MH'\P“Ca‘hc;v) on “H'\e

(PY B = A v

SOV = Jyv £ /L
] 3
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Foc every linear Jn'msgommjﬂoh A ,_We can dcgnc an_assoc\Ghed

bi-linear realvalued ﬁma‘hon <9‘E‘ a ?a\roF a(gume\fﬁ’s cons\s‘-mo) 0'@0\

wvedorand a vedor, [ Bi-lincar means lincar 11 each of- Fwo arguments]

Fa

AG V=31 (AT (V) =GR (AW = S ARV W)

VCU\ VY

real number = f;AJRVkS‘J = fiAiisz

For jied ’FI, this is q red-valued lnear func,h'o\o of V , hamely the

covedor with Com\‘;ov)en"‘s &A‘k (Ohef’rea down \r;o\cx).

For fixed V, thists o veal-valued lmearjmcho‘n og £ . namdy

e\/qluqhbn on ‘“’1: Vec’ror wn'{‘lq COMPODen'\”S /%Clra\/R ( one ‘ﬁ-ez u? \nJ&)

lh 3enem\ a ((:L)‘“}'C\ﬂsor‘ over V wil\ Stm?lj be e qu\—-\/q\uccl

multi linear fmchdr) of p_covector argumen‘\'s (Listed ftr‘sg and

q vedor arguwverw‘\'s (isred last) -

T($9.,vu,...) e R

[ e I W Ve

P q

A

By defnon then o coveclor is a 3) Yensor over V

(ived’br arqumm\' nocwc(}w G@Hmc&s) while a  vedror 1s o ((!)) bngor

over V (i covecor ourgumm\'> no Vec\'UY‘argumen‘l') \rccullmg that

viH = £(v) (e valve i vecron o awech is The alve

of the coechion the vechor) |

Trhus o linear fransformahon A has (nqjmmll\D q (})“Jrenswoverv

associated with it Anytime we hhave o space of lincar_funchons

over a vechorspace L \n this cse the Carlesian ?rbdu& dé patrs

(f)v) OF cwvechrs and VCCJFD"S] N i has a natural linear shructure b\j
O\ef\mﬁ() (mear‘ COM)O\")a%ons O.F j\jlhchb}u ‘\'lnn)ugx\ \inear cumbma‘hon

of values , e

s \\‘SQ\(”G\ vecho- Space & we can ool Forq basis.
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Leb VOV gendke the space of (i)-lensors aver V. e symbel
~ ® 15 caled the Yencor product | explained below The zero
dement of this  vechr space s the fmalblinear Jﬁnchdv\:

O(5v)= 0 <> 0= W00 =0
e rea) number .
e zen.\ensor zevo lnear
! Fvanstormarien
zerq (&)= 0,
Warnx?
whose _square matrix of components o N

is the zero madrmi.
A'Wpﬂ@f éemm* " “‘\7\5 SDace Is H}t eval \Aa‘\’!o\q Jr‘eV)SOV‘ assoctq%edwr\%‘l)he\&mmy
; "rnvss rmdnion
BAL (5 = SO = 585w \Tamev
< (BVAD'; = w' (Td(€)) = wile) = §';
whose Square matnxof COM\l'.DoneﬂB (s the unit matrx
E\/AL is _somehmcj caueo( ‘P’\C U")H’ ‘CV)S(ITL

To come up wl“’) a basfs we hGEAK a o\ef\hr}‘!‘om Gven q cc\/cc"lr ancl. aved'or‘
we can_produce 4 ({)“‘rmsor by the definmtion

ves) (W = ob) £6) = 9:0'f)u’

- L

mn-l-ny n—c rryq?un:eni-q ():)C
_______ The symbdl @ s called \/@f ‘
the densor_praduc_ard oy (oD W4 e)= W E )V
Sevves ‘]‘D ho\d Vv andf apar\'»unﬁ\ ( I‘\*creo&es ano\o)eo\— h\gmq ’Zarqummg\
l ’f\’OM +wo 0\0 eo% "m‘zmj smg\e

'\"’\e\.l aca\M\’é arqumcn"‘s 4o be evaluated on, L qr*gumerr\s _J l
The COMDMemL CXDYC’SSLW\ dhows ' q{' V®£is Olearlj b(‘mearm rl': qgumem‘j 1

9 ““dun so :J\'\Sq () *-EHSO\"_

i
|
|
4

We can use ® 1o creale a basts for VOV fom a basts {€% and its
dual basts {Cd"_%J namelj the st {6}@&)"’} of N*=nxn such
Yengors.
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ij a\e&m'ho‘h (C)’ngé)Cg,u) = 9(6)) (")d("’): 9; ut‘ :"ULQJ"

(We_can use this b show the o condibions that they form a_basts:

\)5Pannm9 sef A (f,\V) = = :EJAJ R\/k“‘ AJK VEOC;\

fp 0 wI(FHv) |

@YJ e € OWe) (f)\/)

so A= Alre pwk since_the fwo functions have the same

values on q//pm;'}' oy[ arqurnmfs The compme'dsoF A wi Yt:'spec"

{o this basis are Just the cmponen\—s of A with vt;pcd— fo §e.3

nhoduced dbove Al = A(W,er)

Z) hnear ihdc?endvence : \f Al €, OWE =0 <« (zero fensor)

then GVGll\&a'\'l.')ﬂ buth sides gn the qvvumequ Pair' ((A)m,ﬁn) leads

To (AJne@gw’Q)C(u €)= 0™ en) =0
o
= AV "(e, N ke) = A™. so all the
(/v':’—-*l- "“-"--
375 5%, awcffcents mush be

Zero, prwving linear independen ce

Thus \/®\/* is the Space °§: linear combinahons og tensor Pmduc\'s

ex?\ainl ng +the notation,

of vechrs with covedrors ,

So wewve faken the lincar dgdora «f ©” ) a5 embodied in  column

mohnces (Vedvs) | row mamies ((wvedos) |, bobh aith V\e’f\’nés)

and _square NXn_matnces (CH"RMM:) ___and genem\\zeo\

Hhem into the mathemaheadl  sthrwdure o& a_vechor space V,

HS duq\ space \/x— and 'H'\c\r \-ensor Produ\d— SPQOC \/®\/f“

This dbstrachs from the 4 and 2 index obyecks associabed wiHh the

dementary linear algebra of |nhroducreny courses o allew us 4o
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consider obyecks 1 an ivanant way (no wdices) that covespond to

th num\)@r‘ 6F lmtld:S on '“\OSE ob,_\t%‘rs, cl ca\r'lB we can P\Q3 ‘H;\e came

game with any %pacz (,‘C. fensors over V. wrth arb\Jhmr\/»\ Aumbers of
arUu\\Amen‘\rs of erther +gpe.

T = (p)Jrcnsw‘wer Vi T(f95., VU, VER

Defme )Jrs ownpohen\'s wn‘H‘) F"S‘P€C" o {e°3 bb} _
T T(w° Wy ey Emy Ensrn. ) (rca/'W'"‘x“)

Introduce the basic {0e6 @A"OWYf e n" *basis
’ g — eeto s "
P q e, (V) fensors

where— gﬁe@g@**@v).(%thrL)mmwi;cw) 9(z)h£u) NN

and-maee—the UXP(A\DSWV\
b B —r"l‘\‘\l- . - @l \ﬂm‘ .
| = I mne. CIWE® QQW hd

X OnR3 imtroduce the (8)—tensor D by

e ~»«-B—6JV1~V-—W—} e (N )= dev‘:( '\i‘f&%w lescolac
) v product "

WlV\FW:;

This is linear in each vecor arjgumen-k- (-an delerminant 1s

b eoar ﬁnc‘nén ofeadh row 7 Tt ‘\’%crefﬁxc bas the

€Xpansion

D= DU\Q (*5&@‘*))@“))1 where

1\ (1,),k)ewen ™ nATon
Dijr= D(e. € er) = 2 115 Tk een e |

4—/\ £ ()5,k) oddpermu‘ru\'t |

L O othenusc of

D= wewkw + DBWBW + WL

e LU TV AT I GV (VA C/LVY S Vet s R

\4.




SHll ary R3_iivoduck the (3 )= tensor
Cluv,w,z) = (UxV): (WXZ),’ ! Qradnuple S,
or the (O\ tensoc 6 d"f'lned ‘-9*4 ! dolrproc{ud' -
4 TTIS
@vu)v)a Uy = SisU'V? " where STE=40 1#)

To make the index ‘vos\)nbn work we need T mtroducke

a_lonedier deltm with both ndices down. which we interpret as

The cowmmenjrx §i;= 6(er,e)) =e;-e; of the

(O) kngor G , namely the  det produds of the basts vectrs, so

G= Sijwiew = wow + WO rwiews ]

L
An ner p\r-oduc\- on_any vechor space is a “summeh-;c ( g) ~len sor

WL\‘C\O QCC€D+S +wo \/ed-or anumen% iU 6/7%€f‘di’dfr‘ qnd prvducg

a real nwmloer [and suds that the deferminant of H‘s :ﬁﬂx of

Cm?men\'s IS nornem} The dot Produd' on TB” is such

qn nner ‘p\mmd ukuge maJm'x of com?Oncr\'\'S‘ Is ‘an idenﬂb

max_ with rts\?ech to the clandacd  basis of R”

The index POSI‘BOWIV\A Si\ for* 4 (Z) ‘}C"’SWQ S‘%w.s ‘H"\q'l— ¥

15 Fu'\o\a'nenh“q dlﬁC"eﬂF ﬁ'om the ldohH)Lq (N —tenser

wnL\'» ovmiponenﬁ*s J'J 5 even %ougk bot matnces of co»«?onemg;

are the unit matrx . More of this laler
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“The sxmp‘es\' excm?\e of—c« dot Proc\uc\' created fensor is a covector:

£ (V) = U-v

For each fixed u  this defines a linear dunchon €V le, o
avectu j‘u . This exacHg +his conrcsponolence +rak allows one o

avoid covedors T c\ewwcn]mM linear a\gebm,
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Tensor product and matnx mulJﬂp ication

By linearity | the componerts 0{: the tensor produd‘ f a vechrangda

cove d‘o r are

ve§ = (Véei)®(ﬁc‘;3.)= ‘{F-, e-rqaw'd‘

of equlva\enHﬂ Q/@;DJ = (VQDf) (w € )~ @* (V) flei)= v f) .
with the representation 1 component fomm of a_veckorand. a

wvedvr as  codumn and rpw moatnces respechively this densor product
is exachly equq\evs'}' +0 matnx m(’r\phmhén

\/

h - /V.’fl u-\/"fn \ _ [‘!‘[ )

A i = ( ; 5 ( .
> & V3 " \ ' Y
col mahny \M . vn.fl e V"{n/ |

butin the 0?1‘205'\‘\'? order ﬁ'om the evduahon of a avedvorona vedor N

leadiig o _a mabrix rather than a_salar (humber), |

Thus  matax mulHF\lc«hén of a W Makhix by a coumn mafnix on the
right represents the abshact evalughon operation o—f a_covedor on d

vechor _or wiceversa . whlle the malrx HmeiPhcahbn,an the left represents

the {ensor produck ageru-hob. 1 this sence the name “salac ?mduc‘\' )

for evaluohon s more analogous v fensor Produc\r' (one produes a '.'S‘ca/ar/"

or v-ea\ r\um‘oer }:“'\e c“ser‘ a -‘en:ior‘),




/ (L,h=E

PROBLEM . ,‘i\ — = (2;\\' =E,
2 @
z €

q)_Find the dual basis {W")WQ:{ +o {E:)Ez} in terms of fu, W5,

b) What is W2((5-2)7

<) Plat the vechors [AB) and (C,D) o("Hne hint on the same axes.

What do you nohce abost fheir reahon o {EC} 7

BINT:  W'=Aw' +Bw" (why?)

W2=cCcow'+ Dw*

su_express 4 equahons WE)=0 + obtain 4 equations

fo delermine the 4 constarts AR CD,

ANSWER : W' (E)= Aw'(EN+Bw'(Ey) = A2+B1 = §'=1

W' ()= Aw(®) +80E;) = AL+ BL = §'2=0
WZ(E)= Cw'(®) +pu&) = Cc2+ D] = §4=0
Wi(E2)= Cw () yDHE)= C 1 +D.| = o2=1"

so\vmg‘ﬂoese Juo 5)m?\e systems agivens (A, B)= (l)—)>

AN VA
LV = The</,

In fact W‘(M): (A)B)- U o if W'W=0 , the uis orfhogunal

+o the vechr (AB) of comgyonen% L W' wrt f€3.  Thus

PRSI
-'\:',—\j)fi = (,=) s orﬁ\ogom[ to B, and W2=dd, Q) 15 orhrzoﬁoha[ +o € |

WA= ED(sF =549
5

oy SUSE Dl e
or = —-w'(('g'-‘Z)) +2(‘)4(&51-z/})-= =5¥"2(—¢) v——y‘

we auld have wnllgn \N; = -‘;\TVJ 0° , leading o a matnx

th covechor N5t compwert wek fec} b W

WL;\ 2 WL(Q‘.) which “C‘r\aqges the basts”. More later,

q o
new old

4




{ES, dual busis W'Y oo D

(= (@) ‘
E--L = (1 ,n ‘ wl(I)-::-—z

W'= o'-w? Wi EE? / w'(x)=9
W= - Faw™ WH=%"1x* /

L W

i

- / Y = WME FWE,

Rere is a 9m‘>\')\ca\ rePrcsen*\‘u\‘ldh o& $he \ﬁ‘r@er‘ \eve] surchc;
¢ W' adW? and an Qépm?\e fo‘C decom‘;ogmiﬁ a vector
lh‘lro wN\\-;omh-\-s err\ mSPec\*: to iEC% uSlhj ‘Hr\e dual basis.

Note ! W'= X-Y, W= —x+2y In cartenan
odhnaes  1%YT on RZ
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PROBLEM oy Find the G>'Jr6'nsor A expressed in Yems of  {€:5 and fw]
using the previous grolo\em on R? udb new basis {E’l 5= 1@V, (l)l)}
and dud basis W'= w w? W= - whaw?
»F A has the {ollowmq componen{’s ) Feoms o{: the basis {EF | |
ALWEY =1 RWE)= 2
AMWNLENT— A WEN=O |
b)) whatis Ws  matrix o(): Cohq?bh€n¥$ with rcs\?ed' o (€7

ANSWER E we let Ai,'j= Jﬂ(y_j‘, E})  bethe componens of A
with respect o {EL_S N ‘H!\en.

__ A= A E.owW’= EOW' + RE@W® - Ezcaw
But bojv‘n $E19 and {WJ_} dre  |Ineavcombinahons o\C the S\'andaﬂ! (oasrs and
dual basts. 0 we can  qust subshhle and expand,

A= (:zel+ez,)®(w‘—uﬂ) + 2 (616D (~w+2w?) — (ﬁ+q)®(w‘-w2')
R E———

(RE e Whulﬂ

—w'+3u? B N 7/,-——-»” - —~ |
i [ 1 2, "2 | 8L (PP |
= —2¢0W’ - €0 +6e,80W" +3ePl — e&?w -CBL' + aBwW +
. U e e O J
2 N S
= "361@00‘ +7e0w? —2e8w' + 4e00 = A(‘*)L:%3 €C®w“)

—— L~ IS~ A~ 2
Alwe)  AGhe)  g(wBer) AWIe)
These are the Cmnponer‘d'g with \"CS?ed" ‘o {eb} The matnx_is

(/A(w e))) "( 3 _7\ gssuming ™y artbmehe i conract
~2 4 '
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Remark  (ur nolrahov) Is so Covnpﬂd' That certain -Fac\'s May escape us,

Tor €xamp\e v® {- 6/ &)’& f =yt 6&9{ 1S ac\’u.a“uj a dls‘mbwhvé

law for the lengor produd, A simpler_example _shows Fhis

(u+v)ef= uof +vef

How do we lenow Fhis ¢ well, the on!x/,j H‘nn/q we know abaut he fensor

vadud- 15 how s deFmed \h Jerms oF evduahion, o s argumew{',s

[u+V)8 f ] (g,w) = g(uh)Fw) = [g()+g(v) ] ftw)

= W) FIW) +9lwfiw)

= (uef) (g, + 6@f>(¢,w>

~ [(1@)( + VQ‘F] Co,w) /lowoneaa/dfﬁnchun; B

: vud ™ hd‘l:;b
B\ﬁ" lf ‘H’rcse -ﬁmchonj _MSide"H\e square bml,uh 0 eadh af:p ue The sum v

Side dff the equabion have the same valves on ¢l poirs of argum ents,

'fl'\ELJ are 'H\c same funch;)h (Le\ '(|‘)‘+€hfor>

U+v) 0f = ud F +vof

I }CACJ(' s easy o show (chrc\Sé> that (CV} @f =cC (V®JC>

for any ongant ¢ , 50 infact the densur Pwdud’ behaves like q lprvdud‘

should withy linear combinahoris
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