317, Concluding Remarks . . 17.(

| _The corclusion fo be drmwn _from the examples of the preceding
section and .indeed _ from_our whole. ,_ap,proggh._,_i',s_,ﬂ’ﬁgf no fixed
choice of lapse, shift, configuration space woriables, structure
_|constant ftensor wmponents o dymamical formulation is suited
to all _siiuoﬁo,rjs, arising iN SPQ*'.‘Q“\& homogeneous cosmology.
Versatility is instead. demanded. Tn each cose the symmetries
_ Presen‘i’ must be exp\ou‘red rather thanm ignored o
. tHowever, inall bul the most specialized subsystems, ‘i‘he_ R
.gquahons one is foced with are exceedingly complicated and one
Imust seffle for a_gualitahive andlysis for which vanous. techniques
_jare_ovailoble,  From the Hamitomjan point of view the most .
natural of these is the. Misner-Ryan approach in which +he
free (7 vacuum fype T or ° Kasner") dymamics is used
1o evolve (n fl-time the approximate solution curve on. 378~
space (in the general case) between collisions wrih idealized |
Jmoving  potential walls due tfo the  gravitational, effective  and
fluid potentials.  This is essentially equivalent to the Lifshitz-
Khalatrikey  approach based on the  form of the ‘equations given
at the end of the last section <3,73) but the two descriptions
{involve rother different lqngque. Although they have sofar
only been applied  to type IX. and some diagonal cases , we
have seen how Ideas that apply in these situations gervetjuh.fze.
All subsystems that can be reduced to first order equations n
two varables have been studied very effechively by Collins. |
using qualtahve differenthal equation techniques , and he pom‘b
(u1,712,89)
from the moving potertial woll description.” Various other
;ZTEL“:e%eTzs i T T et properties of foe
i ~As is_usual in SH cosmology  we hove emphqsmed the geomehy
{rather ‘thn_. the perfect fluid.source by initially expressing the Einsfein
equations In @ normal  comoving. SH _ADM frome  adapted. to the  SH
| foliohon,  The struchure funchons for the frame gre ther. camonical

Jout The existerce of cerfain exceptional selutions mot recoverable
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consfonts and the inrmer produets evolve; the frume dlso ‘automatically
fde\‘ermfnes a ‘wordinate  system onthe spacetime modulo one on the
3?‘:or‘mgéhe'd-\:, group as discussed i 512, - A similar picture
accompanies the choice of any SH COmovhg ADM jmme Taub
;prefers-one whose "ADM geherator is AC'U where U is the
flud jour-ve\ocﬂ'g and AL the chemcdl pofen‘hq\( )ThlS has the
ddvantage that va and £ are constants but the disadvartuge
that one must work with nondiagonal metnc matrices 9 and
ithe lapse and shift complicate the equ’ah'ons"fudher. Tn certain
cases lightlike: SH ADM genemators. prove valuable par-h’cu‘tar-(xﬁ

in studying the regions in which' the SH hypersurfaces lose their
spatal character -and ‘which cannot be reached by a nomal
ADM .generator .~ (59, %2,8%) This was tllustrated wd+~. the Taub-Nut
spacetimes. ' ‘ = '

An altermahve appmach ‘i‘Ohen by Eilis and coworkers
relies on orthonormal frame techniques. Msuo\\g an or-i-honor-ma\jmme
cortaining the normal ‘and o " spathal +riad ‘!‘anﬁgen;"b‘rlne ShH
Soliahon ts adapted fo the properhes of the flwd The spahal
triad cannot be comoving and so has time-dependent structure
funchons.  For example | {enedl s an orthonormal frame whose
|hme~dependent structure ﬁncﬁons C”%c remairy N diagopq\ jbrm:
) ed=ep(ef€S) P C"%c=@5)%C%q (e 8)E 9%
The Jacobi idenfrhes | field equations and conservation equations  Then
involve the trad rotution and structure funchons, the extrinsic
curvature of the SH foliation  as well as the fluid varables and
Rinemahcal cLuanHﬁ’es‘,, At this stuge many general statements canm
be made by examnation of,fheSe equations  butto ad‘ual@ complete
the Einstein equqﬁons , the Jacobi identihes must be used in
construching a coordinate system and hence a comaving fTume from
which the usual eq’uaho\ns ﬁllou ﬁ)r“l'He New nner Pmduds Ellis
and others have also used rigorous techniques' ’\'Ds’rud\ﬂ the 9lobal
structure of SH per:fed' flu\d Scheh mes, Caed

>
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17.3

The Newrman-Penrose formalism has been exploited by
Siklos in studying the global behavier of SH 5pqce+imes.@a’l%"°—')
This formalism is particularly well adapted to the problem of the change
of the character of the homogeneous hypersurfaces from spacelike 1o
fimelike across @ bounding null hypersurface , as occurs inthe Taub-Nut
spacetimes. The connection with adlgebraically special vacuum solutions

which adowt a slicing by SH hgpersur'ches is also grea‘H\j clarifn’ed

in this approach. (oD

T+ should be noted thot almest eVéE\j analysis of SH perfect
fluid spacetimes assumes the equation of state  p=E&-)p where
¥e [1,2] s a constart parameter.  For models which affempt fo take
wrto account Fluid viscosity ; see the article by Belinsky and Kihalatnikov
(N this book. Apart from fluid sources, one may consider electromagnetic
Fields using appendix C and casmolegical torsion medels may be
studied once reformulated in terms of a Riemannian theory wrth
additional sources. The spatially bomogeneous  Lichnerowicz universes
treated by Ozswath “? e also amenable 1o our methods altthough
they Invalve a muckh more complicated source behavior.

Spinor sources may also be consic\ere<:\.C“o‘H2 ) To infroduce
spinors on a  SH spacetime , the orthonormal frome fer e} of
7.1 is natural . The shructure constant tensor components C"%ec |
although time-dependent , remain in standard dfagonal form. From

the Hamitorian point of view ’(l\O) this choice of gauge for
ﬂ‘)e“'i'e\'md“mfgh'ﬁ" be called "standard diagona\ jarm gauge !

- Topological chésmm; have largely been (gnored 1N our

discussion’"? We have. Tacily assumed that the homogeneous

3-geometries from which our SH spacetimes are constructed
- 3-dimensional - Lie groups with leff invariarst



I
1 &/D of G by a discrete normal subgroup - D-of /G,
_exisfence of . such subgroups therefore permits a_cho|6g,of

Aopdlogies - for 6 homogenecus . 3 —geometny of a givern Buanchi

.

.

4.

7.4

mefrics. - Gwen g _Lie algebra _q. , any connected . Lie group.
with T’ncr&- Lie galgebra may be omecned From_a_ unique

' simply connedted  covering group. ' G by taking 1(4;5 quohenf
The

type. The various quohiert groups may be visualized as. certain

I (nonunquie) submanifolds of the covering group G with appropriate
]

|'derm;ficqﬁp_ns _made on their boundaries. = For example, . fype T

| .geometries may be open_writh the bpo\ogg of R2 or closed up
it a torus T2=S'%xS'xS8! by Penod(c boundary corditions | ,
ete. The. uﬂder\gmg mon&fo\d of%eu:@takem«on goup - SL(, qu),
| (which is isomorphic fo SU)) 1sthe  3-sphere S2 aording

| fo (Ci8).. Ts only discrete normal subgroup is its center §€o0;83
| consisting _of the north arnd south pdes of S3 The corresponding

quohent group is  SO(3,R)_ whose underlying manifold is real

|projechve  3-space P2 | e, S3with arhpedal portts identified
i (or just the upper hemisphere with anhpodal pents of the equator

iderfified ). . As discussed at the end of Appendix C . the_aanonical.

| type VM, and YT _unit Bianchi. quaternion . groups have the
| fopelogy R*xS* with the ronge of the camonigal ccordimate

- 4{

| obtained be extending the range of this coordingte to the ceal fine,

of the second. kind_ X2 being the imterval [0, HT) ; the simply
connected “cvening groups (L with the topology.of R3?) are

(The canomical. type NI unit Bianch quatemion group s

i ISO"‘\OFPH\C 1o BSL.(2, R) the double Cover‘tng group of so0(2,1). )

~ However, ouro\elfm&\on ofq ‘homogeneous . Belgeomeﬁy

3~ geometmies are then of the form G/ D where:D s

| a discrete  but not mormal._subgoup of the mimply connected
cvering group G . _ (G acks trunsthiely  onthe manfold of

IS reo\\g too strick. . We should relax. the simply franstive
- jcondrtion fo allow discrete. isotropy grups., permithing a much  ___
1lorger chaice of tupetogies. _These. additonal bomogeneous

A



rrechon ](or 7.4 . Insert new Pamgmp"\ aﬁer—ﬂxe j\rs‘r:

Tn arder to interprefl the achion of the automorphism group of

the Lie algebra g i terms of the achion of the automorphism group of the
Lie goup G via a ﬁfﬂe‘depelﬁdmf shift vector fleld | 1t is mecessary that
At(G) = Aut(g), le. that every automorphism of g is induced by the
dragging along action of an aufomorphism of G.  (More precisely, the
cornponents of the fwo groups connectred 4o the (dentity musy be i50mor\ohfc,>
This impeses  certain bpologroal restrictions on G . For example, o is
suﬂi‘cxehi” that G be simply amnected .Ci) _‘[f Aut(®) s smaller than
Au)r(%») , the sh{ff veckor J‘ield required fo complete a  canoniaal reduced
frame 1o a cronical comonng ADM frame will not exisT globally. The
underlyirg manifold of the simply wnnected ovening group  of each
Branchi fype except ype IX s K7 In the extreme case of Blandhi type
T with the closed fopolagy of T3, the automorphism group of G 15 tnval opart from’
( Aut (@)= {14} ) whie the Automorphism group of oy 5 maximal

( Aut(3)= 6L(g) ).

~Sugngiowayro 24250 31554
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left cosets of D m G by lefttranslation ;- D is then the iscfropy
group of the identthy coset. Furthermore  a left invarmant frame
|on G prgjects down Ho a frome on the quohent  which (s tnvanart
under the action of G ) _OtHer Fopalogies may be introduced -
J(say o ortificially close a 3- geometry) by making arbrtrary

' idenﬁf\hcaﬁon_s,,,i‘e. by '-‘i‘obmg the quotiertt of G underthe achon

| of some discrete group.  However, (f the ldtter group s nota subgaup
of G, G will no longer acton the identified manifold as g
global group and  Killing vector fields  and invariant frames can
only be infroduced -locally | beths Incompatible writh the identificahons.
(Consder_the rotahions of R and. what happens when H is

| converted imto T2 by denbfications . ) Such 3-geometnes

have been aalled " globally inhomageneous.” in connechon with
Friedmann  spacefimes  where interesting  physical effects due

to norravial topoleagy,. hove been described . (Gq'a’sl//h; o

o i

U F\hal\\\; we shcz’\:\d\ relax our deﬁh'tﬁ'qr)“ of a homogeneous

.~ 3-geomelry _(and hence of a- SH spacetime ) toallew any

“multiply transiive 1sometnic . action since the metric  wifl still

be determined by its value atany point.  Theonly new examples
Tﬂmis«,o\\ows, acwording to Bianchi's onginal work are |
F-dimersional  manifolds = M = & xS? or GxRZ on which the  Y~dimensiondl
| difect product group  Gu = Gy xG3 acts as an isometry group .

Gy may be ether R or S* wih s natural Lie group structure and

Gz is etther SO(3,R) or S0(2,4) respechively. M isa  1-parameter
rfami\(\j of geodesico.\\3 Pam“el . 2-surfaces of wnstant posthve or

r\egod'\ve curvature r‘especﬁvelg (+he coples of S or R? i the

Produd’ MOhithld ) on each of which the group Gs acts mu‘ﬁp\g
‘transi‘h'vely while G4 adhs by transletion on the cr*f‘hogonal

geodesics  (the copies of G110 ny.
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The metric 2§ and Killing vector fields {€a,5uf may be
wriffen in the following form:
(.2) *q= G, dy’edy® + Tss °8,
g, = dy2edy’®+ 5,2 dy'®@dy’

¢,= &7'sinh KY?  ct, = wsh4y?/S; si=sinyg' C= sy

€,= S 2/0ud+ C ct, a/0y [$.,8:]= §,
£,= G 9loy3—5, ct; o0y’ (53,24 = S,
$:= O/0y' (8,52 1=~ %S,
Su= 9/0y? [$a,8)=0

£=1 orrespords fo the 3S02,1) case and «=1 tothe S0(3,R)case. The
2-metric 28« has onstant Gaussian cunvature  — k2= R'%;(%9,.).
The most general symmetric sewnd rank covariarst tensor field which
is annihilated by the Killing vector fields under Lie derivation must be
a @nstart (inear combination of du?®dy? and %3, . The spocetimes
writh this class of . 3-geometries are called  Kantowski-Sachs spaceﬁn%es 5
the spacehime metric invdving three funchons of time 1N, 30 )9‘33&)73:
(n.3) g= —Nldtedt + 29,

Since fhese spacetimes are so different mathertically, we have
omitted g study ({f them bhere,

Note howewver, that the wordinates 4%} are singularat y3=0. For
the case =1, one may introduce new coordinates {X', X3} on the
hypersurfaces of constant y2=%X2 suchthat *q, assumes the form ;(
(r1.4) 28«-»* dviedy? + e X dx'@dx'

The metric 29 then has the component matcix g= diag (333,922, 843)
with respect fothe ﬁ—ume (10.2¢) with qza= %  le. thists just the
Taublike case for Bianchi type M=V, with respect to a noncanomcal
Jrame. The spatial curvature matrix is dbtoined by evaluating ((6.90) :

(.5) 95 E)‘ == %2(§(l+§33) K=1
The equations for [N, Tz,J=§ and the fiuid variables in the SO(ZiR) case
are identical wih the S0(Z,)) case with the excepfior that the sign of

23,13)



7.7

the spah‘q\ curvature tensor switches . In other words , i one solves the
Taublike fype I equations with 4 (eft as an arbiary  pacameter ,  one
may obtain the postve curvature Kanfowski- Sachs solutions by The
analytic cortinuation &K=l £ K= L. Tre vacuum and dust cases are
exoctly Lh’regmb\e.(m>
As a final rote, we hope to have encouraged some readers
not fumillor with Le groups to pursue their own study of a subject
which finds exfensie application throughout physics and to fill the
Mmany gops and omMISSENS N our elemenfary introduction. For those
unfamiliar with  SH asmology , we fope tv have presented a somewhat

unified view of the backgrund and dyramical situation.
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- Brief Summary of Notahon and Formulas,
(A.\) For a manifold M, TM, is the Tangent space cﬁ' xe N\
T*M the cotangent space at x , and in general |, TM > s +he
 space of <g>.“+€050r$ af x. Let TM™S = {TM]® Ixem3 be
+he "(";)-‘rensor,bund\e over M .. where TM"°=TM and TM*"
| =T*M arethe tangert and cotangert bundles, Let T75(M)
be the real vector space of (g)-‘i'ensor_jf\'elds over M with
Too(m) = FIN) the functions on M ; TH (M) =X (M) the vector
fields and TOLUMY= X* (M) the 1ﬁﬁms,. Although diﬁerenhqbilﬁy
assumplions have not been mertioned |« because of the nature of the
subject everything in sight is usually assumed o be armalyhc, We
tend o use the symbols §,q Hor Junchons | XY, Z Sortangent
vediors and vector fields , wand 0 for  1-forms and oand@
for p-foms , and Q for metnc tensor fields, DI is the
infinite- dimensional group of diffeomorphisms of M into el ;
| we often use the symbo| N for an element of this grup, Tda,
abbreviated t© Td when no cortfuswn can.arise , is the dentity
element of S(M),
A2) Let h: M—>N bea d\ﬁferer*rhab\e map between manfolds |
with xeM = h(XYeN. Composition wdh 1 pulls back functions €
Lon N to functions on M by (Feh)() = §(h()). The
differential of h at x , dh()TMx = TNy , pushes forwafd
tongent vectors at X to h(x): ,
[4hOT6OT § = KW o 5 T6oeTh, .
The trunspose of the differential of h at x | dh(* TN~
FT,*N\)'(/) pulls back covectors From he) o X , o
(dnG* T (n6) T (RO = 6(he (dhtOX6N) 5 6 e TNy, .
T5 {x~3, 1YY are local coordinates  about x| h(x), then +he maimi
of the linear Hronsformation dh(¥) with respect fo +he bases
to/ox*% | $3/0Y°}  (evaluated at X and h(x)) - has
mmponerﬂ‘s (c)hh/aX“) (x) | where he = Oh
dh () ©/X) &) = (ah“/aX“)(xB (E)/ag th
dhGIT00 = Bhax)6) X460 by (he) .




hhy:

|

Tt sqhsﬁﬁ the Jacdoi iden

1 T local aordinates {X“} 1y, {Z“}-Qn [V\ N P wl‘\"ﬁ

:

vzl + 01 (73] + 7 (X T =0,

[x,

i AZ
jwhere X = X o/oxX* | Sumilarly with 6 =0udy*: -

CdR()* Ay Hhed) = OhYOXM) dX“(x)
dhGO* T(he) = G (hid) @hY72x*) () dx “m

_{Except for the explict arguments | these are famlar classnca\ j'onnu\as

|dh@may be extended to contravarant fensors ot x  and dh* to

_icovanant fensor fields, When his a dtﬁ:eomomh'\sm 5

Hensor fields ofcmbﬁrgpe may be pushed jOruuard or Pulled bodz as
ldiscussed n 3. _
(A.3) The Chan Rule. 15 h N\—>N and_ R N—>P are

A (ReM(X) = dR(h(x) o dh(x)
d(keh)¥= dh()* o dh(x\*

| R= Zq"k and hL ) °h TH\S JUS\" ‘l’he o\d‘ﬁ]shxoned_ghg\hm\;_z
d(Ren)? /x4 (x) = aw/ag (h(x) Oh7axM(x).

[AH) A paramefrized curve C©  (orsloppily C&:) md\cahng .
,‘Theporamefﬁer explicitly ) isa map from the real line R imfo M,
CREM, Let CH® = XMe (&) in focal wordinates XM},

|The fongent vector tothe curve < ot cde M (s'dencted by .
/@ye TMegy: '

| e et fock) | fe IO,

'@ = dc@) d/dt = dCM®db . oXM (e,

i

I Weoften use the notation  d/dtle F(£) o indicate the
. ldenvahve att=0 of a funchion of t. . R

~ (A5) The Lie brocket [X,T) of two vecforje\ds X qnd‘Y‘
~_1is another vector field defined by:
o4 XY1S = X)) IXE) o, fe y(m\
| /K\_}[‘x Y= (X” 9Y"ex> - X~ ax“ex” ) a/a><~ o

- [A.6) The Lie denvative Fx  with respect 1o a vestor f\e\dx

___imoaps. T o ihself linearly . (over®) ond ma9 be o\qflhed

| (nductively by -

P f-X§ | A Y=[XY), o
_ #x (T(¥,..,0,.) = (Fg D (Y,,0,, )+T(§Y ,,) .

| dfferentiable maps - and ,,.H N M= P their ,,cpmpo,sr\‘lm,*bem o



o + T(Y, s £x0,,) 00

Ttrsahsfies.: »

[y ¥yl = séx E :éYIX fom

(A7) Exterior der\vcd—\ve let § bea. O-fom. (ﬁmcﬁovs) a

4 D= XE T
do (X Y) = XOCI) YGCK) G(DCID S

- d(dA 8)= doing +C)P dAdB.

A.9) Con’fmchoanfoms e

(X 1) (Esyo, Te) = A(E, Xz, ,XP)

X1 (Al = i) AB + COPA(T8),

gvenby: o
iX A = X.J dO( + d (X._\ OO .

[A 10) Product Manifold :  MxN = { CGD] xe M geN}

IF {xM3 ,{U ‘T oare loca\- ,c,cgordma%-es on - M;N then

U {X% Y E" are coordinates on Mx N defimed by, X*(x\W) =
XM(X) ete, Tf X=X"92x™ and X=T¢0Ry" | then
Sields X, Y oare induced on MxN. hoaving the same

5 {)("} on\g ard Vice versza. Ang ternsor jle\,gg on Hhe
,camponerﬂ' mc\mfo\ds tnduce cbrrespondmg fields on the
, product mcm\fold MX N \n this way. ,

(A.I)_ Frame, Dual Frame; Let {€a} bea frame. on M,

all x. (6\oba\ Fromes ke global coordinate systems , do not
| always exist | 10 which case one spepks of local frames . )

dua\ﬂy relafion
Cpdwe= w“(eﬂ— 6“

(A.9) One may show that when. cxdnng on ang\fom L, &’t \s

| funchonal dependence and expression in the ccordinates

XMy, [X,Y1=0 since 0yl anmbides funchonsof

ie, €a€ X(M) such that 1€a()} is a basis for TMx for 7,

A quzmg companents ofa tensa- field 'T n ﬂje jmme {_o} amourts “"0_,, N
‘ "H')e fOHOU)lng T R B

Let {we3 be the dual frome of ! jorms dgfmed bg_.)‘!)ﬂeu ,, o



| The Jacobi identity then implies :_

- 4 .

A\L'

—l— TQ b Qa@ @(J.)b ",, _\—q b T(wq )eba ).

[ea,®b) = Coab€e - dwi= - 1C°bcwb/\wf

| The second relation s a consequence of the first together wf\'h '{Jne

dualiry relahon and the definthon (4.7 for AW, For converence we |

lintroduce redundant notahions for the com ponerﬂSqf denvahves o_—f
camponen’rs ofgﬁelds if1the fmme Y&t . o0

T e = 2Tt e = TP, q

anCdbcj CleaCaa =0. o

= Qab WSWP® | Ja,= Q(ed,€) | - g= \deirCQab)\ L
g"- ge* Cad ey >.. 1Qabgpe = §c.

ar'cab— Qca,p— gablc'*’gbc_a +Ccab C,abg,+ Cbcq L

_Mab= {SpJ + Kab+ 5C%b, . -
where_ $GbY 15the Christoffel Combmcrhon offmme derwcrhves anc\

_Tooa= %23a86e - Kabe
_ W[‘cciq = 50 ln 9\/9~ i chc = 9_\/3, 6 a va
_cac= Ba \09

_ {We have lrﬂT‘Qdu;Qd ‘Hﬂe nO‘\‘ClﬁOr) éq—aa C “ac, i

H@AH). - An application of B.6) with T=g leads tothe relahon
B Qb= @Lezg)Ceq eb) = Xgah + agc(qBﬂX — X Keab,
! Inparhculor‘ i§..Qeb are onstofs: .

| Pgren’rheses and brackets around several indices |ndicate sgmme’mwﬁon S
e ndanhSQmmei‘nz_crhm The _structure, funchong CO%cz~Cleb forthe
,,.,mframe {€a} are defined bg T S el

| Al indices on comporerits tukery in the frame {ea} wtu be louuered and
~ Jroised ' by the matnces Qap, g% gs usual . _

{A13).  The components of the metnc connection V In 'H’)e frome
1{ea} are defined witha wnertion oppqsﬁe-to thatof MTW and
|evaluated b9 the usual :@rmu\q

1 Kb = Ca®b). Various comsequences of this formula are:
[’¢ fabl = 5Ccab B

@A2). Le+g) be a metnc Jrt=3nr')sc)r-;ﬁeld on M and 8 ﬂ‘s»nverse o
| contravanant form -






