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816. Exploration of the Dynamical System

Inthis section we will discuss the dynamics of SH perfect fluid
spacetimes using the fools already developed.  Tinthe general situation the
solution of the three momentum constraints and the energy constraint™ wil
be described asa means of reducing the number of gravitational degrees
f Sreedom. This will be followed by an investigation , roughly speaking , of
which degrees of §reedom may be suppressed fo obtain more specialized and
less complicated subsysfems, a era‘rure which strongly depends on Tthe Biandhi
fype. The Bianchi types I, 1, Vand VI, requice special treatment, due
to certuin degeneracies, and will be referred to as degenerate fypes. The
remaining types will be called nondegenerate or general.  Examples of
tractable subsystems will be given o illustrate various fechmiques and
point out problems beyond the scope of This paper and a few remarks
about linearization stobility and other matters will be made. The
non-Hamilonian  analogue of our approach will also be summanzed.

Now That we have discussed SH Wﬁfd‘ f(uids (wHJn conﬁguraﬁoh
space & ), our dynamical system on MxE determined by a normal
canonical comoving ADM frame is completely defined , describing the
evolution of o SH perfect fiuid spacetime model.  However, we must
remember that such a spacetime frame is defermined only up tothe
(ﬁmé-independenﬂ action of the camonical automorphism matrix group on
the reduced frume , under which the components of all the fields

involved transform as follows :

(e {g,va, &0} > {ATgA" VuATE, IdetATIL, 0]

Ac Ade(%).
This freedom may be used fo eliminate unimportant constants i the
salufions of the equations of motion. '

The structure of the dynamical system becomes much more
transparent once we abandon the componert coordinates (0 favor
of the speaial aufomorphism coordinates developed in 3 (l, sinae
the latfer are adapted fothe symmetry of the system. All the work
required 1o transform the geometric variables fo the new wordinates wias
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done in that section. We need only extend the ‘l‘ransﬁmﬂﬁon to the
Fluid velocity -
(16.2) Va'= VpSTP,
Note that £=f since detS =4 . The fluid equations of motion v the
new coordinates 1 94b. S% , Va, £, ni on MXK then follow from
(5.42)
. —28°+UB¥
(e ()" = 2a.v%/Vv* = 2av'3/vt = 2ae Va /v
(Va) = vg CoagV'9/V* ~ Vi &5, &3°

Vi = (uz+ gty vi) 2

V2= 60%Valb = EN®VEVS .
When T°#0, one may apply the dhange of variables (51,0510 to
fva}l and thus use the constunt of the motion V7 (classA) o LV™
(class B) 1o eliminate one fluid degree of freedom. Dueto (15.31) and (“5—\32),
orly the vanables {m%=V;} are needed for type M|, fluids

The fluid potertial energy flunction (1S.17) is gven by:

(ow) Us(9/Va, 0, m= 2rAV+-2rpe®’ .

The expressions Jorthe the Rinetic erergy of fhe gravitahonal Lagrumgan (13.22)
and Hamiftonian  (13.24) | when ompared with (1140) and (143, are seen to be
given by (1L51), while the gravitational potentiol energy function U¥ is
gven by (129) . Tre ronpofential foe @ is given by (I127). et U =
U¥+ Ug bethe fotal potential enemy,

By infroducing all the dertifications we have made between dots
and fime dervohves and cordinates on the configumh‘orw and phase spaces,
we have essentially reduced our notabion o the sloppy but comvernent
lamguage of physics rother ‘fhor\fpreasé mathematics.  We exploit this
sloppiness, inJrerpreh'ng quanttties as ﬁnch‘ons on TM oc T*M depending
on whether we "express them i terms of velocities or momentg ! for
QXOmple, the lkeinetic cnergy T OJC (1204 “ecLuCJlS“ Lo of QL4o) >(H.SD and
Ho of (143),01.50)

(ic.5) @ = e (61 6% + FooB5?) = 4€ 5 (L *paps + B°RBL).
while the functions {(Ma/) b=t {é(M'q) c,jf({l.S/-D are the gravrtational
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cortributions to the momentum wostraint functions -

€0 M= LM - ROV

The complete Lagrangion and Hamiftonian are pst L=
T-U and H=T+U respectively.

Note that of the automorphism variables | only fhe veloctties or
momerta appear 0 the system except i the combination Va where
the matrix S appears explicily.  Since the fluid potential deperds
on Vi , ore must add an exira term fo the equations of mohion
(1.55) and (IL57) for Pa and e respectively. Forexample, from
the Hamilionian porst of view , one must add to (11.55) the term:
(m) {Ba,Ust = 2R2OY™ 9"%VE {Ta,Ve T = 2RV VaKa Ve ,
10 which we have used the relation :

(68  {Pa, Vil = VA%

which follows immediately from (11.50).  As long as these new brackets
(68) are introduced and the primed fluid variables are used |- the matrix
S decouples from the remaining variables , N the sense that one an can
always obtain it Qﬁer’ a solution of the remaining equations of motion are
solved by using  (1159)

Ttis not surprising that the matrix S can be eliminated from the
system leaving behind enly the automorphism velocities  because of the
possibility of inferpreting the primed \ariables as mponents wrth respect
fo a rew comoving ADM frume generated by a nonzero shift vector field
whidh (s ﬁ'se\f determined by those velocities,  However, the approach we
have token using odapted ccordinates on M and zero Sh‘f{— dynamics
dubmoﬁml\y incorporutes the wndiion that this 6(Lutva|erﬁ' shift be
hosen so that g be diagonalized using the subgroup Gc SAujfe(gf)—

T {90, va®, 40, 0O} 15 q solution curve of the dyramical system,
representing components taken iny a normal canonical comoving ADM\

Jrome t€«%, then {9’@ , Yal®) | 2, o) 3 represent- components faken

N @ few cancnical comouing ADM frame 1€} whose reduced frame

5 orthogoral | as described in § 12 and assuming the fopolagical conditions
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mentioned there. The (nonuaique) shift vector field which generates this frame

is defermined by the automorphism velooties {C)’“} as ﬁl‘ows\ SuPPose

{E4} < X(6) are such that ad,, (Ed)=Ka, Then N= R°E/ is g

shift compatible wdh the given primed frame , although it is defined

only modulo imedeperdent elerments of the kernel of the map ad- X(g,)—) a.u:f(a,)
The spcehime mefric is therefore Rnown without integrating The equation

for S which only serves 1o transform the pnmed flame backfo the nommal
frame.

' The scale variables §8° 8%5 are dosely related 1o a parametrization
of the 1sometry classes of left invariant Riemannian metncs on G, namely
the orbits of the action of Au’r(%) on 771(%3 or equivalently of Aute(y)
on M, assuming  Aut(6)= Autlg). (e0) Since every such orblt intrerseds
My (Inparheular since it is true with respect 1o the subgroup G CAL%(%») ),
itis sufficient fo consider isomorphism classes o Mp.  The variable 8°
parametrizes the overall scale of the 3-methme , while 161} parametize the,
onformal 3-metric  (see references o). Ror types YT ard IX , both
B*ard 87 serve to parametrize the conformal isomorphism classes of Mo
dnd hexeof 7.  Frtypes IV, VLo, Wo, W, and I, , there is
one extra automorphism generator I9= ¢ (es+2e) eaui‘e(g/> nat
crtained in the Lie algebra of é . Tt gererates translations (A Hre
B° 8" plane and hence only 8~ parametrizes the @nformal 1sometry
classes for these types.  For the remaining types 1, I and V, all
leﬁ variant metncs on G are Confomvalla isemefric (i.e., (sometric
modulo a constant saale factor ). Frtype T, they are all isometric.

Since  g’= (QQ)TQE , one may perform ancther frame
Trunsﬁrmah’on
(169) ey = €% (G—E)bq
which orthonormalizes the reduced Jq’ame. The or‘ihonorma\fmme
1€L,€4% is convenient for certain caleulations. Suppose B is a SH-mixed
secord rank  spatial fensor , with matrices of componerits B and B wrt
respect fo the reduced fromes 1€4} and (€47 respechively. Since the
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Corcechon ﬁr page e . Second porusmpk_ Al ltr{e, a:f}er w 0N mo:/\

l“-}ef‘"
This fact was used n 810 1o discuss the adddiond Killing vector
fields Possnb\e for lef+ mvanant mefrics by wnsidenng only
“diogoral metmcs |
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diagonal part diag_B/ is nvariant urder the scaling (16.9) :

((6.40) B7% = 66% B'ay , :

it directly represents the diagonal orthonarmol wmponents, leaving only
the ofﬁdrogona\ Coraporent's 1o be scaled. Thisisa very useﬁ»l observation .
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Our dynamical system is still sulject to the constraints  M'ar=0=H,
" Tnthe nondegenerate case and type X, there are three [inearly independent
momertum constraints , while for types T, I and V4 there areonly 0, 2 and
2 Wihearly (ndependent such constramts respechively,  Tnthe nondegenercte aise
we will be able fo reduce the number of graurtational degrees OJC fr%dom by
four using the cnstraints | armiving at an uncenshrained (drien )} Hamltoniar
system wrth two 9rauﬁuﬁo@\ degrees qfﬁeeo\pm , namely those assoaated with
16%f. Tnthedegenerdte case , fewer degrees of freedom can be ehiminated .

Cortection o page 16.8. Tosertin ine T affer "8 15 denved”

Alterndtively , one may add a term fothe component QY of the nonpetential
Jorce ¢
(o) B = - (NP + QT = - (aHTop+) + Q%
Q% = Q@+ (HAEDZ(OBS/0p) = Q7 - fae ¥ B ¥ ps
The S superscript indicates the replqcemerﬁ‘of E by
P5 =2rQ\3-ap, .
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- -As one can see
jmm (W, 53) ‘H‘ﬁe momenium COl"S‘h’UlﬂJfS involve only +he
_ I'special automorphism velocities 3° or momenta B except in
fthe class B case when B+,or" p+ _erfers the third wosiraint,
|The nontrivial momentum constrairts in the class A case
| involve  exacHy the adjoint degress of freedom; the typeIX
| or'rotational * degrees of freedom supplemerting these in
{types T and T are uncestricted A‘lf\:'dr class B the first two
constraints involve only the adjoirt degrees of freedom |
corresponding to Ry and Ra; the last wnstroint links the
third autormorphism ,velqg_r\y o,r_momeni'um, to 8% or p, except
in the type V case in which only the latfer is mvolved.
Inthe gereral case The autemorphism degrees of fresdom,
which appear in the system only through their velocttes or
momenta , may therefore be eliminated fromthe sustem
| by solving the momertum constraints - for these vcloc'rh'es o
| momenta in ferms of the. fluid variables and possrb|9 B¥ or Py
| (exceprintype V) 1 S : -
(l641) classA. . Ta --aRqu o
; L Be=RReEFONG .
| Tnese do not hold for type I or for a=3in 'l'gpel[ o
lcz) classB.  Pi= RR(3aV'-n®Vvy) /AC8+hDa®)
Po=  RR(3aVy +nmv.'>/((9+w\>aa>
B —-_v—QP,Qva TOPg
&%= 3 e- 3868""’?
These ho\d on\3 for Pz and o.>3 iy ‘}ype SZL\/Q wh\te
|the third. constraint becomes for type V'@

Uoyriopisucd \|pwads aurbaipup

1
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(1613) Pr= -2kRVs" Bt = -t Rre € 3F vy )

, Exccpf for P2 whieh involves Pt in the classB cose,
[these expressions for the momerta may be subsHu'('ed d\recﬂ9
into the Hamitlonian  without affecting the equatiors of motion
$or the scale variables. The expression $or Ps in fhe class B

| case may be used omly affer the equation of mdtion for

BT is derived, Tnmthe Lagrangian approach , The expressions

~ [for the velacities may be used only after the equations of

‘motion are derived , while they may be inserted directly
{ino the fluid ec{,udﬂ?’f)s ((63).  The expressions for the
momerta may also be sered 10 (163 If one isempoying the
| Hamifonian approach.

Tn the nondegenerate case

Sy

le Ueff be

the ﬁmchon 5e28° G PPy wr\‘h the momertta replaced

using (1) and (i¢,12) except for Pz in the class B aase  where
| is eft independert_until the scale equations.of mohen are
iderived.  The net result from the Hamiltonian poirtof view

Jis that the speciol automorphism degrees of freedom have
| dropped. aut of the system _leaving behind an effective potental
JUeff in the Hamifonan _and a " roninertial ! Jorce in the

| Sluid veloctty equations. . Weare left wih a system involving

Jonlythe scale degrees of freedom in addivon to those of the

| fluid  and  having only one remaining conshoint, This

| procedure can be carmed cut for any SH soute including the

actual substitution of the “solved momentum constraimts " info the
HamHonian provided that Re= 93T 4 does not dePeﬁd
explictly on The metnc. (as is true for e|ec+rvma9neﬁSM and
other _4~form theories ). . o

The picture changes: jﬁr‘ , R Thc degenertn‘E -

Hypes T, Vand Vl_g.  For fypes Tamg TT the rototiona)

*degrees,,,gifjfreedom ~are unrestricked and the cerresponding .

~ |eomponents of the fluid velecity - are required tovanish. The
_lequations of moton_for Pa in the &firsh case are given by (1.55)
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N
with  C%. = €qoc :
' - -3g° = , o
(6. Pa= 36 F' YCpacPoly .

However, these rotofional degrees of freedom are fuke,
reflecﬁng a poor cheice oj: wordinates on the conftgura'hoh space,

|The type T vacuum and dust selutions are simply null and

fimelike geodesics respectively of (M,& ). In the latter
case , the Hamiltonian differs from the Rinetic emergy only
py the constant term  2RRL whose only effect is to detemine
the propor‘_i‘iohali‘fy Factor between the affine parameter €
and the arclength s onthe timelike geodesics.  Appendix
B ghows that the geodes{cs of (M,&) are diagonal apart from
the ‘h’OﬁSPOSe action qf Sixed elements 0OA of n’ghf cosets Qf
S(3,R) n 6L(ZHR) . ( By an appropriate chowce of basis {€a§
of g , we may ‘Hﬁe_refore confine our affention +o diagonal
soutions. ) The initial data S=1 and Pa¥#O corresponds
to _A diagonal and N act d\‘agona\ i the notation of that
qppend\‘x sothat O# 1 |  However, the submanifold
“(CAYT M, (OA) “of M. For fixed QA  does not coincide

ith o sbrenfdd " ST Mo So” for any fixed Se € SO,

CQuS\Ih_g a cpmpl\fc:afed behawvior cf S to accomph'sh ar
irrelevant  lincar Tmnsformah'on.

The same feature is present in the general 4ype T

| perfect f\uid case , Jor which the Lagrang\an in Dewitt

wordinates differs from (B.5) only by terms trvial
gcomeh‘ica“g : ) , , ,
(o) L= (-5 &D L)~ WA+ kp K2,
I particular, (B.5) and (B7) remain valid so agawn the
soluton ts di~Q9onq\~opar“'1' from an  inessential constant

| iineartransformation which may be eliminated by the chowce

ofa new SH Jrome. Only the two geometrc degrees of

freedom . associated with S armd S agre montrivial as in®€):



L Cons\der‘ ‘HWG ChO\CE R P @‘l)p From (lSB) oheflnds "H"’Cﬁ_
lpond i are relaed to h_by: ¥

"
] Leﬂ‘ing Ne=X  we then have exphcﬁdn}
fwa)  p=Pe ®D - L P (KT

- land hence after one s{'ep of a\gebr‘a on the_energy ComS‘\‘m\r'ﬂ‘
|
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Yo ML= -3+ KD> (52+8Rp) ~oRRM. .
o ,S(nge K9)2=9"* and f£=g"An when Va=o 2 _ .
e n= R Kf)‘ ' ‘ '

- To proceed fur‘rher an eq'uaJﬂoﬁ j s\’of‘e s neec\ed

9 P= P (M/00% | 4= e (/10" | pto= Z5@rne).

1(3' D

o) $2= (Kel/$)® + BRP. -0 (KE)™ 2 o
The problem g therefore reduced fo a 5109Je Quadra-hxre .
Ttis instruchve o obfain the diagenal tupe T vacuum

land dust soluftens. fromthe Hamiltonian. The diagonal vacuum

| Homittooian s ¢
e H= =23 e 36° ( PPRERY) o
Ass,,d?mmg_v Po< O  one easily obtains the. genero( soluhon . |
fiea) g ErD P exp (Zint (So+ & PRl + ER/1P))
] _ = (-‘Po/'—DzG dl09 ( tis. _t’)_s:z _t?_s3> B
f_uhere the MOmerﬁ"a Po,P+ and P~ are’ constarits sah@(ng
] P2+ PR =R, \Nﬂ‘h no_loss of generality one may assume .
—Qo/d= 4 (\ €. by a new c\f'\oxce Qfa SH‘frume) {Saz are
| the  Kosner parameters R o
] _and sothsfg qua_,— qu 4. E Po =90,
'then The energy . conshraunnt forees P+-P =0 and hexe o
| B.and therefore: g_ are _»_@n_sirom‘hs&,,;Q,f.s_r\'u.,QhQr) co\trPsp_ondmg o
to flat spacetime, SO
i The dtqgona\ *gpeI dus+ Hamtﬁomam s s .
o2 H= Z e (p24nue) + R,
| Leffing &= —3‘-#22 and using  The enemy consfmm’r one. vﬁa
| easily solves the equations of motion for {83R3 ‘i'ov‘floc_\ ,
| @28"= TET+Y) , suppressing an addrive constant, The
energy onstrant reduces to  PAHPF = eW*, K ¥=o0




