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| Yang Mills Notes  May 1977 2gpert Janizen 5'(«{ 8“_]“—-} ( w

et € be a Lie group with Lie algebra q.- oo GLOY)
Let (9,0, V) be a represenfation of (6, ca,) e p': g LV)
where p” s the induced represeriation of %¥
et {<a} bea bosis of 9 oand [ea,€p1= Cabec, and let {€a%
be a basis of V and P/qAB the cormponertts af p/(eq) in this basis,
For (Ad)ad)%> : Pla b, = Cbac. /

Let TP*(MN) and AP(MN) be the vector spaces of  \/-valued Q«D-‘{‘Eﬂsor felds

and P—forms on a man’nf{;\d M. €q and €a are constant elements
of AN(Mg) and ACMND, o vt ]
For %-\/a\ueo\ forms define : [AARY = AAB Cave.
= (0P [BAA) L= «d(MAB

For a one—ﬁm A TAATAAAY = ad(MYAad(AYAA = O
s\nce A°AAAAS Cas(Spe =0 by the Jacebi Wderttthy,
| Note d [AAB)= [dAABI+C) [AAAS],
NON RIGOROUS AND LOCAL DEFINITION :
A G-cnnection % on M\ 15 an  R- bilinear mapping V2 XM N (M)
— (W) (XY Ve satisfying

{ZX*Q‘Y C\D = g%xct) +9\97\(¢> Pe N(M,N)
& L o : f.9€ Fw)
Vad®= S @S XY <X

for each represenfation  ( N7 V) of (6)%») ,
and-whieh—tsrdeperdent of The—represestalionja-thefolleanng
dnge  ond 15 also such that %I«bwm adts as an elementof p1g)C
%,K(\l) on onsfart elements of_/\o(M)V) , andis mdeper)deh‘\‘ of the
represeriohion in the following sense ‘\5 (Q)P'\V) 1S any repreSchru\'\o;w
for wmdn  Rerp’ =0T then
YG7I €A =Cs P’%(ACX)) ®a

defines &« AE /\t(M»%r)j his jbmu\a holds for all reprtSCnTahoﬁS

with thesame A.

As called the cannechion one—jvr"\,

PmB A e /\‘(N\,%\ determines a G- wnnechior s ic q\\'IlVQdefmeo\.

S
— Noke Ve ® =X +p(AGN1 . Throwout the above
which got mmp\(cq\’ed

N4

becqusegff'\e (O\Ck'ﬁg Of "SOIdeﬂhgu forqSeNra\ gauge group.




Tetroduce the wrvqfurg h»O-é:om\ - F= dA+ 5 [AAA] € r\zcm.%)
Atecnatively (VW =V Vg = Vi ) D = P/(FOON D | dbe A°(Myg).

TIrtoduce the G-ovarant extenor denvahive g!/\P(MN)—* AP M,V
Bb=db+pMad , e ANV
Ricc \'denﬁfg : (g 2 CP = p ‘(FY A 4> .

Bianchi tdentity : BF =0
dF = [dAaA) = —ad(NA (F-% aa M AA) =—ad AINF ©
DF= dF+ad (MAF =0

"Toex*end V o TPY(WM,V) we need an affine wanechor V on M :
B 2 I TR

D 4> = D? + P((Aw/\(b for a Vx ) “tensor fle\d  valued fom ,

Note Hhat V dheys the Liebnitz rule with respcc{"}o representathion knsor) e
poducts

Le‘\' iea} bea coordinae frume on M and Vot = Veu

Vb = upr 4+ AWPLPed® de NN
: ch_]dl‘"dpﬂ = Q)_H) 6{°<\¢°(iw-dp§.] d)e /\P(M)V)
Fus:Q%(AB] + [Aq)Agj ‘

i Fig: a:AAQB“aGA:( + C%c A:;(ACB

, Q€N§33¢‘ p/(Fag) D de A°(MV)

! A

iF‘or &226¥9mups define €a=i€a | (€a,@pl=i Capr €

|

and letr A= g A where 9 s called a coupl\rsg onstant,

(ern direcr produc\’ GrOuUps each wnnechon can have s own Ccup)\ng consbrd')
! Aqea = —\9 /A"ea _—\9 /A : /K A€

1 --igF | F=-Fle. Fo-=gIF:

;Ar\ aff\ne conrecor on M 1S a sPeCla\ case with  G= GUn®) ang V the —
. tensor poducs of R" with wself and @ the fensor products of the deninty represen\'a(‘wr\
WLOQ,G\‘Her with a soldenng  provided by local frames ot which endble one

Agn\'\fﬁ each TMy woth R"
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| A global gauge tronsformation IS a mapping of the represertatior algebra
iTP‘*(MN}‘t into ﬁse\f : ¢ — P(\»Qq) = u-¢> , Us G )d) € TP“(M)\O
' A local gauge framsformation is the same except U S now a map
U:M—>G and A behaves as ﬁllows :
At u-A= AdWDA — uXw
where (0 15 the canonical %‘Ualued one—ﬁmﬂ on G.
This 15 just the nafural ‘dragging along of the connection” by the
local gauge Mnsﬁm\a‘hoﬁ
() @ ¢/l e
= p(W) Vx (¢™(w) en) |
= p Wy p (W) ek + (Adp, p/(MV] €4 = P’ ((Mduh-u*w)m) ea
N ————

- ﬂ’(<u¥w>(.1)7 P/(Adu A) e

{ This s true fbrq“ reprc5efﬂnhon$ only \j theabove tans law is obeyed.
Inother words A fmngforms co that covariant d\ﬁerrenhaho‘h commutes
with locol gauge *vunsfomcr\'\dns‘

Onemmj easily venf\j: u-F= k& Ad\u‘: .

DERWATIVE SAUGE TRANSFORMATION
lef Ug=expZ¢ be a cune of guugetwnsformations and Z’= d/dkle Z¢ |
Then dratl, ut'C\): /(Z>ct> ‘
datlo U A = ad(z JA—dZ' = -bz’

Wwaprd Maerg Unr\‘ugorcampod'grvup}‘ . —/X:* Ad(u ‘%( u¥w)
. , fF= R tg—i[im&]

WuantYang Al\ofﬂm's discussion assumes o siogle glokal smasth wnnechion one—form
on M (ie a Trvial bundle ) but this is ustially sufficient for field theorists.
However inthe general case, from this non bundle pointof view one mush wnsidec

a covenng of M\ with o connection ane- form defmc‘d on each open set inthe

wwenng such that 'Hr\ej ore relaked by gouge “t‘ransfon%o}\s onthe nkersechiong
- as Wuand Yamg capr*‘a(ti@d on .




; Yang M_‘,,‘E.?. qroups Todo a Yahg Mullg H\eor\j one needs an adJom*mvanaf\\" nner
i product o the Lie qlge\omA These exist only on gemis‘mp\e or abelan
{

groups of dreck products of such groups.
yong Mills Lagrangian LVM: -—Jq < ng,qu> = "‘}j FZBF:@ -

real

To cmﬂdcr/\\‘\\ggs vﬁclds é\) e N(mV) we need a unitany rcpreseq‘kr\\ém
@)Pl)\/> L\ a P (nuanant \nner product o0 V't < Pu(b )Pud)} =<,y

Higas Lagmhgkan ¢ Ly = “ﬁ < \G7d¢,%u¢>“\/(©) = "3 %ddc)A %U(b AT (@)
where gt N(Q8)=V®) 1sa p-invanant potential.
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;Vaﬂa‘\‘\on formulas (y £ =dA +3LarA) F/=d4A’ + [AAA) = DA
i ¥ G
i oc F Iao(s = AV Aé%
! / / © a )
@ Lyw= ~§Fa®Fae= -FE e Ay ~ VaFs® A'g
Where ~v means equel wp o o divegence .
Now let pame mdiale vanahon in A anly

Lg = ~< Vb, pr(AN$ Y = 3;;/\2( Y4= - <7, p@)®>
Nouw let pnme indicate vangton 1n 4, only !
Wi VI, G - i@ et .
The field equahons are thus : Fa®e™ %ga or  D*F= A‘B(‘b o oF = 5(6
TV Dra=VA(P) =0 -

i For CUW‘P\eX nggsﬁelds one needs a hermﬁ\a‘r) F~muanarﬂ‘ > or\\/J and
| the gcr\zmlnzahc}n s tmmedate.

b

EINSTEIN YM HI66S  Fischer-Marsden Wea for gauge-gemealors in 3¢\ split
Take the relavant inner product of’%hmawﬁn{—um withh Hhe denuvahve of an (nverse
gouge ’rmns'ﬁmahgm on ‘fhefmeld and Integrale by parts o remove denuatiues
Erom te gauge pqmmekrf\eld :

NJ e = < Tre, % g> = AN v NGRS ) = N 28Te

NI ym ~ <Thym, ZaAD>= N 1 ( <T@ 8> + A2Ca)  (eomputahion)

NS Sy~ <, Eid? ~ Na { <M de > ¢

NCa ~ CThns DA> + <M, —pNG> A A ( SThae — MhaPa’s ¢)

[TyNL;q A %;W;;\a Qua

50 { %: D\ET\-E + ﬁymax 8:; + Aqu

Ca= ST(—YMQ +®Ha
f5ae., %Y = - {hyadeta

{. SN‘J%) SNL“%} =7 S[N"MJJ % . Cngh‘\'qc\‘\dh\

g Mminus since -B\Q geremle Nverse 9au5e‘\'mns@>mqhan_q




§6(“l YZ) QC\‘ma o TR

o 9ve= Sug , rmse lower imahices (rvial )

;’2) (Iue\)ﬁ:—guexs , Lag = IuBVSéSY € W 20 (4)

snce (€t~ Q):CONBé\goL € on(u) — Sy (J')Y@) =0

© [IdB,Igjﬁv = T 'IK&""I&?H?INB s = Q1% [ulp 7,3

= —rQﬁEd@pﬂu 65]" ¥§ = 2 (6"}8@,—8%‘@)(9»37;6%~ 935 P\’)
=@ S P+ - |

=gy ST — @ n) &I T T

so | 0=-£0"Twe | wen=0. (e el <L)

O= expw € So),

Ler $€a) be an ON basis of RY  dudlbasis (W $ b % = A AW
- ) v(p-qp _ olv.- o
x— Pll Xd\\-dP (.l) ) ¥ X dP*l"'dn - é:P)!‘ @\ X e €Nl‘" NPO‘P"“"O"’

[(*?1=(—')?(""’) - 4 -4 1 -4 1
p= o . =2 3y
.A.i,' @R‘*) is nqmra“y \30mor‘>h\2: wh se(4) |
Let &X = K40, xe ALl Fus= 3§ £ B )
= XY (@)O o= X¥3 Pffe(e

o

\;4 X(ﬂ - + X &

*Xab = XCB' GQ*BCLJ- = XU-&
= L
= ¥Xqu= Xbc Cobcad :Xbc
X(:t)ab = i (x ab*— X C‘-})
Le+ L:tq:é(i'bci—:au) , ¥ Liz‘:iL;: ) l
< '[_L:.ka,ttbt\z Cabec \_i:c Ujd L—::]:O .

se() ~ A, ® A,
- = ONELL 4L, SwhiNi=A
e L = pre,*nfl[_}; axp8 NI,
QQ Lj; e—w - eqd 6* n&:l:l__ib Lil - Li (Q.
{So%e T 3-dim @ groupsack independertly on A: ard N2
os SO3R).

e*n‘if;)b
a

Solhe Lie algebra 15 a diredrsumof two mutualy wmmuhing ;somorphti subalgebias



®

K" wih natural basi's ie‘*})o\ua\ basts %}Uﬂ} , nahural inner Produc\' v <ex gy = Swe =G,

Let I%lc %Q(‘MD) be asetof Y matnces sahisfying b{ wBay= ~ e 1&
al .
. These gerevate a \Cir(ilmens\ona\ C\'\gﬁ\’d q\Se\)m \‘fomof()h\'c. I l‘jﬁ(l—l,cj,

Define Boeotp= 8 foi--olpl
¥s = ¥ = 4 Cuexs ¥ = BNy
=4, s, gug =0
Ef{ ¥s? = BB NSRS FD= 6% @59 = (AT -¥E8E)= A
%‘6&}\3;64)\69 ==Xy Bs ehrc,
let P =(0xv5)/2. These project ints the L4 ef'genspaces St €™ af 8.
Evaludte the duals o& {Xd\“dp} . ¥ Xolph---eq = CLT"P)! %m-‘olp €°(l~~°{P°‘P+»--0(‘-I .

* Bapws = Coaasd VYA =Y
{¥ Yoo = —Fshp , V= L (Buet ) = P Ves

be= —¥s* %o
{*%5: Liupys B =~ s Ku= BN Ku
¥ Bogy = \68€8N8?S = Bs Baw Xuss= 8" Kwas -

[et X= Yau X + XaO§+ 3 KealF4 + %}Xuexw“gb + L% XQBKJU)NBM‘Y e A(RY
be anelement of‘H\e exknom\gebm over RY ‘
A(RY s m&'ural\\j \somorph\L with C\\'&g:
XeA®RD — SX e Off - s
SK = xA+ X¥¥+ 3 X TE o« —BLE Xdax\éuBK + '2}”. Xq@xﬂ(““

NI
—*X o ¥58° X s
B %(‘,Xi;x) Pi ¢ (Xo(;x-\)(d> P;\-,\(}d E i X(:(‘;)g ﬂ:\éd@
L -~ CANL]
v Yol Vs .

I tem (29 tren k0> Y [QE] b~ [4 9
P = Q,g) P¥= (8% P4 Bag = [é?)]
0= @9)  LW-(38) % =[3%]
RO~ CHC ¥ = (685 )8 (s}e8)= (5,85) @ (5,05) B60S) ©C-a5.)
(551 (88) [®S [% M
% AT & Riess (5¢®9¥)_ Burt He sther companents are 1somorphic 10 inga
combinahgns of AP ondk aLl&p.



Tew® 3 ¥6%0  or = -3Wle ~ spn(w) =g WYY
< a L\\e olSE\Dm \somcrph\ém ﬁ.nm SO(_L})“Z) o :iﬂ‘n (LD =~ SPQQ{X«Q}.

[ .

[} Sp\})CtD = exp Spin (W), and [es?m(m % e—-s\m(uo) - \6(3(600)8"‘
et etm = (Xbc t ch)/;z‘ Then ﬁﬁﬂ_& © Liq . ‘
Let S(6T01LEN) = exp 0Ny 4et exp 0 Niica, = ST(EINY) ST

1 AN -
@) <£®&%+ N ﬂ-?- et sm@i’) (P__ COSQ;{ +N%€a Sm%_)

™~

gt NN = Py
greamnd= ~-

acts \somorph\cb\\gﬁ su(@) acts somorphically fo SUR)
on S+ on S,

Spin (W) = SUR x SU),

The above box pwu'm\eg the homomorph\'sm ﬁom SP"‘“ (U) anto SO(.LN’E).
Trs Remel is {1, -17% so PUR) = Spin()/Za

f

Suppose A€ Spn()  then  A¥LAT = o L% whh LE SOWU,R)

and AXYAT = U0 oo

RS A = xh o Xl D X LI 4
Conjugahonof  Cliff by the Spin(4) group  produces e achon of SO(UTE)

on the extenor algebra via Ne denbficahon S,

Bpied Realestun ot {008 bethe fulimenees and P=£%) = (9%) (3,
' Then let @d)z (LQ;,”\P\Q) ’\{(’lc?e()i‘§>l where ©q= "\'0‘0\..
Y5201, ¥su=(P1,peT)
 Be=—i0a ,Bau=p3(-16) , =5 = Pz (-i03)
|

B Suwe] | SO )

1

N> s is the usual physicist convervhon for
SU@) parametrization

et . ————— e
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Fﬁ Cunr\echm ]{)P’l,

We may attach a qualermary spiner structure fo a Riemannian
Y- mamfold M by ifroducing a globol orthonomal Jcrame {Eu} dual
fmme{L«)} and usmg Hs ;ﬁome to tdenhfy Hhe xfford Q\Sebra
wr\'\w te exterior algebra offorms on M. To dothis simply dent fy
{ev}, {W wth the nahurdl basis aed of RY ond its dual basis  and take

ioverall of the above formulas,

et SH=C" wih natural basis {E.} and dual basts {WL} One

| may conshruct the Jont tensor algebra (= spinor algebra ) over both

SH andts complex conJuga+e space SY, T elementsof My

ebr are called spinecs;  their valence s now characternzed by
8 9 where (q,) s e valen of e SY (undolted) Indices and
(5> (s the valence of Tie Sq(doﬂeoo indices.  For exa mF\e v

V= Y-"po E QBmOWF 5 q (1 3) spinor,
Wil e cff = SHOSM ¥ wnsishs of Hhe (\(3) Spinors <
Lo = Batm EPSOWM |

Now consider Sproer valved e\ds on M or storf\e\d;”, The
above (denhftca)ﬂm aJ( Qa) splnorgemﬁérl‘bs the extenoral gebm of
forms on M “solderc” the spinor algebra over €1 o M.

let &= Qug (@ W8 with Guu=8ug be the men¢

Tnhoduc the CﬂmPomzn\'S ¥y of he metnd cmnechon 7 by Ve(eflﬂ;z@ex.

connechion dne- foms 038_ P"’st
curvature fwo jorms _Q“‘e= & RNBKJ anr,
_j_?_: dW+WA W .

€& Wen=0 since Jug;y = O+ 982 Moyt quaf‘gm = 2 [&xiey

Nee=o0 gince by he %iced tdentby L czg x@; f61 = Q’_chg) £ =0
So O and JL are SO(,LIE) valued J[om; Now  we wish tv extend <7

fo spinor felds: Ve, Eo= KiawbEm | K= Kaw® 150 mefmx valed

Ualuved

We conrectu ‘H\as ' onredion by demandimgs Using He
' c§ so(Y }D and spn (4).

5: —Lq deXdB CR_ ”lﬂngq@ .
(We are inferprehing (. ) spinoc fields o3 mo)mczS)

Q: dik + K,/\K s Ne Sp\h curvature ‘)wOJCDrm (ma‘\'h%>
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(cunsfanf)
- This has He effect o]( rnakmc) +Hee spmor knsorfne\d wu”\Acom()Mr\JrS

YoM covanant constant: |
T8N = 0 + e Kode K =~ ﬁ W [Xx&,?foz]‘—"—o‘

l

i . .

gExamp\e \PqLMN ; 8= egWo "N — Pgd \st N T Kg PW()( N

1 -~  Kg' p“Pm( - K N Y LM '

J' mre”ﬂ% a/m‘)av\en‘\‘s of ‘H’\Q covonant d,qnuahve af ‘H\Q (t?) %hSOF/
o)spmor ﬁe\d Tr s convement To Sg—m—bﬂ\-v%e—:ﬁm-s—— mhroduce

_a shorlrhqno\ by rebah'zmg Hhat e non denvohie Par+$ are just

He achion of fle %((LI ") repﬁsmﬁm# and gﬁ.(u C) kcprtSerd‘ahms

; s OY\\P evaluoled on Wy 3 let \P symbolize fle CWV\POY\D.H’\’Sc)f\P

@zﬁz&r Ve = @Y+ p WAV + G ()Y

4 a Nnsor ne the tensor e Et Spimoc rep
g v @ksﬁ{&&sp - ofoa(zq%urz?w ’ gf%ﬁm ¢)

Now rnhoduce ‘('ensor/star —valued ﬁrmsqéf -fy])e (F’,O’l) 3
| jbrms with exta indias of valence @t)@ Pl anda (5t) & 07
% is a (l> —velredt Fenswr valved 2- fonh
Jua 1s o () - Yerisor valved 2 ﬁvm
KEm is a (10) spinor valved 2-form . .
iDQf‘me the covanant externior duenuahve D by
C DY =AY /@AY 5 oy
1 -t
] . Forexamp]e IJC Vis a
scdav valved  p- fovm (e odinany P—ﬁ)m) DV = dV 5 hile
;f WVis a %sor/sp:nar valved Zevﬁform , DV = wv,

] I"\CW“PWVT\‘S : [D\PJ ol) - 0(P+\— CP-H) V[Wl \V‘XZ °(\9j

" (S'cUNZ as \n definhion of 0\)
| Ricet denty: (D3V]we. = P/(IAY +a((RIAY.
o 2 VgV = p"(_(lﬁ{;)\v +5f(12je<gyxv

‘\‘wo—medtce's .




Flﬂa“y let the divergence o{: a p- ﬁrmwb@_ :
[g w]dzwupt — (Um oz --- chp. ] S s Nad)arﬂ’ofd.
wilh respect o he h atual
4 0y 4 g) mv\erpvodud'ofﬁ’)nﬂj
E = . =
asyfact. ¥ Vy 9 SX S(d+8)X
Dlm(c)pembr elerent Cl\ﬁ ua\vedf(e\‘d;) e G%“Splnor f{e\& _

(V) ST = S(HE(MFX = SETHDY = Sax
D DePhawm

L.aplac\ém‘

sine d%*=0= §2

B T X ¥ % B Vo Kotonp
= P VKo op xid\Sdﬂ\GN%;éjP Vet Keo otp
~ g (o0 TSP e

- vto(qu‘~ckpj
+ (P‘\'\) V@chu“«p] \6"‘6“07' .

f]

X BT

let W bea (\( ((D—spmor:
R AVAAE (\é“ga) TV + BY° v[wve’ﬂ\y
~Jeo
= — VTVt 5% (R -V Ros )

~ U

T R 6% Ws T Ra™ XY 5

| =

evaluate = —3 R,,% C §30) = ‘LL;R-

[ Cé.@lxy = - VOOLY F RV g R TV e




Extensionto a Gauge connechon
Broup 6) LLealsemey ) amnechnon A) curvature ~.

Lﬁi AP(MN) be V- valued sPlnor/knsor%p:ﬁ‘:rm

] v 3]

Ty s frokds -

G
E)(kﬁd D Jro 9au9e Cs)\lqﬂq"\"\’ exte viov &envahv-e7 D
by = D\Vﬁ-p’(/ﬂ/\\v for ¥ of tupe P/ wrt G,

Extend & P gauge wuanant  divtvgena § :
e =
[6“(]0(1‘_&(3: VUJ\'YV\O(L--O(F.

P2V = DAY+ p/(FIAV.
VoV = ATV 4 p(FuadVY

Now the ~valved exdenor q\gebm an M s \somavrphic anH\ The Cll{ﬁ)rd algebia

orer FtMand KX“%«)SX = S(§+§ )Xj

U)W = (T

(;%«‘%q + ‘L]'“R)\P* J@ P ¥ V¥ + BBad(FuadVY |

A\w N
Ohe

g b G &. 9 G ¢2 G

Queshen DA#£0# &7 o O+o)2= DEIBD+ p162
©
PN

‘hus (‘5"’%.1) 2 sx :S(Ao*' O gz)z . Tsthis okay /

G .
;B 3 By ¥ 4.
VAN W dp-.d\\, = -\)301\.04? ;8 t+ % Re{,— wq\\.‘ g.-oig ’g R ole Olg ('ON\K g‘d‘,

+ Z 0d(Fud) Ui g-tp



