fields

lef+ invariant vector

ahd one- forms

r-dimensional Lie group G, poirts a | Ko\e\_m\'i‘ry Qo'

| Noes by Robertantzer, @

<‘ef’r>fmns\ahém byaeG: 9 Lg(@=da

inmnerautomorphism

a2 Rq,@=aaqa .
ar> ADq,(‘ﬂ:G\QO«T = La\°Rq;‘(CﬂCqu“(a\°qu(q)

The Lie olgebras %g% )_% ( % and @ ave usewally (denﬁﬁed and aalled the Liealgebru o@)

. A%,ZT-G)% ) %*ZTGQZ \ A g':\\§
m ™ |

st b, 0388 | Pedige, X
\/\.\/ [é\q.éﬂs [eq,e5] =C%oec

7 ~ ~ _ & Nzw, G ]
%,': {XEXO) | LaX=X ;Yae©} Y ~ %,:%, ~ m%— {XE%<?31 RaX=X; Vaiﬁ}j %g%’
K@= dLa@)X@) =dLg@ X [ X X Koy =dRq @ X(@)= dRa () X )
basis §ead  [easl= Cavl basis §€a%  [€a,E6]=— Cab&| 3 %- .

a d, < ~ 4 . '
Srame 00 G, dual fmme s [CB’) %] =0 frameon S‘ 3 d:‘“\ frur:eb. o~ P ir
e (i e ke | T F
¥ ={w eX (O] | w=w,Yac6} gr={u X)) Ruo= W ,YacG Q&f

X@ = Lo K= LeoRe (0 X@) = AD, () K@) = (AD. K ) ()
N c A
Ad@S,= (AD, &) = Ad(,fﬂcbé\c = R () e

\\(RﬁaQQ :@“\@)

~ .
E.= € R "a R= quwb Rl =€, 1 &% = Wien)

RUR = R dRR- R "

b= CacdS  RERV-RRL  Rlpxdis e

e

.?-XP - 9\{;‘(\:3(6 G . XH GXPX: X1 o= /XiQo

one dimengiona) S\AbSrDUPS ' Cxlk) = exptX .
Fad: ADq <€XPX\ = X Ad @ X ﬁ

—

(%)gﬁnem’ve ( ‘\—;g;:) Handanons - X;m =(a exptXd ‘ddz Lexpt Ada X (a)
4 Xt A = | expix 0)] = o= Rexptad@y (o)

‘T\"\uST‘hrough cach poirﬁ' aeb gmel passes a unique curve wity ‘\‘ahaeh‘i" YETGQ)

namely the in
ata , which imfum 1S a coset b
5u\09n>ups. “These are the geodesics o

fegral curve of erther \nvamant vechor fleld which coincides with Y

a o{: ‘H«.e com:spov\dqn‘g one~dimensiong/
?q certain connechon  on G,



Natural crnechions ona lie Group V7, w \ Notes by Robert-Jantzen @

N Al Y . 3
¥V and¥ are Jlat transpese wnnections e have tees opposite torsien  oinciding
with the o\iﬁerer\te Tensor _('m coordinates : M%c= Tac, ) and therefore the
Some geodesics and have zero curvafure,
o~ J sthe unique SBMMt‘\'\’)‘C coﬂnechc;h having same gcochlCS (o\escr*ibedom‘ﬁwe

prevons 5 ) -
Veqeb = ch\o e(_ Yeaib: % Ccab SC %er\,d @b = — Ccab é\cl;
Vé\:z eb: -‘% Ccabec
somponertesf Injrame{eq} In frame {€a% } In fame e
cmponertsof 9y = Che %= 5 C%e | e = = C%e
itrzxt}:nén g= m‘\\SQ E = iwq qu J 5 - _mng
~{form © | ~
Roshm:  @=dueOn=bon | @=duiEws=o | F- dE+ET=-3E0
J;“D:’f‘_*g‘.ﬁ,_ N=d0+gA0 = O . N =dG+5AC C _d=d5+A 8 =0
i - b -

Tnfame {€a}
©)"- R ©=-6
@)

—chda\oc‘a-ccedceqb (;@\)))N—_—g*'@’v:_@

(g)”: B(dg" +g_@"): Riccitensor - (5)“'—,- R™'(dR+ _&_Bj =0
‘ S = Rdb= £dcb= -1 ¥db ‘ <7 =
e Yeu=0 Rdb= R dcb le Vea=0 ‘
SO V—Paml\el ‘\WDS\?OH‘ t's L‘ l{ | lSO 'vaaranel "TCU‘)SPOP\- 1S
r Just night tanslation fg’\'}‘gov:‘::fé’ﬁlf% Oé:rrv\l L Just feft transiatron

Kﬂ\o: Cfog Cgb\f ) BT__K_ &:E qui‘@g«)rzo

)

Compotible memc 8 (m: %7&:0\) <>  bi-invanant « adjoint invartant
9= gab W BW" =g, (56" RTgR=9

v.u,,— ~ —’——'-—é—'—> ,E; — < S

0= Vgab= d9ab- 22 C“‘g"‘emg (Zeg) bW L dgdb=oc= Ccalalbd \\
— — - (o O~ = o

0= Tgeb= dgab— Crecagure | gkat @RI =0, /

o= vgab= dgqb o

Since Y 1S ngmc\’r{c and 7{75:0 5 #{s the connection Sener‘cd'ed bj %

' V/’/FOFsem\—S\mp\e Q@ oups the Kil\\’ﬂg form is nondegenermte (and the Gd__\q;ﬂ'

\(qng_/\/\"\\s groupuntmedular 1 0=TRRa= C%b ) and hence determmes a bi-invanant

o | mefnc Jab= —1/2 Fab.

Weinclude & minus  Sifce compact g roups have negative o\e_ft'h\'\'e kl“[n‘g ﬁ;rm,c
anda /2 50 Gab= Sab  when 4 ‘canonical basis ' is chosen in this case{aTleast forr=3)

For abelian gups  Cec=0  and theadjontgroup is thvial (the identity)
so g arbitrary is sahsfactory (ﬁyrescamp'\e FGab=8ab ).
No other groups have nondggene mle bi-invanant-metnes.

Hence Rab = %5905 Semi-Jimple scalar curvature ; { WQ} semi -simple
o) abelian R 0 abelian

<ExCEPT FOR D'RECT PRODUCT GROUPS wWiTH ANY NUMBER ox=>

FACTDR MANIFOLDS OF THESE TypEs.



"TRIVIAL LOCAL COMPUTATION * [N otes by RobertJantzen @
Consider a pnncipal bundle P over base manifuld M = spacetime with Yang-Mills goup @
aching on the fibers onthe ght (so that in a lacal Mvialization  this achon becomes ag ht
trarsiation ), The generators of this achon called fundamental vector fietds ( leftnvanant

vedkor fields 1 o local tnahization)  span the verticol subspaces. The honzontal subspaces
~  arepicked out by a @nnechon on P

Forsimplicity we assume from the starta local tvialization over UC M whichis a wordinate
h for local cordinateg EXMY on M| These naturally l\JDr up fo westr pactofa loal
condhinate system XM UxG [We indulge in many dentfications 1.

onN
I

e

\/ﬂ‘l(x) P VPE {ngea) gq-}
\ N

/ﬁ' HF «'ﬂ-‘(U) = UXG = {p;(xlcg\xc—m)aeg} e : HPEv {D,&

v Yo M 1} P :

_Pl___*‘ X"(p) =X Ex) - 3
; Ue m du= /X D= du= A% ) S
7 [54,Du]= L5, Du=0 |
Defmé, A= P\quXM A= Aqé\q Du span o ngnht inva nant dls%buho'\
, HonP

F= F8a = dA+AMA < —_— —
b previded we agreefo makbe the identi fn‘ccrﬁon

A Y Gl a & s
b A ) é\pebj = [&,eﬂ= chbec

ntroduce -H-‘e na‘fum\fmmei {DA% = %VEM, §a? g’a&wﬁ\h&va;mw:;:nz%::ujqﬁie;:gm%(
~ Bsduaframe s SWAt= {dx4, Rf=wKe} oo oL F 0 TF
The connechion form 15 : A=A" é\q
Thannihilates Ho and maps Vp gt the Liealgebraof & ¢ A (X*Sa)= X* Ea.
The ourvcr\‘uref)m is : F =dA+ AAA =T,
The structure funchions Chee for this frame :
[DM)D;_] = - &,C/uv Se C°uv:‘acuv
[Du,2l=0 Clab= Cfab \
[£4,203 = Cab e
Metricon P We can pull up the sPace:Hme metrc G”%@ on M o an mnerProdud‘ on

each honzertal subspace Hp and complete i o a metnc an P by roquinng Vp L \-\P‘ and
the tnner PY‘Odb\d-O'S elements of \/P’fb be ‘H’)e bﬂ\ng mﬂerpmdud“of the COWCSPODdu’)9
eements of % uptoa fachr s onthe previous pase { any inner product 0n an abelian group }
g = Guv (Odx"0dx” + Gab A @Ab
N e\

T+ g § (= o (ROACH) - YveNe

The restnchion ofi‘lne metncfo a fiber makes the §iber icomotme o é ceudo Plemannion
- mom\fu\d Ofm Pre\rlOL.Lg Wgeo P

The volume formon P s justthe extensr produdof the spacetime yol
UJFH\ the VO%M: f)rmGr) ‘F{we jbe(-: F Sp me u"\Q\{:OYW\

A=d A=2a

=~ YLST N ﬁyl,f\ber



g;om?onerﬁs of Melnc Connechon i~ ouc Me‘ M}Z_obe_ﬁ;\}ahﬁﬁ“n@
Tae = 4 9% (DaGse +DsGoa—~Dogas) + 5 9°°(Gae Coop+ G Cor) + 3 Chs

nonzero (omponen\’s :
r____,—-——"‘!*

— "Y. _S¥ — — T S —
‘ lr\ oo il M Yag=T"ga= -5 Fa¥s @ b =(FHCab
M g = -3 F g |

Scolar curvature

- FAB5 . — —

R“ 8 BRAB"—\\\ = ES:_‘_\_‘\/:_\L_( Fangqo(B + EV@E'Z

ﬁ,&nd’\'om onlU 0§ X . {g% Jém‘qulmblc
O Gbellan

By infraducing Torsion onthe fiver; the sealar curvature density
Lagrangian becomes :

L: Rn: [(LEINS\'FJN + LYIMv(q)TL]A nF‘BE’E
N Sorthe bundle metnc

{ndependerit °\J( fiber coodinates. Tﬂnbrslonooﬁ ber

The Einstein ﬁq/ua’no;vs (E’reeLienSor =0) 4o H\arefvre +he combme\d
gmut‘ra\‘lonq\ and \/ar79A mills flelo\ ecluahon'g_ '

Geodesics on P (Somifo‘r metnc comection or with added forsion oqﬁbef)

/\ — SUCEE._
let CH)= (xb, a4)  be a geodesic with tangent

Ty = TAD Da % THOE TR

T = A= e (@) + 2, (ag) A>

N

u (XE0) % »

O: dzfu —Pu —le-\&‘lB:, ZxH —n o8 M o o N
" G el R T el %)
R A
0= dc“ P"A_C'(C“\B =la ’ \ .
aL " \/\{/B/f—/ so T4=9° (s wnsturst along the gesdesic (the verhical
e Gmponertofthe fangent \/ec\'or'>

Deg\'ne the components oﬁ‘he chargevecbr (t‘eq“y chage,/ masc vector) ¢

a/I\ _ D4 I
Q) = RU®q” Then; DZ)t(:(f) = QU Fa M (x) %‘*(&)

Y orentz force (aws “

%%: %%%: %@L T - WEWaQ = [ AN + 00V ke &

Q0 = DI (a') T AT(KO

. o
(%q “. AC chbe: CqC\DQCQb =0 67 Sq(i> - o C(';Orfg‘ﬁ;/\ﬂc r
at ns
Presumably these equations descrbe dame G along hayedh
atest Yang- Mill cl < R Che ™
speacehra:.g s parhcle on this df:\f:;q'?q’?f N spacetime.
ve .



| Motes by Robert Jantzen (&)
CONTINUATION OF PRINCIPAL FIBER BUNDLE NOTES (lncludlﬁg 2xphet omputational

technriques )
wWe now genem\rze by re\ax\'ns bi-invarmance Qf the 1hduced metrc on ‘t‘ne\f ber +o

merely nght Invariance (mantaining the orthogonaldy of the hoazontal and vecrhcll
subspace§> so that the bundle metnc

Gonp ,i\e_ igquo‘
To the locally vial notation of pages 3and Y
g = GudaxMedx” + gub A'@ A

4 o ~ ~ a -
g\w'm - Scc\&bf@w

-g (s invarmant undec the ﬂgHJ&' achoncf

gab = gcdbﬂ ch Rdb
mquesﬁy nsh'\’\'nvarfanjf.

To evaluate the connechion  components in the frame 1Da% we have to compute the denvehives
Degab and D Qab; S\rﬁ- a matny caledahon with  d et d\fferen‘nahng Oh\:’ a\ong‘\“ﬂegqber

9= E‘:m transpose

= RYRZ'AR + (Q“dR)T R™52
Q

Cundcrh:ne indicates Ma*?%x)

ag = RngEVf\R +

2 9= RT (are)T g1
9 kot gt 2o a5 Sk
= (gRa+ (98T Juw® e RT ( hat@E IR (3
ch: e d d_9, = QEG +(9,k_‘i>-r %cg: %C..\ dg_ = RT @qu 4 @\Za)r ) R
m%fféﬁ?* Ibd (Uca Scqab= RERE ( JadCa+ Jbd O

R4L% (2CAlie )
e

\—/’ \'WE Ra 2% ( au ’9\40)3__ Q,AQK El(alelb))

6 ~
( B ECaEdb NV Gab
Thege are bo‘\‘\'\ sPec{a\ cases of qsenera\ jomulqs
Suppose T .. %

« &) gre the COmponer\‘"S a\‘](' a khsorj\eld on the base w"u‘clm
trangforms under Hne indicated tensor product of 'Hwe adJOIrﬂ’ representartion
uhdergquse ‘hfansformahons Then dexf‘“e

—\——q N b .= _R._lqc“.R' b;..Tc“a‘“_d\-B—‘—_

N
De vt 4%

e = = O Ta
Duﬁr‘amb

—— g CSdL T
Y= R RY

S o .
VT od. s

(s 1$ tvern a spec ial case 0& nom Chnsb%\ sghbols summed
on greek indices

mulas ﬁ?r mpwsenhhm—w!wdfelolj

amj kRin'd.

For example t

DaF o=~ C€ dF o3

) D».AF':CNG: R™ “d (BLLFCQ.@“' Ai Ctde Fed@)
Dq FCdG = Cdac?f-d B

, Dmr‘}cdg = Rdc(au Fe— A% Che Fretfz)



| rotes by RobertJantzen, (@

Now we use the standard &mu\q to compute +the eomponents
of the metnc @nnechion m the frame {bat-

Ppg= 4 geo ( Da9oe+ Degoa— DDS"BB + 4 9°°(Gae C e+ Joe C%a) + $CCg
Since we  Rnow C‘ng ﬁ‘bm page 3 ; anly  guv, Jab, 9“\/)9“\’ are nonzep 4 we Jus*‘

evo\uQ\'ed b“qf‘\’ > De9db , ""“ﬂ? Det g”":@ Bdgw ‘Hﬂeor\lg remaining nonzero
d.er\VcA—]ves, s dus\'a mater o\f p\uggmg i, The resu it Cnonzero cmpan ents ):

— Y N %

Pvde= SLUB} //I—_\ the minus sign anses since  we are expressing
= — 1 S~ CF the eomponents af-a nghtinvanant connection
b 2 CFab @ enthe fiber n a le frinvanant Same

-—— - {totally tovial language )

Llas=Tae= 2 Fe’s o dot (g = de(Eb)
w- a2t because detR=4T sme & s
T—'.b’o,bz ——%L SnSD& Yad TYo, = ...% arag‘ahbggcl “~unimodutar
che =N gq= "5_9“\ De 9da =9 g=EPs In prz
Fqsq:anﬁz i%:;gﬂquBB 9da * Be In 9Fy2'
e = 0 99t DgGqp, = §“”(Qe’§ab~ 2AG Qq\elsb )
ch ™

= 9608 - 2 AWCHS

To evaate Riccitensor Co.mponen+$ we heed \n adddion De r'CAB. The only

fonzero auch denvabives are :

—_ = _ < ,
Ds PYUG = 95 {"’5} C*C .- ﬁtl lngourse%



lnojces by RobertJantzen @) o
The components of the Ricci tensor of g In the \f‘nme '{DA} are’
Ropg = Oalos — Dol ag— NM4ea CEap + Neae N — PApeas

R se= DalAsg — Ds ﬁAAﬁ ~P g CBas +T.MAE_(—_'633 ~PASeE a8

= Rse :/Dé_ﬁ%a b Doge Moy — e Mg ~ TWag COud
= Rég — Vs (e - —9“ Dsdae FFDeGsa  — 3 FatFus

~ 4 VsTe(Inge?) - m gad 96§v<§ 9deV8 95a

— - » & A~ ~ = ~ & o~
9% Rse= R~ 3 Fa6F% - ] V“%« O"Sé) - Jq G Y T TaeVa 9 fa

Rdb: DAT'AdL Dd b~ 1Ay, CBad + PAAE M- PAdE\—'EAb = Rd‘zb Wr& a
'S
(Do Magb- DgM%b —%bCCaq +N% Pcdb P”‘deﬂfa},) ‘//

- P de'P ob + Dur' db * (qugﬁm ue> Pcd\: - P e._Peub“ pqde\nenh

4 FaeFus® 2R (% 8% VuT5eV" 90y )

4 Feebos, RS (-5 %@ V5 Gen)

fp9 4 [
R TSR R GV

G ~ e :
_—Ji Rl ( '3;\/2. Vo, ( @32 9:e)>

_ C e ~~ “ _ G \ S ~ ~ ~
= Rd Rb < \O\.¢B+ -Z\‘-Fc GFeo(B —ﬁ gp Va v/ ( @F/l vdgce> + ‘i 859 _\§7d 951%“9%: >
—_—

. !) V’\;SS\r\g .1\0 —Mnshy
_— ~ ~v ) ~ =~ o a Y ~ a
94Rep= Rp +§Fa™Flag ~ 5 G W (G0 V dab) 97 + 3 JT 4 y3acTha

R = PU-%;——# Fa®F g - QVN"(ng¢) lg;"sz(g 27 Gan) § 47 GG ToBacV*9ha

Rag= Dalde- DaT g~ MegCEad + 1%ae M58 - T del tas

~v

3 D &% + DaNg - N9 C%d +M%eMag + Mae Mg — M®ye%g ~ NdeP e M%uel “up
- A S
¢ \ W_/——\——/“"—"" Y, ne
°] %aelug

(-3 VaFa g - 3 Fq 3%& g2 + & ghcvdgqb[:c 8 -4 Tk ";Veﬂbc>

ol

o‘)v %) nTH\thc ‘o gnskﬁ {"%‘ C» q Vg 9 be
wentnat gl F lkeems swilch Stgn



) ﬂo{'esbj Robert Jantzer @

We thus have on spaco;hme) a feld ﬁ\ecwy anolvu}g the spacehme metnc |
a gouge \ﬁeld A% wdx™ ar;\d a eehac valaed Liealgebra inner product valued
S\éld it cmponents gqb. The end result should be denhcal +o
what Tabensky does wihhout Jclber*buno\les using an equuvalent ﬁMalst

Wing enhrely on spacehime g not in a bundle over 1t

T don't trust my COW\PM’mhon completely (astt7s  BilSam) butr neither do
T trust ether Tubensky or the Typeselter.  You have all the Mad\mcry 1o
checke every dedm \ﬁr ‘Hourself.

e have assumed the group G 4o be ummodular 'j%r‘ thig gewhzd‘tén.

€ exstence of a bi-invanant metnc s no longer relevant ), This Is a necessary
QSSuMP\‘Lor\ ‘in ordec ‘H“\a{" ‘Pﬂe e&t‘ﬂhm Lajﬂlngc eq/uahf)f;l_s are e%unV'alen+h
ficci (cq\ =0. Lagrange

“For a nonunYmad\Alar‘grouP 'ﬁe{\&q/uahon; ﬁab are not utwualerﬂ-b
Rag=o. |



Wednesday, Sepji‘, 24, 4978

Dmr— /—\FH"«JF‘,
As T promiced | T spent my first “day at the aoffice

frgunng cut how Tabenshg!s Junk relates to the pr‘mc\pql bunrdle
approad")) and ™ so dam3 cledned up my compu’rahor)al' scheme
Sorthe lalfer approach.  The results are sketched iy a wrtinuation

of the notes Live a‘rf:aoly gwen you on pnncxpa( f\ber bundle
compu*uhohs‘ X hope you <far; dec‘cpker- them. Tim wai‘hhg fo.”
heqcrﬁbm you obout the smﬁ You menhoned on the phone. X

hope T can shll be of some further use fo you, T will think about

the variational prab\em next.
Justa cute sde remarh. The SPI‘H‘[(")Q up o:)c the bundle into a

@urpamme'\-er O%"““H af ﬁbers 5 very similar to the SIICIhj qf spacehmé.

into a one-paamneter family of Nypersurfaces. I adapled coordinates
2e10 Sh\f’rh mspathme case coresponds to or”\ogmalﬂnj of ha

horfzpnc1| and verhical SubquchS (‘Zero “.S\J\‘Per‘Shif(’n) in the bundle case
(: HKd ab= ‘é @%b corresponds b e extrnsic arvature
- Kab‘-‘“:—ZLN 93; Gab 10 thespactine aise
Jab o ke induced et , FR tohe hg'perswﬁlq scalar curvature g*

and t spauahme La9 Yanguan !
I= “R4g"% =R Ng2 = - gab T —Ng'2 (RKD —TRRK —p*)
- = =297 £ NgZ (RK3-TR3IK +R*)
tothe fiber partof the  bundle Lagrangia s
~ 2V (199)% +qe% (—Tea? + TR + R

etc.

T will be warting PqﬁenH\j o heorfmm you again, I miss
Cali‘fom[o weather Among other ‘H’nngs . Bur Twe gotan ofﬁce )

the basement next tv the cvau\"erS soT am assured the best

a\r*Ccmdrhoning available,
bob Jarﬂzeq

—~



\ NO
CONTINUATION OF  LOCALLY TRIVIAL  PRINCIPAL FIBER RUNDLE [ NorES BY rzoBEtaT(;;hﬂZEN\

COMPUTATION]  NGTES

Ththis conhinuahon we adopta sighst change 1~ motaton whichis more
consistent than above.  ( just what you meeded rﬁgh‘\') by mﬁ-oduahg N a
given local tThwvialzotion ‘l‘wofmmes . a barred " left invanant ﬁame

iﬁf\}= {Dd)eq} Whose elements vertical elements are ﬁhdcmen‘i’&l vector
fields  and an unbarred  “nght invanant frame " {Dal = §Du, €qf
whose verhal elements are invanant under the nght action of the goup
G onthe fiber ~ G, Inthis local trvializahon | 1€s§ 15 justa left
\nvanant fmrne or the goup G and {/éla} s the CO(‘PCS)’JOHO((nS ng ht
invarant frame (ﬂr\e 09h+achom of G on the bundle becmes ngh‘f
franslohion o~ G 1n the local thwvialization  and jundamrﬁq( \/ech)rf\e{dg .
become left (nvamah‘t‘vecfufﬁe\ds on G, >

The r;ghf invanant frame bhas Hhe advantage Hhat components of
Jrelds  wmehn Telescope along ﬁ\ef\bers( (e, have mc@i—mmsfémaho};
PYDper’ﬂeS under the ﬂgH" achon of the group Gon Hhe buno\le) ,
depend only on the base Po.ht— and are constant along e fibers,

Sotumto page 3 of these notes and compare aith our new natahon
Againr let { €u§ bea basis of TGy weasdered as the Lie algebra of G,

{Dar= iD«, €a=a § $Dag = Do ea}

1]

dual f\'ume dua\ﬁ‘ﬂmel
W= g, Ro= oA ] R Ldxe, ROGR= A% B3
Dd: aM'—A M'eq :a;::j\——“_eq
A%=Alwax™ A% = WR"" f\"’+ w® A= A&,
ot F = T8, =dA+ [AdA)

F‘G :éFny d\Xu@d\YV Fq =
connechionqnd curvature J%rwu < ag

A=ACs F= Foé=dA4 [AAR] |95 aued forms

9= Susdeedss Gay AR
= 90(@ d\)(d@dxg + gqb (ROCAQ)@@bdAd>

dependovwhd onN baS‘e‘Potrﬂ'. as do Hg( and F—qde



~ PE\NC\W\[ F\BER BUNDLE M
E;C/\':;Ce we restrict o RobertJardzen

unmedular groups :
8 C%a = O, ﬁ
. <
— LEFT INVARIANT FRAME RIGHT INVARIANT FRAME
(USING FUNDAMENTAL VECTOR FIELDS USING “RICHT MURARIANT * VEC TOR FLELDS
gl: QQ> ea ‘; { DA —_ o
. THIS FRAME S DEFINED UPTD A LIE 6R0uP S«
AUTOMOR PHISM oF ERCH FIBER (NDEPENDENT THIS HAS THE ADVANTAGE THAT THE
OF THE BASE PoINT (e a finitre dimenswnal COMPONENTS OF INVARIANT FielDS DEPEND
= c\qsg whermas the RGHT EZAME s ONLY ON THE BASE PoiNT (THESAME IS
DEFINED u@ 1D AN INDEPENDENT LIE GROUP TRUE oF LSERTR-TENSOR (AL FORMS  WHICH
AUTOMORPHISM oF EAcH FIBER (1e an PROJECT DOWN TO FELOS OM SPACETIME),
mﬁ mte class) once  Ccis fixed. 4 7
A 'EDA} 5 dua) frame {WA}
{DA} dual frame {W }
~ R‘-\b 1 Y
— ea‘ eb a {Dd /é' } {dyd quﬁb}
L{ Dd) €a } { dx? ) g ) e )
. LI PRACKETS * LE BRACKETS ®
Fg € (D« Dgl= ~F%s €
[Dd,DB]: — F ag Ca o, Ug | = g Ca
— - —_ q . a4
d [_Dd,eb]* O [Dc()%b]“ Ay Caw €
c ~s % ~a
[Qaleb]: Cap€c g_eq,eb] =~ Cob€c |
g SRUCTURE FUNCTIONS STRUCTURE FUNCTIONS * |
—_— = c
- 5 =c _
(DA) Dal= Chag Dc (DA, Dal= T as Dc

Q:Cde = ‘chg

" [Tt

g C b= Cab Cb= A%
- Cb= — C%b
METRC METRIC
g: Jua 4@ OX® + G, A% A" g = Joe X°adX®+ gab (RAI= R A)
—~ = —gAB Wf\@TNlB = 9ABWA®WB
MERIC CONNECTION) (OMPONENTS ’ METRIC CONNETTION COMPONENTS
- VD- ‘Bgt F(‘:ABBC v DB = PCABDC
A
Jor examge : (= 23 Drgos + D39°“ DoGag) +3 Capt & SCD(QM-:C o8+ e C m> r
| ™= {3 M= {83 |
g | (e ag~ PX@Q t_ZEC'\KB b MYgg= M3 ga= ~3 Fa¥s
, i Mag = 5 P = ~3 Fag
| | - CAVAL Y
| = AT - a
i : -‘Cqb _ 2§ 9ab . 90:{% q !
- [c _ G _ d ?
] . 59 <x94b+>‘\ Coap !
—— m%&; 5 3 TSy - o .. S

— FKQ = \b'l}::- oy Ty B T T R P X .
’ P s \j an :@% 8"595 \ngp"z

) (" UNIMODULAR T

S ST
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DABENsK\{'s EXTENDED RIEMANNIAN GEOMETRY } O

He assumes  semi-simplicity sothot'ad” i an
|Sf3morph\em (Sem'psm—,P\e = urn'rnodulqr-> ard hence
his extended ‘(‘angeni' space o spacetime |5 vsornc:rphl&
fothe tangent space of the correspoending pancpal fiber
budle overspacetime.

See page |3
for more
explanahion

A BASIS Fog WIS EXTENDED TANGENTSPACE (AN ExTENDED FRAME)
= G
S {Daf= {Va, ad(e)] ACTING ON LIE ALGEBRA VALUED

FUNCTIONS ON SPACE TIME ! b
%u ( Xdeoo = (ded t AdCchC) €d
adles (Cea)=  (Clabx®) €.

COMMUTATORS  (0R “EXTENDED LIE BRACKETS ")

E 13 '
[Oa,06]) = Flg adlea)
[Bu, ade]= A% Cb ad(ew)
[Gd(e‘z))ad (ebjl = Ccab ad (€c>

EXTENDED STRUCTURE FUNCTIONS
S £ E ¢ [
[ Da, Del= Cae De

THESE ARE THE SAME AS THE STRUCTURE FUNCTIONS

E:c - FvC
o8 o8 FoR THE RBHT FrRAME ©EXCEPT FOR A SIGN
<" \) rumber lehin indices

Eco\\): Aao( kcab A

Ecob: CSab, THIS CouLp BE REMED{(\JED BY USING INSTERD THE
FRAME IDa, ~€af N wHicH CASE THE

ORRESPONDENCE  WouLp g &©xACT OR WE JUST

USE THE SIEN RULE To o FRom THE RicAT FRAME
TO THE EXTENDED FrRAME,

EXTERIDED METRIC
T £ €
9 (Da,De)= Jas

METC GonNEChoN COMPONENSTS
[ 1=

EE .
V&ADB: (" as D,

e
E
.= r }
-
[
ﬁ::\“‘r‘
f:. =
Fer
-

l‘.uclio.,‘n..h L




l_no‘res by Roberd Jantzen
@

The nght invariant frame hos the advantage that the wmponents of
everything were nterested in depend only on the base point (whereas

the comporents of these guys He left frame pick up adjont matnces
RSp and R7'% on all lah~ indices ] \f we evaluate the Ricel fensoc
inthe ngh% imvariart frame , Tren s wmponents in e Ieﬁ— mvanom‘rﬁ’ame
mcgbe cotnimed by performmg the adjoint mnsﬁmahoh on all Latin
indices  while the cwmponents of 'Tabensbﬁ's extended Ricci fensor may be
obfained by Using the above Sign comespondence, ( ercompansoo with
Tobensky's femmulas one should note that his bar covamant denvahve s
Inconsistently defined 1h Mis paper obscureg the dependence o the
individual frelds  and (s Jus\'geheralhj fuc\eed, )

Roe= R7an = Dal?pg ~DoMap~MPes Coan + e Mg ~M"oe Mag

Coﬂvemer‘f\'\y amd g suggestively defﬂqc;

© G
Kotab= =5 Va Gab TRK2= # Ka»R¥ %= ﬁ9°*’9‘°‘vd9aw:9ca
2
TRAIK = Kaa K¥% = 99970 To Jap V94

| G © |
- Rsg= "Rseg— 5 Fa®eF s ~ Vs V3 InGe2 — K 5K gap
9FRsa= 4R -4 F2 - VOV, Ingen — TR
Rab= "Rap + & Fg®Foag — 53¢ 7 U (929 Gap) + R K g ach
g™ Rab= FR T FF? = e V¥ ge ">
R= YR~ HF>- 29" VaV¥ge % + TR —TRK? + FR |
L= (@ '2R = g ( Leym + RIK-RKE T R)- VGG
g2 (4R~ J*-T FQ.) Spocethime divergence
-1 5] \ b
Rdg= —3 G¢ * Vu (9?“\%‘”@) + 5 C%a Ve,
= TR RaKe= ClaprKs

equahons ofmation Jor

= . These jo\\ow Srom mdepemdehjr vanation
Rse=0 *Fog of these f\elds i~ the sclar
Rae =0 o curveture density Lagrangian re

onthe bundle, (#ns s why
Rdb=0 9ah we ‘(mpoge unxmoo\u\dhf’\"j)
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FIBER CURVATURE

The flber Riac ﬁ’n‘sorcomponerﬂ's FRAb are given by %eﬁymula
for Rog wdh all indices (atin and  DcGab = D¢l wb=0 :

FRdb = - Pqebceqd T pqae (€ab - padepea'o
Ay \/\Q_ a
€ad-"a Clea -T
L
CANCEL

T —C%gM%db — (19N %ad
PLUG (N Mab™ "\zCCab+ C@f b Cnok, quapedb = C%a Qqcb) by Hhe
T A< contracted Jaeobi identity  CSe C%pc =0

7 M oL | Pé‘zg)ﬂ -
7| "Rab= ~ Clealify + 5 CdsgCF ~ Csoa CGW
FR - ,_Caeqcb(’b r ﬁ Cdfg Cfgo\ _ Cfﬂd CCi"Q)d

e

These ferms
vanish for
ummodulorgroup

TIn Tabersieyls  fimal line of sechon 3 ;N the ﬁmu\a ﬁ)rﬂvc\ﬁber-cumamfe "
’f—w the verhcal- verhcal port oj RLCCY ( Rag 10 his hm‘aﬁo%) , he
as omiftech the ttem  — Co% s insudethe Parer\‘pﬂeses‘

Allindices are rased ard lowered with g% and Jab ofcourse.

| Thigis ﬁrmula 2 QS §i 05: Jensenls PaPe(‘ The Salar Curvature Uf'[,eff-/”\fﬂﬂa’nf’

Riemanniary Metnce

ex(eP]LjarThe jﬁd H\O\'{' heassumes an orﬂ\ovwom«a\jmme,



Lgc’fes by Robert+ Jartz
®

M= spacetime manold G = semi-simple Lie worth
s fo L\eo\gebr‘a f{?\ b051s {eat
[eq eb} = C(a\o S
: Tabenslag isfroduces 'le)(\'QDde\f\AﬁChOhSl as elemerts OJC
L(my= Le olgebra - valued Junctions on M ,

and ‘“extended vedwr
felds" as denuations on LMY,

Since all denwvations of‘a
Semi-simple Lie algebru are inner (and "ad" (s an (Schorphzsm>

an eandzdwcwrje(d \s Justa par (X, S1)  consisting of «

vedor field X and 2 € (M) achng on Be€lm) as
ﬁ)\(ows !

(X, ) 6= (§X+ ad() ) 4
Gy 6= (X +ad(A) ) 6
g=6ea, f=TR%e. ;X=X

(DB e) = (0% AxCeh8) ea  + QFCudd) e
%o(éq
A basis &r each extended tungent space s ‘H\ereﬁ)re :

$Pa3 = { %, adCe}

'D;{e exbended tangent space (s somorphic fo  fle fangenst space of «

pnncpal fiber bundle over spacehme wh%grvup G anrd his enhre exkended

Riemanmian 9fm+nj 15 aquivalent to pvﬁ\'mg a r‘(ﬂhfmvamqrﬁr refne
oN ﬁ\ls buﬁo“e b\ﬁ' he On\g u)or‘bS Tﬂ a Sfr‘)g‘e 3au9e pm‘ch SO
+he bundle qumac‘f\ s Ne on\v natural way o 3[obal\zé his app_mach



Whenever a symmetry group acts simplytansitvely on its orbits |, one can
infroduce g fmme on the mqmg%td on which it (s achmg Hoat is invanant under the
achonofﬁne group 5 imposing symmetry on a ‘l'ensor‘jeld simply kills the compon ent
denvahves along the orbits | Ome aan then easily wmpare the Lagange deauahve
of o Lagranglan bejéna, and affer the symmehry (s imposed on the Lag mogla:‘w

Thourcse dhoose the ﬁome {5/\} = {Qq)@q} with dualfmme {ﬁ“}={dxd) &}

Choc= ~ 8a88Sc Coe /= Dha | Fa= on— Chas

' = Jx—~ Sp o .

G= Quadad® + gab (M43 + 3™ @ ( AN+ 5b)

= gsgo\ﬂ@dﬁ + © é\&i(dx‘*gﬁﬂtra@ dx) + \/93%“@055

= YJug =Fax = Gab
Imposing the  bundle symmetry on g means Bq@lAB:O = aobc@w faqug’ﬁB.
The sclar curvature Lagrangian foom ¢
L= L dxndx'adx®adx3a G ...AS"
L(Gns, 3cGns, &cdvdne, Chac) = RYY2
The Cdm?dheh%of the Lagrunge denvahve of L wih respedt o g " ﬂ\ssﬁame are

l = Q_)'Z_ — g a_)‘:, i Q_\:— \
§3e 0Fhe C(Q%SNABB 1 %a(ﬂc})o’%g) = - g% GAB-

ga vother than  JA apPears gince the divergence o? /(B\/\“/\((:)/f enters ang“lmtcg ration
by parts”. Tmposingthe bundlesymmetry on the Lagrangian mans imserhng zeros
" ﬁ\eorgumenJrS aqgf\B , ODOa rém% ) Bagb’\gl/(s i Hhe same for ifs Lagange denvothiue,
TRetograge  The Einsten "ChsofoLanS\\'y (X 1)) gf the symreinc metrc  munus
the Logmnje&muqhmeoﬂkasg mretrized qurung'\aq s easily cowmpubed

S L

s &5 — & svmL — et e, oL 5.Coy Ok
l/___i%ﬁ 5‘/9\7&6 SASB ( C c&fa—csqs + chc%g mdgﬂb

~36" Lo/l o
*+C 326 Il >
« %gacs‘k T 30h q.l>>

Th\&s'u\r\\ess Cgb:(), Fhe Lagranse denuative of‘H\e Lagrang e e coith Nggmrm\—ry
Mpos'cd does hofeq’ua\ "\L Emﬂ-om ;-tngor a(amg\hﬁ7 le one does DO’E‘OH'CHV\‘H'\Q
Ems\-cmectuahon‘s by varging e Lagranggm eualuated on Hg 58mme+n¢ﬁé{dr



LAGRANGE MULTIPUER.  DILEMMA
if wewant o exiremize S Rg”  subyeckfo he conshraints i-'gq%d@ =0
we justodd the conshmints o the Lagragian with Lagrange mulhiplers  and uary
bath 9 and Re Lagrange mu\hp\leﬁ jreelg

1= S(Qg‘/z + 7’“%5%% 30/@3 C %ﬁd
c a epepe

=8 - (e" 6% + £ ") 9la + AL Gug

+ 0% (~g797510%0™) glgsus + (60 € ghe) sy
e .
duegene inkgrals — forgetabout since

integrmbe o dC  Where 975 anddeavatves
pansh .

o o
i

g/p_edﬂ {'Iiahoug =9

i&gug =0

now \Jma\‘\ usuc.\\9 one Mn golvefof {J\z Lﬂgrangc Mw\hp\(é(s‘
Here one seems Yo be ata dead end.



January 11, 1979
Dear Ar’i‘hur)
Thanks ﬁ)r 9€+hh9 N fouch with me again. Tive
dashed off answers 1o all of your questions but got stuck on
one term in the vanahor of the Lﬁgrangldn~ Since Tive only got
a week eft to prepare a new talk T gving in Waterloo Canada,
Tl have o leave iF JQJF now and get back 4o+ later

B8 Misner Thorme and Wheeler use g o\\fFEren‘\‘ (andIThtrﬂQ unncd‘urul)COn\;eﬂ’f‘(on:
{7Age = QJA(VQBGC) = MW Ag
Since P%gcj = JiCABc for-o symmei‘nb Connecﬁc;n)

"hAge = MAge — Clac which accounts for the different

Sign ~5Cf%c  Instead of LCPec 1n the Connechon ﬁrrnulq_

@ Onpage 14 sfis noted thaf one may rewnte R8s (pqse (2) as:
RSB = HRss "é\:‘adBqué‘ - 9F_V2V5V3 9e 1%

+ Tr¥ ~Tr KK | |
w € now its Q¢ 2 insread of (N Q¢

this combinahon ocurs does that make you haPP\'er‘?
alloger the P\qce

s Cauge derwatives aren't needed qur 9\’-“/2' whichis g
welsh’rone ¢ calar dens‘dy under gauge Mmsﬁ:mqﬁons only
since the groups we are considering ace unimaodular (e

no difference between  gauge scalars amd gauge scalar olensmés\).

, G O o
a T have no dea what Vs Ve 92 means geomedTically .

:ljm\ooﬁlrﬁg ﬁ)rwor'd foheanhg ﬁnm You again,

Best Fégurds ,
bob
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l notes by Robert Jantzen

USEFUL 1DENTITY :

NoVe Inge” = ~Tr Ko TrKg + 9 "2V Vs gF %2

,Q:E . Expcmd lﬁ derivative and use: Tr Ko = ~T4 (0 9F\,2 -

BUNDLE EINSTEIN TENSOR COMPONENTS
BGse = Rsg~3RYGsg = H“0sa— T ™Mss

+ T K Trkg - TrKsKg ~ £ 988 ( #2 —TrK* + °R)
- 8 TG 7Ty g
DEFINMIONS ;| "™Wsg = ﬁ(Fau.BquS -4 ’:a936>
60385 = qg‘/z(gd(‘o’ss)ﬁ_ 90(6935')
NOTE THAT USING THE USEFUL (DENTITY ONE CAN REWRTE K5 und Rdb :
Ree= "Rsg —3 Fa"aF s —~ 9672 U5 Ve 9" + TrksTrke— TrKs¥Ko
Rab= FRdb + & Fa™Foag - £ T V9db + 2K*Cdtoch - Tra Kb
# Gdb= Rdo-4RGdb = "Gdb + 3§ (Fa®Fpas + £9dbF>) — 3gas'R
| S Go( —, o p)
3 &V 8db+ §59db VaV Y 9¢
F2ReK el ~ TrKa b ~ 3 9ab (Tr2 K=TrK™)

x Gdg= Rdg



USEFUL VARIATION FORMULAS (forany metnc Gog ) notes by Robertlantzen
(g2R)’' = -g"2G™ gl + g2 g%Rlug @

9\/2 QUBRIyg = G¥8¥S 7y Vs 9us
Ng "2 geb Rlab = (G#*® 7 Tr N ) og + T

VARIATION OF BUNDLE JAGRANGI]AN

L= 829 R= 9e™ Teyn v ‘9% 0% (TER-Trk* 3 FR)  + div
‘9" (HR-§F?)
e
fal 970 9¢ (T Tk s ~Trkeits )
= 9P ge" (THRITARE-TEK™KE — 4 g% (Teok=Trk?))

S (dra %R o
2, (970 R)= L ugugn g, mR

Iefom) = 9e'2lyz (-H GO+ THE) ¢ ¥ Ays g

compare wh vy B
c P 'HB P Vious Pase

S _ N Va g Vs o
By T = -voterr &%)

1 G \ i
%\dg (" 2|L9F‘/29VZ Fa ) =9 2 \& (9F/2 Fgg) Just as 10 usual Compu‘\‘aﬁom

Fudab = ViGap— A% (CachtChea)
(Vg = ~2 A’ Ceatern)
(Kuab)! = Ccarcly A%
(K= [ Ra) A%’
O unimodular groups

K= QK««HC‘“’)’: 2 Trkek? A%

2 L = 9”2 ‘670((9[:V2F'dd3> -2 9‘!19'/7— Trkak®

5A%
= —2g%9:" Raf =|-2g"ge" Ga¥= 5, 7




[ nofes by R Jantzen |

The JCO“Ow\ﬂg comPu\—th‘;\ 0& 8&9 . i _— ._{9\/29P\/2 qu

5 a near miss.  The variafion of T3 st coming out rlgH‘ and Im
ﬁmpomﬁt\g puZZ\ed . Perhaps you can ;ﬁgure it out. Tl get back o 1+ when

Thave more time .

(3¢t % (R ~4 Gab F%F % + TR)) =
9F‘/19‘/2 éuR 96!5 __‘\__} ( Fad@‘:lze _*__\_2905 F'-l)) 9/ab +
a-29"% (G glab)

This uses—ﬂwefhd- Hhat (QF\/Z FR’) /— _ gp"lFGQE g ’aL .

The divergence vamishes (denhéallg by ummodu(arﬁy acd
right invariance, ‘

(hge (kTR )/
g ge (Lgob (Trak-Trk Ygi k) kD)

(Tr K2) = (999" K uab Kaca)’
- —'2‘qucszad9de+ 2K dab (FJZ'%O’S/COO

L

ko ghd  +di
G cd _ . i
KA = 4G (992947 Gab)
= — c b & & o
59 9% TV 9ab — L Vo (9°9%) VGl
~(Ka 92" 49 K) —2K

e — e

L e TR
(kD = (K ““Kaa® =3 994 %V9ab) 9%

o—

, /
CFFZK,) 'z (9-%9ql> Koab 94K cd) "= 2 TrK¥ (4K ed )
= —2 T gled + 2TrK* 9 (=470 gka)
R T g
_ (TaTek) ged ¢ 2Tk K ) gled

= (WTrK¥) g9 gld = (F2K —9¢™2 V™ G2 ) g™ g'cq



\L\o)res by Rebert Jantzen

@

I the tom (r2K)g 4 had been instead  Trdoak® ed ,

we would have oblained S_}ﬁ _ _qglzngl/zGab

O Gab
beause all the other ferms agree. T don't understand what
Tiwe done wrong yeth.



