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Preface

A meeting on Enrico Fermi and Astrophysics was held at the University of Rome
“La Sapienza” and the ICRANet Center in Pescara (October 3–6, 2001) in celebra-
tion of the hundredth anniversary of the birth of Enrico Fermi (1901–1954). During
that anniversary year many events were organized covering the activities of Fermi
in particle physics, nuclear physics, statistical mechanics and quantum statistics.
Besides these fundamental fields of physics, amply documented in the existing liter-
ature, I thought Fermi had also played a key role by pioneering ideas which, directly
or indirectly, became crucial for the understanding of some basic conceptual aspects
of astrophysics and general relativity. This was the main focus of our meeting in
Pescara, where a series of talks was presented dealing mainly with astrophysics,
at the end of which I delivered a concluding lecture in the Aula Magna at the
University of Rome “La Sapienza”: “Fermi, General Relativity, Astrophysics and
Beyond.” The proceedings of that meeting were published as a special combined
issue of Il Nuovo Cimento B : Vol. 117, Nos. 9–11, 2002.1

I pointed out the paradoxical situation regarding a collaborative work by Fermi
and Anthony L. Turkevich at the intersection of general relativity, cosmology and
astrophysics: an article summarizing their findings was not published under the
authors’ own names at the time but only later extensively quoted in a 1950 review
written by others together with a declaration of its authenticity by the original
authors. This unpublished Fermi-Turkevich article was not included in the collected
papers of Fermi published in the West.2 It has for the most part been ignored in the
current scientific literature and in textbooks on cosmology and astrophysics. To the
best of my knowledge, it has only been mentioned by Frank Wilczek in the opening
talk at the Chicago celebration of Fermi’s 100th birthday on September 29, 2001.
In the Russian edition of Fermi’s collected papers this article was included, thanks
to the forceful request by Bruno Pontecorvo, as Bruno recalled to me many years
1available online at: http://en.sif.it/journals/ncb/econtents/2002/117/09--11.
2Enrico Fermi: Note e Memorie (Collected Papers), Accademia Nazionale dei Lincei and The

University of Chicago Press, Vol. 1, 1961, Vol. 2, 1965; Volume 1 is available on-line at:
http://www.archive.org/details/collectedpapersn007155mbp.
Both volumes are available at the Accademia dei Lincei website: http://www.lincei.it/modules.
php?name=Content\&pa=showpage\&pid=125.
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later. Nevertheless this Fermi and Turkevich paper has indirectly greatly influenced
developments in cosmology. It was well known to a small number of scientists and
was certainly well known to Bob Dicke at Princeton, as I found out in 1968. Due
to the beauty of its scientific approach, the numerical techniques adopted, and the
importance of the results obtained, it has to be considered one of the fundamental
contributions to relativistic cosmology, and since that time I have made a special
effort to publicize it and I assign it as mandatory reading to all my university
students.

I have tried to understand some of the reasons which have led to such a funda-
mental contribution being withheld from the general scientific community. Fermi
himself may have been partially responsible, finding himself in the position of a critic
and not of a constructive intellectual leader. It seems that he had been motivated in
his work with Turkevich mainly to disprove through a detailed quantitative analysis
some of the qualitative arguments on primordial nucleosynthesis made with poor
mathematical rigor presented at the time by George Gamow, who claimed that all
the known elements could be synthesized in the earliest phases of a Friedman hot
universe. Fermi was not the only one to distrust the qualitative considerations made
by astrophysicists. As recalled to me by Evgeny Lifshitz, Lev Davidovich Landau
expressed the same distrust in his usual caustic form: “Astrophysicists, often in
error but never in doubt.”

The paper is fascinating from the point of view of its scientific logic and had
unexpected strategic results. For years I was curious to understand the conceptual
background Fermi used to formulate his detailed set of equations. This desire has
been only recently fulfilled. Fermi was attempting to prove George Gamow wrong,
and was also reproaching him for improperly using Einstein’s theory of general rel-
ativity which Fermi considered far from proven. As a matter of fact, strategically,
Fermi obtains just the opposite result. True, the work of Fermi and Turkevich
did disprove Gamow’s claims about the creation of the elements. Fermi, however,
precisely formulated the problem of cosmological nucleosynthesis in a Friedman uni-
verse within Einstein’s theory of general relativity, although with profound skep-
ticism. The observations of the cosmological background radiation some twenty
years later led, precisely through the work of Fermi and Turkevich, to the triumph
of Einstein’s theory and of Gamow’s theory of an initially hot state of the universe!
I was always fascinated by this nonlinear fate of a classic work reaching a profound
understanding quite the opposite from the initial intent of the authors.

I then realized that a variety of articles by Fermi were equally insufficiently
well known: a possible reason being that they had not yet been translated from
Italian into English, especially those by the young Fermi when he was a student at
the Scuola Normale Superiore in Pisa dealing mainly with electrodynamics and the
special and general theories of relativity. This led to a lengthy process in which with
the help of Emanuele Alesci, Donato Bini, Dino Boccaletti, Andrea Geralico, Robert
Jantzen, and Simone Mercuri, we translated from Italian to English a selection of
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Fermi’s papers, including the ones of the Pisa period. In the course of our work we
also became aware of a scientific result published in a series of six papers written
by Fermi in 1922–1923, during his Pisa period, while still a student and later in a
temporary position at the University of Florence, which he presented in Göttingen
in 1924. This result, which has been overlooked in nearly all textbooks, is his
solution to the infamous so called “4/3 problem” that plagued the classical theory
of the electron introduced by Abraham and Lorentz during the first years of the
life of special relativity and which was wrongly interpreted by Poincaré as due to
unidentified internal stresses holding the electron together. I discussed this topic
for a few years with Donato Bini, Andrea Geralico and Robert Jantzen.

In reading these papers in Italian we came across two important papers which
we also translated. The first is a 1930 lecture delivered in Trento in which he clearly
motivated his distrust toward approaching the internal constitutions of stars, an at-
titude which had negative consequences for the Italian development of astrophysics.
The second was greatly rewarding: a crucial lecture that Fermi later delivered in
Italian at the University of Rome in October 1949, “Theories on the origins of the
elements,” recorded by Ettore Pancini, which we have also translated into English.
Through this I finally became aware of Fermi’s deep knowledge of cosmology and
derivation of the key equations, which allowed him to perform the computation
in his work with Turkevich. There were also some other later papers related to
astrophysics which, although they had been published in English, for a variety of
reasons, had not yet reached the attention they deserved from the scientific com-
munity at large. We started assembling all of this material. Of course many books
and even movies already exist which review the glorious achievements of the Fermi
group in Rome on neutron physics, nuclear physics and statistical mechanics, but
none of these overlap with our specific interest in the matter of general relativity
and astrophysics. I first noticed with curiosity Fermi’s apparent lack of interest in
general relativity and also in astrophysics during the entire Rome period of this life.
This was particularly surprising since many fundamental results were obtained in
those years in England and in the United States which had great significance for
astrophysics in the following decades. Many of the results were indeed obtained
using Fermi’s conceptual discoveries.

Fermi and Einstein’s theory of General Relativity

It became natural to ask the reasons why Fermi, one of the first scientists to
reach a deep understanding of Einstein’s theory of general relativity and to give pro-
found contributions to that theory, already as a student in Pisa, never addressed
any issue related to general relativity after transferring to Florence in 1924 and in
1926 to Rome. What could have happened during this Florence transition which
inhibited his desire to pursue general relativity further? I started to collect testi-
monies from people who had been members of the Physics Institute in Rome to
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Fig. 1 E. Fermi, W. Heisenberg and W. Pauli (Como Conference, 1927).

resolve this question. Many testimonies came in discussions with my close friend
Arrigo Finzi who had been a student of Fermi in the Physics Institute and had as his
thesis advisor Tullio Levi-Civita in the Mathematics Institute. A lot I learned from
Edoardo Amaldi, my teacher in Rome, who had been a close Fermi collaborator. I
also collected some episodes relevant to the understanding of the further history of
Italian physics and of the Rome Physics Institute.

Three different questions naturally emerged:
i) It is possible that Fermi’s early interest in general relativity was overwhelmed

by the powerful influence of Wolfgang Pauli, Werner Heisenberg and Pasqual Jor-
dan (see Fig. 1) which led to his fundamental contributions to quantum statistics,
quantum field theory and the theory of weak interactions? I often discussed this
issue while working in Hamburg with Pasqual Jordan, with Heisenberg in Munich
and later with Wigner in Princeton.

ii) How important role was played by the infamous anti-Semitic campaign against
Einstein’s theory, which started in the early twenties in Germany and later propa-
gated in the early thirties in Italy?

iii) How crucial was the fact that the only observable effects of general relativity
at that time were qualitatively very small, and the theory was confronted with great
mathematical difficulties and was drifting away from mainstream physics?

The early application of Fermi’s theory in Astrophysics

One clearly sees in Fermi’s Trento lecture to which I referred above his lack of inter-
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est in the study of the internal constitution of stars. It was an unfortunate scientific
missed opportunity not to have had Fermi apply his genius to the early development
of this important field instead very successfully developed by the Cambridge School
in England by applying the concept of Fermi statistics.

i) On the matter of the white dwarf critical mass.
Indeed it was Ralph Howard Fowler who took the first step in applying Fermi-Dirac
quantum statistics to the interiors of stars. This did not happen by chance. Fowler
was the teacher of Paul Adrien Maurice Dirac. Fowler had introduced Dirac to
quantum theory in 1923 and later on put Dirac and Werner Heisenberg in touch
with each other through Niels Bohr. It was no surprise that as soon as Dirac pub-
lished his first paper on quantum statistics, Fowler, who was at Trinity College and
had worked with Arthur Milne on stellar spectra, temperatures and pressures, un-
derstood at once the role of quantum statistics in solving the problem of the white
dwarf equilibrium configurations with further contributions from Edmund Clifton
Stoner who introduced the effects of special relativity into the study of white dwarfs,
the existence of a critical mass and, even more important, the concept of the “exclu-
sion principle” for the electrons which later became known as the Pauli principle. A
bitter dialog developed at the time between Eddington and Chandrasekhar. Fermi
could have been the ideal physicist to help clarify this Eddington-Chandrasekhar
debate but in view of his attitude about the “very risky hypothesis” to be adopted
for the interior of the star, he did not enter into the controversy. The confrontation
was not resolved then although two of the most prominent astrophysicists were at
work. It was indeed a difficult problem only recently solved by applying precisely
the generalization of the Thomas-Fermi equation to white dwarfs. At the end it
became clear that both Chandra and Eddington had good reasons for holding their
points of view but resolving the question they posed required almost eighty years
of further theoretical development and work!

ii) On the matter of the neutron star critical mass.
A similar and parallel story followed in 1934: two European astronomers, Walter
Baade and Fritz Zwicky at Caltech advanced the possibility that the large energy
release observed in supernovae could originate in the transition from a normal star to
a neutron star and that supernovae could be the origin of cosmic rays. The concept
of a neutron star appeared gradually first in a fundamental paper by Friedrich Hund,
then in a simple model by George Gamow based on a self-gravitating set of neutrons
described using degenerate Fermi-Dirac statistics in a Newtonian treatment. It is
interesting that already in this early work Gamow correctly understood the physics
implying the occurrence of a critical mass of a neutron star but made computational
mistakes in evaluating its value. The work on neutron stars was further developed in
general relativity, under the same hypothesis of a degenerate neutron Fermi gas, by
Robert Oppenheimer and his students. The critical mass for gravitational collapse
was then estimated to be 0.7M�. Later this analysis was extended to the case of
the fermion gas of neutrons, protons and electrons gravitationally sef interacting in
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a book by John Wheeler and collaborators.3 Also in this analysis of neutron stars
and the estimate of its critical mass there were a vast number of issues in which
Fermi’s intervention could have been most welcome. Only now has a comprehensive
treatment of neutron stars encompassing all the fundamental interactions has been
made possible thanks to including Fermi’s theory of the weak interactions, the
strong interactions and a unified approach to the Thomas-Fermi model. In this
approach general relativity is indeed essential since it requires the solution of the
Einstein-Maxwell system of equations. This result has only been achieved in recent
months!

iii) On the matter of the continuous gravitational collapse of a neutron star ex-
ceeding its critical mass.
The issue of the existence of critical mass against gravitational collapse for neutron
stars naturally lead to an even deeper issue: following his work on neutron stars
as a system of self gravitating fermions, Oppenheimer soon boldly advanced in the
study of what would happen to a star with a mass larger than the critical mass in
its continuous gravitation collapse. This specific issue on general relativity did not
interest Fermi even later in his American period but did find the attention of Al-
bert Einstein. The beautiful treatment of Oppenheimer and Snyder paradoxically
triggered a bitter confrontation between Einstein and Oppenheimer (see Fig. 2).
This confrontation was based on an equally beautiful analytic solution of a system
of many self-gravitating particles in circular orbits explicitly obtained by Einstein.
Having myself addressed the physics of gravitational collapse for years I was con-
fronted to make an assessment about the correctness of Einstein’s objections and
of the Oppenheimer work. I had postponed this task for a long time but finally the
role of the Einstein clusters was clarified in recent months leading to a new deeper
understanding for the issue of identifying a black hole in galactic cores!

Probing the matter-antimatter frontier by Heisenberg and Euler

In that same period, while the work on nuclear physics and neutron physics was
going on in Rome and in Berlin and the first application of fermion self-gravitating
systems in astrophysics was progressing both in Cambridge, England and in the
United States, there was a major topic of scientific interest in the northern school
of physics. This work could find its conceptual roots in the paper of Fermi in
the Pisa period on the electromagnetic energy of a charged particle. It was Oscar
Klein who in 1929, following P.A.M. Dirac’s description of the matter-antimatter
universe, expressed the essential quantum aspects of this phenomena by introducing
his famous “Klein Paradox”: an electron scattered from a potential barrier on the
order of the electron mass can tunnel between the matter and antimatter solution.

An electron tunneling into a potential barrier experiences an exponential damp-

3See B. Kent Harrison, Kip S. Thorne, Masami Wakano, John A. Wheeler: “Gravitation Theory
and Gravitational Collapse” (Univ. of Chicago Press, Chicago, 1965).
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Fig. 2 Einstein discussing with Oppenheimer (1946). In a classic paper, Einstein objected to
the possibility of a gravitationally collapsing object not rotating to approach asymptotically, as
postulated by Oppenheimer and Snyder, its Schwarzschild horizon [205]. Only recently it has been
shown that the Einstein objections do not prevent the formation of a black hole and in that work
Einstein had anticipated by many years the understanding of circular orbits in a Schwarzschild
solution (see the concluding remarks).

ing. If the potential barrier is of the order of the electron mass the potential barrier
is penetrated by the electrons and becomes more and more transparent by increas-
ing the sharpness and depth of the potential well. The existence of a critical electric
field Ec = m2

ec
3/(e~) was found, where me is the electron rest mass, c is the speed

of light in vacuum, e is the electron charge and ~ is the reduced Planck constant.
In correspondence the reflection of the wave function of the electrons decreases and
the electrons tunnel into the negative energy states. By this “level crossing” a pair
of electron-positrons is created. These considerations were developed in classic ar-
ticles by Sauter (1931), Heisenberg and Euler (1936), Weisskopf (1936) and later by
Schwinger (1951) in the USA (see Fig. 3). In this figure some of the major inter-
preters of this research are represented. The picture is also particularly interesting
since it represents one of the moments of maximum resonance between Heisenberg
and his collaborators prior to the “decay” due to the tragic circumstances following
the 1933 events.

The possibility of observing this Heisenberg-Euler effect, leading to the creation
of electron-positron pairs by vacuum polarization, has been attempted unsuccess-
fully for years in heavy ion collisions. Years later I became interested in observ-
ing this process in astrophysics using the electromagnetic energy “in bulk” during
the formation of a black hole, with the consequent formation of an optically thick
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Fig. 3 Heisenberg’s group in Leipzig 1931. Back row from the left: George Placzek, Giovanni
Gentile and Giancarlo Wick visiting from Italy, Felix Bloch who was at the time still Heisen-
berg’s assistant in Leipzig, Victor Weisskopf who worked at the time at Niels Bohr institute in
Copenaghen, Fritz Sauter. Front row: Rudolf Peierls, Werner Heisenberg.

electron-positron plasma. This interest brought me, starting in 1971 after my ar-
ticle “Introducing the Black Hole” with Wheeler, to have a series of meetings and
discussions with Heisenberg. This also created the conditions to acquire from him
revealing anecdotes, including also some about his interaction with Fermi both in
the Rome period and in the American period. Also in this case the novelty was
the introduction of general relativistic effects, never addressed by Heisenberg, which
indeed soon after will allow his quantum considerations to become of paramount
importance in astrophysics. [Put ref ref ]

Fermi and Cosmology

My main interest, following the notes by Oreste Pancini, was to understand better
Fermi’s sudden interest in cosmology at the end of the Los Alamos war effort,
expressed in his joint work with Turkevich. There were three aspects to clarify:

1) The intellectual setting of the Fermi contribution. I could not avoid noting
the deep chasm between Fermi’s attitude towards cosmology and the equally fun-
damental work in that field developed in the United States around the figures of
Einstein, Hermann Weyl, and Kurt Gödel. I was very influenced in this by the truly
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unique experience of my many discussions with Gödel about his vision of cosmology.
2) The conceptual and technical novelty of Fermi’s approach. He jumped into

this world with his knowledge acquired from the atomic bomb projects in Los
Alamos, including, for the first time in astrophysics, the use of electronic machines
for performing the integration of the systems of the rate equations. Equally impor-
tant was his precise knowledge of the nuclear cross sections derived from the Los
Alamos activities, some of them still classified. Essential as well was the precise
knowledge of the Einstein field equations he had mastered in his early days in Pisa.

3) The form the work was presented and received. His work was marked by
his severe attitude towards both Gamow and Einstein. I could certainly justify his
attitude toward Einstein’s theory recalling some equally critical considerations of
Richard Feynman towards scientists working in relativity made during the same
time frame. It remained the need to clarify the reason for Fermi’s unwillingness to
publish his results. But in my opinion there was a more profound drama, a question
still not resolved of what determined this decision in Fermi’s mind.

Astrophysics and General Relativity at the death of Einstein and of
Fermi

At the death of Einstein general relativity was confronted by mathematical dif-
ficulties and by a detachment from the rest of physics, well expressed by Richard
Feynman:

a) The geometrization of the fundamental interactions appeared to be too diffi-
cult and detached from the current interest in physics;

b) The handling of the Einstein field equations was of interest only for a re-
stricted number of mathematicians, and

c) There was the absence of any physical phenomenon in which general relativity
might play a major role.

When Fermi died, his work with Turkevich was largely unknown and it would
have been remembered as a severe criticism of the Einstein and Gamow work and, at
best, as an exemplification of an alternative more rigorous and cautious procedure
in approaching an astrophysical problem. Its special astrophysical significance and
implications were certainly not clear at the time.

Heisenberg’s work with Euler and the successive relativistic extension by
Schwinger on vacuum polarization was still unsuccessful in finding experimental
support at the time: the attempts to discover electron-positron pairs created by
overcritical fields, initially announced to be successful, were then disproved, and
they will remain so for years to come in the routine analysis of heavy ion collisions.

The idea of this book

While I was mulling over all these issues during the past decade I continued my
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work in relativistic astrophysics and was witnessing on a daily basis the tremendous
relevance to the field of relativistic astrophysics of the classic work of these three
giants: Fermi, Einstein and Heisenberg.

The authentic resurrection of general relativity was just around the corner and
its reincarnation came in the field of relativistic astrophysics, where the work of
Einstein, Fermi and Heisenberg also acquired new profound dimensions!

From this thinking came the decision to structure all of this material into a book
dedicated to Fermi, Einstein, Heisenberg and relativistic astrophysics.

The greatest and most fundamental new results have come from the utilization
of their ideas not in the isolation that they had created between themselves while
alive but in a profound new interaction unhampered by their personal prejudices.

In my short excursus covering some of these ideas, I have purposely avoided
entering into matters already extensively treated elsewhere, including in my own
books, and have focused on a historical perspective regarding some particular events
in the development of relativistic astrophysics which I have witnessed directly or
have reconstructed in Rome, Princeton, Cambridge, Moscow and in locations where
relativistic astrophysics after its inception flourished in the following years. I have
privileged the indications on some current research which I consider particularly
promising.

The volume contains three chapters and two appendices including reproductions
of relevant historical and more recent articles.

Chapter 1

My reflections on the work of Einstein, Fermi and Heisenberg and their influence in
present day relativistic astrophysics.

Chapter 2

Chapter 2 reproduces the English translation of the papers originally published in
Italian during Fermi’s Pisa and Rome periods. The most famous of these introduc-
ing Fermi coordinates and Fermi transport (implicitly defining what later became
known as Fermi-Walker transport, see a commentary article in Appendix C) was
indeed a detour from Fermi’s initial investigation of electromagnetic mass in special
and general relativity that seems to have been largely ignored over the past ninety
years. Appendix B includes a commentary paper on Fermi’s resolution of this “4/3
problem” in the ratio between inertial mass and energy for the classical electron
Coulomb field and a shorter journal article summarizing the natural completion of
Fermi’s original ideas about electromagnetic mass, followed by a historical context
commentary paper. Finally we reproduce the related article from 1949 by B. Kwal
which seems to be the only one to touch upon this topic until the independent work
of Rohrlich in 1960, after which Fermi’s original contribution was rediscovered.
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Fig. 4 TEST (Traction of Event in Space Time), sculpture by A. Pierelli, photo by S. Takahashi.

Chapter 3

Chapter 3 reproduces some of Fermi’s classic papers from his American period
regarding the origin of cosmic rays and the mechanism of their acceleration, the
interstellar magnetic field and its importance in astrophysics (in this field, Fermi
was a pioneer), and the famous Fermi-Pasta-Ulam paper on nonlinear problems.

I am particularly grateful to my colleagues for their translation of the Fermi
papers into English:

Emanuele Alesci for papers 4c) and 5), Donato Bini and Andrea Geralico for
papers (1), (2), and (3), Dino Boccaletti for papers (7), (10), (12), (13), (30), (38),
(80a) and (240.3), and Simone Mercuri for paper (43),4 using the article labeling
system from the two volume set of Fermi’s collected works. Robert Jantzen has
edited these translations for English expression. Andrea Geralico and Massimo
Regi have given invaluable assistance in the typesetting process uniting original
text and article reproductions into a single LaTeX document.

R. Ruffini

4An alternative translation of (80a) and (43) by Giovanni Gallavotti is available online:
http://ricerca.mat.uniroma3.it/ipparco/pagine/deposito/archivio/fermi.html
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Chapter 1

Einstein, Fermi, Heisenberg and
Relativistic Astrophysics:

Personal Reflections by Remo Ruffini

PART I.
FROM THE 1920s TO THE 1930s

The introduction of special relativity by Albert Einstein in 1905 [1] signaled an
epochal change in the understanding of physical laws. His presentation On the
Electrodynamics of Moving Bodies is based on a complete set of elementary obser-
vational facts, some simple considerations based on Euclidean geometry and a set
of linear partial differential equations which are easily integrated analytically. In-
troducing the concept of a space-time event as a basic element in the formulation of
all physical laws, this short article still stands today as a monument of clarity, sim-
plicity and scientific rigor. I often told my students that understanding Einstein’s
theory of special relativity is very difficult, precisely because it is a new paradigm,
in spite of its extreme simplicity.

Einstein’s article introducing general relativity ten years later [2] is quite dif-
ferent: it uses the most sophisticated understanding of non-Euclidean Riemannian
geometry, the nonlinear Lagrangian description of the fundamental interactions
leading to a nonlinear set of partial differential equations in four dimensions which
still do not admit a general solution nearly one hundred years later. Most of all,
general relativity proposed the revolutionary idea of geometrizing the gravitational
interaction by introducing the physical concept of the equivalence principle. In
formulating general relativity Einstein took advantage of the geometrical success
of the flat four-dimensional non-Euclidean spacetime introduced by Minkowski [3]
for special relativity by extending it to a curved Riemannian geometry model for
spacetime which behaves locally like Minkowski’s spacetime. He also used Hilbert’s
understanding of nonlinear Lagrangian theory [4] and employed the most elegant
advanced mathematical and geometrical tool at the time, the absolute differen-
tial calculus, developed in the Italian schools of geometry by Luigi Bianchi [5, 6],
Gregorio Ricci Curbastro [7] and Tullio Levi-Civita [9]. The bridge between the
physical insight of Albert Einstein and the results of these Italian geometers was
made possible by the collaboration with his close friend Marcel Grossmann [10].

This is the most powerful synthesis of physics and mathematics ever encoun-

1
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tered in the history of mankind. I often reiterate to my students that, like special
relativity, general relativity is difficult to understand, but this is indeed due to its
conceptual, mathematical and physical complexity. Contrary to the case of spe-
cial relativity, where observational verification was plentiful in view of its direct
application to Maxwell’s theory of electromagnetism, general relativity had very
little observational evidence to support it. It took tremendous courage for anyone
to attempt to propose such a very difficult theory, so distant from the traditional
approach to physics and introducing as its foundation the revolutionary new idea
of the geometrical interpretation of a physical interaction.

Soon after Einstein’s equations were written down, a number of fundamental
contributions appeared pointing out the possibility of inferring a new landscape for
understanding physical phenomena in this novel geometrical approach. An explicit
solution was found by Karl Schwarzschild [11] corresponding to new physical phe-
nomena occurring around a spherically symmetric distribution of matter. Similarly
Josef Lense and Hans Thirring [12] pointed to the conceptually new idea of the drag-
ging of inertial frames by a rotating object, and Willem de Sitter [13] addressed the
first implications of general relativity for astronomy. These classic papers appeared
in parallel with a wave of three fundamental books giving a systematic outlook to
this new scientific era: the book of Wolgang Pauli “Relativitätstheorie” [14], later
reprinted [15], the classic book of Hermann Weyl “Raum-Zeit-Materie” [16], later
translated into English [17], and the equally impressive book by Arthur S. Edding-
ton “Space, time and gravitation. An outline of the general relativity theory” [18].
It is interesting that one of the first minds to lead the way in this new conceptual
description of natural phenomena was a student at the Scuola Normale Superiore
in Pisa: Enrico Fermi (see Fig. 1). He started from the analysis of gravitational
and electrodynamical phenomena and succeeded in leaving behind an impressive
understanding of some profound new issues raised by general relativity.

1.1 Fermi at the Scuola Normale Superiore in Pisa

It is difficult to find a topic in the work of Enrico Fermi which has not yet been
extensively discussed either scientifically or historically. Nevertheless there are as-
pects precisely in his earliest papers in the period when he was a student in Pisa
and in the earliest part of his transition from Pisa to Rome spent in Florence, which
have yet to be fully appreciated and which deserve additional attention today. They
were written in Italian and published in scientific journals which are not easily ac-
cessed, so we have translated them into English along with some others of particular
relevance (see Chapter 2 of this volume and Appendix B). They deal mainly with
fundamental issues of general relativity and classical electrodynamics and they help
clarify and document those early years of his activity which contributed to creat-
ing his scientific personality. In his very first papers Fermi showed an outstanding
interest in, knowledge of, and control over the mathematical techniques of the foun-
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Fig. 1 Young Enrico Fermi during the Pisa period (1918–1922).

dations of classical analytical dynamics and the theory of general relativity and
also some interest in experimental work, necessary for obtaining his degree from
the Scuola Normale in Pisa. Fermi mastered not only the physics of Einstein’s then
new theory but also the mathematical techniques of the tensor calculus of Tullio
Levi-Civita and Gregorio Ricci-Curbastro, and the knowledge of optics from X-ray
instrumentation. These papers, which we have translated into English, range from
classical electrodynamics, and special and general relativity to the theory of adia-
batic invariants, including some work on Roentgen X-rays which was a part of his
thesis.

FI 1: “On the dynamics of a rigid system of electric charges in translational
motion” (1);

FI 2: “On the electrostatics of a homogeneous gravitational field and on the
weight of electromagnetic masses” (2);

FI 3: “On phenomena occurring close to a world line” (3);
FI 4: “Correction of a contradiction between electrodynamic theory and the rel-

ativistic theory of electromagnetic masses” (4c);
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FI 5: “Masses in the theory of relativity” (5);
FI 6: “On the mass of radiation in an empty space” (10);
FI 7: “The principle of adiabatics and systems which do not admit action-angle

coordinates” (12);
FI 8: “Some theorems of analytical mechanics of great importance for quantum

theory” (13);
FI 9: “A theorem of calculus of probability and some application” (38b);

FI 10: “Formation of images with Roentgen rays” (7).

The article numbering in parentheses is that of the collected work of Fermi
referred to in the Preface. Among these particular articles are the details of Fermi’s
resolution in 1922 of the 4/3 problem in the classical theory of the electron which
led to a mass-energy relation for the self-field contribution to the electron’s inertial
mass which violates Einstein’s famous E = mc2 formula are still not well known
nor even presented either in current textbooks nor those devoted to that specialized
field. In order to analyze correctly the classical electron model in that early work, he
developed his Fermi coordinates, so named by Synge, but not cited in Walker’s later
paper on the corresponding transport implicit in Fermi’s work (later called Fermi-
Walker transport). Fermi-Walker transport, has found a spectacular application
and verification recently in the NASA “Gravity Probe B” experiment (see Fig. 2).

Fig. 2 The Gravity Probe B (GP-B) gyro experiment, measuring the Fermi-Walker transport of
the spins of four gyroscropes on board the satellite in a polar orbit undergoing dragfree (geodesic)
motion around the rotating Earth through two effects, the small geodetic effect due to the mass
of the Earth without considering its rotation, and the much smaller frame-dragging effect due to
the rotation itself.
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1.2 The onset of general relativity in Germany and Italy

While these conceptual scientific developments were taking place, the introduction
of general relativity by Einstein had encountered a negative political climate in
Germany. As we will see the interference of these political aspects greatly influenced
the development of the scientific ideas. There is no better way to understand the
climate in which Einstein’s ideas were received in Germany, at the time Fermi
was completing his studies in Pisa, than to reproduce the words used by Werner
Heisenberg:

. . . In the summer of 1922, shortly before this scientific congress
in Leipzig, the then foreign minister, Walther Rathenau, was mur-
dered by nationalist terrorists. It was a deliberate attempt to pre-
vent any effort at a settlement. Political passions again flared high,
and the anti-Semitic movement began to direct its vengeance upon
Einstein too, since he was a Jew, and enjoyed especially high es-
teem in the learned world of Germany. So just before the Leipzig
session it was decided, at Einstein’s request, that he himself should
not speak there, but that von Laue should take over his lecture. I
did not know this when I went to Leipzig, and merely wondered at
the ominous political excitement that was to be sensed among most
of those attending the session. When I sought to enter the great as-
sembly hall to listen to Einstein’s lecture, a young man thrust into
my hand a red leaflet, reading more or less to the effect that the
theory of relativity was a totally unproved Jewish speculation, and
that it had been undeservedly played up only through the puffery
of Jewish newspapers on behalf of Einstein, a fellow-member of
the race. I thought at first that this was the work of one of those
lunatics, who do, of course, occasionally frequent such meetings.
But when I found that the red leaflet was being distributed by
the students of one of the most respected of German experimental
physicists, obviously with his approval, one of my dearest hopes
disintegrated. So science, too, could be poisoned by political pas-
sions; so even here it was not always a question solely of truth. I
became so agitated that I could no longer really take in the lecture.
I was sitting in the hall a long way from the rostrum, and quite
failed to observe that von Laue was speaking in place of Einstein.
Even after the meeting I made no attempt to seek out Eintein’s
acquaintance, but boarded the first train back to Munich. . . . 1

1From the book: Werner Heisenberg, “Encounters with Einstein: And Other Essays on People,
Places, and Particles” (Princeton University Press, Princeton, 1989), pp. 111–112.
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In Italy, the theory of general relativity enjoyed great respect and interest among
mathematicians. Indeed, from the beginning, the work of Einstein had profound
roots in the Mathematics Institute in Rome, thanks to the work of Federigo En-
riques, Guido Castelnuovo and especially Tullio Levi-Civita. It was through Marcel
Grossmann that Einstein became aware of the scientific work on the absolute dif-
ferential calculus of Gregorio Ricci-Curbastro and Levi-Civita.

A first attempt at a theory of gravity based on the absolute differential calculus
had been made in 1913 by Einstein and Grossmann [149]. The paper contained two
sections: the first on the mathematical aspects of the problem, written by Marcel
Grossmann, and the second on the physical aspects, written by Albert Einstein. To
celebrate this ideal bridge between physics and mathematics in 1975 Abdus Salam
and I established the Marcel Grossmann Meetings in his honor.2

In these years the contacts between Levi-Civita and Einstein, prior to and fol-
lowing the appearance of the equations of general relativity, grew very intense. This
collaboration grew into a great mutual respect and friendship between the two. I
remember Einstein’s secretary, Helen Dukas, close to Einstein for so many years,
recalling to me in Princeton a splendid sentence written by Einstein to Levi-Civita:
“I admire the elegance of your method of computation; it must be nice to ride
through these fields upon the horse of true mathematics while the like of us have to
make our way laboriously on foot.” (See Fig. 3). There is no doubt that, without
Levi-Civita, Einstein would not have been able to formulate the field equations of
general relativity. It is also clear that the scientific imprint of the young Enrico
Fermi in Pisa was strongly influenced by the work of Levi-Civita as is clear from
the papers we have translated and reproduced in Chapter 2.

In addition to these common scientific interests there were the noble human
contacts between Einstein and the families of Levi-Civita and Henriques. Recently
a correspondence has been published of particular significance to this fact. Already
in 1923 Federigo Henriques had written to Einstein to invite him to transfer from
Berlin to Rome and offering him a position of Professor at the University of Rome
and to live in the building in Via Sardegna where Levi-Civita was also living. Here
is Einstein’s answer:

“Dear Colleague, your letter moved me deeply and I sincerely
confess that I would prefer you and the company of Levi-Civita to
my colleagues I have here. Although there is a lot of anti-Semitism,
for the moment I’m not suffering it. On the contrary, anti-Semitism
forces one to be prudent and leads certain people to bother me less
than they would under normal conditions. At my age it is not

2The Marcel Grossmann meetings are held every three years in a location moving around in
cities internationally: Trieste (MG1: 1975) and (MG2: 1979), Shanghai (MG3: 1982), Rome
(MG4: 1985) and (MG9: 2000), Perth (MG5: 1988), Kyoto (MG6: 1991), Stanford (MG7: 1994),
Jerusalem (MG8: 1997), Rome (MG9: 2000), Rio de Janeiro (MG10: 2003), Berlin (MG11: 2006),
Paris (MG12: 2009) and Stockholm (MG13: 2012).
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Fig. 3 A. Einstein and T. Levi Civita at the University of Bologna.

easy to change environment. There is no elasticity to blend with
the new. For these reasons, despite the feelings of gratitude and
sympathy I feel for you and your country that I have always loved
in a special way, I cannot accept your affectionate offer. But if in
the future the exacerbation of the situation forced me to have to
leave my nest, I’ll come to you with joy and full confidence. Your
Albert Einstein.” . . . 3

In the Rome Physics Institute Einstein’s theory of gravitation was instead never
appreciated. This view was recalled to me by my close friend Arrigo Finzi, the sole
exception to this general attitude. At the time Arrigo was a student in physics
following the lectures of Fermi and had as his thesis advisor Tullio Levi-Civita in
mathematics. The work on general relativity was looked upon with some disdain,
as pertaining mainly not to the field of physics but to the hybrid and, at that time,
marginally scientific field of “Fisica Matematica.” There had been one significant
event also recalled by Arrigo in which Franco Rasetti, a member of Fermi’s group,
gave a sarcastic tongue-in-cheek seminar to the physicists, with the mathematicians
as guests apparently supporting measurements of general relativistic effects made

3Excerpt of the article on the newspaper “Corriere della Sera” by Maurizio Chierici: “Io e
Einstein alla stazione. . . ,” a colloquio con la figlia del matematico Federigo Enriques (April 10,
1992, p. 9), here in translation.
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possible by the new physics. At the end of the seminar when one of the mathemati-
cians, Paolo Straneo, asked him for references, Rasetti turned to the physicists and
shouted: “You see, I told you they would believe all this nonsense!”

1.3 The survival of general relativity from 1920 to 1960

From the nineteen twenties to the sixties, after the first waves of papers, books
and observations confirming the novelties but also the paucity of general relativistic
phenomena, the theory of general relativity had lost its appeal among the general
physics community all over the world. There had been the first experimental tests
of an astronomical nature: the gravitational deflection of light, predicted as a con-
sequence of the equivalence principle already in 1911 [59];4 the anomalous advance
of the perihelion of Mercury, already explained by Einstein’s theory in 1915 [60];
the gravitational red shift of spectral lines, predicted in the fundamental paper of
1916 [61].

As for experimental tests of the theory of general relativity, already in 1932,
Georges Darmois, a French mathematician who was a convinced supporter of Ein-
stein’s theory, discussed in his book “La Théorie Einsteinienne de la Gravitation,
Les Vérifications expérimentales” (see Ref. [62]) the results of the various experi-
ments and concluded that they were not decisive (particularly those regarding the
gravitational deflection of light). The experiments utilizing solar eclipses would
continue until 1952 (considering the years in which Fermi was still living). The first
of them was the Sobral and Principe observation of the eclipse of May 29, 1919
directed by Eddington (see Ref. [65]). The conclusion of Eddington himself was
“Although the material was very meager compared with what had been hoped for,
the writer (who it must be admitted was not altogether unbiased) believed it con-
vincing” [A.S. Eddington, Ref. [63], p. 116]. In Chandrasekhar’s opinion “. . . had
he been left to himself, he would not have planned the expedition since he was
fully convinced of the truth of the general theory of relativity” [S. Chandrasekhar,
Ref. [64], p. 25; see also Ref. [65]]. As for the gravitational red shift of light, as we
know, only the 1960s experiment of Pound and Rebka gave the conclusive answer.
The anomalous advance of the perihelion of Mercury was also the object of a num-
ber of attempts to explain it (including the oblateness of the Sun [67, 68]). This
being the situation in the field of the experimental verification of general relativity,
it is no surprise that as the sophisticated experimentalist that Fermi had become
after his transfer to Rome, he must have considered Einstein’s theory to be far from
having been demonstrated.

General relativity was kept alive in these years thanks to the intervention of a few
remarkable physicists and mathematicians scattered around the planet in small and
isolated “scientific pockets.” Even in the absence of observational facts they were

4The final theory showed that the deflection is in fact twice the amount predicted in this paper.
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nevertheless convinced by the unique conceptual beauty of the theory. They clearly
recognized the necessity of formulating a theory of gravitation consistent with the
basic principle of relativistic invariance. Their contributions did not consist only of
their appreciation of Einstein’s theory and in teaching it: they also wrote a number
of textbooks to save the message of Einstein for posterity. There was a small group
of scientists around Albert Einstein in Princeton including Luther P. Eisenhart [69],
Kurt Gödel [70], Howard P. Robertson [71], Oswald Veblen [72] and Hermann Weyl
[73, 74, 75], with their collaborators including Valentin Bargmann [76], Peter G.
Bergmann [77], Banesh Hoffmann [78] and Leopold Infeld [79] and students such
as Joshua Goldberg [80], Arthur Komar [81] and Abraham Taub [82]. A smaller
group later developed around Ivor Robinson [83] and Alfred Schild [84, 85] at the
University of Texas in Dallas with the most remarkable addition few years later of
Roy Kerr [86]. In addition, there was George Y. Rainich [87] in the East, George C.
McVittie [88] and Arthur G. Walker [89] in the Mid-West and Richard C. Tolman
[90] in California.

In England there was a small number of highly qualified relativists follow-
ing the tradition established by Arthur Eddington [91, 63, 92, 93, 94] including
William B. Bonnor [95], William H. McCrea [96] and Edward A. Milne [97, 98],
and later Hermann Bondi [99, 100] and Felix Pirani [101, 102]. In continental
Europe a small group developed in theoretical physics around Wolfgang Pauli
[103], Jean Becquerel [104], Max Born [105], Théophile de Donder [106, 107],
Paul A.M. Dirac [108], Pascual Jordan [109, 110], Oscar Klein [111], Max von
Laue [112, 113], Tullio Levi-Civita [114, 115, 116], Christian Møller [117], Jan A.
Schouten [118, 119, 120], Erwin Schroedinger [121, 122], Ernst C.G. Stueckelberg
[123], John L. Synge [124, 125], Walter Thirring [126, 127] and Andrzej Trautman
[128], while a more mathematical group developed around Henry Bauer [129], Èmile
Borel [130], Elie Cartan [131, 132, 133], Yvonne Choquet-Bruhat [134], Georges
Darmois [135], André Lichnerowicz [136] and Marie-Antoinette Tonnelat [137].

Finally, some of the most significant contributions came from scientists from the
Soviet Union, including Vladimir Fock [138], Igor Tamm [139], Vitaly L. Ginzburg
[140] and of course Lev Davidovich Landau [141] and Evgeny Lifschitz [142] and
Isaak M. Khalatnikov [143]. There were also the contributions of Zhou Peiyuan [144]
in China, H. Takeno [145] in Japan, and V.V. Narlikar [146], Amal Raychaudhuri
[147] and Prahalad C. Vaidya [148] in India.

1.4 Fermi from Pisa to Rome

But let us return to Fermi and his transition from Pisa to Rome which signaled a
drastic change of his scientific interests and his definite departure from his earlier
interest in Einstein’s theory of general relativity. After his thesis, Fermi had a
temporary position at the University of Florence, while teaching one year in Rome
during the academic year 1923–1924. In 1925 an unpleasant event occurred which
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may very well have been responsible for his change of heart concerning Einstein’s
theory.

A professor position had opened up in the field of “Fisica Matematica” at the
University of Cagliari in Sardinia, and Fermi was confident of being chosen to fill
it. Unfortunately for him the selection committee was divided into two factions,
those who had mastered Einstein’s theory and believed in it, and those who “did
not believe in it.” Among the five Members of the selection Committee were Tullio
Levi-Civita and Vito Volterra who strongly supported Fermi’s candidacy. But Fermi
lost. The winner was instead Giovanni Giorgi, who had introduced the MKS system
of units into physics. It is a fact that for the rest of his life Fermi never used general
relativity again with the sole exception of the critical reference to it in the Fermi-
Turkevich paper, on which I will return, and some interest in the last months of
his life, as referred to me by Murray Gell Mann. One can maintain that Fermi
did not publish any other paper on this subject.5 In 1926 Fermi was awarded
the chair of theoretical physics in Rome created for him by Orso Mario Corbino,
then a minister in the Mussolini government and the director of the Rome Physics
Institute. Fermi’s transfer to Rome coincided with his many new contacts he made
with the German school of physics, first with Max Born and later enthusiastically
with Werner Heisenberg. I comment below on the recollections of those days I had
the occasion to hear from Heisenberg himself.

From this Florence-Rome early period, we have translated into English two of
his remarkable papers on statistical methods and the fundamental paper on the role
of neutrinos in beta decay:

FI 11: “On the quantization of an ideal monoatomic gas” (30) (this paper set the
basis for Fermi-Dirac statistics);

FI 12: “A statistical method for the determination of some properties of the atom;
this paper set the basis for the Thomas-Fermi model” (43);

FI 13: “An attempt to a theory of beta rays” (80a); this paper set the basis for
the theory of weak interactions.

It appears possible that, after the intense activity regarding the dawning of
quantum mechanics, and the birth of quantum statistics in his 1926 paper and in
the corresponding one of P.A.M. Dirac [30], Fermi wanted to concentrate all his
efforts on the very fertile ground of nuclear and atomic physics. There, both from
the theoretical and the experimental points of view, fruitful results abounded when

5As Edoardo Amaldi wrote [153]: “Fermi had the habit of writing everything he was thinking or
developing or computing directly into a notebook. He almost never wrote on unbound sheets of
paper because he wanted to keep a record of everything he was doing.” This habit was confirmed
by other friends of Fermi (E. Segrè). When Fermi left Italy in November 1938, Amaldi collected all
the manuscripts and documents related to Fermi’s scientific activities; after Fermi’s untimely death
he chose the Domus Galilaeana of Pisa as a depository for all these documents. It is a simple fact
that among the manuscripts kept at Domus Galilaeana (regarding Fermi’s Italian period) there is
no material revealing any further interest in general relativity. See Ref. [24].
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compared with the then meager results in the experimental and observational verifi-
cation of general relativity. In addition to the paucity and smallness of these effects,
there was the tremendous mathematical difficulty of the theory, and a detachment
from other fields of physics and astrophysics with the single remarkable exception
of cosmology. The Physics Institute was “striking gold” with Fermi and the out-
standing physicists around him in the field of nuclear physics. This topic has been
covered by so many books and movies that I have no reason to enter in it in this
brief excursus of mine mainly directed towards astrophysics and general relativity.6

1.5 Fermi and the problem of stellar interiors

Except for his early work in Pisa, followed by the shock of the Cagliari affair, it
is well known that in his research in Rome Fermi became extremely concrete and
avoided speculation not supported by direct observational evidence. On one hand
this gave the Rome school a sense of realism and an urgent quest for physical
understanding. On the other hand this attitude kept Fermi and the Rome group
out of that group of scientists who were able to approach the many consequences
of Fermi-Dirac statistics for the final evolution of stars. It is appropriate here
to attempt to justify this attitude by using Fermi’s own words. Fermi was very
knowledgeable about the physical status of atomic physics at the surface of stars
but when it came to the analysis of their interiors, he would not enter into this topic
to avoid having to “resort to very risky hypotheses.” Let us follow this particular
attitude in his 1930 lecture delivered in Trento:7

“. . .As can be seen even from these brief hints, the physical state of the
surface of stars, at least of many stars, is relatively well known. If instead we
want to say something about their interiors, we are forced to resort to very
risky hypotheses. Therefore all the theories about the interior of stars are very
uncertain, however, they agree on the fact that in the interior of stars the
temperature must be very high; it has been estimated to be on the order of
magnitude of tens of millions of degrees.

At such a high temperature the properties of matter become very different
from those we know. It is enough to consider that the kinetic energy of the
motion of thermal agitation, being proportional to temperature, is a hundred
thousand times greater than that at ordinary temperatures. One understands
then that molecules cannot exist in this situation; since even if for an instant by
chance two atoms unite to form a molecule, they would immediately be pulled
apart by violent collisions with the other particles. But even the structure of the
atom is not resistant enough not to break under such violent shocks. Consider

6Among these is the interesting book written by his wife Laura Fermi [19], the article by Edoardo
Amaldi [20], the book by Emiglio Segrè [150], and the 1989 movie “I Ragazzi di via Panisperna.”
7See: “Atomi e Stelle” [31] in Note e Memorie, Vol. I, article (60), pp. 355–360). The above

excerpt is in our own English translation.



August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408

12 Einstein, Fermi, Heisenberg and Relativistic Astrophysics: Personal Reflections

for instance an iron atom; under normal conditions it consists of a nucleus
surrounded by 26 electrons. But under the action of the bombardment almost
all these electrons are pulled out of it and very probably only two of them re-
main within the nucleus while the other 24 disperse into the environment. To
conclude we can then imagine the matter inside a star to consist of a very dis-
ordered mixture containing a few nuclei accompanied by two or three electrons,
and many free electrons moving in all directions with velocities on the order of
those of cathode rays. All that in an environment permeated by radiation at an
enormous frequency whose intensity is so high as to produce a pressure which,
according to Eddington, in some cases can arrive at breaking the structure of
the star itself.

But all of what I have said is perhaps the result of pure imagination: no
one has ever had and probably no one could ever have direct experience of this.
On the other hand the human mind wants to imagine even the things very far
and very hidden; and maybe, without this tendency, the number of phenomena
which human science has been able to understand would be even more limited.”

One additional factor which may have kept Fermi outside the field of astronomy
is that both in Pisa and in Rome there was no astronomical teaching in the Physics
Institute. In Rome the astronomical observatory was very far from the university on
the hills of Monte Mario where the Vatican Observatory had been located previous
to the unification of Italy. The only astronomical lectures were in the Mathematics
Institute closely linked to the courses of rational mechanics. A factor in making
this interaction with English speaking scientists problematic was the fact that at
the time Fermi was fluent in German but only later learned English.8

Indeed, during Fermi’s Rome period, a vast leap in understanding of fundamental
astrophysical systems took place in Germany, England, and the USA, using precisely
the concepts introduced by Fermi and later independently by Dirac in their jointly
named quantum statistics. Of these I will just mention three key examples: white
dwarf theory and its critical mass, neutron star theory and its critical mass, and
the idea of gravitational collapse.

1.6 Fowler and Stoner and the role of quantum statistics in white
dwarf stars

It was Ralph Howard Fowler who took the first step in applying Fermi-Dirac quan-
tum statistics to the interiors of stars. This did not happen by chance. Fowler was

8John Wheeler recalled how Fermi in his quest for perfection in speaking English had asked the
students in his class at the University of Chicago to correct his English mistakes. In order to
overcome their reluctance to correct such a famous scientist, he offered them one penny for every
correction. One penny was the optimal choice to break the ice, while a quarter would have led to
too many interruptions and probably to chaos.
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the teacher of Paul Adrien Maurice Dirac. Fowler introduced Dirac to quantum
theory in 1923 and later on put Dirac and Werner Heisenberg in touch with each
other through Niels Bohr. It was no surprise that as soon as Dirac published his
paper on quantum statistics a few months after Fermi’s paper, Fowler, who was
at Trinity College and had worked with Arthur Milne on stellar spectra, temper-
atures and pressures, understood at once the role of quantum statistics in solving
the problem of white dwarf equilibrium configurations. He understood that white
dwarfs owe their stability to the quantum pressure of a degenerate electron gas [32]
(see the image of R.H. Fowler in the 1927 Solvay Meeting group photo reproduced
in Fig. 11)). The role of special relativity and the “exclusion principle” for fermions
was introduced into the study of white dwarfs by E.C. Stoner [33], correcting an
early work of W. Anderson [34]. Stoner clearly introduced the value of the critical
mass of white dwarfs

MStoner
crit =

15
16

√
5π

M3
Pl

µ2m2
n

≈ 3.716
M3

Pl

µ2m2
n

,

where MPl =
√

~c/G ≈ 10−5 g is the Planck mass, mn is the neutron mass, and
µ = A/Z ≈ 2 is the average molecular weight of matter which shows explicitly the
dependence of the critical mass on the chemical composition of the star. Later the
“exclusion principle” introduced by Stoner in the context of theoretical astrophysical
considerations became known as the “Pauli principle” and was extensively applied
to atomic physics [35].

The white dwarf critical mass

This work was then followed by S. Chandrasekhar who, only 19 years old, had been
accepted at the University of Cambridge as a student of Fowler. It was indeed
on the ship from Madras to Southampton near the town of Genova that Chandra
understood that special relativistic effects are important in massive white dwarfs,
and on his arrival in Cambridge he further refined Stoner’s computations. It is
interesting that in parallel and quite independently, one of the greatest papers on
the nature of the physical equilibrium of stars was written in the Soviet Union by
Lev Davidovich Landau.9 Both papers of Chandrasekhar and Landau used the
mathematical results contained in the monumental book of Emden “Gaskugeln”
(Gas Spheres) [36]. Using the polytropic equation of state they pointed out that
special relativistic effects were leading to the concept of a slightly smaller critical
mass for a white dwarf given by

MCh−L
crit ≡M0 = 2.015

√
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Pl
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,

where the first numerical factor on the right hand side comes from the boundary
condition −(r2du/dr)|r=R = 2.015 of the n = 3 polytropic equation of Emden at
the boundary R of the star. For M > M0 no equilibrium configuration should exist.
9We reproduce his paper in Appendix A.1.
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The beautiful derivation by Landau was somewhat spoiled by the conclusion
of the paper: Landau correctly derived the concept of the critical mass of a white
dwarf but did not take this concept very seriously saying “for M > M0 there exists
in the whole quantum theory no cause preventing the system from collapsing to a
point. . .As in reality such masses exist quietly as stars and do not show any such
ridiculous tendencies we must conclude that all stars heavier than 1.5M� certainly
possess regions in which the laws of quantum mechanics (and therefore of quantum
statistics) are violated.” The central role of the critical mass of white dwarfs in
astrophysics had to wait many years until Fred Hoyle and William Alfred (Willy)
Fowler forcefully presented the gravitational collapse of an overcritical white dwarf
as giving rise to the type-I supernova phenomena [37].

The results by Chandrasekhar were criticized at the time by Arthur Eddington
who considered the combination of special relativity and nonrelativistic quantum
mechanics an “unholy alliance.”10 What I have found politically correct and to Ed-
dington’s credit is that in their scientific dispute, although Eddington was Plumian
Professor and enormously more influential at the time than Chandrasekhar, who
was just a student at Cambridge, Eddington presented his alternative point of view
clearly and did not object to the publication of Chandrasekhar’s work which indeed
follows his own paper in the same issue of the Monthly Notices [38].

Fermi could have been the ideal physicist to help clarify this Eddington-
Chandrasekhar debate but in view of his attitude about the “very risky hypothesis”
to be adopted for the interior of the star, he did not enter into this matter, just quot-
ing Eddington and leaving the Italian scientific community out of this extremely
important field of research for many years to come. I still recall in my thesis discus-

10“The theoretical study of very dense matter in white dwarf stars depends on a formula giving the
minimum electron pressure Pe for given electron density σ. The “ordinary” degeneracy formula,

first given by R.H. Fowler [32], is Pe = Kσ
5
3 . According to later investigations this is the limiting

form of a “relativistic” degeneracy formula, intended to take account of the increase of the masses

of the electrons at high velocities. By the latter formula Pe varies intermediately between σ
5
3 and

σ
4
3 , approximating to σ

4
3 at the highest densities.

It should be noticed that this emendation has defeated the original purpose of Fowler’s inves-
tigation. When putting forward the view that stellar matter might attain very great density, I
was troubled by an apparent difficulty—there seemed no way in which the dense star could cool
down when its energy supply ceased. The Fermi-Dirac theory was discovered soon afterwards, and
Fowler applied it to the stellar interior, his main purpose being to show that it solved this diffi-
culty. But the same difficulty is revived by Chandrasekhar’s recent work [38]. Using the relativistic
formula, he finds that a star of large mass will never become degenerate, but will remain practi-
cally a perfect gas up to the highest densities contemplated. When its supply of subatomic energy
is exhausted, the star must continue radiating energy and therefore contracting–presumably until,
at a diameter of a few kilometers, its gravitation becomes strong enough to prevent the escape of
radiation. This result seems to me almost a reductio ad absurdum of the relativistic formula. It
must at least rouse suspicion as to the soundness of its foundation.

I do not think that any flaw can be found in the usual mathematical derivation of the formula.
But its physical foundation does not inspire confidence, since it is a combination of relativistic
mechanics with non-relativistic quantum theory.

In the present paper this unholy alliance is examined. . . ” [from A.S. Eddington [39]].
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sion at the University of Rome in 1967 I had to witness the case of the Professor of
Astrophysics who knew perfectly well of the existence of Willy Fowler, but ignored
the existence of R.H. Fowler and his fundamental contributions.11

It has been only recently, as I will show later in this text, that the dispute
between Eddington and Chandrasekhar has been clarified exactly by applying the
generalization of the Thomas-Fermi equation to the study of white dwarfs [40, 47]
(see Appendices A.2 and A.3). The explanation was not easy to find as I will explain
later. At the end it was clear that both Chandrasekhar and Eddington had good
reasons for holding their points of view but to resolve the question that they posed
required almost 80 years of further theoretical development and work!

1.7 The neutron star critical mass

This same attitude of refusing to look into the problem of the interior of stars
kept Fermi out of that select group of scientists in the United States who laid the
conceptual foundations from which later emerged the the concept of a neutron star.
See, for instance, the classic papers reproduced in Gursky and Ruffini [48] and
Refs. [49, 50, 51, 52, 53, 54, 55, 56, 57, 58].

In 1934 one of the shortest and most memorable papers ever written in physics
and astrophysics was published by two European scientists who had emigrated to
the United States to become professors at Caltech, Walter Baade and Fritz Zwicky.
The paper at once introduced three epochal concepts: the energetics of a supernova
(see Fig. 6), the origin of cosmic rays from supernovae and the transition from a
normal star into a neutron star as originating the supernova phenomenon.

Supernovae flare up in every stellar system (nebula) once in
several centuries. The lifetime of a supernova is about twenty
days and its absolute brightness at maximum may be as high as
Mvis = −14M . The visible radiation Lν of a supernova, is about 108

times the radiation of our Sun, that is, Lν = 3.78× 1041 ergs s−1.
Calculations indicate that the total radiation, visible and invisible,
is of the order Lr = 107Lν = 3.78× 1048 ergs s−1. The supernova
therefore emits during its life a total energy Er > 3.78× 1053 ergs.
If supernovae initially are quite ordinary stars of mass M < 1034

g, Er/c
2 is of the same order as M itself. In the supernova process

mass in bulk is annihilated. In addition the hypothesis suggests
itself that cosmic rays are produced by supernovae. Assuming that
in every nebula one supernova occurs every thousand years, the
intensity of the cosmic rays to be observed on the Earth should be
of the order σ = 2× 10−3 erg cm−2 s−1. The observational values

11In fact, Willy Fowler was one of the lecturers of the XXXV Course of the International School
of Physics “E. Fermi,” High Energy Astrophysics (1965), Director L. Gratton.
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Fig. 4 The image of Sirius A and Sirius B taken by the Hubble Space Telescope (available at
http://hubblesite.org/gallery/album/pr2005036a/). They form a binary system consisting of a
white main sequence star (Sirius A) and a faint white dwarf companion (Sirius B, the small white
dot to the lower left). The distance separating Sirius A from its companion varies between 8.1 and
31.5 AU, while their masses are similar: Sirius B is about as massive as the Sun, whereas Sirius A
is about twice as massive, while its diameter is larger by a factor of 2× 102 (about 3.4R� versus
0.017R�).

are about σ = 3 × 10−3 erg cm−2 s−1 (Millikan, Regener). With
all reserve we advance the view that supernovae represent the tran-
sitions from ordinary stars into neutron stars, which in their final
stages consist of extremely closely packed neutrons. 12

12Abstract of the paper: W. Baade, F. Zwicky: “Supernovae and Comic Rays,” in Proceedings of
the American Physical Society (Minutes of the Stanford Meeting, December 15-16, 1933), Phys.
Rev. 4, 138 (1934).
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Fig. 5 Sir Arthur Stanley Eddington, Plumian Professor at Cambridge (from 1913 to 1944).

The concept of a neutron star came gradually, making its first appearance in a
fundamental paper by Friedrich Hund where the possibility of having a neutroniza-
tion process in stellar matter was presented [204]. The first theoretical analysis soon
followed in a Newtonian treatment by George Gamow based on a self-gravitating
set of neutrons described by degenerate Fermi-Dirac statistics. Actually Gamow did
not publish the results in an article but inserted these considerations directly into
a chapter in the second edition of his classic book on nuclear physics [57]. Gamow
correctly understood that such configurations lead to the existence of a critical mass
for a neutron star as soon as relativistic effects are manifested similar to the white
dwarf case. He estimated such a mass to be approximately 1.5M�, and also in that
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Fig. 6 The Crab Nebula.

work as we are going to show Gamow made a numerical mistake.
Years later when I had just arrived in Princeton, Eugene Wigner had noticed my

great admiration for Gamow. He expressed in a subtle sentence in his well known
ironic form: “You admire so much Gamow, but you should be aware that Gamow
used a special set of units G, ~, c, π equal one!” It took me almost twenty five years
to find out that Eugene was correct and that precisely in that first estimate of the
critical mass of a neutron star indeed Gamow had missed a few crucial factors of π!
The critical mass value should have been 5.75M� [?].

The work on neutron stars was further developed in general relativity by Robert
Oppenheimer and his students, under the same hypothesis of a degenerate neutron
Fermi gas. The critical mass for gravitational collapse was then estimated to be
0.7M� and further generalized to the case of a system of neutrons, protons and
electrons in a book by John Wheeler and his group.13 As I will recall briefly, I
expressed my reservation about this treatment in my first meeting with Wheeler.

13See B. Kent Harrison, Kip S. Thorne, Masami Wakano, John A. Wheeler: “Gravitation Theory
and Gravitational Collapse” (Univ. of Chicago Press, Chicago, 1965).
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I was concerned and surprised that Fermi, who certainly had the knowledge to in-
tervene in such delicate issues, had never expressed an opinion on it. The existence
and value of the critical mass as well as the physical parameters and the electrody-
namical properties of such neutron stars were clearly dependent on the theoretical
treatment. Finally this problem has found also a solution, not least thanks to the
theoretical foundations of a generalized Thomas-Fermi model described by a prop-
erly formulated Einstein-Maxwell system taking into account all the fundamental
interactions (see Refs. [40, 47], here reproduced in Appendices A.2 and A.3) under-
stood only very recently!

1.8 On continuous gravitational collapse

A few months after addressing the problem of the equilibrium configuration of neu-
tron stars, Oppenheimer soon boldly advanced in the study of what would happen
to a star with a mass larger than the critical mass in its continuous gravitation
collapse. The beautiful treatment by Oppenheimer and Snyder [56] paradoxically
triggered a bitter confrontation between Einstein and Oppenheimer (see Fig. 24).
This confrontation was based on an equally beautiful analytic solution of a system of
many self-gravitating particles in circular orbits explicitly obtained by Einstein [205]
in the same year 1939. He showed how to construct a stationary self-gravitating
system of many masses, each moving along a geodesic circular orbit about the center
of the system under the influence of the gravitational field of all the other masses.
Such a system has spherical symmetry and is referred to in the literature as an
“Einstein cluster.” The spherical symmetry is guaranteed by the hypothesis that
the normal to the orbital planes of the particles constituting every shell of the clus-
ter are distributed at random in all directions and also the phase angles of the paths
are subject to a random distribution. In the Einstein model, all the particles are
centrifugally supported, and what is not a priori clear and to me truly fantastic is
that it is always possible, following Einstein’s paper, to choose arbitrarily the num-
ber density of the particles or, equivalently, the energy density of the cluster and
have an analytic self-consistent solution of Einstein’s field equations for the metric
corresponding to such a cluster. Einstein explicitly considered the simplest case of
a cluster with energy density decreasing with r as 1/r2 far from the center. He
argued that the Schwarzschild radius can never be reached in physical reality since
a cluster with a fixed number of particles cannot be concentrated arbitrarily. It is
appropriate to recall that at the time the nature of the Schwarzschild radius was
not yet understood. It was interpreted not just as a singularity in the metric but as
a physical singularity. The role of the Schwarzschild radius with its horizon proper-
ties were understood by Finkelstein [172] and later by Kruskal [173]. What Einstein
was trying to show was the impossibility of reaching the Schwarzschild radius of the
cluster. Einstein clearly identified the stable clusters and the unstable ones. He
gave special attention to the unstable orbits with radius smaller then 6M and their
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reaching asymptotically the speed of light. What actually Einstein had found was
the existence of unstable circular orbits in a Schwarzschild geometry, years before
such a result was obtained by Kaplan in 1949 [206]. As I will show later to fully
appreciate the physical interpretation of such solutions it was necessary to examine
these clusters using the effective potential technique first introduced in the book of
Stormer [267] for the study of trajectories in the Earth’s magnetosphere and later
applied in general relativity to the study of the geodesics in a Kerr spacetime by
Wheeler and myself [199].

The Einstein clusters represent an extremely important tool for probing the ge-
ometry of very relativistic clusters but in no way do they represent a counterexample
to a black hole and in some cases they give the initial conditions for the formation of
a black hole, fully supporting Oppenheimer approach! Having myself addressed the
physics of gravitational collapse for years, I was confronted to make an assessment
about the correctness of Einstein’s objections and of the Oppenheimer work. I have
postponed this task for a long time but finally the role of Einstein clusters has been
clarified in recent months [207, ?], leading to a new and deeper understanding of
the issue of identifying black holes in galactic cores!

Let us now turn to another fundamental contribution developed by Heisenberg
and the northern European school of physics while Fermi was still in Rome, though
not in direct contact, which will have a major relevance for astrophysics for years
to come.

1.9 Tunneling from matter to antimatter and my meeting with
Heisenberg

While the work on nuclear physics and neutron physics was going on in Rome and
in Berlin and the application of fermions to the study of self-gravitating systems
in astrophysics was progressing both in Cambridge in England and United States
there was a major topic of scientific interest in the northern European school of
physics which in time would become of paramount importance in astrophysics. In
some sense this work also finds a conceptual link in the paper of Fermi in the Pisa
period on the electromagnetic energy of a charged particle. As Dirac introduced his
theory of the electron [218, 219] in the framework of relativistic quantum theory,
he realized the existence of positive and negative energy states. Only the positive
energy states could correspond to the electrons, e−. Dirac then proposed [219] that
almost all possible states of negative energy are occupied with just one electron, in
accordance with Pauli’s exclusion principle and that the unoccupied states, “holes”
in negative energy states should be regarded as positrons, e+.14

14Actually initially [219, 220] Dirac believed that these “holes” in the negative energy spectrum
described protons, but later he realized that these holes represent particles with the same mass as
an electron but with opposite charge, “anti-electrons” [221]. The discovery of these anti-electrons
was made by Anderson in 1932 [222] who named them positrons [223].
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Dirac pointed out in [220] the necessity of the annihilation process of an electron-
positron pair into two photons, i.e.,

e+ + e− → γ1 + γ2 .

He considered an electron under the simultaneous influence of two incident beams of
radiation which induce a transition of the electron to states of negative energy. Then
he calculated the transition probability per unit time, using the well established
validity of the Einstein emission and absorption coefficients and he obtained the
explicit cross-section of the annihilation process. Such a process is spontaneous,
i.e., it occurs necessarily for any pair of electrons and positrons independently of
their energy. The Dirac prediction was almost immediately observed [224]. Details
can be found in Ref. 226, here reproduced in Appendix A.25. Soon after the opposite
process

γ1 + γ2 → e+ + e− ,

namely the cross-section for the production of an electron-positron pair in the col-
lision of two real photons, was given by Breit and Wheeler [225]. According to
Dirac’s theory of the electron, this process is caused by a transition of an electron
from a negative energy state to a positive energy state under the influence of two
light quanta on the vacuum. This process, differently from the one considered by
Dirac, which occurs spontaneously, has a threshold due to the fact that the electron
and positron mass is not zero: in the center of mass system there must be sufficient
enery to create an electron-positron pair. Paradoxically this opposite process has
not yet been directly observed in the laboratories (see Appendix of Ref. 226).

In Minkowski spacetime every relativistic wave equation of a free particle, as
expressed by Dirac, gives rise to the familiar positive and negative energy spectrum
and all the quantum states are stable (see Fig. 7, details in Ref. 226). In 1929 Oscar
Klein, following Dirac’s description of the matter-antimatter universe, studied a rel-
ativistic particle moving in an external step function potential leading to reflected
and transmitted waves. He found a paradox that for a large enough value of the
potential the reflected flux was larger then the incident one although the total flux
was conserved: there was a contribution due to the tunneling of the wave function
in the negative energy states. This was the origin of his famous “Klein Paradox:”
an electron scattered from a potential barrier on the order of the electron mass can
tunnel between the matter and antimatter solution [227] (see also Ref. 228). In
1931 Fritz Sauter [253] (see Fig. 3 in the Preface) adopting the quantum tunneling
phenomena just introduced by Gamow in the same year, studied this problem by
considering an electron moving in a potential barrier corresponding to a spatially
confined constant electric field. Tunneling into the potential barrier leads to an ex-
ponential damping of the field. If the potential barrier is on the order of the electron
mass, it is penetrated by the electrons and becomes more and more transparent by
increasing the sharpness and depth of the potential well. In correspondence, the
reflection of the wave function of the electrons decreases and the electrons tunnel
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Fig. 7 The mass-gap 2mec2 that separates the positive continuum spectrum E+ from the negative
continuum spectrum E−.

into the negative energy states. By this “level crossing” an electron-positron pair is
created at the expense of the electromagnetic energy of the background (see Fig. 8,
details in Ref. 226).

Also in 1931 Hans Euler (see Fig. 9) in his celebrated diploma thesis [229] re-
alized that both the Dirac process and the Breit-Wheeler process had fundamental
implications for light on light scattering, leading to a breakdown of the superposition
principle. He called attention to the reaction

γ1γ2 → e+e− → γ1
′γ2

′ .

If the energy of the photons is high enough, then a real electron-positron pair
is created, following Breit and Wheeler [225], and once the electron-positron pair
exists, two photons are then created following [220]. When the sum of energies of
the two photons is smaller than the threshold 2mec

2, then the (above) reaction still
occurs through a virtual electron-positron pair. Under these conditions the light-
light scattering implies a deviation from the superposition principle, and therefore
the linear theory of electromagnetism has to be substituted by a non-linear one.
Maxwell’s equations are then modified acquiring non-linear corrections due to the
Dirac theory of the electron.

The need for a new nonlinear theory of electromagnetism going beyond the linear
Maxwell theory became a necessity. Max Born was the first to attempt to formulate
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Fig. 8 In the presence of a strong enough electric field the boundaries of the classically allowed
states (“positive” or “negative”) can be so tilted that a “negative” is at the same level as a
“positive” (level crossing). Therefore a “negative” wave-packet from the left will be partially
transmitted, after an exponential damping due to the tunneling through the classically forbidden
states, as a “positive” wave-packet outgoing to the right.

such a nonlinear theory [230, 231, 232]. Soon after Heisenberg and Euler, following
the pioneering work of Born, introduced a nonlinear Lagrangian by the introduc-
ing an effective dielectric constant and magnetic permeability [252]. They further
extended this idea by adopting the most general case of a complex dielectric con-
stant. The crucial point was to relate the electron-positron pair creation process to
the imaginary part of the Lagrangian. The possibility that electron-positron pair
production could occur in the presence of a strong constant electric field was theo-
retically confirmed. In the presence of a strong constant electric field, the “positive
energy” levels of the electrons exhibit a crossing with the “negative energy” levels—
a “level crossing” occurs as predicted by Sauter. This leads to the phenomenon of
electron-positron pair production out of the vacuum. They introduced correspond-
ingly the concept of “critical value of the electric field” at which vacuum polarization
would occur: the characteristic strength for the electric field is Ec = m2

ec
3/(e~),

where me is the electron rest mass, c is the speed of light in vacuum, e is the electron
charge and ~ is the reduced Planck constant. A “long march” to reveal this process
in heavy ion collisions in Earth laboratories then began [256, 257, 258, 259]. Two
independent attempts to study these nonlinearities in electrodynamics were made
by Born and Infeld [230, 231, 232] and by Euler and Heisenberg [252], leading the
way to the even greater revolution of quantum electrodynamics by Tomonaga [233],
Feynman [234, 235, 236], Schwinger [237, 238, 239] and Dyson [240, 241].

After my 1971 publication with John Wheeler of the article Introducing the
Black Hole (see Appendix A.15), it became obvious to me, after some discussion
with Pietro Menotti, a visiting Italian theoretical physicist in Princeton, that a
natural place to test the Heisenberg-Euler process was in the gravitational collapse
process leading to a black hole. I went to see Heisenberg in his office at the Max
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Fig. 9 Hans Euler riding a bicycle.

Planck Institute in Munich. I discussed my article and some consequences of it with
an enthusiastic Werner Heisenberg. I was very surprised to see him, unexpectedly
small in stature, with a shiney gold ~ symbol on his tie, open to vigorously discussing
the possible application I had proposed of his classic work with Euler to the physics
of black holes. I had a splendid interaction with him: he was eager to tell me many
anecdotes, in addition to discussing physics. He spoke of his many experiences
with Fermi: from Fermi’s timid approach in Göttingen and Leipzig as a young
postdoctoral student to Fermi’s authoritative role as the towering leader of the
group in Via Panisperna after receiving the Chair of Theoretical Physics in Rome.
And all this was described to me by Heisenberg recalling his stop in Rome on a trip
back from Sicily to Germany filled with great memories. These contacts developed
into a close friendship I had in the following years with him and his wife all the way
up through a memorable trip to California in 1974 which I will recall later.
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1.10 From quantum statistics to quantum field theories

I have already described the key role played by the confrontation of opposing con-
ceptual ideas between Eddington and Chandrasekhar and also between Einstein
and Oppenheimer. They were finally resolved satisfactorily in the intervening years
and lead to a deeper understanding of the underlying physical and astrophysical
phenomena. But these were minor confrontations if one compare them to the ma-
jor confrontation between Einstein and Heisenberg in their vision of nature which
still dominates the world of theoretical physics today and which perhaps finds in
the new field of relativistic astrophysics some specific examples of collaboration and
progress. To illustrate this point I will refer mainly to some reconstruction made
by Heisenberg on the occasion of the 1927 and 1930 Solvay Meetings and let his
words express the extremely important scientific exchanges and their unfortunate
interruption around 1933. I have mentioned some of the difficulties encountered by
Einstein in the earlier development of general relativity and it is equally interesting
to recall some of the difficulties encountered by Heisenberg in having his quantum
field theory, developed with Jordan (see Fig. ??) and Born, accepted by Albert
Einstein. Some criticisms had already been presented by Einstein when in 1926
Heisenberg, at the time in Leipzig, had been invited to a colloquium in Berlin. His
first meeting with Einstein is vividly recalled by Heisenberg:15

. . . Berlin was then the citadel of physics in Germany. Here
Planck, von Laue, Nernst and above all Einstein were teaching.
Here Planck had discovered the quantum theory, and Rubens had
confirmed it by his measurements of thermal radiation. And here
Einstein, in 1916, had formulated the general theory of relativity
and the theory of gravitation. Einstein would thus be in the au-
dience; I would make his personal acquaintance. [. . . ] The lecture
went off more or less as desired; there were good and helpful ques-
tions asked in the discussion that followed. I saw that I had secured
Einstein’s interest. [. . . ] For the first time, therefore, I now had
the opportunity to talk with Einstein himself. On the way home,
he questioned me about my background, my studies with Sommer-
feld. But on arrival, he at once began with a central question about
the philosophical foundation of the new quantum mechanics. He
pointed out to me that in my mathematical description the notion
of “electron path” did not occur at all, but that in a cloud cham-
ber the track of the electron can of course be observed directly. It
seemed to him absurd to claim that there was indeed an electron
path in the cloud chamber, but none in the interior of the atom.
The notion of a path could not be dependent, after all, on the size

15From the book: Werner Heisenberg, “Encounters with Einstein: And Other Essays on People,
Places, and Particles” (Princeton University Press, Princeton, NJ, 1989), pp. 112–114.
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of the space in which the electron’s movements were occurring. I
defended myself to begin with by justifying in detail the necessity
for abandoning the path concept within the interior of the atom. I
pointed out that we cannot, in fact, observe such a path; what we
actually record are frequencies of the light radiated by the atom,
intensities and transition probabilities, but no actual path. And
since it is but rational to introduce into a theory only such quanti-
ties as can be directly observed, the concept of electron paths ought
not, in fact, to figure in the theory.

To my astonishment, Einstein was not at all satisfied with this
argument. He thought that every theory in fact contains unob-
servable quantities. The principle of employing only observable
quantities simply cannot be consistently carried out. And when I
objected that in this I had merely been applying the type of phi-
losophy that he, too, has made the basis of his special theory of
relativity, he answered simply: “Perhaps I did use such philosophy
earlier, and also wrote of it, but it is nonsense all the same.”

An epochal Solvay Meeting took place in 1927 (see Fig. 11). There discussion
between Heisenberg and Einstein took place and I quote here the words of Heisen-
berg:16

. . . The spring of 1927 then saw the birth of the so called un-
certainty relations, whereby the transition to a statistical interpre-
tation of quantum theory was finally completed. And hence they
now formed the main topic of the discussion in Brussels. As I
have already said, Einstein was unwilling to recognize the statisti-
cal interpretation; so he repeatedly tried to refute the uncertainty
relations. These relations involve the statement that two determi-
nants of a system, which must both be known at once in classical
physics, in order to determine the system completely, cannot, in
quantum theory, be exactly known at the same moment; and hence
that between the uncertainties or inexactitudes of these quantities
there are mathematical relations which prevent an exact knowledge
of both quantities. Einstein kept on trying, during the congress,
to refute the uncertainty relations by means of counter-examples,
which he formulated in the shape of thought experiments. We were
all living in the same hotel, and Einstein was in the habit of bring-
ing along to breakfast a proposal of this kind, which then had to
be analyzed. Einstein, Bohr and I would usually make our way to
the congress hall together, so that even on this short walk a begin-

16From the book: Werner Heisenberg, “Encounters with Einstein: And Other Essays on People,
Places, and Particles” (Princeton University Press, Princeton, NJ, 1989), pp. 115–117.
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Fig. 10 Pascual Jordan’s lecture at the Kharkov Conference in 1929 (courtesy of the Armenian
Academy of Sciences). In the first row in white shirt and tie is Viktor Ambartsumian, on his right
Vladimir Fock and Dmitri Ivanenko (“sweet as a brioche” in Gamow’s words). Further to his left
also in white shirts are George Gamow and Lev Davidovich Landau.

ning could be made on anlysing and clarifying the assumptions. In
the course of the day, Bohr, Pauli and I would frequently discuss
Einstein’s proposal, so that already by dinner-time we could prove
that his thought-experiments were consistent with the uncertainty
relations, and so could not be used to refute them. Einstein ad-
mitted this, but next morning brought along to breakfast a new
thought experiment, generally more complicated than the previous
one, which was now to effect the refutation. The new proposal fared
no better than the old; by dinner it could be disproved. And so it
went on for several days. In the end we—that is, Bohr, Pauli and
I—knew that we could now be sure of our ground, and Einstein un-
derstood that the new interpretation of quantum mechanics cannot
be refused so simply. But he still stood by his watchword, which
he clothed in the words “God does not play at dice” to which Bohr
could only answer “But still, it cannot be for us to tell God, how he
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is to run the world.” Three years later, in 1930, there was another
Solvay Congress in Brussels, at which the same questions were dis-
cussed, and the general outcome was also much the same. So there
we had to leave it, united in being different opinions. “We agreed
to disagree” as the British say. I then, unfortunately, did not meet
Einstein for many years. For in the meantime the political horizon
had again darkened; the National Socialists had come to power in
Germany, and to Einstein it was plain that he neither could nor
would remain any longer in Germany.

Fig. 11 Fifth Solvay Conference on Quantum Mechanics, Brussels, 1927. (Photograph by Ben-
jamin Couprie, Institut International de Physique Solvay, Brussels, Belgium.) In the last row
W. Pauli, W. Heisenberg and R.H. Fowler, each next to the other. The complete set of pic-
tures of the Solvay Meetings were donated by Dr. Ernest Solvay to ICRANet on the occasion
of receiving the Marcel Grossman Meeting Award in the Fourth Marcel Grossman Meeting in
Rome in 1985. From back to front and from left to right: Auguste Piccard, Émile Henriot, Paul
Ehrenfest, Édouard Herzen, Théophile de Donder, Erwin Schrödinger, Jules-Émile Verschaffelt,
Wolfgang Pauli, Werner Heisenberg, Ralph Howard Fowler, Léon Brillouin, Peter Debye, Martin
Knudsen, William Lawrence Bragg, Hendrik Anthony Kramers, Paul Dirac, Arthur Compton,
Louis de Broglie, Max Born, Niels Bohr, Irving Langmuir, Max Planck, Marie Curie, Hendrik
Lorentz, Albert Einstein, Paul Langevin, Charles Eugéne Guye, Charles Thomson Rees Wilson,
Owen Willans Richardson.
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The 1927 Solvay Meeting was followed by the next one in 1930 when finally
Fermi was also invited (see Fig 12). One can make the claim that these two meetings
represented a separatrix. The last opportunity for a direct constructive interaction
between Einstein’s vision of a geometrical unifying approach to Nature and the
quantum interpretation of Heisenberg took place there. The two worlds remained
separate from each other for decades until forty years later they were brought back
together in the unification of quantum field theories and in the setting of relativistic
astrophysics.

. . . In the meantime the political horizon had again darkened;
the National Socialists had come to power in Germany, and to
Einstein it was plain that he neither could nor would remain any
longer in Germany. He therefore spent a great deal of his time
in travel abroad. Many universities all over the world counted
themselves lucky if they could secure Einstein as a lecturer, or for
a longer visit. The National Socialist revolution of 1933 then wrote
finis to Einstein’s stay in Germany. . . . 17

1.11 The decline of the Fermi group in Rome

1933 was precisely the year in which an gesture of solidarity with Einstein was again
made by Henriquez and Levi-Civita when he had expressed his interest to transfer
to Rome. He made this request when the National Socialist Party came to power
in Berlin and anti-Semitism became official policy.

. . . “My father, says Adriana Enriques, turned to our uncle,
Isaia Levi, very close to Mussolini. Mussolini receives my father:
“No, professor,” he says. I’m not anti-Semitic: but why import a
scientist from abroad when we have so many scientists to support
in Italy?” . . . 18

After the first glorious years of the group around Fermi at Via Panisperna the
Physics Institute was transferred to the Marconi Institute in the new campus of
the University of Rome “La Sapienza” (Studium Urbis), the situation there quickly
deteriorated. I recall distinctively Ugo Fano, a friend and collaborator of Fermi,
vividly remembering the departure of Fermi from Rome mainly motivated, in his
opinion, by the takeover of the Institute by Antonino Lo Surdo following the death
of Orso Mario Corbino (1937). In addition Fermi also had a threat hanging over his
17From the book: Werner Heisenberg, “Encounters with Einstein: And Other Essays on People,
Places, and Particles” (Princeton University Press, Princeton, NJ, 1989), p. 117.
18Excerpt of the article on the newspaper “Corriere della Sera” by Maurizio Chierici: “Io e
Einstein alla stazione. . . ,” a colloquio con la figlia del matematico Federigo Enriques (April 10,
1992, p. 9), in translation.
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Fig. 12 Sixth Solvay Conference on Physics, Brussels, 1930. Finally P.A.M. Dirac, W. Pauli,
E. Fermi and W. Heisenberg were all together present at the meeting. E. Herzen, E. Henriot, J.
Verschaffelt, C. Manneback, A. Cotton, J. Errera, O. Stern, A. Piccard, W. Gerlach, C. Darwin,
P.A.M. Dirac, E. Bauer, P. Kapitsa, L. Brillouin, H. A. Kramers, P. Debye, W. Pauli, J. Dorfman,
J. H. Van Vleck, E. Fermi, W. Heisenberg, Th. De Donder, P. Zeeman, P. Weiss, A. Sommerfeld,
M. Curie, P. Langevin, A. Einstein, O. Richardson, B. Cabrera, N. Bohr, W. J. De Haas.

family due to the infamous racial laws. In 1938 the president of the “Accademia dei
XL” replied to a circular sent out by the minister Bottai, who requested a census
of the members of the Academy of Jewish origin. After mentioning the members
(G.E. Almansi, G. Castelnuovo, F. Enriques, G. Fubini, G. Levi, T. Levi-Civita
and G. Morpurgo), he also mentioned that Fermi’s wife was of Jewish origin (see
Fig. 16). In 1939 Fermi’s father-in-law, the admiral Augusto Capon, was expelled
from the reserves of the Navy and in 1943 deported to Auschwitz and killed there.

As is well known the awarding of the Nobel Prize (see Fig. 14) to Fermi coincided
with his departure for the United States (see Fig. 15). I consider his acceptance
speech in Stockholm to be of such a great beauty and actuality that we have repro-
duced it in Appendix A. The process of building up the elements, initiated by Fermi
and later continued by Segré using the cyclotron, is still today extremely important
in understanding the origin of the transuranic elements in an astrophysical setting
through the r-process.

The 1938 racial laws of the fascist Italian government caused the final collapse of
the research on general relativity in the mathematics institute as well. It suffices here
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Fig. 13 Fermi with some of his closest collaborators in Rome: Oscar D’Agostino, Emilio Segrè,
Edoardo Amaldi and Franco Rasetti (from left to right).

to recall the ban on the teaching activities of Tullio Levi-Civita and the deprivation
of his membership in all scientific societies. He died isolated from the rest of the
scientific world in his apartment in Rome in 1941.19

19To get an idea of the ostracism which caused a real “damnatio memoriae” it’s enough to have
a look at an article of Francesco Severi (the founder and director of the Istituto Nazionale di
Alta Matematica) in the review “Primato,” founded and directed by Giuseppe Bottai, Minister
of Education, of October 15, 1942 bearing the title “Matematica e civiltá.” In the course of the
article, the author had the occasion to make a survey of the Italian mathematicians of the last
decades without even mentioning Vito Volterra and Tullio Levi-Civita. Remarkably, among the
physicists, also Fermi is absent; he had already left Italy in 1938!
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Fig. 14 Fermi and the King of Sweden Gustav V when Fermi was awarded the Nobel Prize on
December 10, 1938. As Edoardo Amaldi wrote, “. . . The fact that Fermi was wearing the tailcoat,
instead of the fascist uniform or the dress of the Italian Academy, and shook hands with the King
instead of the giving the Fascist salute, produced a wave of indignation in the press very rigidly
controlled by the regime.” [Edoardo Amaldi, Ref. [153], p. 64].

The sudden disappearance of Ettore Majorana in 1938 clouded the activities
of the Rome group even further. For many years I have attempted to understand
the mystery of his disappearance. Much of this understanding lies in following
the intricate way he obtained the chair of theoretical physics from the Minister of
Education Giovanni Gentile, whose son Giovanni Gentile, Jr. was competing with
Majorana for the same chair (shown in the photo with Heisenberg in Fig. 3 of the
Preface). The solution found for his chair was a direct call “per chiara fama” from
the minister, avoiding any scientific or medical examination. To me this was a key
factor necessary to shed some light on this great mystery together with “il mal di
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Fig. 15 Fermi arrives with his family in New York on January 2, 1939.

Napoli” recalled to me by an eminent member of our faculty in Rome.

1.12 The Italian physics diaspora following 1938

In time the 1938 racial laws destroyed the development of physics in Italy by forcing
many outstanding physicists to flee to the United States and Canada following
Fermi’s example. Among these were:

Sergio De Benedetti had gotten his physics degree in Florence (1933) and a few
years later under the threat of Fascism made his way from Italy to the US after
a few years in France with Irène Curie and Frédéric Joliot, leaving just before the
arrival of the Nazis in 1940 to work in nuclear physics at a series of American
research and academic institutions before settling at the Carnegie Mellon Institute
of Technology, where many years later he invited me to give a colloquium. There
he had been a pioneer in the use of positrons to study various states of matter and
later was responsible for pioneering work on X-rays from pionic and muonic atoms.

Ugo Fano had studied mathematics at the University of Turin (1934) and soon
became one of Fermi’s closest collaborators in Rome as the youngest of the famous
group of young “Via Panisperna boys,” named after the street where their physics
institute was located prior to the transfer to its present location at the University
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Fig. 16 The census of the members of the “Società Italiana delle Scienze” of Jewish origin (Archive
of the “Accademia Nazionale dei XL”). Fermi is mentioned because his wife was of Jewish origin.

of Rome “la Sapienza.” Ugo had also collaborated with Heisenberg in Leipzig from
1936 to 1937 before his move to the US. In his case the transfer to the United
States involved not only himself but an entire group of distinguished physicists and
engineers in his family: his brother Roberto Fano was a professor at MIT who was
one of the founders of computer science and Ugo’s wife Lilla Fano coauthored a
series of books on the physics of atoms and molecules. I was introduced to Ugo by
his nephew and my closest friend and astrophysics colleague Aldo Treves, while Aldo
was at MIT and I at Princeton. Ugo started at the National Institute of Standards
and Technology in Washington, DC and moved to the University of Chicago in
1966. He invited me to give a colloquium at the University of Chicago in 1972,
a memorable event with the presence of many distinguished scientists, including
Valentin Telegdi and S. Chandrasekhar.

Another Via Panisperna boy was Bruno Pontecorvo. He was born and studied
initially in Pisa and transferred to Rome at the age of eighteen where he was admit-
ted to the third year of the physics curricula. He became the youngest and one of
the closer collaborators of Fermi. In 1936 he transferred to Paris and in 1940 after
the nazi invasion of Paris, he fled to the US, later moving to Canada. In 1948 he be-
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Fig. 17 The last photo I took of Bruno Pontecorvo (right) with Zel’dovich (left). I was having a
discussion with Zel’dovich in his office in Leninsky Prospect when I asked him: how is Bruno? He
did not answer but took his jacket with two gold medals and said “Follow me and do not stop.”
He drove quickly to a hospital were he was greeted upon arrival and he almost ran to the third
floor and knocked on a door which he immediately opened. Pointing to a surprised and happy
Bruno he exclaimed: Remo, here is Bruno!

came a British citizen and worked at Harwell on the British atomic bomb project. In
August 1950 he moved to the Soviet Union. My friendship with Bruno developed in
a series of meetings I had with him arranged mainly through Yacov Borisovich Zel-
Dovich in Moscow. Our major common interest was for the physics and astrophysics
of neutrinos. The best testimony of our many scientific discussions together was cap-
tured in our video “Il Caso Neutrino” made for Italian television, available on-line in
both Italian and English at http://www.icranet.org/videos/il caso neutrino.wmv.
The friendship with him was also deepened by my many meetings with his brother
in Rome: Gillo Pontecorvo. I met Bruno him through the last years of his life both
in Rome, see Fig. 18 and in the hospital in Moscow where I took the last photo of
him with Zel’dovich, see Fig. 17.

Bruno Rossi studied at the University of Padova and got his degree from the
University of Bologna. Soon after he initiated the school on cosmic ray research at
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Fig. 18 To insert.

the University of Florence, where he obtained fundamental results on the makeup
of cosmic rays, and also the first evidence for the existence of cosmic ray showers,
performing his experiments in Ethiopia which was then an Italian colony. In 1938
he escaped Italy first to Copenhagen as a guest of Niel Bohr, then moved on to
England and then to the US. In 1943 he was invited by Fermi to the University of
Chicago, then went to Cornell University and then to MIT in Boston in 1946 where
he remained until his retirement in 1970. In 1958 he joined the company America
Science and Engineering as a consultant, in which capacity he called Riccardo Gi-
acconi to initiate X-ray astronomy the next year. From 1974 t0 1980 he returned
to Italy as a Professor at the University of Palermo where he collaborated with
Giuseppe Vaiana, a very distinguished space astrophysicist from MIT who returned
in that period to Palermo to become the Director of the Astronomical Observatory.
My contacts with Bruno where quite intense during my period at Princeton and
later through both Riccardo and “Pippo” Vaiana. It was a pleasure to collaborate
with Bruno in organizing various plenary sessions at The American Physical Soci-
ety discussing the earliest results on the physics and astrophysics of neutron stars
and black holes. Bruno was actually quite conservative in his approach then, unlike
Riccardo Giacconi and Herbert Gursky: he was happy to recognize the role played
by white dwarfs but not neutron stars and black holes in binary X-ray sources.

Emilio Segrè, also a Panisperna boy, was born in Tivoli and studied under Fermi
at the University of Rome “la Sapienza.” From 1932 to 1936 he held the chair of
nuclear physics there and then moved to the chair in experimental physics at the
University of Palermo. In 1938 he transferred permanently to the University of
Berkeley. In 1974 Emilio returned to Rome during the final period of his life where
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he obtained again his original chair at “la Sapienza.” He was an important member
of the Manhattan Project during World War II and later won the Nobel Prize with
Chamberlain for the discovery of the anti-proton. Many were my encounters with
Emilio: I found him to be a very serene person, with a peculiar sense of humour.
His serenity is evident in his beautiful book on nuclei and particles [23] through its
very effective presentation reflecting the style and the imprint of Fermi’s teaching.
Once in Princeton I had a student from Iran who was approaching his graduate
research with this same imprint. His name was Bahram Mashhoon. I was puzzled
by this until he told me that his undergraduate thesis advisor was Emilio, making
him an authentic grandchild of the Fermi school.

Franco Rasetti, another Via Panisperna boy already mentioned above, though
not Jewish, moved to Canada in 1939 and later settled at John Hopkins University
in Baltimore. He not only fled the absurd intellectual persecution in Rome but
left physics altogether, dedicating himself to the study of botany and trilobites!
Enrico Persico [265], Fermi’s close friend and fellow student from their university
days together in Pisa, remained in Italy after the imposition of the racial laws but
moved to Canada a few years after the war taking Rasetti’s position when Rasetti
left for the US. However, he returned to Rome a few years later to eventually have
the Chair of Theoretical Physics formerly held by Fermi and much later by myself.
He was my professor of theoretical physics during my university studies.

Among the very few scientists of Jewish origin who had decided to stay in Italy
all the way through the Second World War was Arrigo Finzi, who had done his
thesis with Tullio Levi-Civita on the Cauchy problem for the Einstein equations.
When I asked him about his experiences in that period under the Fascist regime he
told me: “Terrible! Terrible!” Soon after the end of the war Arrigo traveled to the
Institute for Advanced Study in Princeton to discuss his thesis with Einstein. Later
he was one of the first settlers of the new state of Israel and became a Professor at
the Technion in Haifa. While I was in Princeton he visited the NASA Institute for
Space Science in New York where we often met. It was there were that Arrigo started
his seminal work on what later became known as the dark matter component of
the universe (see e.g., the recollections in the beautiful book of Sanders [184] Arrigo
almost every year visited me in Rome at “la Sapienza” participating in scientific
discussions. See Fig. ??.

In Princeton I once strongly expressed my opinion that one can hardly imagine
the splendid development of physics in the US without the knowledge, dedication
and enthusiasm of these authentic heroic scientific figures, who fled from Italy before
the war as a consequence of those terrible racial laws of the fascist government. The
example and success of these scientists set a precedent that was followed after the
war by a large number of young physicists. This time they were not forced out of
Italy by racial laws, but instead were attracted by the great intellectual stimulus,
the scientific interests, and the American way of life with its many opportunities.
Among them were Rosanna Cester, Tullio Regge, Riccardo Giacconi, Giuseppe
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Fig. 19 Right to left: Arrigo Finzi, Gerald Tauber, myself and Konrad Bleuler in Greece.

Vaiana, Bruno Coppi, and myself in Princeton joining Luigi Crocco and later joined
by the arrival of Enrico Bombieri.

1.13 Fermi’s contribution to Brazil and South America

I will not speak of the particle physics development led by Fermi in the United
States which has been celebrated in many books (see, e.g., Refs. [27, 150, 151]).
What I will talk about here, instead, are some lesser known activities in Brazil
inspired by Fermi which I have always found especially fascinating.

In 1934 the Ukranian born Gleb Wattaghin, who had fled Russia at the begin-
ning of the Russian revolution and had been educated in Turin, became the first
physicist of the Italian school to transfer to Brazil. Giuseppe Occhialini was later
sent by Fermi to join Wattaghin in San Paulo in 1937. There a young student,
Cesare Lattes, joined with them. Cesare was the son of the former rabbi of Turin
who had emigrated to Brazil due to the insane racial laws of the Italian fascist gov-
ernment. Observations of cosmic rays were performed from Chacaltaya (1947) and
the collaboration of Lattes and Occhialini with Powell and Blackett was recognized
internationally with the discovery of the pi-meson (Powell was awarded the Nobel
Prize in physics in 1950 and Blackett in 1947). The description by Lattes of the
discovery of the pi-meson is reproduced in Appendix A.4, see also Appendix A.5,
which also contains a paper on the scientific work of Lattes.

Before closing the discussion of Fermi’s Rome period I will talk about some
lesser known activities in Brazil inspired by Fermi before moving to the US which
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Fig. 20 Cesare Lattes (left) and Eugene Gardner (right) place photo-emulsions on the target
probe of the 184 inch cyclotron at the University of California’s Lawrence Radiation Laboratory
for the detection of “artificially” produced pi-mesons (March, 1948).

I have always found especially fascinating.
In 1934 Gleb Wattaghin, born in the Ukraine but educated since childhood in

Turin, became the first physicist of the Italian school to transfer to Brazil. Giuseppe
Occhialini was later sent by Fermi to join Wattaghin in San Paulo in 1937. There a
young student, Cesare Lattes, joined them. Cesare was the son of the former rabbi
of Turin who had emigrated to Brazil due to the insane racial laws of the Italian
fascist government. Observations of cosmic rays were performed from Chacaltaya
(1947) and the collaboration of Lattes and Occhialini with Powell and Blackett was
recognized internationally with the discovery of the pi-meson (Powell was awarded
the Nobel Prize in physics in 1950 and Blackett in 1947). The description by Lattes
of the discovery of the pi-meson is reproduced in Appendix A.4, see also Appendix
A.5, which also contains a paper on the scientific work of Lattes.

This sort of heroic “wild” physics carried on by Lattes, and Occhialini from the
mountain of Chattalquaia was directly linked to analyzing phenomena occurring
naturally in the universe, like their hunt for cosmic rays in the sky. Soon after
this activity was followed by a high-precision physics of a different style under
Earth-based “controlled” laboratory conditions. One of the first examples of this
equally important alternative style of research had again seen Lattes as one of the
major protagonists identifying, with Eugene Gardner (see Fig. 20), a multitude of
“artificially” produced pi-mesons at the 184-inch Berkeley cyclotron built by Ernest
Lawrence under “controlled” conditions (see, e.g., Ref. [152]).

Comparing and contrasting these two styles of research—the wild one and the
one performed under artificially controlled-tame conditions in the laboratory—it
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is often claimed that only those under controlled conditions in Earth-bound lab-
oratory experiments guarantee the precision and reproducibility necessary in an
experimental science. This is certainly not correct. In the case of Earth-bound ex-
periments attention is directed to a single localized system which is studied through
a series of events occurring at a specified location in space and for a time period in
which the phenomenon can be submitted to direct measurement under artificially
created circumstances under the control of the scientist. Such optimal conditions
can be reproduced at will, leading to the essential reproducibility of the experiment
required by the scientific method.

In the case of astrophysics the situation is apparently very different: the time
scale of the phenomena under scrutiny occurring naturally independent of the ob-
servers will is at times enormously long with respect to the lifetime of the observer
and the specific events are hardly reproducible in a single system at a specific time.
The analogous laboratory in this case is instead the entire universe and the system
is not subject to the will of the scientist. However, it is possible to divide all as-
trophysical systems into equivalence classes and find, somewhere in the universe, a
system that at a specific time of observation is undergoing the specific phenomenon
of interest, a representative of its equivalence class. As in Earth-based experiments,
an astrophysical “experiment also requires special measurement techniques, and at
times space technologies or observatories in a vast range of wavelengths are needed
to analyze it. This can then be compared with other such events in its equivalence
class to qualify for reproducibility and validation of the results.

Having established that the two methods are both equally valid from the point
of view of their predictability and reproducibility there is nevertheless an impor-
tant difference. In Earth-based experiments the phenomenon is usually studied by
itself, separate from any role that it might play in Nature if indeed it even occurs
“naturally. In astrophysics instead phenomena are observed occurring “naturally,
so that the study of the phenomenon directly informs us about how it contributes
to the actual working of our universe, i.e., there is no need to speculate further on
how it might be used or not by Nature.

The physics developed under “controlled” conditions grew exponentially all over
the world. The work of Fermi as well as his anticipation of what would be found
with accelerators has been well documented in the many testimonies found in the
book edited by James Cronin [27]. There the expectation by Fermi of the cost
and energy of accelerators as a function of time (see Fig. 9.3 of that book) was
reproduced and compared and contrasted with the energy versus time for actual
accelerators (see its Fig. 9.5). Similarly interesting was his expectation for the
largest possible accelerator in the future, the globotron as idealized by Fermi (see
its Fig. 9.4).

It is not surprising that in Italy as well, this sort of “controlled” physics became
very popular, first with the developments of the Frascati National Laboratories and
then with CERN (see, e.g., Ref. [153]) with the crucial and fundamental role in all
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these programs played by Edoardo Amaldi, one of Fermi’s closest collaborators of
in Rome (see Fig. 13), and who had been my teacher. Soon an academic alliance
materialized in the Physics Institute in Rome between the elementary particle physi-
cists and the solid state physicists. They did not have any interest at that time in
carrying out genuine research in general relativity or on Einstein’s field theories.

But without being carried away by “big science,” which is already well discussed
in many books, let us return to Fermi and his critical attitude towards the work
in cosmology and in Einstein’s theory that he had developed in Chicago after the
Los Alamos bomb experience. As we will show, this will represent a very important
seed planted by Fermi for the growth of the field of relativistic astrophysics.
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PART II.
FROM THE 1940s TO THE 1950s: THE FERMI-TURKEVICH
WORK

2.1 General relativity at the University of Rome “la Sapienza”
after the Second World War

What happened after the Second World War under the new conditions of the newly
established democracies? I will look first at the University of Rome and the birth
there of particle physics and at the same time a timid new opening towards Ein-
stein’s theory of general relativity. I will then return to the new Fermi period in the
US after the achievement of the atomic bomb in Los Alamos and applying his great
knowledge acquired in nuclear physics to cosmology. Many books have been written
on the Manhattan Project and I have nothing to add. On the work of Fermi and
Turkevich much has still to be appreciated and I will give a presentation based on
Fermi’s own work. I will show how this work in due time has become fundamental
to the entire field of relativistic astrophysics.

The disregard for Einstein’s theory that had existed at the University of Rome
between the world wars continued to some extent even later, both within the Uni-
versity and also in the city of Rome. The latter can be illustrated by an anecdote
which, although minor with respect to the atrocious racial laws, still reveals a lack
of respect for the figure of Einstein. At the time, there were three institutes in the
Faculty of Science at the University of Rome and correspondingly three “lauree”
or diplomas: “Mathematics,” “Physics” and also “Fisica Matematica” (mathemat-
ical physics). The last one was solely directed at creating the teaching staff for
high schools, and had a lighter scientific curriculum and was attended primarily
by women. A “fisico matematico” usually ended up teaching in high schools. A
sort of epitome of this depreciative attitude found its way into the naming of a
street in Rome in honor of Einstein. The commission charged with selecting new
street names gave great prominence to physicists and mathematicians alike in the
Portuense District of the city.

“Piazza Enrico Fermi” is at the start of a major artery followed by “Viale
Guglielmo Marconi” and even the four lane “Via Quirino Majorana” (after an ob-
scure but locally influential physicist in Bologna, the uncle of Ettore Majorana).
In that district, the shortest street, without even an exit, a “cul de sac” as it is
technically called, was dedicated in 1957 to Einstein with the name Via Alberto20

(!) Einstein with the explicative note “Fisico Matematico” in parentheses. It is in-
teresting that neither the name of Guglielmo Marconi nor that of Quirino Majorana
was followed by any such note, while the name of Enrico Fermi was indeed followed
by “Fisico” (Physicist). See Fig. 21.

Somewhat the same attitude continued within the University of Rome after the

20Later corrected to Albert in 1995.
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Fig. 21 Street signs in Rome dedicated to Guglielmo Marconi, Enrico Fermi and Albert Einstein.
Einstein’s street was initially named Via Alberto Einstein and then corrected decades later in 1995
to Via Albert Einstein.

war: we had witnessed the destruction of the school of geometry in the Mathematics
Institute following the infamous racial laws of the fascist regime. An attempt to
have a new beginning for Einstein’s theory was made in 1959 by Carlo Cattaneo,
who lectured in the Mathematics Institute in close contact with the French school
of A. Lichnerowicz and Y. Choquet-Bruhat. He gave an opportunity to students in
the Physics Institute, myself included, to learn the formalism of general relativity.

In the Physics Institute the newly developed field of particle physics soon became
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predominant. One reason for its clear success was the unprecedented high level
of work around Oreste Piccioni in the last floor of the Physics Institute at the
University of Rome.

Luis Alvarez, in his Nobel Lecture (1968), said: “As a personal opinion, I would
suggest that modern particle physics started in the last days of World War II,
when a group of young Italians, Conversi, Pancini, and Piccioni, who were hiding
from the German occupying forces, initiated a remarkable experiment. In 1946, they
showed that the “mesotron” which had been discovered in 1937 by Neddermeyer and
Anderson and by Street and Stevenson, was not the particle predicted by Yukawa
as the mediator of nuclear forces, but was instead almost completely unreactive in
a nuclear sense.” Oreste left for the USA almost immediately after the discovery. I
became his good friend in La Jolla. Today I am still using the room where he did
his experiment, as a working space for my graduate and undergraduate students.
The wall of that room is filled with the signatures of distinguished visitors (see
Fig. 22) including Oreste himself, who also signed the wall while visiting in 1989
(see Fig. 23).

Fig. 22 The signatures of Wheeler and Giacconi on the wall of the common room of the group
G9 at the Department of Physics of the University of Rome “la Sapienza.” To the uppercase
“U” drawn by Wheeler representing the universe acquiring conscience from its own observations,
Riccardo added a symbol of his X-ray mirror technique developed for the Einstein and Chandra
telescopes.

Indeed Oreste was one of the first young physicists who emigrated from Rome
to the USA after the Second World War. In addition to those already mentioned
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Fig. 23 Piccioni’s signature on the same G9 wall.

above, I would like to add Giuseppe Vaiana at the Harvard-Smithsonian Center for
Astrophysics and Giancarlo Wick at Columbia University (see Wick in the photo
with Heisenberg in Fig. 3 of the Preface).

2.2 The Fermi’s leap in cosmology and in Einstein’s world

To illustrate the world of cosmology as a precursor to the field of relativistic astro-
physics and its relation to Einstein’s theory of general relativity, I use the well-known
picture taken on the occasion of Einstein’s seventieth birthday (see Fig. 24).

Some of the major predecessors of relativistic astrophysics are portrayed here.
Robert Oppenheimer, standing to the left of Einstein, through his two classic pa-
pers with his students Robert Serber [54] and George B. Volkoff [55] gave the basis
for the treatment of neutron stars. It was indeed in solving this problem that the
classic set of differential equations which have become known since as the Tolman-
Oppenheimer-Volkoff equations (named also for Richard C. Tolman [251]), or for
short the TOV equations, were introduced.21 It was again Oppenheimer who coura-
geously accepted the extreme consequences of the work of Landau, Chandrasekhar
and Gamow that I spoke of earlier. The existence of a critical mass against gravita-
tional collapse occurs as soon as the degenerate self-gravitating Fermi gas supporting
the equilibrium configuration becomes relativistic. With his graduate student Har-
21See footnote ??
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Fig. 24 Albert Einstein’s seventieth birthday (May 19, 1949). From left to right: H. Robertson,
E. Wigner, H. Weyl, K. Gödel, I. Rabi, A. Einstein, R. Ladenburg, J. Oppenheimer, G. Clemence.

land Snyder, Oppenheimer explicitly expressed the general relativistic equations
governing the process of continued gravitational collapse [56]. As I stated above,
this paper evoked a strong reaction by Einstein himself (see Fig. 24), and only re-
cently has it been proven that the counterexample of the “Einstein cluster” does
not rule out the possibility of the occurrence of complete gravitational collapse to
the Schwarzschild radius and beyond. The Oppenheimer-Snyder work evolved over
time into one of the most important concepts of relativistic astrophysics: the black
hole [155].

Two other scientific giants also appear in this picture: Isidor Rabi and Eugene
Wigner, with whom I enjoyed and entertained a dialogue for years, in Princeton
and New York, on the role of Einstein’s theory in the foundations of relativistic
astrophysics and especially on the measurable quantities in black hole physics.

Returning to cosmology, portrayed in this picture are three other giants who
played a crucial role in linking cosmology to Einstein’s theory of general relativity:
Howard Percy Robertson22 who described the dynamical aspects of the evolving uni-
verse model discovered by Alexander Alexandrovich Friedmann,23 Hermann Weyl,

22See e.g., H.P. Robertson, T.W. Noonan: Relativity and Cosmology, W.B. Saunders Company
(1968).
23Friedman’s two fundamental papers originally published in Zeitschrift für Physik 10, 377 (1922)
and 21, 326 (1924), are reprinted in English translation in General Relativity and Gravitation 31,
1991, 2001 (1999).
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who more than anyone else emphasized the close connections between Hubble’s
observations of the receding galaxies and the conceptual framework of a spatially
homogeneous and isotropic universe satisfying Einstein’s field equations [17], and
finally Kurt Gödel. I have recently discussed the vigorous conceptual role of Weyl
and Gödel in probing the foundations of cosmology in the realm of general relativity
(see Fig. 25).24 An excerpt regarding my interaction with Kurt Gödel, as well as
many discussions on the role of rotation in the universe, is given in Appendix A.6.

(a) (b)

Fig. 25 Kurt Gödel and Albert Einstein (1954), together with an original reprint of the classic pa-
per dedicated by Gödel to Einstein in honor of his seventieth birthday. The copy was autographed
to me by Kurt Gödel in 1974 and is now at the ICRANet Center in Pescara.

With his own style of research and particular attitude towards physics, Fermi
was quite far removed from the questions these scientists were addressing, but he
jumped into their world to address cosmological nucleosynthesis with three impor-
tant tools:
1) the ability to use electronic calculating machines for the first time in an astro-
physics context to integrate the system of rate equations.
2) a precise knowledge of the nuclear cross sections derived from the Los Alamos
24See e.g., Ref. [156].
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activities, some of them still classified, and
3) an expert knowledge of Einstein’s field equations which he had mastered in the
early days in Pisa.
To reach a detailed understanding of his work, it has been essential for me to read
and translate into English the lecture he gave in Rome on October 7, 1949, which
is reproduced in Appendix A.6. In the following paragraphs I will use his own
words from that lecture to illustrate the physical motivations which drove him in
his fundamental work with Turkevich. But first let me digress briefly to prepare
the conceptual landscape in which this work was realized and recall the results of
Friedmann and the Soviet-Russian school which were adopted by Fermi in his own
work.

2.3 The roots of relativistic cosmology in the Soviet-Russian school

The view of cosmology as we understand it today was formulated by the Soviet-
Russian school of physics, profoundly rooted in the solution of Einstein’s field equa-
tions first obtained by Alexander Alexandrovich Friedmann (Fig. 26). From the
conditions of homogeneity and isotropy for the three-dimensional space geometry,
came a cosmological model for the universe with a definite beginning at a finite
time in the past and drawing attention to the dynamical nature of space itself. Its
success has certainly been due to the identification of this dynamical expansion of
space with the recession of galaxies observed by Hubble, a view forcefully expressed
by Hermann Weyl. It is interesting that, according to Sandage, Hubble himself
refused to believe such an explanation as long as he lived.

At the end of World War II an equally important work appeared by Evgeny
Lifshitz[142] (Fig. 28) and later by him and Isaac Khalatnikov[143] (see Fig. 27) who
developed a novel theoretical approach to analyze the perturbations of a Friedmann
universe in terms of scalar, vector and tensor harmonics in the quest for the solution
of the problem of galaxy formation in the expanding homogeneous and isotropic
Friedmann universe.25

The time scale of the development of such perturbations was soon found to be
too long to obtain the observed galactic structures. It was starting on the premise of
this work by Lifshitz that in 1946 George Gamow initiated a series of short articles
exploring both the condition for the formation of the elements and of galaxies in
a Friedmann cosmology. The work of Gamow was quite different in style from the
rigorous and precise mathematical derivations of both Friedmann and of Lifshitz.

Gamow’s papers were actually full of computational mistakes. His attitude was

25The work of Lifshitz and Khalatnikov was further expanded in the study of the initial cosmolog-
ical singularity by Belinski, Lifshitz and Khalatnikov. In recognition of this achievement, the 13th

Marcel Grossmann Award was granted to Belinski and Khalatnikov with the following motivation:
“for the discovery of a general solution of the Einstein equations with a cosmological singularity
of an oscillatory chaotic character known as the BKL singularity.”
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Fig. 26 Alexander Alexandrovich Friedmann.

always to minimize the relevance of precise computations in favor of developing
the conceptual framework, so in his work we find some alarming statements like:
“Thus we have ρmat∆t ' 10−4 g cm−3 sec and not ' 10+4 g cm−3 sec as was given
incorrectly in the previous paper because of a numerical error in the calculations”26

or again referring to formula (6) of his paper [157], “The fact that the above-
calculated density and radii correspond closely to the observed values for the stellar
galaxies strongly suggests that we have here a correct picture of galactic formation,”
whereas from that formula one can deduce a mass for a galaxy of only 103M�.
Nevertheless his papers are remarkable for their physical intuition and for their
attempt to identify the basic physical process governing cosmological evolution.

It is well known that in the best cultural tradition of the Chinese classical
paintings Chinese painters have often exercised themselves in expressing themes
already expressed centuries earlier by other artists reproducing and reinterpreting
their works faithfully and introducing minor stylistic differences in order to carry
forward the conceptual and artistic message through the millennia. Similarly I recall
the attitude of Titian’s school (and also those of Rubens and van Dyck) reproducing
attentively some of the works of great masters. In the same spirit I approached these

26See Gamow’s paper [157] reproduced in Appendix A.7.
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Fig. 27 Isaac Markovich Khalatnikov with myself at MG13.

works of Gamow trying to capture the concepts which allowed him to deduce from
first principles the existence of the cosmological black body radiation, which he had
the merit of predicting years before its actual observation. For almost ten years I
read over and over again the paper “The Origin of Elements and the Separation of
Galaxies” [157], and used it in my lectures for my class on theoretical physics at the
University of Rome, enjoying the underlying strong conceptual logic which emerged
despite the numerous numerical mistakes and some of the equally wrong estimates.

The often mentioned aphorism of Gamow was “the details of the numerical ac-
counting must be left to the shopkeepers.” In this spirit I focused on the underlying
scientific message by Gamow, without being diverted by the often contradictory
statements of the order-of-magnitude estimates or the too literal application of
these ideas to explain observational facts. I discussed this attitude of Gamow with
Eugene Wigner and Riccardo Giacconi. Both of them were quite critical. I already
spoke of Eugene’s sentence: “You admire Gamow so much: he used a special set of
units h, c, G, 4π = 1!” and the fact that it took me almost 25 years to appreciate
Eugene’s sarcasm. Recently discussing the text of the present manuscript with Ric-
cardo, he fiercely criticized Gamow’s attitude: the quest for precise computations
and equally precise measurements is a must for serious physics and he found Fermi’s
critical attitude fully justified. In his opinion Fermi’s reason for not publishing the
results of his work with Turkevich was due to the desire just to teach Gamow how
to do computations correctly. As we will see shortly Fermi’s correct computations
paradoxically lead to a deeper understanding of Gamow’s conceptual framework.
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Fig. 28 Evgeny Lifshitz.

2.4 Fermi’s criticism of Gamow’s work

There were three issues in Gamow’s cosmology:
1) The formation of all known elements by a neutron capture process in a Friedmann
Universe,
2) the process of galaxy formation by the Jeans instability, and
3) the identification of a Friedmann cosmology dominated in its early phases by
radiation as a description of the early universe.
Fermi addressed mainly the first issue and made some considerations on the third
one. We cannot find any better way to illustrate Fermi’s work than to use his own
lucid words excerpted from Appendix A.6. I am sure everyone will enjoy reading
them as we have ourselves in translating them.

All the known matter is made up of various chemical elements each present
with a different abundance, so the problem arises, first experimentally and then
theoretically, of understanding for what reason some elements are abundant, others
rare. . .What we are trying to establish are the amounts of the various chemical
elements which are, so to say, in the whole Universe or, at least, in a large part of
it and, obviously, the result which we may expect to obtain depends to a large extent
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on the samples taken for the analysis . . . It is noteworthy that, . . . if the selection
of the samples is made with suitable attention, the results are highly uniform even
if derived from materials of very disparate origin. For instance, in some favorable
cases, it is possible to assign the ratio of the cosmic abundance of two elements with
a precision of the order of the 1 or 2%. . . That said it is interesting to consider the
table reported here (Table 1) in which the numbers represent the relative abundances
of the various elements.

Table 1 Relative abundance of the el-
ements (Table 1 of the Fermi paper
240.3.)

A Z Atoms per 104

atoms of silicon

H 1.01 1 3.5× 108

He 4 2 3.5× 107

Be 9.02 4 2× 10−1

C 12.01 6 8× 104

O 16.00 8 1× 105

Si 28.06 14 104

Cl 35.46 17 2.5× 102

Mn 54.93 25 1× 102

Fe 55.85 26 2.6× 104

Co 58.94 27 1.6× 102

Ni 58.69 28 2.0× 103

Cu 63.57 29 7

Ga 69.72 31 5× 10−3

Sr 87.63 38 10−1

Cd 112.41 48 2× 10−2

Cs 132.91 55 10−2

Pt 195.23 78 10−1

Pb 207.21 82 4× 10−3

Th 231.12 90 10−2

U 238.07 92 3× 10−3

. . . we represent in a diagram (Fig. 15) the relative abundance of the elements
as a function of the atomic number.

From this diagram one can see that immediately after the peak represented by
hydrogen and helium there is a tendency to exhibit, though with high irregularity, a
decreasing feature of the relative abundance of the elements. So that one who wanted
to draw a curve through these points, neglecting the irregularities, could draw the
curve shown in Fig. 15. And, if one wanted to trust that, having accounted for the
exceptions, this curve represents with good approximation the relative abundance
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Fig. 29 The relative abundance of the elements as a function of the atomic number (Fig. 1 of the
Fermi paper (240.3)).

of the elements, one should also conclude that the relative abundance of each ele-
ment is one of its essential characteristics like, for instance, its atomic number, its
energy of formation or its mass. Then one forms the impression that the relative
abundance of each element is really a property of its own, connected, as is obvious,
both with the other properties of the element and with the mechanism, quite un-
known, through which the element has been formed. . . if we know the abundance of
each element it is a question of trivial arithmetic to calculate the abundance of the
isotopes. . .Obviously the idea of justifying all these facts, that is to justify the abun-
dance of every single element and, for each element, the abundance of its isotopes,
is, certainly, an extremely ambitious program and constitutes a problem whose so-
lution is assuredly very far off.

And again let Fermi’s words introduce the work of George Gamow:

Nevertheless recently there have been attempts in this direction but with quite
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unsatisfactory results. This fact does not exclude that they are extremely interesting
in the sense that they represent an attempt at research in the direction which most
probably will be one of the most important in the future. On the other hand it is ob-
vious that if the solutions obtained to date are not satisfactory one cannot exclude
that in the future one cannot make conclusive steps along this road . . . we shall
limit ourselves to speak here about . . . the theory, due chiefly to Gamow, who being
a joker as everybody knows, joined with two other physicists, Alpher and Bethe, with
the aim perhaps of playing with the fact that the three names, read in the American
way mangling the words, sound like the first three letters of the Greek alphabet. As
a matter of fact, the essential contribution of the theory of which we are speaking
was given by Gamow and in part by Alpher: Bethe, instead, appears to have been
associated only to complete the play on words.
(We have reproduced the article in Appendix A.8.)

Let us be guided by Fermi’s words in the description of the formation of the
elements by successive neutron capture in Gamow’s theory:

Refer to a P -N diagram (Fig. 30) in which each element is represented by a
point whose abscissa is equal to the number of its protons and whose ordinate is
equal to the number of its neutrons.

As we have already said, all stable elements are located in a well defined zone.
If we now assume that we submit a certain element to a “bath” of neutrons it may
happen that its nuclei capture one of these neutrons. Thus, if the composition of
this nucleus is represented by the point A of Fig. 31, after the capture the newly
formed nucleus will have a composition represented by the point B which is obtained
by taking from A a step upwards (in fact N is increased by one and Z remains
constant).

The new nucleus will be able, in turn, to absorb another neutron and produce
an element represented by the point C and so on, until one ends up going out of
the zone of stable elements. The newly formed unstable element will evidently be
beta radioactive and then will disintegrate through a beta process which is a change
of a neutron into a proton: the new representative point will therefore be obtained
taking a step downwards (decrease of a neutron) and a step rightwards (increase of
a proton). If now there are still neutrons present, the nucleus so formed will be able
to absorb another neutron, then another neutron and after it will emit a beta ray;
and in this way little by little we will climb up the slope of the stable elements. Thus
little by little very heavy elements are formed through a mechanism of successive
additions of neutrons to light nuclei assumed to be pre-existing.

Fermi then recalls the theoretical hypothesis made by Gamow in the description
of nuclear cross sections:

At this point, if one wants to be ambitious (and, as we shall see, Gamow puts
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Fig. 30 P -N diagram: each element is represented by a point whose abscissa is equal to the
number of its protons and whose ordinate is equal to the number of its neutrons (Fig. 2 of the
Fermi paper (240.3)).

forward demands even more ambitious than these), one can even hope to explain
the formation of all the elements starting from only neutrons.

Let us assume, in fact, that in a region of space, at a certain instant, are con-
tained some neutrons. As is known, the neutron is not a stable particle, on the
contrary its life time is quite short (it has not yet been measured very well but it
cannot be appreciably different from 15 minutes) and therefore after about ten min-
utes, half of the neutrons will be decayed producing as many protons. But neutrons
and protons have a certain affinity and the neutrons tend to latch onto the protons
in this way forming nuclei of deuterium. In this way, starting initially from only
neutrons, through their decay and association with the generated protons, it will be
possible to form the first light nuclei and then, from them, with a process of the kind
described above, one will arrive presumably at the formation of the heavy elements.

Gamow, simplifying (maybe too much) that which the experimental results really
give, assumes that these cross sections for the capture of neutrons increase linearly
for values of the atomic weight between 0 and 100 and then remain constant.
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Fig. 31 The mechanism of formation of heavy elements (Fig. 3 of the Fermi paper (240.3)).

Fermi recalls an apparently qualitative success of Gamow’s theory in describing
the abundance of elements with high atomic number:

Therefore let us assume, for the time being, that the cross sections are really the
ones Gamow claims. In this case we can plainly write down the differential equations
describing how heavier elements are successively formed. Let us call Na the number
of atoms with atomic weight a; the derivative of this number with respect to the
time will depend on two terms: one which represents the increase in the number of
atoms of weight a due to the aggregation of atoms of weight a− 1 (and this will be
a positive term proportional to Na−1, to the cross section σa−1 of the element a− 1
and to the flux Φ(t) of the neutrons). Then there will be a negative term which in
the same way represents the decrease of Na due to the absorption of neutrons which
changes the atoms a into atoms a+ 1. In a formula

dNa

dt
= Φ(t) (σa−1Na−1 − σaNa) (a = 1, 2, . . . , 238) . (1)

Equations like this must be written for every value of a and a system will be obtained
which we can solve, at a fixed neutron flux, deriving the way in which the abundances
of the single elements evolve in time.

Of course the result one obtains depends on the time interval we choose in the
sense that, if we fix a certain flux of neutrons, the material must be exposed to its
action for a suitable time: in fact, if the time is too long, too many heavy elements
are formed, if it is too short, too few elements are formed. But, by “cooking” so to
say the material to the right point one succeeds in obtaining something which has a
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certain resemblance with the experimental data. This resemblance arrives at such a
point as to give, in the case of elements with high atomic number, a distribution of
isotopes resembling the real one.

Fermi also recalls a crucial difficulty in Gamow’s theory in describing the nuclear
abundances of light elements:

In the region of light elements the result is, instead, contrary to the experimental
one but one can think that a successive heat treatment, even at not an exceedingly
high temperature, might have modified the situation.

Fermi then describes the “risky and almost certainly wrong statement . . . con-
nected with the theory of general relativity” by Gamow:

As we have said, Gamow was not content with these results and has taken a
further step, a very risky and almost certainly wrong step. Almost certainly wrong
since the step one takes when, to explain the facts, one assumes very precise hy-
potheses. In that case, as is obvious, the more precise the hypotheses are, the more
easily one demonstrates that they are wrong. At any way, Gamow resolved to de-
termine the time in which the formation of elements described above has happened
by resorting to the theory of the expansion of the universe. This theory is connected
with the theory of general relativity and we attempt to give a short account of it.
Unfortunately also for general relativity, as for other physical theories, there does
not exist a single theory and this entails a certain freedom of choice, but at present
this choice cannot be made on the reliable basis of experimental results. But if we
base ourselves on the simplest one of the theories of relativity, that one without a
cosmological term, we can construct as has been done, a theory of the expansion of
the universe according to the following general lines.

In order to prove Gamow wrong on cosmological nucleosynthesis, Fermi paradox-
ically criticizes Gamow’s procedure of adopting the validity of Einstein’s equations
and the use of a radiation-dominated Friedman cosmological model. As we know
today these assumptions are precisely the ones which have credited Gamow’s cos-
mology as the fundamental one for predicting the cosmological black body radiation.
But let us use Fermi’s words for a lucid description of Friedman cosmology:

One starts from the hypothesis, which has at least the merit of being very simple,
that the energy density (matter and radiation) is uniform in the entire universe, at
least when one averages over very large regions of it. Furthermore one assumes that
the space has a constant curvature; this means that the universe is homogeneous
not only with respect to the energy density but also with respect to its geometrical
properties. From this hypothesis one can infer that the universe at a certainly well-
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defined time has the shape of a sphere or that of a pseudo-sphere; for particular
reasons, connected with the present matter density, one must choose the pseudo-
sphere, which is a sphere with an imaginary radius and obviously it is not possible
to represent it by a figure. But if for the moment we leave out of consideration the
fact that the object of which we want to speak is a pseudo-sphere and not a sphere
and furthermore if we limit ourselves to represent only three of its four dimensions
(the time and two spatial coordinates) it will be possible (Fig. 32) to give an idea of
how the Universe evolves expanding itself. In Fig. 32 the universe is represented by
circles whose radius is increasing with time.

Fig. 32 The expanding universe: the universe is represented by circles whose radius is increasing
with time (Fig. 6 of the Fermi paper (240.3)).

If now, by using the formulas of general relativity, one makes calculations, one
can find a relation which connects the velocity of expansion of the radius, r = iu, of
the pseudo-sphere with the energy density w:(

du

dt

)2

= c2 +
Kc2

3
u2w . (2)

This formula says that the square of the time derivative of the modulus of the
radius u of the pseudo-sphere equals the square of the light velocity plus a term
which contains the radius itself, the energy density w and a constant K related to
the gravitational constant G through

K = 8π
G

c4
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and having the value of about 2× 10−48dyn−1. If we now want to use this formula
to describe the expansion of the universe when its radius is very small, we can see
that the first term of the right hand side becomes negligible since the energy density
increases much faster than the squared radius decreases. Then formula (2) can be
simplified in the following way:(

du

dt

)2

=
Kc2

3
u2w . (3)

At this point Gamow made an interesting remark: if one admits that, when
formula (3) holds, the energy is essentially radiation energy, one can, using the for-
mula, obtain a relation between temperature and time which contains only universal
constants. In this way, one arrives at eliminating the arbitrariness due to the value
of temperature at which nuclear reactions had taken place and given origin to the
elements. This arbitrariness might have allowed one to obtain, to a certain extent,
any result whatsoever. We give here, without proof, the formula which links tem-
perature to the time elapsed since the instant when the Universe had infinitesimal
size

T =
(

3
4Kc2σ

)1/4 1√
t

degrees . (4)

In this formula, σ represents the Stefan’s law constant, T the absolute temperature
and t the time. As we have already pointed out, this is an approximate formula and
holds for values of t not too large, for instance not exceeding a few million years.

If we substitute the constants appearing in formula (4) by their values, we obtain

T =
1.52 · 1010

√
t

degrees (5)

from which one sees that when t is, for instance, equal to one second, the temperature
is, as one could have imagined, enormously high: of the order of 1010 degrees. But
it decreases very fast so that, after one thousand seconds, it is already reduced to
the order of magnitude of one hundred million degrees and this value is low enough
to stop strong nuclear phenomena.

Then the temperature varies with time following a well-defined law and the
pseudo-radius of the universe varies with an equally determined law (it is propor-
tional to the squared time) and therefore only one parameter is left undetermined:
the density of neutrons; Gamow intends, by working on this single arbitrary param-
eter, to succeed in predicting the distribution of the abundances of the elements and
indeed in a certain sense he succeeds. As a matter of fact, he succeeds as long as
one is content with a very rough analysis of his results, but as one tries to enter
into details, immediately one runs into trouble and probably troubles would increase
if it were possible to carry out this analysis which is extremely complicated to do.

This derivation explains why in the Fermi-Turkevich paper Fermi assumed a
temperature dependence with the precision of three decimal places. In my first
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reading of the Fermi-Turkevich paper I was astonished that a scientist as concrete
as Fermi could have ventured to assume such a precision. I discussed repetitively
this question with Wheeler without a clear conclusion, which is clearly explained
above in the Fermi’s own words.

2.5 The Fermi and Turkevich paper

As I already mentioned the Fermi-Turkevich paper was never published by the au-
thors in a scientific journal and their results were only reproduced later in the review
article “Theory of Origin and Relative Abundance Distribution of the Elements”
by Alpher and Herman [158].27 This article had the significant footnote “We are
indebted to Drs. E. Fermi and A. Turkevich for their cooperation and communica-
tion of unpublished results. The authors take the responsibility for the correctness
of this transcription and interpretation of their work.”

The basic assumptions in the Fermi-Turkevich work were:

1) the initially radiation dominated Friedman cosmological model, following
Gamow;

2) the complete and detailed values for the reaction rates expressed in their
Table XII (see below);

3) the techniques of numerical integration of the rate equations by electronic
machines.

The numerical integrations were made possible by the use of one of the first
computers: the Maniac electronic machine at Los Alamos. It is interesting that one
of the possible reasons why the Fermi-Turkevich calculations were not published as
a paper themselves was that, as mentioned by Yakov Borisovich Zel’dovich to me
years later, the cross sections involving tritium reactions were at the time secret
because of their implications for nuclear bomb fusion processes. When it became
possible to make them known Fermi considered the paper not so urgent as to need
official publication, and it became a matter for a review article! This might have
been a justification, but certainly in my opinion not the main one.

The major new result of Fermi and Turkevich in light element formation was
summarized in their Figure 20 (see below) and is summarized by Fermi in the words

27See the excerpt Appendix A.12.
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Fig. 33 Relative abundance of the very light elements as a function of time according to the
non-equilibrium formulation of Fermi and Turkevich (unpublished). The nucleon concentration
was taken to be 1021 cm−3 at t = 1 sec in an expanding universe dominated by radiation. The
relative abundances are the ratios of the number of nuclei of a given species in a volume V to the
total number of nucleons in that volume. Since both quantities vary with the universal expansion
in the same way the effect of the expansion is not evident. (Fig. 20 of the paper “Theory of Origin
and Relative Abundance Distribution of the Elements” by R.A. Alpher and R.C. Herman, Rev.
Mod. Phys. 22, 153 (1950)).
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“The first difficulties are met already in the lower region of the periodic system
as soon as one asks oneself a little in detail in what manner the elements are grad-
ually forming themselves. As we have already said, the first nucleus to be formed
will be that of hydrogen, then through the merging of a proton with a neutron deu-
terium will be formed and then with the addition of another neutron tritium, which
will decay through a beta decay into helium three. By addition of a new neutron
helium three changes into helium four. Already here one meets a little difficulty
because helium three capturing neutrons tends to break rather than to form helium
four, nevertheless one can still think that at least a small fraction of helium three
changes by capture of a neutron into helium four. But at this point the difficulty
one meets is much more important because the nucleus of mass five does not exist:
if one would try to form it by addition of a neutron to helium four it would break to
peaces creating an insurmountable barrier which prevents the successive formation
of elements through the addition of neutrons.”

Gamow wittily recalls the attempt to jump the mass 5 crevasse in his book The
Creation of the Universe.28 I couldn’t resist the temptation of reprinting in Fig. 34
the vignette in which Wigner proposes a way to jump across the mass 5 crevasse.
In this figure Wigner is well identifiable by his famous “please.” He told me once:
“They accused me of being too polite”. Indeed this politeness was extreme. No one
of us at Princeton university was ever able to enter a door after him: he was always
entering any door last, following a well established Hungarian rule of survival! In
Fermi’s words:

“In reality one can find some way to jump or even better to avoid this barrier,
and it is the following: according to the formulas written above, in the time in which
these phenomena should take place, the temperature, though already much decreased,
is still on the order of 108–109 degrees and at such high temperatures nuclear re-
actions can still take place in a conspicuous way and are produced by the collisions
among the nuclei which move under the effect of thermal agitation. Thus it is not
impossible to think that a nucleus of mass six can be formed, without the preliminary
existence of a nucleus of mass five, by making a nucleus of deuterium react directly
with a nucleus of helium four. As a matter of fact, this reaction is extremely un-
likely, but not impossible, therefore it is not excluded that a small amount of lithium
six is formed allowing, through successive additions of neutrons the formation of
heavier nuclei. And many other difficulties of this type are met; for instance, also
the nucleus eight does not exist in any stable form and this missing step will be
jumped by a device of the kind already described.”

The impossibility of building heavy elements

28See Ref. [159], p. 71.



August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408

64 Einstein, Fermi, Heisenberg and Relativistic Astrophysics: Personal Reflections

Fig. 34 Wigner’s proposal for how to jump across the mass 5 crevasse.

“But the difficulties do not end here, another one which cannot be passed over
in silence is that, if one assumes an initial density of neutrons large enough so that
they can form heavy elements in non negligible quantities, one finds that the ratio
between helium and hydrogen has nothing to do with the actual one: one will have
more abundant helium than hydrogen contrary to experimental evidence.”

Fermi’s negative conclusions about Gamow’s work

Let us now read the severe final remarks of Fermi:

“So it only remains sadly to conclude that this theory is unable to explain the
way in which the elements have been formed in time, and this after all is what one
should have expected. However, we must recognize the courage with which Gamow
has set about constructing an attempt at a theory based on extremely determined
hypotheses: the theory has failed and this means that some of his hypotheses are
wrong, but the result he has obtained in this way (to be at least certain of having
made a mistake) is certainly more remarkable than one that which could have been
obtained from a theory so indefinite as to be able to explain a lot of experimental
facts, exactly because of the great deal of arbitrariness contained in it, but that would
not have made evident what are its incorrect points allowing them to be corrected
and to proceed to the construction of new and more satisfactory theories.”

There is still the great pathos of why Fermi refused to publish his work with
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Turkevich: There is the possibility indicated by Zel’dovich that the paper contained
at the time information of classified cross sections. There is also the possibility men-
tioned by Riccardo Giacconi that Fermi considered this work to be just a pedagogical
exercise meant to teach Gamow how to do the computations. There is also the pos-
sibility that Fermi, being one of the greatest physicists who ever lived, could not fail
to appreciate in doing his work with Turkevich the tremendous beauty of Einstein’s
theory which through the confluence of many events of Faustian dimensions he was
led to criticize. The above sentence “So it only remains sadly to conclude . . . ” can
be a vehicle for the reader to evaluate this possibility. There is also the possibility
which I will consider below that Fermi could sense, in the Faustian game to discover
knowledge of the fundamental physical laws played between himself and Nature, he
was feeling insecure.

Paradoxically Fermi failed to see the importance of the prediction in Gamow’s
work of the existence of an initial radiation-dominated phase of the universe which
will lead some ten years later to a new area of research called cosmological nu-
cleosynthesis precisely starting from this work with Turkevich. The issue of the
formation of the heavy elements became in a certain sense peripheral to cosmology
and was solved in the detailed work of stellar nucleosynthesis by a student of Fermi
of German origin in Rome, Hans Bethe29 and by William Alfred Fowler,30 Mar-
garet Burbidge, Geoffrey Burbidge, and Fred Hoyle [160]. But before leaving this
topic let’s consider some reactions to this work in the more general context of the
scientific community.31

29http://nobelprize.org/nobel prizes/physics/laureates/1967/bethe-lecture.html
30http://nobelprize.org/nobel prizes/physics/laureates/1983/fowler-lecture.html
31The Fermi and Turkevich paper has, nevertheless, indirectly influenced the developments of
cosmology. The work was well known to a small number of influential scientists. It was certainly
known to Bob Dicke at Princeton, as I found out in 1968, when I pointed out to him the diagrams
of the abundance of the elements made by Fermi and Turkevich. Bob told me that he knew them
and that they agreed with the ones he computed with Jim Peebles (see Ref. [28], p. 5). In fact
Peebles marginally quoted Fermi’s work without explaining its fundamental relevance in Ref. [29].
I only replied that this was interesting, but that the Fermi-Turkevich work had preceded their
contributions by almost two decades. As we will see below, due to the beauty of its scientific
approach, the numerical techniques adopted, and the importance of the results obtained, the work
of Fermi and Turkevich has to be considered one of the fundamental contributions to relativistic
cosmology.

I recall a review written by Chandrasekhar in Physics Today (August 1974, p. 47) contrasting
the textbook The Classical Theory of Fields by Landau and Lifshitz with Gravitation by Misner,
Thorne and Wheeler. Chandra mentioned that all the statements of the MTW book could be found
better and more succinctly expressed in the Landau-Lifshitz book. Although I don’t completely
share his opinion on this question, I could not help but have a similar feeling about the books of
Steven Weinberg and the article by Fermi and Turkevich. Paradoxically even the more copious
and extended books by Weinberg on cosmology do not go much further than the basic equations
and results given by Fermi. It is unfortunate but significant that Fermi’s work was only quoted in
a footnote in [?] and not at all in [?]. That quote clearly shows that Fermi’s work was known to
Steven.
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2.6 Zel’dovich’s reaction to the work of Fermi and Gamow

One of the most interesting reactions to this entire scientific adventure was that of
the Soviet colleagues. I had occasion many times to discuss these issues in unfor-
gettable and most pleasant meetings with Zel’dovich and the outstanding friends
around Evgeny Lifshitz in my many visits to Moscow in the 1970s.

Fig. 35 Dinner at home of Evgeny Lifshitz. From left to right: Nina Ginzburg (wife of Ginzburg),
Zinaida Lifshitz (wife of Lifshitz), Remo Ruffini, Evgeny Lifshitz, Yakov Zel’dovich, Angela
Zel’dovich (one of the many wives of Zel’dovich), and Vitalyi Ginzburg.

Let me first recall some of the ongoing work at the time in the Soviet Union.
The “rocambolesque” departure of Gamow from Moscow on the occasion of the 1927
Solvay Meeting (see Fig. 11) had embittered all the Soviet scientists who had seen
at once all their possibilities to travel abroad cut for years to come. The departure
of Gamow was like a slap in the face to the Soviet system.32

Motivated by ideological reasons, Zel’dovich told me that in order to prove the
superiority of a truly Soviet thinker, he had proposed an alternative way to have
a Friedmann universe initially at zero temperature as opposed to Gamow’s idea
of an initially radiation-dominated hot universe. The avoidance of the buildup of
the heavy elements was obtained in the Zel’dovich approach by the existence of a
background of degenerate neutrinos. We have reproduced his paper in Appendix
A.13.

As Zel’dovich says there, “The process e− + p = n + ν, which leads to the for-
mation of neutrons at high matter density in the stars, turns out to be forbidden
here, since the neutrino states that are energetically obtainable in this process are
occupied. In the uniform model (closed or open) the neutrinos do not depart any-
32See Gamow’s version of the matter in Appendix A.11 (from Chapter 6 of Ref. [161]).
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where. Upon expansion such a substance turns into pure cold hydrogen” [162]. In
this way the formation of neutrons would be completely avoided. The model would
lead to a universe formed during its initial evolution uniquely of cold hydrogen.

The confrontation was quite clear: a cold universe developed by a Soviet scientist
in Soviet Union as opposed to a warm universe developed by a fugitive Soviet
scientist abroad!

The Zel’dovich approach was soon abandoned, as Igor Novikov told me years
later, due to the evidence of the cosmological helium abundance and, more impor-
tantly, to the discovery of the cosmological black body radiation (see the Nobel
lectures of Arno Penzias and Robert W. Wilson33 and George T. Smoot34).

Interestingly, in our discussions (see Fig. 35) following the universal scientific
success of the discovery of the cosmological black body radiation, Zel’dovich talked
about the role of Gamow in science and politics finishing with one question and one
statement. First the question: “How many Nobel Prizes Gamow received? One
for physics and one for biology?” Zel’dovich was clearly well informed of the great
contribution of Gamow not only to astrophysics and nuclear physics, but also to
biology for his studies on DNA structure [163]. In this question, however, Zel’dovich
showed a clear sign of his isolation from the West: Gamow had not received any
Nobel prize! Nevertheless he was not ready to give up on the supremacy of Soviet
science in view of the universal recognition by then of Gamow’s ideas. Smiling
he concluded with the statement: “Certainly Gamow has been one of the greatest
Soviet scientists.” More of my discussion with Zel’dovich is given in Appendix A.14.

2.7 The introduction of the name “big bang”

Let us return to an event organized by Gamow himself. In fact, even if Gamow does
not say it in his autobiography, he went on a journey to Rome and got in touch with
the Pontifical Academy of Sciences. Felix Bloch told me that he was also knighted
by the Order of the Maltese Cross. George Coyne, for many years director of the
Vatican Observatory, told me that Pope Pius XII was an admiring reader of the
popular books of Gamow, especially the one “One, Two, Three . . . Infinity: Facts
and Speculations of Science” [164] and Gamow managed to enter somewhat into
the inner circle of the Roman “Curia” in the Vatican. It is an undisputed fact that
Gamow’s theory of the origin of the universe was adopted by Pope Pius XII in his
address to the Academy on November 22, 1951. Gamow, being a joker as everybody
knows,35 mentioned the Pope’s address at the beginning of his article in Physical
Review:36 “It can be considered now as an unquestionable truth that from one to ten
thousand million years ago, the matter of the (known) spiral nebulae was compressed

33http://nobelprize.org/nobel prizes/physics/laureates/1978
34http://nobelprize.org/nobel prizes/physics/laureates/2006
35See this phrase in Fermi’s Rome lecture (Appendix A.6).
36See the Gamow’s paper [167] (A.9).
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into a relatively restricted space, at the time the cosmic processes had their beginning
and that during that stage the density, pressure, and temperature of matter must
have reached absolutely enormous proportions since only under such conditions can
we explain the formation of heavy nuclei and their relative frequency in the period
system of elements.” The reason for “unquestionable truth” was then clarified by
a reference in the footnote: “Address by Pope Pius XII to the Pontifical Academy
of Sciences on November 22, 1951 (Tipografia Poliglotta Vaticana, Rome, 1951).”
The Pope expressions are, by definition, unquestionable! Fred Hoyle, present at
the meeting, reacted with sarcasm to such a theory. He had his own competing
theory of continuous creation in a steady state model of the universe (see, e.g.,
Refs. [100, 165, 166]). Hoyle called Gamow’s theory, derogatorily, a “big bang.” It
is ironic that such a name, initially derogatory, has been adopted for the leading
theory in cosmology.

In time Gamow’s theory was confirmed (see the Nobel lectures of Arno Penzias
and Robert W. Wilson37 and George T. Smoot38 ) and the steady state theory
became the personal interest of only a small number of devoted scientists (see, e.g.,
Ref. [168]).

2.8 General relativity after the death of Fermi and Einstein

Fermi died on November 29, 1954. One of the last messages he gave to Rosanna
Cester at the Les Houches School (see Fig. 36), one of the young Italian Ph.D.
students in the USA at the time, was simple and clear: “Go to astrophysics, there
is the future of physics!” The last articles of Fermi, written with S. Chandrasekhar,
are dedicated to the field of astrophysics (see papers (261) and (262) reprinted in
Chapter 3).

On April 18, 1955 Einstein died. Einstein had dedicated a large part of his final
years in an attempt to unify electromagnetism and gravitation. I remember talking
with my good friend Valentin Bargmann about the Kaluza-Klein theory still amazed
on the beauty of this attempt at unification and asking: “Why it works so well?”
A beautiful last message was given by Einstein to my other good friend Abraham
Taub. Abe asked Einstein: “Why you give so much relevance to the unification of
electromagnetism and gravitation, when there exist so many additional interactions
and particles, the electrons, positrons, pions . . . ?” Einstein simply answered: “Abe,
you are a pagan!”

The quest for unification had to wait for many years to come. I remember
as a student a Professor of Rational Mechanics in Rome shouting “nemmeno un
cane lavora più sulle teorie unificate!” (not even a dog works any longer on unified
field theories!). I had at that time, and I still have today, a great respect for any
attempt to unify all fundamental interactions, and this topic still today occupies
37http://nobelprize.org/nobel prizes/physics/laureates/1978
38http://nobelprize.org/nobel prizes/physics/laureates/2006
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Fig. 36 Enrico Fermi, Rosanna Cester, Léon Van Hove (from left to right).

an essential part of my courses of theoretical physics. But at the time I considered
that statement to be inoffensive and simply obvious: after all, a dog cannot work
on unified field theories!

After the death of Einstein the enthusiasm for study of general relativity further
diminished. The field was plagued by many problems. I recall some of the major
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ones:

1) It was extremely difficult to carry forward the problem of unification of all
interactions in a geometrical form when the developments of quantum field
theories and particle physics were practically developed independently in
an alternative approach by the physics community.

2) The technical difficulty of handling the general relativistic field equations
presented enormous mathematical difficulties and the technical knowhow
was restricted to a limited number of highly specialized mathematicians.
Due to these difficulties general relativity was increasingly in danger of not
surviving. I like to make a wild analogy with the Chinese language which
in that period was also on the verge of disappearing due to the techni-
cal difficulties in writing it. As we will see a fundamental breakthrough
came in both cases by the introduction of computers: this allowed one to
write Chinese on a PC and in total analogy it allowed any student to eval-
uate all components of the Riemann tensor and the Christoffel symbols
and geodesic orbits in general relativity for arbitrary metrics, analytically
and in the smallest fraction of a second, thanks to techniques of algebraic
manipulation.

3) The absence at the time of the existence of physical phenomena in which
general relativity could play a principal role and not just make a minimal
almost infinitesimal modification to the existing theory.

This situation of intellectual disease in general relativity was well manifested by
the words of Richard Feynman, by far the most brilliant student of John Wheeler,
in the message he sent to his wife [169]:

“ I am not getting anything out of the meeting. I am learning nothing.
Because there are no experiments this field is not an active one, so few
of the best men are doing work in it. The result is that there are hosts of
dopes here and it is not good for my blood pressure: such inane things are
said and seriously discussed that I get into arguments outside the formal
sessions (say, at lunch) whenever anyone asks me a question or starts
to tell me about his “work.” The “work” is always: (1) completely un-
understandable, (2) vague and indefinite, (3) something correct that is
obvious and self-evident, but worked out by a long and difficult analysis,
and presented as an important discovery, or (4) a claim based on the
stupidity of the author that some obvious and correct fact, accepted and
checked for years, is, in fact, false (these are the worst: no argument will
convince the idiot), (5) an attempt to do something probably impossible,
but certainly of no utility, which, it is finally revealed at the end, fails,
or (6) just plain wrong. There is a great deal of “activity in the field”
these days, but this “activity” is mainly in showing that the previous
“activity” of somebody else resulted in an error or in nothing useful or
in something promising. It is like a lot of worms trying to get out of a
bottle by crawling all over each other. It is not that the subject is hard;
it is that the good men are occupied elsewhere. Remind me not to come
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to any more gravity conferences! ”

The authentic resurrection of general relativity was just around the corner and its
reincarnation came in the field of relativistic astrophysics, where also the work of
Einstein, Fermi and Heisenberg acquired new profound dimensions!
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PART III.
THE BIRTH OF RELATIVISTIC ASTROPHYSICS

3.1 From student in Rome to Princeton postdoc

To introduce the birth of relativistic astrophysics I recall the personal experiences
which motivated me to devote myself to this new field of research which was in
its formative stages while I was a student. I studied at the University of Rome
“la Sapienza” at the Physics Institute “G. Marconi,” a building full of memories
of Fermi: from the paraffin blocks to slow down neutrons, to the hall where he
used to teach, to the tennis courts in the back where young professors of the Rome
group, including Fermi, practiced sport with vigor and tenacity. This obsession
with winning in tennis characterized the rest of Fermi’s life.39

In 1964, introduced by Edoardo Amaldi, I had the important experience of
spending a period at CERN as a summer student, in view of starting my thesis in
particle physics at the Rome Institute. It was exciting to receive my first salary, to
be in Geneva in a large international scientific community, structured with privileges
and immunities, and learn about the construction of large experimental facilities.
I was associated with a group studying the future accelerators, which eventually
became the storage rings some twenty years later. Every day I also was spending
time in the beautiful library and, with another Italian summer student we started
daily visits to different research groups asking about the goals of their research.
We usually received extensive and clear technical answers on their activities but
systematically, concerning the final goal, we were sent to someone higher up in
the hierarchical structure. We continued this inquiry stubbornly, step by step, day
after day, until we reached the top of the hierarchical structure: we got an audience
with the Director General Victor Frederick Weisskopf. It was just after lunch on
a very warm August day. Weisskopf received us at the last floor of the then main
building of CERN: suddenly he did not feel well and went to rest. We were left alone
wondering, overlooking the distant landscape of the Saléve mountain, our quest to
learn the fundamental issue still unanswered.

I was feeling a sense of frustration. Only recently by reading the note of Geoffrey
Chew [27], did I find expressed the sensation that was so strong in me at the time
on the particle physics research: “Theoretical physics has repeatedly generated
beautiful mathematical structures to correlate certain categories of experimental
measurements only to find these aesthetic marvels unable to cope with all mea-
surements.” I was feeling deeply the absence of an overall consistent theoretical
framework.

I returned to Rome following the death of my father. To my teacher Edoardo
Amaldi I indicated my lack of enthusiasm for pursuing research in particle physics
experiments and my keen interest in addressing theoretical work in Einstein’s theory

39See Marvin Goldberger’s remarks on p. 156 of Fermi Remembered [27].
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of general relativity. There, in my opinion, existed a splendid self-consistent theory
in quest for observational and experimental verifications.

Amaldi was first shocked and irate. He became red in the face (and this was the
second time it had happened with me), but he finally approved with a memorable
sentence: “Ok, there is room in Italy for one person in this field.” I later realized
that what appeared to me to be an enthusiastic approval by Amaldi became in the
view of the Physics Institute a clear limitation on my possible academic career in
Italy.

I was personally attracted by the vivid appeal to the conceptual world of Albert
Einstein which had started to be reintroduced in Rome in the Mathematics Institute.
I was feeling a sort of claustrophobia in the physics developed under “controlled”
artificial conditions of overwhelming dimensions. I was looking for a field in which a
significant conceptual contributions could be achieved, in a limited number of years,
by the direct action of a few and possibly a single person.

As a student I started to be more and more interested in the physics of the
cosmos. I was accompanied in this experience by a new and increasing interest
of Amaldi in general relativity. He was motivated by some preliminary results
purported by Joe Weber on the detectability of gravitational waves [154]. We
started a weekly two hour meeting where I was what Amaldi jokingly referred to
as “tutoring him” on Einstein’s theory. At the time I was mainly using the second
volume (The Classical Theory of Fields) of the theoretical physics series by Landau
and Lifshitz.

I was feeling that my attention to the cosmos and the theory of space and time
was indeed very rewarding and I had the clear sensation that a new scientific era in
physics was just on the verge of starting.

3.2 The forerunners of a new scientific era of general relativity

There had indeed been some forerunners to this new era of general relativity:

1) I already spoke of the work of Lifshitz and Lifshitz and Khalatnikov [143] on
the perturbations of Friedmann cosmology using the technique of making
scalar, vector and tensor perturbations of a Friedmann geometry in order
to analyze the problem of galaxy formation.

2) There had been of course in 1939, as I already recalled, the set of out-
standing papers by Oppenheimer and his students on neutron stars, on the
concept of critical mass against gravitational collapse as well as a first ex-
ample of a description within general relativity of continuous gravitational
collapse. In the absence of observational evidence and especially in view
of the urgency of theoretical physics efforts related to World War II activ-
ities, these beautiful works had not been followed with the attention they
merited. Attention again returned to the physics around the Schwarzschild
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radius in 1957 thanks to the work of Regge and Wheeler [170]. They studied
the stability of the Schwarzschild geometry introducing the complete set of
scalar, vectorial and tensorial eigenfunctions in order to describe arbitrary
perturbations of the Schwarzschild geometry. This beautiful work inspired
by Wheeler and expressed mathematically by Regge, opened the way later
to a very large number of physical applications in the following years, (see,
e.g., the book of Rees, Ruffini and Wheeler [171].

3) In 1959 along these lines came the work of Martin Kruskal [173] obtaining
for the first time the maximal extension of the Schwarzschild spacetime
across the Schwarzschild horizon, thus overcoming the difficulties of the so
called Schwarzschild singularities and introducing the full extension of the
Schwarzschild geometry. In 1963 Roy Kerr presented in a two page article
in Physical Review Letters [86] the first solution for a rotating object in
general relativity, which came to be known as the Kerr metric. This paper
was followed few years later by an equally epochal result of Newman and
collaborators: the Kerr-Newman metric [175].

3.3 The beginning of relativistic astrophysics

The new era started thanks mainly to the technological developments at the begin-
ning of the space age launched in the USA by Dwight D. Eisenhower in 1955 and by
John F. Kennedy in 1961. An enormous scientific and technological momentum was
created by NASA with the Apollo program of Werner Von Braun. This program
was promoted in order for the United States to make up quickly for the late start
of its space program with respect to the Soviet one.

The discovery of the first X-ray source outside the solar system

As a byproduct of the NASA Program a team led by Riccardo Giacconi at American
Science and Engineering in Boston had developed a program to launch an X-ray
detector on board an Aerobee sounding rocket above the Earth’s atmosphere. The
goal was to determine the X-ray emission originating from the moon, for reasons
not related to astrophysics but in a defense program. In June 1962 the detector
was launched. After looking at the moon the detector slew the entire sky and
discovered a very intense X-ray source. Initially it was first assumed that the
source was located at the galactic center. It was then more closely positioned in
the constellation of Scorpius, located at 9000 light years from the Earth and was
properly called SCO X1. The first X-ray source outside the solar system had been
discovered by Riccardo Giacconi, Herb Gursky, Frank Paolini and Bruno Rossi.
There was outstanding evidence that this star was emitting a million time more
energy in X-rays than the sun emits at all wavelengths combined!

The discovery was not highlighted and the astrophysical and astronomical com-
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munities were not ready to accept its message. Only Iosif Shklovsky in Soviet Union
a few years later indicated that the source had to be a neutron star accreting from a
companion star [176]. This was the first indication that the neutron stars conceived
of by Gamow and by Oppenheimer and his school could indeed exist. Shklovsy was
one of the leading astrophysicists in the Soviet Union at the Sternberg Astronomical
Institute and the author of one of the most impressive books written on supernovae
[177]. As we will see the work of Riccardo and Herb Gursky led to the one of the
most fertile fields most quoted not only in astrophysics but in all fields of scientific
research.

The discovery of the cosmological background radiation

One of the first satellites to permit communications between Europe and the USA,
the Echo satellites (see Figs. 37 and 38) (see, e.g., Ref. [179]), led indirectly to the
discovery of the cosmological background radiation (see Arno Penzias and Robert
W. Wilson40 ). An attempt by Dicke’s group to claim discovery of this radiation
ahead of the Bell Lab group of Penzias and Wilson did not succeed, as the result of a
direct intervention by S. Chandrasekhar, as the editor of the Astronomical Journal,
he later told me. It is unfortunate that they succeeded, instead, in this context to
minimize the impact of the Fermi and Turkevich work.

Fig. 37 Echo 2 undergoing tensile stress test in a dirigible hangar at Weekesville, North Carolina.

40http://nobelprize.org/nobel prizes/physics/laureates/1978
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Fig. 38 Arno Penzias and Robert W. Wilson close to the Bell Labs’ Horn Antenna in Crawford
Hill, NJ.

The discovery of the cosmic background radiation represented at once the con-
firmation that:

1) The consideration’s of George Gamow of an universe initially dominated
by radiation was indeed correct.

2) The Fermi-Turkevich computation of cosmological nucleosynthesis was es-
sential to the comprehension of the material content of the universe (see,
e.g., Ref. [180]).

3) The Einstein equations, ironically used with skepticism by Fermi, were
indeed confirmed by direct observations to really be the theoretical basis
for relativistic cosmology.

I mentioned already the irony of Fermi’s attitude. He was motivated to prove
Gamow wrong and Einstein’s theory not trustable for cosmology. In his words the
use of Einstein’s theory was certainly wrong. On the other hand he was actually the
only physicist alive who had the knowledge to make the first model of cosmological
nucleosynthesis. He knew the relevant cross-sections from the atomic and nuclear
bomb projects and he had the first electronic computer facilities to integrate the
equations and above all he had the physical understanding of how to approach the
problem. As Murph Goldberger remarked, Fermi had a sports-like competition with
Nature like in a tennis match: “He regarded Nature as an adversary that he could
win against in a similar way” [27]. In this match on cosmological nucleosynthesis
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Nature won! Nature used Fermi to perform the correct computation of cosmological
nucleosynthesis, in spite of his misguided goal, and Fermi’s work finally succeeded
in proving both Einstein and Gamow right!

The discovery of pulsars and the identification of the first neutron

star

The year 1967 marked the discovery of the first pulsar, observed at radio frequencies
on November 28, 1967 by Jocelyn Bell Burnell and Antony Hewish [186]. Of all
the pulsars observed the crucial one was the one discovered at the center of the
expanding shell of the Crab Nebula. The explosion of the Crab supernova was
observed by the Chinese and Korean astronomers starting July 4, 1054 A.D., and it
was observed and recorded by Messier in his famous catalog and it is truly incredible
that thanks to the development of technology this astrophysical object is still today,
almost daily, presenting new discoveries: see, e.g., the discovery by Agile of the
giant flare in September, 2010. Just a few months after pulsars were discovered,
a radio pulsar was found at the center of the Crab Nebula, followed soon after
by its optical identification by two graduate students (??). The observation of
this pulsar (see Fig. 39) marked a dramatic turning point in the interests of the
astronomical and astrophysical communities. The role of neutron stars, studied
within the framework of general relativity by Oppenheimer, came to the central
stage of physics and astrophysics. There were plenty of discussions on the nature
of pulsars: the major contenders to model them were rotating neutron stars versus
vibrating white dwarfs. From the observed period of the Crab pulsar of 33 ms and
with first derivative dP/dt = 1.4×10−15 ms per year [187] it soon became clear that
the energy source of the electromagnetic radiation observed in the radio, optical,
X and gamma rays from the pulsar NP 0532 was indeed powered by the rotational
energy released by the spinning down of a rotating neutron star [188].

From that moment it became clear that neutron stars really existed in our own
galaxy. There were therefore many sources for which general relativistic effects were
easily detectable. Einstein’s theory became the conceptual backbone of the entire
field of relativistic astrophysics. Concurrently the work of Enrico Fermi on atomic
physics, as we will see, properly extended to take into account general relativistic
effects as well as all fundamental interactions, including the weak interactions Fermi
introduced in 1934 (see Appendix A and [270]), has given origin to a new unified
description of neutron stars overcoming some of the conceptual difficulties of the
Gamow and Oppenheimer-Volkoff description. It is appropriate here to note that
almost every year there has been a major discovery based on observations of the
Crab Pulsar and the associated supernova remnant (see Fig. 39). Today there is still
a major outstanding feature of the Crab Nebula as yet unexplained: the emission
of the shell of the supernova. It is likely that this very complicated description of
neutron stars which is currently emerging, with strong electrodynamical effects, will
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Fig. 39 The Crab Nebula. On the right side 33 images taken each one a millisecond apart: they
clearly show the optical pulsation of the pulsar NP0532, discovered by W.J. Cocke, M.J. Disney
and D.J. Taylor of Steward Observatory in Tucson, Arizona at Kitt Peak. The optical period
precisely matched the radio period of 33.085 milliseconds.

prove to be essential in explaining this phenomenon.
Let us now return to the chronological recollection of some of my personal ex-

periences at the beginning of the new era of relativistic astrophysics.

3.4 The introduction of boson stars

In February 1967 I received my degree from the University of Rome discussing a
thesis on massive scalar fields in general relativity and on the possibility of ob-
taining static self-gravitating equilibrium solutions. To integrate the equilibrium
configurations, I made extensive use of numerical techniques implemented on elec-
tronic computers, then a novelty in general relativistic calculations. I succeeded in
framing the problem but I did not obtain, at that time, explicit solutions. Amaldi
encouraged me to go abroad with the promise of learning as much as possible and
then return one day to Rome. I left when the first signs of the European version of
the so-called “cultural revolution” affected the Rome Physics Institute, paralyzing
the teaching and research activities for years. I was very fortunate in my first visit
abroad, to Newcastle upon Tyne to attend a NATO conference on the variation
of the fundamental constants proposed by Dirac in his large numbers hypothesis
[268]. There I met Pasqual Jordan and had long discussions on his interpretation of
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the Dirac large numbers hypothesis. He invited me to Hamburg as a postdoctoral
fellow of the Mainz Academy of Sciences.

It was a great experience to have every day contact and discussions with such a
great physicist who had made the fundamental contribution of introducing second
quantization into quantum field theory and who had inspired, with Eugene Wigner,
the work of Fermi on the theory of beta decay. 41

When I arrived in Hamburg, Jordan was working on his scalar-tensor theory of
gravitation generalizing Einstein’s theory and Kaluza-Klein theory with the pres-
ence of a massless scalar field and trying to obtain expressions for the changes of
the fundamental constants. He had naturally taken a keen interest in my work on a
massive self-gravitating scalar field in general relativity. It was in the many discus-
sions following my presentations in his seminar that I reformulated the equations I
had written in Rome, modifying a term in the energy-momentum tensor and obtain-
ing finally explicit numerical ground state solutions of the Einstein-Klein-Gordon
equations: the first example of a boson star had emerged. This was to the great
surprise to some members of the Jordan group who were using analytical procedures
in an attempt to obtain a theorem about the nonexistence of solutions of the above
equations: I had just formulated the explicit solutions.

That summer I attended a colloquium in Paris at the Institute Henri Poincaré
and in a small lecture room I met John Wheeler, Charles Misner and Paul Dirac.
It was a great opportunity during the breaks to be alone with Dirac in an empty
auditorium and be able to ask his opinion after some thirty years about his initial
hypothesis of the changing with time of the fundamental constants based on his
“large numbers” hypothesis. Dirac was not very talkative. After some minutes of
silence, he simply answered: “What, do you mean the 1020, 1040 coincidences?”, to
41In this context, to understand better the historical contribution of Jordan, I recall the anecdote
recently given by C.N. Yang on p. 243 of [27]: “One day in the 1970s, I had the following conver-
sation with Eugene Wigner in the cafeteria of Rockefeller University:

Y: What do you think was Fermi’s most important contribution to theoretical physics?

W: β-decay theory.

Y: How could that be? It is being replaced by more fundamental ideas. Of course it was a very
important contribution which had sustained the whole field for some forty years: Fermi
had characteristically swept under the rug, and focused on what can be calculated. It
was beautiful and agreed with experiment. But it was not permanent. In contrast, the
Fermi distribution is permanent.

W: No, no, you do not understand the impact it produced at the time. Von Neumann and I had
been thinking about β-decay for a long time, as did everybody else. We simply did not
know how to create an electron in a nucleus.

Y: Fermi knew how to do that by using a second quantized ψ?

W: Yes.

Y: But it was you and Jordan who had first invented the second quantized ψ.

W: Yes, yes. But we never dreamed that it could be used in real physics.
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which I answered “Precisely” and after some additional minutes of intense silence a
simple answer “It is true.” I kept thinking about the scalar-tensor theory approach
to this problem by Jordan.

To Wheeler I presented the first result of my boson star solutions and, having
himself worked on the self-gravitating solution of the Einstein-Maxwell equations
in his theory of geons [245], I was not surprised by his great interest in my work.
I also expressed to him my concern about some of the statements he had made in
a recent book on gravitational collapse with Harrison, Thorne, and Wakano [244].
I was since that time convinced, although unable yet to prove, that some global
description of neutron stars was needed along the lines of what I had just found for
boson stars. In the case of bosons I had found an explicit solution for the global
description of the system and the results were totally different from those obtained
by a local description using an equation of state. Misner tried to give a simple answer
to my questions. I replied that more attention should be given to the equation of
state of neutron stars, especially if one departs from the overly simplistic model
of Oppenheimer and Volkov, mathematically correct, but a physically untenable
solution for a system of self-gravitating neutrons neglecting the weak interactions.
I was already concerned at the time that a nonlocal description of a neutron star
was needed if the electromagnetic structure and the beta equilibrium should be
enforced. We decided to continue to discuss this topic in the future. At the time
I had no theoretical means to prove this conjecture, and, as I will show, this issue
was solved only recently: 45 years later!

After all these encounters, I was confident that general relativity would have a
great future in the domain of relativistic astrophysics. I expressed this feeling to
Leopold Halpern while walking to Notre Dame. He answered at once: “No doubt
about!” Leopold became one of my closest friends in the following years.

3.5 My 1967 arrival in Princeton

In September I moved to Princeton and I was received warmly by John Archibald
Wheeler (see Fig. 40) as a post-doctoral fellow. For this initial period Amaldi
had found for me a postdoctoral fellowship of the newly born European Space
Organization (ESRO), granted to me by the then director general Pierre Auger.
The agreement was to keep Amaldi and his group informed on the developments of
gravitational wave detectors.

Soon after arriving in the USA, I visited Joe Weber in Maryland and established
excellent contacts with him. But I could not help having doubts about his results.
I was astonished that he had not yet computed the cross-section of his detectors,
something Fermi would have done as a first step. In view of the relevance that this
experiment represented in the following years for the Physics Department in Rome,
I will briefly comment on it before returning to the field of relativistic astrophysics.
We soon computed, with Johnny, the cross-section of the gravitational wave reso-
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Fig. 40 Albert Einstein, Hideki Yukawa and John Archibald Wheeler. Photo taken at the Insti-
tute of Advanced Study in Princeton in Marquand Park (1954) and dedicated to me by Wheeler
with the words “To Remo Ruffini, companion in the search for the deeper meaning of Einstein’s
great theory, with warm regards, John Wheeler, 5 April 1968.”

nant bars using a Breit-Wigner formula (see chapter 7 of the book by Rees, Ruffini
and Wheeler [171]). It soon became clear that the detection rate of the so-called
Weber events was unjustifiable on the basis of our theoretical considerations.

During this initial period Brandon Carter visited us in Princeton coming from
Cambridge, England, having just published a fundamental paper, “The Global
Structure of the Kerr Family of Gravitational Fields” [178]. There he a system
of first order differential equations describing charged test particle motion in the
Kerr-Newman geometry. Johnny identified the crucial role of an effective potential
technique, originally developed by Stormer in the study of the orbits in the Earth
aurorae [267], for studying the trajectories of Carter’s differential equations. This
gave us the opportunity for an immediate application of numerical techniques by
computers, to discover the physical and astrophysical content of this set of mathe-
matical equations. This work characterized an entire new era (see, e.g., the book of
Rees, Ruffini and Wheeler [171] and the appendices therein). The innermost stable
circular orbits in the Kerr geometry, later abbreviated to ISCOs, were immediately
computed analytically by me and Johnny. Both the Carter and the Ruffini-Wheeler
results were later rewarded by a named problem in the last edition of the Landau-
Lifshitz textbook The Classical Theory of Fields [141] and became one of the most
quoted concepts in the physics of binary X-ray sources.
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Fig. 41 Motion of a cloud of uncharged particles corotating about an extreme spinning charged
black hole. The orbits are stable. The constants of the motion are E = 0.968, Φ = 2, Q = 10. The
initially vertical grid lines indicate isochronous points (as seen from infinity). [Fig. 10 of Ref. 217.]

Later the integration of five particles around a Kerr black hole, numerically
integrated by an undergraduate student in Princeton, Mark Johnston, led to the
beautiful image (see Fig. 41). This image was later interpreted by the artist Pierelli
in a silver sculpture he named TEST (Traction of Events in Space Time) [271] given
to the recipients of the Marcel Grossmann Awards, while the image itself became
the symbol of ICRA and ICRANet. See Fig. 42.

3.6 Stanford: Everitt, Fairbank and Schiff, the great triad

After a year in Princeton I took a trip to California before returning to Italy. I
drove to Stanford along the northern route and returned along the southern one:
an unforgettable trip that gave me a lasting impression of the dimensions of that
beautiful country. At Stanford I met Felix Bloch, the former assistant of Heisenberg
in Leipzig who had founded the Physics Department at Stanford and I enjoyed many
reminiscences with him of George Gamow, Quirino Majorana, Edoardo Amaldi and
the founding of CERN among many other topics. Indeed Amaldi and Piere Auger,
following the idea of Isidor Rabi to establish international physics laboratories, were
essential in proposing the institution of CERN in Geneva and Felix had been for
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Fig. 42 The sculpture TEST by Pierelli.

some years its first Director General. Felix is actually the only physicist I have
ever met who knew of Quirino Majorana, the uncle of the better known Ettore
Majorana, and his experiments in Bologna to test screening of gravity.

I also found very fascinating my discussions with Bob Hofstadter, formerly at
Princeton, and I appreciated his enthusiasm in proposing to use in space some of
the sodium-iodide crystal detectors he had developed to detect X- and gamma rays
at the accelerators in Stanford. His eagerness was clearly reiterated almost daily:
“Remo, try to find a way to see up there in the universe some of the phenomena
we have observed here in the laboratory. Years earlier Bob had made a proposal
to NASA to fly a sodium-iodide instrument which could have detected the Crab
Nebula pulsar in X-rays prior to the radio observations! This dream of Bob became
a routine reality decades later.

Stanford gave me the possibility to establish very powerful connections with
three very different men: Leonard Schiff, Bill Fairbank and Francis Everitt. I had
studied Schiffs classic textbook on quantum mechanics. How great it was finally
to meet him and find him to be a really friendly guy with a characteristically
inviting smile. Having played a crucial role in guiding Bob Hofstadter’s Nobel-
prize-winning measurements of nuclear form factors [?], Schiff had turned to general
relativity in his mid-forties and written several elegant papers, most impressively
his investigation of the meaning of experiments for testing Eddington’s formulation
of general relativity and, above all, his exact calculation of the geodetic and frame
dragging precessions of a gyroscope in earth orbit [?]. Tragically he met an early
death in 1971 just two months before my extended visit to Stanford in 1971–1972
arranged at his invitation.

Bill Fairbank was an outstanding source of ideas and discoveries: above all the
quantized magnetic flux in superconductors which together with Josephsons prize
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winning superconducting tunneling led to that marvelous measuring instrument:
the superconducting quantum interference device or SQUID (see, e.g., “Near Zero:
New Frontiers of Physics” [242])ref). My interaction with Bill proved to be one full
of enthusiasm and common scientific interests. Among the many topics we discussed
and planned, we agreed that the most direct way to gauge Joseph Weber’s alleged
discovery of gravitational waves was to develop a more massive detector, cooled not
just to 2 degrees Kelvin but all the way to a few millidegrees Kelvin and utilizing
SQUID detectors. I informed Amaldi in Rome of this program.

Francis Everitt had gotten his Ph.D. in paleomagnetism with Blackett in Lon-
don, proving among other things that 300 million years ago in carboniferous times
BMMMMMM?? had been 10 degrees south of the Equator and then had gone on
to discover the “third sound” in superfluid helium with Atkins at the University of
Pennsylvania [?]. When I met him he was well into the design of what some would
call “the impossible experiment:” the NASA Gravity Probe B (GP-B) mission, to
measure the two effects Schiff had calculated. The extraordinary conjunction of
physics and engineering was then beginning to develop a low temperature space
laboratory working at helium temperature and using essentially the SQUID tech-
nology for read out This project reached completion 37 years later with the satellite
launch in 2004, and was brought to its ultimate success with a very sophisticated
data analysis leading to its final report in 2011 [243]. My friendship and overlapping
scientific interests with Francis have been of the great joys of both our lives still
continuing today through ICRA and ICRANet. Many graduate students, both at
Stanford and in Rome, joined us in following this great experiment from its start
to his completion both in its theoretical and experimental aspects.

After that epochal trip to Stanford, instead of returning to Italy I stayed in
Princeton for nine more years, first as a member of the Institute for Advanced
Study, then as an instructor and assistant professor at Princeton University, and
again as a member of the Institute for Advanced Study. An occasion to develop
our collaboration further came that same year in September when Hermann Bondi,
who had just been nominated the Director General of ESRO, invited John Wheeler,
myself, Leonard Schiff and Francis to an international meeting in Interlaken. This
gave Wheeler and I the occasion to write our report in the following two years.

I came back to Stanford later for a semester to oversee the developments of
the gravitational wave experiment and also to have interactions with Francis. I
informed Amaldi and I suggested duplicating the Stanford facility in Rome to check
for coincidences. I was motivated in this decision by three different reasons: 1) to
give a definite answer to Weber’s contentions by an experimental work in a regime
with a very clear signal-to-noise ratio, 2) to introduce in Italy the new technology of
low temperature physics and the use of SQUIDs introduced by Bill, and 3) to foster
interest in the field of relativistic astrophysics and in the sources of gravitational
waves, which I was developing in Princeton (see chapter 7 and appendix A). Indeed
the results are well known: the Rome-Stanford experiment showed the inconsistency
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of Weber’s result, low temperature techniques were widely used in the Physics
Department in Rome, even developing magnetometers to scan the brain, and some
theoretical activity was later transplanted to ICRA and ICRANet.

My interest in gravitational waves had waned and I was putting all my effort
into the new field of relativistic astrophysics, white dwarfs, neutron stars and black
holes, as I will describe below. It was indeed a pleasure, in the following years, to
illustrate to Vicky Weisskopf at MIT, who meanwhile had become a close friend,
the results of my research at the Institute for Advanced Study and at Princeton
University.

3.7 Introducing the black hole

In Princeton we used to work with enormous energy (see Figs. 44–47). First I
finished my research on boson stars [269] and then began to look at gravitational
waves from pulsars [272]. Our style of research was new, based on the extensive
application of computer techniques I had learned in Rome. Numerical analysis
implemented on computers was used to answer specific physical issues related to
the final evolution of stars and to gravitational waves and cosmology. All these
theoretical activities were anchored in direct confrontation with the large amount
of data that was starting to flow in thanks to the new space technologies. The main
message of Wheeler was let us not stop at neutron stars but proceed on to black
holes (see the paper [155], reproduced in Appendix A.15). Indeed we moved to
the new physics of the simplest and most complete physical object in the universe,
the black hole! (See Fig. 43.) In that paper for the first time the emphasis was
not on the mathematical aspects of the Kerr-Newmann solution but new physical
processes were addressed, like the concept of the ergosphere, the reversible and
irreversible transformations of black holes and the relevance of binary star systems
for their possible future observation. In view of the urgency of these developments
I postponed my interest in further studying neutron stars till later on.

A testimony of this period of research is the book of Rees, Ruffini and Wheeler
[171]. The first ten chapters were written by Johnny and myself as an ESRO report
which was the outcome of our participation in GR3 in Tiblisi.42 We had the greatest
opportunity and joy to have as coauthor Martin Rees, who joined us in this book
with the following eight chapters,43 followed by a ninth chapter written by Johnny
42Chapter 1: Introduction. Chapter 2: The physics of a superdense star. Chapter 3: Pulsars.
Chapter 4: Supernovae. Chapter 5: Black holes. Chapter 6: Quasi-stellar objects. Chapter 7:
Gravitational radiation. Chapter 8: The three traditional tests of relativity. Chapter 9: The
retardation of light as it passes by the Sun on its way to and return from Venus. Chapter 10:
Relativistic effects in planetary and lunar motions.
43Chapter 11: The expanding Universe. Chapter 12: The evolving Universe. Chapter 13: The
microwave background: the primordial fireball. Chapter 14: The fate of fluctuations: galaxy
formation. Chapter 15: The mystery of the missing mass: the content of the Universe. Chapter 16:
Cosmic background radiation. Chapter 17: “Non-canonical” models and the very early Universe.
Chapter 18: The “large numbers”: coincidence or consequence?
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Fig. 43 Artist’s conception of the black hole by Helmut Wimmer, used as the cover of the Physics
Today magazine containing the 1971 article “Introducing the black hole” by Ruffini and Wheeler.

entitled “Beyond the end of time.” A series of the latest developments in this
field moving so quickly in those days was directly summarized by reproducing some
publications of papers which had just appeared when the book was printed. Actually
the Tbilisi meeting turned out to be a very important experience: it marked the first
encounter of Johnny and myself with Andrei Sakharov, Yakov Zel’dovich and all
their many young collaborators including Rashid Sunyaev, Gena Bisnovaty-Kogan,
Valery Chechetkin and especially my unforgettable friend Victor Schwartzmann (see
Appendix A.14).

In the States we were blessed by three very important factors.

1) First there was the presence at Princeton University of some exceptional
students and post-docs, including the undergraduate students James A.
Isenberg, Robert T. Jantzen, Robert Leach, Mark Johnston, Paul McGuire,
and Richard Hanni, and the graduate students Jacob Bekenstein, Demetrios
Christodoulou, Bahram Mashhoon, Hans Ohanian, William G. Unruh,
Robert M. Wald and Frank J. Zerilli. There were also gifted visiting
students from France, first Nathalie Deruelle, followed one year later by
Thibault Damour. Of course among the permanent academics at Prince-
ton at the time were such giants as Valentin Bargmann, Kurt Gödel, Martin
Kruskhal, Tullio Regge and Eugene Wigner, and this ambiance was also of-
ten refreshed by the witty remarks of another very learned outsider to the
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Fig. 44 Johnny Wheeler, Remo Ruffini and collaborators at Princeton in 1970.

field of relativistic astrophysics, Freeman Dyson.
2) Second there was the splendid development of space science at American

Science and Engineering and later at Harvard University by the group led
by Riccardo Giacconi and Herbert Gursky. Discussions with Riccardo and
Herbert were occurring nearly every day by phone. I still remember an
old fashioned professor who in a physics department meeting denounced
the “scandal” that I had spent 264 dollars in one month on telephone calls
to Cambridge, Massachussetts. The chairman of the department, Murph
Goldberger, took a more relaxed attitude and invited me to proceed as
needed.

3) Finally there was the knowledge of physics, the enthusiasm, and the dedica-
tion of John Wheeler to create this local resonance in Princeton. Through
him we were connected to a small group of scientists visiting Princeton
with extensive experience in physics acquired and tested in the study of
nuclear and thermonuclear processes. The most important among them
for me were Michael May and especially Jim Wilson, with whom I collabo-
rated strongly in the years that followed. Knowing Johnny’s experience, I
expressed the feeling that quite apart from the moral and political aspects
of the event, to see a nuclear explosion should be, from a physicist’s stand-
point, a formidable experience. He told me: “Ask the French, since they
are still experimenting in the atmosphere.” I did not follow his advice, but
a few years later we indeed reached the possibility of observing the largest
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Fig. 45 Demetri Christodoulou being addressed by Eugene Wigner at his Ph.D. thesis defense at
Princeton in 1971, with David Wilkinson, Johnny Wheeler and Remo Ruffini looking on.

nuclear explosions in the universe, realized in gamma ray bursts, as I will
speak of shortly.

A similar enthusiasm characterized the twin group of relativistic astrophysics
in Moscow gathered around Yakov Zel’dovich with such young collaborators as
Rashid Alievich Sunyaev, Gennady (“Gena”) Bisnovatyi-Kogan, Valeri Chechetkin,
and Victor Schwartzmann, whom I have already mentioned and also, of course, Igor
Novikov. I recall some some of the moments with Zel’dovich in [248] reproduced in
Appendix A.14.

3.8 The identification of the first black hole candidate

The 1972 Les Houches Summer School gave me the opportunity return to my study
of neutron star configurations of equilibrium by introducing an alternative approach
based on the gravitational Thomas-Fermi equations. Other important results were
presented there like the idea of live versus dead black holes, the absolute upper limit
to the critical mass of neutron stars of 3.2 solar masses, and the relevance of binary
X-ray sources. As we will see, a new understanding of neutron stars would later
be obtained from the gravitational Thomas-Fermi equations. The launch of the
first X-ray satellite Uhuru by Giacconi and his group in 1970 had as its crowning
achievement the first identification of a black hole candidate in 1973 [246, 247],
namely in the Cygnus X-1 binary system within our own galaxy.
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Fig. 46 Remo Ruffini and Johnny Wheeler at Princeton around 1970.

Another important event was the 1974 meeting of the AAS in San Francisco
that I organized with Gursky. For the first time gamma ray bursts were introduced
in a large public event at this meeting [48].

Finally, in 1974 we held the Enrico Fermi Varenna Summer School where all
these successes were summarized and avenues for future research were opened [190].
I presented all these results at the Solvay Meeting in 1974 [189] (see Fig. 50).

From the three small groups in Princeton, Cambridge, England and Moscow, the
seeds of relativistic astrophysics were spread to all the universities worldwide: there
are very few universities where there is no scientific interest in black holes. From
less than a hundred scientists initially working in this area, the number has grown
exponentially to the thousands, the tens of thousands, the hundreds of thousands
who are engaged in various aspects of relativistic astrophysics. This has also been
the result of a parallel development in observational technology on the ground,
underground and in space. It suffices here to recall the enormous progress of the
Hubble Space Telescope, and of ESO during the leadership of Riccardo Giacconi for
ground-based observatories and from space. Similarly from space, in addition to the
already mentioned NASA program, there were also programs by ESA and the space
agencies in Russia, Japan, India and more recently Brazil. I will not try to cover
any of these developments which have taken place since the Princeton days and
which are well summarized and documented in the above mentioned books. I will
focus instead on some lesser known activities outside the US that I have witnessed
and in which the work of Fermi, Einstein and Heisenberg has led to fundamental
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Fig. 47 Demetri Christodoulou, Johnny Wheeler and Remo Ruffini in Princeton around 2003. In
the background one sees the phrase “Raffiniert ist der Herrgott, aber boshaft ist er nicht” (Subtle
is the Lord, but malicious he is not) written in charcoal from the fireplace by Einstein and later
carved into the marble mantle.

new results in relativistic astrophysics and I will address now only the new frontier
in this field.

3.9 Kyoto and some influences of Fermi and Heisenberg in Japan

After my experience at the Institute for Advanced Study and as an assistant pro-
fessor at Princeton University, using a generous Alfred P. Sloan Fellowship awarded
to me by a committee led by T.D. Lee, I went to visit other groups in Japan and
Australasia. I had been very eager to accept an invitation from Hideki Yukawa and
Humitaka Sato to visit Kyoto. I went first to Takehara to see the relativity group
then headed by Kenji Tomita which had moved there from Hiroshima University
at the end of World War II. The director of the physics department there had been
a student of Heisenberg and was one of 0.01 percent to survive at the blast site.
He decided to move the department to his house at the beach at the small fishing
village of Takehara. I gave lectures at Yukawa Hall in Kyoto and a book introducing
black holes to Japanese students and the public was published by Humitaka and
myself [191] (see Fig. 51).

To me the most interesting thing in this revealing experience was to understand
the different research paths followed by this Oriental school, so different from our
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Fig. 48 Remo Ruffini receiving the Cressy Morrison Award from the New York Academy of
Sciences in 1972.

Rome school imprinted by Enrico Fermi. Of course the two schools were not so
independent since much of the towering work in quantum field theory had been
developed in Japan already under the direct influence of Werner Heisenberg and
that imprint was clearly recognizable. I enjoyed each single day in Kyoto by looking
at the beauty of the small waterfalls and stone gardens around the ancient wooden
temples in the concentric hills of Kyoto forming an almost perfect parabola which
made its focus the perfect target for an atomic bomb explosion. I often gratefully
recalled in my mind the anecdote that John Wheeler, influenced by his wife Jeanette,
was one of the main actors in defusing the possibility of using Kyoto as the first
target in Japan for the atomic bomb, a weapon created with the basic scientific
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contributions of Enrico Fermi. “Jeanette would never have forgiven me for that.”

3.10 My last meeting with Heisenberg talking about Einstein and
Fermi

In the summer of 1974 Werner Heisenberg came to the United States and we met
first in Washington. I then invited him and his wife to meet me in Stanford. We
had a leisurely series of walks in the fields around the campus and up in the woods
in Ladera during which we had the opportunity to discuss many points of both
physics and history. First Heisenberg was very interested in understanding better
the connection between the Heisenberg-Euler process he had developed to describe
the polarization of the vacuum around a compressed nucleon and some work I was
doing with Thibault Damour on vacuum polarization around a Kerr-Newman black
hole. Thibault and I later published that work which served as the basis for the
explanation of the energy source for GRBs, the blackholic energy, and for the idea
of the “dyadotorus” [195]. It was also very pleasant to talk about the historical
aspects of his paper with Hans Euler. He told me that the paper had two parts, one
of physics, which was simple, and another in which the Euler constant appeared in
one of the formulas, and this was quite difficult. Heisenberg also told me the story
of the tragic end of Hans Euler, who was a descendant of the famous mathematician
by the same name. As a young man he had been engaged to a Jewish girl who had
been taken to a labor camp. He decided to finish with all the nonsense going on
in his life and volunteered for the Luftwaffe where he was among the first killed on
the Russian front at the beginning of World War II.

Paradoxically Heisenberg was mainly interested in talking about my work but I
was eager to let him know that I had great respect for Chandrasekhar’s work and I
intended to invite Chandra to our school of Varenna. Initially Heisenberg appeared
not to be interested. But since I was insisting he concluded: “Yes, you are correct,
in my last visit with Fermi walking on the campus of Chicago we crossed paths with
Chandra and Fermi turned back to introduce him to me, maybe you are correct, we
should recognize his work more.” I wrote to Chandra a few months after his Nobel
Prize in 1983, “Heisenberg would have been most satisfied.”

Heisenberg was at times a quite unusual person. He enjoyed telling stories and
I was eager to record them in my mind. He told me about the time at Farm Hall
where they were kept secluded at the end of the war. He had received an order
not to reveal his identity to anyone. One evening he was taking a walk in the
garden and a guard challenged him to identify himself. The first thing he did was
to shout “Don’t shoot!” Then he approached the guard and explained the order
he had received. The guard accepted this explanation, which would have been the
end of the discussion for any normal German person following orders, but not for
Heisenberg. He went on with the guard saying “They have ordered me not to reveal
my name but they did not order to me not to ask you who you think I am.” To
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this the guard answered: “We do not know your name but we do know the name
of the man with the white moustache: Marechal Petain!” The man with the white
moustache was Max Von Laue.

Some of the comments of Heisenberg were unexpected to say the least. Staring
at the Bay Bridge from San Francisco to Berkeley he noticed: “The last time I
visited San Francisco that bridge was not here.” True. I asked him the dates of his
last visit: it had been 1929 and the bridge had indeed been built in 1933. Difficult to
imagine in our very mobile world! There were also many more points about his own
involvement in the German bomb project which were quite simple and revealing,
but this would need an additional paragraph I am not willing to write today.

One last point I was eager to discuss with him was about Einstein and general
relativity. I was quite direct in asking Heisenberg: “If you had not discovered the
principle of indeterminacy and introduced the matrix formulation of quantum me-
chanics, certainly somebody else would have discovered them independently, but do
you think that if Einstein had not introduced general relativity, somebody else would
have done it?” Heisenberg did not answer and asked me: “Why do you ask such a
question?” and to that I explained my profound belief that “Someone could have
been forced by electron experiments to introduce the indeterminacy principle, but
in the case of general relativity it needs such a profound mixture of understanding
of mathematics and physics intuition which led Einstein to his equations, without
any experimental support.” To that Heisenberg said: “Mathematics? Einstein did
not know any mathematics.” The ancient rivalry between Berlin and Leipzig was
not yet over!

We agreed that he would have given the inaugural lecture at our Varenna Sum-
mer School on July 21, 1975 bridging the gap of the Heisenberg-Euler work from
nuclear physics to astrophysics. In fact this could not happen since he became very
ill and on July 7, the secretary canceled his lecture. He died the following winter.

3.11 Back to Rome and the Fermi Chair

Finally in 1978 Edoardo Amaldi called me back to Rome for a chair of theoretical
physics: one of the three into which the original Fermi chair had been split. Amaldi
had been in contact with me during the years I had spent in the USA and he had
developed, with my suggestions, an experimental group with the goal of detecting
gravitational waves in an Earth-based bar detector experiment. I tried to make
clear that the style of research now was necessarily in the domain of “wild” physics,
but the style of research adopted in Rome was more closely related to the one
of “controlled” physics. In my opinion the physics of gravitational waves had to
be seen in the context of relativistic astrophysics, which had the largest horizons
ever opened to human inquiry through X-ray binaries, active galactic nuclei and
more recently gamma ray bursts. Amaldi was more interested in an approach to
improve the sensitivity of the previous experiments in the laboratory as in particle
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physics. However, there is a big difference between gravitational wave experiments
and laboratory experiments in particle physics: usually a new experiment improves
on a previous successful experiment and this was not the case for gravitational
waves. The Weber experiment was shown to be incorrect precisely by the joint
Stanford-Rome experiment. It was indeed in the “wild” setting of astrophysics that
the first evidence for the existence of gravitational waves was given by observations
of a binary pulsar analyzed by R.A. Hulse and J.H. Taylor.44

Upon my return to Rome one of my main objectives was to maintain contact
with Riccardo Giacconi and his research group. Riccardo had moved from Harvard
to Baltimore to build and direct the Space Telescope Institute. One of the first con-
tacts I established through Herb Gursky was with the Vatican Observatory (Specola
Vaticana in Italian) in Castel Gandolfo near Rome and its director George Coyne.
Near Tucson in Arizona the Specola built the prototype telescope of a new gener-
ation of multiple mirror telescopes and in Castel Gandolfo it had one of the best
scientific libraries in the world. Our collaboration became stronger and stronger.

One of my principal scientific activities was the connection with Abdus Salam,
ICTP and the newly born Third World Academy of Science (TWAS). Abdus and
I enthusiastically participated in research relating particle physics and relativistic
astrophysics and we also started a teaching program in the former summer camp of
the English troops in the Karakorum Mountain Range in Pakistan, a memory of the
Kipling times, in the splendid mountain village of Nathiagali. There professors and
researchers from a wide range of developing countries from the Philippines to India,
Egypt, and Morocco participated each year in the lectures we organized with some
of the leading scientists in physics and astrophysics. This experience near the Swath
Valley gave me the opportunity to become knowledgeable of that marvelous part
of our planet and its history and culture. Each trip from Rome to Nathiagali was
a great adventure with the crossing of the Khyber Pass! There was an additional
very important special side of Abdus: he had been a close friend of Chou En-Lai
(see Fig. 52). Thus he was able to introduce me to the Chinese Academy and in the
last thirty five years I have dedicated particular attention to developing scientific
collaborations with Chinese scientists.

3.12 China from 1979 on

I had the good fortune to enter China in 1979 and meet Fang Lizhi and his wife
and scientist colleague Li Shuxian. It was the beginning of an intense experience
in science, in culture and in approaching the many facets of the role of scientists in
society, following Galileo’s teaching and example. Just as I was nearing completion
of this memoir in 2012 Fang Lizhi died. Much has been written in the international
press about him. I recall here only three aspects more related to his academic life

44See their Nobel lectures at http://nobelprize.org/nobel prizes/physics/laureates/1993/.
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and the Rome Physics Department at large and then in the next subsection I recall
an anecdote relating Fang to Fermi.

Our small book on relativistic astrophysics

During that first visit I delivered lectures in campuses all over China and we decided
to collect them into a small 184 page book in Chinese to be priced at less then 1
Yuan [193]. This book initiated into relativistic astrophysics many Chinese students
who in the meantime have become recognized leaders in the field both in China and
internationally.

MG3 in Shanghai

In 1982 we succeeded in organizing the first international scientific meeting in China:
the Third Marcel Grossmann Meeting in Shanghai. It was one of the great efforts
in my life, with the help of Fang and Zhuo Pei-Yuan, then president of the Chinese
Academy of Science and Technology (CAST), to get accepted an extension of a basic
paradigm in the Chinese way of thinking: the motto “Friends from all over the world
are welcome” became “Scientists from all over the world are welcome.” This allowed,
among others, the participation of Israeli scientists in this scientific celebration of
Einstein’s ideas. Achieving the final agreement for the travel document between
myself and the Chinese ambassador in Rome represented the culmination of one of
the most difficult experiences in my life. It was reached recalling the great historical
friendship between Italy and China quoting three names: Marco Polo, Matteo Ricci
(Ri Ma To) and Enrico Fermi. I will return to this shortly.

The establishment of ICRA and the Fang chair in Rome

In 1985 it became clear that we had to create a structure to formalize these collab-
orations and it was with the help of Antonio Ruberti, the Rector of the University
of Rome “La Sapienza,” that we created the first international consortium of uni-
versities and research centers operating in the field of relativistic astrophysics. We
founded the International Center for Relativistic Astrophysics (ICRA) in Rome
which was soon officially recognized by the President of Italy. The original mem-
bers were Francis Everitt for Stanford University, George Coyne for the Specola
Vaticana, Riccardo Giacconi for the Space Telescope Institute, Fang Lizhi for the
University of Hofei, Abdus Salam for the ICTP and TWAS, and myself for the
University of Rome.

In 1989 Ruberti, then Minister of Research and University, promoted ICRA’s re-
quest to create a chair in theoretical physics at the University of Rome “la Sapienza”
in order to have Fang Lizhi transfer to Rome. The Physics Department accepted
under the condition that two additional Chairs be established, one devoted to par-
ticle physics and one to solid state physics. Finally, only two were created. Fang
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accepted instead to go to the University of Arizona at Tucson (see, e.g., Ref. [194]).

3.13 Fermi and China

I have spoken about events in Fermi’s life in Italy and in Europe and his influence
in the Americas and in Japan. Before closing I would like to discuss some influence
Fermi had in China: this is the case in which two of Fermi’s Chinese students and
collaborators had an unprecedented impact on science at the international level
and triggered the scientific development of the largest nation in the world: China.
During my second visit there I went to Kun Ming: it was quite an experience to
see this beautiful location on the border of a lake, having been so vividly described
by Marco Polo. There was a train line constructed by the French reaching this
town from Hanoi. There was also a beautiful university where two young students
studied physics during World War II, their families having escaped from the east
of China ahead of the Japanese invasion. Their names were Tsung Dao Lee and
Cheng Ning Yang. At the end of the war they transferred to the USA: T.D. Lee
was followed in his Ph.D. thesis by Fermi and C.N. Yang became Fermi’s assistant.

The remarkable scientific career of these two young Chinese scientists is well
recorded in the history of science. After Nixon’s visit to China in 1972, Lee and
Yang frequently went back to China to deliver lectures based on the Fermi tradition
and today they are spending the greater part of their time in China organizing
scientific centers and activities. As I have already mentioned I had many occasions
to interact with T.D. Lee and, as I will mention in the conclusions, even today our
scientific paths cross in the study of the final evolution of stars like white dwarfs
and neutron stars.

It was during the Third Galileo-Xu Guangqi Meeting in 2011 that I had another
pleasant meeting with C.N. Yang. This also gave me the opportunity to see Beijing
University again, having originally seen it in 1978 after the cultural revolution
with all its libraries , now renewed and reaching a new splendor. Next to the
Zhou Pei-yuan Institute are the offices of the C.N. Yang Center. We talked about
our common friend Isidor Rabi and his role in collaborating with Eisenhower as
President of Columbia University prior to the latter’s election as President of the
USA. We also talked about Fermi’s role in formulating his theory of beta decay, of
the adventures of the A-bomb and H-bomb projects and many other topics. This
also gave me the chance to introduce him to our ongoing projects with ICRANet.

In the imperial Chinese tradition of the past, in each town in China there was a
place in which every year the best young astronomers were examined and selected
and brought to the imperial palace to perform their study and research. Great
credit goes to T.D. Lee for having reactivated this selection process on a large scale
and having sent the most qualified young students not to the imperial palace in
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Beijing but to the leading universities in the USA for many years.45 A similar pro-
gram was carried out by C.N. Yang. In my opinion these experiences, as well as
the ones we developed with Fang in ICRA and ICRANet, have been a significant
component in guaranteeing that most impressive scientific, technological and indus-
trial development that the entire world admires today in China. In some sense this
authentic scientific and cultural evolution of modern China was triggered directly
and indirectly by the influence of Fermi.

Returning to the main topic of Fermi and astrophysics, it is interesting that ac-
cording to T.D. Lee Fermi’s original critical attitude expressed in his Trento lecture
on the interior of stars was evolving towards the end of his life. As recalled by T.D.
Lee in a talk held at a joint meeting of the APS and AAPT in February, 2010 “Re-
membering Enrico Fermi,” Fermi was beginning to warm up towards astrophysics
in his final years: Fermi asked Lee during his Ph.D. thesis the approximate tem-
perature of the Sun at its center. Lee replied, “Ten million degrees.” Fermi asked:
“How do you know?” Lee told him he had looked it up. Fermi asked if he’d verified
the number and Lee replied, “It’s really complicated. It’s not so easy to integrate
these equations.” Fermi suggested that Lee build a huge specialized slide rule that
would enable the solution of two radiative transfer equations, one that involved
the 18th power of the temperature, and the other that involved the reciprocal of
temperature to the 6.5th power. Over the next few weeks Lee built a slide rule that
was 6.7 feet long and carried out the necessary integration. “It was great fun.”

And a final story about Fang and Fermi’s Los Alamos work. In 1956 at the
age of twenty Fang had received his physics diploma from Beijing University and
was immediately inducted into China’s secret nuclear bomb project where his first
assignment was to reproduce Fermi’s result on the plutonium pile. He was dismissed
from this project in 1958 but in 1992 Fang had an unexpected insight into that work
when I showed him Robert Serber’s newly declassified Los Alamos Primer: The First
Lectures on How to Build an Atomic Bomb.[250] Fang exploded in laughter when
he saw there the same incorrect value of the neutron yield that the Chinese had
received from the Soviets. He said the coincidence of the two incorrect values was
impossible unless the Soviets had somehow earlier gotten the Primer themselves—
an early case of nuclear information proliferation!

3.14 From ICRA to ICRANet

In 2005 we founded the International Center for Relativistic Astrophysics Network
(ICRANet), the first international organization dedicated to promote international
scientific cooperation and undertake research in relativistic astrophysics. Its head-
quarters are in Pescara, Italy on the coast of the Adriatic Sea. The member states of
ICRANet are Armenia, Brazil, Italy, and the Vatican, but it also includes as mem-

45http://en.wikipedia.org/wiki/CUSPEA
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ber institutions the University of Arizona in Tucson, Stanford University and ICRA
in Rome. Fang was a cofounder and the first President of its Steering Committee
and Riccardo Giacconi the first President of the Scientific Committee. Among the
activities promoted by ICRANet have been the Galileo-Xu Guangqi (GX) meetings,
held annually alternating between China and the West with a maximum of 137 par-
ticipants from China and 137 scientists from the West. GX1 was held in Shanghai,
GX2 in Nice, and GX3 in Beijing. ICRANet today has four centers: Nice, Pescara,
Rio and Yerevan. I am teaching theoretical physics and doing research in relativis-
tic astrophysics at the University of Rome through the support of ICRA and more
recently of ICRANet. Many of my former students and collaborators have obtained
research and teaching positions in universities and research institutes around the
world and I still hope to have at least one of them at the Physics Department of
the University of Rome “la Sapienza” to share our serene scientific experience
TYPEOUT: serene scientific experience??
with a Physics Department which has had a quite complicated past. But this brings
us to another topic that I will not elaborate on here. To conclude I will instead
outline some ongoing activities of ICRA and ICRANet and show how some of the
seeds described above are today growing beyond what anyone could have imagined.

3.15 The fundamental role of the theories of Fermi, Einstein and
Heisenberg for understanding the final evolution of stars and
the composition of the universe

One of the greatest challenges of astrophysics today is to understand the largest
explosions in the universe: gamma ray bursts (GRBs). We believe that these explo-
sions occur during the formation of a black hole and that in them we are witnessing
for the first time the release of “blackholic energy” (see Appendix A.16). The enor-
mous energy emitted up to 1055 ergs allows these systems to be observed up to the
redshift Z = 8 which in the current understanding of our universe corresponds to
distances from the Earth of about 2.61 × 1029 cm≈ 8.5 × 1010 pc. Understanding
these systems, which emit an energy equivalent to a few solar masses within a few
seconds, has required overcoming many conceptual difficulties, opening new areas
of research, and extrapolating our current scientific knowledge to as yet unobserved
domains. As I will show, these developments are rooted in some of Fermi’s work
once reformulated in an essential way in the context of Einstein’s theory of general
relativity.

The central role in modeling this phenomenon is played by the generalization of
the Thomas-Fermi theory. Initially conceived in the nonrelativistic approximation,
this theory was first applied in the domain of atomic physics. It was first generalized
to the relativistic regime in the case of heavy nuclei to encompass relativistic effects
as well as the weak interactions.

It was further generalized to a unified relativistic treatment involving elec-
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tromagnetic, gravitational, strong, and weak interactions within the context of
Einstein-Maxwell field theory subject to quantum statistics. I developed this pro-
gram by having in my ear one additional sentence of Eugene Wigner, which took
me almost thirty years to appreciate fully: “The Thomas-Fermi theory vorks much
better than it should.”

In confronting the many conceptual difficulties along the way to understanding
GRBs, it has been necessary to formulate new paradigms [196]. For the first time it
has been necessary to study macroscopic systems of up to a fraction of a solar mass,
moving at ultrarelativistic velocities with Lorentz gamma factors 200 ≤ γ ≤ 6000, a
phenomenon which is unprecedented in physics and astrophysics. These difficulties
have manifested themselves in a variety of ways. They have forced us:

1) To solve many relativistic problems, e.g., just to mention a few, the equa-
tions of motion, the relativistic equations of hydrodynamics, the colli-
sion between ultrarelativistic baryons with the circumburst medium of the
source and all the relativistic computations of the emission from a shell at
ultrarelativistic velocities, and the crucial description of the correct equi-
temporal surfaces of the system.

2) To make the classical astronomers aware that although the GRB emission
takes place on time scales of a few seconds and, occasionally, as short as
a fraction of a second, still the system cannot be treated as a single phe-
nomenon: there are drastically different physical phenomena occurring at
time scales shorter than a second, as measured in the arrival time of the ob-
server. Hardest for a classical astronomer to understand is the concept that
the time integrated spectrum during such a brief time could overshadow
many fundamental phenomena and in fact it is necessarty to analyze the
instantaneous spectra on the even shorter time scale of a fraction of a mil-
lisecond. It is even harder to get them to understand that during a fraction
of a second in the arrival time at the detector, the exploding material in
the laboratory frame of the GRB event actually travels distances on the
order of light years! Similar difficulties also exist for making particle physi-
cists aware that we are indeed observing 1053–1054 baryons at 10–100 TeV
interacting with a target of protons 1040 cm in size and 1022 g in mass.

3) To make the general scientific community aware that indeed through the
analysis of the different eras of a GRB we can have information about
the phases prior to the gravitational collapse of the core of the progenitor,
the phases just following the formation of the black hole and the early
emission of the GRB as well as to observe the expansion of the GRB in
the circumburst medium and make a “tomography” of that medium. This
allows the detection, through flares of a few seconds, of the structure of
interstellar clouds of 1014 cm in size and 1022 g in mass. Fig. 55 shows one
of the most successful examples of such an analysis. It is interesting that
Fermi made one of the first pioneering investigations on the structure of
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these interstellar clouds (see papers (237), (238) and (265) reproduced in
Chapter 3). Today we are observing precisely these features in galaxies at
billions of light years from the Earth and finding similar features in galaxies
trillions of light years away.

There are so many new ideas that have emerged from this investigation, it is
hard to know where to start in listing them. For the analysis of neutron stars which
participate in some of the GRB progenitors and for the black holes which are at the
basis of the GRB description there are many. For example:

1) Many new ideas have been characterized by the introduction of specific new
terms which have been adopted in the language as well as in textbooks. To
recall a few examples, I just mention: the reversible and irreversible trans-
formation of black holes [197, 198], which have led to the analogies between
black hole physics and thermodynamics and especially to the concept of the
irreducible mass of a black hole [249]; the ergosphere of a black hole deter-
mining the region in which the rotational energy extraction process from
a black hole can take place, essential for the understanding of the jet for-
mation in galactic and extragalactic sources [199]; the mass energy formula
for the Kerr-Newmann geometry, at the basis of the energetics of GRBs;
the dyadosphere of a black hole [200, 201] from the Greek (δυας, δυαδoς)
the region of creation of electron-positron plasma around a black hole; the
proto-black hole, the collapsing core prior to the black hole formation [202];
the neo-neutron star, the young neutron star originating in the gravitational
collapse leading to a supernova in a binary system giving rise to both the
supernova and the GRB [203].

2) From this list I would just like to briefly explain the dyadotorus [195] (see
Fig. 53). This is the region around a rotating magnetized black hole in
which pair creation occurs and gives birth to an electron-positron plasma.
Indeed this concept has its origin in Fermi’s work on the electromagnetic
contribution to the mass of a charged sphere (see paper (4c) reprinted in
translation in Chapter 2), properly extended to general relativity and to
the black hole.

3) It is interesting that in this quest to reach a maximally self-consistent for-
mulation of concepts of relativistic astrophysics, I had for years a cogent
question: had there been a strong disagreement on the possible existence of
black holes by Albert Einstein raised by the work of Oppenheimer and Sny-
der? Having worked for so many years on black holes I had been intrigued
by this problem for a long time and a new line of investigation on this issue
was started only recently when I re-examined a truly exceptional paper by
Einstein [205] (see Appendix A.17). It should be studied by everyone work-
ing in general relativity. Indeed the “Einstein cluster” allows one to obtain
regular solutions for a spherically symmetric cloud of particles in circular or-
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bits and corresponding to an arbitrary distribution of density. Some of the
pioneering concepts of circular orbits in the Schwarzschild geometry were
indeed obtained by Einstein 10 years earlier than the results attributed to
Kaplan in the literature [206]. What we have recently proved is that in no
way do Einstein’s considerations preclude the formation of black holes but
on the contrary, the Einstein clusters give origin to the onset of unstable
configurations which can indeed be considered as the initial value problem
for the formation of the black holes [207] (see Appendix A.18). In this
sense both the work of Oppenheimer and Snyder and Einstein agree when
the rigor of the equations are followed instead of a subjective interpretation
of their results.

Among the extrapolation to yet unobserved domains of current scientific knowl-
edge, one of the most fruitful activities has come from the extrapolation to new
fields motivated by overcoming logical inconsistencies encountered in the existing
theoretical treatments of some physical and astrophysical systems. I have already
reviewed some issues in the treatment of white dwarfs left unsolved for decades. I
am going to review some of the most recent results on the structure of neutron stars
which finally answer some of the doubts I had for years on the validity of existing
treatments present in all textbooks and which clearly point to a new electromagnetic
structure for neutron stars:

1) The generalization to relativistic regimes of the Feynman, Metropolis and
Teller treatment of compressed atoms by solving the relativistic Thomas-
Fermi treatment in a Wigner Seitz cell [47] (see Appendix A.3) has al-
lowed us to obtain a new equation of state for white dwarfs consistent with
strong, weak, electromagnetic interactions and quantum statistics within a
self-consistent treatment in general relativity [40] (see Appendix A.2). Cer-
tainly Fermi who was the advisor of the Ph.D. thesis of T.D. Lee on white
dwarfs would have appreciated this result. Quite apart from obtaining a
consistent theoretical treatment, which is a necessity from a conceptual
point of view, this work offers a new understanding in a many year long
effort to comprehend phenomena such as anomalous X-ray pulsars (AXPs)
and soft gamma ray repeaters (SGRs) [208] (see Appendix A.19).

2) One of the mysteries to me has been why Fermi did not approach the
problem of neutron stars in his US period. It is not possible that just by
looking at the Oppenheimer-Volkoff work he did note the impossibility of
treating such systems by neglecting the role of the strong and especially of
the weak interactions. Also his initial reluctance to look at the interiors
of stars which we have seen earlier should have been overcome by the con-
ceptual challenge of studying the ground state of a self-gravitating system
of protons, neutrons and electrons from first principles. I also considered
the possibility that his complicated personal relations with Oppenheimer
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could have kept him away from such a topic. As our re-examination of this
work progressed I have started to consider an additional possibility. Using a
Thomas-Fermi treatment of a neutron star we have shown that an overcrit-
ical electric field should exist between the core and the crust of a neutron
star [209]. We have then examined a simple model of superheavy nuclei
within Newtonian physics following the work of Popov and collaborators,
applying it instead to the case of neutron stars using an ultrarelativistic
solution of the Thomas-Fermi atom [210, 211] (see Appendix A.21). We
have concluded that a Newtonian approximation confirms the existence of
an overcritical electromagnetic field between the core and crust of neutron
stars.

3) The generalization of all these results to the case of general relativity was
then mandatory. We first solved the problem of a system of neutrons, pro-
tons and electrons in beta-equilibrium [212] (see Appendix A.22), reaching
the conclusion that the traditional condition of local charge neutrality in
all current treatments of neutron stars was conceptually incorrect and that
a global description, based on the general relativistic generalization of the
Thomas-Fermi equation and the implementation of the condition of global
charge neutrality, was a necessity.
The traditional Tolman-Oppenheimer-Volkoff equations then became con-
ceptually unacceptable and a solution of the Einstein-Maxwell system of
equations became a necessity. We then introduced the contributions of the
strong interactions and proposed for the first time the global system of
equations [213] (see Appendix A.23) and finally we have integrated the sys-
tem, obtaining a new range of parameters for the mass, radius, and moment
of inertia of a neutron star.

For all these configurations we have confirmed and computed the overall critical
field at the interface between the core and the crust of a neutron star [214] (see
Appendix A.24). I consider this to be one of the most complex problems ever
approached and solved in theoretical physics.

In order to proceed to solve the origin of the blackholic energy to be created in
the formation of black holes, the consideration of this electromagnetic structure in
neutron stars is essential, and the process of formation and collapse of this structure
may well lead to an explanation not only of GRBs but also of the emission of the
supernova remnant in the supernova process.

Coming back to Fermi it is clear that this theoretical work which encompasses all
of the fundamental interactions could not have been approached in the 1950s. I have
asked myself if Fermi did not confront it since he could see the objective difficulty
in formulating a consistent theoretical approach. What certainly I can imagine is
that both Fermi and Wigner would agree about the validity of the above-mentioned
sentence: “The Thomas-Fermi theory works much better than it should.”

Indeed, in addition to his greatest theoretical understanding, Fermi, being both
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an experimentalist and a theorist, would have been very pleased in seeing the un-
precedented display of space, ground and underground missions dedicated to GRB
observations. The latest and most important mission is dedicated in his name: the
Fermi Satellite. All these together represent one of the greatest observational and
experimental efforts ever developed in the history of our planet (see Fig. 54).

3.16 Discussion with Murray Gell’man

It was indeed a great pleasure to have Murray Gell-Mann as a guest of ICRANet
in our newly restored center at Villa Rati in June, 2012. This gave me the chance
to discuss with him some of the questions raised above regarding Fermi, Einstein,
Heisenberg, and GRBs.

First Gell-Mann confirmed that in 1950 Fermi was again becoming interested in
general relativity and proposed to him as a Ph.D. thesis topic studying the effects
of general relativity in the structure of the galaxy. Gell-Mann instead turned to
particle physics, which we all know led to his great achievements later.

Looking back, two things stand out, Fermi’s prescience and the enigma of timing.
In 1950, general relativity was nearly a closed branch of mathematics, beautiful but
sterile. Ten years later, all was changed. Space, radioastronomy, and other new
technologies led to amazing discoveries. Theory was dramatically alive. Some of
this we have already noted but another area first studied in connection with Mach’s
principle by Hans Thirring, the role of rotation in relativity, suddenly gained new
life in the early 1960s through Leonard Schiff and Roy Kerr.

Schiff came to gravity from nuclear theory via virtual particles and the equiv-
alence principle. Turning next to experimental foundations, he raised a storm by
arguing that the three famous Einstein tests prove much less than was thought.
Amazingly, he then conceived two entirely new tests, measures of the de Sitter
geodetic effect and Lense-Thirring frame dragging effect by gyroscopes in Earth
orbit.

Thus began one of the most difficult experiments in the history of science, which
I have followed with fascination since my first visit to Stanford in 1968. Fig. 2 shows
the two predicted effects in a polar orbit defined with respect to the chosen guide
star IM Pegasi, geodetic precession by 6.606 milli-arcseconds per year and frame-
dragging precession by 39 micro-arcseconds per year. The experiment involved four
electrically suspended gyroscopes and a reference telescope mounted in a quartz
block with a magnetic gyro readout based on the London moment of a spinning
superconductor. The measured geodetic and frame-dragging precessions were 6.600
± 0.017 arcseconds and 39 ± 7 milli-arcseconds per year, with all four gyroscopes in
full agreement within the limits of their respective error ellipses. In 1953, Einstein
observed that frame-dragging and two other effects, “. . . which are to be expected in
accordance with Mach’s ideas, are actually present according to our theory, although
their magnitude is so small that confirmation of them by laboratory experiments is
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not to be thought of.” Fifty years later, space and cryogenics together made the
experiment possible.

Kerr’s exact solution for the metric around a rotating black hole came in 1963.
Near the hole, frame-dragging is enormous. This was a topic we studied intensely
in the 1960s at Princeton and Stanford, discovering the beautiful orbit-patterns
that form a sculptural icon for the Marcel Grossmann Award. Returning to Fermi,
one might imagine with the large rotating mass of the galaxy that it too might
produce large frame dragging effects. In fact, the characteristic ratio a/m is much
smaller than for the Earth, so much smaller that there is nothing really to consider.
Gell-Mann was correct to choose particle physics.

Gell-Mann and I also discussed the new equation of state of the neutron star.
He was surprised by our interest in neutron stars instead of quark stars but also
on this point the discussion was extremely fruitful. It is well known that there is
an enormous difference between quark stars and the traditional TOV treatment of
neutron stars. However, when the correct treatment of the neutron star is done,
the two pictures are rather similar.

The last point was a more general discussion about GRBs and their daily oc-
currence. It is a priori one of the most profound aspects of GRBs that although
they appear at a daily frequency as local phenomena, indeed they originate from
very low probability effects occurring once in a hundred million years in each galaxy
and only the fact of the possible fractal structure of the universe and its observed
homogeneity and enormous dimensions leads to a phenomena which occurs once
a day. The big mystery to understand is what the role of these GRBs is in the
possible evolution of the species and of life in the universe.

Remo Ruffini
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Fig. 49 Riccardo Giacconi receiving the Nobel Prize in 2002.



August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408

106 Einstein, Fermi, Heisenberg and Relativistic Astrophysics: Personal Reflections

Fig. 50 Sixteenth Solvay Conference on Physics, University of Brussels, 1973.

Fig. 51 The cover of the book “Black Holes” by Humitaka Sato and Remo Ruffini, in Japanese
(Chuo Koron-Sha, Tokyo, 1976).
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Fig. 52 Abdus Salam and Chou En-Lai.

Fig. 53 The “dyadotorus,” i.e., the region in the Kerr-Newman geometry where vacuum polar-
ization processes may occur, leading to the creation of electron-positron pairs [see C. Cherubini,
A. Geralico, J. A. Rueda H. and R. Ruffini, Ref. [195]]. The corresponding release of energy is the
most powerful way to extract energy from black holes, which appears to be the energy source for
the most transient and most energetic events in the universe, the GRBs.
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Fig. 54 The flotilla of satellites exploring the universe with X-ray and gamma ray telescopes.
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Fig. 55 The main features of GRB 090618: a first emission episode characterized by a nonrela-
tivistic expanding thermal emitter and a second emission episode representing the canonical GRB.
The main spikes observed in the canonical GRB originate from the interaction of the relativistic
plasma with nearby interstellar clouds, characterized by a common density of ∼ 1022−24 g. The
energetics and the distance of GRB 090618 permitted all the satellites observing at the time to
detect this very luminous GRB. They are shown in the bottom of the figure.
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The recent formulation of the relativistic Thomas-Fermi model within the Feynman-Metropolis-Teller

theory for compressed atoms is applied to the study of general relativistic white dwarf equilibrium

configurations. The equation of state, which takes into account the �-equilibrium, the nuclear and the

Coulomb interactions between the nuclei and the surrounding electrons, is obtained as a function of the

compression by considering each atom constrained in a Wigner-Seitz cell. The contribution of quantum

statistics, weak, nuclear, and electromagnetic interactions is obtained by the determination of the chemical

potential of the Wigner-Seitz cell. The further contribution of the general relativistic equilibrium of white

dwarf matter is expressed by the simple formula
ffiffiffiffiffiffiffi
g00

p
�ws ¼ constant, which links the chemical potential

of the Wigner-Seitz cell �ws with the general relativistic gravitational potential g00 at each point of the

configuration. The configuration outside each Wigner-Seitz cell is strictly neutral and therefore no global

electric field is necessary to warranty the equilibrium of the white dwarf. These equations modify the ones

used by Chandrasekhar by taking into due account the Coulomb interaction between the nuclei and the

electrons as well as inverse � decay. They also generalize the work of Salpeter by considering a unified

self-consistent approach to the Coulomb interaction in each Wigner-Seitz cell. The consequences on the

numerical value of the Chandrasekhar-Landau mass limit as well as on the mass-radius relation of 4He,
12C, 16O and 56Fe white dwarfs are presented. All these effects should be taken into account in processes

requiring a precision knowledge of the white dwarf parameters.

DOI: 10.1103/PhysRevD.84.084007 PACS numbers: 04.20.�q, 04.40.Dg, 05.30.Fk

I. INTRODUCTION

The necessity of introducing the Fermi-Dirac statistics
in order to overcome some conceptual difficulties in ex-
plaining the existence of white dwarfs leading to the con-
cept of degenerate stars was first advanced by Fowler in a
classic paper [1]. Following that work, Stoner [2] intro-
duced the effect of special relativity into the Fowler con-
siderations and he discovered the critical mass of white
dwarfs

MStoner
crit ¼ 15

16

ffiffiffiffiffiffiffi
5�

p M3
Pl

�2m2
n

� 3:72
M3

Pl

�2m2
n

; (1)

where MPl ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
ℏc=G

p � 10�5 g is the Planck mass, mn is
the neutron mass, and � ¼ A=Z � 2 is the average mo-
lecular weight of matter which shows explicitly the depen-
dence of the critical mass on the chemical composition of
the star.

Following the Stoner’s work, Chandrasekhar [3] pointed
out the relevance of describing white dwarfs by using an
approach, initiated by Milne [4], of using the mathematical
method of the solutions of the Lane-Emden polytropic
equations [5]. The same idea of using the Lane-Emden
equations taking into account the special relativistic effects
to the equilibrium of stellar matter for a degenerate system
of fermions, came independently to Landau [6]. Both the

Chandrasekhar and Landau treatments were explicit in
pointing out the existence of the critical mass

MCh-L
crit ¼ 2:015

ffiffiffiffiffiffiffi
3�

p
2

M3
Pl

�2m2
n

� 3:09
M3

Pl

�2m2
n

; (2)

where the first numerical factor on the right-hand side
of Eq. (2) comes from the boundary condition
�ðr2du=drÞr¼R ¼ 2:015 (see last entry of Table 7 on
p. 80 in [5]) of the n ¼ 3 Lane-Emden polytropic equation.
Namely, for M>MCh-L

crit , no equilibrium configuration

should exist.
Some of the basic assumptions adopted by

Chandrasekhar and Landau in their idealized approach,
e.g. the treatment of the electron as a free gas without
taking into due account the electromagnetic interactions,
as well as the stability of the distribution of the nuclei
against the gravitational interaction led to some criticisms
by Eddington [7]. It was unfortunate that the absence of
interest of Fermi on the final evolution of stars did not
allow Fermi himself to intervene in these well-posed theo-
retical problems [8]. Indeed, we are showing in this article
how the solution of the conceptual problems of the white
dwarf models, left open for years, can be duly addressed by
considering the relativistic Thomas-Fermi model of the
compressed atom (see Secs. II E and IV.).
The original work on white dwarfs was motivated by

astrophysics and found in astrophysics strong observatio-
nal support. The issue of the equilibrium of the electron
gas and the associated component of nuclei, taking into*ruffini@icra.it

PHYSICAL REVIEW D 84, 084007 (2011)

1550-7998=2011=84(8)=084007(16) 084007-1 � 2011 American Physical Society

August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408



account the electromagnetic, the gravitational and the
weak interactions is a theoretical physics problem, not
yet formulated in a correct special and general relativistic
context.

One of the earliest alternative approaches to the
Chandrasekhar-Landau work was proposed by Salpeter in
1961 [9]. He followed an idea originally proposed by
Frenkel [10]: to adopt in the study of white dwarfs the
concept of a Wigner-Seitz cell. Salpeter introduced to the
lattice model of a pointlike nucleus surrounded by a uni-
form cloud of electrons, corrections due to the nonuni-
formity of the electron distribution (see Sec. II C for
details). In this way Salpeter [9] obtained an analytic
formula for the total energy in a Wigner-Seitz cell and
derived the corresponding equation of state of matter com-
posed by such cells, pointing out explicitly the relevance of
the Coulomb interaction.

The consequences of the Coulomb interactions in the
determination of the mass and radius of white dwarfs, was
studied in a subsequent paper by Hamada and Salpeter [11]
by using the equation of state constructed in [9]. They
found that the critical mass of white dwarfs depends in a
nontrivial way on the specific nuclear composition: the
critical mass of Chandrasekhar-Landau which depends
only on the mass to charge ratio of nuclei A=Z, now
depends also on the proton number Z.

This fact can be seen from the approximate expression for
the critical mass of white dwarfs obtained by Hamada and
Salpeter [11] in the ultrarelativistic limit for the electrons

MH&S
crit ¼ 2:015

ffiffiffiffiffiffiffi
3�

p
2

1

�2
eff

M3
Pl

m2
n

; (3)

where

�eff ¼ �

�
PS

PCh

��3=4
; (4)

being PS the pressure of the Wigner-Seitz cell obtained by
Salpeter in [9] (see Sec. II C) and PCh is the pressure of a
free-electron fluid used by Chandrasekhar (see Sec. II A).
The ratio PS=PCh is a function of the number of protons Z
(see Eq. (20) in [9]) and it satisfies PS=PCh < 1. Conseq-
uently, the effective molecular weight satisfies �eff >�
and the critical mass of white dwarfs turns to be smaller
than the original one obtained by Chandrasekhar-Landau
[see Eq. (2)].

In the mean time, the problem of the equilibrium gas in a
white dwarf taking into account possible global electro-
magnetic interactions between the nucleus and the elec-
trons was addressed by Olson and Bailyn in [12,13]. They
well summarized the status of the problem: Traditional
models for the white dwarf are nonrelativistic and electri-
cally neutral. Although an electric field is needed to sup-
port the pressureless nuclei against gravitational collapse,
the star is treated essentially in terms of only one charge
component, where charge neutrality is assumed. Their

solution to the problem invokes the breakdown of the local
charge neutrality and the presence of an overall electric
field as a consequence of treating also the nuclei inside the
white dwarf as a fluid. They treated the white dwarf matter
through a two-fluid model not enforcing local charge neu-
trality. The closure equation for the Einstein-Maxwell
system of equations was there obtained from a minimiza-
tion procedure of the mass energy of the configuration.
This work was the first pointing out the relevance of the
Einstein-Maxwell equations in the description of an astro-
physical system by requiring global and non local charge
neutrality. As we will show here, this interesting approach
does not apply to the case of white dwarfs. It represents,
however, a new development in the study of neutron stars
(see, e.g. [14])
An alternative approach to the Salpeter treatment of

a compressed atom was reconsidered in [15] by applying
for the first time to white dwarfs a relativistic Thomas-
Fermi treatment of the compressed atom introducing a
finite size nucleus within a phenomenological description
(see also [16]).
Recently, the study of a compressed atom has been

revisited in [17] by extending the global approach of
Feynman, Metropolis and Teller [18] taking into account
weak interactions. This treatment takes also into account
all the Coulomb contributions duly expressed relativisti-
cally without the need of any piecewise description. The
relativistic Thomas-Fermi model has been solved by im-
posing in addition to the electromagnetic interaction also
the weak equilibrium between neutrons, protons and elec-
trons self-consistently. This presents some conceptual dif-
ferences with respect to previous approaches and can be
used in order both to validate and to establish their
limitations.
In this article we apply the considerations presented in

[17] of a compressed atom in a Wigner-Seitz cell to the
description of nonrotating white dwarfs in general relativ-
ity. This approach improves all previous treatments in the
following aspects:
(1) In order to warranty self-consistency with a relativ-

istic treatment of the electrons, the pointlike as-
sumption of the nucleus is abandoned introducing
a finite sized nucleus [17]. We assume for the mass
as well as for charge to mass ratio of the nucleus
their experimental values instead of using phenome-
nological descriptions based on the semi-empirical
mass-formula of Weizsacker (see, e.g. [15,16]).

(2) The electron-electron and electron-nucleus
Coulomb interaction energy is calculated without
any approximation by solving numerically the rela-
tivistic Thomas-Fermi equation for selected energy
densities of the system and for each given nuclear
composition.

(3) The energy density of the system is calculated
taking into account the contributions of the nuclei,
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of the Coulomb interactions as well as of the
relativistic electrons; the latter being neglected in
all previous treatments. This particular contribution
turns to be very important at high densities and, in
particular, for light nuclear compositions, e.g. 4He
and 12C.

(4) The � equilibrium between neutrons, protons, and
electrons is also taken into account leading to a self-
consistent calculation of the threshold density for
triggering the inverse � decay of a given nucleus.

(5) The structure of the white dwarf configurations is
obtained by integrating the general relativity equa-
tions of equilibrium.

(6) Because of (4) and (5) we are able to determine if
the instability point leading to a maximum stable
mass of the nonrotating white dwarf is induced by
the inverse �-decay instability of the composing
nuclei or by general relativistic effects.

Paradoxically, after all this procedure which takes into
account many additional theoretical features generalizing
the Chandrasekhar-Landau and the Hamada and Salpeter
works, a most simple equation is found to be fulfilled by
the equilibrium configuration in a spherically symmetric
metric. Assuming the metric

ds2 ¼ e�ðrÞc2dt2 � e�ðrÞdr2 � r2d�2 � r2sin2�d’2; (5)

we demonstrate how the entire system of equations de-
scribing the equilibrium of white dwarfs, taking into ac-
count the weak, the electromagnetic and the gravitational
interactions as well as quantum statistics all expressed
consistently in a general relativistic approach, is simply
given by

ffiffiffiffiffiffiffi
g00

p
�ws ¼ e�ðrÞ=2�wsðrÞ ¼ constant; (6)

which links the chemical potential of the Wigner-Seitz cell
�ws, duly solved by considering the relativistic Feynman-
Metropolis-Teller model following [17], to the general
relativistic gravitational potential at each point of the con-
figuration. The overall system outside each Wigner-Seitz
cell is strictly neutral and no global electric field exists,
contrary to the results reported in [13]. The same procedure
will apply as well to the case of neutron star crusts.

The article is organized as follows. In Sec. II we sum-
marize the most common approaches used for the descrip-
tion of white dwarfs and neutron star crusts: the uniform
approximation for the electron fluid (see, e.g. [3]); the
often called lattice model assuming a pointlike nucleus
surrounded by a uniform electron cloud (see, e.g. [19]);
the generalization of the lattice model due to Salpeter [9];
the Feynman, Metropolis and Teller approach [18] based
on the nonrelativistic Thomas-Fermi model of compressed
atoms and, the relativistic generalization of the Feynman-
Metropolis-Teller treatment recently formulated in [17].

In Sec. III we formulate the general relativistic equa-
tions of equilibrium of the system and show how, from
the self-consistent definition of chemical potential of the
Wigner-Seitz cell and the Einstein equations, comes the
equilibrium condition given by Eq. (6). In addition, we
obtain the Newtonian and the first-order post-Newtonian
equations of equilibrium.
Finally, we show in Sec. IV the new results of the

numerical integration of the general relativistic equations
of equilibrium and discuss the corrections to the Stoner
critical mass MStoner

crit , to the Chandrasekhar-Landau mass

limit MCh-L
crit , as well as to the one of Hamada and Salpeter

MH&S
crit , obtained when all interactions are fully taken into

account through the relativistic Feynman-Metropolis-
Teller equation of state [17].

II. THE EQUATION OF STATE

There exists a large variety of approaches to model the
equation of state of white dwarf matter, each one charac-
terized by a different way of treating or neglecting the
Coulomb interaction inside each Wigner-Seitz cell, which
we will briefly review here. Particular attention is given to
the calculation of the self-consistent chemical potential of
the Wigner-Seitz cell �ws, which plays a very important
role in the conservation law (6) that we will derive in
Sec. III.

A. The uniform approximation

In the uniform approximation used by Chandrasekhar
[3], the electron distribution as well as the nucleons are
assumed to be locally constant and therefore the condition
of local charge neutrality

ne ¼ Z

Ar

nN; (7)

where Ar is the average atomic weight of the nucleus, is
applied. Here nN denotes the nucleon number density and
Z is the number of protons of the nucleus. The electrons are
considered as a fully degenerate free gas and then de-
scribed by Fermi-Dirac statistics. Thus, their number den-
sity ne is related to the electron Fermi momentum PF

e by

ne ¼ ðPF
e Þ3

3�2ℏ3
; (8)

and the total electron energy density and electron pressure
are given by

E e ¼ 2

ð2�ℏÞ3
Z PF

e

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2p2 þm2

ec
4

q
4�p2dp

¼ m4
ec

5

8�2ℏ3
½xe

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2e

q
ð1þ 2x2eÞ � arcsinhðxeÞ�; (9)
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Pe¼1

3

2

ð2�ℏÞ3
Z PF

e

0

c2p2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2p2þm2

ec
4

p 4�p2dp

¼ m4
ec

5

8�2ℏ3

�
xe

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þx2e

q
ð2x2e=3�1ÞþarcsinhðxeÞ

�
; (10)

where we have introduced the dimensionless Fermi mo-
mentum xe ¼ PF

e =ðmecÞ with me the electron rest mass.
The kinetic energy of nucleons is neglected and there-

fore the pressure is assumed to be only due to electrons.
Thus the equation of state can be written as

E unif ¼ EN þ Ee � Ar

Z
Muc

2ne þ Ee; (11)

Punif � Pe; (12)

where Mu ¼ 1:6604� 10�24 g is the unified atomic mass
and Ee and Pe are given by Eqs. (9) and (10).

Within this approximation, the total self-consistent
chemical potential is given by

�unif ¼ ArMuc
2 þ Z�e; (13)

where

�e ¼ Ee þ Pe

ne
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðPF

e Þ2 þm2
ec

4
q

(14)

is the electron free-chemical potential.
As a consequence of this effective approach which does

not take into any account the Coulomb interaction, it is
obtained an effective one-component electron-nucleon
fluid approach where the kinetic pressure is given by
electrons of mass me and their gravitational contribution
is given by an effective mass ðAr=ZÞMu attached to each
electron (see, e.g. [20]). This is even more evident when
the electron contribution to the energy density in Eq. (11) is
neglected and therefore the energy density is attributed
only to the nuclei. Within this approach followed by
Chandrasekhar [3], the equation of state reduces to

E Ch ¼ Ar

Z
Muc

2ne; (15)

PCh ¼ Punif ¼ Pe: (16)

B. The lattice model

The first correction to the above uniform model, corre-
sponds to abandon the assumption of the electron-nucleon
fluid through the so-called ‘‘lattice’’ model which introdu-
ces the concept of Wigner-Seitz cell: each cell contains a
pointlike nucleus of charge þZe with A nucleons sur-
rounded by a uniformly distributed cloud of Z fully degen-
erate electrons. The global neutrality of the cell is
guaranteed by the condition

Z ¼ Vwsne ¼ ne
nws

; (17)

where nws ¼ 1=Vws is the Wigner-Seitz cell density and
Vws ¼ 4�R3

ws=3 is the cell volume.
The total energy of the Wigner-Seitz cell is modified by

the inclusion of the Coulomb energy, i.e.

EL ¼ EunifVws þ EC; (18)

being

EC ¼ Ee�N þ Ee�e ¼ � 9

10

Z2e2

Rws

; (19)

where Eunif is given by Eq. (11) and Ee�N and Ee�e are
the electron-nucleus and the electron-electron Coulomb
energies

Ee�N ¼ �
Z Rws

0
4�r2

�
Ze

r

�
enedr ¼ � 3

2

Z2e2

Rws

; (20)

Ee�e ¼ 3

5

Z2e2

Rws

: (21)

The self-consistent pressure of the Wigner-Seitz cell is
then given by

PL ¼ � @EL

@Vws

¼ Punif þ 1

3

EC

Vws

; (22)

where Punif is given by Eq. (12). It is worth to recall that the
pointlike assumption of the nucleus is incompatible with a
relativistic treatment of the degenerate electron fluid (see
[21,22] for details). Such an inconsistency has been tradi-
tionally ignored by applying, within a pointlike nucleus
model, the relativistic formulas (9) and (10) and their
corresponding ultrarelativistic limits (see, e.g. [9]).
The Wigner-Seitz cell chemical potential is in this case

�L ¼ EL þ PLVws ¼ �unif þ 4
3EC: (23)

By comparing Eqs. (12) and (22) we can see that the
inclusion of the Coulomb interaction results in a decreas-
ing of the pressure of the cell due to the negative lattice
energy EC. The same conclusion is achieved for the chemi-
cal potential from Eqs. (13) and (23).

C. Salpeter approach

A further development to the lattice model came from
Salpeter [9] whom studied the corrections due to the non-
uniformity of the electron distribution inside a Wigner-
Seitz cell.
Following the Chandrasekhar [3] approximation,

Salpeter also neglects the electron contribution to the en-
ergy density. Thus, the first term in the Salpeter formula for
the energy of the cell comes from the nuclei energy (15).
The second contribution is given by the Coulomb energy of
the lattice model (19). The third contribution is obtained as
follows: the electron density is assumed as ne½1þ �ðrÞ�,
where ne ¼ 3Z=ð4�R3

wsÞ is the average electron density
as given by Eq. (17), and �ðrÞ is considered infinitesimal.
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The Coulomb potential energy is assumed to be the one of
the pointlike nucleus surrounded by a uniform distribution
of electrons, so the correction given by �ðrÞ on the
Coulomb potential is neglected. The electron distribution
is then calculated at first-order by expanding the relativistic
electron kinetic energy

�k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½cPF

e ðrÞ�2 þm2
ec

4
q

�mec
2

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏ2c2ð3�2neÞ2=3½1þ �ðrÞ�2=3 þm2

ec
4

q
�mec

2

(24)

about its value in the uniform approximation

�unifk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏ2c2ð3�2neÞ2=3 þm2

ec
4

q
�mec

2; (25)

considering as infinitesimal the ratio eV=EF
e between

the Coulomb potential energy eV and the electron Fermi
energy

EF
e ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½cPF

e ðrÞ�2 þm2
ec

4
q

�mec
2 � eV: (26)

The influence of the Dirac electron-exchange correction
[23] on the equation of state was also considered by
Salpeter [9]. However, adopting the general approach of
Migdal et al. [24], it has been shown that these effects are
negligible in the relativistic regime [17]. We will then
consider here only the major correction of the Salpeter
treatment.

The total energy of the Wigner-Seitz cell is then given
by (see [9] for details)

ES ¼ ECh þ EC þ ETF
S ; (27)

being

ETF
S ¼ � 162

175

�
4

9�

�
2=3

�2Z7=3�e; (28)

where ECh ¼ EChVws, EC is given by Eq. (19), �e is given
by Eq. (14), and � ¼ e2=ðℏcÞ is the fine structure constant.

Correspondingly, the self-consistent pressure of the
Wigner-Seitz cell is

PS ¼ PL þ PS
TF; (29)

where

PS
TF ¼ 1

3

�
PF
e

�e

�
2 ETF

S

Vws

: (30)

The Wigner-Seitz cell chemical potential can be then
written as

�S ¼ �L þ ES
TF

�
1þ 1

3

�
PF
e

�e

�
2
�
: (31)

From Eqs. (29) and (31), we see that the inclusion of
each additional Coulomb correction results in a further
decreasing of the pressure and of the chemical potential

of the cell. The Salpeter approach is very interesting in
identifying piecewise Coulomb contribution to the total
energy, to the total pressure and, to the Wigner-Seitz
chemical potential. However, it does not have the full
consistency of the global solutions obtained with the
Feynman-Metropolis-Teller approach [18] and its general-
ization to relativistic regimes [17] which we will discuss in
detail below.

D. The Feynman-Metropolis-Teller treatment

Feynman, Metropolis, and Teller [18] showed how to
derive the equation of state of matter at high pressures by
considering a Thomas-Fermi model confined in a Wigner-
Seitz cell of radius Rws.
The Thomas-Fermi equilibrium condition for degener-

ate nonrelativistic electrons in the cell is expressed by

EF
e ¼ ðPF

e Þ2
2me

� eV ¼ constant> 0; (32)

where V denotes the Coulomb potential and EF
e denotes

the Fermi energy of electrons, which is positive for con-
figurations subjected to external pressure, namely, for com-
pressed cells.
Defining the function 	ðrÞ by eVðrÞ þ EF

e ¼
e2Z	ðrÞ=r, and introducing the dimensionless radial coor-

dinate
 by r ¼ b
, where b ¼ ð3�Þ2=3ð�e=�Þ2�7=3Z�1=3,
being �e ¼ ℏ=ðmecÞ the electron Compton wavelength;
the Poisson equation from which the Coulomb potential
V is calculated self-consistently becomes

d2	ð
Þ
d
2

¼ 	ð
Þ3=2

1=2

: (33)

The boundary conditions for Eq. (33) follow from the
pointlike structure of the nucleus 	ð0Þ ¼ 1 and, from
the global neutrality of the Wigner-Seitz cell 	ð
0Þ ¼

0d	=d
j
¼
0

, where 
0 defines the dimensionless ra-

dius of the Wigner-Seitz cell by 
0 ¼ Rws=b.
For each value of the compression, e.g. 
0, it corre-

sponds a value of the electron Fermi energy EF
e and a

different solution of Eq. (33), which determines the self-
consistent Coulomb potential energy eV as well as the self-
consistent electron distribution inside the cell through

neð
Þ ¼ Z

4�b3

�
	ð
Þ



�
3=2

: (34)

In the nonrelativistic Thomas-Fermi model, the total
energy of the Wigner-Seitz cell is given by (see [18,25]
for details)

Ews ¼ EN þ EðeÞ
k þ EC; (35)

being

EN ¼ MNðZ; AÞc2; (36)
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EðeÞ
k ¼

Z Rws

0
4�r2Ee½neðrÞ�dr

¼ 3

7

Z2e2

b

�
4

5

1=2
0 	5=2ð
0Þ �	0ð0Þ

�
; (37)

EC ¼ Ee�N þ Ee�e

¼ � 6

7

Z2e2

b

�
1

3

1=2
0 	5=2ð
0Þ �	0ð0Þ

�
; (38)

where MNðZ; AÞ is the nucleus mass, Ee½neðrÞ� is given
by Eq. (9) and Ee�N and Ee�e are the electron-nucleus
Coulomb energy and the electron-electron Coulomb en-
ergy, which are given by

Ee�N ¼ �
Z Rws

0
4�r2

�
Ze

r

�
eneðrÞdr; (39)

Ee�e ¼ 1

2

Z Rws

0
4�r2eneð~rÞdr�

Z Rws

0
4�r02

eneð~r0Þ
j~r� ~r0j dr

0:

(40)

From Eqs. (37) and (38) we recover the well-known
relation between the total kinetic energy and the total
Coulomb energy in the Thomas-Fermi model [18,25]

EðeÞ
k ¼ Eunif

k ½neðRwsÞ� � 1
2EC; (41)

where Eunif
k ½neðRwsÞ� is the nonrelativistic kinetic energy of

a uniform electron distribution of density neðRwsÞ, i.e.
Eunif
k ½neðRwsÞ� ¼ 3

5Z
��eðRwsÞ; (42)

with Z� defined by

Z� ¼ VwsneðRwsÞ; (43)

and �eðRwsÞ ¼ ℏ2½3�2neðRwsÞ�2=3=ð2meÞ.
The self-consistent pressure of the Wigner-Seitz cell

given by the nonrelativistic Thomas-Fermi model is (see
[18,25] for details)

PTF ¼ 2

3

Eunif
k ½neðRwsÞ�

Vws

: (44)

The pressure of the Thomas-Fermi model (44) is equal
to the pressure of a free-electron distribution of density
neðRwsÞ. Being the electron density inside the cell a de-
creasing function of the distance from the nucleus, the
electron density at the cell boundary, neðRwsÞ, is smaller
than the average electron distribution 3Z=ð4�R3

wsÞ. Then,
the pressure given by (44) is smaller than the one given by
the nonrelativistic version of Eq. (10) of the uniform model
of Sec. II A. Such a smaller pressure, although faintly given
by the expression of a free-electron gas, contains in a self-
consistent fashion all the Coulomb effects inside the
Wigner-Seitz cell.

The chemical potential of the Wigner-Seitz cell of the
nonrelativistic Thomas-Fermi model can be then written as

�TF ¼ MNðZ; AÞc2 þ Z��eðRwsÞ þ 1
2EC; (45)

where we have used Eqs. (41)–(43).
Integrating by parts the total number of electrons

Z ¼
Z Rws

0
4�r2neðrÞdr ¼ Z� þ IðRwsÞ; (46)

where

IðRwsÞ ¼
Z Rws

0

4�

3
r3

@neðrÞ
@r

dr; (47)

we can rewrite finally the following semi-analytical ex-
pression of the chemical potential (45) of the cell

�TF ¼ MNðZ; AÞc2 þ Z�unif
e

�
1þ IðRwsÞ

Z

�
2=3

þ�unif
e IðRwsÞ

�
1þ IðRwsÞ

Z

�
2=3 þ 1

2
EC; (48)

where �unif
e is the electron free-chemical potential (14)

calculated with the average electron density, namely, the
electron chemical potential of the uniform approximation.
The function IðRwsÞ depends explicitly on the gradient of
the electron density, i.e. on the nonuniformity of the elec-
tron distribution.
In the limit of absence of Coulomb interaction both the

last term and the function IðRwsÞ in Eq. (48) vanish and
therefore in this limit �TF reduces to

�TF ! �unif ; (49)

where �unif is the chemical potential in the uniform ap-
proximation given by Eq. (13).

E. The relativistic Feynman-Metropolis-Teller
treatment

We recall now how the above classic Feynman,
Metropolis, and Teller treatment of compressed atoms
has been recently generalized to relativistic regimes (see
[17] for details). One of the main differences in the rela-
tivistic generalization of the Thomas-Fermi equation is
that, the pointlike approximation of the nucleus, must be
abandoned since the relativistic equilibrium condition of
compressed atoms

EF
e ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðPF

e Þ2 þm2
ec

4
q

�mec
2 � eVðrÞ ¼ constant> 0

(50)

would lead to a nonintegrable expression for the electron
density near the origin (see, e.g. [21,22]).
It is then assumed a constant distribution of protons

confined in a radius Rc defined by

Rc ¼ ���Z
1=3; (51)

where �� ¼ ℏ=ðm�cÞ is the pion Compton wavelength. If

the system is at nuclear density � � ðr0=��ÞðA=ZÞ1=3 with
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r0 � 1:2 fm. Thus, in the case of ordinary nuclei (i.e., for
A=Z � 2) we have � � 1. Consequently, the proton den-
sity can be written as

npðrÞ ¼ Z
4
3�R

3
c

�ðr� RcÞ ¼ 3

4�

�
1

���

�
3
�ðr� RcÞ; (52)

where �ðr� RcÞ denotes the Heaviside function centered
at Rc. The electron density can be written as

neðrÞ¼ ðPF
e Þ3

3�2ℏ3
¼ 1

3�2ℏ3c3
½V̂2ðrÞþ2mec

2V̂ðrÞ�3=2; (53)

where V̂ ¼ eV þ EF
e and we have used Eq. (50).

The overall Coulomb potential satisfies the Poisson
equation

r2VðrÞ ¼ �4�e½npðrÞ � neðrÞ�; (54)

with the boundary conditions dV=drjr¼Rws
¼ 0 and

VðRwsÞ ¼ 0 due to the global charge neutrality of the cell.
By introducing the dimensionless quantities x ¼ r=��,

xc ¼ Rc=��, �=r ¼ V̂ðrÞ=ðℏcÞ and replacing the particle
densities (52) and (53) into the Poisson equation (54), it is
obtained the relativistic Thomas-Fermi equation [26]

1

3x

d2�ðxÞ
dx2

¼� �

�3
�ðxc�xÞþ4�

9�

�
�2ðxÞ
x2

þ2
me

m�

�ðxÞ
x

�
3=2

;

(55)

which must be integrated subjected to the boundary
conditions �ð0Þ ¼ 0, �ðxwsÞ � 0 and d�=dxjx¼xws ¼
�ðxwsÞ=xws, where xws ¼ Rws=��.

The neutron density nnðrÞ, related to the neutron Fermi

momentum PF
n ¼ ð3�2ℏ3nnÞ1=3, is determined by impos-

ing the condition of beta equilibrium

EF
n ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðPF

n Þ2 þm2
nc

4
q

�mnc
2

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðPF

pÞ2 þm2
pc

4
q

�mpc
2 þ eVðrÞ þ EF

e ; (56)

subjected to the baryon number conservation equation

A ¼
Z Rc

0
4�r2½npðrÞ þ nnðrÞ�dr: (57)

In Fig. 1 we see how the relativistic generalization of the
Feynman-Metropolis-Teller treatment leads to electron
density distributions markedly different from the constant
electron density approximation. The electron distribution
is far from being uniform as a result of the solution of
Eq. (55), which takes into account the electromagnetic
interaction between electrons and between the electrons
and the finite sized nucleus. Additional details are given
in [17].

Popov et al. [27] have shown how the solution of the
relativistic Thomas-Fermi equation (55) together with the
self-consistent implementation of the �-equilibrium con-
dition (56) leads, in the case of zero electron Fermi energy

(EF
e ¼ 0), to a theoretical prediction of the �-equilibrium

line, namely, a theoretical Z-A relation. Within this model
the mass to charge ratio A=Z of nuclei is overestimated,
e.g. in the case of 4He the overestimate is �3:8%, for 12C
�7:9%, for 16O �9:52%, and for 56Fe �13:2%. These
discrepancies are corrected when the model of the nucleus
considered above is improved by explicitly including the
effects of strong interactions. This model, however, illus-
trates how a self-consistent calculation of compressed
nuclear matter can be done including electromagnetic,
weak, strong as well as special relativistic effects without
any approximation. This approach promises to be useful
when theoretical predictions are essential, for example, in
the description of nuclear matter at very high densities,
e.g. nuclei close and beyond the neutron drip line.
The densities in white dwarf interiors are not highly

enough to require such theoretical predictions. Therefore,
in order to ensure the accuracy of our results we use for
ðZ; AÞ, needed to solve the relativistic Thomas-Fermi equa-
tion (55), as well as for the nucleus mass MNðZ; AÞ, their
known experimental values. In this way we take into
account all the effects of the nuclear interaction.
Thus, the total energy of the Wigner-Seitz cell in the

present case can be written as

Erel
FMT ¼ EN þ EðeÞ

k þ EC; (58)

being

EN ¼ MNðZ; AÞc2; (59)

EðeÞ
k ¼

Z Rws

0
4�r2ðEe �meneÞdr; (60)

FIG. 1. The electron number density ne in units of the aver-
age electron number density n0 ¼ 3Z=ð4�R3

wsÞ inside a Wigner-
Seitz cell of 12C. The dimensionless radial coordinate is x ¼
r=�� and Wigner-Seitz cell radius is xws � 255 corresponding
to a density of �108 g=cm3. The solid curve corresponds to the
relativistic Feynman-Metropolis-Teller treatment and the dashed
curve to the uniform approximation. The electron distribution for
different levels of compression as well as for different nuclear
compositions can be found in [17].
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EC ¼ 1

2

Z Rws

Rc

4�r2e½npðrÞ � neðrÞ�VðrÞdr; (61)

where MNðZ; AÞ ¼ ArMu is the experimental nucleus
mass, e.g. for 4He, 12C, 16O and 56Fe we have Ar ¼
4:003, 12.01, 16.00 and 55.84, respectively. In Eq. (61)
the integral is evaluated only outside the nucleus (i.e. for
r > Rc) in order to avoid a double counting with the
Coulomb energy of the nucleus already taken into account
in the nucleus mass (59). In order to avoid another double
counting we subtract to the electron energy density Ee in
Eq. (60) the rest-energy densitymec

2ne which is also taken
into account in the nucleus mass (59).

The total pressure of the Wigner-Seitz cell is given by

Prel
FMT ¼ Pe½neðRwsÞ�; (62)

where Pe½neðRwsÞ� is the relativistic pressure (10) com-
puted with the value of the electron density at the boundary
of the cell.

The electron density at the boundary Rws in the relativ-
istic Feynman-Metropolis-Teller treatment is smaller with
respect to the one given by the uniform density approxi-
mation (see Fig. 1). Thus, the relativistic pressure (62)
gives systematically smaller values with respect to the
uniform approximation pressure (10) as well as with re-
spect to the Salpeter pressure (29).

In Fig. 2 we show the ratio between the relativistic
Feynman-Metropolis-Teller pressure Prel

FMT (62) and the
Chandrasekhar pressure PCh (10) and the Salpeter pressure
PS (29) in the case of 12C. It can be seen how Prel

FMT is
smaller than PCh for all densities as a consequence of the
Coulomb interaction. With respect to the Salpeter case,

we have that the ratio Prel
FMT=PS approaches unity from

below at large densities as one should expect.
However, at low densities & 104–105 g=cm3, the ratio

becomes larger than unity due to the defect of the Salpeter
treatment which, in the low density nonrelativistic regime,
leads to a drastic decrease of the pressure and even to
negative pressures at densities & 102 g=cm3 or higher for
heavier nuclear compositions, e.g. 56Fe (see [9,17] and
Table I). This is in contrast with the relativistic Feynman-
Metropolis-Teller treatment which matches smoothly the
classic Feynman-Metropolis-Teller equation of state in that
regime (see [17] for details).
No analytic expression of the Wigner-Seitz cell chemi-

cal potential can be given in this case, so we only write its
general expression

�rel
FMT ¼ Erel

FMT þ Prel
FMTVws; (63)

where Erel
FMT and Prel

FMT are given by Eqs. (58) and (62)
respectively. The above equation, contrary to the nonrela-
tivistic formula (45), in no way can be simplified in terms
of its uniform counterparts. However, it is easy to check
that, in the limit of no Coulomb interaction neðRwsÞ !
3Z=ð4�R3

wsÞ, EC ! 0, and Ek ! EChVws and, neglecting
the nuclear binding and the proton-neutron mass differ-
ence, we finally obtain

�rel
FMT ! �unif ; (64)

as it should be expected.
Now we summarize how the equation of state of com-

pressed nuclear matter can be computed in the Salpeter
case and in the relativistic Feynman-Metropolis-Teller
case, parameterized by the total density of the system:
(i) For a given radius Rws of the Wigner-Seitz cell the

relativistic Thomas-Fermi equation (55) is integrated
numerically and the density of the configuration is

FIG. 2. Ratio of the pressures in the different treatments as a
function of the density for 12C white dwarfs (see Table I). The
solid curve corresponds to the ratio between the relativistic
Feynman-Metropolis-Teller pressure Prel

FMT given by Eq. (62)

and the Chandrasekhar pressure PCh given by Eq. (10). The
dashed curve corresponds to the ratio between the relativistic
Feynman-Metropolis-Teller pressure Prel

FMT given by Eq. (62) and

the Salpeter pressure PS given by Eq. (29).

TABLE I. Equation of state for 12C within the different treat-
ments. The pressure in the uniform approximation for � ¼ 2 is
PCh, the Salpeter pressure is PS and the relativistic Feynman-
Metropolis-Teller pressure is Prel

FMT. The units for the density are

g=cm3 and for the pressure dyn=cm2.

� PCh PS Prel
FMT

10 1:467 31� 1014 �1:352 82� 1013 4:549 20� 1014

40 1:478 72� 1015 4:602 43� 1014 7:098 18� 1014

70 3:757 48� 1015 1:608 60� 1015 2:051 97� 1015

102 6:808 02� 1015 3:349 40� 1015 3:900 06� 1015

103 3:154 35� 1017 2:406 46� 1017 2:442 06� 1017

104 1:452 13� 1019 1:289 76� 1019 1:289 65� 1019

105 6:500 10� 1020 6:144 94� 1020 6:133 69� 1020

106 2:627 61� 1022 2:549 32� 1022 2:544 31� 1022

107 8:461 01� 1023 8:288 99� 1023 8:272 85� 1023

108 2:151 11� 1025 2:113 75� 1025 2:108 96� 1025

109 4:862 36� 1026 4:781 70� 1026 4:766 13� 1026

1010 1:059 77� 1028 1:042 39� 1028 1:036 68� 1028
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computed as � ¼ Erel
FMT=ðc2VwsÞ where Erel

FMT is the
energy of the cell given by Eq. (58).

(ii) For that value of the density, the radius of the
Wigner-Seitz cell in the Salpeter treatment is

Rws ¼
�
3ArMu

4��

�
1=3

; (65)

where Eq. (15) has been used. On the contrary, in
the relativistic Feynman-Metropolis-Teller treat-
ment no analytic expression relating Wigner-Seitz
cell radius and density can be written.

(iii) From this Wigner-Seitz cell radius, or equivalently
using the value of the density, the electron density
in the Salpeter model is computed from the as-
sumption of uniform electron distribution and
the charge neutrality condition, i.e. Eq. (15). In
the relativistic Feynman-Metropolis-Teller treat-
ment, the electron number density at the boundary
of the Wigner-Seitz cell is, following Eq. (53),
given by

nrelFMT
e ¼ 1

3�2�3
�

�
�2ðxwsÞ
x2ws

þ 2
me

m�

�ðxwsÞ
xws

�
3=2

;

(66)

where the function �ðxÞ is the solution of the
relativistic Thomas-Fermi equation (55).

(iv) Finally, with the knowledge of the electron den-
sity at Rws, the pressure can be calculated. In the
Salpeter approach it is given by Eq. (29) while in
the relativistic Feynman-Metropolis-Teller case it is
given by Eq. (62).

III. GENERAL RELATIVISTIC EQUATIONS
OF EQUILIBRIUM

Outside each Wigner-Seitz cell the system is electrically
neutral, thus no overall electric field exists. Therefore, the
above equation of state can be used to calculate the struc-
ture of the star through the Einstein equations. Introducing
the spherically symmetric metric (5), the Einstein equa-
tions can be written in the Tolman-Oppenheimer-Volkoff
form [28,29]

d�ðrÞ
dr

¼ 2 G

c2
4�r3PðrÞ=c2 þMðrÞ

r2½1� 2GMðrÞ
c2r

� ; (67)

dMðrÞ
dr

¼ 4�r2
EðrÞ
c2

; (68)

dPðrÞ
dr

¼ � 1

2

d�ðrÞ
dr

½EðrÞ þ PðrÞ�; (69)

where we have introduced the mass enclosed at the dis-

tance r through e�ðrÞ ¼ 1–2 GMðrÞ=ðc2rÞ, EðrÞ is the en-
ergy density and PðrÞ is the total pressure.
We turn now to demonstrate how, from Eq. (69), it

follows the general relativistic equation of equilibrium
(6), for the self-consistent Wigner-Seitz chemical potential
�ws. The first law of thermodynamics for a zero tempera-
ture fluid of N particles, total energy E, total volume V,
total pressure P ¼ �@E=@V, and chemical potential � ¼
@E=@N reads

dE ¼ �PdV þ�dN; (70)

where the differentials denote arbitrary but simultaneous
changes in the variables. Since for a system whose surface
energy can be neglected with respect to volume energy, the
total energy per particle E=N depends only on the particle
density n ¼ N=V, we can assume E=N as an homogeneous
function of first-order in the variablesN and V and hence, it
follows the well-known thermodynamic relation

E ¼ �PV þ�N: (71)

In the case of the Wigner-Seitz cells, Eq. (71) reads

Ews ¼ �PwsVws þ�ws; (72)

where we have introduced the fact that the Wigner-Seitz
cells are the building blocks of the configuration and there-
fore we must put in Eq. (71) Nws ¼ 1. Through the entire
article we have used Eq. (72) to obtain from the knowns
energy and pressure, the Wigner-Seitz cell chemical po-
tential [see, e.g. Eqs. (13) and (23)]. From Eqs. (70) and
(71) we obtain the so-called Gibbs-Duhem relation

dP ¼ nd�: (73)

In a white dwarf the pressure P and the chemical poten-
tial � are decreasing functions of the distance from the
origin. Thus, the differentials in the above equations can be
assumed as the gradients of the variables which, in the
present spherically symmetric case, become just deriva-
tives with respect to the radial coordinate r. From Eq. (73)
it follows the relation

dPws

dr
¼ nws

d�ws

dr
: (74)

From Eqs. (69), (72), and (74) we obtain

nwsðrÞd�wsðrÞ
dr

¼ � 1

2

d�ðrÞ
dr

nwsðrÞ�wsðrÞ; (75)

which can be straightforwardly integrated to obtain the first
integral

e�ðrÞ=2�wsðrÞ ¼ constant: (76)
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The above equilibrium condition is general and it also
applies for nonzero temperature configurations (see, e.g.
[30]). In such a case, it can be shown that in addition to
the equilibrium condition (76) the temperature of the
system satisfies the Tolman isothermality condition

e�ðrÞ=2TðrÞ ¼ constant [31,32].

A. The weak-field nonrelativistic limit

In the weak-field limit we have e�=2 � 1þ�, where
the Newtonian gravitational potential has been defined
by �ðrÞ ¼ �ðrÞ=2. In the nonrelativistic mechanics limit
c ! 1, the chemical potential �ws ! ~�ws þMwsc

2,
where ~�ws denotes the nonrelativistic free-chemical poten-
tial of the Wigner-Seitz cell andMws is the rest-mass of the
Wigner-Seitz cell, namely, the rest-mass of the nucleus
plus the rest-mass of the electrons. Applying these consid-
erations to Eq. (76) we obtain

e�=2�ws � Mwsc
2 þ ~�ws þMws� ¼ constant: (77)

Absorbing the Wigner-Seitz rest-mass energyMwsc
2 in the

constant on the right-hand side we obtain

~� ws þMws� ¼ constant: (78)

In the weak-field nonrelativistic limit, the Einstein
equations (67)–(69) reduce to

d�ðrÞ
dr

¼ GMðrÞ
r2

; (79)

dMðrÞ
dr

¼ 4�r2�ðrÞ; (80)

dPðrÞ
dr

¼ �GMðrÞ
r2

�ðrÞ; (81)

where �ðrÞ denotes the rest-mass density. The Eqs. (79)
and (80) can be combined to obtain the gravitational
Poisson equation

d2�ðrÞ
dr2

þ 2

r

d�ðrÞ
dr

¼ 4�G�ðrÞ: (82)

In the uniform approximation (see Sec. II A), the equi-
librium condition given by Eq. (78) reads

~� e þ Ar

Z
Mu� ¼ constant; (83)

where we have neglected the electron rest-mass with re-
spect to the nucleus rest-mass and we have divided the
equation by the total number of electrons Z. This equilib-
rium equation is the classical condition of thermodynamic
equilibrium assumed for nonrelativistic white dwarf mod-
els (see, e.g. [20] for details).

Introducing the above equilibrium condition (83) into
Eq. (82), and using the relation between the nonrelativistic

electron chemical potential and the particle density ne ¼
ð2meÞ3=2 ~�3=2

e =ð3�2ℏ3Þ, we obtain

d2 ~�eðrÞ
dr2

þ 2

r

d ~�eðrÞ
dr

¼ � 27=3m3=2
e ðAr=ZÞ2m2

NG

3�ℏ3
~�3=2
e ðrÞ;
(84)

which is the correct equation governing the equilibrium
of white dwarfs within Newtonian gravitational theory
[20]. It is remarkable that the equation of equilibrium
(84), obtained from the correct application of the
Newtonian limit, does not coincide with the equation given
by [3,33–35], which, as correctly pointed out by [7], is a
mixture of both relativistic and nonrelativistic approaches.
Indeed, the consistent relativistic equations should be
Eq. (76). Therefore a dual relativistic and nonrelativistic
equation of state was used by Chandrasekhar. The pressure
on the left-hand side of Eq. (81) is taken to be given by
relativistic electrons while, the term on the right-hand side
of Eq. (80) and (81) [or the source of Eq. (82)], is taken to
be the rest-mass density of the system instead of the total
relativistic energy density. Such a procedure is equivalent
to take the chemical potential in Eq. (78) as a relativistic
quantity. As we have seen, this is inconsistent with the
weak-field nonrelativistic limit of the general relativistic
equations.

B. The post-Newtonian limit

Indeed, if one were to treat the problem of white dwarfs
approximately without going to the sophistications of
general relativity, but including the effects of relativistic
mechanics, one should use at least the equations in the
post-Newtonian limit. The first-order post-Newtonian ex-
pansion of the Einstein equations (67)–(69) in powers of
P=E and GM=ðc2rÞ leads to the equilibrium equations [36]

d�ðrÞ
dr

¼ � 1

EðrÞ
�
1� PðrÞ

EðrÞ
�
dPðrÞ
dr

; (85)

dMðrÞ
dr

¼ 4�r2
EðrÞ
c2

; (86)

dPðrÞ
dr

¼ �GMðrÞ
r2

EðrÞ
c2

�
�
1þ PðrÞ

EðrÞ þ
4�r3PðrÞ
MðrÞc2 þ 2GMðrÞ

c2r

�
; (87)

where Eq. (87) is the post-Newtonian version of the
Tolman-Oppenheimer-Volkoff equation (69).
Replacing Eq. (74) into Eq. (85) we obtain

�
1� PðrÞ

EðrÞ
�
d�wsðrÞ

dr
þ EðrÞ=c2

nwsðrÞ
d�ðrÞ
dr

¼ 0: (88)

It is convenient to split the energy density as E ¼ c2�þU,
where � ¼ Mwsnws is the rest-energy density and U the
internal energy density. Thus, Eq. (88) becomes
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d�wsðrÞ
dr

þMws

d�ðrÞ
dr

�PðrÞ
EðrÞ

d�wsðrÞ
dr

þ U=c2

nwsðrÞ
d�ðrÞ
dr

¼0;

(89)

which is the differential post-Newtonian version of the
equilibrium equation (76) and where the post-Newtonian
corrections of equilibrium can be clearly seen. Applying
the nonrelativistic limit c ! 1 to Eq. (89): P=E ! 0,
U=c2 ! 0, and �ws ! Mwsc

2 þ ~�ws, we recover the
Newtonian equation of equilibrium (78).

IV. MASS AND RADIUS OF GENERAL
RELATIVISTIC STABLE WHITE DWARFS

A. Inverse �-decay instability

It is known that white dwarfs may become unstable
against the inverse �-decay process ðZ; AÞ ! ðZ� 1; AÞ
through the capture of energetic electrons (see, e.g.
[37–40]). In order to trigger such a process, the electron
Fermi energy must be larger than the mass difference
between the initial nucleus ðZ; AÞ and the final nucleus

ðZ� 1; AÞ. We denote this threshold energy as ��Z .

Usually it is satisfied ��Z�1 < ��Z and therefore the ini-
tial nucleus undergoes two successive decays, i.e. ðZ; AÞ !
ðZ� 1; AÞ ! ðZ� 2; AÞ (see, e.g. [9,41]). Some of the
possible decay channels in white dwarfs with the corre-

sponding known experimental threshold energies ��Z are
listed in Table II. The electrons in the white dwarf may
eventually reach the threshold energy to trigger a given

decay at some critical density ��
crit. Configurations with

� > ��
crit become unstable (see [9,40] for details).

Within the uniform approximation, e.g. in the case of the
Salpeter equation of state [9], the critical density for the
onset of inverse � decay is given by

��;unif
crit ¼ Ar

Z

Mu

3�2ℏ3c3
½ð��Z Þ2 þ 2mec

2��Z �3=2; (90)

where Eq. (15) has been used.

Because the computation of the electron Fermi energy
within the relativistic Feynman-Metropolis-Teller ap-
proach [17] involves the numerical integration of the
relativistic Thomas-Fermi equation (55), no analytic ex-

pression for ��
crit can be found in this case. The critical

density ��;relFMT
crit is then obtained numerically by looking

for the density at which the electron Fermi energy (50)

equals ��Z .
In Table II we show, correspondingly to each threshold

energy ��Z , the critical density both in the Salpeter case

��;unif
crit given by Eq. (90) and in the relativistic Feynman-

Metropolis-Teller case ��;relFMT
crit . It can be seen that

��;relFMT
crit > ��;unif

crit as one should expect from the fact

that, for a given density, the electron density at the
Wigner-Seitz cell boundary satisfies nrelFMT

e < nunife .
This means that, in order to reach a given energy, the
electrons within the relativistic Feynman-Metropolis-
Teller approach must be subjected to a larger density
with respect to the one given by the approximated
Salpeter analytic formula (90).

B. General relativistic instability

The concept of the critical mass has played a major role
in the theory of stellar evolution. For Newtonian white
dwarfs the critical mass is reached asymptotically at infi-
nite central densities of the object. One of the most im-
portant general relativistic effects is to shift this critical
point to some finite density �GR

crit.

This general relativistic effect is an additional source
of instability with respect to the already discussed insta-
bility due to the onset of inverse� decay which, contrary to
the present general relativistic one, applies also in the
Newtonian case by shifting the maximum mass of
Newtonian white dwarfs to finite densities (see, e.g. [40]).

C. Numerical results

In Figs. 3–10 we have plotted the mass-central density
relation and the mass-radius relation of general relativistic
4He, 12C, 16O and 56Fewhite dwarfs. In particular, we show
the results for the Newtonian white dwarfs of Hamada and
Salpeter [11], for the Newtonian white dwarfs of
Chandrasekhar [3] and the general relativistic configura-
tions obtained in this work based on the relativistic
Feynman-Metropolis-Teller equation of state [17].
Since our approach takes into account self-consistently

both �-decay equilibrium and general relativity, we can
determine if the critical mass is reached due either to
inverse �-decay instability or to the general relativistic
instability.
A comparison of the numerical value of the critical

mass as given by Stoner [2], Eq. (1), by Chandrasekhar
[3] and Landau [6], Eq. (2), by Hamada and Salpeter [11]
and, by the treatment presented here can be found in
Table III.

TABLE II. Onset of inverse beta decay instability for 4He, 12C,
16O and 56Fe. The experimental inverse �-decay energies ��Z are

given in MeVand they have been taken from Table 1 of [42]. The
corresponding critical density for the uniform electron density

model, ��;unif
crit given by Eq. (90), is given in g=cm3 as well as the

critical density ��;relFMT
crit for the relativistic Feynman-

Metropolis-Teller case. The numerical values of ��Z are taken

from [43], see also [41]

Decay ��Z ��;relFMT
crit ��;unif

crit

4He ! 3Hþ n ! 4n 20.596 1:39� 1011 1:37� 1011

12C ! 12B ! 12Be 13.370 3:97� 1010 3:88� 1010

16O ! 16N ! 16C 10.419 1:94� 1010 1:89� 1010

56Fe ! 56Mn ! 56Cr 3.695 1:18� 109 1:14� 109
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From the numerical integrations we have obtained:

(i) 4He and 12C white dwarfs satisfy �GR
crit < ��

crit

(see Figs. 3–6 and Tables II and III), so they are
unstable with respect to general relativistic
effects. The critical density of 12C white dwarfs is
�2:12� 1010 g=cm3, to be compared with the value
2:65� 1010 g=cm3 obtained from calculations
based on general relativistic corrections to the theory
of polytropes (see, e.g. [41]).

(ii) White dwarfs composed of heavier material than
12C, e.g. 16O and 56Fe are unstable due to in-
verse � decay of the nuclei (see Figs. 7–10 and
Tables II and III). It is worth noting that the correct
evaluation of general relativistic effects and of the
combined contribution of the electrons to the energy
density of the system introduce, for 12C white

dwarfs, a critical mass not due to the inverse beta
decay. When the contribution of the electrons to the
energy density is neglected (e.g. Chandrasekhar [3]
and Hamada and Salpeter [11], see Eq. (15)) the
critical density for Carbon white dwarfs is deter-
mined by inverse beta decay irrespective of the
effects of general relativity.

(iii) It can be seen from Figs. 3–10 that the drastic
decrease of the Salpeter pressure at low densities
(see [9,17] and Table I for details) produces an
underestimate of the mass and the radius of low
density (low mass) white dwarfs.

(iv) The Coulomb effects are much more pronounced in
the case of white dwarfs with heavy nuclear com-
positions, e.g. 56Fe (see Figs. 9 and 10).

FIG. 3. Mass in solar masses as a function of the central density in the range (left panel) 105–108 g=cm3 and in the range (right
panel) 108–5� 1011 g=cm3 for 4He white dwarfs. The solid curve corresponds to the present work, the dotted curves are the
Newtonian configurations of Hamada and Salpeter and the dashed curve are the Newtonian configurations of Chandrasekhar.

FIG. 4. Mass in solar masses as a function of the radius in units of 104 km for 4He white dwarfs. The left and right panels show the
configurations for the same range of central densities of the corresponding panels of Fig. 3. The solid curve corresponds to the present
work, the dotted curves are the Newtonian configurations of Hamada and Salpeter and the dashed curve are the Newtonian
configurations of Chandrasekhar.
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FIG. 5. Mass in solar masses as a function of the central density in the range (left panel) 105–108 g=cm3 and in the range (right
panel) 108–1011 g=cm3 for 12C white dwarfs. The solid curve corresponds to the present work, the dotted curves are the Newtonian
configurations of Hamada and Salpeter and the dashed curve are the Newtonian configurations of Chandrasekhar.

FIG. 6. Mass in solar masses as a function of the radius in units of 104 km for 12C white dwarfs. The left and right panels show the
configurations for the same range of central densities of the corresponding panels of Fig. 5. The solid curve corresponds to the present
work, the dotted curves are the Newtonian configurations of Hamada and Salpeter and the dashed curve are the Newtonian
configurations of Chandrasekhar.

FIG. 7. Mass in solar masses as a function of the central density in the range (left panel) 105–108 g=cm3 and in the range (right
panel) 108–1011 g=cm3 for 16O white dwarfs. The solid curve corresponds to the present work, the dotted curves are the Newtonian
configurations of Hamada and Salpeter and the dashed curve are the Newtonian configurations of Chandrasekhar.
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FIG. 8. Mass in solar masses as a function of the radius in units of 104 km for 16O white dwarfs. The left and right panels show the
configurations for the same range of central densities of the corresponding panels of Fig. 7. The solid curve corresponds to the present
work, the dotted curves are the Newtonian configurations of Hamada and Salpeter and the dashed curve are the Newtonian
configurations of Chandrasekhar.

FIG. 9. Mass in solar masses as a function of the central density in the range (left panel) 105–108 g=cm3 and in the range (right
panel) 108–3� 109 g=cm3 for 56Fe white dwarfs. The solid curve corresponds to the present work, the dotted curves are the
Newtonian configurations of Hamada and Salpeter and the dashed curve are the Newtonian configurations of Chandrasekhar.

FIG. 10. Mass in solar masses as a function of the radius in units of 104 km for 56Fe white dwarfs. The left and right panels show the
configurations for the same range of central densities of the corresponding panels of Fig. 9. The solid curve corresponds to the present
work, the dotted curves are the Newtonian configurations of Hamada and Salpeter and the dashed curve are the Newtonian
configurations of Chandrasekhar.
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V. CONCLUSIONS

We have addressed the theoretical physics aspects of the
white dwarf configurations of equilibrium, quite apart from
the astrophysical application.

The recently accomplished description of a compressed
atom within the global approach of the relativistic
Feynman, Metropolis and Teller [17] has been here solved
within the Wigner-Seitz cell and applied to the construc-
tion of white dwarfs in the framework of general relativity.
From a theoretical physics point of view, this is the first
unified approach of white dwarfs taking into account con-
sistently the gravitational, the weak, the strong and the
electromagnetic interactions, and it answers open theoreti-
cal physics issues in this matter. No analytic formula for
the critical mass of white dwarfs can be derived and, on the
contrary, the critical mass can obtained only through the
numerical integration of the general relativistic equations
of equilibrium together with the relativistic Feynman-
Metropolis-Teller equation of state.

The value of the critical mass and the radius of
white dwarfs in our treatment and in the Hamada and
Salpeter [11] treatment becomes a function of the composi-
tion of the star. Specific examples have been given in the
case of white dwarfs composed of 4He, 12C, 16O and 56Fe.
The results of Chandrasekhar, of Hamada and Salpeter and
ours have been compared and contrasted (see Table III and
Figs. 3–10).

The critical mass is a decreasing function of Z and
Coulomb effects are more important for heavy nuclear
compositions. The validity of the Salpeter approximate
formulas increases also with Z, namely, for heavy nuclear
compositions the numerical values of the masses as well as
of the radii of white dwarfs obtained using the Salpeter
equation of state are closer to the ones obtained from the

full numerical integration of the general relativistic treat-
ment presented here.
Turning now to astrophysics, the critical mass of white

dwarfs is today acquiring a renewed interest in view of its
central role in the explanation of the supernova phenomena
[44–47]. The central role of the critical mass of white
dwarfs as related to supernova was presented by F. Hoyle
and W. A. Fowler [48] explaining the difference between
type I and type II Supernova. This field has developed in
the intervening years to a topic of high precision research
in astrophysics and, very likely, both the relativistic and the
Coulomb effects outlined in this article will become topic
of active confrontation between theory and observation.
For instance, the underestimate of the mass and the radius
of low density white dwarfs within the Hamada and
Salpeter treatment [11] (see Figs. 3–10) leads to the pos-
sibility of a direct confrontation with observations in the
case of low mass white dwarfs, e.g. the companion of the
Pulsar J1141-6545 [49].
We have finally obtained a general formula in Eq. (76) as

a ‘‘first integral’’ of the general relativistic equations of
equilibrium. This formula relates the chemical potential of
the Wigner-Seitz cells, duly obtained from the relativistic
Feynman-Metropolis-Teller model [17] taking into ac-
count weak, nuclear and electromagnetic interactions, to
the general relativistic gravitational potential at each point
of the configuration. Besides its esthetic value, this is an
important tool to examine the radial dependence of the
white dwarf properties and it can be also applied to the
crust of a neutron star as it approaches to the physical
important regime of neutron star cores.
The formalism we have introduced allows in principle to

evaluate subtle effects of a nuclear density distribution as a
function of the radius and of the Fermi energy of the
electrons and of the varying depth of the general relativistic
gravitational potential. The theoretical base presented in
this article establishes also the correct framework for the
formulation of the more general case when finite tempera-
tures and magnetic fields are present. This treatment natu-
rally opens the way to a more precise description of the
crust of neutron stars, which will certainly become an
active topic of research in view of the recent results by
Goriely et al. [50,51] and by Pearson et al. [52] on the
importance of the Coulomb effects in the r-process nucleo-
synthesis of the crust material during its post-ejection
evolution in the process of gravitational collapse and/or
in the merging of neutron star binaries.
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TABLE III. Critical density and corresponding critical mass
for the onset of gravitational collapse of the Newtonian 4He, 12C,
16O and 56Fe white dwarfs of Hamada [11], based on the Salpeter
equation of state [9], and of the corresponding general relativ-
istic configurations obtained in this work based on the relativistic
Feynman-Metropolis-Teller equation of state [17]. Densities are
in g=cm3 and masses in solar masses. For the sake of compari-
son, the critical mass of Stoner (1) and of the one of
Chandrasekhar-Landau (2) are MStoner

crit � 1:72M� and MCh-L
crit �

1:45M�, for the average molecular weight � ¼ Ar=Z ¼ 2.

�H&S
crit MH&S

crit =M� �FMTrel
crit MFMTrel

crit =M�
4He 1:37� 1011 1.440 64 1:56� 1010 1.409 06
12C 3:88� 1010 1.417 45 2:12� 1010 1.386 03
16O 1:89� 1010 1.406 96 1:94� 1010 1.380 24
56Fe 1:14� 109 1.117 65 1:18� 109 1.106 18
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The Feynman-Metropolis-Teller treatment of compressed atoms is extended to the relativistic regimes. Each
atomic configuration is confined by a Wigner-Seitz cell and is characterized by a positive electron Fermi
energy. The nonrelativistic treatment assumes a pointlike nucleus and infinite values of the electron Fermi
energy can be attained. In the relativistic treatment there exists a limiting configuration, reached when the
Wigner-Seitz cell radius equals the radius of the nucleus, with a maximum value of the electron Fermi energy
(EF

e )max, here expressed analytically in the ultrarelativistic approximation. The corrections given by the relativistic
Thomas-Fermi-Dirac exchange term are also evaluated and shown to be generally small and negligible in the
relativistic high-density regime. The dependence of the relativistic electron Fermi energies by compression for
selected nuclei are compared and contrasted to the nonrelativistic ones and to the ones obtained in the uniform
approximation. The relativistic Feynman-Metropolis-Teller approach here presented overcomes some difficulties
in the Salpeter approximation generally adopted for compressed matter in physics and astrophysics. The treatment
is then extrapolated to compressed nuclear matter cores of stellar dimensions with A � (mPlanck/mn)3 ∼ 1057 or
Mcore ∼ M�. A new family of equilibrium configurations exists for selected values of the electron Fermi energy
varying in the range 0 < EF

e � (EF
e )max. Such configurations fulfill global but not local charge neutrality. They

have electric fields on the core surface, increasing for decreasing values of the electron Fermi energy reaching
values much larger than the critical value Ec = m2

ec
3/(eh̄) for EF

e = 0. We compare and contrast our results with
the ones of Thomas-Fermi model in strange stars.

DOI: 10.1103/PhysRevC.83.045805 PACS number(s): 26.60.Dd, 31.15.bt, 71.10.Ca

I. INTRODUCTION

In a classic article Baym, Bethe, and Pethick [1] presented
the problem of matching, in a neutron star, a liquid core,
composed of Nn neutrons, Np protons, and Ne electrons,
to the crust, taking into account the electrodynamical and
surface tension effects. After discussing the different aspects
of the problem they concluded: The details of this picture
require further elaboration; this is a situation for which
the Thomas-Fermi method is useful. This statement may at
first appear surprising: The Thomas-Fermi model has been
extensively applied in atomic physics (see, e.g., Gombás [2],
March [3], and Lundqvist and March [4]) and has been applied
extensively in atomic physics in its relativistic form (see, e.g.,
Ferreirinho, Ruffini, and Stella [5] and Ruffini and Stella [6])
as well as in the study of atoms with heavy nuclei in the
classic works of Migdal, Popov, and Voskresenskii [7,8].
Similarly there have been considerations of the relativistic
Thomas-Fermi model for quark stars pointing out the existence
of critical electric fields on their surfaces (see, e.g., Alcock,
Farhi, and Olinto [9] and Usov [10]). Similar results have
also been obtained by Alford et al. [11] in the transition at
very high densities, from the normal nuclear matter phase
in the core to the color-flavor-locked phase of quark matter
in the inner core of hybrid stars. No example exists of the
application of the electromagnetic Thomas-Fermi model for

*ruffini@icra.it

neutron stars. This problem can indeed be approached with
merit by studying the simplified but rigorous concept of a
nuclear matter core of stellar dimensions which fulfills the
relativistic Thomas-Fermi equation as discussed by Ruffini
et al. [12], Popov et al. [13] and Popov [14]. As we will see
this work leads to the prediction of the existence of a critical
electric field at the interface between the core and the crust of
a neutron star.

In Ruffini et al. [12] and Popov et al. [13] it is described
a degenerate system of Nn neutrons, Np protons, and Ne

electrons constrained to a constant density distribution for
the protons and it is solved the corresponding relativistic
Thomas-Fermi equation and derived for the neutrons the
distribution following the implementation of the β equilibrium
condition. This generalizes the works of Popov [7,8,15,16]
and Greiner [17,18] by eliminating the constraint Np ≈ A/2,
clearly not valid for heavy nuclei, and enforcing the condition
of β equilibrium self-consistently in a new relativistic Thomas-
Fermi equation. Using then the existence of scaling laws we
have extended in Popov et al. [13] the results from heavy nuclei
to the case of nuclear matter cores of stellar dimensions. In
both these treatments we had assumed the Fermi energy of the
electrons EF

e = 0. The aim of this article is to proceed with
this dual approach and to consider first the case of compressed
atoms and then, using the existence of scaling laws, the
compressed nuclear matter cores of stellar dimensions with
a positive value of their electron Fermi energies.

It is well known that Salpeter has been among the first to
study the behavior of matter under extremely high pressures
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by considering a Wigner-Seitz cell of radius RWS [19].
Salpeter assumed as a starting point the nucleus pointlike
and a uniform distribution of electrons within a Wigner-Seitz
cell and then considered corrections to the above model
due to the inhomogeneity of electron distribution. The first
correction corresponds to the inclusion of the lattice energy
EC = −(9N2

pα)/(10RWS), which results from the pointlike
nucleus-electron Coulomb interaction and from the electron-
electron Coulomb interaction inside the cell of radius RWS.
The second correction is given by a series expansion of the
electron Fermi energy about the average electron density
ne of the uniform approximation. The electron density is
then assumed equals to ne[1 + ε(r)] with ε(r) considered as
infinitesimal. The Coulomb potential energy is assumed to be
the one of the pointlike nucleus with the uniform distribution
of electrons of density ne thus the correction given by ε(r) is
neglected on the Coulomb potential. The electron distribution
is then calculated at first order by expanding the relativistic
electron kinetic energy about its value given by the uniform
approximation, considering as infinitesimal the ratio eV/EF

e

between the Coulomb potential energy eV and the electron
Fermi energy EF

e = √
[cP F

e (r)]2 + m2
ec

4 − mec
2 − eV . The

inclusion of each additional Coulomb correction results in a
decrease of the pressure of the cell PS in comparison to the
uniform one (see Rueda et al. [20] for details).

It is quite difficult to assess the self-consistency of all
the recalled different approximations adopted by Salpeter. In
order to validate and to see the possible limits of the Salpeter
approach, we consider the relativistic generalization of the
Feynman-Metropolis-Teller treatment [21] which takes into
account all electromagnetic and special relativistic contri-
butions automatically and globally. We show explicitly how
this new treatment leads in the case of atoms to electron
distributions that markedly differ from the ones often adopted
in the literature of constant electron density distributions. At
the same time it allows us to overcome some of the difficulties
in current treatments. Similarly, the pointlike description of
the nucleus often adopted in literature is confirmed to be
unacceptable in the framework of a relativistic treatment.

In Sec. II we first recall the nonrelativistic treatment of the
compressed atom by Feynman-Metropolis-Teller. In Sec. III
we generalize that treatment to the relativistic regime by
integrating the relativistic Thomas-Fermi equation, imposing
also the condition of β equilibrium. In Sec. IV we first compare
the new treatment with the one corresponding to a uniform
electron distribution often used in the literature and to the
Salpeter treatment. We also compare and contrast the results
of the relativistic and the nonrelativistic treatment.

In Sec. V, using the same scaling laws adopted by Ruffini
et al. [12] and Popov et al. [13], we turn to the case of
nuclear matter cores of stellar dimensions with mass numbers
A ≈ (mPlanck/mn)3 ∼ 1057 or Mcore ∼ M�, where mn is the
neutron mass and mPlanck = (h̄c/G)1/2 is the Planck mass.
Such a configuration presents global but not local charge
neutrality. Analytic solutions for the ultrarelativistic limit are
obtained. In particular we find: (i) explicit analytic expressions
for the electrostatic field and the Coulomb potential energy;
(ii) an entire range of possible Fermi energies for the electrons
between zero and a maximum value (EF

e )max, reached when

RWS = Rc, which can be expressed analytically; and (iii) the
explicit analytic expression of the ratio between the proton
number Np and the mass number A when RWS = Rc.

We then turn in Sec. VI to the study of the compressional
energy of the nuclear matter cores of stellar dimensions
for selected values of the electron Fermi energy. We show
that the solution with EF

e = 0 presents the largest value of
the electrodynamical structure. We finally summarize the
conclusions in Sec. VII.

II. THE THOMAS-FERMI MODEL FOR COMPRESSED
ATOMS: THE FEYNMAN-METROPOLIS-TELLER

TREATMENT

A. The classical Thomas-Fermi model

The Thomas-Fermi model assumes that the electrons of an
atom constitute a fully degenerate gas of fermions confined
in a spherical region by the Coulomb potential of a pointlike
nucleus of charge +eNp [22,23]. Feynman, Metropolis, and
Teller have shown that this model can be used to derive the
equation of state of matter at high pressures by considering a
Thomas-Fermi model confined in a Wigner-Seitz cell of radius
RWS [21].

We recall that the condition of equilibrium of the electrons
in an atom, in the nonrelativistic limit, is expressed by(

P F
e

)2

2me

− eV = EF
e , (1)

where me is the electron mass, V is the electrostatic potential,
and EF

e is their constant Fermi energy.
The electrostatic potential fulfills, for r > 0, the Poisson

equation

∇2V = 4πene, (2)

where the electron number density ne is related to the Fermi
momentum P F

e by

ne =
(
P F

e

)3

3π2h̄3 . (3)

For neutral atoms and ions ne vanishes at the boundary so the
electron Fermi energy is, respectively, zero or negative. In the
case of compressed atoms ne does not vanish at the boundary
while the Coulomb potential energy eV does. Consequently
EF

e is positive.
Defining

eV (r) + EF
e = e2Np

φ(r)

r
, (4)

and introducing the new dimensionless radial coordinate η as

r = bη with b = (3π )2/3

27/3

1

N
1/3
p

h̄2

mee2
= σ

N
1/3
p

rBohr, (5)

where σ = (3π )2/3/27/3 ≈ 0.88, rBohr = h̄2/(mee
2) is the

Bohr radius, we obtain the following expression for the
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electron number density

ne(η) = Np

4πb3

[
φ(η)

η

]3/2

, (6)

and then Eq. (2) can be written in the form

d2φ(η)

dη2
= φ(η)3/2

η1/2
, (7)

which is the classic Thomas-Fermi equation [23]. A first
boundary condition for this equation follows from the pointlike
structure of the nucleus

φ(0) = 1. (8)

A second boundary condition comes from the conservation of
the number of electrons Ne = ∫ RWS

0 4πne(r)r2dr

1 − Ne

Np

= φ(η0) − η0φ
′(η0), (9)

where η0 = RWS/b defines the radius RWS of the Wigner-Seitz
cell.

In the case of compressed atoms Ne = Np so the Coulomb
potential energy eV vanishes at the boundary RWS. As a result,
using Eqs. (1) and (3), the Fermi energy of electrons satisfies
the universal relation

σrBohr

e2

EF
e

N
4/3
p

= φ(η0)

η0
, (10)

while the Wigner-Seitz cell radius RWS satisfies the universal
relation

RWS

σrBohrN
−1/3
p

= η0. (11)

Therefore in the classic treatment η0 can approach zero
and consequently the range of the possible values of the
Fermi energy extends from zero to infinity. The results are
summarized in Figs. 1 and 2.

B. The Thomas-Fermi-Dirac model

Dirac has introduced modifications to the original Thomas-
Fermi theory to include effects of the exchange interaction
[24]. In this case the condition of equilibrium of the electrons
in the atom is generalized as follows:

(
P F

e

)2

2me

− eV − e2

πh̄
P F

e = EF
e . (12)

The electron number density is now connected to the
Coulomb potential energy by

ne = 1

3π5

1

r3
Bohr

[
1 +

√
1 + 2π2

rBohr

e2

(
eV + EF

e

)]3

. (13)
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FIG. 1. Physically relevant solutions of the Thomas-Fermi equa-
tion (7) with the boundary conditions (8) and (9). Curve 1 refers to
a neutral compressed atom. Curve 2 refers to a neutral free atom.
Curve 3 refers to a positive ion. The dotted straight line is the tangent
to curve 1 at the point [η0, φ(η0)] corresponding to overall charge
neutrality [see Eq. (9)].

Defining

1

2π2

e2

rBohr
+ eV (r) + EF

e = e2Np

χ (r)

r
, (14)

the Eq. (2) can be written in dimensionless form as

d2φ(η)

dη2
= η

[
d +

(
φ(η)

η

)1/2
]3

, (15)

where d = [3/(32π2)]1/3(1/Np)2/3. The boundary condition
for Eq. (15) are φ(0) = 1 and η0φ

′(η0) = φ(η0).
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100
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σ
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r
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2

N
p4/

3 )

RWS/(σ rBohr Np
-1/3)

FIG. 2. The electron Fermi energy EF
e , in units of

e2N 4/3
p /(σrBohr), is plotted as a function of the Wigner-Seitz cell

radius RWS, in units of σrBohrN
−1/3
p [see Eqs. (10) and (11)]. Points

refer to the numerical integrations of the Thomas-Fermi equation (7)
performed originally by Feynman, Metropolis, and Teller in Ref. [21].
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III. THE RELATIVISTIC GENERALIZATION OF THE
FEYNMAN-METROPOLIS-TELLER TREATMENT

A. The relativistic Thomas-Fermi model for atoms

In the relativistic generalization of the Thomas-Fermi
equation the pointlike approximation of the nucleus must be
abandoned [5,6] since the relativistic equilibrium condition

EF
e =

√
(P F

e c)2 + m2
ec

4 − mec
2 − eV (r), (16)

which generalizes the Eq. (1), would lead to a nonintegrable
expression for the electron density near the origin. Conse-
quently we adopt an extended nucleus. Traditionally the radius
of an extended nucleus is given by the phenomenological
relation Rc = r0A

1/3, where A is the number of nucleons and
r0 = 1.2 × 10−13 cm. Further, it is possible to show from the
extremization of the semiempirical Weizsacker mass formula
that the relation between A and Np is given by (see, e.g.,
Segrè [25] and Ferreirinho, Ruffini, and Stella [5])

Np ≈
[

2

A
+ 2aC

aA

1

A1/3

]−1

≈
[

2

A
+ 3

200

1

A1/3

]−1

, (17)

where aC ≈ 0.71 MeV, aA ≈ 93.15 MeV are the Coulomb and
the asymmetry coefficients respectively. In the limit of small
A Eq. (17) gives

Np ≈ A

2
. (18)

In Ref. [13] we have relaxed the condition Np ≈ A/2 adopted,
e.g., in Refs. [8,17] as well as the condition Np ≈ [2/A +
3/(200A1/3)]−1 adopted, e.g., in Refs. [5,6] by imposing
explicitly the β decay equilibrium among neutron, protons,
and electrons.

In particular, following the previous treatments (see, e.g.,
Ref. [13]), we have assumed a constant distribution of protons
confined in a radius Rc defined by

Rc = 	
h̄

mπc
N1/3

p , (19)

where mπ is the pion mass and 	 is a parameter such
that 	 ≈ 1 (	 < 1) corresponds to nuclear (supranuclear)
densities when applied to ordinary nuclei. Consequently, the
proton density can be written as

np(r) = Np

4
3πR3

c

θ (Rc − r) = 3

4π

m3
πc3

h̄3

1

	3
θ (Rc − r), (20)

where θ (x) is the Heaviside function which by definition is
given by

θ (x) =
{

0, x < 0,

1, x > 0.
(21)

The electron density is given by

ne(r) =
(
P F

e

)3

3π2h̄3 = 1

3π2h̄3c3
[e2V 2(r) + 2mec

2eV (r)]3/2,

(22)

where V is the Coulomb potential.

The overall Coulomb potential satisfies the Poisson equa-
tion

∇2V (r) = −4πe[np(r) − ne(r)], (23)

with the boundary conditions V (∞) = 0 (due to global charge
neutrality) and finiteness of V (0).

Using Eqs. (4) and (5) and replacing the particle densities
(20) and (22) into the Poisson equation (23) we obtain the
relativistic Thomas-Fermi equation

d2φ(η)

dη2
= −3η

η3
c

θ (ηc − η) + φ3/2

η1/2

[
1 +

(
Np

N crit
p

)4/3
φ

η

]3/2

,

(24)

where φ(0) = 0, φ(∞) = 0, and ηc = Rc/b. The critical
number of protons N crit

p is defined by

N crit
p =

√
3π

4
α−3/2, (25)

where, as usual, α = e2/(h̄c).
It is interesting that by introducing the new dimensionless

variable

x = r

λπ

= b

λπ

η, (26)

and the function

χ = αNpφ, (27)

where λπ = h̄/(mπc), Eq. (24) assumes a canonical form, the
master relativistic Thomas-Fermi equation (see Ruffini [26])

1

3x

d2χ (x)

dx2
= − α

	3
θ (xc − x) + 4α

9π

[
χ2(x)

x2
+ 2

me

mπ

χ

x

]3/2

,

(28)

where xc = Rc/λπ with the boundary conditions χ (0) = 0,
χ (∞) = 0. The neutron density nn(r), related to the neutron
Fermi momentum P F

n = (3π2h̄3nn)1/3, is determined, as in the
previous case [13], by imposing the condition of β equilibrium

EF
n =

√(
P F

n c
)2 + m2

nc
4 − mnc

2

=
√(

P F
p c

)2 + m2
pc4 − mpc2 + eV (r), (29)

which in turn is related to the proton density np and the electron
density by Eqs. (22) and (23). Integrating numerically these
equations we have obtained a new generalized relation between
A and Np for any value of A. In the limit of small A this result
agrees with the phenomenological relations given by Eqs. (17)
and (18), as is clearly shown in Fig. 3.

B. The relativistic Thomas-Fermi model for compressed atoms

We turn now to the case of compressed atoms in which the
electron Fermi energy is positive. The relativistic generaliza-
tion of the equilibrium condition (1) now reads

EF
e =

√(
P F

e c
)2 + m2

ec
4 − mec

2 − eV (r) > 0 . (30)
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FIG. 3. The A-Np relation at nuclear density (solid line) obtained
from first principles compared with the phenomenological expres-
sions given by Np ≈ A/2 (dashed line) and Eq. (17) (dotted line).
The asymptotic value, for A → (mPlanck/mn)3, is Np ≈ 0.0046A.

Adopting an extended-nucleus with a radius given by Eq. (19)
and a proton density given by Eq. (20) the Poisson equa-
tion (23), with the following electron density

ne(r) =
(
P F

e

)3

3π2h̄3 = 1

3π2h̄3c3
[e2V̂ 2(r) + 2mec

2eV̂ (r)]3/2,

(31)

gives again the master relativistic Thomas-Fermi equation (28)
where χ/r = eV̂ (r)/(ch̄) and eV̂ = eV + EF

e .
In this case Eq. (28) has to be integrated with the boundary

conditions χ (0) = 0, χ (xWS) = xWSχ
′(xWS), xWS = RWS/λπ .

Using Eqs. (4), (26), and (27) we obtain the electron Fermi
energy in the form

EF
e = mπc2 χ (xWS)

xWS
. (32)

The neutron density nn(r), related to the neutron Fermi
momentum P F

n = (3π2h̄3nn)1/3, is determined by imposing
the condition of β equilibrium

EF
n =

√(
P F

n c
)2 + m2

nc
4 − mnc

2

=
√(

P F
p c

)2 + m2
pc4 − mpc2 + eV (r) + EF

e . (33)

Using this approach, it is then possible to determine the
β equilibrium nuclide as a function of the density of the
system. In fact, electrons and protons can be converted to
neutrons in inverse β decay p + e− → n + νe if the con-

dition EF
n <

√
(P F

p c)2 + m2
pc4 − mpc2 + eV (r) + EF

e holds.

The condition of equilibrium (33) is crucial, for exam-
ple, in the construction of a self-consistent equation of
state of high-energy-density matter present in white dwarfs
and neutron star crusts [20]. In the case of zero electron
Fermi energy the generalized A − Np relation of Fig. 3 is
obtained.

C. The relativistic Thomas-Fermi-Dirac model
for compressed atoms

We now take into account the exchange corrections to the
relativistic Thomas-Fermi equation (28). In this case we have
(see Ref. [8], for instance)

EF
e =

√(
cP F

e

)2 + m2
ec

4 − mec
2 − eV − α

π
cP F

e = const.

(34)

Introducing the function χ (r) as before

EF
e + eV = eV̂ = h̄c

χ

r
, (35)

we obtain the electron number density

ne = 1

3π2h̄3c3

{
γ (mec

2 + eV̂ ) + [(eV̂ )2 + 2mec
2eV̂ ]1/2

×
[

(1 + γ 2)(mec
2 + eV̂ )2 − m2

ec
4

(mec2 + eV̂ )2 − m2
ec

4

]1/2}3

, (36)

where γ = (α/π )/(1 − α2/π2).
If we take the approximation 1 + γ 2 ≈ 1 the above equation

becomes

ne = 1

3π2h̄3c3
{γ (mec

2+eV̂ )+[(eV̂ )2 + 2mec
2eV̂ ]1/2}3 .

(37)

The second term on the right-hand-side of Eq. (37) has the
same form of the electron density given by the relativistic
Thomas-Fermi approach without the exchange correction (31)
and therefore the first term shows the explicit contribution of
the exchange term to the electron density.

Using the full expression of the electron density given
by Eq. (36) we obtain the relativistic Thomas-Fermi-Dirac
equation

1

3x

d2χ (x)

dx2

= − α

	3
θ (xc − x)

+ 4α

9π

{
γ

(
me

mπ

+ χ

x

)
+

[(χ

x

)2
+ 2

me

mπ

χ

x

]1/2

×
[

(1 + γ 2)(me/mπ + χ/x)2 − (me/mπ )2

(me/mπ + χ/x)2 − (me/mπ )2

]1/2
}3

,

(38)

which by applying the approximation 1 + γ 2 ≈ 1 becomes

1

3x

d2χ (x)

dx2
= − α

	3
θ (xc − x) + 4α

9π

{
γ

(
me

mπ

+ χ

x

)

+
[(

χ

x

)2

+ 2
me

mπ

χ

x

]1/2}3

. (39)

The boundary conditions for Eq. (38) are χ (0) = 0 and
χ (xWS) = xWSχ

′(xWS). The neutron density can be obtained
as before by using the β equilibrium condition (33) with the
electron Fermi energy given by Eq. (34).
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FIG. 4. The electron Fermi energy in units of mπc2N 4/3
p is plotted

for helium, carbon, and iron, as a function of the ratio RWS/Rc in
the relativistic Feynman-Metropolis-Teller (FMT) treatment with and
without the exchange effects. Here RWS denotes the Wigner-Seitz cell
radius and Rc is the nucleus radius as given by Eq. (19). It is clear that
the exchange terms are appreciable only in the low-density region and
are negligible as RWS → Rc.

In Fig. 4 we show the results of the numerical integration
of the relativistic Thomas-Fermi equation (28) and of the
relativistic Thomas-Fermi-Dirac equation (38) for helium,
carbon, and iron. In particular, we show the electron Fermi
energy multiplied by N

−4/3
p as a function of the ratio RWS/Rc

between the Wigner-Seitz cell radius RWS and the nucleus
radius Rc given by Eq. (19).

The effects of the exchange term are appreciable only in the
low-density (low compression) region, i.e., when RWS 	 Rc

(see Fig. 4). We can then conclude in total generality that the
correction given by the Thomas-Fermi-Dirac exchange term
is small in the nonrelativistic low-compression (low-density)
regime and negligible in the relativistic high-compression
(high-density) regime.

IV. COMPARISON AND CONTRAST WITH
APPROXIMATE TREATMENTS

There exists in the literature a variety of semiqualitative
approximations adopted in order to describe the electron
component of a compressed atom (see, e.g., Bürvenich,
Mishustin, and Greiner [27] for applications of the uniform
approximation and, e.g., Chabrier and Potekhin [28], Potekhin,
Chabrier, and Rogers [29], Douchin and Haensel [30], and
Haensel and Zdunik [31–33] for applications of the Salpeter
approximate treatment).

We shall see how the relativistic treatment of the Thomas-
Fermi equation affects the current analysis of compressed
atoms in the literature by introducing qualitative and quan-
titative differences which deserve attention.

A. Relativistic FMT treatment versus relativistic uniform
approximation

One of the most used approximations in the treatment of the
electron distribution in compressed atoms is the one in which,

for a given nuclear charge +eNp, the Wigner-Seitz cell radius
RWS is defined by

Np = 4π

3
R3

WSne, (40)

where ne = (P F
e )3/(3π2h̄3). The Eq. (40) ensures the global

neutrality of the Wigner-Seitz cell of radius RWS assuming a
uniform distribution of electrons inside the cell.

We shall first compare the Feynman-Metropolis-Teller
treatment, previously introduced, with the uniform approx-
imation for the electron distribution. In view of the results
of the preceding section, hereafter we shall consider the
nonrelativistic and the relativistic formulation of the Feynman-
Metropolis-Teller treatment with no Thomas-Fermi-Dirac
exchange correction.

In Fig. 5 we have plotted the electron number density
obtained from Eq. (31) where the Coulomb potential is related
to the function χ , which is obtained from numerical integration
of the relativistic Thomas-Fermi equation (28) for different
compressions for helium and iron. We have normalized the
electron density to the average electron number density n0 =
3Ne/(4πR3

WS) = 3Np/(4πR3
WS) as given by Eq. (40).

We can see in Fig. 5 how our treatment, based on
the numerical integration of the relativistic Thomas-Fermi
equation (28) and imposing the condition of β equilibrium
(33), leads to electron density distributions that differ markedly
from the constant electron density approximation.

From Eqs. (30) and (40) and taking into account the global
neutrality condition of the Wigner-Seitz cell eV (RWS) = 0,
the electron Fermi energy in the uniform approximation can
be written as

EF
e �

[
− me

mπ

+
√(

me

mπ

)2

+
(

9π

4

)2/3
N

2/3
p

x2
WS

]
mπc2.

(41)

We show in Fig. 6 the electron Fermi energy as a
function of the average electron density n0 = 3Ne/(4πR3

WS) =
3Np/(4πR3

WS) in units of the nuclear density nnuc =
3A/(4π	3Npλ3

π ). For selected compositions we show the
results for the relativistic Feynman-Metropolis-Teller treat-
ment, based on the numerical integration of the relativistic
Thomas-Fermi equation (28) and for the relativistic uniform
approximation.

As clearly shown in Fig. 5 and summarized in Fig. 6 the
relativistic treatment leads to results strongly dependent at low
compression from the nuclear composition. The corresponding
value of the electron Fermi energy derived from a uniform
approximation overevaluates the true electron Fermi energy
(see Fig. 6). In the limit of high compression the relativistic
curves asymptotically approach the uniform one (see also
Fig. 5).

The uniform approximation becomes exact in the limit
when the electron Fermi energy acquires its maximum value
as given by

(EF
e )max �

[
− me

mπ

+
√(

me

mπ

)2

+
(

3π2

2

)2/3(
Np

A

)2/3]
mπc2,

(42)
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FIG. 5. The electron number density ne in units of the average electron number density n0 = 3Ne/(4πR3
WS) is plotted as a function of

the dimensionless radial coordinate x = r/λπ for the selected compressions xWS = 9.7 (upper panels), xWS = 3 × 103 (middle panels) and
xWS = 104 (bottom panels), in both the relativistic Feynman-Metropolis-Teller approach and the uniform approximation respectively for helium
(panels on the left) and iron (panels on the right).

which is attained when RWS coincides with the nuclear radius
Rc. Here, the maximum electron Fermi energy (42) is obtained
by replacing in Eq. (41) the value of the normalized Wigner-
Seitz cell radius xWS = xc = Rc/λπ ≈ [(3/2)π ]1/3A1/3.

B. Relativistic FMT treatment vs. Salpeter approximate
treatment

Corrections to the uniform distribution were also studied
by Salpeter [19] and his approximations are largely applied in
physics (see, e.g., Chabrier and Potekhin [28] and Potekhin,

Chabrier, and Rogers [29]) and astrophysics (see, e.g., Douchin
and Haensel [30] and Haensel and Zdunik [31–33]).

Keeping the pointlike nucleus assumption, Salpeter [19]
studied the corrections to the above models due to the inho-
mogeneity of the electron distribution inside the Wigner-Seitz
cell. He expressed an analytic formula for the total energy of a
Wigner-Seitz cell based on Coulomb corrections to the uniform
distribution of electrons. The first correction corresponds to
the inclusion of the lattice energy EC = −(9N2

pα)/(10RWS),
which results from the pointlike nucleus-electron Coulomb
interaction and from the electron-electron Coulomb interaction
inside the cell of radius Rws. The second correction is given
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FIG. 6. The electron Fermi energy EF
e in units of the pion

rest energy is plotted as a function of the average electron den-
sity n0 = 3Ne/(4πR3

WS) in units of the nuclear density nnuc =
3A/(4π	3Npλ3

π ) for a uniform approximation (solid line) compared
and contrasted to the ones obtained considering the relativistic
Feynman-Metropolis-Teller approach. The arrow and the dot indicate
the value of the maximum electron Fermi energy as given by Eq. (42),
consistent with the finite size of the nucleus.

by a series expansion of the electron Fermi energy about the
average electron density ne given by Eq. (40) the uniform
approximation ne = 3Np/(4πR3

WS). The electron density is
then assumed to be equal to ne[1 + ε(r)] with ε(r) considered
as infinitesimal. The Coulomb potential energy is assumed to
be the one of the pointlike nuclei with the uniform distribution
of electrons of density ne, thus the correction given by ε(r) is
neglected on the Coulomb potential. The electron distribution
is then calculated at first order by expanding the relativistic
electron kinetic energy

εk =
√[

cP F
e (r)

]2 + m2
ec

4 − mec
2

=
√

(3π2ne)2/3[1 + ε(r)]2/3 + m2
ec

4 − mec
2, (43)

about its value given by the uniform approximation

εunif
k =

√
(3π2ne)2/3 + m2

ec
4 − mec

2, (44)

considering as infinitesimal the ratio eV/EF
e between the

Coulomb potential energy eV and the electron Fermi energy
EF

e = √
[cP F

e (r)]2 + m2
ec

4 − mec
2 − eV . The effect of the

Dirac electron-exchange correction [24] on the equation of
state was also considered by Salpeter [19]. However, adopting
the general approach of Migdal et al. [8], these effects are
negligible in the relativistic regime (see Sec. III C).

The inclusion of each additional Coulomb correction results
in a decreasing of the pressure of the cell PS (see Ref. [20] for
details). However, despite the fact that it is very interesting in
identifying piecewise contributions to the total pressure, the
validity of the Salpeter approach needs verification through
a more general treatment. For instance, the failure of the
Salpeter formulas can be seen at densities of the order of ∼102–
103 g cm−3 for nuclei with large Np, as in the case of iron,
where the pressure becomes negative (see Table I). Therefore,
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FIG. 7. The electron Fermi energies in units of mπc2N 4/3
p for

helium, carbon, and iron are plotted as a function of the ratio
RWS/(λπN−1/3

p ) respectively in the nonrelativistic and in the relativis-
tic Feynman-Metropolis-Teller (FMT) treatment. The dimensionless
quantities have been chosen in order to obtain a universal curve
in the nonrelativistic treatment following Eqs. (10) and (11). The
relativistic treatment leads to results where the electron Fermi energy
is dependent on the nuclear composition and systematically smaller
than the nonrelativistic ones. The electron Fermi energy can attain
arbitrary large values, in the nonrelativistic treatment, as the pointlike
nucleus is approached.

the problem of solving the relativistic Thomas-Fermi equation
within the Feynman-Metropolis-Teller approach becomes a
necessity, since this approach gives all the possible Coulomb
and relativistic contributions automatically and correctly.

C. Relativistic FMT treatment versus nonrelativistic
FMT treatment

We now compare and contrast the Fermi energy, given by
Eq. (32), of a compressed atom in the nonrelativistic and the
relativistic limit (see Fig. 7). There are the following major
differences:

(i) The electron Fermi energy in the relativistic treatment
is strongly dependent on the nuclear composition, while the
nonrelativistic treatment presents a universal behavior in the
units of Fig. 7. In the limit of low densities the relativistic
curves approach the universal nonrelativistic curve. In the
nonrelativistic treatment the ratio EF

e /(mπc2N
4/3
p ) does not

depend on the number of protons Np if the Wigner-Seitz cell
radius RWS is multiplied by N

1/3
p [see Eqs. (10) and (11)]. This

universality is lost in the relativistic treatment since there is no
way to eliminate the dependence of the electron Fermi energy
on the nuclear composition (see Eq. (28) and [5]).

(ii) The relativistic treatment leads to values of the electron
Fermi energy consistently smaller than the ones of the
nonrelativistic treatment.

(iii) While in the nonrelativistic treatment the electron
Fermi energy can reach, by compression, infinite values as
RWS → 0, in the relativistic treatment it reaches a perfectly
finite value given by Eq. (42) attained when RWS coincides
with the nuclear radius Rc.
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It is clear then, from above considerations, the relativistic
treatment of the Thomas-Fermi equation introduces significant
differences from the current approximations in the literature:
(a) the uniform electron distribution [27], (b) the approximate
perturbative solutions departing from the uniform distribution
[19], and (c) the nonrelativistic treatment [21]. We have
recently applied these results of the relativistic Feynman-
Metropolis-Teller treatment of a compressed atom to the study
of white dwarfs and their consequences on the determination
of their masses, radii, and critical mass [20].

V. APPLICATION TO NUCLEAR MATTER CORES OF
STELLAR DIMENSIONS

We turn now to nuclear matter cores of stellar dimensions
of A � (mPlanck/mn)3 ∼ 1057 or Mcore ∼ M�.

Following the treatment presented in Popov et al. [13],
we use the existence of scaling laws and proceed to the
ultrarelativistic limit of Eqs. (20), (28), (31), and (33).
For positive values of the electron Fermi energy EF

e , we
introduce the new function φ = 41/3(9π )−1/3χ	/x and the
new variable x̂ = kx, where k = (12/π )1/6 √

α	−1, as well
as the variable ξ = x̂ − x̂c in order to describe better
the region around the core radius.

Equation (28) becomes

d2φ̂(ξ )

dξ 2
= −θ (−ξ ) + φ̂(ξ )3, (45)

where φ̂(ξ ) = φ(ξ + x̂c) and the curvature term 2φ̂′(ξ )/(ξ +
x̂c) has been neglected.

The Coulomb potential energy is given by

eV (ξ ) =
(

9π

4

)1/3 1

	
mπc2φ̂(ξ ) − EF

e , (46)

corresponding to the electric field

E(ξ ) = −
(

35π

4

)1/6 √
α

	2

m2
πc3

eh̄
φ̂′(ξ ) (47)

and the electron number-density

ne(ξ ) = 1

3π2h̄3c3

(
9π

4

)
1

	3
(mπc2)3φ̂3(ξ ). (48)

In the core center we must have ne = np. From Eqs. (20) and
(48) we then have ξ = −x̂c, φ̂(−x̂c) = 1.

In order to consider a compressed nuclear density core
of stellar dimensions, we then introduce a Wigner-Seitz cell
determining the outer boundary of the electron distribution
which, in the new radial coordinate ξ is characterized by ξWS.
In view of the global charge neutrality of the system the electric
field goes to zero at ξ = ξWS. This implies, from Eq. (47), that
φ̂′(ξWS) = 0.

We now turn to the determination of the Fermi energy of
the electrons in this compressed core. The function φ̂ and its
first derivative φ̂′ must be continuous at the surface ξ = 0 of
the nuclear density core. This boundary-value problem can be

solved analytically and indeed Eq. (45) has the first integral,

2[φ̂′(ξ )]2 =
{

φ̂4(ξ ) − 4φ̂(ξ ) + 3, ξ < 0,

φ̂4(ξ ) − φ4(ξWS), ξ > 0,
(49)

with boundary conditions at ξ = 0:

φ̂(0) = φ̂4(ξWS) + 3

4
, φ̂′(0) = −

√
φ̂4(0) − φ̂4(ξWS)

2
.

(50)

Having fulfilled the continuity condition we integrate Eq. (49),
obtaining for ξ � 0

φ̂(ξ ) = 1 − 3[1 + 2−1/2 sinh(a −
√

3ξ )]−1, (51)

where the integration constant a has the value

sinh(a) =
√

2

[
11 + φ̂4(ξWS)

1 − φ̂4(ξWS)

]
. (52)

In the interval 0 � ξ � ξWS, the field φ̂(ξ ) is implicitly given
by

F

[
arccos

φ̂(ξWS)

φ̂(ξ )
,

1√
2

]
= φ̂(ξWS)(ξ − ξWS), (53)

where F (ϕ, k) is the elliptic function of the first kind
and F (0, k) ≡ 0. For F (ϕ, k) = u, the inverse function ϕ =
F−1(u, k) = am(u, k) is the well-known Jacobi amplitude. In
terms of it, we can express the solution (53) for ξ > 0 as,

φ̂(ξ ) = φ̂(ξWS)

(
cos

{
am

[
φ̂(ξWS)(ξ − ξWS),

1√
2

]})−1

.

(54)

In the present case of EF
e > 0 the ultrarelativistic ap-

proximation is indeed always valid up to ξ = ξWS for high
compression factors, i.e., for RWS � Rc. In the case of EF

e =
0, ξWS → ∞, there is a breakdown of the ultrarelativistic
approximation when ξ → ξWS. Details are given in Figs. 8, 9,
and 10.

We can now estimate two crucial quantities of the solutions:
the Coulomb potential at the center of the configuration and
the electric field at the surface of the core:

eV (0) �
(

9π

4

)1/3 1

	
mπc2 − EF

e , (55)

Emax � 2.4

√
α

	2

(
mπ

me

)2

Ec|φ̂′(0)| , (56)

where Ec = m2
ec

3/(eh̄) is the critical electric field for vacuum
polarization. These functions depend on the value φ̂(ξWS)
via Eqs. (49)–(53). At the boundary ξ = ξWS, due to the
global charge neutrality, both the electric field E(ξWS) and
the Coulomb potential eV (ξWS) vanish. From Eq. (46), we
determine the value of φ̂(ξ ) at ξ = ξWS

φ̂(ξWS) = 	

(
4

9π

)1/3
EF

e

mπc2
, (57)
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FIG. 8. The electron Coulomb potential energies, in units of the
pion rest energy in a nuclear matter core of stellar dimensions with
A � 1057 or Mcore ∼ M� and Rc ≈ 106 cm, are plotted as a function
of the dimensionless variable ξ for different values of the electron
Fermi energy, also in units of the pion rest energy. The solid line
corresponds to null electron Fermi energy. By increasing the value
of the electron Fermi energy the electron Coulomb potential energy
depth is reduced.

as a function of the electron Fermi energies EF
e . From the above

Eq. (57), one can see that there exists a solution, characterized
by the value of electron Fermi energy

(EF
e )max

mπc2
= 1

	

(
9π

4

)1/3

, (58)

such that φ̂(ξWS) = 1. From Eq. (53) and ξ = 0, we also have

ξWS[φ̂(ξWS)] =
{

1

φ̂(0)
F

[
arccos

(
4 − 3

φ̂(0)

)
,

1√
2

]}
.

(59)
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FIG. 9. Solutions of the ultrarelativistic Thomas-Fermi equation
(45) for different values of the Wigner-Seitz cell radius RWS and,
correspondingly, of the electron Fermi energy in units of the pion rest
energy as in Fig. 8, near the core surface. The solid line corresponds
to null electron Fermi energy.
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FIG. 10. The electric field in units of the critical field for vacuum
polarization Ec = m2

ec
3/(eh̄) is plotted as a function of the coordinate

ξ for different values of the electron Fermi energy in units of the pion
rest energy. The solid line corresponds to the case of null electron
Fermi energy. When the value of the electron Fermi energy increases
there is a reduction of the peak of the electric field.

For φ̂(ξWS) = 1, from Eq. (50) follows φ̂(0) = 1 hence
Eq. (59) becomes

ξWS[φ̂(0)] = F

[
0,

1√
2

]
. (60)

It is well known that if the inverse Jacobi amplitude
F [0, 1/

√
2] is zero, then

ξWS[φ̂(ξWS] = φ̂(0) = 1) = 0. (61)

Indeed from φ̂(ξWS) = 1 follows φ̂(0) = 1 and ξWS = 0.
When ξWS = 0 from Eq. (50) follows φ̂′(0) = 0 and, using
Eq. (56), Emax = 0. In other words, for the value of EF

e

fulfilling Eq. (57), no electric field exists on the boundary of
the core and from Eq. (48) and Eqs. (19) and (20) it follows that
indeed this is the solution fulfilling both global Ne = Np and
local ne = np charge neutrality. In this special case, starting
from Eq. (33) and A = Np + Nn, we obtain

(
EF

e

)3/2
max =

9π
4 (h̄c)3 A

R3
c

− (
EF

e

)3
max

23/2
[(

9π
4 (h̄c)3 A

R3
c

− (
EF

e

)3
max

)2/3 + m2
nc

4
]3/4 .

(62)

In the ultrarelativistic approximation (EF
e )3

max/
9π
4 (h̄c)3 A

R3
c

� 1
so Eq. (62) can be approximated to

(
EF

e

)
max = 21/3 mn

mπ

γ

[
−1 +

√
1 + β

2γ 3

]2/3

mπc2, (63)

where

β = 9π

4

(
h̄

mnc

)3
A

R3
c

, γ =
√

1 + β2/3. (64)
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The corresponding limiting value to the Np/A ratio is
obtained as follows:

Np

A
= 2γ 3

β

[
−1 +

√
1 + β

2γ 3

]2

. (65)

Inserting Eqs. (63) and (64) into Eq. (65) one obtains the
ultrarelativistic limit of Eq. (42), since the electron Fermi
energy, in view of the scaling laws introduced in Ref. [13],
is independent of the value of A and depends only on the
density of the core.

The Np independence in the limiting case of maximum
electron Fermi energy attained when RWS = Rc, in which
the ultrarelativistic treatment approaches the uniform one,
and the Np dependence for smaller compressions RWS > Rc

can be understood as follows. Let see the solution to the
ultrarelativistic equation (45) for small ξ > 0. Analogously
to the Feynman-Metropolis-Teller approach to the nonrela-
tivistic Thomas-Fermi equation, we solve the ultrarelativistic
equation (45) for small ξ . Expanding φ̂(ξ ) about ξ = 0 in a
semiconvergent power series

φ̂(ξ )

φ̂(0)
= 1 +

∞∑
n=2

anξ
n/2 (66)

and substituting it into the ultrarelativistic equation (45), we
have

∞∑
k=3

ak

k(k − 2)

4
ξ (k−4)/2 = φ2(0) exp

[
3 ln

(
1 +

∞∑
n=2

anξ
n/2

)]
.

(67)

This leads to a recursive determination of the coefficients:

a3 = 0, a4 = φ2(0)/2, a5 = 0,

a6 = φ2(0)a2/2, a7 = 0, a8 = φ2(0)
(
1 − a2

2

)/
8, . . . ,

(68)

with a2 = φ̂′(0)/φ̂(0) determined by the initial slope, namely
the boundary condition φ̂′(0) and φ̂(0) in Eq. (50):

φ̂(0) = φ̂4(ξWS) + 3

4
, φ̂′(0) = −

√
φ̂4(0) − φ̂4(ξWS)

2
.

(69)

Thus the series solution (66) is uniquely determined by the
boundary value φ̂(ξWS) at the Wigner-Seitz cell radius.

Now we consider the solution up to the leading orders

φ̂(ξ ) = φ̂(0) + φ̂′(0)ξ + 1
2 φ̂3(0)ξ 2 + 1

2 φ̂3(0)a2ξ
3

+ 1
8 φ̂3(0)

(
1 − a2

2

)
ξ 4 + · · · . (70)

Using Eq. (70), the electron Fermi energy (57) becomes

EF
e = (

EF
e

)
max

[
1 + a2ξ

WS + 1
2 φ̂2(0)(ξWS)2 + 1

2 φ̂2(0)a2(ξWS)3

+ 1
8 φ̂2(0)

(
1 − a2

2

)
(ξWS)4 + · · · ]φ̂(0), (71)

where (EF
e )max = (9π/4)1/3	−1 is the maximum Fermi en-

ergy which is attained when the Wigner-Seitz cell radius
equals the nucleus radius Rc [see Eq. (58)]. For φ̂(ξWS) < 1,
we approximately have φ̂(0) = 3/4, φ̂′(0) = −(3/4)2/

√
2 and

 0.01
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1

 0.1 1  10  100

E
eF

/m
πc

2
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FIG. 11. The Fermi energy of electrons in units of the pion rest
energy is plotted for different Wigner-Seitz cell dimensions (i.e., for
different compressions) ξWS in the ultrarelativistic approximation. In
the limit ξWS → 0 the electron Fermi energy approaches asymptoti-
cally the value (EF

e )max given by Eq. (63).

the initial slope a2 = φ̂′(0)/φ̂(0) = −(3/4)/
√

2. Therefore
Eq. (71) becomes

EF
e ≈ (

EF
e

)
max

[
1 − 3

4
√

2
ξWS + 1

2

(
3

4

)2

(ξWS)2

− 1

23/2

(
3

4

)3

(ξWS)3 + 1

8

(
3

4

)2 (
41

32

)
(ξWS)4 + · · ·

]
.

(72)

By the definition of the coordinate ξ , we know all terms
except the first term in the square bracket depend on the
values of Np. In the limit of maximum compression when the
electron Fermi energy acquires its maximum value, namely
when ξWS = 0, the electron Fermi energy (72) is the same
as the one obtained from the uniform approximation which
is independent of Np. For smaller compressions, namely for
ξWS > 0, the electron Fermi energy deviates from the one
given by the uniform approximation, becoming Np dependent.

In Fig. 11 we plot the Fermi energy of electrons, in units
of the pion rest energy as a function of the dimensionless
parameter ξWS and, as ξWS → 0, the limiting value given by
Eq. (63) is clearly displayed.

In Alcock, Farhi, and Olinto [9], in order to study the elec-
trodynamical properties of strange stars, the ultrarelativistic
Thomas-Fermi equation was numerically solved in the case of
bare strange stars as well as in the case of strange stars with a
crust (see, e.g., curves (a) and (b) in Fig. 6 of Ref. [9]). Figure 6
of Ref. [9] plots what they called the Coulomb potential energy,
which we will denote as VAlcock. The potential VAlcock was
plotted for different values of the electron Fermi momentum
at the edge of the crust. Actually, such a potential VAlcock is not
the Coulomb potential eV but it coincides with our function
eV̂ = eV + EF

e ; that is, the potential VAlcock corresponds to
the Coulomb potential shifted by the the Fermi energy of the
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electrons. We then have from Eq. (46)

eV̂ (ξ ) =
(

9π

4

)1/3 1

	
mπc2φ̂(ξ ) = VAlcock. (73)

This explains why in Ref. [9], for different values of the
Fermi momentum at the crust, the depth of the potential
VAlcock remains unchanged. Instead, the correct behavior of
the Coulomb potential differs markedly and, indeed, its depth
decreases with increasing of compression, as can be seen in
Fig. 8.

VI. COMPRESSIONAL ENERGY OF NUCLEAR MATTER
CORES OF STELLAR DIMENSIONS

We turn now to the compressional energy of these family of
compressed nuclear matter cores of stellar dimensions, each
characterized by a different Fermi energy of the electrons. The
kinematic energy spectra of complete degenerate electrons,
protons, and neutrons are

εi(p) =
√

(pc)2 + m2
i c

4, p � P F
i , i = e, p, n. (74)

So the compressional energy of the system is given by

E = EB + Ee + Eem, EB = Ep + En, (75)

Ei = 2
∫

i

d3rd3p

(2πh̄)3
εi(p), i = e, p, n, Eem =

∫
E2

8π
d3r.

(76)

Using the analytic solution (54) we calculate the energy
difference between two systems, I and II ,

	E = E
[
EF

e (II )
] − E

[
EF

e (I )
]
, (77)

with EF
e (II ) > EF

e (I ) � 0 at fixed A and Rc.
We first consider the infinitesimal variation of the total

energy δEtot with respect to the infinitesimal variation of the
electron Fermi energy δEF

e

δE =
[

∂E
∂Np

]
V WS

[
∂Np

∂EF
e

]
δEF

e +
[

∂E
∂V WS

]
Np

[
∂V WS

∂EF
e

]
δEF

e .

(78)

For the first term of this relation we have[
∂E
∂Np

]
V WS

=
[

∂Ep

∂Np

+ ∂En

∂Np

+ ∂Ee

∂Np

+ ∂Eem

∂Np

]
V WS

�
[
EF

p − EF
n + EF

e + ∂Eem

∂Np

]
V WS

, (79)

where the general definition of chemical potential ∂εi/∂ni =
∂Ei/∂Ni is used (i = e, p, n) neglecting the mass defect mn −
mp − me. Further using the condition of the β equilibrium
(33) we have [

∂E
∂Np

]
V WS

=
[
∂Eem

∂Np

]
V WS

. (80)

For the second term of the Eq. (78) we have[
∂E

∂V WS

]
Np

=
[

∂Ep

∂V WS
+ ∂En

∂V WS
+ ∂Ee

∂V WS
+ ∂Eem

∂V WS

]
Np

=
[

∂Ee

∂V WS

]
Np

+
[

∂Eem

∂V WS

]
Np

, (81)

since in the process of increasing the electron Fermi energy,
namely by decreasing the radius of the Wigner-Seitz cell, the
system by definition maintains the same number of baryons A

and the same core radius Rc.
Now δE reads

δE =
{[

∂Ee

∂V WS

]
Np

∂V WS

∂EF
e

+
[

∂Eem

∂V WS

]
Np

∂V WS

∂EF
e

+
[
∂Eem

∂Np

]
V WS

∂Np

∂EF
e

}
δEF

e , (82)

so only the electromagnetic energy and the electron energy
give non-null contributions.

From this equation it follows that

	E = 	Eem + 	Ee, (83)

where 	Eem = Eem[EF
e (II )] − Eem[EF

e (I )] and 	Ee =
Ee[EF

e (II )] − Ee[EF
e (I )].

In the particular case in which EF
e (II ) = (EF

e )max and
EF

e (I ) = 0 we obtain

	E � 0.75
35/3

2

(π

4

)1/3 1

	
√

α

( π

12

)1/6
N2/3

p mπc2, (84)

which is positive.
The compressional energy of a nuclear matter core of

stellar dimensions increases with its electron Fermi energy
as expected.

VII. CONCLUSIONS

The results presented in this article are in the realm of the-
oretical physics of nuclear physics and of atomic physics and
give special attention to relativistic effects. They generalize to
the relativistic regimes classical results obtained by Feynman,
Metropolis, and Teller [21] and, by the introduction of scaling
laws, they generalize the classical results obtained by Popov
and collaborators [7,8,13] in heavy nuclei to massive cores of
∼M�. As such they find their justification. They acquire also
special meaning in astrophysics: The considerations contained
in Secs. I– IV lead to a consistent treatment of white dwarfs
and the ones in Secs. V and VI lead to a deeper understanding
of neutron star physics.

We have generalized to the relativistic regime the classic
work of Feynman, Metropolis, and Teller by solving the
relativistic Thomas-Fermi equation in a Wigner-Seitz cell
corresponding to a compressed atom. The relativistic Thomas-
Fermi equation has also been called the Vallarta-Rosen
equation [6,34]. The integration of this equation does not
admit regular solutions for a pointlike nucleus and both the
nuclear radius and the nuclear composition have necessarily

045805-12

August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408



RELATIVISTIC THOMAS-FERMI TREATMENT OF . . . PHYSICAL REVIEW C 83, 045805 (2011)

to be taken into account [5,6]. This introduces a fundamen-
tal difference from the nonrelativistic Thomas-Fermi model
where a pointlike nucleus is traditionally adopted.

As in previous works by Ferreirinho, Ruffini, and Stella [5],
Ruffini and Stella [6], and Ruffini et al. [12], the protons in
the nuclei have been assumed to be at constant density and
the electron distribution has been derived by the relativistic
Thomas-Fermi equation and the neutron component by the β

equilibrium among neutrons, protons, and electrons.
We have examined, for completeness, the relativistic

generalization of the Thomas-Fermi-Dirac equation by taking
into account the exchange terms [24], adopting the general
approach of Migdal, Popov, and Voskresenskii [8], and we
have shown that these effects, generally small, can be neglected
in the relativistic treatment.

There are marked differences between the relativistic and
the nonrelativistic treatments. The first is that the existence of
a finite-size nucleus introduces a limit to the compressibility:
The dimension of the Wigner-Seitz cell can never be smaller
then the nuclear size. Consequently, the electron Fermi energy
which in the nonrelativistic approach can reach arbitrarily large
values reaches in the present case a perfectly finite value: An
expression for this finite value of the electron Fermi energy
has been given in analytic form. There are in the literature
many papers adopting a relativistic treatment for the electrons,
with a pointlike approximation for the nucleus, which are
clearly inconsistent (see, e.g., Chabrier and Potekhin [28] and
Potekhin, Chabrier, and Rogers [29]).

The second is the clear difference of the electron dis-
tribution as a function of the radius and of the nuclear
composition as contrasted to the uniform approximation (see
Fig. 5 in Sec. IV), often adopted in the literature (see,
e.g., Bürvenich, Mishustin, and Greiner [27]). Therefore the
validity of inferences based on a uniform approximation
should be duly verified both in the relativistic and in the
nonrelativistic regime.

The third is that the relativistic Feynman-Metropolis-Teller
treatment allows us to treat precisely the electrodynamical
interaction within a compressed atom with all the relativistic
corrections. This allows us to validate and in some cases
overcome the difficulties of treatments describing the electro-
dynamical effect by a sequence of successive approximations.
This is the case of validation of the Salpeter approach at
high densities and the overcome of negative pressures at low
densities. The new treatment evidences a softening of the
dependence of the electron Fermi energy on the compression
factor, as well as a gradual decrease of the exchange terms
in proceeding from the nonrelativistic to the fully relativistic
regimes. It is then possible to derive, as shown in Table I in
Sec. IV, a consistent equation of state for compressed matter.

The equation of state obtained in Table I has been recently
applied to the study of the general relativistic white-dwarf
equilibrium configurations by Rueda et al. [20]. The contri-
bution of quantum statistics and weak and electromagnetic
interactions here considered have been further generalized
by considering the contribution of the general relativistic
equilibrium of white-dwarf matter. This is expressed by the
simple formula

√
g00µws = const., which links the chemical

potential of the Wigner-Seitz cell µws with the general

relativistic gravitational potential g00 at each point of the
configuration. The configuration outside each Wigner-Seitz
cell is strictly neutral and therefore no global electric field
is necessary to warranty the equilibrium of the white dwarf.
These equations modify the ones used by Chandrasekhar
by taking into account the Coulomb interaction between
the nuclei and the electrons as well as inverse β decay.
They also generalize the work of Salpeter by considering a
unified self-consistent approach to the Coulomb interaction in
each Wigner-Seitz cell. The consequences on the numerical
value of the Chandrasekhar-Landau mass limit have been
then presented as well as on the mass-radius relation of
white dwarfs [20]. This leads to the possibility of a direct
confrontation of these results with observations, in view of
the current great interest for the cosmological implications of
the type Ia supernovae [35–38] and in the case of low-mass
white-dwarf companions of the Pulsar PSRJ1141-6545 [39]
as well as the role of white dwarfs in novae [40].

In Secs. V and VI we have then extrapolated these results
to the case of nuclear matter cores of stellar dimensions for
A ≈ (mPlanck/mn)3 ∼ 1057 or Mcore ∼ M�. The aim here is
to explore the possibility of obtaining for these systems a
self-consistent solution presenting global and not local charge
neutrality. The results generalize the considerations presented
in the previous article by Popov et al. [13] corresponding to
a nuclear matter core of stellar dimensions with null Fermi
energy of the electrons. The ultrarelativistic approximation
allows us to obtain analytic expressions for the fields in the
case of positive electron Fermi energies. An entire family of
configurations exist with values of the Fermi energy of the
electrons ranging from zero to a maximum value (EF

e )max

which is reached when the Wigner- Seitz cell coincides with
the core radius. The configuration with EF

e = (EF
e )max corre-

sponds to the configuration with Np = Ne and np = ne: For
this limiting value of the Fermi energy the system fulfills both
the global and the local charge neutrality and, correspondingly,
no electrodynamical structure is present in the core. The other
configurations present generally overcritical electric fields
close to their surface. The configuration with EF

e = 0 has
the maximum value of the electric field at the core surface,
well above the critical value Ec (see Figs. 8, 9, and 10). All
these cores with overcritical electric fields are stable against
the vacuum polarization process due to the Pauli blocking
by the degenerate electrons (see, e.g., Ruffini, Vereshchagin,
and Xue [41]). We have also compared and contrasted our
treatment of the relativistic Thomas-Fermi solutions to the
corresponding one addressed in the framework of strange
stars by Alcock, Farhi, and Olinto [9], pointing out in these
treatments some inconsistency in the definition of the Coulomb
potential. We have finally compared the compressional energy
of configurations with selected values of the electron Fermi
energy.

The above problem is theoretically well defined and
represents a necessary step in order to approach the more
complex problem of a neutron star core and its interface with
the neutron star crust.

Neutron stars are composed of two sharply different
components: the liquid core at nuclear and/or supranuclear
density consisting of neutrons, protons, and electrons and
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TABLE I. Pressure for iron as a function of the density ρ in the uniform approximation (P ), in the Salpeter approximation (PS) and
in the relativistic Feynman-Metropolis-Teller approach (PFMTrel). Here xS = P F

e,S/(mec) and xFMTrel = P F
e /(mec) are respectively the

normalized Salpeter Fermi momentum and the relativistic Feynmann-Metropolis-Teller Fermi momentum.

ρ (g/cm3) xS xFMTrel P PS PFMTrel

(bar) (bar) (bar)

2.63 × 102 0.05 0.0400 2.9907 × 1010 −1.8800 × 108 9.9100 × 109

2.10 × 103 0.10 0.0857 9.5458 × 1011 4.4590 × 1011 5.4840 × 1011

1.68 × 104 0.20 0.1893 3.0227 × 1013 2.2090 × 1013 2.2971 × 1013

5.66 × 104 0.30 0.2888 2.2568 × 1014 1.8456 × 1014 1.8710 × 1014

1.35 × 105 0.40 0.3887 9.2964 × 1014 8.0010 × 1014 8.0790 × 1014

2.63 × 105 0.50 0.4876 2.7598 × 1015 2.4400 × 1015 2.4400 × 1015

4.53 × 105 0.60 0.5921 6.6536 × 1015 6.0040 × 1015 6.0678 × 1015

7.19 × 105 0.70 0.6820 1.3890 × 1016 1.2693 × 1016 1.2810 × 1016

1.08 × 106 0.80 0.7888 2.6097 × 1016 2.4060 × 1016 2.4442 × 1016

2.10 × 106 1.00 0.9853 7.3639 × 1016 6.8647 × 1016 6.8786 × 1016

3.63 × 106 1.20 1.1833 1.6902 × 1017 1.5900 × 1017 1.5900 × 1017

5.77 × 106 1.40 1.3827 3.3708 × 1017 3.1844 × 1017 3.1898 × 1017

8.62 × 106 1.6 1.5810 6.0754 × 1017 5.7588 × 1017 5.7620 × 1017

1.23 × 107 1.80 1.7790 1.0148 × 1018 9.6522 × 1017 9.6592 × 1017

1.68 × 107 2.0 1.9770 1.5981 × 1018 1.5213 × 1018 1.5182 × 1018

3.27 × 107 2.50 2.4670 4.1247 × 1018 3.9375 × 1018 3.9101 × 1018

5.66 × 107 3.00 2.965 8.8468 × 1018 8.4593 × 1018 8.4262 × 1018

1.35 × 108 4.00 3.956 2.9013 × 1019 2.7829 × 1019 2.7764 × 1019

2.63 × 108 5.00 4.939 7.2160 × 1019 6.9166 × 1019 6.9062 × 1019

8.85 × 108 7.50 7.423 3.7254 × 1020 3.5700 × 1020 3.5700 × 1020

a crust of degenerate electrons in a lattice of nuclei (see,
e.g., Baym, Bethe, and Pethick [1]) and Harrison et al. [42])
and possibly of free neutrons due to neutron drip when this
process occurs (see, e.g., Ref. [1]). Consequently, the boundary
conditions for the electrons at the surface of the neutron star
core will have generally a positive value of the electron Fermi
energy in order to take into account the compressional effects
of the neutron star crust on the core [43]. The case of zero
electron Fermi energy corresponds to the limiting case of
absence of the crust.

In a set of interesting papers [44–49], Glendenning and
collaborators relaxed the local charge neutrality condition
for the description of the mixed phases in hybrid stars. In
such configurations the global charge neutrality condition,
as opposed to the local one, is applied to the limited
regions where mixed phases occur while in the pure phases
the local charge neutrality condition still holds. We have
generalized Glendenning’s considerations by looking to a
violation of the local charge neutrality condition on the entire
configuration, still keeping its overall charge neutrality. This
effect cannot occur locally and requires a global description
of the equilibrium configuration. To exemplify this novel
approach we have considered in Rueda et al. [50] the simplest,
nontrivial, self-gravitating system of degenerate neutrons,
protons, and electrons in β equilibrium in the framework
of relativistic quantum statistics and the Einstein-Maxwell
equations. The impossibility of imposing the condition of
local charge neutrality on such systems is proved in complete
generality. The crucial role of the constancy of the generalized
electron Fermi energy is emphasized and consequently the
coupled system of the general relativistic Thomas-Fermi

equations and the Einstein-Maxwell equations is solved. We
then give an explicit solution corresponding to a violation
of the local charge neutrality condition on the entire star,
still fulfilling the global charge neutrality when electromag-
netic, weak, and general relativistic effects are taken into
account.

The results presented in the second part of this article on
nuclear matter cores of stellar dimensions evidence the possi-
bility of having the existence of critical electromagnetic fields
at the core surface. We have further extended this analysis
by considering the case of a neutron star. At nuclear and
supranuclear densities we have considered a core described
by a self-gravitating system of degenerate neutrons, protons,
and electrons within the framework of relativistic quantum
statistics and Einstein-Maxwell equations [43]. At densities
lower than the nuclear density such a core is surrounded
by a crust. A globally neutral neutron star configuration
is therefore examined in contrast with the traditional ones
constructed by imposing local charge neutrality. To illustrate
the application of this approach we have adopted the Baym,
Bethe, and Pethick [1] strong-interaction model of the baryonic
matter in the core and in the white dwarflike material of the
crust. The existence of an overcritical electric field at the
boundary of the core predicted in the present paper is there
confirmed. We find an electric field extending over a thin shell
of thickness ∼h̄/(mec) between the core and the crust which
largely overcritical in the limit of decreasing values of the crust
mass [43].

We are further extending these treatments by describ-
ing the strong interaction between nucleons through σ -ω-ρ
meson exchange in the context of the extended Walecka
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model [51], all duly expressed in general relativity. We
demonstrate that, as in the noninteracting case, the ther-
modynamic equilibrium condition given by the constancy
of the Fermi energy of each particle species can be prop-
erly generalized to include the contribution of all fields
[52].
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A.4 C. Lattes: My work in meson physics with nuclear emulsions

This description of the discovery of the pi-meson was written by prof. Cesare Lattes
in 1984. It was first published in: J. Bellandi Filho and A. Pemmaraju (eds.), Topics
in cosmic rays. 2 vols. Campinas: Editora da Unicamp, 1984, vol. 1, pp. 1–5.
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At the end of World War II, I was working at the University of São Paulo, Brazil,
with a slow-meson-triggered cloud chamber that I had built in collaboration with
Ugo Camerini and A. Wataghin. I sent pictures obtained with this cloud chamber
to Giuseppe P. S. Occhialini who had recently left Brazil and had joined Cecil F.
Powell at Bristol. On receiving from Occhialini positive prints of photomicrographs
of tracks of protons and a particles, obtained in a new concentrated emulsion just
produced experimentally by Ilford Ltd., I immediately wrote to him asking to work
with, the new plates, which obviously opened great possibilities. Occhialini and
Powell arranged for a grant from the University of Bristol; I somehow managed to
get to Bristol during the winter of 1946.

I was given the task of obtaining the shrinkage factor of the new emulsion (which
was much more concentrated than the old ones); Occhialini and Powell were still
at work on n-p scattering at around 10 MeV, using the old emulsions. I decided
that the time allotted to me at the Cambridge Cockroft-Walton accelerator, which
provided artificial disintegration particles as probes for the shrinkage factor, was
sufficient for a study of the following reactions:

D(d, p)H3
1

Li63(d, p)Li73

Li73(d, p)Li83

Be94(d, p 2n)Be84

B10
5(d, p)B10

5

B11
5(d, p)B12

5

Through analysis of the tracks, we obtained a range-energy relation for protons
up to about 10 MeV that was used for several years in research where single charged
particles were detected (e.g., pions and muons) [1].

In the same experiment I placed borax-loaded plates, which Ilford had prepared
at my request, in the direction of the beam of neutrons from the reaction

B11
5 +H2

1 → C12
6 + n0

which gives a peak of neutrons at about 13 MeV. The idea, which worked well, was
to obtain the energy and momentum if neutrons, irrespective of their direction of
arrival (which was not known), through the reaction

n0 +B10
5 → He42 +He42 +H3

1

Occhialini and I decided that he should take some plates to the Pic-du-Midi in
the Pyrenees for an exposure of about one month; some were loaded with borax, and
some were normal plates (without borax). All were made of the new concentrated
B1-type emulsion for which a range-energy relation already existed. The normal
plates were to be used for the study of low-energy cosmic rays and as a control, to
see if we were detecting cosmic-ray neutrons.
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When Occhialini processed the emulsion after their recovery, on the same night
on which they were received in Bristol it became clear that borax-loaded emulsions
had many more events than the unloaded ones; borax somehow kept the latent
image from fading; normal plates had a great amount of fading. The variety of
events in the borax plates, and the richness in detail, made it obvious that the
neutron energy detection was but a side result. The normal events seen in the plate
were such as to justify putting the full force of the laboratory into the study of
normal low-energy cosmic-ray events. After a few days of scanning, a young lady,
Marietta Kurz, found an unusual event: one stopping meson and, emerging from its
end, a new meson of about 600 µ range, all contained in the emulsion. I should add
that mesons are easily distinguished from protons in the emulsion we used because
of their much larger scattering and their variation of grain density with range. A
few days later, a second “double” meson was found; unfortunately, in this case
the secondary did not stop in the emulsion, but one could guess, by studying its
ionization (grain counting), that its extrapolated range was also about 600 µ. The
first result on the double mesons were published in Nature [2]. By the way, the
cosmic-ray neutrons (direction, energy) were also obtained in the same plates, and
the results were published in the same volume of Nature [3].

Having one and a half double mesons that seemed to correspond to a funda-
mental process (although it could have been an exothermal reaction of the type
µ− +Xb

a → Xb
a−2 + µ+), the Bristol group realized that one should quickly get

more events. I went to the Department of Geography of Bristol University and
found that there was a meteorological station at about 18,600 ft some 20 Km by
road from the capital of Bolivia, La Paz. I therefore proposed to Powell and Oc-
chialini that if they could get funds for me to fly to South America, I could take
care of exposing borax-loaded plates at Chacaltaya Mountain for one month. That
was done, and I left Bristol with several borax-loaded plates plus a pile of pound
notes sufficient to carry me to Rio de Janeiro and back. Contrary to the recom-
mendation of Professor Tyndall, director of the H. H. Wills Physical Laboratory,
I took a Brazilian airplane, which was wise, because the British plane crashed in
Dakar and killed all its passengers.

After the agreed time, I developed one plate in La Paz. The water was not
appropriate, and the emulsion turned out stained. Even so, it was possible to find
a complete double meson in this plate; the range of the secondary was also around
600 µ.

Back in Bristol, the plates were duly processed and scanned; about 30 double
mesons were found. It was decided that I should try to get the mass ratio of the first
and second mesons by doing repeated counting on the tracks. The result convinced
us that we were dealing with a fundamental process [4]. We identified the heavier
meson with the Yukawa particle and its secondary with Carl Anderson’s mesotron.
A neutral particle of small mass was needed to balance the momenta.

At the end of 1947, I left Bristol with a Rockefeller scholarship with the intention
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of trying to detect artificially produced pions at the 184-in cyclotron that had started
operation at Berkeley, California. The beam of a particles was only 380 MeV (95
MeV per nucleon), an energy insufficient for producing pions. I took my chance on
the “favourable” collisions in which the internal momentum of a nucleon in the a and
the momentum of the bean provided sufficient energy in the center-of-mass system.
The results showed that mesons were indeed being produced. Two papers describe
the method of detection and the results, the first referring to negative pions, the
second to positive [5]. By making use of the range of pions and their curvature in
a magnetic field, it was possible to estimate the masses to be about 300 electron
masses.

Around February 1949, I was preparing to leave Berkeley to return to Brazil. At
that time, Edwin McMillan, who had his 300 MeV electron synchrotron in operation,
asked me to look at some plates that had been exposed to γ rays from his machine.
In one night I found about a dozen pions, both positive and negative, and the next
morning I delivered to McMillan the plates and maps that allowed the finding of
the events. I do not know what use McMillan made of the information, but there
is no doubt that they were the first artificially photoproduced pions detected.

Notes

(1) C.M.G. Lattes, R.H.Fowler, and R.Cuer, “Range-Energy Relation for Protons
and a-Particles in the New Ilford ’Nuclear Research’ Emulsions,” Nature 159
(1947), 301-2; C.M.G.Lattes, R.H. Fowler, and R.Cuer, “A Study of the Nuclear
Transmutations of Light Elements by the Photographic Method,” Proc. Phys.
Soc. (London) 59 (1947), 883-900.

(2) C.M.G.Lattes, H.Muirhead, G.P.S.Occhialini, and C.F.Powell, “Processes In-
volving Charged Mesons,” Nature 159(1947), 694-7.

(3) C.M.G.Lattes and G.P.S.Occhialini, ”Determination of the Energy and Momen-
tum of Fast Neutrons in Cosmic Rays,” Nature 159 (1947), 331-2.

(4) C.M.G.Lattes, G.P.S.Occhialini, and C.F.Powell, “Observation on the Tracks
of Slow Mesons in Photographic Emulsions,” Nature160 (1947) 453-6 and 486-
92; C.M.G.Lattes, G.P.S.Occhialini, and C.F.Powell, “A Determination of the
Ratio of the Masses of µ and π Mesons by the Method of Grain-Counting,”
Proc. Phys. Soc. (London) 61 (1948), 173-83.

(5) Eugene Gardner and C.M.G. Lattes, “Production of Mesons by the 184-Inch
Berkeley Cyclotron,” Science 107 (1948), 270-1; John Burfening, Eugene Gard-
ner, and C.M.G.Lattes, “Positive Mesons Produced by the184-Inch Berkeley
Cyclotron,” Phys. Rev. 75 (1949), 382-7.
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A.5 R.A.M. de Andrade: The head in the cosmos and the heart
in Brazil

English translation of the paper: Ribeiro Ana Maria de Andrade: “A cabeça no
cosmo e o coração no Brasil,” Jornal da Unicamp, Universidade Estadual de Camp-
inas, Ano XIX, n. 281, pp. 4-5.
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Irreverent and eternally in love with nature and by four daughters, Cesar Lattes
spoke of science simply. Questioned myths, made exceptions to the theory of rela-
tivity and was afraid of the effects of nuclear energy. Not boasted of the successes
that provide in experimental physics and lent his prestige to develop science in
Brazil and Latin America. It was a generation of scientists and intellectuals whose
political and philosophical options were constrained by the Second World War.

The history of particle physics is marked by the contribution of Lattes on differ-
ent occasions: discovery in cosmic rays, particle detection, processing techniques,
use of new devices, international cooperation ... The history of high energy physics
due to Cesar Lattes and Eugene Gardner the possibility of using particle accelera-
tors, as part of the infrastructure of basic research. In the history of contemporary
science, he has another place reserved for participating in the institutionalization
process of scientific research and involvement with the teaching of physics. All this,
he said slipping on patriotism, “to improve Brazil.”

Cesar Lattes scientific career began at USP in 1944 and his first published work
was in theoretical physics co-authored with Gleb Wataghin. On the influence of
Giuseppe Occhialini, he moved to experimental physics, working with few resources
but at the same level of foreign laboratories. Looking mesons in cosmic rays, sub-
atomic particle with mass intermediate between the electron and proton, and then,
as a principal mediator of nuclear forces. Throughout his career, cosmic rays were
always there.

1947 - The mesons in cosmic rays

Upon receipt of Occhialini in 1946, a photomicrograph of trace particles and protons
obtained with a nuclear emulsion, Lattes wrote to former teacher asking to go to
work on H. H. Wills Laboratory. The reunion of Lattes and Occhialini at Bristol
University has transformed the life of the laboratory, whose research was so only in
nuclear physics. Gay and fearless, they resumed research on cosmic rays and learned
with Cecil Powell, who worked in nuclear physics, the technique of using the nuclear
emulsion. Lattes surprised colleagues by Bristol solid theoretical background and
working hours, analyzing photomicrographs, making measurements, calculations,
and noting the results. Conclusions, hypotheses and questions were recorded in
letters to his friend José Leite Lopes.

To increase the detection power of the plates, borax was added to the emul-
sion. The hypothesis was that the borax would fix the layout of dots left on the
nuclear emulsion when a clash occurred between the rays and an atom in the board.
Without the borax, by contrast, the plates were much fading, i.e., the marks dis-
appeared within a week. Still it was necessary to reduce the exposure time or just
leave the plates on top of mountains where the air, being thinner, it facilitates the
passage of cosmic rays. The Observatoire du Pic du Midi (2.850m) in the French
Pyrenees, was the easiest place to conduct the first experiment Occhialini, Lattes
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for which prepared the material. For about six weeks with the nuclear emulsion
plates loaded with borax and borax were no plates in the open, under the care of
French astronomers.

On the same night in January 1947 that returns to Bristol, Occhialini revealed
boards and wrote a note to Nature extolling the benefits of nuclear emulsion for
research on cosmic rays. Photomicrographs confirmed the hypothesis that at high
altitudes action antifading borax allowed the registration of varieties of events with
clarity and detail. The expectation of finding mesons mobilized the laboratory
team. The work required hours and hours of exhaustive activity of microscopists.
All were women.

After spending days hunched over a microscope, Marieta Kurz found a strange
event: a dash more crooked than those of protons, less dense, and undergoing
several changes in direction. At the end of the dash, another trait appeared similar.
Event similar to a double-meson (the pi-meson decay and pi-mi) can be observed
on another day. The euphoria swept through the physical, which split to make
the measurements of mass in two ways. Occhialini, Lattes and Ugo Camerini -
USP fellow newcomer from Brazil - have begun refining the technique of counting
the grains and energy balance on the side lines of the reactions observed. Hugh
Muirhead and other graduate students faced the problem of reach - through multiple
scattering. Preliminarily, Occhialini, Lattes and Camerini found that the total
energy produced by the primary particle was greater than the mass of mesotron
(particle predicted theoretically by Carl Anderson), and that this should be the
heavy meson (particle predicted by Hideki Yukawa). However, to prove the existence
of mesons needed to get more events.

Lattes traveled to Bolivia to perform the second experiment. In the company
of the Spanish meteorological Ismael Escobar settled there, went to La Paz for the
weather station that was installed at 5500 meters of altitude of Mount Chacaltaya.
In fact, it was a tiny, rough installation made with four pieces of wood, lost in
the snow. There, he has had small piles of sensitive plates loaded with borax
would receive thousands of times more particles than happened in the experiment
Occhialini in the Pyrenees.

A month later, the altitude of Chacaltaya allowed the identification in a single
plate revealed two complete dual mesons. Even the dirty water stains that revealed
the card Lattes, hindered the observation of the disintegration pi-mi. Back in
Bristol, about 30 double mesons were identified. Found to negative mesons, whose
end of the trajectory resembles the drawing of a star. The process of discovery is
published in eight papers. The work of more impact was published in Nature (Oct.
1947) and is signed, in alphabetical order as usual, by C. Lattes, G. Occhialini
and C. Powell. Identifying the heavier meson (pi) with a particle predicted by
Yukawa, and the side with the mesotron (mi) from Carl Anderson, confirmed the
theoretical prediction of the Japanese physicist. Since 1935, Yukawa proposed that
the pi-meson (which means half in Greek) was responsible for the strong force which
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reduces the repulsion between the protons and would be 200 times heavier than the
electron and ten times lighter than protons and neutrons.

The discovery made it clear that in nature there, besides the gravitational force,
electromagnetic force and weak force, the so-called strong force. A better under-
standing of nuclear forces was important to avoid the empiricism that marked, for
example, manufacturing the atomic bomb. Hence the importance of the work of
Lattes, Occhialini and Powell, although not currently considered a mi meson (it is
called lepton-mi) and the pion, the pion, is no longer considered the sole agent of
nuclear forces.

1948 - The cyclotron mesons of 184”

Lattes and Occhialini both in Bristol did not wait for the consecration of the dis-
covery, which was headed by the chief of the laboratory. Surprising other physicists,
Lattes went Radiation Laboratory, University of California (Berkeley), which had
the largest particle accelerator, a sincrocyclotron with the electromagnet 184”, built
by Ernest Lawrence. In fact, Lattes decided to go to Berkeley when he passed the
Brazil heads for Chacaltaya. To be accepted into the Radiation Laboratory, needed
the support of influential people. Since the Second World War, the American labo-
ratories of physics were “classified,” i.e. were under the control and supervision of
the Atomic Energy Commission (AEC). Authorisation granted to Lattes would not
have been just a courtesy to Lawrence with Wataghin or Bernard Baruch, U.S. offi-
cial in the Atomic Energy Commission of the UN, with Álvaro Alberto, member of
the Brazilian delegation. There was a conflict of interest political ties between Brazil
and the United States: the so-called policy of continental cooperation, transfer of
technology to produce nuclear energy, radioactive minerals Brazilian ...

Lattes liked Martha remember that when they arrived in Berkeley in Febru-
ary 1948, her husband was greeted with total indifference by Lawrence. For more
than a year, physicists Radiation Laboratory tried unsuccessfully to detect particles
produced in the cyclotron of 184”. Besides not knowing the technique of nuclear
emulsions, sought only by the light meson, the mesotron. Lawrence never imagined
that Eugene Gardner, very sick, And an unknown Brazilian physicist would be able
to do so within fifteen days after their arrival!

The interaction between them was perfect. Gardner knew the performance of
the accelerator and Lattes had to master the technique of nuclear emulsions applied
to the study of particles. If the group from Bristol took almost a year to observe 30
double mesons in Berkeley they detected that amount in one day! In the cyclotron
of 184” Lattes and Gardner knew where mesons going, where they arrived and
struck the angle of the nuclear emulsion plates.

It was great the impact of the work. The Brazilian Consulate hosted a reception
and Lawrence turned the event into a true carnival in the press as soon as possible
to the AEC. Among physicists, the immediate reaction was divided between the
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euphoric and the skeptics, who gradually were yielding to experimental evidence.
The detection of the artificial production of the pion in the cyclotron of 184” is
recorded in two articles: Science (Mar. 1948) and Physical Review (Feb. 1949).

If the discovery in cosmic rays by the group of Bristol helped to separate the
particle physics of nuclear physics, detection of the artificial production of the pion
in the cyclotron of 184” gave rise to the era of particle accelerators. These have
become increasingly part of the infrastructure required for scientific research, the
most basic to more applied, defeated only by the energy of cosmic rays, as Lattes
always made a point of teaching the interlocutors.

After a year, Lattes returned to Brazil to invest their prestige in the founding
of the Brazilian Center for Physical Research, the National Research Council and
the Cosmic Physics Laboratory.

1949 - The foundation of CBPF

Unlike what is sometimes imagined, teachers and students of physics and mathe-
matics from the National Faculty of Philosophy (FNFi) would need to change the
conservative mentality of the University of Brazil to combine teaching and research.
Reflecting on the model of the USP and foreign universities, José Leite Lopes, Elisa
Frota Pessoa, Jaime Leopold Nachbin Tiomno and demanding conditions for scien-
tific research: laboratories, library, full-time technical support. To move the Physics
Department and at the same time overcome the deficiencies of the students and keep
teachers, organized regular seminars on modern physics in 1947. The activity was
open to teachers and school students in chemistry, engineering and Navy, as it was
intended to enlarge the circle of allies and interested in modern physics. As Ce-
sar Lattes decided to move to Rio de Janeiro in the return of Berkeley, managed
to convince the dean to establish the professorship, and include nuclear physics in
the curriculum. But without the resources for the installation of laboratories in the
Physics Department, they concluded that the struggle for research at the University
of Brazil was lost.

The defeat occurred in a privileged moment, 1948, when democratic ideas were
spreading in big cities, the Brazilian Society for the Advancement of Science was
created and the national press gave wide coverage to the contributions of Cesar
Lattes. In this context, teachers FNFi gave the last and risky step: doing science
outside the university and with the support of private initiative.

Nelson Lins de Barros, a friend of Lattes at Berkeley, was the link between
physical and that they could secure the material conditions of work. Leite Lopes
and Lattes were presented to the brother of Nelson, the visionary João Alberto Lins
de Barros, nationalist politician and businessman, he was excited with the success
of Lattes, mainly because he discerned the possibility of using nuclear energy in
the industrial development of the country. From there, held meetings to define
the profile of the Brazilian Center for Physics Research with the participation of
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members of the Brazilian Academy of Sciences, physical, intellectual, teachers of
polytechnics and the military.

On January 15, 1949, meeting was held for the founding of enshrining CBPF,
approving the Statutes and elect the first Board and Management. Aside from the
support of scientists, engineers, military and science teachers in Rio de Janeiro,
Recife and São Paulo, the financial and political backing of John Albert assured
the rapid installation of CBPF. The first board of CBPF reflected the alliances
in the process of its foundation: João Alberto Lins de Barros became president,
Rear Admiral lvaro Alberto da Motta e Silva the vice presidency, and the scientific
direction of course stayed with Cesar Lattes.

Former and future presidents, politicians and businessmen mingled with
founders to finance research institute. Soon, researchers holder CBPF were able to
attract significant foreign physicists, teachers and students of USP in Latin America
and several states in Brazil. Such was the momentum that the CBPF was the first
Brazilian institution to benefit from the Technical Assistance Agreement signed be-
tween UNESCO and the Brazilian government. Had an excellent library, machine
shop, and especially with the ongoing input from Cesar Lattes, José Leite Lopes,
Elisa Frota Pessoa, Jaime Tiomno, Hervsio de Carvalho and Francisco de Oliveira
Castro.

João Alberto Lins de Barros and Cesar Lattes exercised de facto positions. Re-
garding the participation of Rear Admiral Álvaro Alberto, this was special. Ar-
ticulating the assembly of a true network for the development of nuclear energy,
affiliated to a research council, he became the symbol of the CBPF platform of the
claims referred to Vargas.

1951 - The establishment of CNPq

Since the 1930s, science teachers and the few Brazilian scientists were trying to
organize a council of science. The first initiatives have failed for lack of receptivity
of science in society. Even after the war a council of nuclear power also had no
political support for a limited scope of the proposal. Likewise it was not on the
Bill of 1948, being anchored in the biological sciences prestige and tradition of
medicine. At that time, nuclear physics occupied the place of science guide and
lend new meaning to the idea of progress. That is: the development of nuclear
physics represented the evocation of the need and also the possibility of Brazil to
defend and overcome economic backwardness. It was felt that it was easy and cheap
to produce nuclear energy.

Cesar Lattes again came into play. Participated in the commission noted in
1949 that drafted the bill creating the CNPq, as well as personal efforts to break the
resistance of those who thought the science an expensive, unnecessary or inaccessible
to a backward country. Brazilian physicist who had obtained no such recognition
in the international scientific environment, such as projection in the media of the
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country. Since 1947, he let himself become a hero in the pages of The Cruise, the
most widely read weekly magazine in the country, so that science could support the
company.

The National Research Council, CNPq, was finally created in 1951. For four
years, Lattes was a member of the Board and starred clashes of opinion with Pres-
ident Álvaro Alberto. There was an active member, demonstrating not have much
patience to endure endless meetings and little ability to address issues of political
nature. He preferred to remain silent, as if there just to honor a pledge, lend their
scientific credibility in exchange for resources to CBPF and especially for research
on cosmic rays. Their absence at the meetings have become increasingly frequent,
to engage in the fight for science in Latin America: the construction of cosmic ray
laboratory at Chacaltaya.

1952 - Accelerating particles

In sync with the activities at CBPF and Bolivia, Cesar Lattes became involved in
political articulations of the highest level: the “Program Atomic Vargas” and the
troubled process of construction and purchase of particle accelerators. The epic of
sincrocyclotrons in Brazil is the apex of the involvement of Lattes with the military’s
commanding CNPq. In short, the accelerator program was absorbed by the CBPF
CNPq Lattes and relented to give the approval for Rear Admiral Álvaro Alberto
build a machine of 170” and buy a model 21 cyclotron of the University of Chicago.

The limitations of the fledgling industrial park and defects of formation of the
Brazilian technical team prevented the start of construction of the big machine. Yet
Alberto Álvaro remained credulous, believing against all evidence that the cyclotron
21” would be completed in Chicago and would work someday.

In 1954, Álvaro Alberto and Cesar Lattes finally broke through personal rela-
tionships, in a crisis resulting from the embezzlement of financial director of the
Project Sincrocyclotrons, chief accounting officer and advisor to the CBPF CNPq.
Differences in the Governing Council are no longer characterized by the division
among the advisers nationalists and non-nationalists. Reflecting the atmosphere
of tension CBPF - the institution responsible for coordinating the program CNPq
particle accelerator - the counselors subdivided. On one side were the advocates
of maintaining the original mission of CNPq (the science develop and implement
nuclear policy of the Vargas), on the opposite side, were those who advocated the
creation of a single body to take care of nuclear energy.

The failure of Project Sincrocyclotrons was traumatic: Álvaro Alberto lost the
political support to stay ahead of CNPq; CBPF went through a difficult time with
the internal divisions that followed, and Cesar Lattes went to the United States to
recover from emotional distress suffered.
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A.6 R. Ruffini: Remembering Gödel

Remo Ruffini

In 1949 in Princeton Kurt Gödel presented Albert Einstein with a very special
present for his seventieth birthday: an exact cosmological solution of the equations
of general relativity modified by the presence of a cosmological term. The location
and the audience for the presentation were also peculiar. It took place in the first
lecture hall on the left on the ground floor of Fuld Hall at the Institute for Advanced
Study. At the blackboard was Kurt Gödel, in the first row Albert Einstein, and in
the last row after all the empty seats, as Chandra later recalled to me, were the only
other two people present: Subramanyan Chandrasekhar and Martin Schwarzschild.
The solution had at each point “a rotation of matter relative to the compass of
inertia.” The matter was assumed to rotate at each point relative to the compass
of inertia with angular velocity ω2 = 4πGρ, where ρ is the mean density and G the
gravitational constant. This solution is stationary in time and spatially homoge-
neous. An increasing direction of time can be consistently introduced everywhere in
the spacetime and a temporal orientation is defined along each world-line of matter
or light. Every world-line of matter occurring in the solution is an open line of
infinite length, which never approaches any of its preceding points again. However,
there do exist closed time-like lines in this exact solution: “In particular, if P , Q are
any two points on a world-line of matter, and P precedes Q on this line, there exists
a time-like line connecting P and Q on which Q precedes P ; i.e., it is theoretically
possible in these worlds to travel into the past, or otherwise influence the past.”

Einstein was quite disturbed by the existence of the closed timelike lines and
argued that this solution could not be physically realized: “God will not allow to
have them” he stated to Gödel.

Twenty years later I had occasion to discuss this matter again with Kurt Gödel.
At that time I was a young member of the Institute for Advanced Study, and every
day I noticed Gödel walking in his black coat with the collar turned up and his
head covered by a large black hat with the brim pulled down, walking at a precise
time from his office to the shiny blue limousine which was carrying some members
from the Institute to the town at 12 noon. To speak to him was impossible. Even
to approach him was difficult: as one would physically approach him, he would
smoothly or slowly rotate himself away not leaving any opportunity to see his face
and have a verbal interaction. This total detachment from his surroundings had
lasted at least twenty years, the previous members of the Institute told me. I
was very determined to find a way to interact with him, so I decided to take the
limousine every day and sit next to him. This was also convenient in order to reach
my office at the university and have lunch at the university cafeteria. This also
became a habit for me which I followed every weekday and I almost forgot about
the real motivation for taking the limousine in order to interact with him. I was
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Fig. 1 An original reprint of the classic paper dedicated by Gödel to Einstein in honor of his
seventieth birthday autographed for me by Kurt Gödel in 1974.
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usually using the travel time to check some of the computations in my notebook.
I was doing this one day when I heard the almost metallic voice of Gödel address
me about the computation I was doing. “This is General Relativity” he said. I
realized I had finally established contact, and I was extremely careful not to break
that fateful opportunity. “Yes” I answered without taking my eyes away from my
notebook. “I have also been working in General Relativity” Gödel added with some
excitement. Again not to break this contact, without looking at him, I simply
answered “Really?” with an apparently disinterested attitude. After a few minutes
of deep silence treating him with apparent nonchalance I added “If you have written
any articles on it, please put them in my mailbox at the Institute. I will be happy to
glance at them.” And so the next morning I found in my mailbox one of the original
reprints of his classic paper which we reproduce here in this volume. Months later
I asked Gödel to autograph it for me, which he did, and I keep this as one of my
dearest documents. See Fig. 10 (b).

This started a series of encounters I had with Gödel, each one following a complex
ceremonial procedure, first alone and then I used the occasion to bring along some
of my young Princeton undergraduate students including Mark Johnston, Robert
Leach and Robert Jantzen. We were all extremely fascinated by the knowledge of
Gödel: he was clearly very familiar with relativity, including the Lense and Thirring
papers. This familiarity with Thirring’s work was later explained by Jantzen who
learned that indeed Gödel had been a student of Hans Thirring in Vienna [?].
Gödel was moving in the realm of a different culture reaching very powerful physical
conclusions about the content of Einstein’s equations starting from mathematical
formalisms like quaternions, Clifford algebras, and topological considerations on
the nature of space which were quite foreign to us. Even the Bianchi work on the
classification of three-dimensional positive-definite Riemannian spaces was taken for
granted by him. Curiously enough those were the days in which Yevgeny Lifshitz, I.
M. Khalatnikov and Vladimir Belinsky in Moscow were rediscovering independently
the Bianchi geometries in their analysis of the initial cosmological singularity.

We were very surprised that Gödel was perfectly up to date on all the most
recent works on the Kerr-Newman solution including the then very recent paper
by Brandon Carter (1968) [?]. We spent much time during our meetings discussing
the analogies and differences between the closed timelight lines in his solution and
the ones found either inside the horizon of a Kerr-Newman solution or in presence
of a naked Kerr-Newman singularity endowed with values of charge and rotation
larger than the critical ones. Again Gödel insisted on the fact that those features
which so profoundly disturbed Einstein were only a consequence of the large amount
of angular momentum he had assumed corresponding to the extreme values of a
Kerr-Newmann solution. As in that case a smaller value of the specific angular
momentum he had assumed should erase the causalty-violating features.

Similarly he was quite aware that the only reason for having introduced a cos-
mological term in his solution was solely in order to obtain a mathematically simple
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analytic solution possibly describing a special temporal instant of the evolution of
our Universe. We were very interested to have indications from him if one could
find a more general Friedmann-like solution which was still spatially homogeneous
and endowed with expansion, rotation and shear and with a subcritical amount of
angular momentum. We discussed this matter for a few weeks for Bianchi Type IX,
VII and I solutions. Then in an usual Friday afternoon meeting, following the tradi-
tional complex ceremonial procedure, Gödel came very radiant: “Yes, it is possible
to obtain that more general solution!” By this time we had become aware of the
difficulty of having concrete and detailed indications from him: once we were strug-
gling in reconstructing assertion 8 in his first classic paper. To our request for some
hints he answered with some joy “You are right to find that proof difficult. It took
to me more then one month to prove it. I then threw away the proof, but I assure
you it is correct!” Such an attitude applied as well to the present circumstance. To
us trying to advance a belated request of how to approach finding such a solution,
he almost disdainfully answered “I was very interested to prove that the solution
could indeed exist, now to express it is just a technicality!” It took almost thirteen
years for Bob Jantzen, by then the world expert on Bianchi universes, to make
some concrete progress in this general direction with Kjell Rosquist[?] by finding an
explicit family of exact solutions of the Einstein field equations for a perfect fluid
with expansion, rotation and shear, although in a very special class of Bianchi type
VI Universes.

One Friday afternoon I asked Gödel about the physical motivations he had in
order to formulate his rotating cosmological model. The discussion took place as
usual in his office at the end corner of the then new library at the Institute for
Advanced Study, overlooking the pond. A thick white curtain was covering almost
the entire window. He did not answer and instead he slid down in his chair until
his eyes could catch a glance outside through a narrow gap left by the curtain in
the window. I was somewhat concerned that he might have fallen asleep. After
four or five minutes of silence I repeated the question: “What motivated you to
introduce rotation in the description of the Universe” and finally he answered “I
was just looking outside to find an object not rotating . . .” (I realized that he was
figuratively looking out to Mars, Jupiter, the moon, the galaxy, Andromeda) . . .
null rotation is a set of measure zero!” I recall this as one of the most powerful and
profound answers I have received in my entire life on any subject. I was particularly
attracted also because in those days I had just computed that the specific angular
momentum of our galaxy was indeed close to the critical value of a Kerr metric.

In one of those Friday afternoon meetings Mark Johnston asked Gödel to sign a
copy of a book on the “Gödel proof.” He was initially reluctant. We were somewhat
concerned to have offended him recalling the remark by Einstein that asking for an
autograph was a last sign of cannibalism still present in our culture! But then he
expressed himself “In this book there are two parts, my article and an introduction.
The introduction is very long and very difficult and moreover is wrong. If you do
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not mind I will just autograph my part of the book” and so he did.
In 1974 I left Princeton but before leaving I attempted almost the impossible.

Having made so much progress in having discussions with him and one or two of
my students, I boldly asked him to give a lecture in my class at the University
to some twenty students on any topic he liked. I was also extremely interested in
his thoughts on Spinoza. Surprisingly he did not reject the possibility. He asked
me to give him some time to think about it. A few weeks later in our meeting he
replied “I would have liked to speak about General Relativity, but I have not been
working in this field in the last twenty years” and when I reminded him that he
could speak on any topic he added “I would have liked to speak on philosophy, but
I have been working in this field only in the last twenty years!” This was our last
Friday afternoon meeting, following as usual a complex ceremonial procedure.
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E. Fermi: Theories on the origins of the elements (240.3)

“Teoria sulle origini degli elementi,”
translated from Conferenze di Fisica Atomica (Fondazione Donegani) - Terza

Conferenza,
Roma, Accademia Nazionale dei Lincei, pp 31-45 (1950),

compiled by Prof. E. Pancini

All the known matter is made up of various chemical elements each present
with a different abundance, so the problem arises, first experimentally and then
theoretically, of understanding for what reason some elements are abundant, others
rare.

The problem is first of all an experimental one and, not wishing to discuss the
question in detail here, a few general considerations are enough to understand it.
What we are trying to establish are the amounts of the various chemical elements
which are, so to say, in the whole Universe or, at least, in a large part of it and,
obviously, the result which we may expect to obtain depends to a large extent on
the samples taken for the analysis. For instance, if it is possible to determine the
relative amounts of oxygen, iron, hydrogen and the other elements present in the
part of the terrestrial crust which is approachable by our direct observations, one
will get for each of them a definite relative abundance. But if, on the contrary,
one determines for instance, the percentages of the same elements by analysing the
meteorites, a different distribution of the elements with respect to the one found in
surface rocks on the Earth will be discovered.

Therefore the problem, rather than a problem of chemical analysis, is essentially
a problem of the selection of the samples to analyse.

Obviously, the question is not a new one; the data which will be presented
here have been obtained in rather recent research by Harrison S. Brown,1 of the
University of Chicago, who has extended, enlarged and perfected the results of Gold-
schmidt.2 The data have been obtained by analysing a large quantity of samples
and this assures their reliability because data obtained from a particular sample
display the special characteristics of it instead of what can be considered the cosmic
distribution of the elements.

It is noteworthy the fact that, in spite of this observation, the conclusion of these
analysis is that, if the selection of the samples is made with suitable attention, the
results are highly uniform even if derived from materials of very disparate origin.
For instance, in some favorable cases, it is possible to assign the ratio of the cosmic
abundance of two elements with a precision of the order of the 1 or 2%.

Note that the measures of the abundances of the elements performed on the
terrestrial crust, even if of utmost practical importance, have a rather limited the-

1Rev. Mod. Phys. 21, 625 (1949).
2V.M. Goldschmidt, Geochemische Verteilungsgesetze der Elemente und der Atomarten, IX,

Oslo, 1938.
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oretical importance. In fact the terrestrial crust, indeed all the material which
constitutes the Earth, during the geological ages, has been subjected to a deep
chemical separation so that one could obtain significant results only through an
analysis of samples taken in zones which go from the Earth’s surface to its center
and this is, obviously, impossible.

Luckily, this impossibility of taking samples from the interior of the Earth can be
circumvented by studying the composition of the meteorites which, in the opinion
of the experts, turn out to be samples taken from various zones of missing planets.
Thus, if the Earth, due to a cosmic catastrophe, were to break up, the meteorites
coming from its crust would be essentially made of iron or, more precisely, of an
alloy consisting mostly of iron and then nickel and then, to an ever lesser extent,
other elements.

In effect a statistical analysis of the meteorites which arrive on the Earth (and
the meteorites which arrive on the Earth are really of these two kinds) indicates that
the ratio between the amount of matter from stone meteorites and iron meteorites
is not very idfferent from the ratio between the stone part and the iron part of the
Earth which results from the investigation in depth through seismic waves.

The research of which we are speaking has been carried out mostly by a painstak-
ing collection of a large number of meteorites and performing extremely accurate
quantitative analyses of them. It’s important to remark that the problem of making
these analyses is much less simple than it might seem because most of the elements,
indeed, as we shall see, almost all, are so rare as to be present in amounts of few
parts per million or even less. Thus one of the greater difficulties of the problem is
that of finding the means of performing quantitative chemical analyses of extreme
sophistication. To overcome this difficulty one has been even obliged to use (at
least in the recent studies performed at the Chicago University) nuclear reactors for
irradiating the material under examination with the aim of observing the resultant
characteristic activities of the elements of interest. Therefore the identification of
the elements, in this way, is realized essentially through radioactive rather than
chemical methods. By those means one has succeeded in analysing the material
arriving on the Earth in the shape of iron and stone meteorites and, taking suitable
averages of the data so obtained, a table has been constructed which for most of
elements will coincide with other data of completely different origin as, for instance,
those obtained through the spectroscopic observation of the stellar atmosphere. In
this way one has an indication that the matter which constitutes the meteorites
is not substantially different from that which constitutes stellar atmospheres. As
a matter of fact there are some remarkable exceptions, but easily understood: for
instance there are some elements in the meteorites which are practically missing,
or present in an amount smaller than the one expected. This is the case of the
noble gases which are present both in the Earth and in the meteorites in an amount
largely smaller than that corresponding to their cosmic abundance because in the
process of formation of the planets they have not been kept inside. Another excep-
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tion even more notable is that of hydrogen, but also this exception is accounted for
by arguments of the same kind of those put forward for the rare gases.

Facts of this kind make it clear how the results obtained from the analysis
of the meteorites (from which we take most of the quantitative data on the cosmic
abundances of the elements) should be revised through a careful chemical discussion
which, on the other hand, is unfortunately almost completely arbitrary since it
involves assumptions about the process of formation of the meteorites themselves
and the characteristics both chemical and physical of the environment where they
have been formed. In short the analysis of meteorites, element by element, must be
integrated together through chemical considerations of a theoretical nature which
allow us to decide if the element in question has retained its cosmic proportions in
the meteorites.

Besides meteorites also the stellar atmospheres have been investigated (through
spectroscopic analysis) and, in part, the matter clouds of the interstellar space
through the analysis of their absorption spectrum. These data are, nevertheless,
extremely limited and must be used only as additional ones. But the fact that is
anyway remarkable is that all these data (taking into account the quoted exceptions
which, in any case, can be justified by very convincing arguments) coming from the
analysis of quite different celestial objects as the stellar atmosphere, the interstellar
matter and the meteorites all match very well. On the contrary, the data which
come from the Earth’s crust vary significantly because, as we have said, the Earth’s
crust is not a faithful specimen of what can be considered to be the material which
constitutes the Earth.

That said it is interesting to consider the table reported here (Table A.1) in
which the numbers represent the relative abundances of the various elements.

These data are extracted from the papers of Harrison S. Brown which can be
considered the most up-to-date; the numbers listed in the table refer to some of the
most significant elements and are sufficient to point out some strange features of
the behavior of the relative abundance of the various elements as a function of the
atomic number. They represent the number of atoms of each element present, on
the average, in the cosmic matter for every 104 atoms of silicon 14.

When analysing this table it is convenient to begin at hydrogen, which is not
only the simplest one of the elements, but also the most abundant: the number
of its atoms present in the cosmic matter for every 104 atoms of silicon amounts
to three or four hundred million. After the hydrogen, both in the periodic system
of the elements and in the scale of the abundances, there is helium whose relative
abundance is, on our scale, 35 million. For the elements which follow helium,
the relative abundance decreases very rapidly to extremely low values: lithium,
beryllium and boron are extremely rare: for instance, the relative abundance of
beryllium is two tenths (that is, there are 50,000 atoms of silicon for every atom of
beryllium). As one can see, between helium and beryllium there is a jump on the
order of one hundred million.
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Table A.1 Relative abundance of the
elements

A Z Atoms per 104

atoms of silicon

H 1.01 1 3.5× 108

He 4 2 3.5× 107

Be 9.02 4 2× 10−1

C 12.01 6 8× 104

O 16.00 8 1× 105

Si 28.06 14 104

Cl 35.46 17 2.5× 102

Mn 54.93 25 1× 102

Fe 55.85 26 2.6× 104

Co 58.94 27 1.6× 102

Ni 58.69 28 2.0× 103

Cu 63.57 29 7

Ga 69.72 31 5× 10−3

Sr 87.63 38 10−1

Cd 112.41 48 2× 10−2

Cs 132.91 55 10−2

Pt 195.23 78 10−1

Pb 207.21 82 4× 10−3

Th 231.12 90 10−2

U 238.07 92 3× 10−3

The other light elements which follow the three quoted above in the periodic
table have abundances slightly different from that of silicon: to carbon, for instance,
an abundance of 2 × 104 must be attributed. Immediately after oxygen heads
upwards: 105. It is, after hydrogen and helium, the most abundant element as
regards the number of atoms (not the weight).

Proceeding on this scale one finds abundances on the order of few units until one
arrives at iron which has a considerably high abundance: 2.6 × 104. Then cobalt:
2.6 × 102, nickel: 2 × 103, and continuing on in the order of the periodic table, at
this point the abundance begins to decrease rapidly and does not rise any more.
From gallium on until uranium the abundances oscillate more or less irregularly
between one tenth and one hundredth. A slight exception is lead which has a little
higher abundance, but one might think that the amount of lead is increased due
to the decay of the radioactive substances which are located immediately over it.
Another exception, in the opposite sense, is uranium but one can think it became
impoverished owing to its radioactive decay.

All these arguments will probably assume more clarity if we represent in a di-
agram (Fig. 1) the relative abundance of the elements as a function of the atomic
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number. From this diagram one can see that immediately after the peak represented
by hydrogen and helium there is a tendency to exhibit, though with high regularity,
a decreasing feature of the relative abundance of the elements. So that one who
wanted to draw a curve through these points, neglecting the irregularities, could
draw the curve shown in Fig. 1. And, if one wanted to trust that, having accounted
for the exceptions, this curve represents with good approximation the relative abun-
dance of the elements, one should also conclude that the relative abundance of each
element is one of its essential characteristics like, for instance, its atomic number,
its energy of formation or its mass. Then one forms the impression that the relative
abundance of each element is really a property of its own, connected, as is obvi-
ous, both with the other properties of the element and with the mechanism, quite
unknown, through which the element has been formed.

Fig. 1

Obviously, in a discussion of this kind one must take into account the abundance
of the different isotopes of each element, but this is not a complication of the problem
since the relative abundances of the isotopes of each element are known and rather
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constant: so if we know the abundance of each element it is a question of trivial
arithmetic to calculate the abundance of the isotopes.

Also when studying the relative abundance of the isotopes one will notice some
regularities that are worthwhile to call attention to because we shall come back to
them below.

In Fig. 2 a diagram of isotopes is shown with the number of protons which
constitute each nucleus given along the abscissa and the number of neutrons along
the ordinate: as one can see the various elements are distributed in a region which
initially has the direction of the bisector of the axes and then turns upwards (and
this means that in the nuclei of low atomic number the number of protons equals
that of neutrons whereas for the high atomic numbers the percentage of neutrons is,
more and more, higher than 50%). Almost always one finds that in the lower part
of the periodic system — that is for the light nuclei — the more abundant isotopes
are those richer in protons or, what amounts to the same thing, poorer in neutrons;
then there is a transition zone and finally in the higher part one observes quite the
opposite tendency: the more abundant isotopes tend to have more neutrons than
protons.

Obviously the idea of justifying all these facts, that is to justify the abundance
of every single element and, for each element, the abundance of its isotopes, is,
certainly, an extremely ambitious program and constitutes a problem whose solution
is assuredly very far off. Nevertheless recently there have been attempts in this
direction but with quite unsatisfactory results. This fact does not exclude that they
are extremely interesting in the sense that they represent an attempt at research
in the direction which most probably will be one of the most important in the
future. On the other hand it is obvious that if the solutions obtained to date are
not satisfactory one cannot exclude that in the future one cannot make conclusive
steps along this road.

One of the most natural hypotheses that has been formulated, from long time
and by various people, is that the elements we find in nature are the result of a
process which bases itself on a kind of a chemical or, as one says, superchemical
equilibrium. In other words one can ask if it permissible to imagine that if we put
the constitutive elements of the chemical elements in a cauldron, that is protons
and neutrons, and then heating it all to a suitable temperature and finally, when
this matter is, so to say, well cooked, cool it suddenly, one can obtain a mixture of
elements which looks like that which seems to us to constitute the Universe.

Many attempts in this sense have been made but the results obtained are in-
deed not very convincing. Obviously the temperatures and the pressures in this
kind of cauldron must be thought to have rather amazing values if one wants to
obtain results which do not disagree with the experimental data: for instance, the
temperature should be about 10 billion degrees and the pressure about one million
grams per cm2. The necessity of such temperatures and pressures can be under-
stood without difficulty if one considers that the temperature must be very high



August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408

184 Einstein, Fermi, Heisenberg and Relativistic Astrophysics: Personal Reflections

to bring forth, in a conspicuous manner, nuclear reactions, and that the pressures
must be also be very high to have the possibility of forming very heavy nuclei. In
fact if, at such high temperatures, the pressure were not proportionally high, all
the nuclei consisting of many particles would disintegrate and the possibility of the
existence of heavy nuclei present in nature would not exist.

Fig. 2

On the other hand, the fact of the matter is that starting from such hypotheses
one does not succeed in obtaining a distribution of elements which looks very much
like the real one: for instance, the relative abundances of various isotopes turn out to
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have a random distribution absolutely different from that observed experimentally.
The more recent theories are based, instead, on a rather different scheme: we

shall limit ourselves to speak here about only one of them, that which, in our
opinion, is the most interesting one even if it cannot be considered in any way to
give a satisfactory explanation of the facts. This theory is due chiefly to Gamow
who, being a joker as everybody knows, joined with two other physicists, Alpher
and Bethe, with the aim, perhaps, of playing with the fact that the three names,
read in the American way mangling the words, sound like the first three letters of
the Greek alphabet. As a matter of fact, the essential contribution of the theory of
which we are speaking was given by Gamow and in part by Alpher: Bethe, instead,
appears to have been associated only to complete the play on words.

Anyway, the theory can essentially be divided into two parts. The first is based
on the observation, in reality not new, that there is the possibility of forming ele-
ments, even when the temperature and pressure do not assume such amazing values
as those quoted above, provided that one conjectures forming the elements through
successive additions of neutrons. Without dwelling at the moment on an explana-
tion of the origin of these neutrons, let us try to give an idea of the way in which
this formation can take place.

Let us still refer to a P-N diagram (Fig. 2) in which each element is represented
by a point whose abscissa is equal to the number of its protons and whose ordinate
is equal to the number of its neutrons. As we have already said, all stable elements
are located in a well defined zone.

If we now assume that we submit a certain element to a “bath” of neutrons it
may happen that its nuclei capture one of these neutrons. Thus, if the composition
of this nucleus is represented by the point A of Fig. 3, after the capture the new
formed nucleus will have a composition represented by the point B which is obtained
by taking from A a step upwards (in fact N is increased by one and Z remains
constant).

The new nucleus will be able, in turn, to absorb another neutron and produce
an element represented by the point C and so on, until one ends up ging out of the
zone of stable elements. The newly formed unstable element will evidently be beta
radioactive and then will disintegrate through a beta process which is a change of
a neutron into a proton: the new representative point will therefore be obtained
taking a step downwards (decrease of a neutron) and a step rightwards (increase of
a proton).

If now there are still neutrons present, the nucleus so formed will be able to
absorb another neutron, then another neutron and after it will emit a beta ray; and
in this way little by little we will climb up the slope of the stable elements. Thus
little by little very heavy elements are formed through a mechanism of successive
additions of neutrons to light nuclei assumed to be pre-existing.

At this point, if one wants to be ambitious (and, as we shall see, Gamow puts
forward demands still more ambitious than these), one can even intend to explain
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Fig. 3

the formation of all the elements starting from only neutrons.
Let us assume, in fact, that in a region of space, at a certain instant, are con-

tained some neutrons. As is known, the neutron is not a stable particle, on the
contrary its life time is quite short (it has not yet been measured very well but it
cannot be appreciably different from 15’) and therefore after about ten minutes,
half of the neutrons will be decayed producing as many protons. But neutrons
and protons have a certain affinity and the neutrons tend to latch onto the protons
in this way forming nuclei of deuterium. In this way, starting initially from only
neutrons, through their decay and association with the generated protons, it will
be possible to form the first light nuclei and then, from them, with a process of
the kind described above, one will arrive presumably at the formation of the heavy
elements.

Gamow has made an attempt at investigating this model (or better put, a model
which looks like this) from a quantitative point of view. Of course for a quantitative
investigation it is necessary to introduce data on the probability of capture of neu-
trons by a given element, because it is this probability which essentially determines
the speed of the process of this phenomenon. Now, much data is available on the
capture of slow neutrons, but presumably phenomena of this type happened at a
temperature high enough to advise taking data regarding the capture of rather fast
neutrons — and Gamow has taken data of this type. In Fig. 4 we report the cross
sections for the capture of fast neutrons as functions of the atomic weight.

Gamow, simplifying (maybe too much) that what the experimental results really
give, assumes that these cross sections for the capture of neutrons increase linearly
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for values of the atomic weight between 0 and 100 and then remain constant as
indicated by the broken line depicted in Fig. 4. If we observe the figure and take
into account that the scale is logarithmic, we can judge how much Gamow’s schema-
tization is strong: anyway it is convenient to follow Gamow’s reasoning till to the
bottom before criticizing it.

Therefore let us assume, for the time being, that the cross sections are really the
ones Gamow claims. In this case we can plainly write down the differential equations
describing how heavier elements are successively formed. Let us call Na the number
of atoms with atomic weight a; the derivative of this number with respect to the
time will depend on two terms: one which represents the increase in the number of
atoms of weight a due to the aggregation of atoms of weight a− 1 (and this will be
a positive term proportional to Na−1 , to the cross section σa−1 of the element a−1
and to the flux Φ(t) of the neutrons). Then there will be a negative term which
in the same way represents the decrease of Na due to the absorption of neutrons
which changes the atoms a into atoms a+ 1. In a formula

dNa

dt
= Φ(t) (σa−1Na−1 − σaNa) (a = 1, 2, ...238) . (1)

Fig. 4

Equations like this must be written for every value of a and a system will be
obtained which we can solve, at a fixed neutron flux, deriving the way in which the
abundances of the single elements evolve in time.

Now, the most significant result (which could be even more significant if the
curve of the capture cross sections assumed by Gamow were a more faithful repre-
sentation of the experimental facts) is that, owing to the peculiarity of this curve —
namely the fact that for a certain atomic weight the tendency of the cross sections
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to increase stops suddenly — by assuming conveniently the time and the flux of
neutrons, one finds a distribution of the abundances of the elements of the type
represented in Fig. 5 and which is not very different from the experimental one
(Fig. 1).

Of course the result one obtains depends on the time interval we choose in the
sense that, if we fix a certain flux of neutrons, the material must be exposed to its
action for a suitable time: in fact, if the time is too long, too many heavy elements
are formed, if it is too short, too few elements are formed. But, by “cooking” so to
say the material to the right point one succeeds in obtaining something which has a
certain resemblance with the experimental data. This resemblance arrives at such
a point as to give, in the case of elements with high atomic number, a distribution
of isotopes resembling the real one. In the region of light elements the result is,
instead, contrary to the experimental one but one can think that a successive heat
treatment, even at not an exceedingly high temperature, might have modified the
situation.

As we have said, Gamow was not content with these results and has taken
a further step, a very risky and almost certainly wrong step. Almost certainly
wrong since the step one takes when, to explain the facts, one assumes very precise
hypotheses. In that case, as is obvious, the more precise the hypotheses are, the
more easily one demonstrates that they are wrong. At any way, Gamow resolved
to determine the time in which the formation of elements described above has
happened by resorting to the theory of the expansion of the Universe. This theory
is connected with the theory of general relativity and we attempt to give a short
account of it.

Unfortunately also for general relativity, as for other physical theories, there
does not exist a single theory and this entails a certain freedom of choice, but at
present this choice cannot be made on the reliable basis of experimental results.
But if we base ourselves on the simplest one of the theories of relativity, that one
without a cosmological term, we can construct as has been done, a theory of the
expansion of the Universe according to the following general lines.

One starts from the hypothesis, which has at least the merit of being very simple,
that the energy density (matter and radiation) is uniform in the entire Universe, at
least when one averages over very large regions of it.

Furthermore one assumes that the space has a constant curvature; this means
that the Universe is homogeneous not only with respect to the energy density but
also with respect to its geometrical properties. From this hypothesis one can infer
that the Universe at a certainly well-defined time has the shape of a sphere or that of
a pseudo-sphere; for particular reasons, connected with the present matter density,
one must choose the pseudo-sphere, which is a sphere with an imaginary radius and
obviously it is not possible to represent it by a figure. But if for the moment we
leave out of consideration the fact that the object of which we want to speak is a
pseudo-sphere and not a sphere and furthermore if we limit ourselves to represent
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Fig. 5

only three of its four dimensions (the time and two spatial coordinates) it will be
possible (Fig. 6) to give an idea of how the Universe evolves expanding itself. In
Fig. 6 the Universe is represented by circles whose radius is increasing with time.

If now, by using the formulas of general relativity, one makes calculations, one
can find a relation which connects the velocity of expansion of the radius, r = iu,
of the pseudo-sphere with the energy density w:(

du

dt

)2

= c2 +
Kc2

3
u2w . (2)

This formula says that the square of the time derivative of the modulus of the
radius u of the pseudo-sphere equals the square of the light velocity plus a term
which contains the radius itself, the energy density w and a constant K related to
the gravitational constant G through

K = 8π
G

c4

and having the value of about 2× 10−48dy n−1. If we now want to use this formula
to describe the expansion of the Universe when its radius is very small, we can see
that the first term of the right hand side becomes negligible since the energy density
increases much faster than the squared radius decreases. Then formula (2) can be
simplified in the following way:(

du

dt

)2

=
Kc2

3
u2w . (3)
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Fig. 6

At this point Gamow made an interesting remark: if one admits that, when
formula (3) holds, the energy is essentially radiation energy, one can, using the for-
mula, obtain a relation between temperature and time which contains only universal
constants. In this way, one arrives at eliminating the arbitrariness due to the value
of temperature at which nuclear reactions had taken place and given origin to the
elements. This arbitrariness might have allowed one to obtain, to a certain extent,
any result whatsoever. We give here, without proof, the formula which links tem-
perature to the time elapsed since the instant when the Universe had infinitesimal
size

T =
(

3
4Kc2σ

)1/4 1√
t

degrees . (4)

In this formula, σ represents the Stefan’s law constant, T the absolute temperature
and t the time. As we have already pointed out, this is an approximate formula and
holds for values of t not too large, for instance not exceeding a few million years.

If we substitute the constants appearing in formula (4) by their values, we obtain

T =
1.52 · 1010

√
t

degrees (5)
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from which one sees that when t is, for instance, equal to one second, the tempera-
ture is, as one could have imagined, enormously high: of the order of 1010 degrees.
But it decreases very fast so that, after one thousand seconds, it is already reduced
to the order of magnitude of one hundred million degrees and this value is low
enough to stop strong nuclear phenomena.

Then the temperature varies with time following a well-defined law and the
pseudo-radius of the Universe vaires with an equally determined law (it is propor-
tional to the squared time) and therefore only one parameter is left undetermined:
the density of neutrons; Gamow intends, by working on this single arbitrary param-
eter, to succeed in predicting the distribution of the abundances of the elements and
indeed in a certain sense he succeeds. As a matter of fact, he succeeds as long as
one is content with a very rough analysis of his results, but as one tries to enter into
details, immediately one runs into trouble and probably troubles would increase if
it was possible to carry out this analysis which is extremely complicated to do.

The first difficulties are met already in the lower region of the periodic system as
soon as one asks oneself a little in detail in what manner the elements are gradually
forming themselves. As we have already said, the first nucleus to be formed will be
that of hydrogen, then through the merging of a proton with a neutron deuterium
will be formed and then with the addition of another neutron tritium, which will
decay through a beta decay into helium three. By addition of a new neutron helium
three changes into helium four. Already here one meets a little difficulty because
helium three capturing neutrons tends to break rather than to form helium four,
nevertheless one can still think that at least a small fraction of helium three changes
by capture of a neutron into helium four. But at this point the difficulty one meets
is much more important because the nucleus of mass five does not exist: if one
would try to form it by addition of a neutron to helium four it would break to
peaces creating an insurmountable barrier which prevents the successive formation
of elements through the addition of neutrons.

In reality one can find some way to jump or even better to avoid this barrier,
and it is the following: according to the formulas written above, in the time in
which these phenomena should take place, the temperature, though already much
decreased, is still on the order of 108-109 degrees and at such high temperatures
nuclear reactions can still take place in a conspicuous way and are produced by the
collisions among the nuclei which move under the effect of thermal agitation. Thus
it is not impossible to think that a nucleus of mass six can be formed, without the
preliminary existence of a nucleus of mass five, by making a nucleus of deuterium
react directly with a nucleus of helium four. As a matter of fact, this reaction is
extremely unlikely, but not impossible, therefore it is not excluded that a small
amount of lithium six is formed allowing, through successive additions of neutrons
the formation of heavier nuclei. And many other difficulties of this type are met; for
instance, also the nucleus eight does not exist in any stable form and this missing
step will be jumped by a device of the kind already described.
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But the difficulties do not end here, another one which cannot be passed over
in silence is that, if one assumes an initial density of neutrons large enough so that
they can form heavy elements in nonnegligible quantities, one finds that the ratio
between helium and hydrogen has nothing to do with the actual one: one will have
more abundant helium than hydrogen contrary to experimental evidence.

So it only remains sadly to conclude that this theory is unable to explain the
way in which the elements have been formed in time, and this after all is what one
should have expected.

However, we must recognize the courage with which Gamow has set about con-
structing an attempt at a theory based on extremely determined hypotheses: the
theory has failed and this means that some of his hypotheses are wrong, but the
result he has obtained in this way (to be at least certain of having made a mistake)
is certainly more remarkable than one that which could have been obtained from
a theory so indefinite as to be able to explain a lot of experimental facts, exactly
because of the great deal of arbitrariness contained in it, but that would not have
made evident what are its incorrect points allowing them to be corrected and to
proceed to the construction of new and more satisfactory theories.
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A.7 G. Gamow: The Origin of Elements and the Separation of
Galaxies

G. Gamow: “The Origin of Elements and the Separation of Galaxies ,” Phys. Rev.
74, 505 (1948)



LETTERS TO THE EDITOR

Neutron Absorytion in SN~arium
A. J. DRIPPER

Argent National Laboratory, Chicago, IQinois
June 28, 1948

" 'N a recent paper' it was shown that the large neutron
absorption ln samarium ls due to the isotope at mass

149. Since the alteration produced by the neutrons was
not very large, the experiment was repeated with a 4-mg
sample exposed in a thin layer of approximately 1 mg per
sq. cm to a much stronger neutron Aux. The isotope at
mass 149 was so reduced that it could not be detected.
One of ten mass spectra made with one milligram of the
sample is shown in Fig. 1, together with a mass spectrum
of normal samarium. The intensity of the isotope at mass
150 was greatly increased so that it appears approximately
equal to the one at 154. A faint gadolinium impurity
showed on the long exposures, with the two absorbing
isotopes at 155 and 157 missing.

Photometric measurements of the plates showed that
the densities at the masses 147, 148, 152, and 154 fell on
a normal photographic density curve indicating no changes
as a result of neutron absorption in any of these isotopes.
The new abundance at mass 150was found from four spec-

147 149
) 148 I iso

Exposed

ills I
Normal

VlG. l. Samarium isotopes altered by neutron absorption.

Kore, and Placzek. ' These values, as well as those calcu-
lated from recent results of Kore and Cobas, Agnew,
Bright, and Froman„are shown in Fig. 2. (The upper limit
of q cannot exceed twice the calcuhted value. )

The cadmium ratio, i.e., the ratio between the unshielded
and cadmium-shielded counters, is of the order of 2.2 over
the depth from 22.8 cm of Hg to 4 cm of' Hg. This is in

agreement with Agnew, Bright, and Froman's4 results.
The author wishes to express his gratitude to Professor

R. Ladenburg for many helpful discussions, to Mr. D. B.
Davis, who is responsible for the designing and building of
the balloon equipment and to members of' the Ordnance
Research Laboratory who helped to make the flight a
successful one.

~ This report is based upon work performed under Contract N6onr-
270 with the CNSce of Naval Research at the Ordnance Research
Laboratory of Princeton University.

~ E. Funfer, Natu+miss. 25, 235 {1937);E. FQnfer, Zeits. f. Physik
111,Mi {1988)",S. A. Kore and B. Hamermesh, Phys. Rev. 69, 155
{1946).

g H. A. Bethe, S. A. Korff. and G. Placzek, Phys. Rev. SV, 573
{1940).

I S.A. Kor8 and A. Cobas. Phys. Rev. V3, 1010 (1940).
~ H. M. Agnew, Vf. C. Bright, and Darol Froman, Phys. Rev. 2'2,

2O3 (i947').

tra to have increased to 21.2+0.4 percent. The normal
abundance at 150 is 7.47, and at 149, 13.84 percent, the
sum being 21.3 percent. This shows that within the experi-
mental error the isotopes that disappear at mass 149
reappear at mass 150. The absorbing cross sections of the
other isotopes were estimated to be less than one percent
of that of the isotope at mass 149.

~ R. E. Lapp. J. R. Van Horn, and A. J. Dempster, Phys. Rev. 71,
745 {1947).

The Origin of Elements and the Seyaration
of Galaxies

G. G~ow
George R'ashiegton University, 6'ashiegtos, D. C.

June 21, 1948

&HE successful explanation of the main features of
the abundance curve of chemical elements by the

hypothesis of the "unfinished building-up process, ""per-
mits us to get certain information concerning the densities
and temperatures which must have existed in the universe
during the early stages of its expansion. Ke want to discuss
here some interesting cosmogonical conclusions which can
be based on these informations.

Since the building-up process must have started with the
formation of deuterons from the primordial neutrons and
the protons into which some of these neutrons have de-
cayed, we conclude that the temperature at that time must
have been of the order To—10' 'K (which corresponds to
the dissociation energy of deuterium nuclei), so that the
density of radiation nT4/c' was of the order of magnitude
of water density. If, as we shall show later, this radiation
density exceeded the density of matter, the relativistic
expression for the expansion of the universe must be
written in the form:

d 8' oT4 )

where / is an arbitrary distance in the expanding space,
and the term containing the curvature is neglected because
of the high density value. Since for the adiabatic expansion
T is inversely proportional to /, we can rewrite (1) in the
form:

d T' 8xGo

or, integrating:

32Wo' t

For the radiation density we have:

3 1

32M t2.

These formulas show that the time to, when the temperature
dropped low enough to permit the formation of deuterium,
was several minutes. Let us assume that at that time the
density of matter (protons plus neutrons) was p
Since, in contrast to radiation, the matter is conserved
in the process of expansion, p,~. was decreasing as
I '~7'~t &, The value of p, t. ' can be estimated from
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the fact that during the time period dd of about 1(P sec.
(which is set by the rate of expansion), about one-half of
original particles were combined into deuterons and heavier
nuclei. Thus we write:

vAtncr —1

where v =5-10 cm/sec. is the thermal velocity of neutrons
at 10' K, e is the particle density, and ~10 "cd the
capture cross section of fast neutrons in hydrogen, This
gives us e—10" cm s and p ~, —10 s g/cms substanti-
ating our previous assumption that matter density was
negligibly small compared with the radiation density.
(Thus we have p t,.' A—10 4 g cm 'sec. and not 10+'

g cm ' sec. as was given incorrectly in the previous paper'
because of a numerical error in the calculations. )

Since p,~. t~ whereas p ~, t & the difference by a
factor of 10' which existed at the time 10' sec. must have
vanished when the age of the universe was 10'.(10)s
=10"sec.—10'I years. At that time the density of matter
and the density of radiation were both equal to L(10sl'g '
=10~' g/cm'. The temperature at that epoch must have
been of the order 10'/106—10' 'K.

The epoch when the radiation density fell below the
density of matter has an important cosmogonical signi6-
cance since it is only at that time that the Jeans principle
of "gravitational instability'" could begin to work. In fact,
we would expect that as soon as the matter took over the
principal role, the previously homogeneous gaseous sub-

stance began to show the tendency of breaking up into
separate clouds which were later pulled apart by the
progressive expansion of the space. The density of these
individual gas clouds must have been approximately the
same as the density of the universe at the moment of
separation, i.e., 10 '4 g/cm'. The size of the clouds was
determined by the condition that the gravitational poten-
tial on their surface was equal to the kinetic energy of the
gas particles. Thus we have:

3 4 Gmyy 4m Gm~p,-k7 =~A'p
2 3 R 3

%'ith T—10' and p—10~4 this gives R—10"crn—10'
light years.

The fact that the above-calculated density and radii
correspond dosely to the observed values for the stellar
galaxies strongly suggests that we have here a correct pic-
ture of galactic formation. According to this picture the
galaxies were formed when the universe was 10~ years old,
and were originally entirely gaseous. This may explain their
regular shapes, resembling those of the rotating gaseous
bodies, which must have been retained even after all their
diffused material was used up in the process of star forma-
tion (as, for example, in the elliptic galaxies which consist
entirely of stars belonging to the population II).4

It may also be remarked that the calculated temperature
corresponding to the formation of individual galaxies from
the previously uniform mixture of matter and radiation,
is close to the condensation points of many chemical ele-
ments. Thus we must conclude that some time before or
soon after the formation of gaseous galaxies their material
separated into the gaseous and the condensed (dusty)

phase. The dust particles, being originally uniformly dis-
tributed through the entire cloud, were later collected into
smaller condensations by the radiation pressure in the
sense of the Spitzer-%'hippie theory of star formation. l In
fact, although there were no stars yet, there was still
plenty of high intensity radiation which remained from the
original stage of expanding universe when the radiation,
and not the matter, ruled the things.

In conclusion I must express my gratitude to my
astronomical friends, Dr. %. Baade, Dr. E. Hubble, Dr.
R. Minkowski, and Dr. M. Schwartzschield for the stimu-
lating discussion of the above topics.

~ G. Gamer, Phys. Rev. VO, 572 (1946).
s R. Alpher, H. Bethe, and G. Gamom, Phys. Rev. V3, 803 (1948).
s J. H. Jeans, Astroeonsy aed Cosnmgoey (Cambridge University

Press, Teddington 1928).' Vt Baade, Astrophys. J. 100, 137 (1944).
sL. Spitzer, Jr., Astrophys. J. 95, 329 (1942); F. L. &hippie,

Astrophys. J. 104, 1 (1946).

Pressure Broadening in Ammoaia at Centimeter
Wave-Lengths*
DEFOREsT F. SMn'H

Sloane I'hysses Laboratory, Fute Ueieerssty, %no Haven, Connecticut
June 28, 1948

' &HE intensities and shapes of microwave absorption
lines in gases have been successfully correlated with

the Van Vleck-%'eisskopf' modi6cation of the Lorentz
impact-broadening theory. The absorption in the long
wave-length tails of the ammonia inversion hnes offers a
severe test of this theory, Precise measurements of this
absorption have been completed at wave-lengths 4.43 cm
and 3.20 cm in the pressure range 0.1 to / atmospheres.
These results are plotted in Fig. 1, together with the ab-
sorption coefficients computed by numerically summing the
Van Vleck-Weisskopf expression over the rotational states,
using the measured Bohr frequencies/ and a linear pressure
variation of the measured half-widths. '

The discrepancy between theory and experiment is most
severe at the higher pressures, but exceeds the measure-
ment errors at pressures as low as 10 cm of mercury. The
discrepancies are apparently inherent in the impact theory

o i

F1G. 1. Free-space absorption coe8icient of ammonia at 20o C ys.
pressure. Solid lines are experimental. Dashed lines are computed with
impact theory. Circles are computed as discussed in text.
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A.8 R. A. Alpher, H. Bethe and G. Gamow: The Origin of Chem-
ical Elements

R. A. Alpher, H. Bethe and G. Gamow: “The Origin of Chemical Elements ,”
Phys. Rev. 73, 803 (1948)
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The Origin of Chemical Elements
R. A. ALPHER+

Applied Physics Laboratory, The Johns Hopkins Un&rersity,
Silver Spring, Maryland

AND

H. BETHE
Cornell University, Ithaca, %em York

G. GAMow
The George Washington University, 8'ashington, D. C.

February 18, 1948

A S pointed out by one of us, ' various nuclear species
must have originated not as the result of an equilib-

rium corresponding to a certain temperature and density,
but rather as a consequence of a continuous building-up
process arrested by a rapid expansion and cooling of the
primordial matter. According to this picture, we must
imagine the early stage of matter as a highly compressed
neutron gas (overheated neutral nuclear Quid) which
started decaying into protons and electrons when the gas
pressure fell down as the result of universal expansion. The
radiative capture of the still remaining neutrons by the
newly formed protons must have led first to the formation
of deuterium nuclei, and the subsequent neutron captures
resulted in the building up of heavier and heavier nuclei. It
must be remembered that, due to the comparatively short
time allowed for this procgss, ' the building up of heavier
nuclei must have proceeded just above the upper fringe of
the stable elements (short-lived Fermi elements), and the
present frequency distribution of various atomic species
was attained only somewhat later as the result of adjust-
ment of their electric charges by P-decay.

Thus the observed slope of the abundance curve must
not be related to the temperature of the original neutron
gas, but rather to the time period permitted by the expan-
sion process. Also, the individual abundances of various
nuclear species must depend not so much on their intrinsic
stabilities (mass defects) as on the values of their neutron
capture cross sections. The equations governing such a
building-up process apparently can be written in the form:

We may remark at first that the building-up process was
apparently completed when the temperature of the neutron
gas was still rather high, since otherwise the observed
abundances would have been strongly affected by the
resonances in the region of the slow neutrons. According to
Hughes, 2 the neutron capture cross sections of various
elements (for neutron energies of about 1 Mev) increase
exponentially with atomic number halfway up the periodic
system, remaining approximately constant for heavier
elements.

Using these cross sections, one finds by integrating
Eqs. (1)as shown in Fig. 1 that the relative abundances of
various nuclear species decrease rapidly for the lighter
elements and remain approximately constant for the ele-
ments heavier than silver. In order to fit the calculated
curve with the observed abundances' it is necessary to
assume thy integral of p„dt during the building-up period is
equal to 5 X104 g sec./cm'.

On the other hand, according to the relativistic theory of
the expanding universe4 the density dependence on time is
given by p —10'/t~. Since the integral of this expression
diverges at t =0, it is necessary to assume that the building-

up process began at a certain time to, satisfying the
relation:

J (10'jt')dt =5X 104,
&0

(2)

CAt ClMlKO

-2

which gives us to=20 sec. and p0=2.5)&105 g sec./cm'. This
result may have two meanings: (a) for the higher densities
existing prior to that time the temperature of the neutron
gas was so high that no aggregation was taking place, (b)
the density of the universe never exceeded the value
2.5 )& 10' g sec./cm' which can possibly be understood if we

lsd—=f(t)(;,n; —;n;) i=1,2," 238 '0 /50 BO

where n; and a;. are the relative numbers and capture cross
sections for the nuclei of atomic weight i, and where f(t) is a
factor characterizing the decrease of the density with time.

803

Fio. 1.

Log of relative abundance

Atomic weight
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use the new type of cosmological solutions involving the
angular momentum of the expanding universe {spinning
universe)

More detailed studies of Eqs. (1) leading to the observed
abundance curve and discussion of further consequences
will be published by one of us (R. A. Alpher) in due
course.

& A portion of the work described in this paper has been supported
by the Bureau of Ordnance U. S. Navy, under Contract NOrd-7386.

i G. Gamow, Phys. Rev. 70, 572 (1946).
s D. $. Hughes, Phys. Rev. 70, 106(A) (1946).
s V. M. Goldschmidt, Geochemische Verteilttngsgesetg der Flemente end

der Atom-Arten. IX. (Oslo, Norway, 1938).
~See, for example: R. C. Tolman, Relativity, Thermodynamics and

Cosmology (Clarendon Press, Oxford, England, 1934).
s G. Gamow, Nature, October 19 (1946).

A Beta-Ray Spectrometer Design of Quadratic
Resolution-Solid Angle Relattonshiy

S. FmNXEI.
Frankel and ¹lson, Los Angeles, California

February 16, 194S

N a P-spectrometer for use with low intensity sources it
is advantageous to collect electrons emitted by the

source in as large as possible a solid angle consistent with
the required resolution. In conventional spectrometers the
usable solid angle, 0, is proportional to the momentum
spread, bp/p, for small bp. (bp is the half-intensity width
observed for a point source of monoenergetic electrons. }
The double focusing spectrometer' has a more favorable
proportionality constant than the constant held magnetic
lens ("solenoid" ) spectrometer. The thin-lens spectrometer
has a still less favorable constant. ~ Figure 1 shows approxi-
mate 0 vs. bp/p curves for these designs.

Kitcher' has shown that the solenoid spectrometer
brings monoenergetic rays having nearly the same initial
angles with the axis, y, to a "ring-focus" between the source
and counter, nearer the latter {Fig. 2). By placing baNes
inside and outside this ring-focus the resolution may be
improved without decreasing Q. The resolution attainable
is approximately that shown in Fig. 1 for rays with
30'&y&60', somewhat poorer outside this range. For

FIG. 2. Paths of electrons in a homogeneous magnetic 6eld. s —s. axis
of symmetry. Azimuthal motion of electrons not indicated. (A) BaNes
defining range of y. (B) Ring-focus bafFles.

small 0, bp=0(Q'). Since the improvement in resolution
attainable in this way seems not to be widely appreciated,
it may be useful to direct attention to it.

Changing the energy of the electrons {or the field

strength) without change in the range of y uniformly ex-
pands or contracts the paths shown in Fig. 2 about the
source as the fixed point. The best resolution is therefore
obtained by placing the ring-focus bafBes so that their
defining edges lie on a cone with vertex at the source and
axis parallel to the magnetic field.

It seems likely that a similar ring-focus exists in a thin-
lens spectrometer and has similar favorable properties.
Thus it is probably possible to combine the copper and
power efficiency of the thin-lens design with a favorable
resolution vs. solid angle curve. The position and properties
of this ring-focus could be found experimentally {e.g. , by
the use of moveable bafHes} or by numerical integration of
the electron path equations.

The source diameter just sufficient to impair the mo-

mentum resolution is of the order of (bp/p). tang-(radius
of curvature) for the solenoid spectrometer either with or
without the ring-focus ba8les. Thus when an extended
source is desirable (e.g. , with a source of low specific
activity) the improvement in counting rate at fixed resolu-
tion shown in Fig. 2 is genuine, while the improvement in

resolution at fixed counting rate is in part specious.

i Siegbahn and Svartholm, Nature 157, 872 (1946).
s T. Lauritsen, private communication.
s ClifFord M. Witcher, Phys. Rev. 60, 32 (1941).

0 In % of ao&ere I 0%

The Hard Component of Cosmic Radiation as
Affected by the Variation in Air Mass

Distribution with Latitude
KENNETH M. KUPFERBERG

Department of Physics, ¹erYork University, New York
and

Kepco Laboratorses, Inc. , Flushing, Nno York
February 20, 194S

0.$ 0 In ateradiana I.O

FIG. 1. Momentum resolution, hp/p, es. solid angle, 0, of rays used:
(A) A typical thin-lens spectrometer. s (8) Solenoid spectrometer for
smail y. (C) The Siegbahn-Svartholm double focusing spectrometer.
(0) The ring-focus baNed solenoid spectrometer. All cur~es are approxi-
mate and refer only to a point source.

'T is the purpose of this note to call attention to a
phenomenon which will complicate the interpretation

of the latitude eEect. The variation in height of the main

mesotron production region with geographic latitude intro-
duces variations in the intensity of the hard component
comparable to the variations presently attributed to the
geomagnetic latitude effect.

August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408



August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408

Papers relevant to Chapter 1 199

A.9 G. Gamow: The Role of Turbulence in the Evolution of the
Universe

G. Gamow: “The Role of Turbulence in the Evolution of the Universe ,” Phys.
Rev. 86, 251 (1952)



LETTE-RS TO THE EDITOR

above. In addition, such eGects as loss of electrons in the orbit
and multiple traversals of the target by some electrons. may be
responsible for some of the disagreement.

When it occurs, the loss of a substantial number of electrons in
the orbit is detected by a photomultiplier tube, and it appears as
"grass" on the oscilloscope at the control desk. Activation data
were taken only when the loss of electrons appeared to be in-
appreciable, as indicated by a negligible amount of grass.

It is a sincere pleasure to acknowledge the cooperation, during
the course of the experiment, of Dr. I. Jackson Iaslett who
originally suggested the method used to monitor the beam.
Appreciation is also extended to Mr. Don Steward and Mr. Philip
Phipps for their assistance in preparing the table of photon values.

*Contribution No. 169 from the Institute for Atomic Research and
Department of Physics. Work performed in the Ames Laboratory of
the AEC.

f Now at Hughes Aircraft Company, Culver City. California.
I Johns, Katz, Douglas, and Haslam, Phys. Rev. 80, 1062 (1950).
~ B. C. Diven and G. M. Almy, Phys. Rev. 80, 407 (1950).
~ Haslam, Johns, and Horsley, Phys. Rev. 82, 270 (1951).
4 H. Bethe and W. Heitler, Proc, Roy. Soc. (London) A146, 83 (1934).
~ L. I, Schiff, Phys. Rev. 70, 87 (1946).

The Role of Turbulence in the Evolution
of the Universe

G. GAMOW

George Washington University, Washington, D. C.
(Received February 25, 1952)

T can be considered now as an unquestionable truth that
.. "from one to ten thousand million years ago, the matter of the

(known) spiral nebulae novas compressed into a relatively restricted

space, at the time the cosmic processes had their beginning" and that
during that stage "the density, pressure, and temperature of matter

must have reached absolutely enormous proportions" since "only

ender sech conditions can me explain the formation of heavy nuclei

and theA' relative frequency in the period system of elements. "'
A detailed study of the conditions obtained during the early

stages of the expansion process~ leads to the conclusion that the

temperature and density at the age t (in seconds) were given by
the expressions:

T= 1.5X 10' /t&'K, p= po/t», (1)

where po is a constant to be adjusted by considering the nuclear

building-up processes and has a numerical value of the order of

magnitude 10 ' g cm ' sec».

It is important to notice that during these early stages of

expansion, the mass density of radiation quite considerably ex-

ceeded that of matter. Thus, for example, we 6nd from Eq. (1)
that at t =900 sec (15 min), p,„q—0.5 g cm' and p, t,='10 g cm'.

Under these conditions, when radiation was predominant, matter

was deprived of any possibility of condensing under the action of

gravitational forces. It is, thus, reasonable to assume that the

originally uniform gaseous material could start to break up into

individual gas clouds (protogalaxies) only during the era when

the density of radiation sank below the density of matter. The

observational fact that the present distances between the neigh-

boring galaxies exceed their geometrical dimensions by a factor of

about a hundred suggests that the break-up must have taken

place at a time of about one hundredth of the present age, and

that at that time the mean matter density of the universe was

comparable with the present matter density, 10 '4, inside of the

galaxies. Using t=3X10 years=10" sec in Eq. (1), we find

T=500'K and p„d=10 ~. This is indeed comparable with the

present intragalactic density as well as with the result given by
the density formula in Eq. (1). In order to 6nd the sizes and

masses of condensations we must insert the values of T and p for
t=10'5 sec into the well-known Jeans' formula for gravitational

instability. By doing so we 6nd for the diameters and masses of

condensations the values of =10' light years and =10 sun

masses, which are in agreement with the hypothesis that the

original condensations were the gaseous protogalaxies. It cannot
be emphasized too strongly that all the numerical values derived
above. are off by an order of magnitude or even more from the
actually observed values. This can easily be due, however, to the
highly preliminary nature of the calculations.

An important point in applying the classical Jeans' formula to
our case is that it is derived speci6cally for a nonexpanding gas,
whereas our model is rapidly expanding. This point was investi-
gated by the author in collaboration with Drs. S. Ulam and
N. Metropolis (unpublished), with the unfortunate result that the
expected condensations would never form in the originally homo-
geneous material, unless there are some additional physical
factors favoring large-scale fluctuations of density. The attempts
to provide for such an additional factor by considering the effect
of radiation pressure (similar to the Spitzer-Whipple theory of
stellar origin) have also failed. Thus, it seems at present that
the only way of understanding the formation of gaseous proto-
galaxies lies in the assumption of extensive turbulent motion in
the primordial expanding material. Such turbulent motion would
result in strong density fluctuations leading to compression eddies
of all different sizes in accordance with Kholmogoro6's spectral
law of turbulence; If such an assumption is made, we can easily
see how gravity forces, which become of importance as soon as
the radiation density sinks below the matter level, could grab the
condensation eddies of suitable sizes to form the protogalaxies
of proper masses and geometrical dimensions.

The existence of such turbulent motion in the primordial
material of the universe is, in fact, strongly suggested by the
recent studies by H. Shapley and C. D. Shane of the space dis-

tribution of galaxies in the observed part of the universe.
Although Reynold's number for the universe is always suffi-

ciently large to expect the presence of turbulent motion, it is,
however, difficult to see how such a motion could originate in a
uniformly expanding homogeneous material. Thus, it may be
well to introduce the primordial turbulence on a postulatory basis

along with the original. density of matter and the rate of expansion,

~ Address by Pope Pius XII to the Pontifical Academy of Sciences on
November 22, 1951 (Tipografia Poliglotta Vaticana, Rome, 1951).

2 G. Gamow, Phys. Rev. 70, 572 (1946); Alpher, Bethe, and Gamow,
Phys. Rev. 73, 803 (1948); G. Gamow, Nature 162, 680 (1948); R. Alpher
and R. Herman, Phys. Rev. 84, 60 (1951).

3 C. F. von Weizsacker, Astrophys. J. 114, 165 (1951).

Thermal Conductivity of Carbons and Grayhite
S. MROZOWSKI

Department of Physics, University of Buffalo, Buffalo, New York
(Received February 25, 1952)

'HE purpose of this note is to direct attention to some
interesting characteristics of materials commonly known

under the name of carbons, which make them in a certain sense

unique among nonmetallic thermal conductors. In spite of their

great practical importance they have not yet been systematically
'

studied. The best available data are those of Powell and Scho6eld
the two heavy curves in Fig. 1 represent the temperature de-

pendence of the conductivity for polycrystalline graphite (G) and

for a baked carbon (B) as roughly obtairied from their work.
The graphite curve is extended to lower temperatures following

the results of Buerschaper. ' The room temperature conductivity
of polycrystalline graphite is de6nitely smaller than half of that
of a single graphite crystal along the graphitic planes. In fact
Pirani and Fehses found for carbon 6laments with well-aligned

crystallites of graphite a conductivity higher than that of copper t

Although the anisotropy of a single crystal certainly is not as

large as for the electric conductivity (pz/p~I~10'), the main heat
transfer occurs probably for polycrystalline materials in a zigzag

path along the graphitic planes. The curve (G) is of the general

type observed for nonmetallic crystals, the conduction being

chiefly the result of transfer of elastic vibrations via valence bonds,

with a negligible contribution from the conduction by the free
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A.10 G. Gamow: Expanding Universe and the Origin of Galaxies

G. Gamow: “Expanding Universe and the Origin of Galaxies ,” Kgl. Danske
Videnskab. Selskab, Mat. Fys. Medd 27, 1 (1953)
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A.11 An excerpt from Gamow’s autobiography

From Chap. 6 of G. Gamow: My world line. An informal Autobiography — The
Viking Press, 1970
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... The only high-standing government official who could help me with my
problem was Nikolai Bukharin, an old revolutionary and a close friend of the late
Lenin, as well as the only leading Communist (except, of course, Lenin himself) who
came from an old Russian family. ... ... Well, I went to Moscow to see him, and
he told me that all he could do for me was to arrange an interview with Vjaceslav
Molotov, who was as that time the President of the USSR. I stayed in Moscow
with Rho’s parents and within a few days was informed that I should appear at a
certain hour in the morning at the main gates of the Kremlin. So I did, and was
duly escorted to Molotov’s office; he was setting behind the same desk as which
Lenin used to sit. There was a short conversation concerning what I was going to
talk about at Brussels, and then Molotov asked me why I had come to see him
(although, of course, he knew this very well). I told him that I wanted to take my
wife with me to the Solvay Congress. “But,” he said, “you are going just for two
weeks. Can’t you be separated from her that short a time?”

Here I told him the truth, nothing but the truth, but not the whole truth, “You
see,” I said, “to make my request persuasive I should tell you that my wife, being
a physicist, acts as my scientific secretary, taking care of papers, notes, and so on.
So I cannot attend a large congress like that without her help. But this is not true.
The point is that she has never been abroad, and after Brussels I want to take her to
Paris to see the Louvre, the Folie Bergre, and so forth, and to do some shopping.”

He smiled, made a note on his pad, and told me to come back a week or so
before I would have to leave, adding “I don’t think this will be difficult to arrange.”

I walked out of the Kremlin dancing and, childish as it was, stopped in a picture
store and bought a frame portrait of Molotov to hang over my desk. But when I
came back to Moscow in October I was met by an official from the Secretariat who
told me that my case had been considered and that it had been decided that I had
better go alone.

“But Comrade Molotov told me that this could easily be arranged,” I protested.
“Why the change?”

“You see,” he explained, “if we let your wife go with you to the congress it will
establish a precedent, and wives of all the other scientists would want to go along
too. And this would make things very complicated.”

“But Comrade Molotov . . . ” I began again. “Well, may I talk to him?”
“No, he is on vacation in Southeast Asia, hunting tigers. You had better go to

the passport office end get all the necessary documents.” “No,” I said, “I will not
going to Brussels.”

“But you have to go, you are representative of the Soviet Union.”
Well, I was of course acting insanely; one does not talk like that to Soviet officials.
“You can send me as far as the Soviet border under guard,” I said, “but the

guards will not be permitted to escort mo to Brussels and force me to take my seat
in the congress hall.”

I turned on my heels and went out. I stayed a few more days in Moscow, awaiting



August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408

Papers relevant to Chapter 1 219

arrest. The very next day the telephone rang. It was somebody from the passport
office informing me that I should come to pick up my passport.

“Is the second passport ready too?” I asked.
“No, only one.”
“Then please telephone me when both passports are ready. Why should I walk

to your office twice?”
The next day and the day after, the same telephone conversation took place.

Then on the fourth day the voice on the telephone informed me that both the pass-
ports were ready. And indeed they where! I took the overnight train to Leningrad
and the next morning visited the Finnish and Danish consulates to obtain transit
visas, and, after attending the afternoon performances of the ballet Koniok Gor-
bunok (Little Hunchback Horse), Rho and I boarded the train for Helsingfors on
the way to Copenhagen and Brussels! ...
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A.12 (Fermi-Turkevich): An excerpt from “Theory of the origin
and relative abundance distribution of the elements,” by
Ralph A. Alpher and Robert C. Herman, pp. 193–197

R. A. Alpher and R. C. Herman: “Theory of the origin and relative abundance
distribution of the elements ,” Rev. Mod. Phys. 22, 153 (1950)
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A.13 Ya.B. Zel’dovich: Prestellar state of matter

Ya.B. Zel’dovich: “Prestellar state of matter ,” Soviet Phys. JETP 16, 1102 (1963)
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A.14 R. Ruffini: Moments with Yakov Borisovich Zel’dovich

R. Ruffini: “Moments with Yakov Borisovich Zel’dovich ,” in The Sun, the Stars,
the Universe and General Relativity; Conference in honor of Ya. B. Zel’dovich’s
95th birthday (2009), edited by R. Ruffini and G. Vereshchagin, AIP Conf. Proc.

1205, 1–10 (2010).
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Moments with Yakov Borisovich Zeldovich
Remo Ruffini

ICRANet, p.le della Repubblica, 10 - 65122 Pescara, Italy and
ICRA and University of Rome “Sapienza”, p. Aldo Moro 5, I-00185, Rome, Italy and

ICRANet, University of Nice-Sophia Antipolis, 28 avenue de Valrose, 06103 Nice Cedex 2, France

Abstract. A recollection of special moments spent with Yakov Borisovich Zeldovich and with the scientists of Soviet Union
and abroad.

The first impression upon meeting a person is the one
which characterizes all subsequent interactions.

I met Yakov Borisovich Zeldovich for the first time
in 1968 at the GR5 meeting in Tbilisi. I had known
his name from his two classic papers on relativistic
astrophysics in Physics Uspekhi coauthored with Igor
Novikov [1, 2]. There had been a strong impulse to boy-
cott the GR5 meeting due to the tense relations over hu-
man rights between the Soviet Union and the USA at that
time. Finally a small group around Johnny Wheeler de-
cided to participate. Among them were Arthur Komar,
Bruce Partridge, Abe Taub and myself.

It was also my first visit to the Soviet Union. The en-
trance to Leningrad was already very special showing
the difference in organization from our Western world.
I will recall elsewhere some of the anecdotes. It was in
the airplane to Tbilisi that a very particular experience
occurred. The year 1968 was a time in which dissent was
growing in the Soviet Union and the New York Times
had just written an article on Andrei Sakharov and his
reflections on peaceful coexistence and intellectual free-
dom. I boarded the plane for Tbilisi with Arthur Komar.
We sat in the last row of a quite modern jet plane with
open seats and shining windows, and we were comment-
ing and laughing on all those stories we had heard in
the West about windowless seats reserved for western-
ers on Soviet planes. When the plane was almost full the
stewardess called the names of Arthur Komar and Remo
Ruffini asked us to move to seats reserved for us in the
front of the plane. We were delighted and we considered
this an honor. Our two seats were in a line of three seats
. . . the only ones in the plane without a window. We were
quite upset. In between us there was a third person who
did not seem to speak English. So we started complain-
ing about these methods and commenting appropriately
also about Sakharov’s recent opinions as presented in the
New York Times and asking ourselves about the fate of
Sakharov after his open statements. The plane was sup-
posed to be a direct flight to Tbilisi of approximately
seven hours. After approximately three hours of flight,

without any announcement, the plane abruptly started to
descend quite rapidly and landed in a town called Min-
eralnye Vody. After landing there was a lot of confu-
sion, there were additional planes and finally it was dis-
closed that, as a common practice in the Soviet Union
in the presence of bad weather, the plane had stopped
and we would continue the flight the morning after. It
was also announced that for foreigners there would be a
room to sleep. Soon after I realized that there was only
one room for all the foreigners! Since it was impossi-
ble to sleep I went back to the airport hall and I noticed
this person who had been sitting between me and Ko-
mar on the plane to be alone in the hall and had found
a chair. He was seating quietly waiting for the morning.
I was attracted by his silence and his self-control. I ap-
proached him introducing myself: “Ruffini, Italy.” To this
his answer: “Sakharov, Soviet Union!” I still remember
his serene smile. He was the first Soviet scientist I met on
the way to our meeting in Tbilisi. The arrival in Tbilisi
with Kumar and Sakharov was marked by the fortunate
encounter with other monumental scientific figures.

We had the marvelous opportunity to meet some his-
torical figures like Vladimir Fock, Iosif Shklovsky and
Alexei Petrov and also Dmitry Ivanenko. It was amusing
to see the ceremonial relations between Fock and Iva-
nenko. Fock, who as expected was always in the first
row, had a conspicuous auditorial “apparat." Every time
Ivanenko was taking the floor to speak, Fock was discon-
necting his “apparat” with a very explicit gesture. In ad-
dition of course there was Yakov Borisovich surrounded
by a large number of then young collaborators includ-
ing Gennady Bisnovatyi-Kogan, Valery Chechetkin, Vik-
tor Shvartsman, Nikolay Shakura, Alexei Starobinsky,
Rashid Sunyaev, Sergei Shandarin and others. Zeldovich
was encouraging all his students to attack in their scien-
tific presentations almost like a boxer ring trainer.

The first day of the meeting Zeldovich invited me
to lunch and asked me just at the beginning to speak
about my research. I started to explain my work on self-
gravitating bosons I had started in Rome and just recon-

1
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Figure 1. Solvay meeting of 1933. The series of photos from the Solvay meetings has been kindly given to ICRANet by Jacques
Solvay, the descendant of Ernest Solvay in occasion of the assignment of the Marcel Grossman award to the Solvay foundation.
Gamow is on the last row, perfectly symmetric with respect to other participants.

sidered after an interaction with the Pascual Jordan group
in Hamburg. Indeed it was there that we realized that
the previous treatment on Einstein-Klein-Gordon fields
had a fatal error in the energy-momentum tensor leading
to meaningless results. Later the correct work was com-
pleted by myself at Princeton and the published paper
[3] became known as the paper in which the new con-
cept of Boson Stars was introduced. After my first words
Yakov Borisovich stopped me. I asked why. He stated
“How long did you speak?” I answered “approximately
forty seconds.” To that he replied “If Landau would have
been here he would have stopped you after twenty sec-
onds.” To that I immediately replied somewhat amused
and self-confident “I do not think so, I am sure Landau
would have said how new is this idea and he would have
approved my considerations.” He followed then my pre-
sentation of the new results and more polite and construc-
tive discussions followed for the rest of the lunch. We
also talked about George Gamow. Zeldovich recalled the
animosity of all Soviet physicists towards Gamow since

he did not return to Moscow after the famous Solvay
meeting of 1933, see figure 1. By this action Gamow
hampered the possibility for all Soviet physicists to travel
abroad after that date. He recalled how he was motivated
by a matter of pure confrontation against Gamow for
some time. As soon as Gamow presented the theory of
a hot universe he himself presented an alternative the-
ory of a cold universe, initially at zero temperature [4].
The process of building up heavy elements was stopped
in his theory by the presence of a degenerate sea neutri-
nos and only hydrogen would be born from an expand-
ing Friedman universe. He stressed again, how building
such a theory was motivated ideologically and politically.
He recognized the crucial role of the Penzias and Wil-
son discovery of the cosmic microwave background ra-
diation which disproved his ‘political’ theory and proved
instead the validity of Gamow’s theory1. He finally con-

1 I have made recollection of all this in a recent publication in [5].

2
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cluded “Yes: although Gamow made many mistakes he is
one of the greatest Soviet scientists!” And then recalling
the fundamental contributions Gamow made to the un-
derstanding of the DNA structure he asked: “How many
Nobel prizes did Gamow receive? Two?” I answered:
“None.” And I was surprised how distant he was from
our world.

Paradoxically the work of neutrinos in cosmology was
later reproposed by Viktor Shvartsman [6] by consider-
ing the role of the many neutrino species and in general
to the number of “difficult to observe particles with zero
rest mass”. In that paper Viktor, see figure 2 established
his classical result of an upper limit to the number of neu-
trino species Nν ≤ 3 assuming that the chemical potential
of the electron neutrino be zero. This result signed a new

Figure 2. Picture of Viktor Shvartsman taken by myself in
Moscow in 1975. Among the students of Zeldovich I was most
impressed by Viktor. We reproduced one of his fundamental
works in one of our book [22]. It was clear to all of us that
his isolation in the Caucasian mountains, so far from the world
of Moscow and the world of theoretical research he was so
strongly aiming for, was a key factor in the tragic epilogue of
his life.

beginning in the dark matter problem in the Universe.
I myself worked later on the role of massive neutrinos
in cosmology. I considered their fundamental role both
in cosmological nucleosynthesis [7] and in formation of
the structure in the Universe due to dark matter, leading
to a fractal structure of the Universe [8].

But let us go back to Zeldovich: we became very good
friends in the following years, and I regularly met him in
Moscow. We had also the great pleasure to share so many
common friends. In particular, I remember many interac-
tions with Bruno Pontecorvo, see figure 3. In particular,

Figure 3. Picture taken by myself in an unplanned visit to an
hospital in Moscow. On the left side Zeldovich, on the right
side Pontecorvo.

with the participation of Bruno and Italian television we
produced a documentary “Il caso neutrino” recovering
the fundamental moments of the discovery of the neu-
trino all the way to the determination of their mass and
their role in cosmology [9].

Since 1973 I had the great fortune to become a very
close friend of Evgeny Lifshitz. He had just granted to
me and John Wheeler the honor of being quoted in a
named exercise in the volume “Theory of Fields” of his
classic series with Landau. As we became more famil-
iar with Evgeny, I developed a profound admiration of
his intellectual abilities, of his understanding of physics
and of his moral stature. Evgeny often recalled a series of
anecdotes. One of the best aphorisms of Landau: “Astro-
physicists often in error, never in doubt,” and a different
one related not only to astrophysicists but to physicists at
large: “Due to the shortness of our lives we cannot afford
the luxury to spend time on topics which are not promis-
ing successful new results”. It was Evgeny who made
me aware of some additional peculiarities in Zeldovich’s
character.

Lifshitz described that famous argument on the equa-
tion of state of neutron stars. Zeldovich first challenged
the concept of the critical mass of the neutron star us-
ing an ad hoc model of supranuclear density interaction
[10]. He had then purported the possibility of having an
equation of state with the speed of sound equal to the
speed of light, see [11]. Lifshitz then recalled that Lan-
dau did not want “to offend” the intelligence of colleague
physicists. If an issue was very difficult and important he
would explain this issue. In other cases he was not go-
ing to explain and would ask the person to answer him-
self. In the specific case of the extreme equation of state

3
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Figure 4. The picture of Li-Zhi Fang with his wife, myself,
Leopold Halpern, Volodia Belinski and his wife at the Rimini
Meeting of CL of 1991.

Figure 5. Dinner at Lifshitz home in Moscow (circa 1985).
At the center Evgeny Lifshitz and, on his left, Zeldovich and
Vitaly Ginzburg with their wifes. Picture taken by my wife
Anna Imponente.

Figure 6. Picture taken by myself.

p = ρ of Zeldovich he simply told him “wrong!”, and
to Zeldovich’s request “why?” he simply answered “you

Figure 7. Ya. B. Zeldovich monument in Minsk in front of
National Academy of Sciences of Belarus.

Figure 8. The picture of George Coyne and myself greeting
John Paul II.

find out.” This was before the tragic Landau car accident.
After the accident Landau was no longer in any condi-
tion to give a proof of the statement, and Zeldovich was
unable to give a proof either. One day at the restaurant
of the Academy in Leninsky Prospect, Yakov Borisovich
asked Evgeny in my presence “Why you did not insert
my equation of state in the Landau and Lifshitz book?”

4
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To this Lifshitz replied “Did you solve the problem as-
signed by Landau?”, and to that Zeldovich said “No.”,
and to that Lifshitz’s answer was “Then I do not quote
the result in the Landau and Lifshitz book.”

Figure 9. I look with terror Zeldovich approaching the Pope
John Paul II clearly with an unidentified object disguised under
his jacket.

Figure 10. Zeldovich presenting his books to Pope John Paul
II.

Figure 11. Zeldovich after the presentation of his books. To
the offering of the books the Pope said “Thanks” and Zeldovich
very loudly shouted “Not just ‘thanks’ ! These are fifty years of
my work!” The Pope kept Zeldovich’s collected papers under
his arm during the entire rest of the audience.

My visit to Moscow was specially joyful due to
the interactions with so many extraordinary scientists
like Aleksandr Prokhorov, Isaac Khalatnikov, Pavel
Cherenkov, Vitaly Ginzburg and others kindly invited to
lunch with me in the Italian Embassy by the then Ital-
ian ambassador Sergio Romano and his predecessors.
Encounter with Khalatnikov was especially productive.
Khalat was the founder of the Landau Institute. How-
ever, among the others faculty members was Vladimir
Belinski. The friendship with Lifshitz and Khalat soon
extended to Volodia. So much so, that it transfered to
Italy with his wife Elena, see figure 4, and became Italian
citizen and one of the first faculty members of the newly
founded ICRANet since 2005. Also extremely pleasant
were the meetings at Yevgeny’s home with friends and
their wives, see figures 5 and 6. One very special oc-

Figure 12. Picture of Wheeler, Christodoulou and myself in
Fine Hall in Princeton in the former office of Albert Einstein.
The picture is taken in front of the fireplace where Einstein
wrote with charcle, and now is engraved in gothic scripture in
the marble, the famous sentence “Raffiniert ist der HerrGott,
aber boshaft ist er nicht”.

Figure 13. Receiving the Cressy Morrison Award of the New
York Academy of Sciences in 1972.

casion took place in Moscow. One day I was visiting
Yakov Borisovich in his Institute. He said “Come and
see a present I received from my friends in Minsk, where
I was born.” And he showed me a bronze statue of him-

5
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Figure 14. Solvay meeting of 1973.

self. I told him “Congratulations, I can finally say that
I have a friend with the bronze face!” using the Italian
meaning “faccia di bronzo” which are not very comple-
mentary words addressed to someone who is insensitive
to problems. Full of these memories I was delighted to
see in the city of Minsk, now reconstructed and rebuilt,
in the serenity of the spring his statue in form of a mon-
ument in front of the Academy of Sciences, see figure
7.

In 1985 I decided to create an international consortium
dedicated to the field of relativistic astrophysics, the In-
ternational Center for Relativistic Astrophysics (ICRA).
This consortium relates the University of Rome “La
Sapienza” to the University of Stanford, and the Space
Telescope Institute at the USA, the University of Sci-
ence and Technology in Hofei, China, the Specola Vati-
cana and the ICTP. It was coherently founded by George
Coyne, Li-Zhi Fang, Francis Everitt, Riccardo Giacconi,
Abdus Salam, and myself, see figure 8.

The most unique occasion with Zeldovich came in

1986 in Rome during the visit of the four delegations
of the space research program of Europe, Japan, Soviet
Union and the USA in occasion of the Halley comet
mission. ICRA organized the meeting at “La Sapienza”
and the Vatican. It was the first time Zeldovich could
come to the West as a member of a very exceptional
delegation created by Roald Sagdeev for this epochal
meeting. There are many anecdotes with Zeldovich being
shocked by a number of cars in the Italian streets and
proposing to help himself with one since in his opinion
it would be impossible to trace back the real owner. I did
successfully convince him no to proceed in such an idea.
Entering in the “Sala Regia” in the Vatican he attempted
to seat in the first row and to my request to take his
assigned seat in the 21st row seeing all the remaining
ones still empty he said “Nobody will notice me in the
first row.” I insisted that he should come back to the seat
assigned to him by the Vatican ceremonial office. After
few minutes he realized that the first rows were occupied
on one side by the cardinals, the bishops and personnel

6
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of the Vatican, and on the other side by the ambassadors
to the Vatican all in their sumptuous vests. Certainly the
presence of Zeldovich in the first row would have been
quite obvious and unjustifiable! But the surprises were
not yet over. I was supposed to introduce him to the Pope
during the audience with the members of the delegations.
And I saw Zeldovich approaching with a clearly large
object under his jacket. I was terrified, see figure 9.

Suddenly Zeldovich opened the jacket in front of John
Paul II, extracted two books and put them into the hands
of the Pope John Paul II, see figure 10. His holiness said
“Thank you very much, professor Zeldovich”, and to this
with a very loud voice which penetrated the entire “Sala
Regia” Zeldovich forcefully replied “Not just ‘thanks’!
These are fifty years of my work!” There was a great
laugh from everybody as they relaxed. Later on John Paul
II recalled that this was one of joyful audiences he had
ever had. And he kept the two large red volumes over his
white robe during the entire audience, see figure 11.

Finally I would like to remark that a great scientist
can even make a great discovery when he participates in
some irrational actions. In the late fifties when the race
to the Moon between the US and the Soviet Union was
on someone proposed to show the great technical abil-
ity in the space vehicles and in the nuclear technology
proposing to the Soviet superiority to explode at a fixed
time an atomic bomb on the Moon2. This awful project
fortunately was never implemented. Nevertheless it was
one of the motivations to develop a highly secret mission
from the United States in order to test the no proliferation
agreement: the Vela satellites. These satellites were con-
ceived to patrol all the region around the Earth and the
Moon for possible nuclear explosions! Everybody knows
today that this led to the discovery of gamma-ray bursts
and we were very honored and pleased to announce their
discovery at the 1972 AAAS meeting in San Francisco
which was chaired by Herb Gursky and myself [14].

In 1987 I visited Zeldovich in Moscow for the last
time. There was a meeting at the Academy of Sciences
on cosmology. While he went to deliver his talk he asked
me to keep his jacket with the three gold stars and red
stripes of the Hero of Socialist Labor. He was among
the few people to have three such decorations. They told
me that even Stalin had only one such “star”. I was not
surprised. By that time I had become aware of his many
contributions in ignition, combustion, explosions as well
as of his work with Yulii Khariton and Igor Kurchatov
on the atomic bomb. Slowly but inevitable I became also
aware of the role of John Wheeler in the American H-
bomb project. Of course it was clear they had done an

2 Different versions exist of this story. Some presented direct involve-
ment of Zeldovich [12], some show Zeldovich as an opponent of this
idea on technical grounds [13].

Figure 15. Jonhy enjoying the pictures of Jacopo in 1999.

Figure 16. Picture of Ginette and Johny Wheeler with Anna
in High Island with Ginette holding one of her preferred Gucci
scarf.

Figure 17. Picture taken in my office at “La Sapienza” of
Vladimir Popov surrounded by Gregory Vereshchagin, She-
Sheng Xue and myself in 2006.

7
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Figure 18. The picture of the participants of the Varenna summer school. In the second row Anthony Hewish (Nobel Prize, 1974),
Joe Taylor (Nobel Prize, 1993), Subrahmanyan Chandrasekhar (Nobel Prize, 1983) and Riccardo Giacconi (Nobel Prize, 2002).

enormous work in the physics of the bomb and also it was
evident that they had learned one of the greatest amount
of physics reachable at the time.

When it came to the work on Relativistic Astrophysics
I was surprised to see that this vast quantity of knowledge
in physics they had acquired in making the bombs did not
help as much as one would have expected. They were
somewhat overshooting and did not catch the beauty, the
different and possibly more profound physical scientific
complexity, and also the conceptual simplicity of the new
phenomena. In the case of Wheeler the interactions with
him during the first years in Princeton had be tremen-
dously intense. At times we were working 13 hours a
day. We wrote that celebrated article for Phyiscs Today
[17], recently reprinted [18], in which we were present-
ing for the first time a Black Hole as a physical object and
not just as a mathematical solutions. Such an object was
indeed interacting actively with the rest of the Universe
by a vast amount of energy, in principle extractable: the
rotational and the electromagnetic energy. These works
were received an exponential growth with the coming
to Princeton of Demetrios Christodoulou from Greece
at the age of 16. When he started his thesis of PhD at
the age of 18 Demetrios approached the problem sug-
gested by Wheeler of the collapse of a scalar field form-
ing a black hole which he finally solved in 2009 [19]. A
second part of his thesis was developed under my guid-

ance [5] which has led to the general mass formula of
the black hole [24], see figure 12. Interestingly precisely
these concepts have made later the Black Holes through
their “Blackholic energy” the explanation of Gamma Ray
Bursts [25]: the largest instantaneous energy sources in
the Universe second only to the Big Bang [5, 20, 21].
In collaboration with Rees we also wrote a book giv-
ing guidelines for the study of Black Holes, Gravitational
Waves and Cosmology [22]. The field of Relativistic As-
trophysics started to grow exponentially after the intro-
duction of X Ray Astronomy by Riccardo Giacconi and
his group [23]. Paradoxically Wheeler interest started to
depart from these topics and drifted toward a (possibly
too) vast field of exploring the world of mathematics in
the quest for better expressing the laws of physics, see
also my recollections in [5]. It was that time in which
I proposed the paradigm for the first identification of a
Black Hole in our Galaxy [26], see figure 13.

A profound separation of scientific interests had al-
ready occurred in those days at the Les Houches summer
school: the first one solely dedicated to black holes [27].
After that event I dedicated myself to the study of Black
Holes larger than 3.2 solar masses. While S. Hawking
and his group directed all the attention to mini black
holes (see e.g. [28]). The field of matter accretion on a
Black Hole was not developed in the West and became
dominated by the Russian (see Titarchuk contribution to

8
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this volume) and Indian schools (see Chakrabarti con-
tribution to this volume). In the case of Wheeler a dif-
ferent point of view on the role of European scientists
in the United States of America emerged, and a separa-
tion of our scientific interest became manifest in the 1973
Solvay meeting (see figure 14), which was followed by
my return to Europe. These differences did not affect in
any way the deep friendship between us extended to our
families, see figures 15 and 16.

In the case of Zeldovich some similar event hap-
pened. I was trying to make him appreciate the beauty
of the work I was developing with an American hero
of Relativistic Astrophysics, Jim Wilson, himself a dis-
tinguished participants of the American Bomb projects.
The work on the relativistic magnetohydrodynamics ef-
fect around Black Holes have today reached the greatest
interest for microquasars and active galactic nuclei ex-
planations [29]. To that he was answering with his in-
terests toward the possible radiation of a rotating sphere
due to quantum effects. To me that work did nor appear
so promising in view of the intrinsic stability imposed by
quantum effects on a rotating system.

Thinking over my scientific discussions with Zel-
dovich I was especially admiring his work with Vladimir
Popov on heavy nuclei, as expressed in our recent report
[21]. On this topic see also Popov’s contribution in this
book. This topic has become central to our current re-
search, see figure 17.

In all my discussions with Zeldovich through the sev-
enties I was particularly eager to illustrate to him my
work on the black hole identification and to observe his
feedback. Much of these works, following the Solvay
meeting, were summarized in our celebrated Varenna
summer school, see figure 18. This basic work then
appeared in the book [15] which is currently being
reprinted [16]. That epochal meeting in the scientific
content was followed until today by three Nobel Prize
winners among the lecturers as S. Chandrasekhar (1983),
J. Taylor (1993), and R. Giacconi (2002), see figure 19.

But let us return after this digression to my last meet-
ing with Zeldovich. While he was speaking Sakharov en-
tered the room and sat in the first row near me. He had
just been permitted to return to Moscow after the Gorky
exile. I had just been helping at the University of Rome
to attribute to him a laurea honoris causa - in absen-
zia. I looked at him closely: the face had changed from
the Tbilisi days, his smile was gone and his gentle as-
pect had been modified. Even the structure of the face
was somewhat more tense with a more prominent jaw. I
gave my hand to him: “Ruffini, Italy” and his immediate
answer recalling a serene expression resembling the old
days “Sakharov, Soviet Union!”

In June 1988 on the hundredth anniversary of the
birth of Alexander Alexandrovich Friedman we went
to Leningrad with Werner Israel and a few other rel-

Figure 19. Picture of Riccardo Giacconi receiving the Nobel
Prize.

Figure 20. Television broadcast made by Igor Novikov,
Andrei Sakharov and myself in the celebration of Alexan-
der Alexandrovich Friedman’s 100th Anniversary, Leningrad,
1988.

ativists. It was a very emotional occasion to find the
tomb of Friedman and put some flowers on it. Yakov
Borisovich Zeldovich had died on December 2, 1987.
This was the occasion of a trip by night sleeping train
between Moscow and Leningrad with my wife Anna.
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The next compartment on that train was occupied by An-
drei Sakharov and Elena Bonner. The day after a mem-
orable broadcast from the television was made by Igor
Novikov, Andrei Sakharov and myself in the celebration
of Alexander Alexandrovich Friedman, see figure 20.
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The quasi-stellar object, the pulsar, the neutron star
have all come onto the scene of physics within the space of a
few years. Is the next entrant destined to be the black hole?
If so, it is difficult to think of any development that could be
of greater significance. A black hole, whether of “ordinary
size” (approximately one solar mass, 1 M�) or much larger
(around 106 M� to 1010 M�, as proposed in the nuclei of some
galaxies), provides our “laboratory model” for the gravita-
tional collapse, predicted by Einstein’s theory, of the universe
itself.

A black hole is what is left behind after an object has un-
dergone complete gravitational collapse. Spacetime is so

strongly curved that no light can come out, no matter can be
ejected, and no measuring rod can ever survive being put in.
Any kind of object that falls into the black hole loses its sep-
arate identity, preserving only its mass, charge, angular mo-
mentum, and linear momentum (see figure 1). No one has yet
found a way to distinguish between two black holes con-
structed out of the most different kinds of matter if they have
the same mass, charge, and angular momentum. Measure-
ment of these three determinants is permitted by their effect
on the Kepler orbits of test objects, charged and uncharged,
in revolution about the black hole.

How the physics of a black hole looks depends more
upon an act of choice by the ob-
server himself than on anything
else. Suppose he decides to fol-
low the collapsing matter
through its collapse down into
the black hole. Then he will see
it crushed to indefinitely high
density, and he himself will be
torn apart eventually by indefi-
nitely increasing tidal forces.
No restraining force whatso-
ever has the power to hold him
away from this catastrophe,
once he crossed a certain critical
surface known as the “hori-
zon.” The final collapse occurs
a finite time after the passage of
this surface, but it is inevitable.
Time and space are inter-
changed inside a black hole in

From January 1971, pages 30–41

Introducing the 
black hole
Remo Ruffini and John A. Wheeler

According to present cosmology, certain stars end their careers in a total
gravitational collapse that transcends the ordinary laws of physics.

At the time of this article, Remo Ruffini and John Wheeler were both at Princeton University; Wheeler, on leave from Princeton, was
spending a year at the California Institute of Technology and Moscow State University.

Mass Charge Baryons Leptons

Gravitational and
electromagnetic

waves

Angular momentum Strangeness

Mass
Charge

Angular momentum

Figure 1. Figurative representation of a black
hole in action. All details of the infalling matter
are washed out. The final configuration is be-
lieved to be uniquely determined by mass, elec-
tric charge, and angular momentum.
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an unusual way; the direction of increasing proper time for
the observer is the direction of decreasing values of the coor-
dinate r. The observer has no more power to return to a larger
r value than he has power to turn back the hands on the clock
of life itself. He can not even stay where he is, and for a simple
reason: No one has the power to stop the advance of time.

Suppose the observer decides instead to observe the col-
lapse from far away. Then, as the price for his own safety, he
is deprived of any chance to see more than the first steps on
the way to collapse. All signals and all information from the
later phases of collapse never escape; they are caught up in
the collapse of the geometry itself. 

That a sufficient mass of cold matter will necessarily col-
lapse to a black hole (J. [Robert] Oppenheimer and [Hartland]
Snyder1) is one of the most spectacular of all the predictions
of Einstein’s standard 1915 general relativity. The geometry
around a collapsed object of spherical symmetry (nonrotat-
ing!) was worked out by Karl Schwarzschild of Göttingen, fa-
ther of the American astrophysicist Martin Schwarzschild, as
early as 1916. In 1963 Roy Kerr2 found the geometry associ-
ated with a rotating collapsed object. James Bardeen has re-
cently emphasized that all stars have angular momentum
and that most stars—or star cores—will have so much angu-
lar momentum that the black hole formed upon collapse will
be rotating at the maximum rate, or near the maximum rate,
allowed for a black hole (“surface velocity” equal to the speed
of light). Roger Penrose3 has shown that a particle coming
from a distance into the immediate neighborhood of a black
hole (the “ergosphere”) can extract energy from the black
hole. Demetrios Christodoulou4 has shown that the total
mass–energy of a black hole can be split into three parts, 

E2 = mir
2 + L2/4mir

2 + p2.

The first part is “irreducible” (left constant in “reversible
transformations”; always increased in “irreversible transfor-
mations”), and the second and third parts (arising from a ro-
tational angular momentum L and a linear momentum p) can
be added and subtracted at will. 

The three most promising ways now envisaged to detect
black holes are:
� Pulses and trains of gravitational radiation given out at
the time of formation (see PHYSICS TODAY, August 1969, page
61, and August 1970, page 41, for accounts of Joseph Weber’s
pioneering attempts to detect gravitational radiation).
� Broadband electromagnetic radiation extending into the
hard x-ray and gamma-ray regions emitted by matter falling
into a black hole after it has been formed (this is the concept
of [Yakov] B. Zel’dovich and [Igor] D. Novikov. The radiation
is not emitted by the individual particles as they fall in but
by the gas as a whole as it is compressed and heated to 1010

or 1011 K by the “funnel effect” on its way towards the black
hole).
� Jets and other activity produced in the ergosphere of ro-
tating black holes.

Equilibrium configurations
The mass of a superdense star (reached in collapse that does
not go to a black hole) is determined uniquely by its central
density, provided that the equation of state linking pressure
and density is specified. Then, by integrating the equation for
relativistic hydrostatic equilibrium5 outwards to the point
where the pressure drops to zero, we find the total mass cor-
responding to each value of the central density. The idea that
a sufficiently massive star would contract without limit
under the influence of its own gravitational field was sug-
gested by study of the white dwarf stars. These are very

dense stars in which the pressure arises primarily from a de-
generate Fermi gas of electrons. No stable solution exists for
a white dwarf with a mass above the Chandrasekhar limit,
which is about 1.2 solar masses. What is the endpoint of stel-
lar evolution for a star more massive than this critical mass?

The answer depends on the “local physics,” summarized
in the equation of state, and the “global properties” deter-
mined by the gravitational field. One would hope that the dif-
ferent predictions of the Newton, Einstein, and Jordan-Brans-
Dicke theories would provide a way to discriminate between
the theories. However, the equation of state must take into
account all physical phenomena, including high- energy
physics. Ignorance of the equation of state at supranuclear
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tral density. The black curves assume Newtonian hydrostatic
equilibrium. The upper includes only rest mass and mass–
 energy of compression, while the lower adds the correction
for mass–energy of gravitational binding. The colored curve
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Wheeler equation of state is used in all cases.

Figure 3. Fall towards a Schwarzschild black hole as seen
by a comoving observer (color) and a distant observer
(black). The proper time for the free fall to the center is finite,
although the approach to the Schwarzschild radius as seen
by a distant observer is asymptotic in time. “Geometric dis-
tance” and “geometric time” are measured in units of the
mass of the black hole.

From the archives (January 1971, pages 30–41)
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densities blurs distinction between the contending gravita-
tional theories. Nevertheless, a family of stable neutron stars
exists for all reasonable equations of state. The minimum
mass of this family is about 0.16 solar mass, but the maximum
mass is uncertain by about a factor of four. In figure 2, mass
is plotted versus central density with the assumption of a par-
ticular equation of state (the Harrison–Wheeler equation) to
show the difference between Newtonian gravitation and gen-
eral relativity in the neutron-star region.

Neutron star or black hole?
The physics of the formation of a neutron star or a black hole
is more complicated than the physics of either object itself. It
is believed that in this process, the core of a star, possibly a
late giant, collapses from its original radius of a few thousand
kilometers to a compact object with a radius of a few tens of
kilometers. The core has slowly evolved over thousands of
years to a degree where it is unstable against gravitational
collapse. This does not necessarily mean that its mass lies pre-
cisely at 1.2 solar masses, the first peak in figure 2. It may be
two or five or ten times more massive and still not collapse,
when inflated by sufficiently high temperatures. But cooling
such a system will automatically bring it to the point of col-
lapse. Sterling Colgate, [Michael] M. May, and [Richard] H.
White6,7 have made computer investigations of what hap-
pens, under the simplifying assumption of spherical symme-
try. The material of the star starts moving inwards, at first
slowly, then more and more rapidly, with a characteristic
speedup time of less than a tenth of a second. Soon, a sub-
stantial portion of this mass, the inner part of the core, con-
tracts sufficiently to increase greatly the strength of the grav-
itational fields drawing the inner core together. As a
consequence, the core accelerates more rapidly than the sur-
rounding envelope.

Two very different outcomes ensue, depending on
whether the core mass and its kinetic energy of implosion do
or do not suffice to drive the system on beyond nuclear den-
sities to the point of complete gravitational collapse. Com-
plete collapse produces a “black hole.” On the other hand,
when the mass is too small or the velocity of implosion is too
low the collapse is halted at nuclear or near- nuclear density.
The stopping of so large a mass implies the sudden conver-
sion of an enormous kinetic energy into thermal energy, as if
a “charge of dynamite” had been set off at the center of the
system. The high temperature (about 1012 K) develops high
pressure. The envelope surrounding the inner core is falling
more slowly and suddenly feels this pressure. The implosion
is reversed. The envelope is propelled outward, producing
cosmic rays and an expanding ion cloud. A famous example
of such a supernova event is the Crab nebula, with an esti-
mated mass of the rough order of magnitude of a solar mass.

Rotation, and magnetic fields and magnetic fields cou-
pled to rotation, can significantly change the character of the
implosion, as shown by the recent work of [James] M.
LeBlanc and [James] R. Wilson.8 As the center shrinks, it turns
faster and faster to conserve angular momentum, winding up
the magnetic lines of force like string on a spool. The Fara-
day–Maxwell repulsion between the lines of force causes the
spool to elongate. The lines of force carry matter with them,
shooting jets out from the two poles. It will be interesting to
see how these effects will be modified when the calculation
is expanded to include all the physical details of the Colgate-
May-White analysis and nuclear reactions as well!

Continuing collapse
When the core of the collapsing star is too massive or implod-
ing with too much kinetic energy, the implosion may still
slow down as nuclear densities are encountered, but nuclear
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X and to cross the inner boundary of
everyday space, r = 2m, as there is to ex-
pect advanced electromagnetic waves
to travel inward from infinity.
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forces will not stop the implosion. Gravitational forces be-
come overwhelming, the system zooms through the neutron-
star stage, and complete collapse follows. The resulting sys-
tem has been variously termed “continuing collapse,” a
“frozen star,” and a “black hole.” Each name emphasizes a
different aspect of the collapsing system. The collapse is con-
tinuing because even after an infinite time, as measured by a
distant observer, the collapse is still not complete. Rather, the
departure from a static configuration of Schwarzschild ra-
dius r = 2m as seen by a distant observer diminishes exponen-
tially in time, with a characteristic time of the order of 2m, or
about 10 microseconds for an object of one solar mass. The
box explains the purely geometrical system of units em-
ployed in general relativity. In this sense, the system is a
“frozen star.”

In another sense, the system is not frozen at all. On the
contrary, the dimensions shrink to indefinitely small values
in a finite and very short proper time for an observer moving
with the collapsing matter (see figure 3). Moreover, a spher-
ical system appears black from outside; no light can escape.
Light shot at it falls in. A particle shot at it falls in. A “meter
stick” would be let down in vain to measure the dimensions
of the object. The stick is pulled to pieces by tidal forces, and
the broken-off pieces fall in without a trace. In these senses,
the system is a black hole.

Process of formation
At least three processes suggest them selves for the formation
of a black hole:
� Direct catastrophic collapse of a star with a white-dwarf
core, a collapse going through neutron-star densities without
a stop.
� A two-step process: the collapse of a star with a white-
dwarf core to a hot neutron star followed by cooling and col-
lapse to a black hole.
� A multistep process, with first the formation of a stable
neutron star and then the slow accretion of enough matter to
raise the mass above the critical value for collapse.

What happens in the collapse has been well analyzed in
the case of a system of spherical symmetry, and for small de-
partures from spherical symmetry that lend themselves to
analysis by perturbation methods. However, in the general
and very important case of large departures from spherical
symmetry, only a few highly simplified situations have so far
been treated. This fascinating field is largely unexplored. The
central question is easily stated: Does every system after com-
plete gravitational collapse go to a “standard final state,”
uniquely fixed by its mass, charge, and angular momentum
and by no other adjustable parameter?

A dust cloud
Start with a cloud of dust of specific density 10−16 and radius
1.7 × 1019 cm. Let the cloud be imagined to draw itself to-
gether by its own gravitational attraction until its radius falls
to 10−5 of its original value, or 1.7 × 1014 cm. The dust is still
dust. No pressure will arise to prevent the continuing col-
lapse. However, despite the everyday nature of the local dy-
namics, the global dynamics has clearly reached extreme rel-
ativistic conditions. How then does one properly describe
what is going on?

A variety of treatments of this problem have been given,
from the original analysis of J. Robert Oppenheimer and
H. Snyder1 to treatments of [Oskar] Klein9 and others. The
simplest analysis for our purposes is that of [David] L. Becke-
dorff and [Charles] W. Misner10 in which the geometry inte-
rior to the cloud of dust is identical with that of a Friedmann
universe, that is, a three-sphere of uniform curvature.

The geometry within the three-sphere is 

ds2 = a2(η) [−dη2 + dχ2 + sin2χ(dθ2 + sin2θ dφ2)],

where a(η) is the radius of curvature, and the hyperspherical
angle χ would go from 0 to π if the sphere were complete. It
is not; it extends only from the center to the surface of the
cloud.

The density of the cloud at the starting instant is related
to the initial curvature a0 by the standard formula for the
Friedmann universe ρ0 = 3/8πa0

2. As the collapse proceeds, an
increasing fraction of the gravitational energy of the dust
cloud is converted into kinetic energy. However, the total
mass–energy remains constant.

Outside the dust cloud, the geometry remains the static
geometry of Schwarzschild (Birkhoff theorem),

ds2 = −(1 − 2m/r)dt2 + (1 − 2m/r)−1 dr2 + r2(dθ2 + sin2θ dφ2).

The Friedmann geometry and the Schwarzschild geometry
match at the boundary of the dust cloud. A particle located
at this boundary falls according to different laws as calcu-
lated from the Friedmann and Schwarzschild solution. But
the results must agree, and they do.

Light cone
Light given off from a particle at the periphery of the dust
cloud, before arrival at the Schwarzschild radius, will always
escape if emitted radially out ward. However, if it makes an
angle to the radial direction in its own local Lorentz frame, it
will make a still larger angle to the radial direction in a local
Lorentz frame that happens to have zero velocity at the mo-
ment in question. The photon will be trapped unless emitted
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Albert Einstein’s account of gravitation is purely geometrical, and every quantity that arises is
expressed in units of length. From this point of view, the distinction between grams and meters, or
between seconds and meters, is as artificial as the distinction between miles and feet.

Thus, in geometrical units:
1 cm of time (that is, 1 cm of light travel time) is 1 cm/(3 × 1010 cm/s) = 3.3 × 10−11 s =

1/30 nanosecond.
1 cm of mass is 1 cm/(G/c2) = 1 cm/(0.742 × 10−28 cm/g) = 1.4 × 1028 g, which is comparable to the

mass of the Earth. The mass of the Sun, 1.987 × 1033 g in conventional units, is 1.47 km in geometrical
units. The deflection of light passing an object of mass m in geometrical units at a distance of closest
approach b is θ = 4m/b.

1 cm2 of angular momentum is 1 cm2/(G/c3) = 1 cm2/(2.47 × 10−39 s/g) = 4.05 × 1038 g cm2 s−1. The
maximum angular momentum for a black hole of 1-km mass is (1 km)2.

Geometrical units
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in an allowed cone around the outward direction. The al-
lowed cone shrinks to extinction when the dust cloud con-
tracts to the Schwarzschild radius. Light that emerges radi-
ally “outwards” after the cloud has contracted within the
Schwarzschild radius never escapes to a faraway observer. It
is caught, not in the matter but in the collapse of the geometry
surrounding the matter.

The Kruskal diagram
According to figure 3, the fall of a test particle towards a black
hole ends at r = 2m as seen by a distant observer. The fall ends
at r = 0 according to someone falling with the test mass itself.
How can two such different versions of the truth be compat-
ible? For an answer, it is enough to focus attention on the
Schwarzschild geometry itself and on a test particle falling in
this geometry.

The central point is simple. The range of coordinates
2m < r < ∞, −∞ < t < +∞ fails to cover all the Schwarzschild
spacetime. Time “goes beyond infinity” just as Achilles goes
beyond the tortoise in the famous paradox of Zeno. In no way

can one see the incompleteness of the usual coordinate range
more clearly than by reference to the Kruskal coordinates11 as
shown in figure 4.

In this diagram, u is spacelike and v is timelike. Points of
the same t-value lie on the straight line v/u = constant. Points
of the same r-value lie on the hyperbola u2 − v2 = constant,
with asymptote u = ±v. A light ray traveling radially outward
is always represented by a straight line of slope dv/du = +1;
one traveling radially inward, by a line of slope dv/du = −1.

One sees that r is a reasonable “position coordinate” for
values of r greater than 2m; but for values of r less than 2m
this coordinate changes character; it becomes a time coordi-
nate rather than a space coordinate. The reverse happens to
t; it changes from a time coordinate to a position coordinate.
One can maintain oneself at a fixed value of r, with r greater
than 2m, by means of a rocket lift or otherwise. However, one
can not maintain oneself at a fixed r less than 2m any more
than one can make time stand still. The evolution of time
forces such a person from r = 1.9m to r = 1.8m and so on, all
the way to r = 0. No escape is possible; he is hemmed in by
the light cone.

Departures from symmetry
A spherical cloud of dust falls into a Schwarzschild “black
hole.” What happens if the cloud departs in a minor way
from sphericity? If it is not endowed with angular momen-
tum, it still collapses to a Schwarzschild black hole. If it has
less than a critical angular momentum, it ends up as a
uniquely defined but distorted black hole, given by the Kerr
geometry, which is appropriate to a rotating system.

The “standard solution” for a black hole of given mass
and angular momentum has certain well-defined quadrupole
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Figure 5. Ergosphere of a rotating black hole. The region
between the surface of infinite redshift (outer) and the event
horizon (inner), here shown in a cutaway view, is called the
“ergosphere.” When a particle disintegrates in this region and
one of the fragments falls into the black hole, the other frag-
ment can escape to infinity with more rest plus kinetic en-
ergy than the original particle.

Figure 6. Transformations of a black hole between the
static Schwarzschild case (A) and the extreme Kerr case
of maximum angular momentum (B) are accomplished
by accretion of particles. The “irreducible mass” (mass in
the absence of rotation) remains constant in reversible
transformations (black), which involve capture at grazing
incidence to the black hole. In the irreversible transfor-
mation AO C, the irreducible mass increases from 1.0mir

to 1.2mir . The “relative mass” is an abbreviation for “mass
in units of the original value of the irreducible mass.” The
“relative angular momentum” is in units of mir

2, as ex-
plained on page 50.
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and higher moments. One finds12,13 that any perturbation
from the standard Kerr solution decreases exponentially with
time. To the outside observer, all details of the gravitational
field get washed out except mass and angular momentum,
provided that the original perturbation was not too large.

In a similar way, all distributions of charge near a black
hole appear to a distant observer to have spherical symmetry.
The extreme gravitational field near a black hole greatly dis-
torts the lines of force from the normal pattern. Far from the
black hole, the lines appear to diverge from a point much
closer to the center of the sphere than the actual location of
the charge. The dipole moment goes to zero as the charge ap-
proaches 2m. Nothing in the final pattern reveals the true lo-
cation of the charge. We see in the black hole simply mass
plus charge, and no other details. The law for the disappear-
ance of the dipole, p, as given by R. Price, is14

p � (log t)/t4.

This disappearance of the dipole takes place according
to the same kind of law as the fadeout of perturba tions of the
quadrupole and higher moments of the mass distribution.

The collapse leads to a black hole endowed with mass
and charge and angular momentum but, so far as we can now
judge, no other adjustable parameters: “A black hole has no
hair.” Make one black hole out of matter; another, of the same
mass, angular momentum, and charge, out of antimatter. No
one has ever been able to propose a workable way to tell
which is which. Nor is any way known to distinguish either
from a third black hole, formed by collapse of a much smaller
amount of matter and then built up to the specified mass and
angular momentum by firing in enough photons, or neutri-
nos, or gravitons. And on an equal footing is a fourth black
hole, developed by collapse of a cloud of radiation altogether
free from any “matter.”

Electric charge is a distinguishable quantity because it
carries a long-range force (conservation of flux; Gauss’s law).
Baryon number and strangeness carry no such long-range
force. They have no Gauss’s law. It is true that no attempt to
observe a change in baryon number has ever succeeded. Nor
has anyone ever been able to give a convincing reason to ex-
pect a direct and spontaneous violation of the principle of
conservation of baryon number. In gravitational collapse,
however, that principle is not directly violated; it is tran-
scended. It is transcended because in collapse one loses the
possibility of measuring baryon number, and therefore this

quantity can not be well defined for a collapsed object. Sim-
ilarly, strangeness is no longer conserved.

Angular momentum
The third property of a black hole is angular momentum.
When it is non zero, the geometry becomes more complicated.
One deals with the Kerr solution2 to the field equations in-
stead of the Schwarzschild solution. There are two interesting
surfaces associated with the Kerr geometry, the “surface of
infinite redshift” and inside it, the “event horizon.” An object
at or within the event horizon can send no photons to a dis-
tant observer, independent of the object’s state of motion or
the direction of photon emission. For this reason, the event
horizon is also called the “one-way membrane.”

The Schwarzschild geometry represents the degenerate
case of the Kerr geometry, in which the surface of infinite red-
shift and the event horizon coincide. In the general case, the
two surfaces are separated everywhere except at the poles, as
shown in figure 5. The very interesting region between these
surfaces is called the “ergosphere.” A particle that comes
within the ergosphere can still, if properly powered, escape
again to infinity. However, its life in this region has an un-
usual feature; there is no way for it to remain at rest, rocket
powered or not!

Energy can be extracted from the ergosphere by a mech-
anism that may occasionally have significance for a cosmic
ray. Consider a particle that enters the ergosphere and disin-
tegrates, one fragment falling into the hole and the other es-
caping to infinity (see figure 5). R. Penrose3 has shown that
the process can be so arranged that the emerging fragment
has more energy at infinity than the original particle.

The extra energy is effectively extracted from the rota-
tional energy of the black hole. If a particle can dip through
the ergosphere and escape with some of the energy and an-
gular momentum of the black hole, it is also true that a par-
ticle that is captured can increase the energy and angular mo-
mentum of the black hole. Capture is possible when the
particle passes by sufficiently close to the black hole. The crit-
ical impact is smaller for a capture that increases the angular
momentum of the system. Therefore, random accretion of
particles leads to a gradual decrease of the angular momen-
tum of the system. Selective accretion of particles with the
maximum positive impact parameter is more appropriate to
a black hole immersed in the debris from the collapse of a ro-
tating star. Such favorable accretion can increase the angular
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Figure 7. Closest stable circular

orbits for the Schwarzschild and
Kerr black holes. For Newtonian
gravity there are stable orbits of all
radii down to zero. The parabola
gives the radius of each orbit as a
function of angular momentum. For
the curved geometries, there are
both a minimum (black) and a max-
imum (color) in the effective poten-
tial for each value of the angular
momentum down to a critical value

below which there is only a point of inflection—hence no stable orbits. A is the minimum Schwarzschild stable orbit; B and
C are the minimum stable Kerr orbits for counterrotating and corotating particles, respectively. These results have great sig-
nificance for the amount of gravitational radiation a particle can emit before falling into a black hole.

From the archives (January 1971, pages 30–41)
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momentum of the black hole to a critical value L = m2 = 2mir
2,

at which 29% the total energy of the black hole is rotational
energy. When this value is reached, further speedup is im-
possible.

The possibility of increasing and decreasing the angular
momentum of the black hole leads to a “phase diagram”
somewhat similar to those in thermodynamics. In figure 6,
due to Demetrios Christodoulou, reversible changes in angu-
lar momentum are made by the accretion of a particle out of
the most favorable orbit, at grazing incidence to the black
hole. If the angular momentum is changed by the capture of
a particle out of a less favorable orbit, the “irreducible mass”
(the mass of the black hole in the absence of rotation) must
increase. There is no process whereby the irreducible mass
can be caused to decrease. Therefore transformations accom-
plished by the accretion of particles from unfavorable orbits
(for example, from head-on impact) are irreversible and lead
to a steady movement upwards on the “phase diagram” of
mass versus angular momentum.

Gravitational radiation
The discovery of quasars, objects with enormous energy re-
lease, led many workers to investigate gravitational collapse
as a mechanism superior to fission or fusion for converting
mass to energy. A closer look caused discouragement.

The difficulty can be understood by a study of figure 7,
which shows the radii of orbits of different angular momen-
tum in the Kerr, Schwarzschild, and Newtonian cases. In the
Newtonian case, there are stable circular orbits of all radii
down to zero. The one-dimensional potential for the radial
motion has a minimum for all values of the angular momen-
tum. This is not the case for general relativity. There is a low-
est value for the angular momentum and a corresponding ra-
dius for which there is a minimum in the potential. This is
the stable orbit closest to the black hole.

When a particle emits gravitational radiation, it spirals
into the black hole, moving to lower and lower orbits as it
loses energy. When the energy of the particle decreases below
the value in the last stable orbit, the particle is captured di-
rectly without further radiation. For the Schwarzschild black
hole, the closest stable orbit is quite far from the center, and
the particle can emit only about 5.7% of its mass as gravita-
tional radiation before it precipitously falls into the black hole
(point A in figure 7). If the particle is orbiting contrary to the
rotation of the Kerr black hole, it leaps in from an even greater
distance where it has lost only 3.8% of its energy (point B in
figure 7). But if the particle is corotating with the black hole,
it remains in stable orbit until it radiates 42.3% of its mass as
gravitational energy (point C in figure 7). These results, ob-
tained by James Bardeen, give a great incentive for reexam-
ining other  energy- release mechanisms in the context of the
Kerr geometry.

Search for black holes
The existence of black holes has been predicted for over thirty
years. No one who accepts general relativity has seen any
way to escape their existence. Moreover, a black hole is a
characteristic geometrodynamical entity. A neutron star
could still exist in Newtonian theory; not so a black hole.

It took 34 years from the prediction of a neutron star by
[Fritz] Zwicky15 in 1934 to its discovery as a pulsar by Antony
Hewish and others16 in 1968. If the prediction of black holes
by Oppenheimer and Snyder in 1939 is also followed after 
34 years by their discovery, what will be the technique by
which they are detected in 1973?

Of all objects that one can conceive to be traveling

through empty space, few offer poorer prospects of detection
than a solitary black hole of solar mass. No light comes di-
rectly from it. It can not be seen by its lens action or other ef-
fect on a more distant star. It is difficult enough to see Venus,
12 000 km in diameter, swimming across the disk of the Sun;
looking for a 15-km object moving across a far-off stellar light
source would be unimaginably difficult.

Therefore, we turn to a black hole that is not isolated:
� A black hole that affects a companion normal star 
only through its gravitational pull (Ya. Zel’dovich and 
O. Guseynov).17

� One close enough to draw in matter from the normal star
([Iosif] S. Shklovsky).18

� One embedded in a normal star.
� A black hole moving through a cloud of dispersed matter.

The possibility of capitalizing on a double-star system is
most favorable when the black hole is so near to a normal star
that it draws in matter from its companion. Such a flow from
one star to another is well known in close binary systems,19,20

but no unusual radiation emerges. When one of the compo-
nents is a neutron star or a black hole, a strong emission in
the x-ray region is expected.

Gas being funneled down into a black hole undergoes
heating by compression.21 The temperature is extremely high
(1010–1012 K), but only a fraction of the radiation escapes, be-
cause it comes from a region of high redshift close to the
Schwarzschild radius of the black hole. Zel’dovich, Novikov,
and Schwarzmann conclude that the bulk of the radiation
emerges in the visible part of the spectrum or in the x-ray and
gamma-ray region, depending on the mass of the black hole. 

This article is adapted from the report by R. Ruffini, ]. A. Wheeler,
“Relativistic Cosmology and Space Platforms,” in The Significance
of Space Research for Fundamental Physics, European Space
Research Organization, Neuilly-sur-Seine, France (1971).
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The ergosphere and dyadosphere of black
holes
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1.1 Introduction

On most days I seem to use Roy Kerr’s name ten times or more, primarily
because the empty Einstein space constructed by him in Kerr (1963) is
so important to relativistic field theories. This should not come as a
surprise. If one looks on Google for “Kerr AND metric OR space” one
will find at least 1.33× 106 citations!

Sometimes this arises during the experimental verification of Ein-
stein’s theory using advanced space technologies. For instance, I recently
had great pleasure seeing the launch of NASA’s Gravity Probe B Mis-
sion. This is directly related to the Kerr solution, (see e.g. Fairbank et
al., 1988). For the relation of gyroscope motion to the Kerr solution, (see
e.g. Ohanian & Ruffini, 1994; Ruffini & Sigismondi, 2003, and references
therein). This work also appears in explanations of the electrodynam-
ical aspects of accretion disks for binary X–ray sources, extragalactic
jets from active galactic nuclei and microquasars in our galaxy, (see e.g.
Giacconi, 2002; Giacconi & Ruffini, 1978; Punsly, 2001).

For us Kerr space–time was visualized by numerically integrating the
trajectories of five test particles leading to a splendid new image. This
became the logo of our Centers for Relativistic Astrophysics, ICRA and
ICRANet (see Figure 1.1 and Johnston & Ruffini, 1974), and a beauti-
ful sculpted version is given triennially to the recipients of the Marcel
Grossmann Awards, see http://www.icra.it/MG/awards/.

I will try to give a few examples of each of these applications in my
talk. They can all be taken as examples of the following principle: Hu-
mans have always been too conservative in their imagination. They have
never been able to reach by imagination alone the realities discovered by
logic and scientific endeavour based on the necessary mathematical for-

1
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2 Remo Ruffini

Fig. 1.1. Motion of uncharged cloud of particles corotating about an extreme
spinning charged black hole. The orbits are stable. The vertical lines indi-
cate isochronous points (as seen from infinity). Details in Johnston & Ruffini
(1974).

malism†. This may be the reason why new ideas are not always easily
accepted by the scientific establishment. There may be much strife be-
fore the previously inconceivable becomes the universally accepted.

S. Chandrasekhar and I had many discussions where we compared
the difficulties we had getting his ideas on White Dwarfs and mine on
black holes accepted. The observational properties of White Dwarfs were
well known before Chandrasekhar (1935) explained them by applying
degenerate Fermi statistics to stars (see Chandrasekhar, 1939). This
theory was forcefully rejected in Eddington (1935), a paper that was
published in the same journal and even immediately preceding that of
Chandrasekhar!

The situation has been even more difficult for black holes. We had
to struggle against the preconceived notions of two quite independent

† Examples of two theoretical predictions that could not have been imagined are
those by Maxwell of electromagnetic waves, (see e.g., Maxwell (1986)) and Dirac
of antimatter simply from their celebrated equations. Dirac himself remarked in
one of his talks that his equation was more intelligent than its author (see, e.g.,
http://physics.indiana.edu/∼sg/p622/lecture1quotes.html). Similarly, the con-
cept of a critical mass for gravitational collapse, constructed by Oppenheimer from
Einstein equations, was a complete surprise to John Archibald Wheeler (see “Dis-
cussion of Wheeler’s report” in Institut International de Physique Solvay, 1958,
pp. 147–148) and even Einstein himself (Einstein, 1939). Both were dubious at
first but changed their minds later.

August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408



The ergosphere and dyadosphere of black holes 3

groups, theoretical physicists and observational astronomers. Firstly,
there was the resistance of some physicists against accepting certain
properties of these new objects, e.g., their horizons, their mass-energy
formulae and the amazing power being generated by them. Secondly,
astronomers were unable to explain the huge amounts of energy being re-
leased by the newly observed binary X-ray sources, but they still did not
recognize the need for radically new ideas. Nuclear forces had been used
for decades to explain the energy from stars, but were clearly unable to
explain the X-ray emission from these binaries, since the energy released
was both too sudden and too great (see below). The radically new idea
of the conversion of gravitational energy by accretion processes around
a gravitationally collapsed star was needed for this (see e.g. Giacconi &
Ruffini, 1978, and references therein).

The Kerr metric has been crucial in this long debate. Although Roy’s
discovery was initially ignored by astrophysicists, the almost simulta-
neous discovery of quasars triggered the interest of a small minority
in gravitational collapse (see e.g. Schild, Schücking & Robinson, 1965).
This solution has become an essential mathematical tool, creating the
theoretical framework needed to interpret the flood of observations from
the newly built X-ray and γ-ray detectors in space, as well as from the
corresponding optical and radio ones on the Earth’s surface. The first
major triumph for the new theories was the identification of Cygnus-X1
as a black hole inside our galaxy, see Giacconi & Ruffini (1978) and
Giacconi (2002).

Even bigger challenges have confronted relativistic astrophysics in the
last thirty years. These have included how to test the black hole mass-
energy formula which predicts that up to 29% (50%) of its energy can
be rotational (electromagnetic) and how to show that this energy, in
principle extractable, could fuel the most ultra-relativistic and energetic
phenomena ever observed in nature, Gamma-Ray Bursts (GRBs). The
difficulties in bridging the communication gap between these new con-
cepts and the traditional ones of the physical, astronomical and astro-
physical communities have been simply enormous, much bigger than the
corresponding ones for white dwarfs and binary X-ray sources. We will
mention three of these major challenges.

The first has been for astronomers. They had successfully understood
astronomical systems by observing their evolution over periods of many
years. It was difficult for them to accept that significant observations
in GRBs can occur over periods as short as a fraction of a millisecond
because of the rate at which the source evolved. An almost instanta-
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Fig. 1.2. Albert Einstein, Hideki Yukawa and John Archibald Wheeler, with
the dedication of John Wheeler on April, 5th, 1968.

neous spectrum changing on such a short time–scale is no surprise to
a physicist but it was to astronomers. They tend to associate a fixed
and constant spectral characteristic to any given source, not an instan-
taneously changing one.

The second challenge has been for physicists. They needed to under-
stand the properties of the extreme gravitational field around black holes
and also some of the latest developments of relativistic quantum field
theory. The concept of dyadosphere (see below) has not been accepted
easily. It needs simultaneously detailed knowledge of Kerr–Newman ge-
ometry as well as of quantum field theory as developed in recent decades
through the study of heavy ion collisions and high powered laser sources.

The last challenge has been for both groups. These systems move
ultra–relativistically with a Lorentz γ-factor starting as high as 500 and
then dropping all the way down to 1. The observed arrival times of the
emitted photons are not what matters, just the corresponding rates of
emission at the source, and to calculate these the entire past world–line
of the source and its gravitational potential must be known (Ruffini et
al., 2001a)!
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1.2 The maximum binding energy in Kerr geometry

After a period spent with Pasqual Jordan in Hamburg, I was invited to
Princeton as a postdoctoral fellow by John Archibald Wheeler†, starting
September 1st, 1967. Those were very active days for the astrophysical
community. Pulsars had just been discovered by Jocelyn Bell and Tony
Hewish (1967), and many theorists were actively trying to explain them
as rotating neutron stars (see Gold, 1968, 1969; Pacini, 1968; Finzi &
Wolf, 1968). These had already been predicted by George Gamow using
Newtonian physics (Gamow, 1938) and by Robert Julius Oppenheimer
and students using general relativity (Oppenheimer & Serber, 1938; Op-
penheimer & Volkoff, 1939; Oppenheimer & Snyder, 1939). The crucial
evidence confirming that pulsars were neutron stars came when their
energetics was understood (Finzi & Wolf, 1968). The following relation
was established from the observed pulsar period P and its positive first
derivative dP/dt: (

dE

dt

)
obs

' 4π2 INS
P 3

dP

dt
, (1.1)

where
(
dE
dt

)
obs

is the observed pulsar bolometric luminosity and INS is
its moment of inertia derived from the neutron star theory. This has
to be related to the observed pulsar period. This equation not only
identifies the role of neutron stars in explaining the nature of pulsars,
but clearly indicates that the neutron star’s rotational energy is the
pulsar energy source. This success exemplifies how to understand any
astrophysical system we must first explain its energetics. We will return
to this point later.

Wheeler decided to change the focus of his group from the physics
of neutron stars, which had already been the subject of a celebrated
book by him and coworkers (Harrison et al., 1965), to the total gravi-
tational collapse of a star with a mass larger than the critical neutron
star mass and at the endpoint of its thermonuclear evolution. This far
more extreme general relativistic system had already been conceived by
Robert Oppenheimer and his students. It was frozen in both time and
temperature due to its gravitational redshift becoming infinite at the
corresponding Schwarzschild horizon. We did not like the name “frozen
star” given to it by our Soviet colleagues, and instead decided to fol-
low Wheeler’s suggestion and call it a “black hole” (Ruffini & Wheeler,
1971a). This emphasized its two most extreme characteristics, the infi-

† Or Johnny, as the members of our group called him (see Figure 1.2).
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Fig. 1.3. Brandon Carter and the introduction of his famous fourth constant
of the motion.

nite gravitational red shift at its event horizon and its inevitable gravi-
tational collapse.

At that time Princeton had a very pleasant scientific ambiance be-
cause of the fortunate interaction between its bright students and the
outstanding scientists at both the Institute for Advanced Study and
the University. These included Kurt Gödel, Eugene Wigner, Freeman
Dyson, Martin Schwarzschild, David Wilkinson and Tullio Regge. In
the following years, as a Member of the Institute for Advanced Study
and an instructor and later assistant professor at Princeton University, I
enjoyed many discussions with them and learned from their experiences
and their understanding of physics.

Johnny Wheeler and Tullio Regge had developed a powerful mathe-
matical physics technique (Regge & Wheeler, 1957) and we used this
formalism, as later completed by the seminal work of Frank Zerilli (Zer-
illi, 1970, 1974), to describe the physical processes in a Schwarzschild
solution. Our group studied a variety of problems on the emission of
gravitational radiation in these highly relativistic regimes, using the
Regge-Wheeler-Zerilli tensorial harmonics techniques.

My first encounter with the Kerr solution occurred in Princeton when
Brandon Carter visited our group. He had just published a most re-
markable paper (Carter, 1968, see Figure 1.3) on the separability of
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The ergosphere and dyadosphere of black holes 7

the Hamilton-Jacobi equations for the trajectories of charged test parti-
cles in Kerr–Newman spaces. This classic work is a mandatory text for
all students in my course on theoretical physics at “La Sapienza”, the
University of Rome. In this paper Brandon sets the mathematical foun-
dations for the new physics in the spacetime described by the Kerr so-
lution and its electromagnetic generalization. It was Johnny’s idea that
instead of attempting to integrate the first order equations derived by
Brandon we should apply a well established effective potential technique
to them. The simplest version of this technique has been well known
since the classic works of Jacobi in classical mechanics (see Jacobi, 1997)
and its use in discussions of the radially separated Schrödinger equation
in quantum mechanics (see e.g. Landau & Lifshitz, 1981). It had also
been extended to the more complex classical motion of charged particles
in the Earth’s magnetosphere by Carl Størmer (see Størmer, 1934, and
references therein). It proved to be just as useful for the Kerr spacetime,
even though the physical conditions there were very different from those
in the original applications. I still remember Johnny’s suggestion that
we draw the effective potential on the largest possible diagram, thereby
minimizing the imperfections in the final printed version. Unlike today
when diagrams can be almost instantly constructed and plotted by a
computer, back then each value had to be calculated using stacks of
punched cards on a computer, and then plotted on the final diagram.
This was particularly impressive for our case - the diagram measured
three by two meters (see Figure 1.4)! A byproduct of preparing such
a meticulous diagram was the time it gave us to think about the un-
derlying physical process. It was during this numerical work that we
realized that co-rotating orbits in the Kerr solution were much more
tightly bound than counter-rotating ones. It was very gratifying when
my good friend Evgeny Lifshitz found these results so important that he
mentioned the Kerr solution extensively in the text of the last edition
of the Landau and Lifshitz treatise, together with both Brandon’s work
and the results of Wheeler and myself as named problems for bright
students!

1.3 The significance and magnitude of binding energy

One of the greatest feats of twentieth century science was understanding
the nuclear binding energy of the elements. The precise value of the
mass defect was calculated as a function of the atomic number for all
known elements (see Figure 1.5). This has generated some of the most
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Fig. 1.4. Effective potential experienced by a test particle moving in the equa-
torial plane of an extreme Kerr black hole. For corotating orbits, with positive
values of the angular momentum, the maximum binding of 42.35% of the rest
mass of the test particle is reached at the horizon.

striking conceptual, technological, and cultural changes in the history of
mankind. The life cycle of our solar system and even life on our planet
depend essentially on the nuclear binding energy released when elements
are transformed. Fusion processes occur when elements lighter than iron
are converted to heavier ones with a larger nuclear binding energy per
nucleon. Conversely, fission processes occur when atoms heavier than
iron split into smaller constituents, again with more binding energy per
nucleon.

Jean Perrin (1920) and Arthur Eddington (1920) were the first to
point out, independently, that the fusion of four hydrogen nuclei into
one helium nucleus could explain the energy production in stars. This
idea was put on a solid theoretical base by Robert Atkinson and Fritz
Houtermans (1929a,b) using George Gamow’s quantum theory of barrier
penetration (Gamow & Houtermans, 1928) and was further developed
by C.F. von Weizsäcker (1937, 1938). The monumental theoretical work
by Hans Bethe (1939), and later by Burbidge et al. (1957), completed
the understanding of the basic role of fusion processes in the stars. To-
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Fig. 1.5. Nuclear vs. gravitational binding energy in a Schwarzschild black
hole compared and contrasted. The gravitational binding energy in a Kerr
metric is even bigger (see Figure 1.4).

gether with Fermi (1949), they realized that the relative abundances of
the elements in our entire solar system, including the planets, depend
universally on nuclear burning. The presence of heavy elements also
proved that these processes had already occurred in a previous genera-
tion of stars. All forms of energy which make life on our planet possible
are derived from the sun, an enormous but relatively simple nuclear
fusion reactor dominated by less than one hundred different nuclear re-
actions.

Fermi’s work also lead to our understanding of the fundamental role
of fission and to the first chain reaction in Chicago (Fermi et al., 1942).
A significant fraction of electric power on our planet is now generated by
fission reactors, and progress is been made to design a viable controlled
fusion process to generate an alternative and secure energy source. The
latter may prove to be essential if we are to maintain our desired qual-
ity of life. It is well known that both fission and fusion processes have
been used in military research, and that some of the people who have
contributed to the development of relativistic astrophysics, e.g., John
Archibald Wheeler, Ya. B. Zel’dovich and A. Sakharov, had also previ-
ously made significant contributions to this field.

The huge difference between the sizes of mass defects due to nuclear
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binding energy and the mass defects of particles around a black hole due
to its gravitational binding energy (see Figure 1.5) shows that the energy
generation processes are far larger in the general relativistic scenario.

A major step in proving the importance of such deep gravitational
fields in astrophysical systems came with the identification of the first
known black hole in our galaxy, Cygnus-X1 (Giacconi & Ruffini, 1978).
A further step was made by the introduction of the blackholic energy
and the possibility of thereby explaining some of the most energetic
processes in our Universe.

1.4 The ergosphere of a Kerr spacetime

The central tools used in our research into the new physics of the Kerr
spacetime were the separability of the associated Hamilton-Jacobi equa-
tion, discovered by Brandon Carter, and the effective potential tech-
nique. Achille Papapetrou had written to Johnny Wheeler, telling him
of a sixteen year old high school student, Demetrios Christodoulou from
Athens, who appeared to be specially gifted in physics and general rel-
ativity. When Wheeler examined him in Paris he was so impressed that
he used Princeton University’s freedom as a private institution to en-
roll him immediately as an undergraduate. Demetrios was not allowed
to return to Athens where he had been quarreling with his high school
teachers. Instead he compressed a 4-year undergraduate program into
a single year. He was then enrolled in graduate school at the age of 17.
Wheeler was officially his Thesis Advisor and assigned him the study of
the collapse of a spherically symmetric massless scalar field, which later
became chapter 1 of his Thesis. I started by investigating with him
the capture of test particles, both charged and uncharged, in a Kerr–
Newman spacetime using the effective potential technique I had devel-
oped with Johnny (see Fig. 1.4), which became the remaining chapter
of his Thesis.

In 1969 I was attending the first meeting of the European Physical
Society in Florence. In those days the universities in Europe and else-
where were in a very agitated state and so I was not surprised when this
meeting was disrupted. I found myself sitting on the steps of the Palazzo
della Signoria with Roger Penrose, discussing some aspects of a provoca-
tive talk he had just presented. In this he considered the possibility of
an advanced civilization extracting energy from a Kerr spacetime by
lowering tethered particles toward the singularity (see Figure 1.6). He
also considered a ballistic method: an object splitting into two pieces,
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Fig. 1.6. Extraterrestrial civilization as idealized by Penrose (1969).

one crossing the horizon and the other escaping with more mass-energy
than the original body. However, there were many aspects of his lec-
ture which were not clear to me, and which were not cleared up by our
discussion.

Returning to Princeton, Johnny and I began examining the details
of particle decay around a black hole. We showed that, as claimed by
Penrose, energy could indeed be extracted. A particle with positive
energy and positive angular momentum in a Kerr spacetime could come
from infinity with a finite impact parameter and then split into two
separate particles. One, counter-rotating and in a negative energy state
as seen from infinity, would be captured by the horizon. The other,
co-rotating and more energetic than the initial particle, would escape to
infinity. We also identified the region in which such a process could occur
as that between the horizon and the infinite redshift surface. I decided to
call this the “energosphere” since energy extraction processes could exist
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Fig. 1.7. The ergosphere. Reproduced from Ruffini & Wheeler (1971a).

there. Johnny said that this name was too clumsy, and that it should
have a shorter more concise name. He suggested “ergosphere”. After
thinking a moment and recalling that the word ergon exists in Greek
and means work, I agreed with him. This name has since become very
popular. Originally I had mixed feelings toward this energy extraction
process, was intrigued by its construction, and thought that proving
its viability conceptually would be very interesting. However, the rest
masses of the particles had to be reduced very significantly in the process
making it hardly achievable from a physical point of view (see Figure
1.7).

1.5 The mass formula of a black hole

While this exercise of looking at the decay of a particle in the ergo-
sphere was continuing, Demetrios and I started a systematic analysis of
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The ergosphere and dyadosphere of black holes 13

all possible trajectories for test particles near a Kerr black hole. The
solution for circular orbits had previously proved to be very elegant,
depending on certain old theorems on the algebraic solvability of some
special polynomials of sixth degree. We were fortunate to find these in
the treatise of Paolo Ruffini (1803), a copy of which was contained in
the main library at Princeton.

These polynomials had some rather fortunate nonphysical factors and
they could therefore be reduced to fourth order ones with classic al-
gebraic solutions. In doing this analysis we became aware of a very
particular subset of trajectories corresponding to a limiting capture pro-
cess. These occurred on the horizon, had zero radial kinetic energies
and very specific angular momenta. A peculiarity of these paths is that
the energy for counter-rotating particles is negative when seen from an
observer at infinity. The corresponding capture process, with zero radial
kinetic energy on the horizon, leads to a decrease of the total energy and
angular momentum of the black hole. The same capture process for a
particle with the same rest mass but with the opposite value for the
angular momentum (i.e., co-rotating) leads to a positive contribution
to both the total energy and angular velocity of the black hole. Most
remarkably, the capture of the two particles with equal and opposite
angular momenta leads to a black hole with its original total angular
momentum. What was truly unexpected was that the total energy of
the black hole was unchanged by the succession of two of these capture
processes. We called these very special pairs of limiting transformations
the reversible transformations of a black hole. All the other capture pro-
cesses, with non-zero kinetic energy or occurring off the horizon, lead to
irreversible transformations where the total mass energy of the black
hole must increase.

In those days Johnny was very involved with other members of the
physics department in what he considered a far more fundamental prob-
lem, the Teichmüller space of what he called “superspace”. Such Te-
ichmüller spaces, with their Riemannian non-Finslerian metrics, were
meaningless to me from a physical standpoint. Nevertheless, we were
able to talk to him about those thermodynamical analogies which were
surfacing from the physics of black holes. It was clear to me that we
were dealing with a very new situation in which the rotational energy of
the Kerr black hole could be increased or decreased at will. There had
to be some new and underlying quantity characterizing the black hole.
I was convinced that it should be possible to split its total energy into
rotational and Coulomb energy. I suggested this problem to Demetrios.
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Fig. 1.8. The particle decay process in the field of a black hole as reproduced
by Christodoulou (1970).

He was indeed able to express the infinitesimal limit on the horizon of
the capture process I has examined with Wheeler and to integrate the
corresponding differential equations. Next morning he came in smiling
and visibly satisfied, saying “It is true. As you expected the rotational
energy contribution to the Kerr solution can be split from its total en-
ergy by integrating our reversible transformations. There is a formula
which relates these quantities to the non-rotating rest mass of the black
hole”. I gave the name “irreducible mass” (mir)† to this black hole
rest mass, since it can never decrease: it is left unchanged by reversible
transformations and increases monotonically for all irreversible ones,

∆mir ≥ 0 . (1.2)

The same evening Johnny and I were walking back to the Institute
through the woods bordering the golf course and swimming pool of the
Institute. He had been very busy all day on certain fundamental issues
of superspace. When I told him the result that Demetrios and I had
just obtained, Johnny said that it was very important. It was then
sent for publication to Physical Review Letters. I insisted that the sole
author of the letter should be Demetrios since it was he who had solved

† From the Italian word “irriducibile”
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Fig. 1.9. First page of a preprint by Floyd and Penrose with handwriting of
Johnny and myself (see Floyd & Penrose, 1971).

the mathematical equations. At the same time Johnny was delaying
the publication of our results on both the ergosphere and the decay
process and I therefore decided to insert in the letter a figure which
included both the definition of the ergosphere and the details of the
computations carried out with Johnny (see Figure 1.8). These had been
clearly propaedeutic to the Demetrios result. The Editor objected to
having our unpublished material in such a short letter when we were
not coauthors. I promptly asked him if this objection would stand if
the two authors of the figure would volunteer to ask him in writing to
accept the Demetrios letter in that format. Finally, he accepted it and
the results were published on 30 November, 1970 (Christodoulou, 1970).
This letter recorded our propaedeutical analysis on the ergosphere, the
decay process and the mass energy formula for a Kerr black hole.

A few months later Johnny sent me a copy of a preprint by Pen-
rose and Floyd giving an example of energy extraction from a spinning
black hole†, but we were not interested in assessing priorities for such
a contrived gedanken experiment. I was particularly concerned by the

† See Figure 1.9 with the handwriting of Wheeler and myself.
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necessary reduction of the rest mass of the particles in such a decay pro-
cess and we were working with Demetrios toward a more general formula
for a Kerr–Newman black hole‡. The mass formula was finally reached
in July 1971 by Demetrios and myself (Christodoulou & Ruffini, 1971):

m2 =
(
mir +

e2

4mir

)2

+
L2

4m2
ir

, (1.3)

S = 16πm2
ir, (1.4)

L2

4m4
ir

+
e4

16m4
ir

≤ 1, (1.5)

where m is the total mass-energy of the black hole, mir the irreducible
mass, S the surface area and e and L are the black hole charge and
angular momentum. The inequality in Eq. (1.5) gives the maximum
possible values consistent with the existence of an horizon. This implies
that up to 29% (50%) of the total black hole mass-energy could be in
principle extracted using reversible transformations to reduce its rota-
tional (Coulomb) energy. From Eq. (1.4) and Eq. (1.2) it then follows
that the surface area of the Kerr–Newman black hole must necessarily
increase in any capture process:

δS = 32πmirδmir ≥ 0 . (1.6)

In the meantime, S. Hawking (1971) had also derived this inequality
from a different and possibly more general viewpoint, limited to the
Kerr case. Demetrios finally defended his Ph.D. thesis at the age of
19, answering a splendid set of questions by the “external examiners”:
Eugene Wigner for the theory and David Wilkinson for the experiments
(see Fig. 1.10).

In front of us there was now a vast horizon to be explored dealing
with the energetics of the black holes. This will be outlined in the next
sections.

1.6 Introducing the black hole

Hermann Bondi, who was then Director General of the European Space
Research Organization, had in the meantime invited Francis Everitt,
Martin Rees, Leonard Schiff, Johnny, myself and a few others to Inter-
laken Switzerland to discuss the possibilities for fundamental research
from space platforms.

‡ Brandon Carter and Werner Israel had conjectured this to be the most general
black hole, and were attempting to prove the uniqueness of its geometry.
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Fig. 1.10. Demetrios Christodoulou being addressed by Eugene Wigner during
his Ph.D. thesis defense. Sitting, from left to right, David Wilkinson, myself,
Johnny Wheeler and Eugene Wigner.

Some of the seminal ideas discussed in Interlaken were expanded into
an extended report by Wheeler and myself (Ruffini & Wheeler, 1971b)
and used as the first ten chapters of our book with Martin Rees (Rees,
Ruffini & Wheeler, 1976) and also in Misner, Thorne & Wheeler (1973).
Our book with Martin and Johnny was considerably delayed in publica-
tion, and I therefore decided to add certain later results as appendices
(see e.g. the important contribution by Shvartsman, 1971), while leav-
ing the spirit of the earlier work unchanged. When writing this report,
Johnny and I became convinced that the field had finally come of age.
The study of black holes had moved from being a topic of research in
formal general relativity with hypotheses assumed for purely mathemat-
ical convenience to being a field of profound physical significance. We
therefore decided to write an article addressing the physics community
at large. The editor of Physics Today accepted this and was especially
helpful. He not only gave us the cover of Physics Today but also commis-
sioning Helmuth Wimmer, an artist working at the Heiden Planetarium
in New York, to find an appropriate representation of a black hole.

I recall explaining our research to Helmuth in a two hour session at
the Physics Today office in New York. He told me later that he left the
discussion totally confused and with a terrible headache. He woke up
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Fig. 1.11. Introducing the black hole. From Ruffini & Wheeler (1971a).

at 4am the following morning with a mental image that he immediately
recorded in a painting. In his words, “This must be what they are
talking about”. He called me back at 9am. I rushed to New York that
same morning and found the drawing to be quite beautiful. I asked
Helmuth to change the sequence of colors in the spectrum but to leave
the rest alone. The final picture was perfect and the article created
a very favorable reaction in the scientific community (see Figure 1.11).
Helmut was very happy and kindly offered me the painting in recognition
of my explanation of our work to him (and also to increase his annual tax
deductions due to the donation!). In the end we decided to donate the
original to Princeton University, where it still hangs in the mathematical
physics library in Jadwin Hall, and I accepted for myself the first proofs
of the cover of physics today, signed by Helmuth Wimmer.

In the article, Johnny and I decided to emphasize one of the most
profound aspects of the physics of black holes, namely that they can be
characterized completely by their mass, charge and angular momentum.†
This was becoming highly important to physics in view of the existence of
the mass-energy formula for black holes. New domains of physics were
being opened up, showing how nature might extract enormous power
from black holes.

† Many have been working on the mathematical proofs of the “uniqueness theorem”
of Carter and Israel (see Robinson’s contribution in this volume).
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We also emphasized the vast number of papers written in the Soviet
Union (see e.g. Zel’dovich & Guseynov, 1965; Shklovsky, 1967). They
proposed certain methods for detecting black holes in binary star sys-
tems. In those days Saturn was passing in front of the sun so we added
a significant sentence: “Of all objects that one can conceive to be travel-
ing through empty space, few offer poorer prospects of detection than a
solitary black hole of solar mass. No light comes directly from it. It can
not be seen by its lens action or other effect on a more distant star. It
is difficult enough to see Venus, 12000 km in diameter, swimming across
the disk of the sun; looking for a 15-km object moving across a far-off
stellar light source would be unimaginably difficult”. The message was
clear: in order to succeed we had to capitalize on binary star systems
with a black hole as one of their members.

This brings us to the fundamental work of Riccardo Giacconi and
his group. Before doing this I recall a result obtained in Princeton
with my second graduate student Clifford Rhoades. Our determination
of the absolute upper limit to a neutron star’s mass was essential for
formulating the paradigm for the identification of the first black hole in
our galaxy.

1.7 On the maximum mass of a neutron star

With the help of some exceptional students in Princeton we were able
to pursue our research much further. Although Johnny’s main research
interest was still superspace, he was also very interested in the ther-
modynamics of black holes started by Demetrios and myself with the
introduction of reversible and irreversible transformations. He guided
Jacob Bekenstein during his Ph.D. thesis on the topic of a seemingly
absurd analogy: to identify the surface area of the black hole with a
generalized entropy. He also suggested that the problem of dimension-
ality could be overcome by expressing the black hole surface area in
units of the Plank mass squared. This is a pure number like any en-
tropy should be! As Jacob recalls in his recent book (Bekenstein, 2006),
I found this proposed identification noncontradictory but also possibly
unnecessary.

I decided to concentrate myself on the astrophysical applications of our
results with Demetrios, setting the goal to find a place in the Universe
where the extraction of energy from a black hole could be observed.

Clifford Rhoades and I achieved a relevant intermediate step. Chan-
drasekhar (1930) and Landau (1932) had shown clearly and indepen-
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dently that a critical mass of ∼ 1.5M� exists for white dwarfs. Any
potential white dwarf with a larger mass must collapse gravitationally.
The existence of this was traceable back to the extreme special relativis-
tic regimes encountered in the degenerate electron gas responsible for
the equilibrium configuration of white dwarfs.

Newtonian gravity had been used in their analysis, the electron gas
had been assumed neutral on average and the detailed electromagnetic
interactions with each nucleus within the white dwarf had been ne-
glected. The corrections to this basic treatment were found to be negligi-
ble to the first approximation (Ruffini, 2001a). There was still a critical
mass, although it was slightly smaller. Similarly, if one compares and
contrasts the results of the computations performed in Newtonian the-
ory with those in General Relativity the lowest order differences are also
negligible.

Neutron stars were introduced by George Gamow (1938) and by Robert
Oppenheimer and his students (Oppenheimer & Serber, 1938; Oppen-
heimer & Volkoff, 1939). It quickly became clear that the treatment de-
veloped for white dwarfs could be applied to a system of self-gravitating
neutrons. The concept of critical mass can be applied to neutron stars
for the same physical reasons as for white dwarfs. The reason for this is
traceable back to the extreme special relativistic regimes encountered in
the degenerate neutron gas responsible for the equilibrium configuration
of neutron stars. The neutron gas was still described as a free gas of
fermions in that paper. The general relativistic corrections proved much
larger for neutron stars than for white dwarfs. Finally, Oppenheimer
estimated the critical mass to be 0.7M�.

It was evident that neutron stars are far more complex than white
dwarfs. For the later the electrons composing the Fermion gas sup-
porting the star are subject only to electromagnetic and gravitational
interactions. The electromagnetic interactions can be precisely com-
puted within the framework of Maxwell theory, possibly the best tested
theory in physics. However, the critical mass for neutron stars occurs
at supranuclear densities, and so the strong interactions among nuclei
cannot be neglected. Unlike for white dwarfs where Maxwell theory is
sufficient, neither field equations nor a theoretical description of bulk
matter exist for such large densities. Moreover, there is no hope in the
near future for laboratory experiments at these pressures. Various phe-
nomenological attempts to estimate the neutron star mass have shown
that this could be quite sensitive to strong interactions. If a factor 2
could easily exist, why not a factor 10 or even larger? The formation of
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a black hole would be avoided by masses less than some critical mass,
but the value for this was unknown.

For this reason Clifford Rhoades and I (Rhoades & Ruffini, 1971) used
an alternative approach to determine from first principles an absolute
upper limit to the neutron star mass. We adopted three criteria: the
correctness of general relativity; the existence of a fiducial density up
to which a reliable equation of state maximizing the critical mass could
exist; and non-violation of causality. For supranuclear densities we as-
sumed an equation of state consistent with causality and the Le Chatelier
principle. The proof involved the introduction of a variety of extremiza-
tion techniques. Particularly helpful was the concept of the domain of
dependence for the values of the critical mass as a function of the chosen
fiducial density as introduced in my Les Houches lectures (see page R29
in Ruffini, 1973). The absolute upper limit to the neutron star critical
mass was found to be 3.2M�. All observed neutron star masses until
today are well within this limit.

Also in my Les Houches lectures, I introduced the concepts of alive
black holes and dead black holes, differentiating the ones with charge
and angular momentum from the ones uniquely characterized by their
irreducible mass.†

1.8 The UHURU satellite

The launch of the UHURU satellite in 1971 by the group directed by
Riccardo Giacconi meant that the universe could be examined for the
first time in the X-ray band of the electromagnetic spectrum. It was
a fundamental leap forward, creating a tremendous surge in relativistic
astrophysics. Simultaneous observations of astrophysical objects could
now be made in X-ray wavelengths by UHURU in space and in optical
and radio wavelengths by ground based observatories. This unprece-
dentedly large collaboration generated high quality data on those binary
systems where a normal star is stripped of matter by a compact massive
companion star, either a neutron star or a black hole.

We had just published our article in Physics Today when Gloria
Lubkin, its editor, told me at a Washington meeting of the American

† The Les Houches school represented a moment of great scientific tension and in fact
signaled a division in black hole research. My work on alive black holes encoun-
tered strong resistance by Kip Thorne and his group, and also Jacob Bekenstein,
presenting a report on his recently discussed Ph.D. thesis in an informal seminar,
received strong criticisms from Stephen Hawking, although he was later to change
his mind (Bekenstein, 2006).
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Fig. 1.12. On the left side, Riccardo Giacconi and Luigi Broglio (above) at
the launch of the Uhuru satellite (below) from the S. Marco platform. On the
right side, the time variability of Hercules-X1 compared and contrasted with
Cygnus-X1.

Physical Society; “You should listen to Riccardo Giacconi’s talk. He
claims to have observed some of the phenomena forecast by Wheeler
and yourself in your article”‡.

I still recall how our almost daily discussions on the Uhuru obser-
vations strongly motivated me to find a method to discriminate be-
tween neutron stars and black holes as binary X-ray sources. Following
the work with Clifford Rhoades, we were ready to establish the basic
paradigm for distinguishing between them.

The observations by Riccardo and his team clearly gave the first un-
ambiguous evidence for the discovery of neutron stars accreting matter
from stars evolved out of the main sequence (see Figure 1.12). Soon af-
ter, important contributions on the accretion were presented by Shakura
(1972a,b). The two X-ray pulsating sources Hercules-X1 and Centaurus-
X3 were typical examples of this phenomenon. All the characteristic pa-
rameters of these binary sources could be derived from the data (see R.

‡ That was the first time I met Riccardo. I did not know until years later that
he was born in Italy and that he got his doctorate at the University of Milan,
and for some years I did not realise that he knew Italian. It was only through a
rather unorthodox New Year greeting that I found out that he did indeed speak
the language. By that time, our collaboration with him and Herbert Gursky, a
member of his group, had become very intense.
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Giacconi, pages 17–42, in Giacconi & Ruffini, 1978). ¿From the binary
period and the Doppler velocities of the main sequence star and from
the pulsed X-ray emission of the neutron star it was possible to calculate
the neutron star masses for the first time. These proved to be system-
atically lower than our absolute upper limit of 3.2M�. Hercules-X1 and
Centaurus-X3 were crucial in differentiating these binary systems from
pulsars. Unlike pulsars with their monotonically increasing pulsation
periods, these sources had fluctuating ones (see e.g. Gursky & Schreier,
pages 175–220, and Figure 10 in Gursky & Ruffini, 1975). It was clear
that the rotational energy, used previously as an explanation of the ener-
getics of pulsars, could not be significant for these systems. The source
of the very large X-ray luminosity, up to 1037 erg/s (i.e. 104 solar lumi-
nosity), had to be accretion in the deep gravitational well of a neutron
star. For the first time we were witnessing direct evidence for the role of
gravitation as the energy source of an extremely energetic astrophysical
system!

We were then ready to establish the paradigm for the identification of
Cygnus-X1 as the first “black hole”. This was observed to be (see Figure
1.12) a nonpulsating source with significant time structure as short as
a few milliseconds. I identified three essential steps to strengthen this
identification:

(i) The “black hole uniqueness theorem” implies axial symmetry and
the absence of regular pulsations from black holes. However, al-
though this is true for a black hole, it is also true for a neutron
star provided that its magnetic field, if any, is aligned with its
rotation axis.

(ii) The “effective potential technique”, see Figure 1.4, shows that
the percentage of the body’s rest energy released by accretion is
at most 1% for neutron stars but as much as 42% for an extreme
Kerr black hole. This clearly proves the importance of gravita-
tional energy as a generator for binary X-ray sources. Again, this
is equally true for either neutron stars or black holes; only the
efficiency factor is different. The accretion observed in all binary
systems can therefore adequately explain their X-ray emissions.

(iii) The “upper limit on the maximum mass of a neutron star” was
indeed the crucial discriminating factor between non-magnetized
neutron stars and black holes. If the gravitationally collapsed
star in a binary X-ray source is non-pulsating, emits X-rays by
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Fig. 1.13. The identification paradigm for Cygnus-X1 vs. a pictorial represen-
tation of Cygnus-X1 and the companion star HDE-226868, whose binary na-
ture was precisely pointed out by Webster & Murdin (1972); Bolton (1972a,b).

accretion, and has a mass larger than 3.2 solar masses, then it
must be a black hole.

These results were announced in a widely attended session chaired by
John Wheeler at the 1972 Texas Symposium in New York. The evidence
for Cygnus-X1 being a black hole was presented and was extensively
reported in the New York Times†. The New York Academy of Sciences,
which hosted the Texas Symposium, had just awarded me their Cressy
Morrison Award for my work on neutron stars and black holes. Much
to their dismay I did not submit a paper for the proceedings of this
conference, the reason being that the substance of my talk at the Texas
Symposium was recorded in a Letter that had just been submitted to
Ap.J. with Robert Leach, a Princeton undergraduate (see Figure 1.13
and Leach & Ruffini, 1973).

The formulation of this paradigm did not come easily but slowly ma-
tured after innumerable discussions with R. Giacconi and H. Gursky,
both face to face and over the phone. I still remember an irate profes-
sor of the Physics Department at Princeton pointing out at a faculty

† The acceptance of our paradigm was far from unanimous at this time. Some
astrophysicists who were initially amongst my strongest and most irate public
objectors later became fervent supporters of my ideas. However, not all of them
remembered to quote my results later!
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meeting my outrageous phone bill of $274 for one month, a scandalous
amount for those times. Its size was largely due to my frequent calls to
the Smithsonian. Fortunately, the department chairman, Murph Gold-
berg, had a much more relaxed and sympathetic attitude about this
situation.

The results were summarized in my talk at the Sixteenth Solvay Con-
ference on Astrophysics and Gravitation, held at the University of Brux-
elles in 1974, and were expanded in the 1975 Enrico Fermi Varenna
Summer school directed by Riccardo Giacconi and myself. The title of
the school was “On the Physics and Astrophysics of Neutron Stars and
Black Holes”. The proceedings were published in both hardcover and
paperback, and are to be reprinted soon. The conclusion of the story
of this great scientific adventure was well told by Riccardo in his Nobel
lecture in Stockholm (see Giacconi, 2002 and also Giacconi, 2005).

Black holes have played an essential though passive role in these ac-
cretion processes, providing the deep potential well used to release the
observed X-ray flux. We had to find a different astrophysical system
where black holes could play an active role if we were to extract energy
from them. This has been my main goal in recent years as I will explain
shortly.

1.9 Astrophysical “Tokomak” machines

Much attention was still being given in those days to the analogy I have
already mentioned between black hole physics and the usual laws of
thermodynamics. Following Bekenstein (1973, 1974), Stephen Hawking
went a step further (Hawking, 1974, 1975, 1976). He proposed that a
black hole radiates with a black body spectrum whose temperature T
is defined as the surface gravity a the horizon multiplied by the Planck
length squared and divided by 2π. The Hawking idea was of great
conceptual interest. As Jacob recalls in his recent book (Bekenstein,
2006), I was concerned about the initial formulation of this program of
research†.

Anyway, I was not personally very much interested in these processes
since they were of marginal interest in relativistic astrophysics. I sum-
marized this point of view in my Varenna lectures (see R. Ruffini, pp.
324–325 in Giacconi & Ruffini, 1978) and, more recently, in Table 1 at
p. 788 of Ruffini (2001b). I then turned to the physical processes which

† Recently, I have been reconsidering some aspects by integrating the equations of
a specific example (Ruffini & Vitagliano, 2003).
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Fig. 1.14. Magnetic lines of force in the equatorial plane of a maximally ro-
tating Kerr black hole accreting magnetized plasma. The winding of the lines
of force is due to the dragging of inertial frames. Details in Ruffini & Wilson
(1975).

might use black holes as realistic sources of energy for astrophysical pro-
cesses by using their extractable rotational or electromagnetic energy,
what we call today the “Blackholic” energy‡. We first focused on pro-
cesses which use predominantly the rotational energy. This process can
provide as much as 29% of the mass energy of an extreme Kerr black
hole (see Eq. (1.3),(1.5)). Together with Jim Wilson, we gave a simple
analytic example of a Kerr black hole accreting magnetized plasma (see
Figure 1.14 and Ruffini & Wilson, 1975). We studied the entire elec-
trodynamical system of currents for such an astrophysical circuit (see
Figure 1.15) as well as the general conditions for stability of an accret-
ing plasma in the field of a black hole (Damour et al., 1978). Particularly
important were the contributions, motivated by our work, on the torque
and momentum transfer in accreting black holes (Damour, 1975), which
introduced the lines of currents reproduced in Figure 1.15. Further re-
sults, fundamental for the black hole thermodynamics, were presented
by Thibault on the black hole eddy currents (Damour, 1978) and on the
surface effects in black hole physics (Damour, 1982).

Our paper with Jim was soon followed by a similar paper by Bland-
ford & Znajek (1977) and later by another series of articles by Punsly,
and by Punsly and collaborators (see e.g. Punsly, 2001, and references

‡ This word is the English translation for the Italian word energia buconerale, sug-
gested by Iacopo Ruffini, unhappy to hear continuously the wording “extractable
energy from black holes”.
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Fig. 1.15. Lines of currents for the magnetosphere showed in Figure 1.14.
Details in Giacconi & Ruffini (1978), pages 338 and following.

Fig. 1.16. A greyscale representation of the image of Cygnus A at 5 GHz with
0.4 in. resolution made with the Very Large Array in Socorro, NM. The full
source extent is 120 arc sec = 120 kpc. North is at the top and west is to the
right. Reproduced from Carilli et al. (1998).

therein). These works promised to help explain extragalactic radio jets.
The characteristic time scale for this energy extraction process is typ-
ically millions of years (see Figure 1.16) as can be deduced from the
size of the radio lobes and jets in extragalactic radio sources. It is most
interesting that recent radio observations made by the Westerbork Syn-
thesis Radio Telescope on Cygnus-X1 have evidenced the existence of
a jet in such a system (see Figures 1.17, 1.18, details in Gallo et al.,
2005). The lifetime of such a jet has been estimated to be ∼ 0.02–0.32
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Fig. 1.17. The cross marks the location of the black hole Cygnus-X1 in this
radio image. The bright region to the left (east) of the black hole is a dense
cloud of gas existing in the space between the stars, the interstellar medium.
The action of the jet from Cygnus-X1 has ‘blown a bubble’ in this gas cloud,
extending to the north and west (right) of the black hole. Reproduced from
Gallo et al. (2005).

Myr, which is comparable with the estimated age of the progenitor of
the black hole in Cygnus-X1 (see Mirabel & Rodrigues, 2003). The total
power dissipated by the jets of Cygnus-X1 in the form of kinetic energy
has been estimated to be as high as the bolometric X-ray luminosity of
the system (Gallo et al., 2005). It is then fair to say that Cygnus-X1 is
even more interesting than what we understood in 1974. It is, beyond
any doubt, a Kerr black hole, since we see an active process of rotational
energy extraction by the jets, as given by Eq. (1.3).

We looked then to the extraction of electromagnetic energy. This
process can provide as much as 50% of the mass energy of an extreme
Kerr–Newman black hole (see Eq. (1.3), (1.5)). What is even more
important is that this electromagnetic energy can be released in a very
short time, of the order of a second. This clearly contrasts with the
rotational energy extraction process which, as we have shown in the jets
in galactic and extragalactic sources, systematically occurs on time scales
on the order of millions of years. The electromagnetic blackholic energy
release leads to unprecedented power and luminosity in astrophysics,
second only to the Big Bang. As we show in the next section, this is
fundamental for the explanation of GRBs.

It is very likely that GRBs would never have been detected without
an outrageous idea put forward by Yakov Borisovich Zel’dovich. We had
been close friends since September 1968, and I knew his very important
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Fig. 1.18. A model of how the black hole created the bubble. The black hole’s
powerful jet (seen separately in the inset) has been pushing on interstellar gas
for about a million years. At the edges of the shell the interstellar medium is
heated as the bubble rapidly expands. Reproduced from Gallo et al. (2005).

contributions as inventor of the Katiuscia rockets and his later work with
Andrei Sakharov on the Soviet A and H Bomb projects. I enjoyed many
interesting and provocative discussions on relativistic astrophysics with
Lifshitz, Ginzburg and him while visiting Moscow. His unpredictability
and even irrationality had often surprised me (see Fig. 1.19). However,
his proposal in the late fifties (see e.g. Foresta Martin, 1999) to show the
clear dominance of the Soviet Union in space by having a rocket carry
an atomic bomb to the moon and explode it on the lunar surface, was
beyond belief! This would have been visible to a very large part of the
world’s population, all those facing the moon when the bomb went off.
Fortunately, the proposal was not accepted, but it is very likely that it
served as additional motivation for the United States of America to put
a set of four Vela Satellites into orbit, 150,000 miles above the Earth.
They were top-secret omnidirectional detectors using atomic clocks to
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Fig. 1.19. After approaching Pope John Paul II with an unidentified object
concealed beneath his jacket, Zel’dovich produced a book of his collected pa-
pers, which he donated to the Pope. “Thanks” the Pope replied, to which
Zel’dovich loudly responded “Not just ‘thanks’ ! These are fifty years of my
work!”. The Pope kept Zel’dovich’s collected papers (Zel’dovich, 1985) under
his arm during the entire rest of the audience.

precisely record the arrival times of both X-rays and γ-rays (see Figure
1.20). The direction of the source of the signals could then be calculated
by triangulation. When they were made operational they immediately
produced results. It was thought at first that the signals originated from
nuclear bomb explosions on the earth but they were much too frequent,
one per day! A systematic analysis by the military showed that they
had not originated on the earth, nor even the solar system. These Vela
satellites had discovered GRBs! The first public announcement of this
came at the AAAS meeting in San Francisco in a special session on
neutron stars, black holes and binary X-ray sources, organized by Herb
Gursky and myself (Gursky & Ruffini, 1975).

A few months later, Thibault Damour and I published a theoret-
ical framework for GRBs based on the vacuum polarization process
in the field of a Kerr–Newman black hole (Damour & Ruffini, 1975).
We showed how the pair creation predicted by the Heisenberg–Euler–
Schwinger theory (Heisenberg & Euler, 1935; Schwinger, 1951) would
lead to a transformation of the black hole, asymptotically close to re-
versibility. The electron–positron pairs created by this process were
generated by what we now call the blackholic energy. In that paper
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Fig. 1.20. On the left the Vela 5A and 5B satellites and, on the right side, a
typical event as recorded by three of the Vela satellites. Details in I. Strong
in Gursky & Ruffini (1975).

we concluded that this “naturally leads to a very simple model for the
explanation of the recently discovered GRBs”. Our theory had two very
clear signatures. It could only operate for black holes with mass MBH

in the range 3.2–106 M� and the energy released had a characteristic
value of

E = 1.8× 1054MBH

M�
ergs . (1.7)

Since nothing was then known about the location and the energetics of
these sources we stopped working in the field, waiting for a clarification
of the astrophysical scenario. As Rashid Sunyaev mentioned to me at
that time, “There are too many models for γ-ray bursts”. I reproduced
a limited list of them later (see Figure 11, page 787 in Ruffini, 2001b).

The mystery of these sources became even more profound as the ob-
servations of the BATSE instrument on board the Compton Gamma
Ray Observatory Satellite (CGRO) proved the isotropy of these sources
in the sky (see Figure 1.21). In addition to this data the CGRO satellite
found an unprecedented number of GRBs and provided detailed infor-
mation on their temporal structure and spectral properties (see Figure
1.22). All this was encoded in the fourth BATSE catalog (Paciesas et al.,
1999). From the analysis there it soon became clear that there were two
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Fig. 1.21. The CGRO satellite and the position in the sky of the observed
GRBs in galactic coordinate. Different colors correspond to different intensi-
ties at the detector. There is almost perfect isotropy, both in the spatial and
in the energetic distribution.

distinct families of GRBs; the short bursts lasting less than one second
and harder in spectra, and the long bursts lasting more than one second
and softer in spectra (see Figure 1.23).

The situation changed drastically with the discovery of the “after-
glow” of GRBs (Costa et al., 1997) by the joint Italian-Dutch satellite
BeppoSAX (see Figure 1.24). This X-ray emission lasted for months
after the “prompt” emission of a few seconds duration and allowed the
GRB sources to be identified much more accurately. This then led to
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Fig. 1.22. Some GRB light curves observed by the BATSE instrument on
board of the CGRO satellite.

the optical identification of the GRBs by the largest telescopes in the
world. These had just become operative and included the Hubble Space
Telescope, the KECK telescope in Hawaii and the VLT in Chile. Also,
the very large array in Socorro made radio identification possible. We
have recalled how the interplay between the X- and γ-ray satellites in
space and the optical and radio observatories on the ground had been
a major factor in the study of binary X-ray sources. This collaboration
occurs now on a much larger scale for GRBs, thanks to the use of Space
observatories like Chandra and XMM, dedicated space missions such as
HETE and Swift and the unprecedented facilities on the ground. The
first distance measurement for a GRB was made in 1997 for GRB970228
and the truly enormous energy of this was determined to be 1054 ergs
per burst. This proved the existence of a single astrophysical system
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Fig. 1.23. The energy fluence-averaged hardness ratio for short (T < 1 s) and
long (T > 1 s) GRBs are represented. Reproduced, by his kind permission,
from Tavani Tavani (1998) where the details are given.

Fig. 1.24. The Italian-Dutch satellite BeppoSAX (here represented) encoun-
tered enormous financial difficulties. In spite of this, BeppoSAX was ulti-
mately a success, and achieved one of the most important discoveries ever in
the field of astrophysics: the discovery of the GRB afterglow.
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emitting as much energy during its short lifetime as that emitted in
the same time by all other stars of all galaxies in the Universe!†. It is
interesting that this “quantum” of astrophysical energy coincided with
the one Thibault Damour and I had already predicted, see Eq. (1.7).
We clearly imagined much stronger opposition to the concepts of this
model from the establishment, possibly even stronger than that already
encountered for the identification of Cygnus-X1 as a black hole. Once
again, our imaginations have been too conservative.

1.10 Physics versus astrophysics

Among the many crucial advances made in physics, relativistic field the-
ories and astrophysics that the 20th century has been rich with, two fruit-
ful contributions will be remembered for their manifold consequences:
the Dirac theory of the electron and the Kerr–Newman geometry. There
are some analogies between these two discoveries.

The Dirac theory:

(i) introduced for the first time the concept of the spin of an elemen-
tary particle in Minkowski space, gave the mathematical tools
for developing such a study, and produced an enormous set of
predictions and experimental verifications in the field of atomic
physics;

(ii) predicted the matter–antimatter solutions which were splendidly
confirmed by the discovery of the positron (Anderson, 1933); and

(iii) together with the works of Heisenberg & Euler (1935) and Schwin-
ger (1951), lead to the concepts of vacuum polarization and the
creation of electron–positron pairs in extreme electromagnetic
fields. These have still not been observed, in spite of more than
fifty years of repeated attempts in the leading high energy physics
laboratories worldwide (Ruffini, Vitagliano & Xue, 2007).

The Kerr–Newman solution:

(i) is the exact mathematical solution corresponding to a spinning
black hole satisfying the Einstein-Maxwell equations, generalizes
to curved spacetimes the concepts of matter–antimatter solutions
(see e.g. Deruelle, 1977; Damour, 1977) and has the same gyro-
magnetic ratio as the electron (Carter, 1968);

† Luminosity of average star = 1033 erg/s, Stars per galaxy = 1012, Number of
galaxies = 109. Finally, 33 + 12 + 9 = 54!
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(ii) has been observationally verified with the discovery of Cygnus-X1
(see e.g. Giacconi & Ruffini, 1978); and

(iii) provides a field around an incipient black hole in which the vac-
uum polarization process generates electron–positron pairs. This
extracts the blackholic energy, thereby emitting an enormous
number of electron–positron pairs during the final collapse to the
black hole. Such emission appears to be the natural explanation
for GRBs (Damour & Ruffini, 1975).

Physicists had previously explored the new physical regimes predicted
by the Dirac theory and compared their conclusions with the results
of especially conceived experiments in high-energy laboratories on the
ground. In such an approach, when the theoretical predictions are con-
firmed by a comprehensive set of experiments the great moment of dis-
covery has occurred.

In astrophysics the situation is apparently different from that in par-
ticle physics. We cannot reproduce the experimental conditions in a
laboratory because of the size of the systems involved. We have to use
the entire universe instead by selecting among the billions of events those
specific ones where the process we are interested in occur, and then com-
pare these with the theoretical predictions. When these agree that most
exciting moment of discovery occurs again. All this is no different from
an experiment done in the laboratory. In both cases there is a selection
of the natural phenomena to be observed.

There is another difference between the approaches of physicists and
some astrophysicists. The latter have purported to examine and justify
the origins of the theory itself, instead of looking at the predictions of
the theory and their verification by experiment or observations. Such
an epistemological approach may appear to be tautological. If one were
to take seriously such an approach by asking how an electron is born or
why the Dirac equations apply one would need a unified field theory and
possibly all its fundamental interactions. Such a theory, in turn, would
be inconceivable without the knowledge gained by the theoretical stud-
ies of the Dirac equation and its experimental verification. Fortunately
such an approach was never considered by those pragmatic physicists
who have received the deserved rewards of their many fundamental dis-
coveries (Dirac himself, Dyson, Feynman, Fermi, Lamb, Segré, etc.).

Paradoxically such an approach is gaining some proselytes in the astro-
physical community. Our group, which initially included Natalie Deru-
elle and Thibault Damour, studied the Kerr–Newman metric using an
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approach similar to that in theoretical physics. We trusted the predic-
tions of the equations more than the qualitative feelings of imagination.
We studied the theoretical consequences of the Kerr–Newman black hole,
a solution originating from the coupling of the Einstein and Maxwell
equations, by far the most successfully tested theories in all of physics.
We shall show in the following how we have been successful in applying
these concepts to GRBs. Pressure has been mounting on us to provide
a detailed model for the black hole formation. We have taken such a
request positively, as a stimulus to reach a deeper understanding of the
process of gravitational collapse leading both to the formation of black
holes and to the quite different phenomenon of supernovae explosions,
which we recall are also still far from being understood (Mezzacappa
& Fuller, 2006). Just as for Dirac electrons, it is harder to explain the
birth of black holes than it is to explain their observed activities by the
theory. Only through an understanding of the GRB phenomenon will
we gain information on possible precursors to black holes and how they
form. Specifically, in the case of GRBs we believe that there is theoreti-
cal evidence not for just one but for a variety of GRB precursors. From
the recent progress in understanding GRBs, we are confident that we are
close to understanding the formation of Kerr–Newman black holes (see
e.g. Ruffini, 2006). This progress will also help to clarify some crucial
unexplained features of the gravitational collapse of stars in the range
between 3.2M� and 100M�.

It is interesting that if one turns for a moment to larger black holes,
originating in active galactic nuclei and expected to be at least a million
solar masses, the situation is equally disappointing from the point of
the above mentioned epistemological approach. As of today, there is no
explanation for the birth of these maxi black holes. A likely possibility
is that the “inos” explaining the dark matter of the host galaxy may
form a relativistic cluster in the galactic core, leading to the formation
of the black hole (Arbolino & Ruffini, 1988; Merafina & Ruffini, 1989,
1990, 1997; Bisnovatyi-Kogan et al., 1998). The absence of a generally
accepted mechanism for their formation should certainly not preclude
the study of black holes, possibly charged, to help us understand active
galactic nuclei. It would be scientifically unreasonable to stop this work
until these somewhat epistemological demands can be answered†.

† There has been a recent attempt to deny the astrophysical relevance of vacuum
polarization processes around a Kerr–Newman black hole by “proving” a no-go
theorem for them. This proof consists of setting up a particular “straw man” and
then demolishing it, hardly a proof of anything! No-go theorems are often used
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Having said this let us go to a quick outline of the work we did on
Kerr–Newman geometries and their dyadospheres.

1.11 The concept of the dyadosphere

The evidence for the existence of GRBs with energies predicted by Eq.
(1.7) convinced us to carefully analyze the vacuum polarization process
leading to the creation of an electron–positron pair plasma in the field of
a black hole. This pair creation process occurs in an electric field close
to the critical value,

Ec =
m2c3

e~
= 1.32× 1016V/cm , (1.8)

where m and e are the electron mass and charge. In Minkowski space,
tunneling occurs between the matter–antimatter solutions of the Dirac
equation (see Heisenberg & Euler (1935); Schwinger (1951)) leading to
pair creation rate that can be expressed in analytic form. Such a treat-
ment has been generalized to the curved spacetime of a Kerr–Newman
solution by Damour & Ruffini (1975). The concept of “dyadosphere”,
which comes from the Greek “δυάς, δυάδoς” for “pairs”, was initially
introduced in Ruffini (1998) (see also Preparata, Ruffini & Xue, 1998).
For simplicity, and yet to illustrate the basic gravitational and electrody-
namical processes, a Reissner-Nordström black hole was assumed. The
region outside the horizon where the electric field strength is larger than
the critical value was given by Eq. (1.8). Clearly, this work excludes nei-
ther a more general metric nor the pair creation process in under-critical
fields, a priori.

In the meantime, the dyadosphere concept has evolved in three major
ways. They can occur in a variety of conditions, such as neutron star
collapses, highly rotating and magnetized neutron stars and in Kerr–
Newman spacetimes. The concept of “dyado-torus” was also introduced
to take into account the presence of angular momentum (see Figure 1.25
and, e.g., Ruffini, Vitagliano & Xue, 2007, and references therein).

Since the work of Khriplovich (2000), dyadospheres have been consid-
ered with an electric field E < Ec. These turned out to be optically thin

in physics but to be useful they must be proven results following from a clearly
stated set of assumptions which then limit their domain of application. In this
specific case the no-go theorem does not appear to have any validity since the
counterexample created contradicts known physical facts and violates both energy
conservation and causality (see Page, 2006 and the reply in Ruffini, Bianco & Xue,
2007).
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Dyadotorus for an extreme KN black hole

M=10*Msun, Q/M=1.49*10^(–4), a/M=0.999
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Fig. 1.25. The “dyado-torus” is the region outside the horizon of a Kerr–
Newman black hole, where the electrodynamical processes generates electron–
positron pairs by vacuum polarization processes. Details in Cherubini et al.
(2007).

and characterized by emission of ∼ 1021 eV particles. They are possibly
relevant to Ultra High Energy Cosmic Rays (UHECRs, see e.g. Damour
& Ruffini, 1975; Chardonnet et al., 2003). These “under-critical” dya-
dospheres became an interesting complement to the “over-critical” ones,
where E > Ec. These are initially optically thick and lead to an ultra-
relativistic GRB afterglow, emitting radiation in both X- and γ-rays
(Ruffini & Vitagliano, 2002; Ruffini, 2006).

Since 2002, we have considered the dynamical formation of a dyado-
sphere during gravitational collapse to a black hole. To generate the ac-
celerations required by GRBs we restricted ourselves to optically thick
dyadospheres. We found an explicit analytic treatment for an over-
critical field self-sustained over the macroscopical astrophysical time
scale of the gravitational collapse and creating an over-critical dyado-
sphere. To obtain such, we used a charged collapsing shell as our model.
We only considered the regime in which the electric field is larger than
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the critical value given by Eq. (1.8). Starting from this assumed initial
condition, we took into proper account:

(i) the dynamics of the shell (Cherubini, Ruffini & Vitagliano, 2002);
(ii) the electromagnetic blackholic energy extraction processes (Ruffini

& Vitagliano, 2002, 2003);
(iii) some of the collective effects of the plasma formed by the electron–

positron pairs created by the vacuum polarization process, includ-
ing their feedback on the electromagnetic field and corresponding
polarization effects (Ruffini, Vitagliano & Xue, 2003a,b); and

(iv) especially the electron–positron plasma oscillations, described by
the Vlasov–Boltzmann equation (Gatoff, Kerman & Matsui, 1987).

Consistent initial conditions were obviously necessary when solving the
field equations. It was also necessary to identify the physical processes
that occur in the progenitor star and lead to its gravitational collapse
to a black hole. We have identified an appropriate set of initial con-
ditions for the electrodynamical structure of neutron stars offering a
natural explanation for the initial existence of an over-critical field. We
have therefore given both the field equations and the initial conditions
that describe the formation of an over-critical and optically thick astro-
physical dyadosphere (see e.g. Ruffini, 2006; Ruffini, Rotondo & Xue,
2006a,b).

1.12 The dynamics of the electron–positron plasma

Our GRB model, like all prevailing models in the existing literature (see
e.g. Piran, 1999; Mészáros, 2002, 2006, and references therein), is based
on the acceleration of an optically thick electron–positron plasma (EPP).
The specific issue of the origin and energetics of such an EPP, either in
relation to black hole physics or to other physical processes, has often
been discussed qualitatively in the GRB scientific literature but never
quantitatively with explicit equations. The concept of the dyadosphere
is the only attempt, as far as we know, to do this. This relates such an
electron–positron plasma to black hole physics and to the characteristics
of the GRB progenitor star, using explicit equations that satisfy the
existing physical laws. Far from being just a formal theoretical work,
this is essential to show that the physical origin and energetics of GRBs
are the blackholic energy of the Kerr–Newman metric.

If we turn now to the accelerating phase of the electron–positron
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plasma, our analysis differs from the other ones in the current liter-
ature, in both the dynamics and evolution of such a plasma and the
details of the transparency condition.

The dynamics of the EPP was considered by Piran, Shemi & Narayan
(1993) using a numerical approach, by Bisnovatyi-Kogan & Murzina
(1995) using an analytic one and by Mészáros, Laguna & Rees (1993)
using one that was both numerical and semi-analytic. We studied it in
collaboration with Jim Wilson and Jay Salmonson at Livermore. Nu-
merical simulations were developed at Livermore and a semi-analytic
approach was developed in Rome (Ruffini et al., 1999).

A conclusion common to all the treatments is that the EPP is initially
optically thick and expands to very high values of the Lorentz gamma
factor. A second common result is that the plasma shell expands in its
co-moving frame and the Lorentz contraction is such that its width in
the laboratory frame appears to be constant: the “Pair-Electro-Magnetic
(PEM) Pulse”.

In all treatments the EPP is assumed to have a baryon loading. This
is acquired in our model when the pure EPP created in the dyadosphere
expands to engulf the progenitor remnants. A new pulse is then formed
with electron–positron–photons and baryons (PEMB Pulse, see Ruffini
et al. (2000)), expanding until transparency is reached. At this point
the emitted photons form what we define as the “Proper-GRB” (see
Ruffini et al. (2001b)). The baryon loading is defined by a dimensionless
quantity

B =
MBc

2

Edya
, (1.9)

where Edya is the energy of the pairs created in the dyadosphere, and
MB is the mass of the remnant. B and Edya are the only two free
parameters characterizing the source in our theory.

Differences exist between our description of the rate equation for the
electron–positron pairs and the ones by the other authors. The analogies
and differences have been given in Ruffini et al. (2006b); Bianco et al.
(2006). From our analysis (Ruffini et al., 2000) it became clear that
such expanding dynamical evolution can only occur (see Figure 1.26)
for values of

B < 10−2 . (1.10)

It follows that the collapse to a neutron star is drastically different from
the collapse to a black hole leading to a GRB. Whilst in the former a
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Fig. 1.26. The expansion of the PEMB pulse corresponding to a baryon load-
ing B = 10−2 is represented as a function of the radial coordinate. The insta-
bility following the encounter of the baryonic component is manifest. Details
in Ruffini et al. (2000).

very large amount of matter is expelled, in the latter the collapse process
is smoother than any other one considered until today: almost 99.9% of
the star has to be collapsing simultaneously

We summarize in Figure 1.27 some qualitative aspects of our model
as well as the corresponding values of the Lorentz gamma factor as
a function of the radial coordinate in the typical case of GRB991216
(Ruffini et al., 2003, 2005a). The self-acceleration phase ends at point 4
where the Proper-GRB (P-GRB) is emitted.

1.13 The interaction of the accelerated baryonic matter
(ABM Pulse) with the interstellar medium (ISM): the

afterglow

After the plasma becomes transparent and the P-GRB is emitted, the
accelerated baryonic matter (the ABM pulse) interacts with the inter-
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Fig. 1.27. The GRB afterglow phase is represented here together with the
optically thick phase for GRB991216. The value of the Lorentz gamma fac-
tor is given from the transparency point all the way to the ultrarelativisitc,
relativistic and nonrelativistic regimes. Details in Ruffini et al. (2003).

stellar medium (ISM). This creates the afterglow (see Figure 1.27). I
shall first summarize the commonalities between our approach and the
ones in the current literature. A thin shell approximation is used in
both (see Piran, 1999; Chiang & Dermer, 1999; Ruffini et al., 2003,
2005a; Bianco & Ruffini, 2005b) to describe the collision between the
ABM pulse and the ISM:

dEint = (γ − 1) dMismc
2 , (1.11a)

dγ = −γ
2−1
M dMism , (1.11b)

dM = 1−ε
c2 dEint + dMism , (1.11c)

dMism = 4πmpnismr
2dr , (1.11d)

where Eint, γ and M are respectively the internal energy, the Lorentz
factor and the mass-energy of the expanding baryonic shell, nism is the
ISM number density which is assumed to be constant, mp is the proton
mass, ε is the emitted fraction of the energy developed in the collision
with the ISM and Mism is the amount of ISM mass swept up within the
radius r:

Mism = (4/3)π(r3 − r◦3)mpnism.

Here r◦ is the starting radius of the baryonic shell, i.e. the plasma
transparency radius. ε = 0 (ε = 1) corresponds to the “adiabatic”
(“fully radiative”) condition (see, e.g., Bianco & Ruffini, 2005b).

In the current literature, following Blandford & McKee (1976), a so-
called “ultra-relativistic” approximation γ◦ � γ � 1 has been widely
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adopted to solve Eq. (1.11) (see e.g. Sari, 1997, 1998; Waxman, 1997;
Rees & Mészáros, 1998; Granot, Piran & Sari, 1999; Panaitescu & Mészá-
ros, 1998; Piran, 1999; Gruzinov & Waxman, 1999; van Paradijs, Kou-
veliotou & Wijers, 2000; Mészáros, 2002, and references therein). This
leads to a simple constant-index power-law relation,

γ ∝ r−a , (1.12)

with a = 3 for the fully radiative case and a = 3/2 for the fully adiabatic
one. We have, instead, obtained the explicit analytic solution of the
equations of motion for a shell with constant ISM density, in the entire
range from ultra-relativistic to non-relativistic velocities. The resulting
expressions, very different from the above power law, can be found in
Bianco & Ruffini (2005b).

Knowledge of the equations of motion is essential for calculating the
loci of source points of the signals arriving at the observer at the same
time (Chandrasekhar, 1939), the “equitemporal surfaces” (EQTSs) .
When these are compared to the approximate ones obtained in the cur-
rent literature, a remarkable difference is found (see Figure 1.28 and
Bianco & Ruffini, 2004, 2005a).

The most striking aspect of GRB theory is that these systems are
among the very few in physics and astrophysics for which a completely
detailed model can be computed in all its essential steps. The final result,
however, depends crucially on the correctness of each theoretical step.
All the GRB’s observational properties are a function of the EQTSs,
and all the observables must be calculated correctly.

I shall now turn to the last distinguishing feature between our the-
oretical model and the other ones in the current literature. We have
proposed that the X- and γ-ray radiation has a thermal spectrum in
the co-moving frame during the entire afterglow phase (Ruffini et al.,
2004). This follows an idea of Fermi, used to calculate a possible ther-
modynamic limit for high energy collisions between elementary particles.
This thermalization procedure is justified for GRBs by recognizing that
the ISM density is inhomogeneous. It has a filamentary structure with
a density contrast ∆ρ/ρ as large as 109 (Ruffini et al., 2005b). The
temperature is given by:

Ts =
[
∆Eint/

(
4πr2∆τσR

)]1/4
, (1.13)

where ∆Eint is the internal energy developed in the collision with the
ISM in time interval ∆τ in the co-moving frame, σ is the Stefan–Boltz-
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Fig. 1.28. Comparison between the EQTSs computed using the approximate
formulas given by Panaitescu & Mészáros (1998) (dotted line) in the fully
radiative case and the corresponding ones computed using our exact solution
(solid line). The upper (lower) panel corresponds to td

a = 35 s (td
a = 4 day).

Details in Bianco & Ruffini (2004).

mann constant and

R = Aeff/A , (1.14)

is the ratio between the “effective emitting area” of the afterglow and the
surface area of radius r. This factor R has to take into due account both
the ISM filamentary structure and any possible effect of fragmentation
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of the baryonic shell. These crucial steps lead to an evaluation of the
source luminosity in a given energy band, essential for any comparison
with the observational data. The source luminosity at detector arrival
time tda, per unit solid angle dΩ and in the energy band [ν1, ν2], is given
by (see Ruffini et al., 2003, 2004):

dE
[ν1,ν2]
γ

dtdadΩ
=
∫
EQTS

∆ε
4π

v cosϑ Λ−4 dt

dtda
W (ν1, ν2, Tarr) dΣ . (1.15)

Here ∆ε = ∆Eint/V is the energy density released in the interaction of
the ABM pulse with the ISM inhomogeneities measured in the comoving
frame, Λ = γ(1 − (v/c) cosϑ) is the Doppler factor, W (ν1, ν2, Tarr) is
an “effective weight” required to evaluate only the contributions in the
energy band [ν1, ν2], dΣ is the surface element of the EQTS at detector
arrival time tda on which the integration is performed (see also Ruffini et
al., 2002) and Tarr is the observed temperature of the radiation emitted
from dΣ:

Tarr = Ts/ [γ (1− (v/c) cosϑ) (1 + z)] . (1.16)

The “effective weight” W (ν1, ν2, Tarr) is given by the ratio of the
integral over the given energy band of a Planckian distribution at a
temperature Tarr to the total integral aT 4

arr:

W (ν1, ν2, Tarr) =
1

aT 4
arr

∫ ν2

ν1

ρ (Tarr, ν) d
(
hν

c

)3

, (1.17)

where ρ (Tarr, ν) is the Planckian distribution at temperature Tarr:

ρ (Tarr, ν) =
2hν

h3
(
ehν/(kTarr) − 1

) (1.18)

This apparently simple procedure needs a very complicated integra-
tion technique. Every value of the luminosity at any given detector
arrival time is actually the outcome of an integration over the given
EQTS of literally millions of different points, each one characterized by
a different temperature and a different value of the Lorentz boost!

Historically, this procedure was used for GRB991216, where for the
first time we recognized the existence of the P-GRB and its entire af-
terglow. Some much more detailed examples were made recently, using
data obtained by the INTEGRAL and Swift satellites (Bernardini et al.,
2005; Ruffini et al., 2006a).
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1.14 The three paradigms for the interpretation of GRBs

Having outlined the main theoretical features of our model and some
recent observational verifications, I would like to recall the three basic
paradigms for understanding GRBs proposed already by us in 2001.
These assume as a starting point that all GRBs, whether short or long,
are characterized by the same basic process of gravitational collapse to
a black hole.

The first paradigm, the relative spacetime transformation (RSTT)
paradigm (Ruffini et al., 2001a) emphasizes the importance of a global
analysis of the GRB phenomenon encompassing both the optically thick
and the afterglow phases. Since all the data are received at the detec-
tor arrival time it is essential to know the equations of motion for all
relativistic phases with γ > 1 of the GRB sources in order to recon-
struct the time coordinate in the laboratory frame. Contrary to other
phenomena in nonrelativistic physics or astrophysics where every phase
can be examined separately from the others, for GRBs the phases are
inter-related by their signals received in arrival time tda. In order to de-
scribe the physics of the source at a given arrival time tda, the laboratory
time t must be calculated taking necessarily into account the entire past
worldline of the source.

The second paradigm, the interpretation of the burst structure (IBS)
paradigm (Ruffini et al., 2001b) covers three fundamental issues:

(i) the existence, in the canonical GRB, of two different components,
the P-GRB and the afterglow related by precise equations de-
termining their relative amplitude and temporal sequence (see
Ruffini et al., 2003);

(ii) the fact that in the “prompt emission”, usually considered as a
burst in the literature, is not a burst at all in our model — it
is just the emission from the peak of the afterglow (see Figure
1.29);

(iii) the crucial role of the parameter B in determining the relative
amplitude of the P-GRB to the afterglow and discriminating be-
tween the short and the long bursts (see Figure 1.30).

Both short and long bursts arise from the same physical phenomena,
the dyadosphere. For values of the baryon loading B < 10−4 (see Fig-
ure 1.30) the P-GRB becomes prominent with respect to the afterglow.
These correspond to the short bursts. In the limit of B → 0, all the
energy is emitted in the P-GRB and the afterglow goes to zero. The
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Fig. 1.29. GRB 991216 within our theoretical framework. The prompt emis-
sion observed by BATSE is identified with the peak of the afterglow, while the
small precursor is identified with the P-GRB. Details in Ruffini et al. (2001b,
2002, 2003, 2005a).

presence of baryonic matter in the range 10−4 < B < 10−2 leads to
the prominence of the afterglow energy with respect to the P-GRB one.
When the ISM density is large enough (nism ∼ 1 particle/cm3), the
afterglow peak emission is prominent with respect to the P-GRB and
generates the so-called long bursts.

The third paradigm, the GRB-Supernova Time Sequence (GSTS)
paradigm (Ruffini et al., 2001c), deals with the relation between the
GRB and the associated supernova process. Models of GRBs based on
a single source (the “collapsar”) generating both the supernova (SN) and
the GRB abound in the literature (see e.g. Woosley & Bloom, 2006). In
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Fig. 1.30. The energy radiated in the P-GRB and in the afterglow, in units
of the total energy of the dyadosphere (Edya), are plotted as functions of the
B parameter. The values of the B parameter computed in our theory for the
sources GRB 991216, GRB 030329, GRB 980425, GRB 050315, GRB 031203
are also represented. It is very remarkable that they are all consistently smaller
than the absolute upper limit B < 10−2 found in Ruffini et al. (2000).

our approach we have emphasized the concept of induced gravitational
collapse, which occurs strictly in a binary system. The SN originates
from a normal star and the GRB from collapse to a black hole. The two
phenomenon are qualitatively very different. There is still much to be
discovered about SNe due to their complexity, while the GRB is much
better known since its collapse to a black hole is now understood. The
concept of induced collapse implies at least two alternative scenarios. In
the first, the GRB triggers a SN explosion in the very last phase of the
thermonuclear evolution of a companion star (Ruffini et al., 2001c). In
the second, the early phases of the SN induce gravitational collapse of a
companion neutron star to a black hole (Ruffini, 2006). Of course, there
is also the possibility that the collapse to a black hole that generates the
GRB occurs in a single star system, clearly without any SN and fulfilling
the very strong condition given by Eq. (1.10).

It is clear that GRBs are possibly the most important astrophysical
systems ever discovered, both for physics and for astrophysics. Although
enormously complex, they offer the possibility of being completely un-
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Fig. 1.31. The sculpture TEST (Traction of Events in Space and Time) by
the Italian artist Attilio Pierelli as photographed by the Japanese artist Shu
Takahashi (Imponente, 1985).

derstood, allowing a detailed theoretical description. Through GRBs we
are exploring some of the real frontier of physics and astrophysics. These
include the first precision analysis of the formation of a Kerr–Newman
geometry and the first clear evidence of the creation of electron–positron
pairs by vacuum polarization using the blackholic energy. Also, there is
the possibility that the early phases of the onset of SNe can be observed.
This would provide essential data about this enormously complex and
still not understood system.

1.15 The Kerr solution and art and science

The trajectories studied with Mark Johnston (see Johnston & Ruffini,
1974) had become the subject of a sculpture by Attilio Pierelli (see
Figure 1.31). This silver sculpture has become the prize of the Marcel
Grossmann Awards. We recall that the Marcel Grossmann Awards are
traditionally attributed to a scientific institution and to scientists who
have distinguished themselves in the field of relativistic astrophysics. In
2006 the Award has been assigned to the Freie Universität Berlin, to
Roy Kerr, to George Coyne and to Joachim Trumper. This same figure
has become the logo of ICRA, the International Center for Relativistic
Astrophysics, and its network ICRANet.
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Fig. 1.32. The ICRA and ICRANet logos
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The classification of Einstein clusters based on the analysis of the stability of circu-
lar orbits according to the effective potential theory is compared with that resulting
from the application of the maximum binding energy criterion. The stability properties
are investigated for different choices of the energy density profile. The cases of clusters
with constant energy density, those characterized by arbitrarily large values of the cen-
tral gravitational redshift and clusters with Burkert-type and Navarro-Frenk-White-type
energy density profiles used in the literature to model galactic halos are discussed.
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1. Introduction

In 1939 Einstein1 showed how to construct a stationary system of many gravitating
masses, each moving along a geodesic circular orbit about the centre of the system
under the influence of the gravitational field of all the masses. Such a system has
spherical symmetry and is referred to in the literature as an “Einstein cluster.”

The particles constituting the cluster can follow either the same orbit with a
different phase or a similar orbit, but inclined at a different angle. Once putting
in enough particles, one eventually obtains a sufficiently continuous, and random,
distribution of collisionless particles all moving along geodesic spherical orbits char-
acterized by the same orbital radius and total angular momentum. This static and
spherically symmetric solution is then supported by a balance between gravity and
the centrifugal force due to the angular momentum of the particles. Therefore, in
this way we construct a nearly thin shell of matter with no pressure in the radial
direction, but only tangential stresses. To build up a thick Einstein shell, one sim-
ply puts together many of these thin shells, but at different orbital radii and with
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different angular momenta. Go further all the way up to the center of the system
until a cluster is finally obtained.

Einstein clusters have been extensively studied in the literature. Einstein’s
results have been often re-examined, e.g. by Zapolsky,2 Gilbert,3 Hogan4, Florides5

and Comer and Katz.6 Special attention has been devoted to the analysis of the
stability of Einstein’s clusters. Zapolsky2 applied to such clusters the method used
in the study of the stability properties of neutron stars models by investigating
the behavior of the binding energy as a function of the boundary radius. Gilbert3

obtained the stability conditions starting from the analysis of the orbits, leading to
an upper limit to the velocities of the particles in the cluster. In this same context,
Cocco and Ruffini7 introduced the concept of metastable clusters by considering
explicit examples.

Since the radial pressure is different from the tangential one the Einstein clus-
ters are examples of spherically symmetric systems with an anisotropic energy-
momentum tensor (see Ref. 8 for an exaustive review). Furthermore, being tangen-
tial pressure dominated, Einstein clusters are strongly anisotropic systems which
can describe any galactic rotation curve by specifying the anisotropy. Due to this
property, Einstein clusters may be considered as dark matter candidates.9,10

A natural generalization of the Einstein’s static model is to consider a similar
system which evolves dynamically. This was first considered by Datta,11 Bondi12

and Evans,13 but without explicitly obtaining the corresponding metric. In recent
years, much work has been done on gravitational collapse as an investigation of the
cosmic censorship hypothesis (see Ref. 14 for a review and references therein). In
this context, Magli15 discussed a general class of time dependent spherically sym-
metric solutions to Einstein’s equations with vanishing radial pressure. He was able
to obtain the metric in terms of mass-area coordinates,16 and examined the fea-
tures of singularity formation (black hole or naked singularity) in the final state of
collapse in collaboration with Jhingan.17 Later on Gair18 has obtained a new solu-
tion in terms of more physical coordinates, and have discussed all possible different
types of evolution for each shell consituting the cluster: expansion and recollapse,
collapse and bounce, unbounded expansion/collapse, oscillations, static, coasting
expansion/collapse and hesitation.

In the present paper we first recall Einstein’s model of clusters. The metric
functions as well as the angular momentum distribution are completely determined
once either a suitable energy density profile (or equivalently mass profile) or even
number density profile are provided.7 We discuss several examples corresponding
to different choices of the energy density profile: the case of a cluster with constant
energy density, the first example discussed by Einstein himself of a cluster with
energy density decreasing with r as 1/r2 far from the center, and the case stud-
ied by Cocco and Ruffini of a cluster with a King-type19 energy density. Further-
more, we consider Einstein clusters characterized by specific density profiles exten-
sively used in the literature to fit galactic halos, those known as Burkert-type20

and Navarro-Frenk-White-type21 profiles, also in view of possible applications of
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the Einstein cluster model to the problem of dark matter distribution in the halo
of galaxies.

We then study the stability of Einstein clusters for different choices of the energy
density profile leading to a classification according to either the criterion adopted
by Gilbert3 and Cocco and Ruffini7 based on the stability of circular orbits or the
maximum binding energy criterion by Zapolsky.2 The former proves very useful in
clarifying the arguments supporting Einstein’s belief against the existence of singu-
larities in physics. He argued that the Schwarzschild radius can never be reached
in physical reality since a cluster with a fixed number of particles cannot be con-
centrated arbitrarily. Einstein clearly identified the stable clusters and the unstable
ones years before such a probe be done by Kaplan in 1949,22 as mentioned in Ref.
23. He gave special attention to the orbits within 6M and their reaching asimptot-
icaly the speed of light. He seems to have neglected the fundamental point that the
unstable configurations have no physical interpretation. Einstein also missed the
point that the “Einstein Clusters” do reach a limiting configuration of equilibrium
from which they indeed undergo gravitational collapse to a black hole. The branch
of the solutions bifurcating from the maximum binding energy one are indeed all
unstable and of no physical interest.

Hereafter latin indices run from 1 to 3 whereas greek indices run from 0 to 3
and geometric units G = c = 1 are assumed. The metric signature is chosen as +2.

2. Einstein clusters

Let us first review the construction of the energy-momentum tensor describing an
Einstein cluster. Consider a static spherically symmetric distribution of particles all
with rest mass m which are moving along circular geodesic orbits about the center
of symmetry. The associated line element written in standard Schwarzschild-like
coordinates takes the form

ds2 = −eνdt2 + eλdr2 + r2(dθ2 + sin2 θdφ2) , (1)

where the functions ν and λ depend only on the radial coordinate. Introduce the
orthonormal frame

et̂ = e−ν/2∂t , er̂ = e−λ/2∂r , eθ̂ =
1
r
∂θ , eφ̂ =

1
r2 sin θ

∂φ , (2)

adapted to the static observers. The quantity N = eν/2 is the lapse function and
redshift factor for the static observers following the time lines.

Following Einstein1 we assume the stress-energy tensor of the form

〈T µν〉 =
n

m
〈PµP ν〉 , (3)

where n is the proper number density of particles with rest mass m, P = mU is
the particle 4-momentum satisfying the geodesic equations, and the averaging 〈. . .〉
is performed over all possible trajectories going through the generic spatial point
where the stress-energy tensor is evaluated, i.e., over all directions and phase. Such
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an averaging procedure necessary to preserve the properties of the system being
static and spherically symmetric was introduced in the Einstein’s original paper
and then revisited, e.g., in Ref. 24.

The 4-velocity U associated with the generic (spherical) orbit is given by

U = γ[et̂ + ν θ̂eθ̂ + νφ̂eφ̂] , γ = (1− ν2)−1/2 , ν2 = δâb̂ν
âν b̂ , (4)

where ν θ̂ and νφ̂ are the frame components of the linear velocity along the angular
directions. Since the spacetime is static and spherically symmetric, it admits the
four Killing vectors

ξ(t) = ∂t , ξ(φ) = ∂φ ,

ξ(+) = sin φ∂θ + cot θ cosφ∂φ , ξ(−) = − cosφ∂θ + cot θ sinφ∂φ . (5)

The four constants of motion associated with each trajectory are then given by

Pt = Pµξµ
(t) = −mγeν/2 = −E ,

Pφ = Pµξµ
(φ) = mγνφ̂r sin θ ,

P+ = Pµξµ
(+) = mγr[sin φν θ̂ + cos θ cosφνφ̂] ,

P− = Pµξµ
(−) = mγr[− cosφν θ̂ + cos θ sin φνφ̂] . (6)

The conserved total angular momentum L is defined through the relation (see Ref.
25, Ex. 25.9, p. 658)

L2 = P 2
θ +

P 2
φ

sin2 θ
= m2γ2r2ν2 , (7)

where Pθ = mγrν θ̂.
As a result of the averaging procedure one gets1,24

〈Pθ〉 = 〈Pφ〉 = 〈PθPφ〉 = 0 (8)

and

〈P 2
θ 〉 =

〈P 2
φ〉

sin2 θ
=

L2

2
. (9)

The corresponding averaged linear velocities are given by

〈ν θ̂〉 = 〈νφ̂〉 = 〈ν θ̂νφ̂〉 = 0 , 〈(ν θ̂)2〉 = 〈(νφ̂)2〉 =
L̃2

2(r2 + L̃2)
, (10)

where L̃ = L/m, so that

〈γ〉 =

√
1 +

L̃2

r2
. (11)
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Finally, the only nonvanishing components of the averaged stress-energy tensor (3)
turn out to be given by

〈T t
t〉 = −mn

(
1 +

L̃2

r2

)
≡ −ρ , 〈T θ

θ〉 = 〈T φ
φ〉 =

mn

2
L̃2

r2
≡ p , (12)

where ρ is the energy density of the system and p the tangential pressure. It can be
easily verified that the divergence of the stress-energy tensor vanishes identically.

The relevant Einstein equations are

1
r2

[r(1 − e−λ)]′ = 8πρ , (13)

ν′ =
1
r
(eλ − 1) , (14)

e−λ

2

[
ν′′ +

ν′2

2
+

ν′ − λ′

r
− ν′λ′

2

]
= 8πp , (15)

where a prime denotes differentiation with respect to r. Substituting Eqs. (13) and
(14) in Eq. (15) gives

p =
ρ

4
(eλ − 1) =

rν′

4
ρ , (16)

which is a relation between ρ and p. Solving Eq. (14) algebraically for λ gives

λ = ln(1 + rν′) , (17)

leading to

L̃ =
r
√

rν′/2√
1− rν′/2

, (18)

mn =
1

4πr

1− rν′/2
(1 + rν′)2

[rν′′/2 + r(ν′)2 + ν′] = (1− rν′/2)ρ , (19)

once substituted into the remaining Einstein equations. Both the energy density
and tangential pressure can thus be expressed in terms of the metric function ν

by using Eq. (12). Since ν follows directly from observations of galactic rotation
curves,26 one can always adjust both the angular momentum distribution (18) of
the particles as well as their number distribution (19) to exactly match the observed
rotation curve.9

Alternatively, one can express pressure, angular momentum distribution and
proper number density in terms of the gravitational mass M(r) in place of the
metric function ν. The gravitational mass distributed in a spherical region of radius
r is given by27

M(r) = 4π

∫ r

0

ρr2 dr , (20)

yielding the total mass M of the system at the boundary r = R, where the metric
describing the cluster joins continuously to a Schwarzschild metric with the same
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mass. By using the Einstein equations (13) and (14) the mass function (20) can be
also written as

M(r) =
r2

2
ν′

1 + rν′
, (21)

which can be inverted to yield

r

2
ν′ =

M(r)
r − 2M(r)

≡ ν2
K , (22)

where

νK =

√
M(r)

r − 2M(r)
, γK =

√
r − 2M(r)
r − 3M(r)

(23)

are the well known Keplerian speed and Lorentz factor for circular orbits, in terms
of which Eqs. (16), (18) and (19) become

p =
ν2

K

2
ρ ,

L̃

r
= γKνK , mn =

ρ

γ2
K

. (24)

Eqs. (17) and (22) then give

eν =
(

1− 2M

R

)
e−2Φ(r) , eλ =

(
1− 2M(r)

r

)−1

, (25)

where

Φ(r) =
∫ R

r

ν2
K

r
dr . (26)

Furthermore, the nonvanishing components (12) of the averaged stress-energy tensor
rewrite as

〈T t
t〉 = −mnγ2

K ≡ −ρ , 〈T θ
θ〉 = 〈T φ

φ〉 =
mn

2
γ2

Kν2
K ≡ p . (27)

In this model we must have conservation of particle number, independent of
what form n = n(r) takes. It has been shown in Ref. 6 that the averaged 4-current

〈Jµ〉 = − n

m
〈Pµ〉 (28)

is divergence-free. The associated conserved particle number N is thus given by27

N =
∫

Σ

〈Jµ〉 dΣµ , (29)

where Σ denotes a spacelike hypersurface with infinitesimal element dΣν = nνdΣ
and unit timelike normal n. By choosing Σ to be a t = const hypersurface with unit
normal n = et̂ and dΣ = eλ/2r2 sin θ dr dθ dφ, Eq. (29) gives

N = 4π

∫ R

0

n(r)

√
1 +

L̃2

r2
eλ/2r2 dr

= 4π

∫ R

0

n(r)γKeλ/2r2 dr . (30)
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Finally, the gravitational redshift z is defined by

1 + z ≡ λr

λe
=

(uαkα)e

(uαkα)r
, (31)

where λe and λr are the wavelengths of the photon as measured by the emitter and
the receiver observer respectively. The photon travels along a null geodesic with
tangent vector k, whereas the 4-velocities of emitter and receiver are given by ue

and ur respectively. Let us assume the emitter be one of the particles constituting
the cluster, i.e., be on a stable circular geodesic orbit (e.g., equatorial), and let the
receiver be at rest at infinity. The expression (31) for the gravitational redshift thus
gives

1 + z =
1√

1− rν′/2

[
e−ν/2 − b

r

√
rν′/2

]
, (32)

where b = Lph/Eph represents the photon impact parameter at infinity and r

denotes the emitter radial position. In the case of radially propagating photons
from the center of the cluster (b = 0) the previous equation becomes

1 + zc =
e−ν/2√
1− rν′/2

=
γK

N
. (33)

In order to completely solve the problem we have to provide either a suitable
energy density profile (or equivalently mass profile) or even number density profile
allowing the determination of the metric.

2.1. Stability conditions and classification

Let us discuss the stability of the Einstein cluster model. Consider a particle moving
along a circular geodesic orbit on the equatorial plane, without loss of generality.
The motion is governed by the effective potential

V = eν/2

√
1 +

L̃2

r2
= eν/2γK , (34)

where L̃ is given by Eq. (18), from which follows that the existence of a critical
point r0 where V ′(r0) = 0 corresponding to the radius of a circular orbits requires

0 < rν′/2 < 1 , (35)

which by Eq. (22) is equivalent to the timelike condition for νK , i.e.

ν2
K < 1 , (36)

whence

r > 3M(r) . (37)

The radius r0 is then determined by Eq. (23). The condition V ′′(r0) > 0 ensuring
stability is

rν′′ − r(ν′)2 + 3ν′ > 0 , (38)
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which is equivalent to

d(lnM(r))
d(ln r)

+ 1− 6M(r)
r

> 0 . (39)

When M(r) = M0 is constant, this requires r > 6M0, as is well known.
Based on the analysis of the stability of circular orbits Cocco and Ruffini7 have

provided a classification of Einstein clusters into three different kinds of models:
stable, unstable and metastable. Since in the outermost layer of the system the
gravitational field is given by the exterior Schwarzschild metric, the boundary radius
of an Einstein cluster can never be less than 3M , the minimum value compatible
with the existence of particles whose linear velocity is less than the velocity of light
(see Eqs. (36)–(37)).

Stable models are those constituted by particles which all move on stable circular
orbits and for which the condition (39) is satisfied for every value of r, either in the
interior or in the exterior of the configuration. This means that every allowed circular
orbit corresponds to an absolute minimum of the effective potential. Such types of
clusters have necessarily R > 6M and are stable against radial perturbations.

Metastable models have been defined as those clusters for which the condition
(39) is fulfilled in every internal point, but not in an exterior region adjacent to
the cluster. This means that a particle orbiting the cluster of total mass M at a
radius r > R would move along an unstable orbit if 3M < r < 6M . Therefore,
metastable clusters have always 3M < R < 6M . The perturbation of a metastable
model produces an evaporation of the particles belonging to the outermost layer,
because stable orbits with r � R become unstable if perturbed to sligthly larger
radius.

Finally, if some particles constituting the cluster move on unstable circular
orbits, then the configuration itself is unstable.

The various situations are illustrated in Section 4, where explicit examples are
discussed.

A different method to classify Einstein clusters was adopted by Zapolsky2 based
on the behavior of the binding energy as a function of the boundary radius. The
fractional binding energy of the cluster is defined by

Ef
b =

Nm−M

Nm
, (40)

where Nm is the sum of the rest masses of the particles constituting the cluster and
M is the total mass of the cluster. The quantity Ef

b thus represents the fraction of
total mass that turns into binding energy when the cluster is contracted from an
infinite radius to the radius R. The corresponding curve approaches zero monotoni-
cally for large values of R, then exhibits a maximum indicating a change of stability
at a certain value of R, below which the cluster becomes unstable.
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3. Einstein’s paper revisited

Before discussing explicit examples of clusters corresponding to different choices of
the density profile let us review the results of Einstein’s paper.1 We consider first
the model for thin shells.

3.1. Thin Einstein shells

Let the gravitating particles be concentrated within an infinitely thin spherical shell
between r− = r0−ε and r+ = r0 +ε, with ε� 1. The interior metric is flat, whereas
the line element inside the shell is given by Eq. (1) with functions given by Eq. (25)
with R = r+.

Consider the expression (30) for the total particle number N . The argument of
the integral can be conveniently expressed in terms of the metric function eλ by
using Eqs. (17) and (18) as follows6

mN = − 1
2
√

2

∫ r+

r−
e−λ/2

√
3− eλ

(
rλ′ + eλ − 1

)
dr . (41)

Integrating by parts gives

mN = − 1
2
√

2

[
r
√

3e−λ − 1(eλ − 1)
]r+

r−

− 1
4
√

2

∫ r+

r−
rλ′

(1− e−λ)(3e−λ − 2)√
3e−λ − 1

dr . (42)

Consider the second integral in the above equation. Since we are treating a thin
shell, r− � r+ � r0, but eλ+ �= eλ− . Thus, we can replace the free r term with
r0 and evaluate the integral in terms of the new variable e−λ by the substitution
−λ′e−λdr → d(e−λ). We then find

mN � − 1
2
√

2

[
r
√

3e−λ − 1(eλ − 1)
]r+

r−

+
r0

2
√

2

[√
3e−λ − 1(1 + eλ)− 2 arctan

√
3e−λ − 1

]r+

r−

� r0√
2

[√
3e−λ− − 1−

√
3e−λ+ − 1− arctan

√
3e−λ− − 1

+ arctan
√

3e−λ+ − 1
]

, (43)

where we have used the result∫
1
x2

(1− x)(3x − 2)√
3x− 1

dx = −2
√

3x− 1
(

1 +
1
x

)
+ 4 arctan

√
3x− 1 . (44)

Since the interior is flat we have eλ− = 1, so that Eq. (43) simplifies to

mN � r0√
2

[√
2− arctan

√
2−

(√
3e−λ+ − 1− arctan

√
3e−λ+ − 1

)]
. (45)
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The quantity e−λ+ can be replaced by the total gravitational mass at r+ according
to Eq. (25), i.e.,

e−λ+ = 1− 2M+

r+
� 1− 2M0

r0
. (46)

Einstein then studied the behavior of the binding energy per particle of the shell
defined by

Esh
b =

mN −M0

mN =
Φ(k)− k

Φ(k)
, (47)

where

Φ(k) =
2mN

r0
=
√

2
[√

2− arctan
√

2−
(√

2− 3k − arctan
√

2− 3k
)]

, (48)

with k = 2M0/r0, so that e−λ+ = 1− k. Note that the condition r0 > 3M0 implies
k < 0.67. The behavior of Esh

b as a function of k exhibits a maximum at kmax ≈
0.44 corresponding to a radius of about 4.6M0 and Esh

b (kmax) ≈ 0.04 (see Fig. 1).
For greater values of k, i.e., for smaller values of r0, this binding energy decreases
again and can become negative, indicating the existence of an instability. Einstein
interpreted these results as follows. When r0 decreases the potential energy of the
shell decreases and the kinetic energy increases. For sufficiently small r0 the opposite
happens and particles can no longer be bound to form a more massive shell at that
radius.

Fig. 1. The behavior of the binding energy per particle of the Einstein shell is shown as a function
of r0/M0 . The maximum is located at r0 ≈ 4.6M0 where Esh

b ≈ 0.04.
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3.2. Clusters with energy density decreasing as 1/r2

Einstein1 then considered clusters with energy density decreasing with r as 1/r2 far
from the center, i.e.

ρ =
M

4πR

1
r2

, (49)

so that

M(r) = M
r

R
. (50)

The metric functions turn out to be given by

eν =
(

1− 2M

R

)( r

R

)2M/(R−2M)

, eλ =
[
1− 2M

R

]−1

. (51)

The tangential pressure, angular momentum distribution and number distribution
of the particles are thus given by

p =
M2

8πR2r2

[
1− 2M

R

]−1

,

L̃ = r

[
M

R− 3M

]1/2

,

mn =
M

4πRr2

R− 3M

R− 2M
. (52)

The conditions (35) and (38) imply that circular orbits are always stable within
the cluster provided that R > 3M . Therefore, according to the stability criterion
introduced by Cocco and Ruffini7, one can conclude that if R > 6M the cluster is
stable, whereas for 3M < R < 6M it is metastable.

The fractional binding energy is given by

Ef
b = 1− R− 2M√

R(R− 3M)
. (53)

Its behavior as a function of R/M is shown in Fig. 2. The cluster is stable for
values of R greater than R = 6M corresponding to the maximum of the curve.
As R decreases further, Ef

b also decreases until R = 4M where it vanishes. Then
it becomes increasingly negative approaching the limiting value R = 3M , where
particles of the outermost layer would reach the velocity of light. This is in complete
agreement with the stability of circular orbits based on the behavior of the effective
potential. In fact, the value R = 6M corresponds to marginally stable orbits for
particles at the outermost layer of the cluster, whereas R = 4M to marginally bound
orbits. Finally, R = 3M is the limiting radius for photon circular orbits.

Einstein’s discussion on stability was from a slightly different perspective. He
did not consider the behavior of the fractional binding energy as a function of the
boundary radius R for fixed values of the gravitational mass M , but rather the
relation beween M and R for fixed values of the rest mass mN of the system,
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Fig. 2. The behavior of the fractional binding energy as a function of R/M is shown in the case
of a cluster with energy density (49). The maximum is located at R = 6M where Eb ≈ 0.057, the
latter vanishing at R = 4M .

taking the particle velocity 0 < νK < 1 as parameter (see Fig. 3). The rest mass
turns out to be given by

mN = M

√
R(R− 3M)
R− 2M

=
M

γK

√
1 + 2ν2

K , (54)

where

νK =

√
M

R− 2M
, γK =

√
R− 2M

R− 3M
=

1√
1− ν2

K

. (55)

Solving for M and R as functions of νK then gives

M

mN =
γK√

1 + 2ν2
K

,
R

mN =
γK

ν2
K

√
1 + 2ν2

K . (56)

Let us start with a collection of N particles at rest occupying the whole space-
time. The system can be compressed by decreasing the boundary radius, leading
to an increasing value of the particle velocity. Fig. 3 shows that when the cluster
is contracted from an infinite radius its mass decreases at most about 5%, which
corresponds to the minimum of the curve located at R = 6M . The radius can be
further reduced down to R = 4M , at which the gravitational mass equals the rest
mass. The cluster cannot be compressed any more. In fact, as the particle velocity
is further increased the cluster needs to expand to maintain fixed the number of
particles and to preserve the chosen mass distribution, i.e., the cluster properties.
Correspondingly the particle energy per unit rest mass also increases, so that the

In
t. 

J.
 M

od
. P

hy
s.

 C
on

f.
 S

er
. 2

01
2.

12
:1

46
-1

73
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 1

41
.1

08
.2

4.
14

 o
n 

07
/1

9/
12

. F
or

 p
er

so
na

l u
se

 o
nl

y.

August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408



May 12, 2012 14:30 WSPC/INSTRUCTION FILE 00635

158 A. Geralico, F. Pompi & R. Ruffini

Fig. 3. Gravitational mass versus boundary radius in units of the rest mass in the case of a
cluster with energy density (49). The particle velocity 0 < νK < 1 is taken as parameter. The
minimum is located at R/(mN ) ≈ 5.66 with M/(mN ) ≈ 0.94, so that R/M = 6, and corresponds
to νK = 0.5. The gravitational mass equals the rest mass at R/(mN ) = R/M = 4 corresponding
to νK ≈ 0.707.

energy content, i.e., the gravitating mass of the cluster, can be increased arbitrar-
ily without destroying the cluster. Therefore, to each possible radius there belong
two clusters (when the number of particles is given) which differ with respect to
the particle velocity. However, only that branch belonging to smaller values of the
velocity corresponds to physical solutions, and this branch only for values of the
boundary radius between∞ and 6M . In fact, these clusters are the only ones which
corresponds to stable systems, as shown before by considering the behavior of the
fractional binding energy (see Fig. 2).

Einstein commented the results of his investigation as follows: “The essential
result of this investigation is a clear understanding as to why the ‘Schwarzschild
singularities’ do not exist in physical reality. Although the theory given here treats
only clusters whose particles move along circular paths it does not seem to be sub-
ject to reasonable doubt that more general cases will have analogous results. The
‘Schwarzschild singularity’ does not appear for the reason that matter cannot be
concentrated arbitrarily. And this is due to the fact that otherwise the constituting
particles would reach the velocity of light.” We point out that this argument sup-
porting Einstein’s belief against the existence of singularities in physics is actually
based on the consideration of clusters which are not globally stable, i.e., to that
branch of solutions which Einstein himself argued to correspond to unphysical sys-
tems. This is also clear from Fig. 4, where the behavior of the effective potential (34)
is shown as a function of the radial coordinate for different values of the boundary
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radius. The energy per unit rest mass of the particles at the outermost layer is given
by

Ẽ =

√(
1− 2M

R

)
R − 2M

R − 3M
. (57)

For large values of R/M this quantity is always less than unity, and Ẽ → 1 for
R → ∞. It has a minimum at R = 6M , then starts increasing for smaller values
of R/M . It reaches the value Ẽ = 1 at R = 4M and becomes infinite in the
limit R → 3M . Therefore, circular orbits corresponding to minima of the effective
potential do not correspond to stable orbits in general, because their associated
energy can be greater than unity, leading to an unstable system of particles. This
is exactly what occurs in the case of the example discussed by Einstein for clusters
with R ≤ 4M .

Finally, the central redshift (33) is given by

zc =
[

R

R− 3M

]1/2 ( r

R

)−M/(R−2M)

− 1 , (58)

since

N =

√
R− 2M

R

( r

R

)M/(R−2M)

(59)

and becomes infinite for r → 0, i.e., approaching the center of the cluster. This is due
to the fact that the energy density is decreasing with r as 1/r2 far from the center,
thus exhibiting a singular behavior when the center of the system is approached.
In order to avoid this problem Einstein himself “regularized” the density profile
in such a way that the limiting value of the density at the center be finite. A
similar approach was followed by Cocco and Ruffini,7 who assumed a King-type
energy density characterized by a “core radius” and having the same asymptotic
properties as the Einstein’s regularized density profile.

4. Different density profiles

We consider below various choices of the density profile of astrophysical interest.

4.1. Clusters with constant energy density

Let us consider first the simplest case of a cluster with constant energy density

ρ =
3M

4πR3
, (60)

so that

M(r) = M
r3

R3
. (61)
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(a) (b)

(c) (d)

Fig. 4. The behavior of the effective potential (34) as a function of r/M corresponding to a
stable cluster with energy density (49) is shown in Figs. (a) to (d) for R/M = [8, 5, 3.1, 3.01],
respectively, and different values of the angular momentum L̃/M . Dots show circular orbits. The
maximum value of the angular momentum for fixed R/M is given by Eq. (52) with r = R,
i.e., L̃max = R

p
M/(R − 3M). We have L̃max/M = [3.6, 3.5, 9.8, 30.1] for the cases (a) to (d),

respectively.

This case can be treated analytically and has been discussed in Ref. 7. The metric
functions turn out to be given by

eν =
(

1− 2M

R

)3/2(
1− 2Mr2

R3

)−1/2

, eλ =
(

1− 2Mr2

R3

)−1

, (62)
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where 0 ≤ r ≤ R. The tangential pressure, angular momentum distribution and
number distribution of the particles are thus given by

p =
3M2r2

8πR6

(
1− 2Mr2

R3

)−1

,

L̃ =

√
M

R

r2

R

(
1− 3Mr2

R3

)−1/2

,

mn =
3M

4πR3

R3 − 3Mr2

R3 − 2Mr2
. (63)

The conditions (35) and (38) imply that stable circular orbits exist within the
cluster in the range

r < R

√
R

3M
. (64)

Note that there is no upper limit on r if R > 3M , implying that circular orbits are
stable all the way up to the boundary of the configuration.

Therefore, for different values of the configuration radius it is possible to distin-
guish the following classes: models with R > 6M and models with 3M < R < 6M .
If R > 6M the cluster is always stable, because circular orbits are always stable
both inside and outside the configuration (see Fig. 5 (a)). If 3M < R < 6M all
particles constituting the cluster move on stable orbits, but in the exterior of the
configuration there is a region of instability (R < r < 6M), so that the cluster is
metastable (see Fig. 5 (b)).

Consider now the fractional binding energy (40) of the cluster. Its behavior as a
function of R/M is shown in Fig. 6. The maximum indicating a change of stability
occurs at R ≈ 4.7M . As R decreases further, Ef

b also decreases until R ≈ 3.23M

where it vanishes, then becoming negative.

4.1.1. Interior Schwarzschild solution for a fluid with constant energy density

This situation has been compared in Ref. 7 with the case of the interior
Schwarzschild solution describing the gravitational field inside a static and spheri-
cally symmetric fluid with constant energy density. The corresponding line element
is given by (1) with metric functions25

eλ =
(

1− 2Mr2

R3

)−1

,

eν =

[
3
2

(
1− 2M

R

)1/2

− 1
2

(
1− 2Mr2

R3

)1/2
]2

, (65)

where M and R are the total mass and the boundary radius of the fluid sphere,
respectively. The form of the energy-density tensor is that of a perfect fluid with
constant energy density

ρ =
3M

4πR3
, (66)
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(a) (b)

Fig. 5. The behavior of the effective potential (34) as a function of r/M corresponding to a
stable cluster with constant energy density is shown in Fig. (a) for R = 8M and different values
of L̃/M = [0, 0.3, 0.8, 1.3, 2, 3, 4]. Dots show circular orbits. As L̃ increases, the minimum moves
from the interior to the exterior of the configuration. Fig. (b) corresponds to a metastable cluster
with R = 3.1M and L̃/M = [0, 1, 2.5, 4.5, 7, 10, 14]. For small values of L̃ the effective potential
has only one minimum, inside the configuration. For increasing values of the angular momentum
also an external maximum and an external minimum appear. The maximum value of the angular
momentum for fixed R/M is given by Eq. (63) with r = R, i.e., L̃max = R

p
M/(R − 3M). We have

L̃max/M = [3.6, 9.8] for the cases (a) and (b), respectively. For L̃ further increasing the internal
minimum and the external maximum disappear and only the external minimum remains.

and isotropic pressure

p = ρ

√
1− 2Mr2

R3 −
√

1− 2M
R

3
√

1− 2M
R −

√
1− 2Mr2

R3

, (67)

which vanishes at the boundary. The central pressure

pc = ρ
1−

√
1− 2M

R

3
√

1− 2M
R − 1

(68)

becomes infinite when R = (9/4)M (Bondi limit).
Obviously in this case the system is supposed to be a perfect fluid with constant

energy density and pressure increasing inward, in contrast to the case of an Einstein
cluster, which is a collisionless system centrifugally supported, so that the radial
pressure is identically zero. However, the study of the effective potential for the
interior Schwarzschild solution revealed some analogies with the Einstein cluster
with constant energy density discussed above. In fact, also in this case circular orbits
are always stable if R > 6M , whereas there is a region of instability for R < r < 6M
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Fig. 6. The behavior of the fractional binding energy Ef
b as a function of R/M is shown in the

case of a cluster with constant energy density. The maximum is located at R ≈ 4.7M where
Eb ≈ 0.045, the latter vanishing at R ≈ 3.23M . The corresponding values of eν at r = 0 are given
by eν(0) = 0.435 for R = 4.7M and eν(0) = 0.235 for R = 3.23M .

if 3M < R < 6M . A third region has to be considered between R = 3M and the
Bondi limit R = (9/4)M . It has been shown in Ref. 7 that there is a limiting value
rlim for the existence of circular orbits in that region (i.e., (9/4)M < R < 3M) such
that for rlim < r < R circular orbits are not allowed.

The angular momentum distribution obtained by setting to zero the derivative
of the effective potential (34) with respect to r and solving then for L̃ turns out to
be given by

L̃ =

√
2M

R

r2

R

[
3

√
1− 2M

R

√
1− 2Mr2

R3
− 1

]−1/2

, (69)

which has real values only if r < rlim. Its behavior as a function of the radial coordi-
nate for fixed values of R is shown in Fig. 7. It is very similar to that corresponding
to the case of an Einstein cluster with constant energy density (see also Eq. (63)).

4.2. Clusters with a King-type energy density

Let us consider Einstein clusters with a King-type energy density distribution19

ρ = ρ0
1

1 + (r/rc)2
, (70)

where 0 ≤ r ≤ R, and ρ0 and rc are the central density and the radius of the
cluster’s core. Such a choice of the density profile fulfils the requirement that be
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(a) (b)

Fig. 7. The behavior of the angular momentum distribution as a function of r/M corresponding
to a stable cluster with constant energy density and to the interior Schwarzschild solution for a
fluid with constant density is shown in Fig. (a) for R = 8M and in Fig. (b) for R = 3.1M . L̃
vanishes for r = 0 in both cases and takes the common value

√
MR/

√
R − 3M at the boundary.

finite for r → 0. In fact, in this limit

ρ ∼ ρ0

(
1− r2

r2
c

)
, (71)

in agreement with Einstein’s prescription.
This leads to the mass function

M(r) = M
r − rc arctan(r/rc)
R− rc arctan(R/rc)

. (72)

The metric functions are given by Eq. (25), whereas the tangential pressure, angular
momentum distribution and number distribution of the particles are given by Eq.
(24).

The conditions (35) and (38) for the existence and the stability of circular orbits
write as

r − 3M(r) > 0 ,

r4 + [r − rc arctan(r/rc)](r2 + r2
c )(r − 6M(r)) > 0 , (73)

respectively, which can be numerically studied. It has been shown in Ref. 7 that
in the limiting case rc → 0 the previous conditions imply that circular orbits are
always stable within the cluster provided that R > 3M . This maintains true for
increasing values of the core radius. Therefore, if R > 6M the cluster is stable,
whereas for 3M < R < 6M it is metastable.

Fig. 8 shows the behavior of the metric functions in the case of a cluster with
(a) R/M = 6 and (b) R/M = 3 for different values of the core radius.
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(a) (b)

Fig. 8. The behavior of the metric functions is shown in the case of a cluster with a King-type
energy density (70) for (a) R/M = 6 and (b) R/M = 3 and fixed values of the core radius rc/M =
[0.02, 0.06, 0.03, 0.12, 1, 2]. The curves are ordered so that for decreasing values of rc the case of the
energy density profile (49) considered by Einstein is recovered (thick black curves), with eλ taking a
constant value everywhere in the cluster, whereas eν goes to zero approaching the center of the con-
figuration. The values of eν at r = 0 are given by (a) eν(0) = [0.072, 0.167, 0.244, 0.316, 0.370, 0.442]
and eν(0) = [4.8 · 10−4, 3.3 · 10−3, 0.0133, 0.0325, 0.1, 0.146].

Table 1. Locations of zeros as well as maxima of the
curves shown in Fig. 10 for different choices of the param-
eter rc/R.

rc/R R/M (Ef
b = 0) Ef

b
max R/M (Ef

b = Ef
b

max)

0.001 3.97 0.0581 5.96
0.01 3.88 0.0564 5.90
0.1 3.58 0.0527 5.38

The behavior of the fractional binding energy (40) as a function of R/M is shown
in Fig. (10) for fixed values of rc/M (see also Table 1).

Cocco and Ruffini7 showed that for fixed values of R it is possible to obtain
arbitrarily large values of the central gravitational redshift by decreasing the radius
of the core. In fact, in the limiting case of the core radius shrinking to an arbitrary
small value (i.e., rc → 0) the metric functions exactly reduce to Eq. (51), since

M(r) → M
r

R
, (74)

so that the central redshift is given by Eq. (58) and becomes infinite for r → 0.
Therefore, by fixing a value R > 6M of the configuration radius one obtains a class
of this type of Einstein cluster whose main property is that the cluster is strictly
stable all the way up to the approach of an infinite central gravitational redshift.
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(a) (b)

(c) (d)

Fig. 9. The behavior of energy density, number distribution, angular momentum and rotation
velocity of the particles is shown in the case of a stable cluster of King-type with R/M = 8 and
fixed values of the core radius rc/R = [0.1, 0.2, 0.5] (corresponding to red, blue and black curves
respectively).

Note that this situation is far from general. In fact, if one considers instead the case
of a constant energy density distribution discussed in the previous subsection, the
maximum central gravitational redshift compatible with stability (R = 6M) turns
out to be zc ≈ 0.36.
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Fig. 10. The behavior of the fractional binding energy as a function of R/M is shown in the
case of a cluster with a King-type energy density (70) and fixed values of the core radius rc/R =
[0.001, 0.01, 0.1]. See Table 1 for the location of the maximum of each curve.

4.3. Clusters with a Burkert-type energy density

Let us consider Einstein clusters with a Burkert-type energy density distribution20

ρ = ρ0
1

(1 + r/rc)[1 + (r/rc)2]
, (75)

where 0 ≤ r ≤ R, and ρ0 and rc are the central density and the radius of the
cluster’s core. This leads to the mass function

M(r) = M
arctan(r/rc)− ln [(1 + r/rc)

√
1 + (r/rc)2]

arctan(R/rc)− ln [(1 + R/rc)
√

1 + (R/rc)2]
. (76)

The metric functions are given by Eq. (25), whereas the tangential pressure, angular
momentum distribution and number distribution of the particles are given by Eq.
(24).

The conditions (35) and (38) for the existence and the stability of circular orbits
write as

r − 3M(r) > 0 ,

2r4 + [arctan(r/rc)− ln [(1 + r/rc)
√

1 + (r/rc)2]](r2 + r2
c )

×(r + rc)(r − 6M(r)) > 0 , (77)

respectively, which can be numerically studied. In the limiting case rc → 0 the
previous conditions imply that circular orbits are stable in the region 6M < r < R

provided that R > 6M . For increasing values of the core radius, if R > 6M a first
region of stability appears, i.e. r2 < r < R, and then a second one, i.e. 0 < r < r1.
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A further increasing of rc causes both regions to grow up to fill the whole range
0 < r < R. A similar situation occurs for 3M < R < 6M , but at larger values
of rc. For R decreasing from 6M and rc small but fixed, the outer stability region
becomes smaller or even disappears. The situation is summarized in Fig. 11.

Fig. 12 shows the behavior of the metric functions in the case of a stable cluster
with R/M = 6 for different values of the core radius.

The behavior of the fractional binding energy (40) as a function of R/M is
shown in Fig. (14) for fixed values of rc/R. The location of maxima indicating loss
of stability occurs for values of R even larger for decreasing values of rc/R (see also
Table 2).

4.4. Clusters with a Navarro-Frenk-White-type energy density

Let us consider Einstein clusters with a Navarro-Frenk-White-type energy density
distribution21

ρ = ρ0
1

(r/rc)(1 + r/rc)2
, (78)

where 0 ≤ r ≤ R, ρ0 is a characteristic density and rc the core radius. This leads
to the mass function

M(r) = M
1 + R/rc

1 + r/rc

r/rc − (1 + r/rc) ln (1 + r/rc)
R/rc − (1 + R/rc) ln (1 + R/rc)

. (79)

The metric functions are given by Eq. (25), whereas the tangential pressure, angular
momentum distribution and number distribution of the particles are given by Eq.
(24).

The conditions (35) and (38) for the existence and the stability of circular orbits
write as

r − 3M(r) > 0 ,

−r3 + [r − (r + rc) ln (1 + r/rc)](r + rc)(r − 6M(r)) > 0 , (80)

respectively, which can be numerically studied. Their features are qualitatively the
same as in the case of a Burkert-type energy density.

Table 2. Locations of zeros as well as maxima of the
curves shown in Fig. 14 for different choices of the param-
eter rc/R.

rc/R R/M (Ef
b = 0) Ef

b
max R/M (Ef

b = Ef
b

max)

0.02 11.63 0.0481 17.2
0.05 6.71 0.0529 9.93
0.1 4.88 0.0542 7.30
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(a) (b)

(c) (d)

Fig. 11. The stability region for circular orbits is shown in the case of a Burkert-type energy
density profile for different values of the core radius rc. Shaded regions are forbidden. For very
small values of rc circular orbits are stable only in the region 6M < r < R provided that R > 6M
(see Fig. (a), corresponding to rc/M = 0.001). For increasing values of the core radius stable
orbits can exist also in the inner part of the cluster (see Figs. (b), (c) and (d), corresponding to
rc/R = [0.02, 0.05, 0.1], respectively).

5. Concluding remarks

We have compared the classification of Einstein clusters according to the analysis
of the stability of circular orbits by Cocco and Ruffini7 with that resulting from
the application of the binding energy criterion by Zapolsky.2 We have first reviewed
the construction of the energy-momentum tensor describing an Einstein cluster
following the approach of Ref. 24, and improving the derivation done in Ref. 7. We
have then investigated the stability properties of such cluster models for different
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Fig. 12. The behavior of the metric functions is shown in the case of a cluster with a Burkert-type
energy density (75) for R/M = 6 and fixed values of the core radius rc/M = [0.4, 0.6, 1, 2]. The
curves are ordered so that for decreasing values of rc the value of eν at the center also decreases,
whereas eλ exhibits a maximum even more enhanced. The values of eν at r = 0 are given by

eν(0) = [0.046, 0.12, 0.23, 0.366].

(a) (b)

Fig. 13. The behavior of energy density, number distribution, angular momentum and rotation
velocity of the particles is shown in the case of a stable cluster of Burkert-type with R/M = 8 and
fixed values of the core radius rc/R = [0.1, 0.2, 0.5] (corresponding to red, blue and black curves
respectively).
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(c) (d)

Fig. 13. (Continued)

Fig. 14. The behavior of the fractional binding energy as a function of R/M is shown in the
case of a cluster with a Burkert-type energy density (75) and fixed values of the core radius
rc/R = [0.02, 0.05, 0.1]. See Table 2 for the location of the maximum of each curve.

choices of the energy density profile. In particular, we have considered the case
of a cluster with constant energy density, which can be treated analytically, the
first example discussed by Einstein himself, which is characterized by arbitrarily
large values of the central gravitational redshift, and the case studied by Cocco and
Ruffini of a cluster with a King-type energy density. In all these cases the cluster

In
t. 

J.
 M

od
. P

hy
s.

 C
on

f.
 S

er
. 2

01
2.

12
:1

46
-1

73
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 1

41
.1

08
.2

4.
14

 o
n 

07
/1

9/
12

. F
or

 p
er

so
na

l u
se

 o
nl

y.

August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408



May 12, 2012 14:30 WSPC/INSTRUCTION FILE 00635

172 A. Geralico, F. Pompi & R. Ruffini

(a) (b)

(c) (d)

Fig. 15. The behavior of energy density, number distribution, angular momentum and rotation
velocity of the particles is shown in the case of a stable cluster of NFW-type with R/M = 8 and
fixed values of the core radius rc/R = [0.1, 0.2, 0.5] (corresponding to red, blue and black curves
respectively).

is always stable for R > 6M , whereas it is metastable for 3M < R < 6M . In the
case investigated by Einstein the energy density is decreasing with r as 1/r2 far
from the center, thus exhibiting a singular behavior when the center of the system
is approached. As a result, the lapse function vanishes in this limit, implying that
the gravitational redshift goes to infinity for r → 0. In general, one can avoid this
problem by regularizing the density profile through the introduction of a “core
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radius.” For instance, choosing a King-type profile leads to a finite value of the
lapse (and thus of the redshift) at the center. In the limiting case of the core radius
shrinking to an arbitrary small value the case considered by Einstein is recovered.
Therefore, for fixed values R > 6M of the configuration radius it is possible to
obtain arbitrarily large values of the central gravitational redshift by decreasing the
radius of the core.

Finally, we have considered also Einstein clusters characterized by specific den-
sity profiles extensively used in the literature to fit galactic halos, those known as
Burkert-type and Navarro-Frenk-White-type energy density profiles. The stability
analysis is more complicated in these cases, depending on the relative values of the
core radius and the boundary radius. However, in realistic models the condition
R > 6M is always satisfied and the core radius is large enough so that the cluster
is globally stable.
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Abstract

SGR 0418+5729 is a “Rosetta Stone” for deciphering the energy source of Soft Gamma Ray Repeaters
(SGRs) and Anomalous X-ray Pulsars (AXPs). We show a model based on canonical physics and astro-
physics for SGRs and AXPs powered by massive highly magnetized rotating white dwarfs (WDs), in total
analogy with pulsars powered by rotating neutron stars (NSs). We predict for SGR 0418+5729 a lower

limit for its spin-down rate, Ṗ ≥LXP 3/(4π2I) = 1.18×10−16 where I is the moment of inertia of the WD.
We show for SGRs and AXPs that, the occurrence of the glitch and the gain of rotational energy, is due to
the release of gravitational energy associated to the contraction and decrease of the moment of inertia of
the WDs. The steady emission and the outburst following the glitch are explained by the loss of rotational
energy of the Wds, in view of the much larger moment of inertia of the WDs, as compared to the one
of NSs and/or quark stars. There is no need here to invoke the unorthodox concept of magnetic energy
release due to decay of overcritical magnetic fields, as assumed in the magnetar model. A new astrophys-
ical scenario for the SGRs and AXPs associated to Supernova remnants is presented. The observational
campaigns of the X-ray Japanese satellite Suzaku on AE Aquarii and the corresponding theoretical works
by Japanese groups and recent results of the Hubble Space Telescope, give crucial information for our the-
oretical model. Follow-on missions of Hubble Telescope and VLT are highly recommended to give further
observational evidence of this most fundamental issue of relativistic astrophysics: the identification of the
true SGRs/AXPs energy source.

Key words: Soft Gamma Ray Repeaters - Anomalous X-ray Pulsars - Magnetars - Massive Fast
Rotating Highly Magnetized White Dwarfs

1. Introduction

Soft Gamma Ray Repeaters (SGRs) and Anomalous
X-ray Pulsars (AXPs) are a class of compact objects
that show interesting observational properties (see e.g.
Mereghetti 2008): rotational periods in the range P ∼ (2–
12) s, a narrow range with respect to the wide range of

ordinary pulsars P ∼ (0.001–10) s; spin-down rates Ṗ ∼

(10−13–10−10), larger than ordinary pulsars Ṗ ∼ 10−15;
strong outburst of energies ∼ (1041–1043) erg, and for the
case of SGRs, giant flares of even large energies ∼ (1044–
1047) erg, not observed in ordinary pulsars.

The recent observation of SGR 0418+5729 with a rota-
tional period of P = 9.08 s, an upper limit of the first time
derivative of the rotational period Ṗ < 6.0× 10−15 (Rea
et al. 2010), and an X-ray luminosity of LX = 6.2× 1031

erg/s promises to be an authentic Rosetta Stone, a power-
ful discriminant for alternative models of SGRs and AXPs.

If described as a neutron star of M = 1.4M⊙, R = 10 km
and a moment of inertia I ≈ 1045 g cm2, which we adopt
hereafter as fiducial parameters, the loss of rotational en-
ergy of the neutron star

∗ email:ruffini@icra.it

ĖNS
rot =−4π2I

Ṗ

P 3
=−3.95× 1046

Ṗ

P 3
erg/s , (1)

associated to its spin-down rate Ṗ , cannot explain the X-
ray luminosity of SGR 0418+5729, i.e. ĖNS

rot <LX , exclud-
ing the possibility of identifying this source as an ordinary
spin-down powered pulsar.

The magnetar model of SGRs and AXPs, based on
a neutron star of fiducial parameters, needs a magnetic
field larger than the critical field for vacuum polarization
Bc = m2

ec
3/(eh̄) = 4.4× 1013 G in order to explain the

observed X-ray luminosity in terms of the release of mag-
netic energy (see Duncan & Thompson 1992; Thompson
& Duncan 1995, for details). However, the inferred up-
per limit of the surface magnetic field of SGR 0418+5729
B < 7.5× 1012 G describing it as a neutron star (see Rea
et al. 2010, for details), is well below the critical field
challenging the power mechanism based on magnetic field
decay purported in the magnetar scenario.

We show that the observed upper limit on the spin-down
rate of SGR 0418+5729 is, instead, perfectly in line with a
model based on a massive fast rotating highly magnetized
white dwarf (see e.g. Paczynski 1990) of mass M = 1.4M⊙,
radius R = 103 km, and moment of inertia I ≈ 1049 g cm2,
which we adopt hereafter as fiducial white dwarf param-
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eters. Such a configuration leads for SGR 0418+5729 to
a magnetic field B < 7.5× 108 G. The X-ray luminosity
can then be expressed as originating from the loss of ro-
tational energy of the white dwarf leading to a theoretical
prediction for the first time derivative of the rotational
period

LXP 3

4π2I
≤ ṖSGR0418+5729 < 6.0× 10−15 , (2)

where the lower limit is established by assuming that the
observed X-ray luminosity of SGR 0418+5729 coincides
with the rotational energy loss of the white dwarf. For
this specific source, the lower limit of Ṗ given by Eq. (2)

is ṖSGR0418+5729 ≥ 1.18× 10−16. This prediction is left to
be verified by the dedicated scientific missions.

The assumption of massive fast rotating highly magne-
tized white dwarfs appears to be very appropriate since
their observation has been solidly confirmed in the last
years thanks to observational campaigns carried out by
the X-ray Japanese satellite Suzaku (see e.g. Terada et al.
2008c; Terada 2008; Terada et al. 2008d,b,a). The mag-
netic fields observed in white dwarfs are larger than 106

G all the way up to 109 G (see e.g Angel et al. 1981;
Ferrario et al. 1997; Należyty & Madej 2004; Ferrario
& Wickramasinghe 2005; Terada et al. 2008c; Külebi
et al. 2009). These observed massive fast rotating highly
magnetized white dwarfs share common properties with
SGRs/AXPs. The specific comparison between SGR
0418+5729 and the white dwarf AE Aquarii (Terada et al.
2008c) is given in Sec. 4.

The aim of this article is to investigate the implica-
tions of the above considerations to all observed SGRs
and AXPs. The article is organized as follows. In Sec. 2
we summarize the main features of a model for SGRs
and AXPs based on rotation powered white dwarfs while,
in Sec. 3, we recall the magnetar model. In Sec. 4 we
present the observations of massive fast rotating highly
magnetized white dwarfs. The constraints on the rotation
rate imposed by the rotational instabilities of fast rotating
white dwarfs are discussed in Sec. 5 and in Sec. 6 we an-
alyze the glitch-outburst connection in SGRs and AXPs.
The magnetospheric emission from the white dwarf is dis-
cussed in Sec. 7 and the possible connection between SGRs
and AXPs with supernova remnants is presented in Sec. 8.
In Sec. 9 we address the problem of fiducial parameters of
both white dwarfs and neutron stars and, in Sec. 10, we
summarize conclusions and remarks.

2. SGRs and AXPs within the white dwarf model

We first recall the pioneering works of Morini et al.
(1988) and Paczynski (1990) on 1E 2259+586. This
source is pulsating in the X-rays with a period P = 6.98
s (Fahlman & Gregory 1981), a spin-down rate of Ṗ =
4.8 × 10−13 (Davies et al. 1990) and X-ray luminosity
LX = 1.8× 1034 erg/s (Gregory & Fahlman 1980; Hughes
et al. 1981; Morini et al. 1988). Specially relevant in the
case of 1E 2259+586 is also its position within the super-
nova remnant G109.1-1.0 with age estimated t− t0 = (12–

17) kyr (Gregory & Fahlman 1980; Hughes et al. 1981).
Paczynski developed for 1E 2259+586 a model based

on a massive fast rotating highly magnetized white dwarf.
The upper limit on the magnetic field (see e.g. Ferrari &
Ruffini 1969) obtained by requesting that the rotational
energy loss due to the dipole field be smaller than the
electromagnetic emission of the dipole, is given by

B =

(

3c3

8π2

I

R6
PṖ

)1/2

, (3)

where P and Ṗ are observed properties and the moment of
inertia I and the radius R of the object are model depen-
dent properties. For the aforementioned fiducial param-
eters of a fast rotating magnetized white dwarf, Eq. (3)
becomes

B = 3.2× 1015
(

PṖ
)1/2

G . (4)

The loss of rotational energy within this model is given
by

ĖWD
rot =−4π2I

Ṗ

P 3
=−3.95× 1050

Ṗ

P 3
erg/s , (5)

which amply justifies the steady X-ray emission of 1E
2259+586 (see Table 3).

A further development for the source 1E 2259+586,
came from Usov (1994), who introduced the possibility in
a white dwarf close to the critical mass limit, to observe
sudden changes in the period of rotation, namely glitches.
When the rotation of the white dwarf slows down, cen-
trifugal forces of the core decrease and gravity pulls it
to a less oblate shape thereby stressing it. The release
of such stresses leads to a sudden decrease of moment of
inertia and correspondingly, by conservation of angular
momentum

J = IΩ = (I + ∆I)(Ω + ∆Ω) = constant , (6)

to a shortening of the rotational period and a shrinking
of the stellar radius

∆I

I
= 2

∆R

R
=

∆P

P
=−

∆Ω

Ω
, (7)

that leads to a change of gravitational energy

∆Eg =
GM2

R

∆R

R
∼ 2.5× 1051

∆P

P
erg , (8)

which apply as well in the case of solid quark stars (see
e.g. Xu et al. 2006; Tong et al. 2011).

The fractional change of period (7) leads to a gain of
rotational energy in the spin-up process of the glitch

∆EWD
rot = −

2π2I

P 2

∆P

P
= −1.98× 1050

∆P

P 3
erg , (9)

which is fully explained by the available gravitational en-
ergy given by Eq. (8).

If we turn now to the glitch-outburst correlation, the
electromagnetic energy of the bursts in the rotating white
dwarf model finds its energetic origin in the release of the
rotational energy related to the slowing down of the white
dwarf rotational frequency. This occurs all the way to the
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end of the recovery phase, on time scales from months
to years. This is most impressively represented e.g. in
the case of the glitch-outburst episode of 1E 2259+586
on June 2002 (Kaspi et al. 2003; Woods et al. 2004), see
Fig. 1 for details. We indeed show in Sec. 6 that, the
change of the moment of inertia of the white dwarf given
by Eq. (7), leading to the release of gravitational energy
given by Eq. (8), and to the rotational energy gain of the
white dwarf expressed by Eq. (9), is enough to explain the
total electromagnetic energy released in the main burst
and in the subsequent activity.

For the evolution of the period close to a glitch we follow
the parameterization by Manchester & Taylor (1977). The
angular velocity Ω = 2π/P , since the glitch time t = tg,
until the complete or partial recovery, can be described as

Ω = Ω0(t) + ∆Ω[1−Q(1− e−(t−tg)/τd)] , (10)

where Ω0(t) = Ω0 + Ω̇(t− tg) is the normal evolution of
the frequency in absence of glitch, being Ω0 the frequency
prior to the glitch, ∆Ω = −2π∆P/P 2 is the initial fre-
quency jump, which can be decomposed in the persistent
and decayed parts, ∆Ωp and ∆Ωd respectively, τd is the
timescale of the exponential decay of the frequency after
the glitch and Q = ∆Ωd/∆Ω = 1−∆Ωp/∆Ω is the recov-
ery fraction or “healing parameter”. For full recovery we
have Q = 1, Ω(t >> τd) = Ω0, and for zero recovery Q = 0,
Ω(t >> τd) = Ω0(t)+∆Ω. For simplicity we assume in the
following and especially below in Sec. 6, complete recovery
Q = 1.

This mechanism in white dwarfs is similar, although
simpler, than the one used to explain e.g. glitches in
ordinary pulsars (see e.g. Baym & Pines 1971; Shapiro
& Teukolsky 1983). The essential difference is that neu-
tron stars are composed by a superfluid core and a solid
crust, being the latter the place where starquakes can orig-
inate leading to glitches. A two-component description is
then needed, see e.g. Shapiro & Teukolsky (1983). In
the present case of a massive rotating white dwarf, such
a two-component structure does not exist and the white
dwarf behaves as a single solid system. What is important
to stress is that the rotational energy released for Q≥ 1 is
largely sufficient for the explanation of the bursting phe-
nomena, see Sec. 6 for details.

The crystallization temperature of a white dwarf com-
posed of nuclei (Z,A) and mean density ρ̄ is given by (see
e.g. Shapiro & Teukolsky 1983; Usov 1994)

Tcry ≃ 2.28× 105
Z2

A1/3

(

ρ̄

106g/cm
3

)1/3

K . (11)

Thus, assuming an internal white dwarf temperature
∼ 107 K we find that the mean density for the crystalliza-
tion of the white dwarf should be ∼ 2.2× 107 g/cm3 for
12C, ∼ 5.2×106 g/cm3 for 16O and ∼ 1.25×106 g/cm3 for
56Fe. Very massive white dwarfs as the ones we are consid-
ering here have mean densities ∼ 109 g/cm3 and therefore
a considerable fraction of their size should be in principle
solid at these high temperatures (see also Althaus et al.
2005, 2007). It is worth to mention that, the phase sep-

Fig. 1. Timing and pulsed emission analysis of the
glitch-outburst of 1E 2259+586 on June 2002 (taken from
Woods et al. 2004). The observed fractional change of pe-
riod is ∆P/P = −∆Ω/Ω ∼ −4× 10−6 and the observed en-
ergy released during the event is ∼ 3×1041 erg (Woods et al.
2004). Within the white dwarf model from such a ∆P/P
we obtain ∆EWD

rot
∼ 1.7× 1043 erg as given by Eq. (9), see

Sec. 6 for details. We have modified the original Fig. 7 of
Woods et al. (2004) by indicating explicitly where the ro-
tational energy is released after the spin-up, during the re-
covery phase, by the emission of a sequence of bursts on
time scales from months to years (see e.g. Mereghetti 2008).

aration of the constituents of CO white dwarfs, theoreti-
cally expected to occur in the crystallization process (see
Garcia-Berro et al. 1988, for details), has been recently
observationally confirmed solving the puzzle of the age
discrepancy of the open cluster NGC 6791 (Garćıa-Berro
et al. 2010).

Under these physical conditions, starquakes leading to

August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408



4 [Vol. ,

glitches in the white dwarf may occur with a recurrence
time (see e.g. Baym & Pines 1971; Usov 1994)

δtq =
2D2

B

|∆P |/P

|Ėrot|
, (12)

where Ėrot is the loss of rotational energy (5), D =
(3/25) GM2

c /Rc, B = 0.33 (4π/3)R3
ce

2Z2[ρ̄c/(Amp)]4/3,
Mc, Rc and ρ̄c are the mass, the radius and the mean
density of the solid core, and mp is the proton mass.

For the specific case of 1E 2259+586, Usov predicted
the possible existence of changes of period ∆P/P ≈−(1–
3)× 10−6 with a recurrence time between cracks δtq ≈
7×106 |∆P |/P yr ≈ a few times (1–10) yr. It is impressive
that in 2002 indeed changes of the order of ∆P/P ≈−4×
10−6 were observed in 1E 2259+586 (Kaspi et al. 2003;
Woods et al. 2004) (see Fig. 1 for details).

Our aim in the following is to show that this model
can be also applied to the other SGRs and AXPs. Their
entire energetics is explained by the rotational energy loss
of fast rotating magnetized white dwarfs: 1) the X-ray
luminosity is well below the rotational energy loss of the
white dwarf (see Fig. 2); 2) in all cases the large magnetic
field is well below the critical field for vacuum polarization
(see Fig. 3 and Table 3); 3) the energetics of all the bursts
can be simply related to the change of rotational energy
implied by the observed change of rotational period (see
Fig. 4, Sec. 5 and Table 2).

1031 1032 1033 1034 1035 1036 1037 1038 1039 1040

Ė
WD

rot (erg/s)

1031

1032

1033

1034

1035

1036

L
X

(e
rg
/
s)

L X
=
Ė
W
D

ro
t

Fig. 2. X-ray luminosity LX versus the loss of rotational en-
ergy Ėrot describing SGRs and AXPs by rotation powered
white dwarfs. The green star and the green triangle corre-
spond to SGR 0418+5729 using respectively the upper and
the lower limit of Ṗ given by Eq. (2). The blue squares are
the only four sources that satisfy LX < Ėrot when described
as neutron stars (see Fig. 6 for details).

3. SGRs and AXPs within the magnetar model

Let us turn to the alternative model commonly ad-
dressed as “magnetar” (see e.g. Duncan & Thompson
1992; Thompson & Duncan 1995) based on an ultram-
agnetized neutron star of M = 1.4M⊙ and R = 10 km and

0.01 0.1 1.0 10.0
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10�7

10�4

10�1
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108

Ṗ
(1
0�

1
1
)

B=1.05�108
G

B=7.47�108
G

B=3.00�1010
G

B
c =4.41�1013

G

Fig. 3. Ṗ -P diagram for all known SGRs and AXPs. The
curves of constant magnetic field for white dwarfs given by
Eq. (4) are shown. The blue dashed line corresponds to the
critical magnetic field Bc =m2

ec
3/(eh̄). The green star and the

green triangle correspond to SGR 0418+5729 using respec-
tively the upper and the lower limit of Ṗ given by Eq. (2). The
blue squares are the only four sources that satisfy LX < Ėrot

when described as rotation powered neutron stars (see Fig. 6
for details).
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Fig. 4. Change in the rotational energy of the white dwarf
∆EWD

rot
given by Eq. (9) as a function of the rotational period

P in seconds for selected fractional changes of period ∆P/P .

then I≈ 1045 g cm2 as the source of SGRs and AXPs. The
limit of the magnetic field obtained from Eq. (3) becomes

B = 3.2× 1019
(

PṖ
)1/2

G , (13)

which is four orders of magnitude larger than the surface
magnetic field within the fast rotating magnetized white
dwarf model (see Fig. 5).

There are innumerous papers dedicated to this model
and for a review covering more than 250 references on the
subject see Mereghetti (2008). The crucial point is that
in this model there is no role of the rotational energy of
the source: the X-ray luminosity is much bigger than the
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Fig. 5. Ṗ -P diagram for all known SGRs and AXPs. The
curves of constant magnetic field for neutron stars given by
Eq. (13) are shown. The blue dashed line corresponds to
the critical magnetic field Bc = m2

ec
3/(eh̄). The green star

corresponds to SGR 0418+5729 using the upper limit of Ṗ
given by Eq. (2). The blue squares are the only four sources
that satisfy LX < Ėrot when described as rotation powered
neutron stars (see Fig. 6 for details).
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Fig. 6. X-ray luminosity LX versus the loss of rotational en-
ergy Ėrot describing SGRs and AXPs as neutron stars. The
green star corresponds to SGR 0418+5729 using the upper
limit of Ṗ given by Eq. (2). The blue squares are the only
four sources with LX < Ėrot: 1E 1547.0-5408 with P = 2.07
s and Ṗ = 2.3× 10−11; SGR 1627-41 with P = 2.59 s and
Ṗ = 1.9 × 10−11; PSR J 1622-4950 with P = 4.33 s and
Ṗ = 1.7× 10−11; and XTE J1810–197 with P = 5.54 s and
Ṗ = 7.7× 10−12.

loss of rotational energy of the neutron star (see Fig. 6).
Paradoxically, although the bursts appear to be corre-

lated to the presence of glitches in the rotational period,
the corresponding increase of change of rotational energy
of the neutron star

∆ENS
rot =−

2π2I

P 2

∆P

P
=−1.98× 1046

∆P

P 3
erg , (14)

cannot explain the burst energetic ∼ (1044–1047) erg. This

is a clear major difference between the two models based
respectively on neutron stars and white dwarfs (see Figs. 4
and 7 for details).
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Fig. 7. Change in the rotational energy of the neutron star
∆ENS

rot
given by Eq. (14) as a function of the rotational period

P in seconds for selected fractional changes of period ∆P/P .

In magnetars, the value of the rotational period and
its first time derivative are only used to establish an up-
per limit to the magnetic field of the neutron star. In
view of the smallness of the moment of inertia of a neu-
tron star with respect to the moment of inertia of a white
dwarf, the magnetic field reaches in many cases outstand-
ingly large values B >> Bc ∼ 4.4× 1013 G, from here the
name magnetars (see Fig. 5). The attempt has been pro-
posed by Duncan & Thompson (1992) and Thompson &
Duncan (1995) to assume a new energy source in physics
and astrophysics: the magnetic energy in bulk. The role of
thermonuclear energy has been well established by physics
experiments on the ground as well as in astrophysics in
the explanation of the energetics, life time, and build-up
process of the nuclear elements in main sequence stars
(see e.g. Bethe 1968, and references therein); equally well
established has been the role of rotational energy in pul-
sars (see e.g. Hewish 1974; Bell & Hewish 1967, and ref-
erences therein); similarly well established has been the
role of gravitational energy in accretion process into neu-
tron stars and black holes and binary X-ray sources (see
e.g. Giacconi 2002; Giacconi & Ruffini 1978 Reprinted
2010, and references therein). In the magnetars instead,
it is introduced an alternative primary energy source not
yet tested neither in the laboratory (the case of magnetic
monopoles) nor in astrophysics: a primary energy source
due to overcritical magnetic fields.

The mostly qualitative considerations in the magnetar
model can be summarized, see e.g. Ng et al. (2010): in the
twisted magnetosphere model of magnetars (Thompson
et al. 2002), the observed X-ray luminosity of a magne-
tar is determined both by its surface temperature and
by magnetospheric currents, the latter due to the twisted
dipolar field structure. The surface temperature in turn
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is determined by the energy output from within the star
due to magnetic field decay, as well as on the nature of
the atmosphere and the stellar magnetic field strength.
This surface thermal emission is resonantly scattered by
the current particles, thus resulting in an overall spec-
trum similar to a Comptonized blackbody (e.g. Lyutikov
& Gavriil 2006; Rea et al. 2008; Zane et al. 2009). In ad-
dition, the surface heating by return currents is believed
to contribute substantially to LX , at least at the same
level as the thermal component induced from the interior
field decay (Thompson et al. 2002). Magnetar outbursts
in this picture occur with sudden increases in twist angle,
consistent with the generic hardening of magnetar spec-
tra during outbursts (e.g. Kaspi et al. 2003; Woods et al.
2004; Israel et al. 2007).

It is worth to recall that magnetic field configurations
corresponding to a dipole twisted field have been rou-
tinely adopted in rotating neutron stars (see e.g. Cohen
et al. 1973). Magnetic field annihilation and reconnection
have been analogously adopted in solar physics (see e.g.
Parker 1957; Sweet 1958) and also magnetic instabilities
have been routinely studied in Tokamak (see e.g. Coppi
et al. 1976). These effects certainly occur in magnetized
white dwarfs. What is important to stress here is that in
none of these systems the magnetic field has been assumed
to be the primary energy source of the phenomena, unlike
in magnetars.

It is appropriate to recall just a few of the difficulties
of the magnetar model in fitting observations, in addition
to the main one of SGR 0418+5729 addressed in this ar-
ticle. In particular, e.g.: (1) as recalled by S. Mereghetti
2008, “up to now, attempts to estimate the magnetic field
strength through the measurement of cyclotron resonance
features, as successfully done for accreting pulsars, have
been inconclusive”; (2) the prediction of the high-energy
gamma ray emission expected in the magnetars has been
found to be inconsistent with the recent observation of the
Fermi satellite (see e.g. Tong et al. 2010, 2011); (3) finally,
it has been shown to be not viable the attempt to relate
magnetars to the energy of the supernova remnants (see
e.g. Allen & Horvath 2004; Ferrario & Wickramasinghe
2006; Vink & Kuiper 2006; Vink 2008) or to the formation
of black holes (see e.g. Kasen & Bildsten (2010); Woosley
(2010), see however e.g. Patnaude et al. (2009)) and of
Gamma Ray Bursts (see e.g. Levan et al. (2006); Castro-
Tirado et al. (2008); Stefanescu et al. (2008); Bernardini
et al. (2009), see however e.g. Goldstein et al. (2011); Rea
et al. (2011)).

In Table 3 we compare and contrast the parameters of
selected SGRs and AXPs sources in the magnetar model
and in the fast rotating highly magnetized white dwarf
model: the larger radius of a white dwarf with respect to
the radius of a neutron star of the same mass M = 1.4M⊙,
leads to the two models differing on the scale of mass den-
sity, moment of inertia, and rotational energy which imply
a different scale for the surface magnetic fields, leading to
a very different physical interpretation of the observations
of SGRs and AXPs.

4. Observations of massive fast rotating highly

magnetized white dwarfs

Some general considerations are appropriate. The white
dwarf model appeals to standard and well tested aspects
of physics and astrophysics. The observation of fast ro-
tating white dwarfs with magnetic fields larger than 106

G all the way up to 109 G has been in the mean time
solidly confirmed by observations (see e.g Angel et al.
1981; Ferrario et al. 1997; Należyty & Madej 2004; Ferrario
& Wickramasinghe 2005; Terada et al. 2008c). For a re-
cent and extensive analysis of the magnetic field structure
of highly magnetized white dwarfs see Külebi et al. (2009)
and for a catalog of them see Külebi et al. (2010a) and also
Kepler et al. (2010).

A specific example is the highly magnetized white dwarf
AE Aquarii. The rotational period of this fast rotat-
ing magnetized white dwarf obtained from the sinusoidal
pulsed flux in soft X-rays < 4 keV (see e.g. Eracleous et al.
1991; Choi & Dotani 2006) has been established to be

P =33 s and it is spinning down at a rate Ṗ =5.64×10−14.
The mass of the white dwarf is∼M⊙ (de Jager et al. 1994)
and the observed temperature is kT ∼ 0.5 keV. In addition
to the soft X-ray component, hard X-ray pulsations were
observed with the Japanese satellite Suzaku in October-
November 2005 and October 2006. The luminosity of AE
Aquarii ∼ 1031 erg/s accounts for the 0.09% of the spin-
down energy of the white dwarf (see Terada et al. 2008c,
for details) and the infereed magnetic field of the source
is B ∼ 108 G (Ikhsanov & Beskrovnaya 2008).

This white dwarf is one of the most powerful particle
accelerators: there is at least one event of detected TeV
emission from this source during its optical flaring activity
monitored between 1988 and 1992 (see e.g. Meintjes et al.
1992, 1993; de Jager et al. 1994; Ikhsanov & Biermann
2006; Ikhsanov & Beskrovnaya 2008; Kashiyama et al.
2011). In addition, it shows burst activity in X-rays
(Terada et al. 2008c). Although AE Aquarii is a binary
system with orbital period ∼ 9.88 hr (see de Jager et al.
1994, e.g.), very likely the power due to accretion of mat-
ter is inhibited by the fast rotation of the white dwarf (e.g.
Itoh et al. 2006; Terada et al. 2008c).

Many of the observed physical properties of this white
dwarf are very similar to the recently discovered SGR
0418+5729, as we explicitly show in Table 1.

Although very fast, AE Aquarii is not the fastest white
dwarf observed. The rotational period obtained from
the pulsed X-ray emission of RXJ 0648.0-4418, the white
dwarf in the binary system HD49798/RXJ 0648.0-4418, is
P = 13.2 s (Israel et al. 1997). This white dwarf is one of
the most massive white dwarfs with M = 1.28± 0.05M⊙

(see Mereghetti et al. 2009, for details). Other very mas-
sive and highly magnetized white dwarfs are: REJ 0317-
853 with M ∼ 1.35M⊙ and B∼ (1.7–6.6)×108 G (see e.g.
Barstow et al. 1995; Külebi et al. 2010b); PG 1658+441
with M ∼ 1.31M⊙ and B ∼ 2.3× 106 G (see e.g. Liebert
et al. 1983; Schmidt et al. 1992); and PG 1031+234 with
the highest magnetic field ∼ 109 G (see e.g. Schmidt et al.
1986; Külebi et al. 2009). It is interesting to note that the
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SGR 0418+5729 AE Aquarii

P (s) 9.08 33.08

Ṗ (10−14) < 0.6 5.64

Age (Myr) 24 9.4

LX (erg/s) 6.2× 1031 ∼ 1031

kT (keV) 0.67 0.5

B (G) < 7.45× 108 ∼ 108

Pulsed Fraction 0.3 ∼ 0.2–0.3

Table 1. Comparison of the observational properties of SGR
0418+5729 and the white dwarf AE Aquarii. For SGR
0418+5729 P , Ṗ , and LX have been taken from Rea et al.
(2010). The characteristic age is given by Age = P/(2Ṗ )
and the surface magnetic field B is given by Eq. (4). The
pulsed fraction of SGR 0418+5729 is taken from Esposito
et al. (2010) and the one of the white dwarf AE Aquarii
from Eracleous et al. (1991) and Choi & Dotani (2006).

most highly magnetized white dwarfs are massive as well
as isolated (see e.g. Należyty & Madej 2004, for details).

5. Rotational instability of white dwarfs

In order to be stable against secular instability of the
MacClaurin versus the Jacobi ellipsoid (Ferrari & Ruffini
1969), the minimal period of a white dwarf with the pa-
rameters discussed here is Pcrit ∼ 0.94 s. For P <

∼ Pcrit

we would expect very significant emission of gravitational
waves due to the transition from the triaxial Jacobi ellip-
soids to the axially symmetric MacClaurin ellipsoids. This
is well in agreement and explains the observed long peri-
ods of SGRs and AXPs >

∼ 2 s (see Fig. 8). In the specific
case of the source 1E 2259+586, assuming that the super-
nova remnant G109.1-1.0 and 1E 2259+586 are coeval, we
obtain the initial rotational period of the white dwarf in
the range 0.94 s <P0<6.8 s where, the lower limit, is given
by the bifurcation point between MacClaurin spheroids
and Jacobi ellipsoids (see e.g. Ferrari & Ruffini 1969) and,

the upper limit, is obtained for a constant value of Ṗ .
Describing today 1E 2259+586 by a MacClaurin spheroid,
we obtain the ratio between the rotational energy and
the gravitational energy Erot/ |Egrav| ∼ 0.011 (see Fig. 8),
well below the secular instability ∼ 0.14 and the dynam-
ical instability ∼ 0.25 (see Chandrasekhar 1969; Shapiro
& Teukolsky 1983, for details).

The above considerations add interest in the recent
theoretical analysis of white dwarfs taking into account
nuclear, weak and electromagnetic interactions within
a general relativistic treatment (Rotondo et al. 2011).
A specially relevant result has been recently obtained
(Boshkayev et al. 2011) by analyzing a white dwarf en-
dowed with mass, angular momentum, and quadrupole
moment within the Hartle-Thorne formalism (Hartle
1967; Hartle & Thorne 1968). The rotating white dwarfs
have been studied for the new equation of state given by
Rotondo et al. (2011) used for the construction of the non-
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Fig. 8. Ratio between the rotational energy and the gravi-
tational energy of a MacClaurin spheroid of M = 1.4M⊙ and
R = 103 km as a function of its rotational period P . The
rotational period between 2 and 12 s appears to be very ap-
propriate for fast rotating white dwarfs. Fast rotating neutron
stars present much shorter period in the millisecond region.
We show on the curve the position of all known SGRs and
AXPs. The green star corresponds to SGR 0418+5729. The
blue squares are the only four sources that satisfy LX < Ėrot

when described as rotation powered neutron stars (see Fig. 6
for details).

rotating configurations by Rotondo et al. (2011). The crit-
ical rotational periods for the onset of the axisymmetric,
the mass-shedding and the inverse β-decay instabilities
have been studied in detail. The exact value of the criti-
cal period of a white dwarf depends upon the central den-
sity of the configuration; rotationally stable white dwarfs
exist for rotational periods P > PWD

min ∼ 0.3 s. The short-
est values for configurations supported by rotation with
critical masses larger than the classical Chandrasekhar
limit for non-rotating white dwarfs all the way up to
Mmax ∼ 1.5M⊙ (see Boshkayev et al. 2011, for details).

Consequently, also the fastest sources e.g. 1E 1547.0-
5408 with P = 2.07 s, SGR 1627-41 with P = 2.59 s, and
PSR J 1622-4950 with P = 4.33 s, can be safely described
as massive fast rotating white dwarfs as shown in Fig. 2.

6. Glitches and outbursts in SGRs and AXPs

The energetic of the observed bursts within the white
dwarf model of SGRs and AXPs can be fully explained
by the observed change of period ∆P < 0 (glitches). In
the case of the famous event of 5th March 1979 in the
SGR 0526-66 (P = 8.05 s), a fractional change of period
of the white dwarf ∆P/P ∼ −10−4 (see Fig. 4) would
be sufficient to explain the energetics ∼ 3.6× 1044 erg
(Mereghetti 2008). Unfortunately, such a change of period
could not be observed at the time (see e.g. Mazets et al.
1979), lacking the observations of the source prior to the
event. Instead, in the case of the flares of 1E 2259+586 on
June 2002 (P = 6.98 s) and of 1E 1048.1-5937 (P = 6.45
s) on March 2007, observational data are available. For
1E 2259+586, using the observed fractional change of pe-
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riod ∆P/P ∼ −4× 10−6 (Woods et al. 2004) (see also
Fig. 1), we obtain within the white dwarf model a change
of rotational energy

∣

∣∆EWD
rot

∣

∣∼ 1.7× 1043 erg, to be com-
pared with the measured energy released during the event
∼ 3× 1041 erg. For the glitch on the 26th March 2007
in 1E 1048.1-5937 with observed ∆P/P ∼ −1.63× 10−5,
we obtain

∣

∣∆EWD
rot

∣

∣ ∼ 7.73× 1043 erg which is strikingly
in agreement (and safely superior) with the observed en-
ergy released in the event 4.3× 1042 erg (see e.g. Dib
et al. 2009). In the case of super giant flares, there is
no clear observational evidence of their association to
glitches. However, changes in the moment of inertia of
the white dwarf originating fractional changes of period
of order ∆P/P ∼ −(10−5 − 10−3) (see Fig. 4) could ex-
plain their large energetics ranging from 1044 erg all the
way up to 1047 erg (see e.g. Mereghetti 2008). For the
giant flare of SGR 1806-20 on 27th December 2004 (see
e.g. Borkowski et al. 2004; Hurley et al. 2005) with ob-
served energy ∼ 1046 erg there is a gap of timing data
of the source between October 2004 and March 2005 (see
Mereghetti et al. 2005; Tiengo et al. 2005). The observed
rotational period of SGR 1806-20 after March 2005 is not
consistent with the expected rotational period obtained
from the spin-down rate Ṗ = 5.5× 10−10; instead, this is
consistent with Ṗ = 1.8×10−10. The change of rotational
period has been attributed to “global reconfigurations of
the neutron star magnetosphere” (see e.g. Tiengo et al.
2005). Within the white dwarf model, such a burst ac-
tivity is consistent with a glitch with fractional change of
period ∼ −3× 10−3. All the above discussion is summa-
rized in Table 2 and Figs. 1 and 4.

In all the above cases the gain of rotational energy in
the glitch is much larger than the energy observed in the
flaring activities following the glitches. This means that
there is ample room to explain these glitch-outburst events
in a large range of recovery fractions Q. It appears to be
appropriate to systematically monitor the Q factors for all
the glitches in SGRs and AXPs.

It is interesting that PSR J1846-0258, P = 0.3 s, ex-
perienced in June 2006 a radiative event with estimated
isotropic energy ∼ (3.8–4.8)× 1041 erg (Kumar & Safi-
Harb 2008). Assuming that such an event was triggered
by a glitch in the neutron star one obtains an associated
fractional change of period ∆P/P ∼−(1.73–2.2)×10−6, as
given by Eq. (14). Indeed, as shown by Kuiper & Hermsen
(2009), the outburst emission was accompanied by a large
glitch ∆P/P ∼ −(2.0–4.4)× 10−6 in perfect agreement
with the theoretical prediction given by the loss of rota-
tional power after the spin-up of the neutron star without
advocate any magnetar phenomena. This fact reinforces
the idea that PSR J1846-0258 is not a magnetar but an
ordinary rotationally powered neutron star, also in line
with the recent suggestions by Kuiper & Hermsen (2009)
and Rea et al. (2010).

7. Magnetosphere emission from white dwarfs

We return now to the structure of the magnetosphere
of the white dwarf model for SGRs and AXPs. In order to

have an agreement between the observed X-ray luminosity
and the X-ray spectral distribution, it is necessary that
only a part of the surface of the white dwarf has to be
X-ray emitter.

We can define the dimensionless filling factor

R=
LX

4πR2σT 4
, (15)

where σ is the Stefan-Boltzmann constant and T the
temperature of the source. This factor gives an esti-
mate of the effective area of X-ray emission and con-
sequently information about the structure of the mag-
netic field from the surface of the object. It is interest-
ing that this factor for the white dwarf is in the range
10−6–10−5 (see Table 3), quite similar to the one of the
Sun R⊙ = LX

⊙/(4πR2
⊙σT 4

⊙)≈ (7.03× 10−8–1.2× 10−6) in

the minimum LX
⊙ = 2.7× 1026 erg/s and in the maximum

LX
⊙ =4.7×1027 erg/s of solar activity respectively (see e.g.

Peres et al. 2000; Judge et al. 2003). This should be ex-
pected by the general argument of the conservation of flux
in the transition from a highly magnetized main sequence
star to a white dwarf. The magnetic field of the order of
∼ 109 G on the surface of these white dwarfs must clearly
have a filamentary structure in the range R∼ 10−6–10−5.

In the specific case of SGR 0418+572 such an R factor
is ∼ 10−9, which is of the same order as the one of the
white dwarf AE Aquarii, as can be seen from Table 1
by comparing the values of LX and KT , which are the
quantities involved in Eq. (15).

At times the presence of an R factor has been in-
terpreted as originating from a spot-like radial emission
of the radiation from the surface of the white dwarf.
If one were to assume that the radiation occurs radi-
ally beamed and occurring just from the surface either
of the neutron star or the white dwarf, a spot radia-
tion would lead to a pulsed fraction of the emission flux
√

1/n
∑n

i=1(yi− ȳ)2/ȳ∼ 1 where n is the number of phase
bins per cycle, yi is the number of counts in the ith phase
bin and ȳ is the mean number of counts in the cycle (see
e.g. Esposito et al. 2010, for details about this definition).
This problem, which seems to be in contradiction with the
observations of pulsed fractions < 1 in SGRs and AXPs
(see e.g. Esposito et al. 2010), would be equally severe
both for neutron stars and white dwarfs (see e.g. Table
1).

It is appropriate to recall that all the SGRs and AXPs
within a rotating white dwarf model have magnetic fields
in the range 108G <

∼B <
∼ 1011 G (see Table 3). It is quite

natural to assume that the X-ray emission be linked to the
presence of the magnetic field. It is worth to note that the
modeling of the physics and the geometrical structure of
the magnetic field and of the magnetospheres is a most
active field field of current research. As shown by Romani
& Watters (2010), the morphology of the pulses as well
as of the light curves strongly depend on many model
parameters, e.g. special and general relativistic effects,
the viewing angle, the magnetic moment-spin axis angle,
the spin axis-line of sight angle, the specific location of
the emission zone, and the adopted magnetospheric model
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SGR 0526-66 1E 2259+586 1E 1048.1-5937 SGR 1806-20
Date March 1979 June 2002 March 2007 December 2004
Observed Energy (erg) 3.6× 1044 3× 1041 4.2× 1042 ∼ 1046

|∆P |/P 1.2× 10−4 (predicted) 4.24× 10−6 (observed) 1.63× 10−5 (observed) 3× 10−3 (predicted)
Predicted Energy (erg) 3.6× 1044 1.7× 1043 7.7× 1043 ∼ 1046

Table 2. Glitches and Outbursts of some SGRs and AXPs within the white dwarf model. The predicted values of |∆P |/P

are calculated with Eq. (9) assuming
∣

∣∆EWD
rot

∣

∣ equals the observed energy of the burst event. The predicted values of the en-

ergy released in the burst event is calculated with Eq. (9) using the observed fractional change of rotational period |∆P |/P .

including possible corrections due to deviations from a
pure dipolar structure.

From the broad sinusoidal pulsed flux of SGRs/AXPs
(see e.g. Mereghetti 2008), we know that the pulsed frac-
tion is less than one and that the luminosity differs re-
markably from a spiky one. We find then natural to
assume that the emission comes from an area covering
the white dwarf surface with a very marked filamentary
structure. Similar considerations for neutron stars mag-
netospheres have been purported e.g. by Michel & Dessler
(1981); Michel (1981) giving evidence of magnetospheric
activity from the pole all the way up to the equator; see
also the most interesting case of the pair production ac-
tivities in the magnetosphere of a rotating white dwarf
considered for the transient radio source GCRT J1745–
3009 by Bing Zhang & Janusz Gil (2005). Moreover, such
structures are regularly observed in the Sun and in the
Earth Aurora. Explicit sinusoidal pulsed flux in soft X-
rays (< 4 keV) have been observed in AE Aquarii (see e.g.
Eracleous et al. 1991; Choi & Dotani 2006); and see also
Fig. 6 in Mereghetti et al. (2011) for similar sinusoidal
pulsed emission of the white dwarf RXJ 0648.0-4418 with
rotational period P = 13.2 s. For all the above sources, a
filamentary structure of the magnetic field is clearly ex-
pected.

We do not discuss here the issue of the spectral features
within the white dwarf model. The aim of this article is
just to point out that all these problems can be address
with merit starting from the rotational energy of a ro-
tating white dwarf rather than the magnetic energy of
a magnetar. The spectrum of the persistent emission of
SGRs and AXPs for energies < 10 keV is well fitted either
by the superposition of a blackbody and a high energy
tail or by a single blackbody or a double blackbody (see
e.g. Mereghetti 2008). Such a spectral feature is clearly
already evidenced for rotating white dwarfs; following the
work of Terada et al. (2008c): in addition to the ther-
mal modulation in the softer X-ray band, spiky pulsations
like the ones of pulsars have been observed by the Suzaku
satellite in the hard X-ray band of over 4 keV in the white
dwarf AE Aquarii. The X-ray spectrum requires an addi-
tional hard X-ray component on the well-known thermal
emissions with temperatures of 0.5 and 2.9 keV. Combined
with results from timing analyses, spectral shapes and
flux, it was there concluded that the hard X-ray pulsations
should have a non-thermal origin, for example, possible
Synchrotron emission with sub MeV electrons. The claim
of the first discovery of a white dwarf equivalent to a neu-
tron star pulsar was there made. In view of the possible

evidence of very high energy emission in the TeV region
observed during the optical flares of AE Aquarii (see e.g.
de Jager et al. 1994; Ikhsanov & Biermann 2006; Ikhsanov
& Beskrovnaya 2008; Terada et al. 2008c,d; Kashiyama
et al. 2011, and references therein), it would be important
to have observations by INTEGRAL and Fermi of rotating
magnetized white dwarf in the 20-200 keV band in order
to establish further analogies between fast rotating highly
magnetized white dwarfs and magnetar candidates.

More specifically, for the source SGR 0418+5729 and its
interpretation as a white dwarf, a crucial result has been
recently obtained by Durant et al. (2011). We first recall
the observed range of temperatures of massive isolated
white dwarfs 1.14× 104 K ≤ T ≤ 5.52× 104 K; see Table
1 in (Ferrario et al. 2005). From the broad band Hubble
Space Telescope imaging of the field of SGR 0418+5729,
the upper limits of the black body surface temperature,
T < 3.14× 104 K and T < 1.18× 104 K in the F110W and
F606W filters, can be established for a radius R = 108

cm. In this respect is also worth to recall the optical ob-
servations of AXP 4U0142+61 of Hulleman et al. (2000).
The photometric results of the field of 4U0142+61 at the
60-inch telescope on Palomar Mountain are in agreement
with a 1.3M⊙ white dwarf with a surface temperature
∼ 4× 105 K (see Hulleman et al. 2000, for details). These
results are therefore fully consistent with the SGR/AXP
white dwarf model, and follow-on missions of Hubble and
VLT are strongly recommended.

8. The connection with supernova remnants

We would like to address the special issue of the super-
nova remnants energetics and their association with SGRs
and AXPs. A firm association between SGRs/AXPs and
supernovae have been purported by Gaensler et al. (2001)
in the cases 1E 1841–045 (SNR G27.4+0.0, Kes 73), AX
J1845.0–0258 (SNR G29.6+0.1), and 1E 2259+586 (SNR
G109.1–1.0, CTB 109). See also Gelfand & Gaensler
(2007) for the possible association 1E 1547.0-5408 (SNR
G327.24-0.13). What is of interest for us here is the spe-
cial issue of the energetics of the supernova remnant and
the present of an SGR or an AXP.

Paczynski, in the case of AXP 1E 2259+586, attempted
to explain the supernova remnant by assuming a merger
of a binary system of ordinary white dwarf of mass ∼
(0.7–1)M⊙ based on models by Iben & Tutukov (1984)
and Paczynski (1985) leading both to the formation of a
fast rotating white dwarf and to the supernova remnant.
Recent simulations of white dwarf-white dwarf mergers
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(see e.g. Pakmor et al. 2010) point that mergers of (0.8–
0.9M⊙) produce supernova events generally not very effi-
cient energetically, well below the observed explosion en-
ergy ∼ 7.4×1050 erg of the supernova remnant G109.1-1.0
associated to 1E 2259+586 (see e.g. Sasaki et al. 2004).

In the intervening years much more has been under-
stood on the process of gravitational collapse and on the
composition of the material surrounding neutron stars and
black holes both from pulsar observations and Gamma
Ray Bursts. Fascinating evidence for the presence of plan-
ets around pulsars in supernova remnants has been estab-
lished (see e.g. Konacki et al. 1999; Hansen 2002; Konacki
& Wolszczan 2003). Similarly, the presence of many body
process of gravitational collapse has been evidenced for
Gamma Ray Bursts (see e.g. Ruffini 2009).

In view of the above, we advance the possible scenario in
which the SGRs/AXPs and the supernova remnant origi-
nate from a very close binary system composed of a white
dwarf and a companion late evolved star, close to the pro-
cess of gravitational collapse. The collapse of the compan-
ion star, either to a neutron star or to a black hole, leads
to mass loss which can unbind the original binary system.
Three possible cases can occur (see e.g. Ruffini 1973): if
the loss of mass in the supernova explosion is Mloss <M/2,
being M the total mass of the binary, the system holds
bound; 2) if Mloss ∼ M/2 then the system becomes un-
bound and the white dwarf is expelled at nearly orbital
motion velocity; and 3) if Mloss >>M/2 the white dwarf is
kicked out with very high runaway velocities. Only in the
first case the object will lie at the center of the supernova
remnant. For a review on the evolution of binary systems
see Stairs (2004) and for a detailed treatment of the prob-
lem of runaway velocities from supernova explosions see
Tauris & Bailes (1996); Tauris & Takens (1998).

The white dwarf in this picture does not participate
either to the gravitational collapse nor to the formation
of the supernova remnant: it can have a period and a life
time determine essentially by the prior evolution of the
binary system. This explains the disagreement between
the age of the supernova remnant and the characteristic
age of the SGR/AXP when inferred by a neutron star
model. In the case of large kick velocities the runaway
white dwarf can collide with the surrounding material in
the supernova remnant and very likely also with planets.
Such collisions may well originate changes in the moment
of inertia of the white dwarf, consequently in its rotational
period, leading to glitches and burst activity.

In the above context it is appropriate to recall the pi-
oneering work of Katz (1996) on explaining the super-
Eddington luminosities in the flaring episodes of SGRs
and AXPs as originating in accretion process of plane-
tary fragments, in particular, the important role of mag-
netic confinement of an e+e− pair plasma. The model
explains the observed self-absorbed thermal spectrum of
flares and their nearly independence on their luminosity.
Katz (1996) has shown that the infall of planetary frag-
ments may lead to a continuous injection of energy to the
magnetosphere which leads to magnetic confinement of
the source if the magnetic field satisfies

B >

√

2L

cR2
= 2.6× 107

√

L41

R2
8

G , (16)

where L41 is the luminosity in units of 1041 erg/s and R8

is the radius of the source in units of 108 cm.
In the case when the radiation is not being continuously

resupplied, but it is initially contained within the volume
∼ 4πR3/3, the minimum magnetic field for confinement is
given by

B >

√

6Lτ

R3
= 2.45× 108

√

L41τ0.1

R3
8

G , (17)

where τ0.1 is the time τ during which the source is ra-
diating at a luminosity L, in units of 0.1 s. The fiducial
values for L and for τ has been chosen here to be typical of
the bursting activity of SGRs/AXPs (see e.g. Mereghetti
2008). The above two bounds for the magnetic field are
indeed in line with the surface magnetic fields obtained
in this paper; see Fig. 3 for details. Thus, the super-
Eddington luminosities observed in the outbursts can be
well explained within the white dwarf model and there
is no need of introducing the huge magnetic fields of the
magnetar model (Paczynski 1992; Thompson & Duncan
1995).

9. On the fiducial neutron star and white dwarf

parameters in light of recent theoretical

progress

Before concluding, we would like to introduce a word of
caution on the fiducial values adopted both for the neutron
star and the white dwarf in the above Sections. In the
intervening years much more have been learned on the
equation of state and on a more complex description of the
structure parameters of both white dwarfs and neutron
stars.

The equations of equilibrium of neutron stars, tradi-
tionally based on the Tolman-Oppenheimer-Volkoff equa-
tions, have been superseded by an alternative formula-
tion based on the general relativistic Thomas-Fermi con-
ditions of equilibrium within the Einstein-Maxwell equa-
tions Rueda et al. (2011). Correspondingly, the above val-

ues of
√

I/R6 in Eq. (3) estimated int he fiducial param-
eters, leading to Eq. (13), can acquire in fact values in the

range 0.44 <
∼
√

I/R6/
√

If/R6
f

<
∼ 0.56, where the subscript

‘f’ stands for fiducial parameter. This range corresponds
to the range of masses 0.5 <

∼M/M⊙
<
∼ 2.6 (Belvedere et al.

2011). Correspondingly, the magnetic field is in the range
0.44 <

∼B/BNS
f

<
∼ 0.56, where BNS

f is given by Eq. (13).
Similar considerations apply for the white dwarf case.

General relativistic white dwarfs taking into account nu-
clear, weak and electromagnetic interactions have been re-
cently constructed (Rotondo et al. 2011) following the new
equation of state for compressed nuclear matter given by
Rotondo et al. (2011). The case of rotating white dwarfs
in general relativity has been studied by Boshkayev et al.
(2011). It has been found that white dwarfs can be as
fast as PWD

min ∼ 0.3 s and as massive as Mmax ∼ 1.5M⊙;
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Fig. 9. Ratio between the observed X-ray luminosity LX and
the loss of rotational energy Ėrot describing SGRs and AXPs
by rotation powered white dwarfs. The green star and the
green triangle correspond to SGR 0418+5729 using respec-
tively the upper and the lower limit of Ṗ given by Eq. (2). The
blue squares are the only four sources that satisfy LX < Ėrot

when described as rotation powered neutron stars (see Fig. 6
for details).

see Sec. 5 for details. For example, a white dwarf of
M = 1.44M⊙ rotating with period P = 3.2 s, will have an
equatorial radius Req ∼ 3604 km, polar radius Rp ∼ 2664
km, and moment of inertia I ∼ 2.9× 1049 g cm2. In this

case we will have
√

I/R6/
√

If/R6
f ∼ 0.01 and therefore

B/BWD
f ∼ 0.01 where BWD

f is given by Eq. (4).
This issue is particularly relevant to the study of the

four sources in Fig. 6. These sources can be definitely
explained within a unified framework of rotating white
dwarfs with all the other SGRs and AXPs. In view of
the parameters recently obtained they may be also in-
terpreted as regular neutron stars with a barely critical
magnetic field. For these sources an option remain open
for their interpretation as white dwarfs or neutron stars.
A more refined analysis will clarify the correctness of the
two possible interpretations both, in any case, alternative
to the magnetar model.

10. Conclusions and remarks

The recent observations of the source SGR 0418+5729
cast a firm separatrix in comparing and contrasting the
two models for SGRs and AXPs based respectively on
an ultramagnetized neutron star and on a white dwarf.
The limit on the magnetic field derived in the case of a
neutron star B = 7.5× 1012 G makes it not viable as an
explanation based on the magnetar model both from a
global energetic point of view and from the undercritical
value of the magnetic field. In the white dwarf model,
the picture is fully consistent. It is interesting that the
rotational energy loss appears to approach the value of
the observed X-ray luminosity with time (see Fig. 9) as
the magnetospheric activity settles down.

The description of SGR 0418+5729 as a white dwarf
predicts the lower limit of the spin-down rate Ṗ given by
Eq. (2), the surface magnetic field field is, accordingly to
Eq. (4), constrained by 1.05× 108 G < BSGR0418+5729 <
7.47× 108 G (see Fig. 3). The campaign of observations
launched by the Fermi and Agile satellites will address
soon this issue and settle in the near future this theoretical
prediction.

The characteristic changes of period ∆P/P ∼−(10−7–
10−3) and the relating bursting activity ∼ (1041–1046) erg
in SGRs and AXPs can be well explained in term of the ro-
tational energy released after the glitch of the white dwarf.
It is also appropriate to recall that fractional changes, on
scales |∆P |/P <

∼10−6 are also observed in pulsars and rou-
tinely expressed in terms of the release of rotational energy
of the neutron star, without appealing to any magnetars
phenomena; e.g. the glitch/outburst activity experienced
in June 2006 by PSR J1846-0258 (see Sec. 6).

In the magnetar model the dipole field is invoked to ex-
plain the period and the slowing down of the star leading
to enormous magnetic fields ∼ 1014–1015 G, see e.g. Fig. 5.
The steady emission as well as the transient activity needs
an additional explanation as due to the decay of strong
multipolar magnetic fields (see e.g. Tong et al. 2011, and
references therein). In the case of a model based on quark
stars, a second component represented by an accretion
disk around the star is also required to explain the ener-
getics, without appealing to ultra-strong magnetic fields
(Xu et al. 2006; Tong et al. 2011). In the case of the model
based on a rotating magnetized white dwarf, we show that
the occurrence of the glitch, the associated sudden short-
ening of the period, as well as the corresponding gain of
rotational energy, can be explained by the release of grav-
itational energy associated to a sudden contraction and
decrease of the moment of inertia of the white dwarfs,
consistent with the conservation of the angular momen-
tum. The energetics of the steady emission as well as the
one of the outbursts following the glitch can be simply
explained in term of the loss of the rotational energy, in
view of the moment of inertia of the white dwarfs, much
larger than the one of neutron stars or quark stars, see
Eqs. (8) and (9).

The observation of massive fast rotating highly mag-
netized white dwarfs by dedicated missions as the one
leadered by the X-ray Japanese satellite Suzaku (see e.g.
Terada et al. 2008c) has led to the confirmation of the ex-
istence of white dwarfs sharing common properties with
neutron star pulsars, hence their name white dwarf pul-
sars. The theoretical interpretation of the high-energy
emission from white dwarf pulsars will certainly help to
the understanding of the SGR and AXP phenomena (see
e.g. Kashiyama et al. 2011).

We have given evidence that all SGRs and AXPs can
be interpreted as rotating white dwarfs providing that the
rotational period satisfies P > PWD

min ∼ 0.3 s.
Concerning the rotational period of SGRs and AXPs,

it becomes interesting to confront our general relativis-
tic results on uniformly rotating white dwarfs (Boshkayev
et al. 2011) with the interesting work of Ostriker &

August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408



12 [Vol. ,

Bodenheimer (1968) on differentially rotating Newtonian
white dwarfs.

Regarding magnetized white dwarfs, the coupling be-
tween rotation and Rayleigh-Taylor instabilities arising
from chemical separation upon crystallization may have
an important role in the building of the magnetic field of
the white dwarf Garcia-Berro et al. (2011).

We encourage observational campaigns from space and
ground for gaining understanding in the most fundamental
issue of relativistic astrophysics: the identification of the
SGRs/AXPs energy source.

We are grateful to the referee for a clear formulation
of a number of fundamental issues which we have ad-
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Note added after submission: We stress here the most

recent observations of PSR J1841–0500 with rotation pe-
riod P = 0.9 s. This pulsar is located at only 4′ from the
AXP 1E 1841–0451, associated to the supernova remnant
Kes 73 (see Camilo et al. 2011, for details). Such a discov-
ery represents a clear observational support for the predic-
tion of the binary scenario we introduced in Sec. 8, leading
to an SGR/AXp, a supernova remnant and an additional
neutron star or black hole. Deep searches for radio pul-
sations in the vicinities of the other sources AX J1845.0–
0258, associated to SNR G29.6+0.1, 1E 2259+586, associ-
ated to SNR G109.1–1.0 (CTB 109), and 1E 1547.0-5408
associated to SNR G327.24-0.13, are highly recommended.
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SGR 1806-20 SGR 0526-66 SGR 1900+14 SGR 0418+5729
P (s) 7.56 8.05 5.17 9.08

Ṗ (10−11) 54.9 6.5 7.78 < 6.0× 10−4

Age (kyr) 2.22 1.97 1.05 24.0× 103

LX(1035 erg/s) 1.50 2.1 1.8 6.2× 10−4

kT (kev) 0.65 0.53 0.43 0.67

ĖWD
rot (1037 erg/s) 50.24 4.92 22.24 3.2× 10−4

BWD(109 G) 206.10 73.18 64.16 0.75

RWD(10−5) 0.65 2.06 4.07 2.4× 10−4

ĖNS
rot (1035 erg/s) 0.502 0.05 0.22 3.2× 10−6

BNS(1014 G) 20.61 7.32 6.42 0.075

RNS 0.065 0.21 0.41 2.4× 10−5

1E 1547-54 1E 1048-59 1E 1841-045 1E 2259+586
P (s) 2.07 6.45 11.78 6.98

Ṗ (10−11) 2.32 2.70 4.15 0.048

Age (kyr) 1.42 3.79 4.50 228.74

LX(1035 erg/s) 0.031 0.054 2.2 0.19

kT (kev) 0.43 0.62 0.38 0.41

ĖWD
rot (1037 erg/s) 103.29 3.97 1.01 0.056

BWD(109 G) 22.17 42.22 70.71 5.88

RWD(10−5) 0.07 0.028 8.16 0.49

ĖNS
rot (1035 erg/s) 1.03 0.040 0.010 5.62× 10−4

BNS(1014 G) 2.22 4.22 7.07 0.59

RNS 0.007 0.0028 0.82 0.049

Table 3. SGRs and AXPs as white dwarfs and neutron stars. The rotational period P , the spin-down rate Ṗ , the X-ray luminosity
LX and the temperature T have been taken from the McGill online catalog at www.physics.mcgill.ca/∼pulsar/magnetar/main.html.
The characteristic age is given by Age = P/(2Ṗ ), the loss of rotational energy Ėrot is given by Eqs. (5) and Eq. (1) and the surface
magnetic field is given by Eqs. (4) and (13) for white dwarfs and neutron stars respectively. The filling factor R is given by Eq. (15).
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From super-charged nuclei to massive nuclear density cores

Vladimir Popov

Institute of Theoretical and Experimental Physics 117218 Moscow, Russia

Abstract. Due toe+e−-pair production in the field of supercritical(Z ≫ Zcr ≈ 170) nucleus an electron shell, created out
of the vacuum, is formed. The distribution of the vacuum charge in this shell has been determined for super-charged nuclei
Ze3 >∼ 1 within the framework of the Thomas-Fermi equation generalized to the relativistic case. ForZe3≫ 1 the electron shell
penetrates inside the nucleus and almost completely screens its charge. Inside such nucleus the potential takes a constant value
equal toV0 =−(3π2np)

1/3 ∼−2mπ c2, and super-charged nucleus represents an electrically neutral plasma consisting ofe, p
andn. Near the edge of the nucleus a transition layer exists with a widthλ ≈ α−1/2h̄/mπ c∼ 15 fm, which is independent of
Z (h̄/mπ c≪ λ ≪ h̄/mec). The electric field and surface charge are concentrated in this layer. These results, obtained earlier
for hypothetical superheavy nuclei withZ ∼ A/2 <∼ 104÷ 106, are extrapolated to massive nuclear density cores having a

mass numberA ≈ (mPlanck/mn) ∼ 1057. The problem of the gravitational and electrodynamical stability of such objects is
considered. It is shown that forA >∼ 0.04(Z/A)1/2(mPlanck/mn)

3 the Coulomb repulsion of protons, screened by relativistic
electrons, can be balanced by gravitational forces. The overcritical electric fieldsE ∼ m2

π c3/eh̄ are present in the narrow
transition layer near the core surface.

The Dirac equation for an electron in the field of a
point-like electric chargeZe loses its sense forZ > 137,
since the energiesεn of the bound statesns1/2 andnp1/2
become complex [1]-[3]. For instance, in the case of the
lowest energy levels one has

ε(1s1/2) = mec2
√

1−ζ 2− for the ground state, (1)

ε(2s1/2) = ε(2p1/2) = mec2

√

1+
√

1−ζ 2

2
, (1′)

ε(2p3/2) = mec2
√

1−ζ 2/4, ...,

where 0< ζ ≡ Zα < 1, α = e2/h̄c = 1/137, me is
the electron mass and the potential is assumed to be
V (r) = −ζ/r, 0 < r < ∞. Analogous singularities at
ζ = 1 appear for allns1/2 andnp1/2 states:

εn/mec2 =
n−1+

√

1−ζ 2

[ N2 +2(n−1)
√

1−ζ 2 ]1/2
=

=
n−1

N
+

1
N3

√

1−ζ 2 +
(n−1)(N2−3)

2N5 (1−ζ 2)+

+O((1−ζ 2)3/2), ζ → 1, (2)

where N =
√

n2−2n+2 and εn = mec2
√

1−N−2 at
ζ = 1. In particular, for the case of highly-excited,n≫ 1,

states

ε/mec2 = 1− ζ 2

2n2 −
ζ 4

n3(1+
√

1−ζ 2)
+ ..., 0 < ζ < 1.

(2′)
The appearance of complex energiesεn(ζ ) at ζ >

1 contradicts to unitarity and hermiticity of the Dirac
Hamiltonian, so an immediate analytical contituation of
the previous formulae toZ > 137 region is impossible.
Analogous singularities exist for other physical quanti-
ties, for example, for the mean radius and the magnetic
moment of the ground state,

〈r〉=
1+2

√

1−ζ 2

2ζ
· lC, µ =

1
3
(1+2

√

1−ζ 2)µB,

(1′′)
wherelC = h̄/mec = αaB andµB = eh̄/2mec.

Many aspects of Quantum Electrodynamics of strong
fields are considered in refs.[5-29], including the rela-
tivistic Coulomb problem withZ > 137 [5,6,11-15], the
critical nuclear chargeZcr [5,11,15], vacuum polariza-
tion and superbound electrons in the lower continuum at
Z > Zcr [10,13,17], spontaneous production of positrons
at Z > Zcr [6,8,12] and in collisions of two heavy nuclei
with united chargeZ1+Z2 > Zcr [10,13,14], the Thomas-
Fermi approach for super-charged nuclei [7,18],e+e−-
pair creation from vacuum in strong electric field and by
intense laser radiation [22-27], etc. For further details see
the reviews [9,10,13,21,28].
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The difficulty 1 arising atζ ≥ 1, which sometimes
is called “Z = 137 catastrophe” [28], is removed if one
takes into account the finite size of nucleus [4]

V (r) =−Zα
r

f (r/rN), (3)

where the cut-off functionf depends on the distribution
of electric charge inside the nucleus. For example, the
function

f (x) =







x(3− x2)/2, 0 < x < 1

1, x≡ r/rN > 1
(3′)

corresponds to uniform volume density of electric charge
Ze and is frequently used in calculations. Here the poten-
tial at the centre of nucleus is finite,V (0) =−1.5Zα/rN .

When a finite radiusrN > 0 is introduced, the ground
level 1s1/2 is going down monotonously whileZ in-
creasing and reaches the boundary of the lower contin-
uum ε = −mec2 for Z = Zcr ≈ 170 [5,11,15]. It can be
shown that the asymptotic expressions for 1s1/2 energy
are [12,13]

ε(1s1/2)

mec2 =







√

1−ζ 2 coth(Λ
√

1−ζ 2), 0 < ζ ≤ 1,

√

ζ 2−1 ctg(Λ
√

ζ 2−1), ζ ≥ 1,
(4)

whereζ = Zα, Λ = ln(lC/rN) ≫ 1 is a logarithmic pa-
rameter in the problem considered andlC = h̄/mec = 386
fm is the Compton wave length for electron. Eqs.(4) ex-
plicitly show thatζ = 1 is not a singular point for the
energyε(ζ ), on the contrary to the case of a point-like
charge, and energy levelsε(n, j) of the bound states
1s,2p,2s, ... smoothly continue to drop into the lower
continuum asZ increases, until atZ = Zcr(n, j) its energy
reaches the boundary of the lower continuum. Numerical
values of the “critical nuclear charge”Zcr(n, j) were ob-
tained by different calculation methods from the equation
ε(n, j) =−mec2, see [5,10,11-13] and references therein.
A simple asymptotic formula forZcr follows from eq.(4)
and analogous equations for 2p,2s, ... states:

Z̃crα = 1+
n2

r π2

2Λ(Λ+ cn j)
+O(Λ−4), (5)

wherenr = n for ns-states,nr = n−1 for np1/2-states,n
= 1,2,3, ... is the principal quantum number,cn j = 2n for
ns-states,cn j =

√
2−1 for 2p1/2-state and the condition

1 Similar situation takes place in other problems with the so-called “fall
down to the center” in quantum mechanics, see § 35 in ref.[30]. For so-
lutions of the Dirac equation with a point-like Coulomb potential “fall
down to the center” begins atζ = j +1/2, wherej = 1/2,3/2,5/2, ...
is the total angular momentum of the electron state [10,31].

Λ ≫ n was assumed. As can be seen from the following
Table, the approximation (5) is rather good for the lowest
levels of the electron spectrum, though the expansion
parameterΛ∼ 3.7 is not very large.

Critical nuclear charge for the low-lying states of
electron spectrum

Atomic Z(0)
cr Zcr Z̃cr ζcr rN , f m Λ

state

1s1/2 168.8 172 169 1.255 9.14 3.74

2p1/2 181.3 185 181 1.350 9.33 3.72

2s1/2 232 239 232 1.745 10.1 3.64

3p1/2 254 263 – 1.920 10.5 3.60

Footnote to the Table: the values ofZ(0)
cr correspond

to the “naked nucleus” with the cut-off model (3′), Zcr
are calculated with account of screening of the Coulomb
field V (r) = −ζ/r by outward electrons (except of the
K-shell, which is supposed to be ionized),ζcr = Zcr/137,
and the values̃Zcr are calculated by the asymptotic for-
mula (5).

Note that the electric fieldE(r) near surface of a heavy
nucleus,r ≈ rN = 1.2A1/3 fm, is much larger than the
“critical” or Schwinger field in QED [22]:

Ecr = m2
ec3/eh̄ = 1.32·1016 V/cm, (6)

and the Coulomb field of a heavy nucleus is equal to

E(r) = Ze/r2, r > rN ; E(rN)/Ecr = Zα (lC/rN)2. (7)

So, E(rN) ≈ 1800 Ecr for U nucleus (Z = 92,A =
238,rN = 7.45 fm) andE(rN)≈
2200Ecr for Z = 172 (A = 2.6 Z, rN = 9.2 fm). How-
ever, the static supercritical fieldE(r) is strongly inho-
mogeneous and exists only in a small space region near
rN , therefore noe+e− pairs can be produced by this field
if Z < Zcr. As is seen from eq.(7), the Coulomb field is
larger thanEcr only at distances2 r <∼ lC.

The same is true also for the field (17) of the massive
nuclear density core, where

2 Note thatE(lC) = Ecr if Z = α−1 = 137, andE(r) > Ecr at r <√
Zα lC.
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E(r)≈ Emax ·ξ−2 ∼ Emax

(

λ
r−Rc

)2

, ξ ≫ 1, (8)

the parametersξ andλ are defined in Eq.(14) below and
E(r) > Ecr only near the core radius,

r−Rc <∼ λ
√

Emax/Ecr ∼ α−1/4lC. (9)

Therefore the well-known formula [22] for pair pro-
duction probability in homogeneous electrostatic field,
w ∝ (E/Ecr)

2 ·exp(−πEcr/E), is not applicable in these
cases.

ForZ > Zcr the vacuum becomes unstable with respect
to production ofe+e−-pairs. On account of the Pauli
principle the number of produced pairs is determined by
the number of discrete levels, which have descended into
the lower continuum. Passing through the Coulomb bar-
rier positrons go out to infinity, while electrons remain
near the nucleus, partially screening its charge. Thus, a
naked nucleus of supercritical chargeZ > Zcr will en-
velop itself with an electron shell created out of the vac-
uum; we can call this shell “the vacuum shell”

If Zα ≫ 1, the vacuum shell contains many elec-
trons 3 and statistical approach is necessary. The rela-
tivistic Thomas-Fermi equation [7,18,19] can be applied
to calculate electron densityne(r). Let V (r) be the self-
consistent potential for an electron, taking into account
both the field of the nucleus and the average field cre-
ated by other electrons of the vacuum shell. In WKB-
approximation the electron momentum is

p(r) = [ (ε−V (r))2−m2
e ]1/2, h̄ = c = 1 (10)

(in the WKB formula (10) the spin of electron is ne-
glected, which is valid for largeZ ≫ 137). The vacuum
shell of super-heavy nucleus is degenerated relativistic
Fermi-gas with electron density

ne(r) =
P3

max

3π2 =
1

3π2 (V 2 +2meV )3/2, (11)

where the value ofPmax follows from eq.(10) atε =
−me, since we are interested only in the electrons that
have dived into the continuum of the negative energy
states. The spatial distribution of vacuum electrons is
determined by the relativistic Thomas-Fermi equation

∆V =−4πe2
{

1
3π2 (V 2 +2meV )3/2−np(r)

}

(12)

with the boundary conditions:V (∞) = 0 (due to global
charge neutrality of the system) and finiteness ofV (0).

3 The values of critical chargeZcr for highly excited atomic states were
calculated in ref.[16].

Here np(r) = np θ(Rc − r) is the proton density,np =
Np n0/A≈
0.25 m3

π , n0 = 3A/4πR3
c is the ordinary nuclear density,

Np ≡ Z is the number of protons andRc = N1/3
p m−1

π is
the core radius.

The densityne(r) of electrons is determined also by
the Fermi energy condition on their Fermi momentum,
PF

e = Pmax:

EF
e = [ (PF

e )+m2
e ]1/2−me−V (r) = 0, (13)

which immediately leads to eq.(10). The equations for
neutron, proton and electron densities have been inte-
grated numerically [20].

If Npe3 >> 1, the electric field is concentrated in a
narrow transition layer [7,18] of thickness∼ λ ≈ 15 fm
near r = Rc >> λ , therefore geometry reduces to the
plane one. In the variablesχ andξ one has4

V (r) =−(3π2np)
1/3χ , ξ = (r−Rc)/λ ,

λ−1 = 2(π/3)1/6√α n1/3
p ≈

√
α mπ , (14)

whereλ ≪ lC:

λ/lC ∼
1√
α
· me

mπ
≈ 1

25
. (14′)

Therefore Eq.(12) becomes

d2χ/dξ 2 = χ3−θ(−ξ ), χ(−∞) = 1, χ(∞) = 0 (15)

and can be solved analitically [18]:

χ(ξ )=







1−3[ 1+2−1/2sinh(a−ξ
√

3) ]−1, ξ < 0,

21/2(ξ +b)−1, ξ > 0,
(16)

whereθ(x) is the Heaviside step function and the inte-
gration constants are

a = Arsh(11
√

2) = 3.439, b =
4
3

√
2 = 1.868. (16′)

Note that atξ < 0, i.e. inside the superheavy nucleus

χ(ξ )≈ 1−0.272 exp(ξ
√

3)→ 1, | ξ |≫ 1 (17)

The electric field of the system

E(ξ ) =

(

35π
4

)1/6√
α

m2
π

e
χ ′(ξ ) (18)

is damped exponentially inside the nucleus:E(ξ ) ∝
exp(ξ

√
3) asξ → ∞ andE(ξ ) ∝ ξ−2 → 0 in the outer

4 Note that the thickness of the transition layerλ does not depend on
values of the core radiusRc and the mass numberA, if Rc ≫ λ .
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region,r > Rc. The field attains its maximal strength at
the edge of super-charged nucleus

Emax = 0.95
√

α
m2

π
e
≈
√

α
(

mπ
me

)2

Ecr, r = Rc. (19)

So, Emax ≈ 6000 Ecr, which exceeds the characteristic
field (6) in QED and is of the same order of magnitude as
electric field (7) at surfaces of heavy nuclei withZα >∼ 1.

In the regionRc−r≫ λ the electric field is practically
absent, and the electrically neutral plasma is formed
inside the supercharged nucleus, where the densitiesne
andnp are equal and the potential is practically constant:

V (r)≈V (0) =−
(

9π
4

)1/3

mπ ≈−1.92 mπ . (20)

The uncompensated charge is situated in a layer of finite
thickness∼ λ near the edge of the nucleus,h̄/mπ c ≪
λ ≪ h̄/mec. Though the formation of electrically neutral
plasma inside a supercharged nucleus,Ze3≫ 1, strongly
diminishes the Coulomb energy of nucleus5, but it re-
mains positive and impedes the stability of such gigantic
nuclei. So, the conclusion of ref.[18] is that nuclei with
a mass numberA ∼ 104− 106 are unstable due to the
Coulomb repulsion of protons and can not exist in Na-
ture.

However, the situation may be changed considerably
if one accounts a gravitational attraction. Let us start
with a simple qualitative estimate. The Coulomb energy
is EC ∼ E2

maxR2
cλ , which is mainly distributed within a

thin shell of widthλ and radiusRc ≫ λ . To ensure the
stability of the system, the attractive gravitational energy
of the shell (its massm ∼ Mλ/Rc, M = Amn is mass of
the core)

Egr ≈−
GMm

Rc
∼−GM2λ

R2
c

=−Gm2
nA2λ
R2

c
(21)

has to be larger than the repulsive Coulomb energyEC.
Since| Egr |∼A4/3, whileEC ∼A2/3 asA→∞, a crossing
| Egr |= EC necessarily exists:

| Egr |
EC

∼ Gm2
nA2/3 = (mn/mPlanck)

2A2/3, (22)

wheremPlanck =
√

h̄c/G∼ 10−5g is the Planck mass and
mn ∼ 10−24g is the nucleon mass. So,| Egr |> EC at

A >∼ (mPlanck/mn)
3 ≈ 1057, Rc = 1.2A1/3 fm ∼ 106cm,

(23)

5 Due to the screening effect, the Coulomb energyE
(0)

C = 3(Npe)2/5Rc
of a uniformly charged sphere (without screening) diminishesby 1.7
Ze3 times of magnitude [16].

which are typical values for neutron stars. The Coulomb
repulsion of protons, screened by relativistic electrons,is
now balanced by gravitational forces.

The more accurate derivation of gravitational and elec-
trodynamical stability is based on the analytic solution
(16) of the Thomas-Fermi equation. The Coulomb en-
ergy EC and gravitational energyEgr of the thin proton
shell are [29]

EC =
∫

E2

8π
d3r =

R3
c (eV (0))3

(3πα)1/2

∞
∫

−∞

[ χ ′(ξ ) ]2dξ =

=
0.345√

α
A2/3

(

Np

A

)2/3

mπ c2, (24)

Egr =−GMm
Rc

≈ −3 Gm2
n√

α
A4/3

(

Np

A

)1/3 mπ e
h̄

, (25)

where m is the mass of the layer andGm2
n =

h̄c (mn/mPlanck)
2. Hence,| Egr |> EC at A > AR,

AR ≈ 0,039

(

Np

A

)1/2(mPlanck

mn

)3

, (26)

which establishes a lower limit for the mass numberA
necessary for the stability of the massive nuclear density
cores.

However, besides the Coulomb energyEC, the kinetic
energy of the degenerated electronic Fermi-gas exists,

Ekin = ne〈p〉V =
3
4

NpPF , (27)

where we took into account that the mean energy of par-
ticles in the degenerated relativistic Fermi-gas is〈ε〉 =
〈p〉 = 3

4PF . The energyEkin also impedes the stability
of the system and it should be compensated by the to-
tal gravitational energy of the coreEG = −3GM2/5Rc.
A simple calculation shows that| EG |> Ekin for

A > c1

(

Np

A

)2(mPlanck

mn

)3

, (28)

wherec1 is a numerical constant of the order of unity.
So, we again arrive at the condition, similar to Eq.(26),
which is necessary for stability of massive nuclear den-
sity cores. Therefore it seems possible to formulate a
consistent stable model of massive cores in terms of
gravitational, strong, electromagnetic and weak interac-
tions and quantum statistics. Certainly, many aspects of
the problem of stability remain unsolved and further in-
vestigations are necessary.

This work is based on the papers [18,29]. I would like
to thank Professor R.Ruffini, who initiated this work,
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and also V.Mur, L.Okun’, M.Trusov, G.Vereshchagin,
D.Voskresensky, and S.-S.Xue for valuable discussions
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ICRANet (Pescara, Italy) and Russian Foundation for
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In a unified treatment we extrapolate results for neutral atoms with heavy nuclei to
nuclear matter cores of stellar dimensions with mass numbers A ≈ (mPlanck/mn)3 ∼
1057. We give explicit analytic solutions for the relativistic Thomas–Fermi equation of
Nn neutrons, Np protons and Ne electrons in beta equilibrium, fulfilling global charge
neutrality, with Np = Ne. We give explicit expressions for the physical parameters
including the Coulomb and the surface energies and we study as well the stability of such
configurations. Analogous to heavy nuclei these macroscopic cores exhibit an overcritical
electric field near their surface.
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1. Introduction

The model we consider here generalizes the relativistic Thomas–Fermi treatment for
neutral atoms with heavy nuclei.1–6 The study of neutral atoms with nuclei of mass
number A ∼ 102–106 is a classic problem of theoretical physics.5,7 Special attention
has been given to a possible vacuum polarization process and the creation of e+e−

pairs1,5,7 as well as to the study of nuclear stability against Coulomb repulsion.3

The existence of electric fields larger than the critical value Ec = m2
ec

3/(e�) near
their surfaces has also been shown.4 We have generalized these models by enforcing
the beta equilibrium conditions.8

We have then extrapolated those results by numerical integration to the case of
nuclear matter cores of stellar dimensions of mass ≈ 1M� and radius Rc ≈ 10Km.8

Such a nuclear matter core of stellar dimensions is a degenerate globally neutral
system of Nn neutrons, Np protons and Ne electrons in beta equilibrium at nuclear
density having mass numbers A ∼ (mPlanck/mn)3 where mn (me) is the neutron
(electron) mass and mPlanck = (�c/G)1/2.8 As in the nuclear model,6 the proton
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distribution is here assumed to be constant up to the core radius Rc. We have
obtained configurations with global charge neutrality Np = Ne but np �= ne, in
contrast with the local condition np = ne traditionally assumed in astrophysics. As
a result electric fields of critical value are confirmed to exist, near the surface, also
in the case of nuclear matter cores of stellar dimensions in analogy to the case of
heavy nuclei.

Recently a new dimensionless form of the relativistic Thomas–Fermi treatment
for a nuclear density core has been obtained which reveals the existence of new
scaling laws for this model.9

We confirm the existence of and give an analytic expression for the overcrit-
ical electric field near the surface of nuclear matter cores of stellar dimensions
already obtained in Ref. 8 by numerical integration. Furthermore there are a vari-
ety of new results made possible by the new analytic formulation. First we give an
explicit expression for the Coulomb energy of such cores, demonstrating their sta-
bility against nuclear fission, as opposed to the case of heavy nuclei. Secondly on the
basis of Newtonian gravitational energy considerations we propose the existence of a
possible new island of stability for mass numbers A > AR = 0.039(Np

A )1/2(mPlanck
mn

)3.

2. The Relativistic Thomas–Fermi Equation and the Beta
Equilibrium Condition

Here we generalize the work of Greiner1–3 and Popov.4–6 We have relaxed the
condition Np � A/2 adopted by Popov and Greiner as well as the condition
Np � [2/A + 3/(200A1/3)]−1 adopted by Ferreirinho, Ruffini and Stella.10 Instead
we explicitly impose the beta decay equilibrium between neutrons, protons and
electrons. We then extrapolate such model to the case A ≈ (mPlanck/mn)3 ∼ 1057.
A supercritical field still exists in a shell of thickness ∼ �/(

√
αmπc) at the core

surface, and a charged lepton-baryonic core is surrounded by an oppositely charged
leptonic component. Such nuclear matter cores of stellar dimensions, including the
leptonic component, are globally neutral.

As usual we assume that the protons are distributed at constant density np

within a radius

Rc = ∆
�

mπc
N1/3

p , (1)

where ∆ is a parameter such that ∆ ≈ 1 (∆ < 1) corresponds to nuclear (supranu-
clear) densities when applied to ordinary nuclei. The overall Coulomb potential
satisfies the Poisson equation

∇2V (r) = −4πe[np(r) − ne(r)], (2)

with the boundary conditions V (∞) = 0 (due to the global charge neutrality of
the system) and finiteness of V (0). The density ne(r) of the electrons of charge −e
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is determined by the Fermi energy condition on their Fermi momentum PF
e ; we

assume here EF
e = [(PF

e c)2 + m2
ec

4]1/2 −mec
2 − eV (r) = 0, which leads to

ne(r) =
(PF

e )3

3π2�3
=

1
3π2�3c3

[e2V 2(r) + 2mec
2eV (r)]3/2. (3)

By introducing the dimensionless quantities x = r/[�/(mπc)], xc = Rc/[�/(mπc)]
and χ/r = eV (r)/(c�), the relativistic Thomas–Fermi equation takes the form

1
3x

d2χ(x)
dx2

= − α

∆3
θ(xc − x) +

4α

9π

[
χ2(x)

x2
+ 2

me

mπ

χ

x

]3/2

, (4)

where χ(0) = 0, χ(∞) = 0. The neutron density nn(r) is determined by the Fermi
energy condition on their Fermi momentum PF

n imposed by beta decay equilibrium

EF
n = [(PF

n c)2 + m2
nc4]1/2 −mnc2 = [(PF

p c)2 + m2
pc

4]1/2 −mpc
2 + eV (r), (5)

which in turn is related to the proton and electron densities by Eqs. (2)–(4). These
equations have been integrated numerically.8

3. The Ultra–relativistic Analytic Solutions

In the ultrarelativistic limit, the relativistic Thomas–Fermi equation admits an ana-
lytic solution. Introducing the new function φ defined by φ = 41/3(9π)−1/3∆χ/x

and the new variables x̂ = (12/π)1/6
√

α∆−1x, ξ = x̂ − x̂c, where x̂c =
(12/π)1/6

√
α∆−1xc, then Eq. (4) becomes

d2φ̂(ξ)
dξ2

= −θ(−ξ) + φ̂(ξ)3 , (6)

where φ̂(ξ) = φ(ξ+ x̂c). The boundary conditions on φ̂ are: φ̂(ξ) → 1 as ξ → −x̂c 	
0 (at the massive core center) and φ̂(ξ) → 0 as ξ →∞. The function φ̂ and its first
derivative φ̂′ must be continuous at the surface ξ = 0 of the nuclear matter core of
stellar dimensions. Equation (6) admits an exact solution

φ̂(ξ) =




1− 3
[
1 + 2−1/2 sinh(a−√3ξ)

]−1
, ξ < 0,

√
2

(ξ + b)
, ξ > 0,

(7)

where the integration constants a and b have the values a = arcsinh(11
√

2) ≈ 3.439,
b = (4/3)

√
2 ≈ 1.886. Next we evaluate the Coulomb potential energy function and

by differentiation, the electric field

eV (ξ) =
(

9π

4

)1/3 1
∆

mπc2φ̂(ξ), E(ξ) = −
(

35π

4

)1/6 √
α

∆2

m2
πc3

e�
φ̂′(ξ). (8)

Details are given in Figs. 1 and 2.

August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408



September 16, 2011 13:9 WSPC/S0218-2718 142-IJMPD
S0218271811019918

1998 M. Rotondo et al.

-4

-3.5

-3

-2.5

-2

-1.5

-1

-0.5

 0

-10 -5  0 5 10

-e
V

/m
πc

2

ξ

∆=2.0
∆=1.0
∆=0.5

Fig. 1. The electron Coulomb potential energy −eV , in units of pion rest energy mπc2 is plotted
as a function of the radial coordinate ξ = x̂− x̂c, for selected values of the density parameter ∆.
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Fig. 2. The electric field is plotted in units of the critical field Ec as a function of the radial
coordinate ξ for ∆ = 2, showing a sharp peak at the core radius.

We now estimate three crucial quantities:
the Coulomb potential at the center of the configuration,

eV (0) ≈
(

9π

4

)1/3 1
∆

mπc2, (9)
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the electric field at the surface of the core

Emax ≈ 0.95
√

α
1

∆2

m2
πc3

e�
= 0.95

√
α

∆2

(
mπ

me

)2

Ec, (10)

the Coulomb electrostatic energy of the core

Eem =
∫

E2

8π
d3r ≈ 0.15

3�c(3π)1/2

4∆
√

α
A2/3 mπc

�

(
Np

A

)2/3

. (11)

These three quantities are functions only of the pion mass mπ, the density
parameter ∆ and of the fine structure constant α. Their formulas apply over the
entire range from superheavy nuclei with Np ∼ 103 all the way up to massive cores
with Np ≈ (mPlanck/mn)3.

4. New Results Derived from the Analytic Solutions

Starting from the analytic solutions of the previous section we obtain the following
new results.

(a) Using the solution (7), we have obtained a new generalized relation between
A and Np for any value of A. In the limit of small A this result agrees well with the
phenomenological relations given by Np � A/2 and Np � [2/A + 3/(200A1/3)]−1,
as is clearly shown in Fig. 3.
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Fig. 3. The A–Np relation at nuclear density (solid line) obtained from first principles compared
with the phenomenological expressions given by Np � A/2 (dashed line) and Np � [2/A +
3/(200A1/3)]−1 (dotted line). The asymptotic value, for A→ (mPlanck/mn)3, is Np ≈ 0.0046A.
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(b) The charge-to-mass ratio of the effective charge Q at the core surface to the
core mass M is given by

Q√
GM

≈ EmaxR
2
c√

GmnA
≈ mPlanck

mn

(
1

Np

)1/3
Np

A
. (12)

For superheavy nuclei with Np ≈ 103, the charge-to-mass ratio for the
nucleus is

Q√
GM

>
1
20

mPlanck

mn
∼ 1018. (13)

Gravitation obviously plays no role in the stabilization of these nuclei.
Instead for nuclear matter cores of stellar dimensions where Np ≈

(mPlanck/mn)3, the ratio Q/(
√

GM) given by Eq. (12) is simply

Q√
GM

≈ Np

A
, (14)

which is approximatively 0.0046 (see Fig. 3). It is well known that the charge-to-
mass-ratio (14) smaller than 1 evidences the equilibrium of self-gravitating mass-
charge system both in Newtonian gravity and general relativity (see, e.g. Ref. 11).

(c) For a massive core at nuclear density the criterion of stability against fission
(Eem < 2Es) is satisfied. In order to see this we use the surface tension of the nucleus
Ee = 17.5A2/3 MeV (see e.g. Ref. 12) and Eq. (11)

Eem

2Es
≈ 0.15

3
8

√
3π

α

1
∆

(
Np

A

)2/3
mπc2

17.5 MeV
∼ 0.1 < 1. (15)

5. Estimates of Gravitational Effects in a Newtonian
Approximation

In order to investigate the possible effects of gravitation on these massive neutron
density cores we proceed to some qualitative and quantitative estimates based on
the Newtonian approximation.

(a) The maximum Coulomb energy per proton is given by Eq. (9) where the
potential is evaluated at the center of the core. The Newtonian gravitational poten-
tial energy per proton (of mass mp) in the field of a nuclear matter core of stellar
dimensions with A ≈ (mPlanck/mn)3 is given by

Eg = −G
Mmp

Rc
= − 1

∆
mPlanck

mn

mπc2

N
1/3
p

� −mπc2

∆

(
A

Np

)1/3

. (16)

Since A/Np ∼ 0.0046 (see Fig. 3) for any value of ∆, the gravitational energy is
larger in magnitude than and opposite in sign to the Coulomb potential energy per
proton of Eq. (9) so the system should be gravitationally stable.

(b) There is yet a more accurate derivation of the gravitational stability based
on the analytic solution of the Thomas–Fermi equation (6). The Coulomb energy
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Eem given by Eq. (11) is mainly distributed within a thin shell of width δRc ≈
�∆/(

√
αmπc) and proton number δNp = np4πR2

cδRc at the surface. To ensure the
stability of the system, the attractive gravitational energy of the thin proton shell

Egr ≈ −3
G

∆
A4/3

√
α

(
Np

A

)1/3

m2
n

mπc

�
, (17)

must be larger than the repulsive Coulomb energy (11). For small A, the gravita-
tional energy is always negligible. However, since the gravitational energy increases
proportionally to A4/3 while the Coulomb energy only increases proportionally to
A2/3, the two must eventually cross, which occurs at

AR = 0.039
(

Np

A

)1/2(
mPlanck

mn

)3

. (18)

This establishes a limit for the mass number AR for the existence of an island of
stability for nuclear matter cores of stellar dimensions. To apply our criteria, in
fact, the system should be necessarily at nuclear density and this condition is only
reachable at a critical number of particles.

(c) Having established the role of gravity in stabilizing the Coulomb interaction
of the nuclear matter core of stellar dimensions, we outline the importance of the
strong interactions in determining its surface. We find for the neutron pressure at
the surface:

Pn =
9
40

(
3
2π

)1/3(
mπ

mn

)
mπc2

(�/mπc)3

(
A

Np

)5/3 1
∆5

, (19)

and for the surface tension, as extrapolated from nuclear scattering experiments,

Ps = −
(

0.13
4π

)
mπc2

(�/mπc)3

(
A

Np

)2/3 1
∆2

. (20)

We then obtain

|Ps|
Pn

= 0.39 ·∆3

(
Np

A

)
= 0.24 · ρnucl

ρsurf
, (21)

where ρnucl = 3mnA/4πR3
c . The relative importance of the nuclear pressure and

nuclear tension is a very sensitive function of the density ρsurf at the surface.
It is important to emphasize a major difference between nuclei and the nuclear

matter cores of stellar dimensions treated in this article: the gravitational binding
energy in these massive nuclear density cores is instead Egr ≈ GM�mn/Rc ≈
0.1mnc2 ≈ 93.8MeV. In other words it is much bigger than the nuclear energy in
ordinary nuclei Enuclear ≈ �

2/(mnr2
0) ≈ 28.8MeV.13
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We present the self-consistent treatment of the simplest, nontrivial, self-gravitating system of degenerate
neutrons, protons and electrons in β-equilibrium within relativistic quantum statistics and the Einstein–
Maxwell equations. The impossibility of imposing the condition of local charge neutrality on such
systems is proved, consequently overcoming the traditional Tolman–Oppenheimer–Volkoff treatment. We
emphasize the crucial role of imposing the constancy of the generalized Fermi energies. A new approach
based on the coupled system of the general relativistic Thomas–Fermi–Einstein–Maxwell equations is
presented and solved. We obtain an explicit solution fulfilling global and not local charge neutrality
by solving a sophisticated eigenvalue problem of the general relativistic Thomas–Fermi equation. The
value of the Coulomb potential at the center of the configuration is eV (0) � mπ c2 and the system is
intrinsically stable against Coulomb repulsion in the proton component. This approach is necessary, but
not sufficient, when strong interactions are introduced.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

The insurgence of critical electric fields in the process of grav-
itational collapse leading to vacuum polarization process [1] has
convinced us of the necessity of critically reexamining the grav-
itational and electrodynamical properties in neutron stars. In
this light we have recently generalized the Feynman, Metropo-
lis and Teller treatment of compressed atoms to the relativistic
regimes [2]. We have so enforced, self-consistently in a relativistic
Thomas–Fermi equation, the condition of β-equilibrium extending
the works of V.S. Popov [3], Ya.B. Zeldovich and V.S. Popov [4],
A.B. Migdal et al. [5,6], J. Ferreirinho et al. [7] and R. Ruffini and
L. Stella [8] for heavy nuclei. Thanks to the existence of scaling
laws (see [2] and [9]) this treatment has been extrapolated to
compressed nuclear matter cores of stellar dimensions with mass
numbers A � (mPlanck/mn)3 ∼ 1057 or Mcore ∼ M� . Such config-
urations fulfill global but not local charge neutrality. They have
electric fields on the core surface, increasing for decreasing values
of the electron Fermi energy E F

e reaching values much larger than
the critical value Ec = m2

e c3/(eh̄), for E F
e = 0. The assumption of

constant distribution of protons at nuclear densities simulates, in

* Corresponding author at: Dipartimento di Fisica and ICRA, Sapienza Universita’
di Roma, P.le Aldo Moro 5, I-00185 Rome, Italy.

E-mail addresses: michael.rotondo@icra.it (M. Rotondo), jorge.rueda@icra.it
(J.A. Rueda), ruffini@icra.it (R. Ruffini), xue@icra.it (S.-S. Xue).

such a treatment, the confinement due to the strong interactions
in the case of nuclei and heavy nuclei and due to both the grav-
itational field and the strong interactions in the case of nuclear
matter cores of stellar sizes.

In this article we introduce explicitly the effects of gravitation
by considering a general relativistic system of degenerate fermions
composed of neutrons, protons and electrons in β-equilibrium:
this is the simplest nontrivial system in which new electrodynam-
ical and general relativistic properties of the equilibrium config-
uration can be clearly and rigorously illustrated. We first prove
that the condition of local charge neutrality can never be imple-
mented since it violates necessary conditions of equilibrium at
the microphysical scale. We then prove the existence of a solu-
tion with global, but not local, charge neutrality by taking into
account essential gravito-electrodynamical effects. First we recall
the constancy of the general relativistic Fermi energy of each
specie pioneered by O. Klein [19]. We subsequently introduce the
general relativistic Thomas–Fermi equations for the three fermion
species fulfilling relativistic quantum statistics, governed by the
Einstein–Maxwell equations. The solution of this system of equa-
tions presents a formidable mathematical challenge in theoretical
physics. The traditional difficulties encountered in proving the ex-
istence and unicity of the solution of the Thomas–Fermi equation
[10–16] are here enhanced by the necessity of solving the gen-
eral relativistic Thomas–Fermi equation coupled with the Einstein–
Maxwell system of equations. We present the general solution for

0370-2693/$ – see front matter © 2011 Elsevier B.V. All rights reserved.
doi:10.1016/j.physletb.2011.06.041
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the equilibrium configuration, from the center of the star all the
way to the border, giving the details of the gravitational field, of
the electrodynamical field as well as of the conserved quantities.

We illustrate such a solution by selecting a central density
ρ(0) = 3.94ρnuc, where ρnuc = 2.7 × 1014 g cm−3 is the nuclear
density. We point out the existence near the boundary of the core
in the equilibrium configuration of three different radii, in de-
creasing order: Re corresponding to the vanishing of the Fermi
momentum of the electron component; P F

e = 0, R p corresponding
to the vanishing of the Fermi momentum of the proton compo-
nent; P F

p = 0 and Rn corresponding to the radius at which the

Fermi momentum of neutrons vanishes: P F
n = 0. We then give ex-

plicit expressions for the proton versus electron density ratio and
the proton versus neutron density ratio for any value of the ra-
dial coordinate as well as for the electric potential at the center of
the configuration. A novel situation occurs: the description of the
pressure and density is not any longer a local one. Their determi-
nation needs prior knowledge of the global electrodynamical and
gravitational potentials on the entire system as well as of the radii
Rn , R p and Re . This is a necessary outcome of the self-consistent
solution of the eigenfunction within general relativistic Thomas–
Fermi equation in the Einstein–Maxwell background. As expected
from the considerations in [2], the electric potential at the center
of the configuration fulfills eV (0) � mπ c2 and the gravitational po-
tential 1 − eν(0)/2 � mπ/mp . The implementation of the constancy
of the general relativistic Fermi energy of each particle species and
the consequent system of equations illustrated here is the simplest
possible example admitting a rigorous nontrivial solution. It will
necessarily apply in the case of additional particle species and of
the inclusion of nuclear interactions: in this cases however it is
not sufficient and the contribution of nuclear fields must be taken
into due account.

2. The impossibility of a solution with local charge neutrality

We consider the equilibrium configurations of a degenerate gas
of neutrons, protons and electrons with total matter energy density
and total matter pressure

E =
∑

i=n,p,e

2

(2π h̄)3

P F
i∫

0

εi(p)4π p2 dp, (1)

P =
∑

i=n,p,e

1

3

2

(2π h̄)3

P F
i∫

0

p2

εi(p)
4π p2 dp, (2)

where εi(p) =
√

c2 p2 + m2
i c4 is the relativistic single particle en-

ergy. In addition, we require the condition of β-equilibrium be-
tween neutrons, protons and electrons

μn = μp + μe, (3)

where P F
i denotes the Fermi momentum and μi = ∂E/∂ni =√

c2(P F
i )2 + m2

i c4 is the free-chemical potential of particle-species

with number density ni = (P F
i )3/(3π2h̄3). We now introduce the

extension to general relativity of the Thomas–Fermi equilibrium
condition on the generalized Fermi energy E F

e of the electron com-
ponent

E F
e = eν/2μe − mec2 − eV = constant, (4)

where e is the fundamental charge, V is the Coulomb potential of
the configuration and we have introduced the metric

ds2 = eν(r)c2 dt2 − eλ(r) dr2 − r2 dθ2 − r2 sin2 θ dϕ2, (5)

for a spherically symmetric non-rotating neutron star. The metric
function λ is related to the mass M(r) and the electric field E(r) =
−e−(ν+λ)/2 V ′ (a prime stands for radial derivative) through

e−λ = 1 − 2GM(r)

c2r
+ G

c4
r2 E2(r). (6)

Thus the equations for the neutron star equilibrium configuration
consist of the following Einstein–Maxwell equations and general
relativistic Thomas–Fermi equation

M ′ = 4πr2 E
c2

− 4πr3

c2
e−ν/2 V̂ ′(np − ne), (7)

ν ′ = 2G

c2

4πr3 P/c2 + M − r3 E2/c2

r2
(
1 − 2GM

c2r
+ Gr2

c4 E2
) , (8)

P ′ + ν ′

2
(E + P ) = −(

P em)′ − 4P em

r
, (9)

V̂ ′′ + 2

r
V̂ ′

[
1 − r(ν ′ + λ′)

4

]
= −4παh̄ceν/2eλ

×
{

np − e−3ν/2

3π2

[
V̂ 2 + 2mec2 V̂ − m2

e c4(eν − 1
)]3/2

}
, (10)

where α denotes the fine structure constant, V̂ = E F
e + eV , P em =

−E2/(8π) and we have used Eq. (4) to obtain Eq. (10).
It can be demonstrated that the assumption of the equilibrium

condition (4) together with the β-equilibrium condition (3) and
the hydrostatic equilibrium (9) is enough to guarantee the con-
stancy of the generalized Fermi energy

E F
i = eν/2μi − mic

2 + qi V , i = n, p, e, (11)

for all particle species separately. Here qi denotes the particle unit
charge of the i-species. Indeed, as shown by Olson and Bailyn
[17,18], when the fermion nature of the constituents and their
degeneracy is taken into account, in the configuration of mini-
mum energy the generalized Fermi energies E F

i defined by (11)
must be constant over the entire configuration. These minimum
energy conditions generalize the equilibrium conditions of Klein
[19] and of Kodama and Yamada [20] to the case of degenerate
multicomponent fluids with particle species with non-zero unit
charge.

If one were to assume, as often done in literature, the local
charge neutrality condition ne(r) = np(r) instead of assuming the
equilibrium condition (4), this would lead to V = 0 identically
(since there will be no electric fields generated by the neutral mat-
ter distribution) implying via Eqs. (3) and (9)

E F
e + E F

p = eν/2(μe + μp) − (me + mp)c2

= E F
n + (mn − me − mp)c2 = constant. (12)

Thus the neutron Fermi energy would be constant throughout the
configuration as well as the sum of the proton and electron Fermi
energies but not the individual Fermi energies of each compo-
nent. In Fig. 1 we show the results of the Einstein equations for
a selected value of the central density of a system of degener-
ate neutrons, protons, and electrons in β-equilibrium under the
constraint of local charge neutrality. In particular, we have plot-
ted the Fermi energy of the particle species in units of the pion
rest-energy. It can be seen that indeed the Fermi energies of the
protons and electrons are not constant throughout the configura-
tion which would lead to microscopic instability. This proves the
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Fig. 1. Fermi energies for neutrons, protons and electrons in units of the pion rest-
energy for a locally neutral configuration with central density ρ(0) = 3.94ρnuc ,
where ρnuc = 2.7 × 1014 g cm−3 denotes the nuclear density.

impossibility of having a self-consistent configuration fulfilling the
condition of local charge neutrality for our system. This result is
complementary to the conclusion of Eq. (4.6) of [17] who found
that, at zero temperature, only a dust solution with zero particle
kinetic energy can satisfy the condition of local charge neutrality
and such a configuration is clearly unacceptable for an equilibrium
state of a self-gravitating system.

3. The solution with global charge neutrality

We turn now to describe the equilibrium configurations fulfill-
ing only global charge neutrality. We solve self-consistently Eqs. (7)
and (8) for the metric, Eq. (9) for the hydrostatic equilibrium of
the three degenerate fermions and, in addition, we impose Eq. (3)
for the β-equilibrium. The crucial equation relating the proton and
the electron distributions is then given by the general relativis-
tic Thomas–Fermi equation (10). The boundary conditions are: for
Eq. (7) the regularity at the origin: M(0) = 0, for Eq. (9) a given
value of the central density, and for Eq. (10) the regularity at the
origin ne(0) = np(0), and a second condition at infinity which re-
sults in an eigenvalue problem determined by imposing the global
charge neutrality conditions

V̂ (Re) = E F
e , V̂ ′(Re) = 0, (13)

at the radius Re of the electron distribution defined by

P F
e (Re) = 0, (14)

from which follows

E F
e = mec2eν(Re)/2 − mec2

= mec2

√
1 − 2GM(Re)

c2 Re
− mec2. (15)

Then the eigenvalue problem consists in determining the gravita-
tional potential and the Coulomb potential at the center of the
configuration that satisfy the conditions (13)–(15) at the bound-
ary.

4. Numerical integration of the equilibrium equations

The solution for the particle densities, the gravitational poten-
tial, the Coulomb potential and the electric field are shown in
Fig. 2 for a configuration with central density ρ(0) = 3.94ρnuc In

Fig. 2. Top panel: particle number density of neutrons, protons, and electrons ap-
proaching the boundary of the configuration in units of the nuclear density nnuc �
1.6 × 1038 cm−3. Bottom panel: proton and electron Coulomb potentials in units
of the pion rest-energy eV /(mπ c2) and −eV /(mπ c2) respectively and the proton
gravitational potential in units of the pion mass mpΦ/mπ where Φ = (eν/2 − 1).

order to compare our results with those obtained in the case of
nuclear matter cores of stellar dimensions [2] as well as to analyze
the gravito-electrodynamical stability of the configuration we have
plotted the electric potential in units of the pion rest-energy and
the gravitational potential in units of the pion-to-proton mass ra-
tio. One particular interesting new feature is the approach to the
boundary of the configuration: three different radii are present cor-
responding to distinct radii at which the individual particle Fermi
pressure vanishes. The radius Re for the electron component corre-
sponding to P F

e (Re) = 0, the radius R p for the proton component
corresponding to P F

p (R p) = 0 and the radius Rn for the neutron

component corresponding to P F
n (Rn) = 0.

The smallest radius Rn is due to the threshold energy for β-
decay which occurs at a density ∼ 107 g cm−3. The radius R p is
larger than Rn because the proton mass is slightly smaller than
the neutron mass. Instead, Re > R p due to a combined effect of
the difference between the proton and electron masses and the
implementation of the global charge neutrality condition through
the Thomas–Fermi equilibrium conditions.

For the configuration of Fig. 2 we found Rn � 12.735 km, R p �
12.863 km and Re � R p + 103λe where λe = h̄/(mec) denotes the
electron Compton wavelength. We find that the electron compo-
nent follows closely the proton component up to the radius R p and
neutralizes the configuration at Re without having a net charge,
contrary to the results e.g. in [18].
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Fig. 3. Top panel: electron number density for r � R p normalized to its value at
r = R p . Bottom panel: electric field for r � R p normalized to its value at r = R p .
We have shown also the behavior of the solution of the general relativistic Thomas–
Fermi equation (10) for two different eigenvalues close to the one which gives the
globally neutral configuration.

It can be seen from Fig. 2 that the negative proton gravitational
potential energy is indeed always larger than the positive pro-
ton electric potential energy. Therefore the configuration is stable
against Coulomb repulsion. This confirms the results in the simpli-
fied case analyzed by M. Rotondo et al. in [2].

From Eq. (11) and the relation between Fermi momentum and
the particle density P F

i = (3π2h̄3ni)
1/3, we obtain the proton-to-

electron and proton-to-neutron ratio for any value of the radial
coordinate

np(r)

ne(r)
=

[
f 2(r)μ2

e (r) − m2
pc4

μ2
e (r) − m2

e c4

]3/2

, (16)

np(r)

nn(r)
=

[
g2(r)μ2

n(r) − m2
pc4

μ2
n(r) − m2

nc4

]3/2

, (17)

where f (r) = (E F
p + mpc2 − eV )/(E F

e + mec2 + eV ), g(r) = (E F
p +

mpc2 −eV )/(E F
n +mnc2) and the constant values of the generalized

Fermi energies are given by

E F
n = mnc2eν(Rn)/2 − mnc2, (18)

E F
p = mpc2eν(R p)/2 − mpc2 + eV (R p), (19)

E F
e = mec2eν(Re)/2 − mec2. (20)

A novel situation occurs: the determination of the quantities
given in Eqs. (16) and (18) necessarily require the prior knowledge

of the global electrodynamical and gravitational potential from the
center of the configuration all the way out to the boundary defined
by the radii Re , R p and Rn . This necessity is an outcome of the
solution for the eigenfunction of the general relativistic Thomas–
Fermi equation (10) (see Fig. 3).

From the regularity condition at the center of the star ne(0) =
np(0) together with Eq. (16) we obtain the Coulomb potential at
the center of the configuration

eV (0) = (mp − me)c2

2

[
1 + E F

p − E F
e

(mp − me)c2

− (mp + me)c2

E F
n + mnc2

eν(0)

]
, (21)

which after some algebraic manipulation and defining the central
density in units of the nuclear density η = ρ(0)/ρnuc can be esti-
mated as

eV (0) � 1

2

[
mpc2eν(R p)/2 − mec2eν(Re)/2

− mnc2eν(Rn)/2

1 + [P F
n (0)/(mnc)]2

]

� 1

2

[
(3π2η/2)2/3mp

(3π2η/2)2/3mπ + m2
n/mπ

]
mπ c2, (22)

where we have approximated the gravitational potential at the
boundary as eν(Re)/2 � eν(R p)/2 � eν(Rn)/2 � 1. Then for configu-
rations with central densities larger than the nuclear density we
necessarily have eV (0) � 0.35mπ c2. In particular, for the config-
uration we have exemplified with η = 3.94 in Fig. 2, from the
above expression (22) we obtain eV (0) � 0.85mπ c2. This value of
the central potential agrees with the one obtained in the sim-
plified case of nuclear matter cores with constant proton den-
sity [2].

5. Conclusions

We have proved in the first part of this Letter that the treat-
ment generally used for the description of neutron stars adopting
the condition of local charge neutrality, is not consistent with the
Einstein–Maxwell equations and microphysical conditions of equi-
librium consistent with quantum statistics (see Fig. 1). We have
shown how to construct a self-consistent solution for a general
relativistic system of degenerate neutrons, protons and electrons
in β-equilibrium fulfilling global but not local charge neutrality.

Although the mass–radius relation in the simple example con-
sidered here in our new treatment, differs slightly from the one of
the traditional approaches, the differences in the electrodynamic
structure are clearly very large. As is well-known these effects can
lead to important astrophysical consequences on the physics of the
gravitational collapse of a neutron star to a black hole [1].

Having established in the simplest possible example the new
set of Einstein–Maxwell and general relativistic Thomas–Fermi
equations, we now proceed to extend this approach when strong
interactions are present [21]. The contribution of the strong fields
to the energy–momentum tensor, to the four-vector current and
consequently to the Einstein–Maxwell equations have to be taken
into account. Clearly in this more general case, the conditions in-
troduced in this Letter have to be still fulfilled: the r-independence
of the generalized Fermi energy of electrons and the fulfillment of
the general relativistic Thomas–Fermi equation [21]. In addition,
the generalized Fermi energy of protons and neutrons will depend
on the nuclear interaction fields. The fluid of neutrons, protons and
electrons in this more general case does not extend all the way to
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the neutron star surface but is confined to the neutron star core
endowed with overcritical electric fields, in precise analogy with
the case of the compressed nuclear matter core of stellar dimen-
sion described in [2].
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Abstract

The isothermal Tolman condition and the constancy of the Klein potentials originally expressed for the
sole gravitational interaction in a single fluid are here generalized to the case of a three quantum fermion
fluid duly taking into account the strong, electromagnetic, weak and gravitational interactions. The set of
constitutive equations including the Einstein–Maxwell–Thomas–Fermi equations as well as the ones corre-
sponding to the strong interaction description are here presented in the most general relativistic isothermal
case. This treatment represents an essential step to correctly formulate a self-consistent relativistic field
theoretical approach of neutron stars.
© 2011 Elsevier B.V. All rights reserved.

Keywords: Neutron star matter; General relativity; Thermodynamics of general relativistic systems

1. Introduction

The unsolved problems of supernovae theories as well as the necessity of processes leading
to electrodynamical phenomena during the gravitational collapse to a black hole [1] lead to the
necessity of critically reexamining the current treatment of neutron stars. In a series of articles
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(see [2,3]), we have recently developed the first steps towards a new consistent treatment for the
description of neutron stars, well beyond the traditional Tolman–Oppenheimer–Volkoff equa-
tions.

First we have generalized the treatment of compressed atoms of Feynman, Metropolis and
Teller to the relativistic regimes (see [2] for details). There, it has been enforced self-consistently
in a relativistic Thomas–Fermi equation, the condition of β-equilibrium extending the works
of V.S. Popov [4], Ya.B. Zeldovich and V.S. Popov [5], A.B. Migdal et al. [6,7], J. Ferreirinho
et al. [8] and R. Ruffini and L. Stella [9] for heavy nuclei. Then, through the using of scaling
laws, following [10–12], this treatment was extrapolated to compressed nuclear matter cores
at nuclear and supranuclear densities. Such cores have stellar dimensions and mass numbers
A � (mPlanck/mn)

3 ∼ 1057 or Mcore ∼ M�. In addition, they fulfill global but not local charge
neutrality having electric fields on the core surface, increasing for decreasing values of the elec-
tron Fermi energy EF

e reaching values much larger than the critical value Ec = m2
ec

3/(eh̄), for
EF

e = 0. The assumption of constant distribution of protons at nuclear densities simulates, in
such a treatment, the confinement due to the strong interactions in the case of nuclei and heavy
nuclei and due to both the gravitational field and strong interactions in the case of nuclear matter
cores of stellar sizes at nuclear and supranuclear densities.

In a subsequent work [3], we have generalized the above approach explicitly including the
effects of the gravitational field by considering the most simplified nontrivial but rigorous treat-
ment of a general relativistic system of neutrons, protons and electrons in β-equilibrium. It has
been there proved that the traditional treatment for the description of neutron stars adopting the
condition of local charge neutrality is not consistent with the Einstein–Maxwell equations and
with microphysical conditions of equilibrium within quantum statistics. The role of the constancy
of the general relativistic Fermi energy of each particle species pioneered by O. Klein [13] has
been there emphasized and, the full system of equilibrium equations consisting of the Einstein–
Maxwell and general relativistic Thomas–Fermi equations has been formulated. The correspond-
ing solution of such a system of equations has been there given in the simplest possible example
of a configuration of neutrons, protons and electrons in β-equilibrium with electromagnetic,
weak and gravitational interactions. New electrodynamic and general relativistic properties of
the equilibrium configurations have been there illustrated.

The aim of this article is to make an essential new step: we further proceed to the descrip-
tion of a system of neutrons, protons and electrons fulfilling strong, electromagnetic, weak and
gravitational interactions. The essential role of the Klein first integrals is evidenced and their the-
oretical formulation is presented in the Einstein–Maxwell background. For the sake of generality
the treatment is performed in the most general case in which finite temperature effects are also
taking into account. We adopt throughout the article natural units h̄ = c = 1.

2. The constitutive general relativistic equations

The densities in the core of a neutron star exceed the nuclear density ρnuc ∼ 2.7×1014 g/cm3

and may reach densities of order ∼ 1017 g/cm3 at the verge of the gravitational collapse of the
neutron star to a black hole. There is therefore the need of a consistent relativistic theory for the
description of the interactions between the matter constituents. In particular, approaches for the
nuclear interaction between nucleons based on phenomenological potentials and non-relativistic
many-body theory become inapplicable (see [14,15]).

A self-consistent relativistic and well-tested model for the nuclear interactions is the Walecka
model (see [16,17] for details). This model share common features with the model adopted by
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Bowers et al. in [14,15]; in both of them the nucleons interact through a Yukawa coupling and
the flat spacetime has been considered to construct the equation of state of nuclear matter. The
technique of constructing the equation of state assuming flat spacetime has been generally used
since, as pointed out in [14,15], as long as ρ < 1049 g/cm3 the gravitational contributions to
interactions between particles are negligible. However, when we turn to neutron star configu-
rations at nuclear and supranuclear densities, it has been shown in [3] how the solution of the
Einstein–Maxwell system of equations is mandatory.

In the often called extended version of the Walecka model, the strong interaction between
nucleons is described by the exchange of three virtual mesons: σ is an isoscalar meson field
providing the attractive long-range part of the nuclear force; ω is a massive vector field that
models the repulsive short range and; ρ is the massive isovector field that takes account surface
as well as isospin effects of nuclei (see also [18,19]).

The total Lagrangian density of the system is given by

L = Lg + Lf + Lσ + Lω + Lρ + Lγ + Lint, (1)

where the Lagrangian densities for the free-fields are

Lg = − R

16πG
, (2)

Lγ = −1

4
FμνF

μν, (3)

Lσ = 1

2
∇μσ∇μσ − U(σ), (4)

Lω = −1

4
ΩμνΩ

μν + 1

2
m2

ωωμωμ, (5)

Lρ = −1

4
RμνRμν + 1

2
m2

ρρμρμ, (6)

where Ωμν ≡ ∂μων − ∂νωμ, Rμν ≡ ∂μρν − ∂νρμ, Fμν ≡ ∂μAν − ∂νAμ are the field strength
tensors for the ωμ, ρ and Aμ fields respectively, ∇μ stands for covariant derivative and R is the
Ricci scalar. We adopt the Lorenz gauge for the fields Aμ, ωμ, and ρμ. The self-interaction scalar
field potential U(σ) is a quartic-order polynom for a renormalizable theory (see e.g. [20]). The
specific functional form of U(σ) is not relevant for the scope of this article, thus we will not
adopt any particular form of it hereafter.

The Lagrangian density for the three fermion species is

Lf =
∑

i=e,N

ψ̄i

(
iγ μDμ − mi

)
ψi, (7)

where ψN is the nucleon isospin doublet, ψe is the electronic singlet, mi states for the mass of
each particle-specie and Dμ = ∂μ + Γμ, being Γμ the Dirac spin connections that satisfy the
commutation relation

[γμ,Γν] = ∂νγμ − Γ α
μνγα, (8)

where Γ α
μν denotes the Christoffel symbols.

The interacting part of the Lagrangian density is, in the minimal coupling assumption, given
by

Lint = −gσ σ ψ̄NψN − gωωμJμ
ω − gρρμJμ

ρ + eAμJμ
γ,e − eAμJ

μ
γ,N , (9)

August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408



J.A. Rueda et al. / Nuclear Physics A 872 (2011) 286–295 289

where the conserved currents are

Jμ
ω = ψ̄Nγ μψN, (10)

Jμ
ρ = ψ̄Nτ3γ

μψN, (11)

Jμ
γ,e = ψ̄eγ

μψe, (12)

J
μ
γ,N = ψ̄N

(
1 + τ3

2

)
γ μψN. (13)

The coupling constants of the σ , ω and ρ-fields are gσ , gω and gρ , and e is the fundamental
electric charge. The Dirac matrices γ μ and the isospin Pauli matrices satisfy the Dirac algebra in
curved spacetime (see e.g. [21])

{
γ μ, γ ν

} = 2gμν, (14)

{γμ, γν} = 2gμν, (15){
γ μ, γν

} = 2δμ
ν , (16)

[τi, τj ] = 2ıεijkτ
k. (17)

The Einstein–Maxwell–Dirac system of equations is then given by

Gμν + 8πGTμν = 0, (18)

∇μFμν − eJ ν
ch = 0, (19)

∇μΩμν + m2
ωων − gωJ ν

ω = 0, (20)

∇μRμν + m2
ρρν − gρJ ν

ρ = 0, (21)

∇μ∇μσ + ∂σ U(σ) + gsns = 0, (22)[
γμ

(
iDμ − V

μ
N

) − m̃N

]
ψN = 0, (23)[

γμ

(
iDμ + eAμ

) − me

]
ψe = 0, (24)

where the scalar density ns = ψ̄NψN , the nucleon effective mass m̃N ≡ mN + gσ σ , and

V
μ
N ≡ gωωμ + gρτρμ + e

(
1 + τ3

2

)
Aμ, (25)

is the effective four potential of nucleons. The energy–momentum tensor of free-fields and free-
fermions T μν of the system (3)–(6) is

T μν = T
μν
f + T μν

γ + T μν
σ + T μν

ω + T μν
ρ , (26)

where

T μν
γ = −Fμ

α Fαν − 1

4
gμνFαβFαβ, (27)

T μν
σ = ∇μ∇νσ − gμν

[
1

2
∇σ σ∇σ σ − U(σ)

]
, (28)

T μν
ω = −Ωμ

α Ωαν − 1

4
gμνΩαβΩαβ + m2

ω

(
ωμων − 1

2
gμνωαωα

)
, (29)

T μν
ρ = −Rμ

αRαν − 1

4
gμνRαβRαβ + m2

ρ

(
RμRν − 1

2
gμνRαωα

)
, (30)
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are the contribution due to free-fields and T
μν
f is the contribution of free-fermions which we

discuss below.

3. The thermodynamic laws and the field equations in the spherically symmetric case

We first introduce the non-rotating spherically symmetric spacetime metric

ds2 = eν(r) dt2 − eλ(r) dr2 − r2 dθ2 − r2 sin2 θ dϕ2, (31)

where the ν(r) and λ(r) are only functions of the radial coordinate r .
For very large number of fermions, we can adopt the mean-field approximation in which

fermion-field operators are replaced by their expectation values (see e.g. [17] for details).
We write the nucleon doublet and the electronic spinor as ψi = ψi(k)e−ikμxμ

in the phase-
space. Suppose that neutrons, protons and electrons, and the corresponding antiparticles, are
in thermodynamic equilibrium with a finite temperature T . The occupation fermion-number
operators of the “k”-state, Ni (k) = ψ

†
i (k)ψi(k) with i = e,p,n, are replaced by their Fermi-

distributions

f ±
i (k) = 〈

ψ±
i (k)†ψ±

i (k)
〉 =

[
exp

(
εi(k) ∓ μi

kBT

)
+ 1

]−1

, (32)

where kB is the Boltzmann constant, μi and εi(k) =
√

k2 + m̃2
i denote the single-particle chem-

ical potential and energy-spectrum (we recall that for electrons m̃e = me). The sign ‘+’ corre-
spond to particles and ‘−’ to antiparticles. We do not consider “real” bosons to be present in
the system; the only distribution functions involved in the computation are due to fermions and
antifermions and therefore phenomena as Bose–Einstein condensation does not occur within this
theory (see e.g. [14] for details).

It is worth to recall that all the thermodynamic quantities, e.g. k, ε, T , . . . , are written here in
the local frame which is related to the coordinate frame by the Lorentz “boost”

Λ(a)
α = (uα,χα,Θα,Φα), (33)

where uα = eν/2δ0
α , χα = eλ/2δ1

α , Θα = rδ2
α , and Φα = r sin θδ3

α , being δα
β the usual Kronecker

delta symbol.
The number-density ni of the i-specie, taking into account the antiparticle contribution is,

within the mean-field approximation, given by

ni = 2

(2π)3

∫
d3k

[
f +

i (k) − f −
i (k)

]
. (34)

The contribution of free-fermions and antifermions to the energy–momentum tensor can be then
written in the perfect fluid form (see e.g. [22])

T
μν
f = (E + P)uμuν − Pgμν, (35)

where uμ is the four-velocity of the fluid which satisfies uμuμ = 1, and the energy-density E and
the pressure P are given by

E =
∑

i=n,p,e

Ei , P =
∑

i=n,p,e

Pi , (36)

being Ei and Pi the single fermion–antifermion fluid contributions
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Ei = 2

(2π)3

∫
d3k εi(k)

[
f +

i (k) + f −
i (k)

]
, (37)

Pi = 1

3

2

(2π)3

∫
d3k

k2

εi(k)

[
f +

i (k) + f −
i (k)

]
. (38)

The equation of state (36)–(38) satisfies the thermodynamic law

E + P − T S =
∑

i=n,p,e

niμi, (39)

where S = S/V is the entropy per unit volume (entropy density) and μi = ∂E/∂ni is the free-

chemical potential of the i-specie. At zero-temperature T = 0, μi =
√

(KF
i )2 + m̃2

i and ni =
(KF

i )3/(3π2), where KF
i denotes the Fermi momentum of the i-specie.

The scalar density ns , within the mean-field approximation, is given by the following expec-
tation value

ns = 〈ψ̄NψN 〉 = 2

(2π)3

∑
i=n,p

∫
d3k

m̃N

εi(k)

[
f +

i (k) + f −
i (k)

]
. (40)

In the static case, only the temporal components of the covariant currents survive, i.e.
〈ψ̄(x)γ iψ(x)〉 = 0. Thus, by taking the expectation values of Eqs. (10)–(13), we obtain the
non-vanishing components of the currents

J ch
0 = nchu0 = (np − ne)u0, (41)

Jω
0 = nbu0 = (nn + np)u0, (42)

J
ρ
0 = n3u0 = (np − nn)u0, (43)

where nb , np , nn and ne are the baryon, proton, neutron and electron number densities which are
functions only of the spatial coordinates, and u0 = √

g00 = eν/2.
Making a variation of Eq. (39) and using Eqs. (36)–(38) and (40), we obtain the generalized

Gibbs–Duhem relation

dP =
∑

i=n,p,e

ni dμi − gσ ns dσ + S dT , (44)

which can be rewritten as

dP =
∑

i=n,p,e

ni dμi − gσ ns dσ +
(

E + P −
∑

i=n,p,e

niμi

)
dT

T
, (45)

where we have used Eq. (39) to eliminate S , and we have used the relation between the scalar
density and the fluid energy-density

ns = ∂E
∂m̃N

, (46)

which follows from Eqs. (36)–(38) and (40).
Therefore, the Einstein–Maxwell equations (18)–(22), within the mean-field approximation,

become
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e−λ(r)

(
1

r2
− 1

r

dλ

dr

)
− 1

r2
= −8πGT 0

0 , (47)

e−λ(r)

(
1

r2
+ 1

r

dν

dr

)
− 1

r2
= −8πGT 1

1 , (48)

e−λ(r)

[
1

2

(
dν

dr
− dλ

dr

)(
1

r
+ 1

2

dν

dr

)
+ 1

2

d2ν

dr2

]
= −8πGT 3

3 , (49)

d2V

dr2
+ dV

dr

[
2

r
− 1

2

(
dν

dr
+ dλ

dr

)]
= −eλeJ 0

ch, (50)

d2σ

dr2
+ dσ

dr

[
2

r
− 1

2

(
dν

dr
+ dλ

dr

)]
= eλ

[
∂σ U(σ) + gsns

]
, (51)

d2ω

dr2
+ dω

dr

[
2

r
− 1

2

(
dν

dr
+ dλ

dr

)]
= −eλ

[
gωJ 0

ω − m2
ωω

]
, (52)

d2ρ

dr2
+ dρ

dr

[
2

r
− 1

2

(
dν

dr
+ dλ

dr

)]
= −eλ

[
gρJ 0

ρ − m2
ρρ

]
, (53)

where we have introduced the notation ω0 = ω, ρ0 = ρ, and A0 = V . The metric function λ is
related to the mass M(r) and the electric field E(r) = −e−(ν+λ)/2V ′ through

e−λ(r) = 1 − 2GM(r)

r
+ Gr2E2(r) = 1 − 2GM(r)

r
+ GQ2(r)

r2
, (54)

where we have introduced also the conserved charge Q(r) = r2E(r).
An important equation, although not independent of the Einstein–Maxwell equations (47)–

(53), is given the energy–momentum conservation law

∇μT μν = −gωJω
μ Ωμν − gρJ ρ

μRμν + eJ ch
μ Fμν, (55)

from which we have

dP
dr

= − (E + P)

2

dν

dr
− gσ ns

dσ

dr
− gωJ 0

ω

dω

dr
− gρJ 0

ρ

dρ

dr
− eJ 0

ch

dV

dr
, (56)

where we have used the energy–momentum tensor T μν given by Eq. (26).

4. Constancy of the Klein potentials and β-equilibrium

Introducing the nucleon doublet and the electronic spinor in the wave-form ψi = ψi(k)e−ikμxμ

in phase-space, the Dirac equations (24) become

(
γμKμ

i − m̃i

)
ψi(k) = 0, (57)

where

Kμ
i ≡ kμ − V

μ
i , V μ

e = −eAμ. (58)

In the mean-field approximation, making the quadrature of Dirac operators in Eq. (57) and av-
eraging over all states “k”, we obtain the generalized chemical potentials or, for short Klein
potentials for electrons Ee, neutrons En and protons Ep
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Ee = √
g00μe − eV = eν/2μe − eV, (59)

Ep = √
g00μp + gωω + gρρ + eV = eν/2μp + gωω + gρρ + eV, (60)

En = √
g00μn + gωω − gρρ = eν/2μn + gωω − gρρ, (61)

where we have used Eqs. (14)–(17) and Eqs. (32), (34), (36)–(38). In the zero-temperature case,
they are generalized Fermi energies for electrons Ee = EF

e , neutrons En = EF
n and protons

Ep = EF
p .

Using the equations of motion for the fields ρ, ω and σ , and using the generalized Gibbs–
Duhem relation (45), the energy–momentum conservation equation (56) can be rewritten as

eν/2
∑

i=n,p,e

ni

(
dμi − dT

T
μi

)
+ (E + P)eν/2

(
dT

T
+ 1

2
dν

)

+ gωnb dω + gρn3 dρ + ench dV = 0. (62)

The isothermal Tolman condition [23] (see also [13]) demands the constancy of the gravita-
tionally red-shifted temperature

dT

T
+ 1

2
dν = 0, or eν/2T = constant. (63)

Such a condition can be used into Eq. (62) to obtain∑
i=n,p,e

ni d
(
eν/2μi

) + gωnb dω + gρn3 dρ + ench dV = 0. (64)

Moreover, using the expressions (59)–(60) of the generalized chemical potentials, Eq. (64) can
be rewritten as∑

i=n,p,e

ni dEi = 0, (65)

which leads for independent and non-zero particle number densities ni = 0 to the constancy of
the Klein potentials (59)–(61) for each particle-species, i.e.

Ee = eν/2μe − eV = constant, (66)

Ep = eν/2μp + Vp = constant, (67)

En = eν/2μn + Vn = constant, (68)

where

Vp = gωω + gρρ + eV, (69)

Vn = gωω − gρρ. (70)

In the case of nuclear matter in β-equilibrium (assuming not trapped neutrinos), the values of
the constant Klein potentials (66)–(68) are linked by the condition

En = Ep + Ee, (71)

which can be rewritten explicitly in terms of the chemical potentials as

μn = μp + μe + 2gρρe−ν/2. (72)
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5. Concluding remarks

We have presented the self-consistent equations of equilibrium at finite temperatures for a
system of neutrons, protons and electrons in β-equilibrium within the framework of general
relativity including quantum statistics, electro-weak, and strong interactions. In the mean-field
approximation, we obtained the generalized particle chemical potentials from the Dirac equations
for nucleons and electrons.

From the Einstein–Maxwell equations, the thermodynamic laws and energy–momentum con-
servation, we obtain the constancy of the Klein potential of each particle-specie and of the
gravitationally red-shifted temperature throughout the configuration, i.e. the first Klein integrals
and the Tolman isothermal condition respectively. In the non-interacting degenerate case, follow-
ing a minimization energy procedure, it was demonstrated that the thermodynamic equilibrium
condition of constancy of the generalized particle Fermi energy of all particle species holds (see
E. Olson and M. Bailyn [24]). Such a procedure can be straightforwardly applied to the present
case, being the final result given by the equilibrium conditions (66) and (67).

The precise values of such constants are linked, in the case of nuclear matter in β-equilibrium,
by Eq. (71), and their full determination needs the inclusion of additional constraints to the
system, e.g. global charge neutrality (see e.g. [3]).

The correct implementation of such generalized Thomas–Fermi equilibrium conditions needs
the self-consistent solution of the global problem of equilibrium of the configuration following
from the solution of the Einstein–Maxwell equations (47), (48), (50)–(54), the general relativistic
thermodynamic equilibrium conditions (63), (66) and (67), together with the constraints, e.g.
β-equilibrium and global charge neutrality.

Thus, the full system of Einstein–Maxwell–Thomas–Fermi equations can be rewritten in the
form

e−λ(r)

(
1

r2
− 1

r

dλ

dr

)
− 1

r2
= −8πGT 0

0 , (73)

e−λ(r)

(
1

r2
+ 1

r

dν

dr

)
− 1

r2
= −8πGT 1

1 , (74)

V ′′ + 2

r
V ′

[
1 − r(ν′ + λ′)

4

]
= −4πe eν/2eλ(np − ne), (75)

d2σ

dr2
+ dσ

dr

[
2

r
− 1

2

(
dν

dr
+ dλ

dr

)]
= eλ

[
∂σ U(σ) + gsns

]
, (76)

d2ω

dr2
+ dω

dr

[
2

r
− 1

2

(
dν

dr
+ dλ

dr

)]
= −eλ

[
gωJ 0

ω − m2
ωω

]
, (77)

d2ρ

dr2
+ dρ

dr

[
2

r
− 1

2

(
dν

dr
+ dλ

dr

)]
= −eλ

[
gρJ 0

ρ − m2
ρρ

]
, (78)

Ee = eν/2μe − eV = constant, (79)

Ep = eν/2μp + Vp = constant, (80)

En = eν/2μn + Vn = constant, (81)

eν/2T = constant, (82)

where the constants En, Ep and Ee are linked by Eq. (71) and Vp,n is given by Eq. (69). In
particular, in the degenerate case T = 0, Eq. (75) becomes
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V̂ ′′ + 2

r
V̂ ′

[
1 − r(ν′ + λ′)

4

]

= −4παeν/2eλ

{
np − e−3ν/2

3π2

[
V̂ 2 + 2meV̂ − m2

e

(
eν − 1

)]3/2
}
, (83)

where V̂ ≡ eV + Ee and we have used Eq. (79) into Eq. (75). This equation is the general rel-
ativistic extension of the relativistic Thomas–Fermi equation recently introduced in [2] for the
study of compressed atoms. In addition, Eq. (83) has been recently used to obtain the glob-
ally neutral configurations in the simpler case of degenerate neutrons, protons and electrons in
β-equilibrium (see [3] for details).
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Abstract

We formulate the equations of equilibrium of neutron stars taking into account strong, weak, electro-
magnetic, and gravitational interactions within the framework of general relativity. The nuclear interactions
are described by the exchange of the σ , ω, and ρ virtual mesons. The equilibrium conditions are given
by our recently developed theoretical framework based on the Einstein–Maxwell–Thomas–Fermi equa-
tions along with the constancy of the general relativistic Fermi energies of particles, the “Klein potentials”,
throughout the configuration. The equations are solved numerically in the case of zero temperatures and
for selected parameterizations of the nuclear models. The solutions lead to a new structure of the star:
a positively charged core at supranuclear densities surrounded by an electronic distribution of thickness
∼ h̄/(mec) ∼ 102h̄/(mπc) of opposite charge, as well as a neutral crust at lower densities. Inside the core
there is a Coulomb potential well of depth ∼ mπc2/e. The constancy of the Klein potentials in the tran-
sition from the core to the crust, imposes the presence of an overcritical electric field ∼ (mπ/me)

2Ec,
the critical field being Ec = m2

ec
3/(eh̄). The electron chemical potential and the density decrease, in the

boundary interface, until values μcrust
e < μcore

e and ρcrust < ρcore. For each central density, an entire family
of core–crust interface boundaries and, correspondingly, an entire family of crusts with different mass and
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thickness, exist. The configuration with ρcrust = ρdrip ∼ 4.3×1011 g cm−3 separates neutron stars with and
without inner crust. We present here the novel neutron star mass–radius for the especial case ρcrust = ρdrip
and compare and contrast it with the one obtained from the traditional Tolman–Oppenheimer–Volkoff treat-
ment.
© 2012 Elsevier B.V. All rights reserved.

Keywords: Neutron stars; Nuclear matter equation of state; General relativity

1. Introduction

That the Thomas–Fermi model originates from the realm of Atomic Physics has been known
for a long time [1,2]. It has been in 1973 that, as a theoretical interest it was proposed that the
Thomas–Fermi model could be useful to give an alternative derivation of a self-gravitating sys-
tem of fermions within Newtonian gravity leading to a description of neutron stars and white
dwarfs complementary to the traditional derivation in the perfect fluid approximation [3,4].
This gravitational treatment needed the special relativistic generalization of the Thomas–Fermi
model, which became also a necessity in order to describe the physics of heavy nuclei [5–7]. The
Thomas–Fermi treatment from the original realm of Atomic Physics started so to be applied in
its special relativistic extension to gravitational and Nuclear Physics.

It has been until [8–11] that all these considerations have been extended to an heuristic sim-
plified Thomas–Fermi model of a neutron star taking into account Nuclear Physics, Newtonian
Physics, and β-equilibrium. The evidence for the possible existence of overcritical electric fields
at the core of neutron stars was there presented [9]. At this stage a basic theoretical progress in
the description of neutron stars with a fully relativistic Thomas–Fermi model with all interactions
became a necessity. Particularly important has been to use a Wigner–Seitz cell: we first solved
the relativistic Thomas–Fermi model for compressed atoms [12], generalizing the classical ap-
proach of Feynman, Metropolis and Teller [13]. This has given as a byproduct a new equation of
state for white dwarfs duly expressed in general relativity [14]. We then proved the impossibility
of imposing local charge neutrality on chemically equilibrated matter made of neutrons, protons,
and electrons, in the simplified case where strong interactions are neglected [15]. This was a crit-
ical issue for neutron star matter calculations, since we demonstrated that the equations which
describe baryonic matter need to be solved simultaneously in combination with the Einstein–
Maxwell equations. The general formulation to the case of strong interactions has been recently
achieved in [16]. The present article is the result of the above multi year effort and summarizes
and discusses the relevant equations for the description of neutron stars, i.e. relativistic mean
field theory and the Einstein–Maxwell–Thomas–Fermi system of general relativistic equations,
presenting a self-consistent neutron star model including all fundamental interactions: strong,
weak, electromagnetic, and gravitational.

It is well known that the classic works of Tolman [17] and of Oppenheimer and Volkoff [18],
for short TOV, address the problem of neutron star equilibrium configurations composed only
of neutrons. For the more general case when protons and electrons are also considered, in all of
the scientific literature on neutron stars it is assumed that the condition of local charge neutrality
applies identically to all points of the equilibrium configuration (see e.g. [19]). Consequently, the
corresponding solutions in this more general case of a non-rotating neutron star, are systemati-
cally obtained also on the base of the TOV equations.

In general, the formulation of the equilibrium of systems composed by different particle
species must be established within the framework of statistical physics of multicomponent
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systems; see e.g. [20]. Thermodynamic equilibrium of these systems is warrantied by demanding
the constancy throughout the configuration of the generalized chemical potentials, often called
“electro-chemical”, of each of the components of the system; see e.g. [21–23]. Such generalized
potentials include not only the contribution due to kinetic energy but also the contribution due to
the potential fields, e.g. gravitational and electromagnetic potential energies per particle, and in
the case of rotating stars also the centrifugal potential. For such systems in presence of gravita-
tional and Coulomb fields, global electric polarization effects at macroscopic scales occur. The
balance of the gravitational and electric forces acting on ions and electrons in ideal electron–ion
plasma leading to the occurrence of gravito-polarization was pointed out in the classic work of
S. Rosseland [24].

If one turns to consider the gravito-polarization effects in neutron stars, the corresponding
theoretical treatment acquires remarkable conceptual and theoretical complexity, since it must be
necessarily formulated consistently within the Einstein–Maxwell system of equations. O. Klein,
in [21], first introduced the constancy of the general relativistic chemical potential of particles,
hereafter “Klein potentials”, in the study of the thermodynamic equilibrium of a self-gravitating
one-component fluid of neutral particles throughout the configuration within the framework of
general relativity. The extension of the Klein’s work to the case of neutral multicomponent degen-
erate fluids can be found in [22] and to the case of multicomponent degenerate fluid of charged
particles in [23].

Using the concept of Klein potentials, we have recently proved the impossibility of imposing
the condition of local charge neutrality in the simplest case of a self-gravitating system of degen-
erate neutrons, protons and electrons in β-equilibrium [15]: it has been shown that the consistent
treatment of the above system implies the solution of the general relativistic Thomas–Fermi
equations, coupled with the Einstein–Maxwell ones, being the TOV equations thus superseded.

We have recently formulated the theory of a system of neutrons, protons and electrons fulfill-
ing strong, electromagnetic, weak and gravitational interactions [16]. The role of the Klein first
integrals has been again evidenced and their theoretical formulation in the Einstein–Maxwell
background and in the most general case of finite temperature has been there presented, gener-
alizing the previous results for the “non-interacting” case [15]. The strong interactions, modeled
by a relativistic nuclear mean field theory, are there described by the introduction of the σ , ω and
ρ virtual mesons (see Section 2.1 for details).

In this article we construct for the first time the equilibrium configurations of non-rotating neu-
tron stars following the new approach [15,16]. We calculate the properties of neutron star matter
and neutron stars treated fully self-consistently with strong, weak, electromagnetic, and gravi-
tational interactions. The full set of the Einstein–Maxwell–Thomas–Fermi equations is solved
numerically for zero temperatures and for selected parameterizations of the nuclear model. We
use units with h̄ = c = 1 throughout the article.

2. The constitutive relativistic equations

2.1. Core equations

It has been clearly recognized that, since neutron stars cores may reach density of order
∼1016–1017 g cm−3, much larger than the nuclear density ρnuc ∼ 2.7 × 1014 g cm−3, approaches
for the nuclear interaction between nucleons based on phenomenological potentials and non-
relativistic many-body theories become inapplicable (see [25,26], for instance). Based on the
pioneering work of Johnson and Teller [27], Duerr [28] and later on Miller and Green [29]
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formulated the basis of what is now known as Relativistic Mean Field Theory of nuclear matter.
They constructed the simplest relativistic model that accounts for the binding of symmetric nu-
clear matter at saturation density by introducing the interaction of one scalar field and one vector
field with nucleons through Yukawa couplings. A nuclear model with only the scalar field with a
self-interacting potential up to quartic order based on the sigma-model was considered in [30,31].
The repulsive contribution of nuclear force was there introduced by hand through a hard-sphere
model that artificially increases the nucleon Fermi momentum emulating the effect of a massive
vector field coupled to nucleons. The relevance of such interactions as well as relativistic effects
in the determination of the equation of state and in the nuclear matter properties such as com-
pressibility and the nucleon effective mass was clearly pointed out in [29,32,33]. The importance
of allowing scalar meson self-interactions (cubic and quartic terms in the scalar field potential)
as adjustable parameters to reproduce physical nuclear properties and not due to renormalization
(see e.g. [34]) was stressed in [33,35–37]. The necessity of introducing additional isovector fields
to match the empirical symmetry energy of nuclear matter at saturation density was recognized
in [33].

Assuming that the nucleons interact with σ , ω and ρ meson fields through Yukawa-like cou-
plings and assuming flat spacetime the equation of state of nuclear matter can be determined.
However, it has been clearly stated in [15,16] that, when we turn into a neutron star configuration
at nuclear and supranuclear densities, the global description of the Einstein–Maxwell–Thomas–
Fermi equations is mandatory. Associated to this system of equations there is a sophisticated
eigenvalue problem, especially the one for the general relativistic Thomas–Fermi equation is
necessary in order to fulfill the global charge neutrality of the system and to consistently de-
scribe the confinement of the ultrarelativistic electrons.

We here adopt the phenomenological relativistic mean field nuclear model of Boguta and Bod-
mer [33] by assuming nucleons interacting in minimal coupling approximation with a σ isoscalar
meson field that provides the attractive long-range part of the nuclear force and a massive vector
field ω that models the repulsive short range. The self-interacting scalar field potential U(σ) is
assumed as a quartic polynomial with adjustable coefficients. In addition, a massive isovector
field ρ is introduced to accounts for surface as well as isospin effects of nuclei.

The total Lagrangian density of the system is given by

L= Lg +Lf +Lσ +Lω +Lρ +Lγ +Lint, (1)

where the Lagrangian densities for the free-fields are

Lg = − R

16πG
, (2)

Lγ = − 1

16π
FμνF

μν, (3)

Lσ = 1

2
∇μσ∇μσ − U(σ), (4)

Lω = −1

4
ΩμνΩ

μν + 1

2
m2

ωωμωμ, (5)

Lρ = −1

4
RμνRμν + 1

2
m2

ρρμρμ, (6)

where Ωμν ≡ ∂μων − ∂νωμ, Rμν ≡ ∂μρν − ∂νρμ, Fμν ≡ ∂μAν − ∂νAμ are the field strength
tensors for the ωμ, ρ and Aμ fields respectively, ∇μ stands for covariant derivative and R is the
Ricci scalar. We adopt the Lorenz gauge for the fields Aμ, ωμ, and ρμ.
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The Lagrangian density for the three fermion species is

Lf =
∑

i=e,N

ψ̄i

(
iγ μDμ − mi

)
ψi, (7)

where ψN is the nucleon isospin doublet, ψe is the electronic singlet, mi states for the mass of
each particle specie and Dμ = ∂μ + Γμ, being Γμ the Dirac spin connections.

The interacting part of the Lagrangian density is, in the minimal coupling assumption, given
by

Lint = −gσ σ ψ̄NψN − gωωμJμ
ω − gρρμJμ

ρ + eAμJμ
γ,e − eAμJ

μ
γ,N , (8)

where the conserved currents are

Jμ
ω = ψ̄Nγ μψN, (9)

Jμ
ρ = ψ̄Nτ3γ

μψN, (10)

Jμ
γ,e = ψ̄eγ

μψe, (11)

J
μ
γ,N = ψ̄N

(
1 + τ3

2

)
γ μψN. (12)

The coupling constants of the σ , ω and ρ fields are gσ , gω and gρ , and e is the fundamental
electric charge. The Dirac matrices γ μ and the isospin Pauli matrices satisfy the Dirac algebra in
curved spacetime (see e.g. [3,38] for details).

We first introduce the non-rotating spherically symmetric spacetime metric

ds2 = eν(r) dt2 − eλ(r) dr2 − r2 dθ2 − r2 sin2 θ dϕ2, (13)

where the ν(r) and λ(r) are only functions of the radial coordinate r .
For very large number of fermions, we adopt the mean-field approximation in which fermion-

field operators are replaced by their expectation values (see [3], for instance). Within this approx-
imation, the full system of general relativistic equations can be written in the form

e−λ(r)

(
1

r2
− 1

r

dλ

dr

)
− 1

r2
= −8πGT 0

0 , (14)

e−λ(r)

(
1

r2
+ 1

r

dν

dr

)
− 1

r2
= −8πGT 1

1 , (15)

V ′′ + 2

r
V ′

[
1 − r(ν′ + λ′)

4

]
= −4πe eν/2eλ(np − ne), (16)

d2σ

dr2
+ dσ

dr

[
2

r
+ 1

2

(
dν

dr
− dλ

dr

)]
= eλ

[
∂σ U(σ) + gsns

]
, (17)

d2ω

dr2
+ dω

dr

[
2

r
− 1

2

(
dν

dr
+ dλ

dr

)]
= −eλ

(
gωJω

0 − m2
ωω

)
, (18)

d2ρ

dr2
+ dρ

dr

[
2

r
− 1

2

(
dν

dr
+ dλ

dr

)]
= −eλ

(
gρJ

ρ
0 − m2

ρρ
)
, (19)

EF
e = eν/2μe − eV = constant, (20)

EF
p = eν/2μp + Vp = constant, (21)

EF
n = eν/2μn + Vn = constant, (22)
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where we have introduced the notation ω0 = ω, ρ0 = ρ, and A0 = V for the temporal components

of the meson fields. Here μi = ∂E/∂ni =
√

(P F
i )2 + m̃2

i and ni = (P F
i )3/(3π2) are the free-

chemical potential and number density of the i-specie with Fermi momentum P F
i . The particle

effective mass is m̃N = mN + gsσ and m̃e = me and the effective potentials Vp,n are given by

Vp = gωω + gρρ + eV, (23)

Vn = gωω − gρρ. (24)

The constancy of the generalized Fermi energies EF
n , EF

p and EF
e , the Klein potentials,

derives from the thermodynamic equilibrium conditions given by the statistical physics of mul-
ticomponent systems, applied to a system of degenerate neutrons, protons, and electrons within
the framework of general relativity (see [16] for details). These constants are linked by the β-
equilibrium [39] between the matter constituents

EF
n = EF

p + EF
e . (25)

The electron density ne is, via Eq. (20), given by

ne = e−3ν/2

3π2

[
V̂ 2 + 2meV̂ − m2

e

(
eν − 1

)]3/2
, (26)

where V̂ ≡ eV + EF
e . Substituting Eq. (26) into Eq. (16) one obtains the general relativistic

extension of the relativistic Thomas–Fermi equation recently introduced for the study of com-
pressed atoms [12,14]. This system of equations has to be solved with the boundary condition of
global neutrality; see [15,16] and below for details.

The scalar density ns , within the mean-field approximation, is given by the following expec-
tation value

ns = 〈ψ̄NψN 〉 = 2

(2π)3

∑
i=n,p

∫
d3k

m̃N

εi(p)
, (27)

where εi(p) =
√

p2 + m̃2
i is the single particle energy.

In the static case, only the temporal components of the covariant currents survive, i.e.
〈ψ̄(x)γ iψ(x)〉 = 0. Thus, by taking the expectation values of Eqs. (9)–(12), we obtain the non-
vanishing components of the currents

J ch
0 = nchu0 = (np − ne)u0, (28)

Jω
0 = nbu0 = (nn + np)u0, (29)

J
ρ
0 = n3u0 = (np − nn)u0, (30)

where nb = np +nn is the baryon number density and u0 = √
g00 = eν/2 is the covariant temporal

component of the four-velocity of the fluid, which satisfies uμuμ = 1.
The metric function λ is related to the mass M(r) and the electric field E(r) = −e−(ν+λ)/2V ′

through

e−λ(r) = 1 − 2GM(r)

r
+ Gr2E2(r) = 1 − 2GM(r)

r
+ GQ2(r)

r2
, (31)

being Q(r) the conserved charge, related to the electric field by Q(r) = r2E(r).
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The energy–momentum tensor of free-fields and free-fermions T μν of the system is

T μν = T
μν
f + T μν

γ + T μν
σ + T μν

ω + T μν
ρ , (32)

where

T μν
γ = 1

4π

(
Fμ

α Fαν + 1

4
gμνFαβFαβ

)
, (33)

T μν
σ = ∇μσ∇νσ − gμν

[
1

2
∇σ σ∇σ σ − U(σ)

]
, (34)

T μν
ω = Ωμ

α Ωαν + 1

4
gμνΩαβΩαβ + m2

ω

(
ωμων − 1

2
gμνωαωα

)
, (35)

T μν
ρ =Rμ

αRαν + 1

4
gμνRαβRαβ + m2

ρ

(
RμRν − 1

2
gμνRαωα

)
, (36)

T
μν
f = (E +P)uμuν −Pgμν, (37)

where the energy-density E and the pressure P are given by

E =
∑

i=n,p,e

Ei , P =
∑

i=n,p,e

Pi , (38)

being Ei and Pi the single fermion fluid contributions

Ei = 2

(2π)3

PF
i∫

0

εi(p)4πp2 dp, (39)

Pi = 1

3

2

(2π)3

PF
i∫

0

p2

εi(p)
4πp2 dp. (40)

It is worth to recall that the equation of state (38)–(40) satisfies the thermodynamic law

E +P =
∑

i=n,p,e

niμi. (41)

The parameters of the nuclear model, namely the coupling constants gs , gω and gρ , and the
meson masses mσ , mω and mρ are fixed by fitting experimental properties of nuclei, such as sat-
uration density, binding energy per nucleon (or experimental masses), symmetry energy, surface
energy, and nuclear incompressibility. In Table 1 we present selected fits of the nuclear parame-
ters. In particular, we show the following parameter sets: NL3 [40], NL-SH [41], TM1 [42], and
TM2 [43].

The constants g2 and g3 are the third and fourth order constants of the self-scalar interaction
as given by the scalar self-interaction potential (see [33], for instance)

U(σ) = 1

2
m2

σ σ 2 + 1

3
g2σ

3 + 1

4
g3σ

4. (42)

The non-zero constant c3 that appears in the TM1 and TM2 models corresponds to the self-
coupling constant of the non-linear vector self-coupling 1

4c3(ωμωμ)2. We have not include such
a self-coupling vector interaction in the general formulation presented above. However, we show
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Table 1
Selected parameter sets of the σ–ω–ρ model.

NL3 NL-SH TM1 TM2

mσ (MeV) 508.194 526.059 511.198 526.443
mω (MeV) 782.501 783.000 783.000 783.000
mρ (MeV) 763.000 763.000 770.000 770.000
gs 10.2170 10.4440 10.0289 11.4694
gω 12.8680 12.9450 12.6139 14.6377
gρ 4.4740 4.3830 4.6322 4.6783
g2 (fm−1) −10.4310 −6.9099 −7.2325 −4.4440
g3 −28.8850 −15.8337 0.6183 4.6076
c3 0.0000 0.0000 71.3075 84.5318

also here the results of the integration when such a self-interaction is taken into account and we
refer to [42,43] for details about the motivations of including such a contribution.

The numerical integration of the core equations can be started given a central density and
the regularity conditions at the origin; see below Section 3 for details. At nuclear density the
phase-transition to the “solid” crust takes place. Thus, the radius of the core Rcore is given by
E(r = Rcore)/c

2 = ρnuc. These equations must be solved with the boundary conditions given
by the fulfillment of the condition of global charge neutrality and the continuity of the Klein
potentials of particles between the core and the crust.

2.2. Core–crust transition layer equations

In the core–crust interface, the mean-field approximation for the meson fields is not valid any
longer and thus a full numerical integration of the meson-field equations of motion, taking into
account all gradient terms, must be performed. We expect the core–crust transition boundary
layer to be a region with characteristic length scale of the order of the electron Compton wave-
length ∼ λe = h̄/(mec) ∼ 100 fm corresponding to the electron screening scale. Then, in the
core–crust transition layer, the system of equations (14)–(22) reduces to

V ′′ + 2

r
V ′ = −eλcoreeJ 0

ch, (43)

σ ′′ + 2

r
σ ′ = eλcore

[
∂σ U(σ) + gsns

]
, (44)

ω′′ + 2

r
ω′ = −eλcore

[
gωJω

0 − m2
ωω

]
, (45)

ρ′′ + 2

r
ρ′ = −eλcore

[
gρJ

ρ
0 − m2

ρρ
]
, (46)

eνcore/2μe − eV = constant, (47)

eνcore/2μp + eV + gωω + gρρ = constant, (48)

μn = μp + μe + 2gρρe−νcore/2, (49)

due to the fact that the metric functions are essentially constant on the core–crust transition layer
and thus we can take their values at the core-radius eνcore ≡ eν(Rcore) and eλcore ≡ eλ(Rcore).

The system of equations of the transition layer has a stiff nature due to the existence of two dif-
ferent scale lengths. The first one is associated with the nuclear interactions ∼ λπ = h̄/(mπc) ∼
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Fig. 1. Upper panel: electric field in the core–crust transition layer in units of the critical field Ec . Lower panel: particle
density profiles in the core–crust boundary interface in units of cm−3. Here we use the NL3 model of Table 1 and
λσ = h̄/(mσ c) ∼ 0.4 fm denotes the sigma-meson Compton wavelength. The density at the edge of the crust in this
example is ρcrust = ρdrip = 4.3 × 1011 g cm−3.

Fig. 2. The same as Fig. 1, but setting gρ = 0 in order to see the effects of the ρ-meson with respect to the case gρ 
= 0.

1.5 fm and the second one is due to the aforementioned screening length ∼ λe = h̄/(mec) ∼
100 fm. Thus, the numerical integration of Eqs. (43)–(49) has been performed subdividing the
core–crust transition layer in the following three regions: (I) a mean-field-like region where all
the fields vary slowly with length scale ∼ λe, (II) a strongly interacting region of scale ∼ λπ

where the surface tension due to nuclear interactions dominates producing a sudden decrease of
the proton and the neutron densities and, (III) a Thomas–Fermi-like region of scale ∼ λe where
only a layer of opposite charge made of electrons is present producing the total screening of the
positively charged core. The results of the numerical integration of the equilibrium equations are
shown in Figs. 1–2 for the NL3 model.
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We have integrated numerically Eqs. (14)–(22) for the models listed in Table 1. The boundary
conditions for the numerical integration are fixed through the following procedure. We start as-
suming a value for the central baryon number density nb(0) = nn(0)+np(0). From the regularity
conditions at the origin we have e−λ(0) = 1 and ne(0) = np(0).

The metric function ν at the origin can be chosen arbitrarily, e.g. ν(0) = 0, due to the fact that
the system of equations remains invariant under the shift ν → ν + constant. The right value of ν

is obtained once the end of the integration of the core has been accomplished and duly matched
to the crust, by fulfilling the following identity at the surface of the neutron star,

eν(R) = e−λ(R) = 1 − 2GM(R)

c2R
, (50)

being M(R) and R the total mass and radius of the star. Then, taking into account the above
conditions, we solve the system (17)–(22) at the origin for the other unknowns σ(0), ω(0), ρ(0),
nn(0), np(0), ne(0).

The initial conditions for the numerical integration of the core–crust transition layer equations
are determined by the final values given by the numerical integration of the core equations, i.e.
we take the values of all the variables at the core-radius Rcore.

In the region I the effect of the Coulomb interaction is clear: on the proton profile we can
see a bump due to Coulomb repulsion while the electron profile decreases as expected. Such a
Coulomb effect is indirectly felt also by the neutrons due to the coupled nature of the system
of equations. However, the neutron-bump is much smaller than the one of protons and it is not
appreciable in Figs. 1–2 due to the plot-scale. In the region II we see clearly the effect of the
surface tension due to nuclear interaction which produces a sharp decrease of the neutron and
proton profiles in a characteristic scale ∼ λπ . In addition, it can be seen a neutron skin effect,
analogous to the one observed in heavy nuclei, which makes the scale of the neutron density
falloff slightly larger with respect to the proton one, in close analogy to the neutron skin effect
observed in neutron rich nuclei, see e.g. [44]. The region III is characterized by a smooth decreas-
ing of the electron density which resembles the behavior of the electrons surrounding a nucleus
in the Thomas–Fermi model.

The matching to the crust must be done at a radius Rcore + δR where full charge neutrality of
the core is reached. Different thicknesses δR correspond to different electron Fermi energies EF

e .
The thickness of the core–crust transition boundary layer δR as well as the value of the electron
density at the edge of the crust, ncrust

e = ne(Rcore + δR), depend on the nuclear parameters,
especially on the nuclear surface tension.

The equilibrium conditions given by the constancy of the Klein potentials (20)–(22) through-
out the configuration, impose in the transition layer the following continuity condition

EF
e = eνcore/2μcore

e − eV core = eνcrust/2μcrust
e , (51)

where μcore
e = μe(Rcore), eV core = eV (Rcore), and μcrust

e = μe(Rcore + δR), and eνcrust � eνcore .
In the boundary interface, the electron chemical potential and the density decrease: μcrust

e <

μcore
e and ρcrust < ρcore. For each central density, an entire family of core–crust interface bound-

aries exists each one with a specific value of δR: the larger the ρcrust, the smaller the δR.
Correspondingly, an entire family of crusts with different mass and thickness, exists. From the
continuity of the electron Klein potential in the boundary interface given by Eq. (51), it follows
that different values of ρcrust � 0 correspond to different values of the electron Fermi energy
EF

e � 0. In close analogy to the compressed atoms studied in [12], the case EF
e = 0 corre-

sponds to the “free” (uncompressed) configuration, where δR → ∞ and ρcrust = 0, i.e. a bare
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Fig. 3. Distribution of electrons in the core–crust boundary interface for different densities at the edge of the crust, ρcrust.
The larger the ρcrust, the smaller the electric field E and the smaller the thickness of the interface δR.

core. In this configuration the electric field reaches its maximum value. The case EF
e > 0 is

analogous to the one of the compressed atom [12]. In Fig. 3 we have plotted the electron dis-
tribution in the core–crust boundary interface for selected densities at the edge of the crust
ρcrust = [ρdrip,1010,109] g cm−3, where ρdrip ∼ 4.3 × 1011 g cm−3 is the neutron drip den-
sity.

The configuration with ρcrust = ρdrip separates neutron stars with and without inner crust.
In the so-called inner crust, the neutrons dripped from the nuclei in the crust form a fluid that
coexist with the nuclei lattice and the degenerate electrons [45]. For definiteness, we present in
this article the results for configurations ρcrust � ρdrip, i.e. for neutron stars possessing only outer
crust. The construction of configurations with ρcrust > ρdrip needs to be studied in more detail
and will be the subject of a forthcoming work.

In Figs. 1 and 2, we show the core–crust transition layer for the NL3 model of Table 1 with and
without the presence of the ρ-meson respectively. The presence of the ρ-meson is responsible for
the nuclear asymmetry within this nuclear model. The relevance of the nuclear symmetry energy
on the structure of nuclei and neutron stars is continuously stressed in literature; see e.g. [46–50].
The precise value of the nuclear symmetry energy plays here a crucial role in determining the
precise value of the ρ-meson coupling which, in the present case, is essential in the determination
of the intensity of the electric field in the core–crust boundary interface; as can be seen from the
comparison of Figs. 1 and 2.

2.3. Crust equations

Turning now to the crust, it is clear from our recent treatment of white dwarfs [14] that also this
problem can be solved by the adoption of Wigner–Seitz cells and from the relativistic Feynman–
Metropolis–Teller (RFMT) approach [12] it follows that the crust is clearly neutral. Thus, the
structure equations to be integrated are the TOV equations

dP
dr

= −G(E +P)(M + 4πr3P)

r2(1 − 2GM
r

)
, (52)
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dM

dr
= 4πr2E, (53)

where M = M(r) is the mass enclosed at the radius r .
The effects of the Coulomb interaction in “solid”-like electron–ion systems appear only at the

microscopic level, e.g. Debye–Hueckel screening in classical systems [51] and Thomas–Fermi
screening in the degenerate case [52]. In order to analyze the effects of the microscopic screening
on the structure of the configuration we will consider two equations of state for the crust: the
locally neutral case or uniform approximation (see e.g. [53]) and, for simplicity, instead of using
the RFMT EoS [12], we use as second EoS the one due to Baym, Pethick and Sutherland (BPS)
[45], which is by far the most used equation of state in literature for the description of the neutron
star crust (see e.g. [19]).

In the uniform approximation, both the degenerate electrons and the nucleons distribution are
considered constant inside each cell of volume Vws. This kind of configuration can be obtained
only imposing microscopically the condition of local charge neutrality

ne = Z

Vws
. (54)

The total pressure of the system is assumed to be entirely due to the electrons, i.e.

P =Pe = 2

3(2πh̄)3

PF
e∫

0

c2p24πp2√
c2p2 + m2

ec
4

dp, (55)

while the total energy-density of the system is due to the nuclei, i.e. E = (A/Z)mNne, where mN

is the nucleon mass.
We turn now to the BPS equation of state. The first correction to the uniform model corre-

sponds to abandon the assumption of the electron–nucleon fluid through the so-called “lattice”
model which introduces the concept of Wigner–Seitz cell: each cell of radius Rws contains a
point-like nucleus of charge +Ze with A nucleons surrounded by a uniformly distributed cloud
of Z fully-degenerate electrons.

The sequence of the equilibrium nuclides present at each density in the BPS equation of state
is obtained by looking for the nuclear composition that minimizes the energy per nucleon for
each fixed nuclear composition (Z,A) (see Table 2 and [45] for details). The pressure P and the
energy-density E of the system are, within this model, given by

P =Pe + 1

3
WLnN, (56)

E
nb

= WN + WL

A
+ Ee(nbZ/A)

nb

, (57)

where the electron energy-density is given by

Ee = 2

(2π)3

PF
e∫

0

√
p2 + m2

e4πp2 dp, (58)

and WN(A,Z) is the total energy of an isolated nucleus given by the semi-empirical formula

WN = mnc
2(A − Z) + mpc2Z − bA, (59)
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Table 2
ρmax is the maximum density at which the nuclide is present; �R1, �R2 and R.A.1 (%), R.A.2 (%) are respectively the
thickness of the layer where a given nuclide is present and their relative abundances in the outer crust for two different
cases: Mcore = 2.56M� , Rcore = 12.79 km; Mcore = 1.35M� , Rcore = 11.76 km.

Equilibrium nuclei below neutron drip

Nucleus Z ρmax (g cm−3) �R1 (km) R.A.1 (%) �R2 (km) R.A.2 (%)
56Fe 26 8.1 × 106 0.0165 7.56652 × 10−7 0.0064 6.96927 × 10−7

62Ni 28 2.7 × 108 0.0310 0.00010 0.0121 0.00009
64Ni 28 1.2 × 109 0.0364 0.00057 0.0141 0.00054
84Se 34 8.2 × 109 0.0046 0.00722 0.0017 0.00683
82Ge 32 2.2 × 1010 0.0100 0.02071 0.0039 0.01983
80Zn 38 4.8 × 1010 0.1085 0.04521 0.0416 0.04384
78Ni 28 1.6 × 1011 0.0531 0.25635 0.0203 0.25305
76Fe 26 1.8 × 1011 0.0569 0.04193 0.0215 0.04183
124Mo 42 1.9 × 1011 0.0715 0.02078 0.0268 0.02076
122Zr 40 2.7 × 1011 0.0341 0.20730 0.0127 0.20811
120Sr 38 3.7 × 1011 0.0389 0.23898 0.0145 0.24167
118Kr 36 4.3 × 1011 0.0101 0.16081 0.0038 0.16344

with b being the Myers and Swiatecki binding energy per nucleon [54]. The lattice energy per
nucleus WL is given by

WL = −1.819620Z2e2

a
, (60)

where the lattice constant a is related to the nucleon density nN by nNa3 = 2.

3. Neutron star structure

In the traditional TOV treatment the density and the pressure are a priori assumed to be con-
tinuous as well as the local charge neutrality of the system. The distinguishing feature of our new
solution is that the Klein potentials are constant throughout the three regions; the core, the crust
and the transition interface boundary. An overcritical electric field is formed and consequently a
discontinuity in density is found with a continuous total pressure including the surface tension
of the boundary. In Figs. 4 and 5, we compare and contrast the density profiles of configurations
obtained from the traditional TOV treatment and with the treatment presented here.

In Figs. 6–12 we show the results of the numerical integration of the system of the general
relativistic constitutive equations of the configuration from the center all the way up to the surface
with the appropriate boundary conditions between the involved phases. In particular, we have
plotted the mass–radius relation as well as the compactness of the neutron stars obtained with
the models listed in Table 1.

It is worth to note that the inclusion of the Coulomb interaction and in particular the presence
of the negative lattice energy WL results in a decreasing of the pressure of the cells. Such an
effect, as shown in Figs. 9–12, leads to a decreasing of the mass and the thickness of the crust
with respect to the uniform-approximation case where no Coulomb interactions are taken into
account.

Comparing the mass and the thickness of the crust obtained with these two different EoS,
we obtain systematically crusts with smaller mass and larger thickness when Coulomb interac-
tions are taken into account. This results are in line with the recent results in [14], where the
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Fig. 4. Middle panel: electric field in the core–crust transition layer, in units of the critical field Ec . Upper panel: particle
density profiles in the core–crust boundary interface, in units of cm−3. Lower panel: density profile inside a neutron
star with central density ρ(0) ∼ 5ρnuc. We compare and contrast the structural differences between the solution obtained
from the traditional TOV equations (locally neutral case) and the globally neutral solution presented here. We use here
the NL3 nuclear parametrization of Table 1 and λσ = h̄/(mσ c) ∼ 0.4 fm denotes the sigma-meson Compton wavelength.
In this example the density at the edge of the crust is ρcrust = ρdrip = 4.3 × 1011 g cm−3.

Fig. 5. The same as Fig. 4. In this example the density at the edge of the crust is ρcrust = 1010 g cm−3.

mass–radius relation of white dwarfs has been calculated using an EoS based on the relativistic
Feynman–Metropolis–Teller model for compressed atoms [12].

In the case of the BPS EoS, the average nuclear composition in the outer crust, namely the
average charge to mass ratio of nuclei Z/A, is obtained by calculating the contribution of each
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Fig. 6. Mass–radius relation for the neutron stars obtained with the nuclear models listed in Table 1. In the crust we have
used the BPS equation of state. The mass is given in solar masses and the radius in km.

Fig. 7. Compactness of the star GM/(c2R) as a function of the star mass M . In the crust we have used the BPS equation
of state and the nuclear models are in Table 1.

nuclear composition present to the mass of the crust. We exemplified the analysis for two different
cores: Mcore = 2.56M�, Rcore = 12.79 km; Mcore = 1.35M�, Rcore = 11.76 km. The relative
abundance of each nuclide within the crust of the star can be obtained as

R.A. = 1

MBPS
crust

∫
�r

4πr2E dr, (61)

where the integration is carried out in the layer of thickness �r where the particular nuclide is
present; see Table 2 and Fig. 13. Our results are in agreement with the analysis on the neutron
star crust composition obtained in [55,56]. In both cases we obtain as average nuclear compo-
sition 105

35 Br. The corresponding crusts with fixed nuclear composition 105
35 Br for the two chosen

cores are calculated neglecting Coulomb interactions (i.e. using the first EoS). The mass and the
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Fig. 8. Compactness of the star GM/(c2R) as a function of the star radius R. In the crust we have used the BPS equation
of state and the nuclear models are in Table 1.

Fig. 9. Mass of the crust as a function of the compactness for the crust EoS without Coulomb interactions.

thickness of these crusts with fixed 105
35 Br are different with respect to the ones obtained using the

full BPS EoS, leading to such average nuclear composition. For the two selected examples we
obtain that the mass and the thickness of the crust with average 105

35 Br are, respectively, 18% larger
and 5% smaller with respect to the ones obtained with the corresponding BPS EoS. This result
shows how small microscopic effects due to the Coulomb interaction in the crust of the neutron
star lead to quantitative not negligible effects on the macroscopic structure of the configuration.

4. Observational constraints on the mass–radius relation

It has been recently pointed out that the most up-to-date stringent constraints to the mass–
radius relation of neutron stars are provided by the largest mass, the largest radius, the highest
rotational frequency, and the maximum surface gravity, observed for pulsars [57].

August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408



R. Belvedere et al. / Nuclear Physics A 883 (2012) 1–24 17

Fig. 10. Crust thickness as a function of the compactness for the crust EoS without Coulomb interactions.

Fig. 11. Crust mass as a function of the compactness for crust with the BPS EoS.

So far, the highest neutron star mass measured with a high level of experimental confidence
is the mass of the 3.15 millisecond pulsar PSR J1614-2230, M = 1.97 ± 0.04M�, obtained
from the Shapiro time delay and the Keplerian orbital parameters of the binary system [58].
The fitting of the thermonuclear burst oscillation light curves from the accreting millisecond
pulsar XTE J1814-338 weakly constrains the mass–radius relation imposing an upper limit to
the surface gravity of the neutron star, GM/(c2R) < 0.24 [59]. A lower limit of the radius of
RX J1856-3754, as seen by an observer at infinity R∞ = R[1 − 2GM/(c2R)]−1/2 > 16.8 km,
has been obtained from the fit of the optical and X-ray spectra of the source [60]; it gives
the constraint 2GM/c2 > R − R3/(Rmin∞ )2, being Rmin∞ = 16.8 km. Assuming a neutron star
of M = 1.4M� to fit the Chandra data of the low-mass X-ray binary X7, it turns out that
the radius of the star satisfies R = 14.5+1.8

−1.6 km, at 90% confidence level, corresponding to
R∞ = [15.64,18.86] km, respectively (see [61] for details). The maximum rotation rate of a

August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408



18 R. Belvedere et al. / Nuclear Physics A 883 (2012) 1–24

Fig. 12. Crust thickness as a function of the compactness for crust with the BPS EoS.

Table 3
Radii (in km) predicted by the nuclear parameterizations NL3, NL-SH, TM1 and TM2 of Table 1, for a canonical neutron
star of M = 1.4M� and for the millisecond pulsar PSR J1614-2230, M = 1.97 ± 0.04M� .

M(M�) RNL3 RNL-SH RTM1 RTM2

1.40 12.31 12.47 12.53 12.93
1.93 12.96 13.14 13.13 13.73
2.01 13.02 13.20 13.17 13.82

neutron star taking into account both the effects of general relativity and deformations has been
found to be νmax = 1045(M/M�)1/2(10 km/R)3/2 Hz, largely independent of the equation of
state [62]. The fastest observed pulsar is PSR J1748-2246ad with a rotation frequency of 716 Hz
[63], which results in the constraint M � 0.47(R/10 km)3M�. In Fig. 14 we show all these
constraints and the mass–radius relation presented in this article.

As discussed by J.E. Trümper in [57], the above constraints strongly favor stiff equations of
state which provide high maximum masses for neutron stars. In addition, putting all of them
together, the radius of a canonical neutron star of mass M = 1.4M� is highly constrained to the
range R � 12 km disfavoring, at the same time, the strange quark hypothesis for these specific
objects. It is clear from Fig. 14 that the mass–radius relation presented here is consistent with
all the observation constraints, for all the nuclear parameterizations of Table 1. We present in
Table 3, the radii predicted by our mass–radius relation for a canonical neutron star of M =
1.4M� as well as for the millisecond pulsar PSR J1614-2230, M = 1.97 ± 0.04M�.

5. Comparison with the traditional TOV treatment

In the traditional TOV treatment local charge neutrality as well as the continuity of the pres-
sure and the density in the core–crust transition are assumed. This leads to explicit violation
of the constancy of the Klein potentials throughout the configuration (see e.g. [15]). In such a
case there is a smooth transition from the core to the crust without any density discontinuity and
therefore the density at the edge of the crust is ∼ ρnuc ∼ 2.7 × 1014 g cm−3. The so-called inner
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Fig. 13. Relative abundances of chemical elements in the crust for the two cores analyzed in Table 2.

crust in those configurations extends in the range of densities ρdrip � ρ � ρnuc while, at densities
ρ � ρdrip, there is the so-called outer crust.

In Figs. 15 and 16 we compare and contrast the mass and the thickness of the crust as ob-
tained from the traditional TOV treatment with the new configurations presented here, discussed
previously in Sections 2 and 3 characterized by ρcrust = ρdrip.

The markedly differences both in mass and thickness of the crusts (see Figs. 15 and 16)
obtained from the traditional Tolman–Oppenheimer–Volkoff approach and the new equilibrium
configurations presented here, lead to a very different mass–radius relations which we compare
and contrast in Fig. 17.

6. Concluding remarks

We have formulated the equations of equilibrium of neutron stars based on our recent works
[16] and [12,14,15]. The strong, weak, electromagnetic, and gravitational interactions are taken
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Fig. 14. Constraints on the mass–radius relation given by J.E. Trümper in [57] and the theoretical mass–radius relation
presented in this article in Fig. 6. The solid line is the upper limit of the surface gravity of XTE J1814-338, the dotted–
dashed curve corresponds to the lower limit to the radius of RX J1856-3754, the dashed line is the constraint imposed by
the fastest spinning pulsar PSR J1748-2246ad, and the dotted curves are the 90% confidence level contours of constant
R∞ of the neutron star in the low-mass X-ray binary X7. Any mass–radius relation should pass through the area delimited
by the solid, the dashed and the dotted lines and, in addition, it must have a maximum mass larger than the mass of PSR
J1614-2230, M = 1.97 ± 0.04M� .

Fig. 15. Mass of the crust given by the traditional locally neutral Tolman–Oppenheimer–Volkoff treatment and by the
new globally neutral equilibrium configurations presented in this article. We use here the NL3 nuclear model, see Table 1.

into due account within the framework of general relativity. In particular, the strong interactions
between nucleons are described by the exchange of the σ , ω, and ρ mesons. The equilibrium
conditions are given by the set of Einstein–Maxwell–Thomas–Fermi equations and by the con-
stancy of the general relativistic Fermi energies of particles, the Klein potentials, throughout the
configuration.
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Fig. 16. Thickness of the crust given by the traditional locally neutral Tolman–Oppenheimer–Volkoff treatment and by
the new globally neutral equilibrium configurations presented in this article. We use here the NL3 nuclear model, see
Table 1.

Fig. 17. Mass–radius relation obtained with the traditional locally neutral TOV treatment and with the new globally
neutral equilibrium configurations presented here. We use here the NL3 nuclear model, see Table 1.

We have solved these equilibrium equations numerically, in the case of zero temperatures,
for the nuclear parameter sets NL3 [40], NL-SH [41], TM1 [42], and TM2 [43]; see Table 1 for
details.

A new structure of the star is found: the positively charged core at supranuclear densities
is surrounded by an electronic distribution of thickness � h̄/(mec) ∼ 102h̄/(mπc) of opposite
charge and, at lower densities, a neutral ordinary crust.

In the core interior the Coulomb potential well is ∼ mπc2/e and correspondingly the electric
field is ∼ (mp/mPlanck)(mπ/me)

2Ec ∼ 10−14Ec. Due to the equilibrium condition given by the
constancy of the Klein potentials, there is a discontinuity in the density at the transition from the
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core to the crust, and correspondingly an overcritical electric field ∼ (mπ/me)
2Ec develops in

the boundary interface; see Figs. 1–2.1

The continuity of the Klein potentials at the core–crust boundary interface leads to a decreas-
ing of the electron chemical potential and density, until values μcrust

e < μcore
e and ρcrust < ρcore

at the edge of the crust, where global charge neutrality is achieved. For each central density, an
entire family of core–crust interface boundaries and, correspondingly, an entire family of crusts
with different mass and thickness, exist. The larger ρcrust, the smaller the thickness of the inter-
face, the peak of the electric field, and the larger the mass and the thickness of the crust. The
configuration with ρcrust = ρdrip ∼ 4.3 × 1011 g cm−3 separates neutron stars with and without
inner crust. The neutron stars with ρcrust > ρdrip deserve a further analysis in order to account for
the reduction of the nuclear tension at the core–crust transition due to the presence of dripped
neutrons from the nuclei in the crust.

All the above new features lead to crusts with masses and thickness smaller than the ones
obtained from the traditional TOV treatment, and we have shown specifically neutron stars with
ρcrust = ρdrip; see Figs. 15–16. The mass–radius relation obtained in this case has been compared
and contrasted with the one obtained from the locally neutral TOV approach; see Fig. 17. We
have shown that our mass–radius relation is in line with observations, based on the recent work
by J.E. Trümper [57]; see Fig. 14 for details.

The electromagnetic structure of the neutron star presented here is of clear astrophysical rel-
evance. The process of gravitational collapse of a core endowed with electromagnetic structure
leads to signatures and energetics markedly different from the ones of a core endowed uniquely
of gravitational interactions; see e.g. [66–69].

It is clear that the release of gravitational energy in the process of gravitational collapse of
the core, following the classic work of Gamow and Schoenberg (see [70,71]), is carried away by
neutrinos. The additional nuclear and electromagnetic energy ∼ 1051 erg of the collapsing core
introduced in this article are expected to be carried away by electron–positron plasma created in
the overcritical electromagnetic field in the collapsing core.
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a b s t r a c t

Due to the interaction of physics and astrophysics we are witnessing in these years a
splendid synthesis of theoretical, experimental and observational results originating from
three fundamental physical processes. They were originally proposed by Dirac, by Breit
and Wheeler and by Sauter, Heisenberg, Euler and Schwinger. For almost seventy years
they have all three been followed by a continued effort of experimental verification on
Earth-based experiments. The Dirac process, e+e− → 2γ , has been by far the most suc-
cessful. It has obtained extremely accurate experimental verification and has led as well to
an enormous number of new physics in possibly one of the most fruitful experimental av-
enues by introduction of storage rings in Frascati and followed by the largest accelerators
worldwide: DESY, SLAC etc. The Breit–Wheeler process, 2γ → e+e−, although concep-
tually simple, being the inverse process of the Dirac one, has been by far one of the most
difficult to be verified experimentally. Only recently, through the technology based on free
electron X-ray laser and its numerous applications in Earth-based experiments, some first
indications of its possible verification have been reached. The vacuum polarization process
in strong electromagnetic field, pioneered by Sauter, Heisenberg, Euler and Schwinger, in-
troduced the concept of critical electric field Ec = m2e c

3/(eh̄). It has been searched without
success for more than forty years by heavy-ion collisions in many of the leading particle
accelerators worldwide.
The novel situation today is that these same processes can be studied on a much more

grandiose scale during the gravitational collapse leading to the formation of a black hole
being observed in Gamma Ray Bursts (GRBs). This report is dedicated to the scientific
race. The theoretical and experimental work developed in Earth-based laboratories is
confronted with the theoretical interpretation of space-based observations of phenomena
originating on cosmological scales.What has become clear in the last ten years is that all the
three above mentioned processes, duly extended in the general relativistic framework, are
necessary for the understanding of the physics of the gravitational collapse to a black hole.
Vice versa, the natural arena where these processes can be observed in mutual interaction
and on an unprecedented scale, is indeed the realm of relativistic astrophysics.
We systematically analyze the conceptual developments which have followed the

basic work of Dirac and Breit–Wheeler. We also recall how the seminal work of Born
and Infeld inspired the work by Sauter, Heisenberg and Euler on effective Lagrangian
leading to the estimate of the rate for the process of electron–positron production in a
constant electric field. In addition to reviewing the intuitive semi-classical treatment of
quantummechanical tunneling for describing the process of electron–positron production,
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we recall the calculations in Quantum Electro-Dynamics of the Schwinger rate and effective
Lagrangian for constant electromagnetic fields. We also review the electron–positron
production in both time-alternating electromagnetic fields, studied by Brezin, Itzykson,
Popov, Nikishov and Narozhny, and the corresponding processes relevant for pair
production at the focus of coherent laser beams as well as electron-beam–laser collision.
We finally report some current developments based on the general JWKB approach
which allows us to compute the Schwinger rate in spatially varying and time varying
electromagnetic fields.
We also recall the pioneering work of Landau and Lifshitz, and Racah on the collision of

charged particles as well as the experimental success of AdA and ADONE in the production
of electron–positron pairs.
We then turn to the possible experimental verification of these phenomena.We review:

(A) the experimental verification of the e+e− → 2γ process studied by Dirac. We also
briefly recall the very successful experiments of e+e− annihilation to hadronic channels, in
addition to the Dirac electromagnetic channel; (B) ongoing Earth-based experiments to de-
tect electron–positron production in strong fields by focusing coherent laser beams and by
electron-beam–laser collisions; and (C) themultiyear attempts to detect electron–positron
production in Coulomb fields for a large atomic number Z > 137 in heavy-ion collisions.
These attempts follow the classical theoretical work of Popov and Zeldovich, and Greiner
and their schools.
We then turn to astrophysics. We first review the basic work on the energetics and

electrodynamical properties of an electromagnetic black hole and the application of the
Schwinger formula around Kerr–Newman black holes as pioneered by Damour and Ruffini.
We only focus on black hole masses larger than the critical mass of neutron stars, for
convenience assumed to coincide with the Rhoades and Ruffini upper limit of 3.2 M�.
In this case the electron Compton wavelength is much smaller than the space–time cur-
vature and all previous results invariantly expressed can be applied following well es-
tablished rules of the equivalence principle. We derive the corresponding rate of elec-
tron–positron pair production and introduce the concept of dyadosphere. We review the
recent progress in describing the evolution of optically thick electron–positron plasma in
the presence of supercritical electric field, which is relevant both in astrophysics as well
as in ongoing laser beam experiments. In particular we review the recent progress based
on the Vlasov–Boltzmann–Maxwell equations to study the feedback of the created elec-
tron–positron pairs on the original constant electric field. We evidence the existence of
plasma oscillations and its interactionwith photons leading to energy andnumber equipar-
tition of photons, electrons and positrons. We finally review the recent progress obtained
by using the Boltzmann equations to study the evolution of an electron–positron–photon
plasma towards thermal equilibriumanddetermination of its characteristic timescales. The
crucial difference introduced by the correct evaluation of the role of two- and three-body
collisions, direct and inverse, is especially evidenced. We then present some general con-
clusions.
The results reviewed in this report are going to be submitted to decisive tests in

the forthcoming years both in physics and astrophysics. To mention only a few of the
fundamental steps in testing in physicswe recall, the setting up of experimental facilities at
the National Ignition Facility at the Lawrence Livermore National Laboratory as well as the
corresponding French Laser Mega Joule project. In astrophysics these results will be tested
in galactic and extragalactic black holes observed in binary X-ray sources, active galactic
nuclei, microquasars and in the process of gravitational collapse to a neutron star and also
of two neutron stars to a black hole giving rise to GRBs. The astrophysical description
of the stellar precursors and the initial physical conditions leading to a gravitational
collapse process will be the subject of a forthcoming report. As of today no theoretical
description has yet been found to explain either the emission of the remnant for supernova
or the formation of a charged black hole for GRBs. Important current progress toward
the understanding of such phenomena as well as of the electrodynamical structure of
neutron stars, the supernova explosion and the theories of GRBs will be discussed in the
above mentioned forthcoming report. What is important to recall at this stage is only
that both the supernovae and GRBs processes are among the most energetic and transient
phenomena ever observed in the Universe: a supernova can attain an energy of∼1054 ergs
on a timescale of a few months and GRBs can have emission of up to ∼1054 ergs in a
timescale as short as a few seconds. The central role of neutron stars in the description of
supernovae, as well as of black holes and the electron–positron plasma, in the description
of GRBs, pioneered by one of us (RR) in 1975, are widely recognized. Only the theoretical
basis to address these topics are discussed in the present report.

© 2009 Elsevier B.V. All rights reserved.
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1. Introduction

The annihilation of electron–positron pair into two photons, and its inverse process – the production of electron–positron
pair by the collision of two photons were first studied in the framework of quantum mechanics by Dirac and by Breit and
Wheeler in the 1930s [1,2].
A third fundamental process was pioneered by the work of Fritz Sauter and Oscar Klein, pointing to the possibility of

creating an electron–positron pair from the vacuum in a constant electromagnetic field. This became known as the ‘Klein
paradox’ and such a process named as vacuum polarization. It would occur for an electric field stronger than the critical value

Ec ≡
m2ec

3

eh̄
' 1.3 · 1016 V/cm (1)

whereme, e, c and h̄ are respectively the electron mass and charge, the speed of light and the Planck’s constant.
The experimental difficulties to verify the existence of such three processes became immediately clear.While the process

studied by Dirac was almost immediately observed [3] and the electron–positron collisions became possibly the best tested
and prolific phenomenon ever observed in physics. The Breit–Wheeler process, on the contrary, is still today waiting a
direct observational verification. Similarly the vacuum polarization process defied dedicated attempts for almost fifty years
in experiments in nuclear physics laboratories and accelerators all over the world, see Section 6.
From the theoretical point of view the conceptual changes implied by these processes became immediately clear. They

were by vastness and depth only comparable to themodifications of the linear gravitational theory of Newton introduced by
the nonlinear general relativistic equations of Einstein. In the work of Euler, Oppenheimer and Debye, Born and his school
it became clear that the existence of the Breit–Wheeler process was conceptually modifying the linearity of the Maxwell
theory. In fact the creation of the electron–positron pair out of the two photons modifies the concept of superposition of the
linear electromagnetic Maxwell equations and impose the necessity to transit to a nonlinear theory of electrodynamics. In a
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certain sense the Breit–Wheeler process was having for electrodynamics the same fundamental role of Gedanken experi-
ment that the equivalence principle had for gravitation. Two different attempts to study these nonlinearities in the electro-
dynamics were made: one by Born and Infeld [4–6] and one by Euler and Heisenberg [7]. These works prepared the even
greater revolution of Quantum Electro-Dynamics by Tomonaga [8], Feynman [9–11], Schwinger [12–14] and Dyson [15,16].
In Section 2 we review the fundamental contributions to the electron–positron pair creation and annihilation and to the

concept of the critical electric field. In Section 2.1 we review the Dirac derivation [1] of the electron–positron annihilation
process obtained within the perturbation theory in the framework of relativistic quantum mechanics and his derivation of
the classical formula for the cross-section σ labe+e− in the rest frame of the electron

σ labe+e− = π

(
αh̄
me c

)2
(γ̂ − 1)−1

{
γ̂ 2 + 4γ̂ + 1
γ̂ 2 − 1

ln[γ̂ + (γ̂ 2 − 1)1/2] −
γ̂ + 3

(γ̂ 2 − 1)1/2

}
,

where γ̂ ≡ E+/me c2 ≥ 1 is the energy of the positron and α = e2/(h̄c) is as usual the fine structure constant, and we recall
the corresponding formula for the center of mass reference frame. In Section 2.2 we recall the main steps in the classical
Breit–Wheeler work [2] on the production of a real electron–positron pair in the collision of two photons, following the
same method used by Dirac and leading to the evaluation of the total cross-section σγ γ in the center of mass of the system

σγ γ =
π

2

(
αh̄
me c

)2
(1− β̂2)

[
2β̂(β̂2 − 2)+ (3− β̂4) ln

(
1+ β̂

1− β̂

)]
, with β̂ =

c|p|
E
,

where β̂ is the reduced velocity of the electron or the positron. In Section 2.3we recall the basic higher order processes, com-
pared to the Dirac and Breit–Wheeler ones, leading to pair creation. In Section 2.4we recall the famous Klein paradox [17,18]
and the possible tunneling between the positive and negative energy states leading to the concept of level crossing and pair
creation by analogy to the Gamow tunneling [19] in the nuclear potential barrier. We then turn to the celebrated Sauter
work [20] showing the possibility of creating a pair in a uniform electric field E. We recover in Section 2.5.1 a JWKB approx-
imation in order to reproduce and improve on the Sauter result by obtaining the classical Sauter exponential term as well
as the prefactor

ΓJWKB

V
' Ds

αE2

2π2h̄
e−

πEc
E ,

whereDs = 2 for a spin-1/2particle andDs = 1 for spin-0,V is the volume. Finally, in Section 2.5.2 the case of a simultaneous
presence of an electric and a magnetic field B is presented leading to the estimate of pair production rate

ΓJWKB

V
'
αβε

π h̄
coth

(
πβ

ε

)
exp

(
−
πEc
ε

)
, spin-1/2 particle

and
ΓJWKB

V
'
αβε

2π h̄
sinh−1

(
πβ

ε

)
exp

(
−
πEc
ε

)
, spin-0 particle,

where

ε ≡
√
(S2 + P2)1/2 + S,

β ≡
√
(S2 + P2)1/2 − S,

where the scalar S and the pseudoscalar P are

S ≡
1
4
FµνFµν =

1
2
(E2 − B2); P ≡

1
4
Fµν F̃µν = E · B,

where F̃µν ≡ εµνλκFλκ is the dual field tensor.
In Section 3 we first recall the seminal work of Hans Euler [21] pointing out for the first time the necessity of nonlinear

character of electromagnetism introducing the classical Euler Lagrangian

L =
E2 − B2

8π
+
1
α

1
E20

[
aE
(
E2 − B2

)2
+ bE (E · B)2

]
,

where

aE = −1/(360π2), bE = −7/(360π2),

a first order perturbation to the Maxwell Lagrangian. In Section 3.2 we review the alternative theoretical approach of
nonlinear electrodynamics by Max Born [5] and his collaborators, to the more ambitious attempt to obtain the correct
nonlinear Lagrangian of Electro-Dynamics. The motivation of Born was to attempt a theory free of divergences in the
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observable properties of an elementary particle, what has become known as ‘unitarian’ standpoint versus the ‘dualistic’
standpoint in description of elementary particles and fields. We recall how the Born Lagrangian was formulated

L =
√
1+ 2S − P2 − 1,

and one of the first solutions derived by Born and Infeld [6]. We also recall one of the interesting aspects of the courageous
approach of Born had been to formulate this Lagrangian within a unified theory of gravitation and electromagnetism
following Einstein program. Indeed, we also recall the very interesting solution within the Born theory obtained by
Hoffmann [22,23]. Still in the work of Born [5] the seminal idea of describing the nonlinear vacuum properties of this novel
electrodynamics by an effective dielectric constant and magnetic permeability functions of the field arised. We then review
in Section 3.3.1 thework of Heisenberg and Euler [7] adopting the general approach of Born and generalizing to the presence
of a real and imaginary part of the electric permittivity andmagnetic permeability. They obtain an integral expression of the
effective Lagrangian given by

∆Leff =
e2

16π2h̄c

∫
∞

0
e−s
ds
s3

[
is2 ĒB̄

cos(s[Ē2 − B̄2 + 2i(ĒB̄)]1/2)+ c.c.
cos(s[Ē2 − B̄2 + 2i(ĒB̄)]1/2)− c.c.

+

(
m2ec

3

eh̄

)2
+
s2

3
(|B̄|2 − |Ē|2)

]
,

where Ē, B̄ are the dimensionless reduced fields in the unit of the critical field Ec ,

Ē =
|E|
Ec
, B̄ =

|B|
Ec
.

obtaining the real part and the crucial imaginary termwhich relates to the pair production in a given electric field. It is shown
how these results give as a special case the previous result obtained by Euler (78). In Section 3.3.2 thework byWeisskopf [24]
working on a spin-0 field fulfilling the Klein–Gordon equation, in contrast to the spin 1/2 field studied by Heisenberg and
Euler, confirms the Euler–Heisenberg result. Weisskopf obtains explicit expression of pair creation in an arbitrary strong
magnetic field and in an electric field described by Ē and B̄ expansion.
For the first time Heisenberg and Euler provided a description of the vacuum properties by the characteristic scale

of strong field Ec and the effective Lagrangian of nonlinear electromagnetic fields. In 1951, Schwinger [25–27] made an
elegant quantum field theoretic reformulation of this discovery in the QED framework. This played an important role in
understanding the properties of the QED theory in strong electromagnetic fields. The QED theory in strong coupling regime,
i.e., in the regime of strong electromagnetic fields, is still a vast arena awaiting for experimental verification as well as of
further theoretical understanding.
In Section 4 after recalling some general properties of QED in Section 4.1 and some basic processes in Section 4.2 we

proceed to the consideration of the Dirac and the Breit–Wheeler processes in QED in Section 4.3. Then we discuss some
higher order processes, namely double pair production in Section 4.4, electron–nucleus bremsstrahlung and pair production
by a photon in the field of a nucleus in Section 4.5, and finally pair production by two ions in Section 4.6. In Section 4.7 the
classical result for the vacuum to vacuum decay via pair creation in uniform electric field by Schwinger is recalled

Γ

V
=
αE2

π2

∞∑
n=1

1
n2
exp

(
−
nπEc
E

)
.

This formula generalizes and encompasses the previous results reviewed in our report: the JWKB results, discussed in
Section 2.5, and the Sauter exponential factor (57), and the Heisenberg–Euler imaginary part of the effective Lagrangian.
We then recall the generalization of this formula to the case of a constant electromagnetic fields. Such results were
further generalized to spatially nonuniform and time-dependent electromagnetic fields by Nikishov [28], Vanyashin and
Terent’ev [29], Popov [30–32], Narozhny and Nikishov [33] and Batalin and Fradkin [34]. We then conclude this argument
by giving the real and imaginary parts for the effective Lagrangian for arbitrary constant electromagnetic field recently
published by Ruffini and Xue [35]. This result generalizes the previous result obtained by Weisskopf in strong fields. In
weak field it gives the Euler–Heisenberg effective Lagrangian. As we will see in the Section 6.2 much attention has been
given experimentally to the creation of pairs in the rapidly changing electric fields. A fundamental contribution in this
field studying pair production rates in an oscillating electric field was given by Brezin and Itzykson [36] and we recover
in Section 4.8 their main results which apply both to the case of bosons and fermions. We recall how similar results were
independently obtained two years later by Popov [37]. In Section 4.9 we recall an alternative physical process considering
the quantum theory of the interaction of free electron with the field of a strong electromagnetic waves: an ultrarelativistic
electron absorbs multiple photons and emits only a single photon in the reaction [38]:

e+ nω→ e′ + γ .

This process appears to be of the great relevance as we will see in the next section for the nonlinear effects originating from
laser beam experiments. Particularly important appears to be the possibility outlined by Burke et al. [39] that the high-
energy photon γ created in the first process propagates through the laser field, it interacts with laser photons nω to produce
an electron–positron pair

γ + nω→ e+ + e−.
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We also refer to the papers by Narozhny and Popov [40–45] studying the dependence of this process on the status of the
polarization of the photons.
We point out the great relevance of departing from the case of the uniform electromagnetic field originally considered

by Sauter, Heisenberg and Euler, and Schwinger. We also recall some of the classical works of Brezin and Itzykson and
Popov on time varying fields. The space variation of the field was also considered in the classical papers of Nikishov and
Narozhny as well as in the work of Wang and Wong. Finally, we recall the work of Khriplovich [46] studying the vacuum
polarization around a Reissner–Nordström black hole. A more recent approach using the worldline formalism sometimes
called the string-inspired formalism was advanced by Dunne and Schubert [47,48].
In Section 5, after recalling studies of pair production in inhomogeneous electromagnetic fields in the literature by

[48–53], we present a brief review of our recent work [54] where the general formulas for pair production rate as functions
of either crossing energy level or classical turning point, and total production rate are obtained in external electromagnetic
fields which vary either in one space direction E(z) or in time E(t). In Sections 5.1 and 5.2, these formulas are explicitly
derived in the JWKB approximation and generalized to the case of three-dimensional electromagnetic configurations. We
apply these formulas to several cases of such inhomogeneous electric field configurations, which are classified into two
categories. In the first category, we study two cases: a semi-confined field E(z) 6= 0 for z . ` and the Sauter field

E(z) = E0/ cosh2 (z/`) , V (z) = −σsmec2 tanh (z/`) ,
where ` is width in the z-direction, and

σs ≡ eE0`/mec2 = (`/λC )(E0/Ec).
In these two cases the pairs produced are not confined by the electric potential and can reach an infinite distance. The
resultant pair production rate varies as a function of space coordinate. The result we obtained is drastically different from
the Schwinger rate in homogeneous electric fields without any boundary.We clearly show that the approximate application
of the Schwinger rate to electric fields limited within finite size of space overestimates the total number of pairs produced,
particularly when the finite size is comparable with the Compton wavelength λC , see Figs. 7 and 8 where it is clearly shown
how the rate of pair creation far from being constant goes to zero at both boundaries. The same situation is also found for the
case of the semi-confined field z(z) 6= 0 for |z| . `, see Eq. (321). In the second category, we study a linearly rising electric
field E(z) ∼ z, corresponding to a harmonic potential V (z) ∼ z2, see Fig. 6. In this case the energy spectra of bound states
are discrete and thus energy crossing levels for tunneling are discrete. To obtain the total number of pairs created, using the
general formulas for pair production rate, we need to sum over all discrete energy crossing levels, see Eq. (332), provided
these energy levels are not occupied. Otherwise, the pair production would stop due to the Pauli principle.
In Section 6 we focus on the phenomenology of electron–positron pair creation and annihilation experiments. There are

three different aspects which are examined: the verification of the process (2) initially studied by Dirac, the process (3)
studied by Breit and Wheeler, and then the classical work of vacuum polarization process around a supercritical nucleus,
following the Sauter, Euler, Heisenberg and Schwinger work. We first recall in Section 6.1 how the process (2) predicted
by Dirac was almost immediately discovered by Klemperer [3]. Following this discovery the electron–positron collisions
have become possibly the most prolific field of research in the domain of particle physics. The crucial step experimentally
was the creation of the first electron–positron collider the ‘‘Anello d’Accumulazione’’ (AdA) was built by the theoretical
proposal of Bruno Touschek in Frascati (Rome) in 1960 [55]. Following the success of AdA (luminosity ∼ 1025/(cm2 s),
beam energy ∼ 0.25 GeV), it was decided to build in the Frascati National Laboratory a storage ring of the same kind,
Adone. Electron–positron colliders have been built and proposed for this purpose all over the world (CERN, SLAC, INP, DESY,
KEK and IHEP). The aim here is just to recall the existence of this enormous field of research which appeared following the
original Dirac idea. The main cross-sections (339) and (340) are recalled and the diagram (Fig. 11) summarizing this very
great success of particle physics is presented. While the Dirac process (2) has been by far one of the most prolific in physics,
the Breit–Wheeler process (3) has been one of the most elusive for direct observations. In Earth-bound experiments the
major effort today is directed to evidence this phenomenon in very strong and coherent electromagnetic field in lasers.
In this process collision of many photons may lead in the future to pair creation. This topic is discussed in Section 6.2.
Alternative evidence for the Breit–Wheeler process can come from optically thick electron–positron plasma which may be
created either in the future in Earth-bound experiments, or currently observed in astrophysics, see Section 9. One additional
way to probe the existence of the Breit–Wheeler process is by establishing in astrophysics an upper limits to observable
high-energy photons, as a function of distance, propagating in the Universe as pioneered by Nikishov [56], see Section 6.4.
We then recall in Section 6.3 how the crucial experimental breakthrough came from the idea of John Madey [57] of self-
amplified spontaneous emission in an undulator, which results when charges interact with the synchrotron radiation they
emit [58]. Such X-ray free electron lasers have been constructed among others at DESY and SLAC and focus energy onto a
small spot hopefully with the size of the X-ray laser wavelength λ ' O(0.1) nm [59], and obtain a very large electric field
E ∼ 1/λ, much larger than those obtainable with any optical laser of the same power. This technique can be used to achieve
a very strong electric field near to its critical value for observable electron–positron pair production in vacuum. No pair can
be created by a single laser beam. It is then assumed that each X-ray laser pulse is split into two equal parts and recombined
to form a standing wave with a frequency ω. We then recall how for a laser pulse with wavelength λ about 1 µm and the
theoretical diffraction limit σlaser ' λ being reached, the critical intensity laser beam would be

Iclaser =
c
4π
E2c ' 4.6 · 10

29W/cm2.
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In Section 6.2.1 we recall the theoretical formula for the probability of pair production in time-alternating electric field in
two limiting cases of large frequency and small frequency. It is interesting that in the limit of large field and small frequency
the production rate approach the one of the Sauter, Heisenberg, Euler and Schwinger, discussed in Section 4. In the following
Section 6.2.2we recall the actually reached experimental limits quoted byRingwald [60] for a X-ray laser and give a reference
to the relevant literature. In Section 6.2.3 we summarize some of the most recent theoretical estimates for pair production
by a circularly polarized laser beam by Narozhny, Popov and their collaborators. In this case the field invariants (69) are not
vanishing and pair creation can be achieved by a single laser beam. They computed the total number of electron–positron
pairs produced as a function of intensity and focusing parameter of the laser. Particularly interesting is their analysis of the
case of two counter-propagating focused laser pulses with circular polarizations, pair production becomes experimentally
observable when the laser intensity Ilaser ∼ 1026 W/cm2 for each beam, which is about 1–2 orders of magnitude lower
than for a single focused laser pulse, and more than 3 orders of magnitude lower than the critical intensity (345). Equally
interesting are the considerations which first appear in treating this problem that the back reaction of the pairs created on
the field has to be taken into due account. We give the essential references and we will see in Section 8 how indeed this
feature becomes of paramount importance in the field of astrophysics. We finally review in Section 6.2.4 the technological
situation attempting to increase both the frequency and the intensity of laser beams.
The difficulty of evidencing the Breit–Wheeler process even when the high-energy photon beams have a center of mass

energy larger than the energy-threshold 2mec2 = 1.02 MeV was clearly recognized since the early days. We discuss the
crucial role of the effective nonlinear terms originating in strong electromagnetic laser fields: the interaction needs not to
be limited to initial states of two photons [61,62]. A collective state of many interacting laser photons occurs. We turn then
in Section 6.3 to an evenmore complex and interesting procedure: the interaction of an ultrarelativistic electron beamwith
a terawatt laser pulse, performed at SLAC [63], when strong electromagnetic fields are involved. A first nonlinear Compton
scattering process occurs in which the ultrarelativistic electrons absorb multiple photons from the laser field and emit a
single photon via the process (357). The theory of this process has been given in Section 4.9. The second is a drastically
improved Breit–Wheeler process (358) by which the high-energy photon γ , created in the first process, propagates through
the laser field and interacts with laser photons nω to produce an electron–positron pair [39]. In Section 6.3.1 we describe
the status of this very exciting experiments which give the first evidence for the observation in the laboratory of the
Breit–Wheeler process although in a somewhat indirect form. Having determined the theoretical basis aswell as attempts to
verify experimentally the Breit–Wheeler formulawe turn in Section 6.4 to amost important application of the Breit–Wheeler
process in the framework of cosmology. As pointed out by Nikishov [56] the existence of background photons in cosmology
puts a stringent cutoff on the maximum trajectory of the high-energy photons in cosmology.
Having reviewed both the theoretical and observational evidence of the Dirac and Breit–Wheeler processes of creation

and annihilation of electron–positron pairswe turn then to one of themost conspicuous field of theoretical and experimental
physics dealing with the process of electron–positron pair creation by vacuum polarization in the field of a heavy nuclei.
This topic has originated one of the vastest experimental and theoretical physics activities in the last forty years, especially
by the process of collisions of heavy ions. We first review in Section 6.5 the Z = 137 catastrophe, a collapse to the center,
in semi-classical approach, following the Pomeranchuk work [64] based on the imposing the quantum conditions on the
classical treatment of the motion of two relativistic particles in circular orbits. We then proceed showing in Section 6.5.3
how the introduction of the finite size of the nucleus, following the classical work of Popov and Zeldovich [65], leads to
the critical charge of a nucleus of Zcr = 173 above which a bare nucleus would lead to the level crossing between the
bound state and negative energy states of electrons in the field of a bare nucleus. We then review in Section 6.5.5 the recent
theoretical progress in analyzing the pair creation process in a Coulomb field, taking into account radial dependence and
time variability of electric field. We finally recall in Section 6.6 the attempt to use heavy-ion collisions to form transient
superheavy ‘‘quasimolecules’’: a long-lived metastable nuclear complex with Z > Zcr . It was expected that the two heavy
ions of charges respectively Z1 and Z2with Z1+Z2 > Zcr would reach small inter-nuclear distanceswell within the electron’s
orbiting radii. The electrons would not distinguish between the two nuclear centers and they would evolve as if they were
bounded by nuclear ‘‘quasimolecules’’ with nuclear charge Z1 + Z2. Therefore, it was expected that electrons would evolve
quasi-statically through a series of well defined nuclear ‘‘quasimolecules’’ states in the two-center field of the nuclei as
the inter-nuclear separation decreases and then increases again. When heavy-ion collision occurs the two nuclei come
into contact and some deep inelastic reaction occurs determining the duration 1ts of this contact. Such ‘‘sticking time’’
is expected to depend on the nuclei involved in the reaction and on the beam energy. Theoretical attempts have been
proposed to study the nuclear aspects of heavy-ion collisions at energies very close to the Coulomb barrier and search
for conditions, which would serve as a trigger for prolonged nuclear reaction times, to enhance the amplitude of pair
production. The sticking time1ts should be larger than 1 ∼ 2·10−21 s [66] in order to have significant pair production. Up to
now no success has been achieved in justifying theoretically such a long sticking time. In reality the characteristic sticking
time has been found of the order of 1t ∼ 10−23 s, hundred times shorter than the needed to activate the pair creation
process. We finally recall in Section 6.6.2 the Darmstadt–Brookhaven dialogue between the Orange and the Epos groups
and the Apex group at Argonne in which the claim for discovery of electron–positron pair creation by vacuum polarization
in heavy-ion collisions was finally retracted. Out of the three fundamental processes addressed in this report, the Dirac
electron–positron annihilation and the Breit–Wheeler electron–positron creation from two photons have found complete
theoretical descriptions within Quantum Electro-Dynamics. The first one is very likely the best tested process in physical
science, while the second has finally obtained the first indirect experimental evidence. The third process, the one of the
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vacuum polarization studied by Sauter, Euler, Heisenberg and Schwinger, presents in Earth-bound experiments presents a
situation ‘‘terra incognita’’.
We turn then to astrophysics, where, in the process of gravitational collapse to a black hole and in its outcomes these

three processes will be for the first time verified on a much larger scale, involving particle numbers of the order of 1060,
seeing both the Dirac process and the Breit–Wheeler process at work in symbiotic form and electron–positron plasma
created from the ‘‘blackholic energy’’ during the process of gravitational collapse. It is becoming more and more clear that
the gravitational collapse process to a Kerr–Newman black hole is possibly the most complex problem ever addressed in
physics and astrophysics. What is most important for this report is that it gives for the first time the opportunity to see the
above three processes simultaneously at work under ultrarelativistic special and general relativistic regimes. The process
of gravitational collapse is characterized by the timescale 1tg = GM/c3 ' 5 · 10−6M/M� s and the energy involved are
of the order of 1E = 1054M/M� ergs. It is clear that this is one of the most energetic and most transient phenomena
in physics and astrophysics and needs for its correct description such a highly time varying treatment. Our approach in
Section 7 is to gain understanding of this process by separating the different components and describing (1) the basic
energetic process of an already formed black hole, (2) the vacuum polarization process of an already formed black hole,
(3) the basic formula of the gravitational collapse recovering the Tolman–Oppenheimer–Snyder solutions and evolving to
the gravitational collapse of charged and uncharged shells. This will allow among others to obtain a better understanding of
the role of irreduciblemass of the black hole and themaximumblackholic energy extractable from the gravitational collapse.
Wewill aswell address some conceptual issues between general relativity and thermodynamicswhich have been of interest
to theoretical physicists in the last forty years. Of course in these brief Sectionwewill be only recalling someof these essential
themes and refer to the literature where in-depth analysis can be found. In Section 7.1 we recall the Kerr–Newman metric
and the associated electromagnetic field. We then recall the classical work of Carter [67] integrating the Hamilton–Jacobi
equations for charged particle motions in the above given metric and electromagnetic field. We then recall in Section 7.2
the introduction of the effective potential techniques in order to obtain explicit expression for the trajectory of a particle in
a Kerr–Newman geometry, and especially the introduction of the reversible–irreversible transformations which lead then
to the Christodoulou–Ruffini mass formula of the black hole

M2c4 =
(
Mirc2 +

c2Q 2

4GMir

)2
+
L2c8

4G2M2ir
,

whereMir is the irreduciblemass of a black hole,Q and L are its charge and angularmomentum.We then recall in Section 7.3
the positive and negative root states of the Hamilton–Jacobi equations aswell as their quantum limit.We finally introduce in
Section 7.4 the vacuum polarization process in the Kerr–Newman geometry as derived by Damour and Ruffini [68] by using
a spatially orthonormal tetrad which made the application of the Schwinger formalism in this general relativistic treatment
almost straightforward. We then recall in Section 7.5 the definition of a dyadosphere in a Reissner–Nordström geometry, a
region extending from the horizon radius

r+ = 1.47 · 105µ(1+
√
1− ξ 2) cm

out to an outer radius

r? =
(
h̄
mec

)1/2 (GM
c2

)1/2 (mp
me

)1/2 ( e
qp

)1/2 ( Q
√
GM

)1/2
= 1.12 · 108

√
µξ cm,

where the dimensionless mass and charge parameters µ = M
M�
, ξ = Q

(M
√
G)
≤ 1. In Section 7.6 the definition of a

dyadotorus in a Kerr–Newmanmetric is recalled.We have focused on the theoretically well defined problem of pair creation
in the electric field of an already formed black hole. Having set the background for the blackholic energy we recall some
fundamental features of the dynamical process of the gravitational collapse. In Section 7.7 we address some specific issues
on the dynamical formation of the black hole, recalling first the Oppenheimer–Snyder solution [69] and then considering
its generalization to the charged nonrotating case using the classical work of Israel and de la Cruz [70,71]. In Section 7.7.1
we recover the classical Tolman–Oppenheimer–Snyder solution in a more transparent way than it is usually done in the
literature. In the Section 7.7.2 we are studying using the Israel–de la Cruz formalism the collapse of a charged shell to a black
hole for selected cases of a charged shell collapsing on itself or collapsing in an already formed Reissner–Nordström black
hole. Such elegant and powerful formalism has allowed to obtain for the first time all the analytic equations for such large
variety of possibilities of the process of the gravitational collapse. The theoretical analysis of the collapsing shell considered
in the previous section allows to reach a deeper understanding of the mass formula of black holes at least in the case of a
Reissner–Nordström black hole. This allows as well to give in Section 7.8 an expression of the irreducible mass of the black
hole only in terms of its kinetic energy of the initial rest mass undergoing gravitational collapse and its gravitational energy
and kinetic energy T+ at the crossing of the black hole horizon r+

Mir = M0 −
M20
2r+
+ T+.
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Similarly strong, in view of their generality, are the considerations in Section 7.8.2 which indicate a sharp difference
between the vacuum polarization process in an overcritical E � Ec and undercritical E � Ec black hole. For E � Ec
the electron–positron plasma created will be optically thick with average particle energy 10 MeV. For E � Ec the process
of the radiation will be optically thin and the characteristic energy will be of the order of 1021 eV. This argument will be
further developed in a forthcoming report. In Section 7.9 we show how the expression of the irreducible mass obtained in
the previous section leads to a theorem establishing an upper limit to 50% of the total mass energy initially at rest at infinity
which can be extracted from any process of gravitational collapse independent of the details. These results also lead to some
general considerations which have been sometimes claimed in reconciling general relativity and thermodynamics.
The conditions encountered in the vacuumpolarization process around black holes lead to a number of electron–positron

pairs created of the order of 1060 confined in the dyadosphere volume, of the order of a few hundred times to the horizon
of the black hole. Under these conditions the plasma is expected to be optically thick and is very different from the nuclear
collisions and laser case where pairs are very few and therefore optically thin. We turn then in Section 8, to discuss a new
phenomenon: the plasma oscillations, following the dynamical evolution of pair production in an external electric field
close to the critical value. In particular, we will examine: (i) the back reaction of pair production on the external electric
field; (ii) the screening effect of pairs on the electric field; (iii) the motion of pairs and their interactions with the created
photon fields. In Sections 8.1 and 8.2, we review semi-classical and kinetic theories describing the plasma oscillations using
respectively the Dirac–Maxwell equations and the Boltzmann–Vlasov equations. The electron–positron pairs, after they are
created, coherently oscillate back and forth giving origin to an oscillating electric field. The oscillations last for at least a few
hundred Compton times.We review the damping due to the quantumdecoherence. The energy from collectivemotion of the
classical electric field and pairs flows to the quantum fluctuations of these fields. This process is quantitatively discussed
by using the quantum Boltzmann–Vlasov equation in Sections 8.4 and 8.5. The damping due to collision decoherence is
quantitatively discussed in Sections 8.6 and 8.7 by using Boltzmann–Vlasov equation with particle collisions terms. This
damping determines the energy flows from collective motion of the classical electric field and pairs to the kinetic energy of
non-collective motion of particles of these fields due to collisions. In Section 8.7, we particularly address the study of the
influence of the collision processes e+e− � γ γ on the plasma oscillations in supercritical electric field [72]. It is shown that
the plasma oscillation is mildly affected by a small number of photons creation in the early evolution during a few hundred
Compton times (see Fig. 32). In the later evolution of 103−4 Compton times, the oscillating electric field is damped to its
critical value with a large number of photons created. An equipartition of number and energy between electron–positron
pairs and photons is reached (see Fig. 32). In Section 8.8, we introduce an approach based on the following three equations:
the number density continuity equation, the energy–momentum conservation equation and the Maxwell equations. We
describe the plasma oscillation for both overcritical electric field E > Ec and undercritical electric field E < Ec [73]. In
additional of reviewing the result well known in the literature for E > Ec we review some novel result for the case E < Ec .
It was traditionally assumed that electron–positron pairs, created by the vacuum polarization process, move as charged
particles in external uniform electric field reaching arbitrary large Lorentz factors. It is reviewed how recent computations
show the existence of plasma oscillations of the electron–positron pairs also for E . Ec . For both cases we quote the
maximum Lorentz factors γmax reached by the electrons and positrons as well as the length of oscillations. Two specific
cases are given. For E0 = 10Ec the length of oscillations 10 h̄/(mec), and E0 = 0.15Ec the length of oscillations 107 h̄/(mec).
We also review the asymptotic behavior in time, t →∞, of the plasma oscillations by the phase portrait technique. Finally
we review some recent results which differentiate the case E > Ec from the one E < Ec with respect to the creation of the
restmass of the pair versus their kinetic energy. For E > Ec the vacuumpolarization process transforms the electromagnetic
energy of the field mainly in the rest mass of pairs, with moderate contribution to their kinetic energy.
We then turn in Section 9 to the last physical process needed in ascertaining the reaching of equilibrium of an optically

thick electron–positron plasma. The average energy of electrons and positrons we illustrate is 0.1 < ε < 10 MeV. These
bounds are necessary from the one hand to have significant amount of electron–positron pairs to make the plasma optically
thick, and from the other hand to avoid production of other particles such as muons. As we will see in the next report these
are indeed the relevant parameters for the creation of ultrarelativistic regimes to be encountered in pair creation process
during the formation phase of a black hole. We then review the problem of evolution of optically thick, nonequilibrium
electron–positron plasma, towards an equilibrium state, following [74,75]. These results have been mainly obtained by
two of us (RR and GV) in recent publications and all relevant previous results are also reviewed in this Section 9. We have
integrated directly relativistic Boltzmann equations with all binary and triple interactions between electrons, positrons and
photons two kinds of equilibrium are found: kinetic and thermal ones. Kinetic equilibrium is obtained on a timescale of
few (σTn±c)−1, where σT and n± are Thomson’s cross-section and electron–positron concentrations respectively, when
detailed balance is established between all binary interactions in plasma. Thermal equilibrium is reached on a timescale
of few (ασTn±c)−1, when all binary and triple, direct and inverse interactions are balanced. In Section 9.1 basic plasma
parameters are illustrated. The computational scheme as well as the discretization procedure are discussed in Section 9.2.
Relevant conservation laws are given in Section 9.3. Details on binary interactions, consisting of Compton, Møller and
Bhabha scatterings, Dirac pair annihilation and Breit–Wheeler pair creation processes, and triple interactions, consisting of
relativistic bremsstrahlung, double Compton process, radiative pair production and three photon annihilation process, are
presented in Sections 9.5 and 9.6, respectively. In Section 9.5 collisional integralswith binary interactions are computed from
first principles, using QED matrix elements. In Section 9.7 Coulomb scattering and the corresponding cutoff in collisional
integrals are discussed. Numerical results are presented in Section 9.8 where the time dependence of energy and number
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densities as well as chemical potential and temperature of electron–positron–photon plasma is shown, together with
particle spectra. The most interesting result of this analysis is to have differentiate the role of binary and triple interactions.
The detailed balance in binary interactions following the classical work of Ehlers [76] leads to a distribution function of the
form of the Fermi–Dirac for electron–positron pairs or of the Bose–Einstein for the photons. This is the reasonwe refer in the
text to such conditions as the Ehlers equilibrium conditions. The crucial role of the direct and inverse three-body interactions
iswell summarized in Fig. 41, panel (a) fromwhich it is clear that the inverse three-body interactions are essential in reaching
thermal equilibrium. If the latter are neglected, the system deflates to the creation of electron–positron pairs all the way
down to the threshold of 0.5 MeV. This last result which is referred as the Cavallo–Rees scenario [501] is simply due to
improper neglection of the inverse triple reaction terms.
In Section 10 we present some general remarks.
Here and in the following we will use Latin indices running from 1 to 3, Greek indices running from 0 to 3, and we will

adopt the Einstein summation rule.

2. The fundamental contributions to the electron–positron pair creation and annihilation and the concept of critical
electric field

In this Section we recall the annihilation process of an electron–positron pair with the production of two photons

e+ + e− → γ1 + γ2, (2)

studied by Dirac in [1], the Breit–Wheeler process of electron–positron pair production by light–light collisions [2]

γ1 + γ2 → e+ + e− (3)

and the vacuumpolarization in external electric field, introduced by Sauter [20]. These three results, obtained in themid-30’s
of the last century [77,78], played a crucial role in the development of the Quantum Electro-Dynamics (QED).

2.1. Dirac’s electron–positron annihilation

Dirac had proposed his theory of the electron [79,80] in the framework of relativistic quantum theory. Such a theory
predicted the existence of positive and negative energy states. Only the positive energy states could correspond to the
electrons. The negative energy states had to have a physical meaning since transitions were considered to be possible from
positive to negative energy states. Itwas proposed byDirac [80] that nearly all possible states of negative energy are occupied
with just one electron in accordance with Pauli’s exclusion principle and that the unoccupied states, ‘holes’ in the negative
energy states should be regarded as ‘positrons’.1 Historical review of this exciting discovery is given in [84].
Adopting his time-dependent perturbation theory [85] in the framework of relativistic QuantumMechanicsDirac pointed

out in [1] the necessity of the annihilation process of electron–positron pair into two photons (2). He considered an electron
under the simultaneous influence of two incident beams of radiation, which induce transition of the electron to states of
negative energy, then he calculated the transition probability per unit time, using thewell established validity of the Einstein
emission and absorption coefficients, which connect spontaneous and stimulated emission probabilities. He obtained the
explicit expression of the cross-section of the annihilation process.
Such process is spontaneous, i.e. it occurs necessarily for any pair of electron and positron independently of their energy.

The process does not need any previously existing radiation. The derivation of the cross-section, considering the stimu-
lated emission process, was simplified by the fact that the electromagnetic field could be treated as an external classical
perturbation and did not need to be quantized [86].
Dirac started from his wave equation [79] for the spinor field Ψ :{

E
c
+
e
c
A0 + α ·

(
p+

e
c
A
)
+ βDmec

}
Ψ = 0, (4)

whereme and e are electron’s mass and charge, A is electromagnetic vector potential, and the matrices α and βD are:

α =

(
0 σ
σ 0

)
and βD =

(
I 0
0 −I

)
, (5)

where σ and I are respectively the Pauli’s and unit matrices. By choosing a gauge in which A0 vanishes he obtained:

A = a1 eiω1[t−l1·x/c] + a∗1 e
−iω1[t−l1·x/c] + a2 eiω2[t−l2·x/c] + a∗2 e

−iω2[t−l2·x/c], (6)

1 Actually initially [1,80] Dirac believed that these ‘holes’ in negative energy spectrum describe protons, but later he realized that these holes represent
particles with the same mass as of electron but with opposite charge, ‘anti-electrons’ [81]. The discovery of these anti-electrons was made by Anderson in
1932 [82] and named by him ‘positrons’ [83].
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whereω1 andω2 are respectively the frequencies of the two beams, l1 and l2 are the unit vectors in their direction of motion
and a1 and a2 are the polarization vectors, the modulus of which are the amplitudes of the two beams.
Dirac solved Eq. (4) by a perturbation method, finding a solution of the form ψ = ψ0 + ψ1 + ψ2 + · · ·, where ψ0 is the

solution in the free case, andψ1 is the first order perturbation containing the fieldA, or, explicitly− ec α·A. He then computed
the explicit expression of the second order expansion termψ2, which represents electrons that havemade the double photon
emission process and decay into negative energy states. He evaluated the transition amplitude for the stimulated transition
process, which reads

we++e−→γ1+γ2 =
16e2|a1|2|a2|2

|E ′|me c2
K12
1− cos(δE ′t/h)

(δE ′)2
, (7)

where E ′ = me c2 − ν1 − ν2, ν1 and ν2 are the photons’ frequencies and

K12 = −(m1 ·m2)2 +
1
4
[1− (m1 ·m2)(n1 · n2)+ (m1 · n2)(m1 · n2)]

ν1 + ν2

mec2
, (8)

is a dimensionless number depending on the unit vectors in the directions of the two photon’s polarization vectorsm1 and
m2. The quantities n1 and n2 are respectively given by n1,2 = l1,2 × m1,2. Introducing the intensity of the two incident
beams

I1 =
ν21

2π c
|k1|2, I2 =

ν22

2π c
|k2|2, (9)

where k1,2 = ω1,2l1,2. Dirac obtained from the above transition amplitude the transition probability

Pe++e−→γ1+γ2 =
8π2c2e4

|E ′|me c2ν21ν
2
2
K12
1− cos(δE ′t/h)

(δE ′)2
. (10)

In order to evaluate the spontaneous emission probability Dirac uses the relation between the Einstein coefficients AE and
BE which is of the form

AE/BE = 2πh/c2(ν1,2/2π)3. (11)

Integrating on all possible directions of emission he obtains the total probability per unit time, in the rest frame of the
electron he obtains

σ labe+e− = π

(
αh̄
me c

)2
(γ̂ − 1)−1

{
γ̂ 2 + 4γ̂ + 1
γ̂ 2 − 1

ln[γ̂ + (γ̂ 2 − 1)1/2] −
γ̂ + 3

(γ̂ 2 − 1)1/2

}
, (12)

where γ̂ ≡ E+/me c2 ≥ 1 is the energy of the positron and α = e2/(h̄c) is the fine structure constant. Again, historically
Dirac was initially confused about the negative energy states interpretation as we recalled. Although he derived the correct
formula, he was doubtful about the presence in it of the mass of the electron or of the mass of the proton. Of course today
this has been clarified and this derivation is fully correct if one uses the mass of the electron and applied this formula to
description of electron–positron annihilation. The limit for high-energy pairs (γ̂ � 1) is

σ labe+e− '
π

γ̂

(
αh̄
me c

)2 [
ln
(
2γ̂
)
− 1

]
. (13)

The corresponding center of mass formula is

σe+e− =
π

4β̂2

(
αh̄
me c

)2
(1− β̂2)

[
2β̂(β̂2 − 2)+ (3− β̂4) ln

(
1+ β̂

1− β̂

)]
, (14)

where β̂ is the reduced velocity of the electron or the positron.

2.2. Breit–Wheeler pair production

We now turn to the equally important derivation on the production of an electron–positron pair in the collision of two
real photons given by Breit andWheeler [2]. According to Dirac’s theory of the electron, this process is caused by a transition
of an electron from a negative energy state to a positive energy under the influence of two light quanta on the vacuum. This
process differently from the one considered by Dirac, which occurs spontaneously, has a threshold due to the fact that
electron and positron mass is not zero. In other words in the center of mass of the system there must be sufficient available
energy to create an electron–positron pair. This energy must be larger than twice of electron rest mass energy.
Breit and Wheeler, following the discovery of the positron by Anderson [83], studied the effect of two light waves upon

an electron in a negative energy state, represented by a normalized Dirac wave function ψ (0). Like in the previous case
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studied by Dirac [1] the light waves have frequencies ωi, wave vectors ki and vector potentials (6). Under the influence of
the light waves, the initial electron wave function ψ (0) is changed after some time t into a final wave function ψ (t). The
method adopted is the time-dependent perturbation [85] (for details see [87]) to solve the Dirac equation with the time-
dependent potential eA(t) (6). The transition amplitude was calculated by an expansion in powers of a1,2 up to O(α2). The
wave functionψ (t) contains a term representing an electron in a positive energy state. The associated density is found to be

wγ1+γ2→e++e− =

(
αh̄
me c

)2
|a1|2|a2|2K12

|1− exp(−itδE/h̄)|2

(δE)2
(15)

=

(
αh̄
me c

)2
2|a1|2|a2|2K12

|1− cos(δE t/h̄)|2

(δE)2
, (16)

whereK12 is the dimensionless number already obtained byDirac, Eq. (8), depending on initialmomenta and spin of thewave
function ψ (0) and the polarizations of the quanta. This quantity is actually the squared transition matrix in the momenta
and spin of initial and final states of light and electron–positron. The squared amplitudes |a1,2|2 in Eq. (15) are determined
by the intensities I1,2 of the two light beams as

|a1,2|2 =
2πc
ω21,2

I1,2. (17)

The quantity δE in Eq. (15) is the difference in energies between initial light states and final electron–positron states.
Indicating by E (−) = −c(p21 + m

2
ec
2)1/2, where p1 is the 4-momentum of the positron, the negative energy of the electron

in its initial state and the corresponding quantity for the electron E2 = −c(p22 +m
2
ec
2)1/2, where p2 is the 4-momentum of

the electron, δE is given by

δE = c(p22 +m
2
ec
2)1/2 + E1 − h̄ω1 − h̄ω2, where E1 = −E (−), (18)

and p2 = −p1 + k1 + k2 is the final momentum of the electron. From this energy and momentum conservation it follows

d(δE) = c2
[
|p1|
E1
−
p1 · p2
(|p1|E2)

]
dp1. (19)

It is then possible to sum the probability densities (15) over all possible initial electron states of negative energy in the
volume V . An integral over the phase space

∫
2|p1|2d|p1|dΩ1V/(2π h̄)3 must be performed. The effective collision area for

the head-on collision of two light quanta was shown by Breit and Wheeler to be

σγ γ = 2
(
αh̄
m c

)2 ∫ c|p1|2

h̄ω1h̄ω2
K12

[
|p1|
E1
−
p1 · p2
|p1|E2

]−1
dΩ1, (20)

whereΩ1 is the solid angler, which fulfills the total energy conservation δE = 0.
In the center of mass of the system, the momenta of the electron and the positron are equal and opposite p1 = −p2. In

that frame the momenta of the photons in the initial state are k1 = −k2. As a consequence, the energies of the electron and
the positron are equal: E1 = E2 = E , and so are the energies of the photons: h̄ω1 = h̄ω2 = Eγ = E . The total cross-section
of the process is then

σγ γ = 2
(
αh̄
me c

)2 c|p|
E

∫
K12dΩ1, (21)

where |p| = |p1| = |p2|, and E = (c2|p|2 + m2ec
4)1/2. Therefore, the necessary kinematic condition in order for the

process (3) taking place is that the energy of the two colliding photons be larger than the threshold 2mec2, i.e.,

Eγ > mec2. (22)

From Eq. (21) the total cross-section in the center of mass of the system is

σγ γ =
π

2

(
αh̄
me c

)2
(1− β̂2)

[
2β̂(β̂2 − 2)+ (3− β̂4) ln

(
1+ β̂

1− β̂

)]
, with β̂ =

c|p|
E
. (23)

In modern QED cross-sections (13) and (23) emerge form two tree-level Feynman diagrams (see, for example, the
textbook [88] and Section 4).
For E � mec2, the total effective cross-section is approximately proportional to

σγ γ ' π

(
αh̄
mec

)2 (mec2
E

)2
. (24)
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The cross-section in line (23) can be easily generalized to an arbitrary reference frame, in which the two photons k1
and k2 cross with arbitrary relative directions. The Lorentz invariance of the scalar product of their 4-momenta (k1k2) gives

ω1ω2 = E2γ . Since Eγ = E = mec2/
√
1− β̂2, to obtain the total cross-section in the arbitrary frameK , we must therefore

make the following substitution [89]

β̂ →

√
1−m2ec4/(ω1ω2), (25)

in Eq. (23).

2.3. Collisional e+e− pair creation near nuclei: Bethe and Heitler, Landau and Lifshitz, Sauter, and Racah

After having recalled in the previous sections the classical works of Dirac on the reaction (2) and Breit–Wheeler on the
reaction (3) it is appropriate to return for amoment on the discovery of electron–positron pairs from observations of cosmic
rays. The history of this discovery sees as major actors on one side Carl Anderson [83] at Caltech and on the other side
Patrick Maynard Stuart Blackett and Giuseppe Occhialini [90] at the Cavendish laboratory. A fascinating reconstruction of
their work can be found e.g. in [84]. The scene was however profoundly influenced by a fierce conceptual battle between
Robert A. Millikan at Caltech and Arthur Compton at Chicago on the mechanism of production of these cosmic rays. For a
refreshing memory of these heated discussions and a role also of Sir James Hopwood Jeans see e.g. [91]. The contention by
Millikan was that the electron–positron pairs had to come from photons originating between the stars, while Jeans located
their source on the stars. Compton on the contrary insisted on their origin from the collision of charged particles in the Earth
atmosphere. Moreover, at the same time there were indications that similar process of charged particles would occur by the
scattering of the radiation from polonium–beryllium, see e.g. Joliot and Curie [92].
It was therefore a natural outcome that out of this scenario two major theoretical developments occurred. One develop-

ment inquired electron–positron pair creation by the interaction of photons with nuclei following the reaction:

γ + Z −→ Z + e+ + e−, (26)

major contributors were Oppenheimer and Plesset [93], Heitler [94], Bethe–Heitler [95], Sauter [96] and Racah [97].
Heitler [94] obtained an order of magnitude estimate of the total cross-section of this process

σZγ→Ze+e− ' αZ
2
(
e2

mec2

)2
. (27)

In the ultrarelativistic case ε± � me the total cross-section for pair production by a photon with a given energy ω is [95]

σ =
28
9
Z2αr2e

(
log
2ω
me
−
109
42

)
. (28)

The second development was the study of the reaction

Z1 + Z2 −→ Z1 + Z2 + e+ + e− (29)

with the fundamental contribution of Landau and Lifshitz [98] and Racah [97,99]. This process is an example of two photon
pair production, see. Fig. 1. The 4-momenta of particles Z1 and Z2 are respectively p1 and p2. The total pair production cross-
section is [98]

σLandau =
28
27π

r2e (Z1Z2α)
2L3γ , (30)

where Lγ = log γ . Racah [99] gives next to leading terms

σRacah =
28
27π

r2e (Z1Z2α)
2(L3γ − 2.2L

2
γ + 3.84Lγ − 1.636). (31)

The differential cross-section is given in Section 4.5. The differential distributions of electrons and positrons in awide energy
range was computed by Bhabha in [101].
In parallel progress on the reaction

e− + Z −→ e− + Z + γ , (32)

was made by Sommerfeld [102], Heitler [94] and later by Bethe and Heitler [95].
Once the exact cross-section of the process (26) was known, the corresponding cross-section for the process (32) was

found by an elegant method, called the equivalent photons method [100,103]. The idea to treat the field of a fast charged
particle in a way similar to electromagnetic radiation with particular frequency spectrum goes back to Fermi [104]. In such
a way electromagnetic interaction of this particle e.g. with a nucleus is reduced to the interaction of this radiation with
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Fig. 1. The sketch of two photon particle production.
Source: Reproduced from [100].

the nucleus. This idea was successfully applied to the calculation of the cross-section of interaction of relativistic charged
particles by Weizsäcker [105] and Williams [106]. In fact, this method establishes the relation between the high-energy
photon induced cross-section dσγ X→Y to the corresponding cross-section induced by a charged particle dσeX→Y by the
relation which is expressed by

dσeX→Y =
∫
n(ω)
ω
dσγ X→Ydω, (33)

where n(ω) is the spectrum of equivalent photons. Its simple generalization,

σee→Y =

∫
dω1
ω1

dω2
ω2
n(ω1)n(ω2)dσγ1γ2→Y . (34)

Generally speaking, the equivalent photon approximation consists in ignoring that in such a case intermediate (virtual)
photons are (a) off mass–shell and (b) no longer transversely polarized. In the early years this spectrum was estimated on
the ground of semi-classical approximations [105,107] as

n(ω) =
2α
π
ln
(
E
ω

)
, (35)

where E is relativistic charged particle energy. This logarithmic dependence of the equivalent photon spectrum on the
particle energy is characteristic of the Coulomb field. Racah [97] applied this method to compute the bremsstrahlung cross-
section in the process (32),which is given in Section 4.5. Bethe andHeitler [95], obtained the same formula and computed the
effect of the screening of the electrons of the nucleus. They found the screening is significant when the energy of relativistic
particle is not too high (E ' mc2), where m is the mass of the particle. Finally, Bethe and Heitler discussed the energy loss
of charged particles in a medium.
Racah [99] used the equivalent photons method to compute from (34) the cross-section of pair creation at collision of

two charged particles (29). Unlike Landau and Lifshitz result [98] σ ∼ log3(2E) which is valid only for log 2E � 1 the
cross-section of Racah contains more terms of different powers of the logarithm, see Section 4.6.

2.4. Klein paradox and Sauter work

Every relativistic wave equation of a free particle of massme, momentum p and energy E , admits ‘‘positive energy’’ and
‘‘negative energy’’ solutions. In Minkowski space such a solution is symmetric with respect to the zero energy and the wave
function given by

ψ±(x, t) ∼ e
i
h̄ (k·x−E±t) (36)

describes a relativistic particle, whose energy, mass and momentum satisfy,

E2
±
= m2ec

4
+ c2|p|2; E± = ±

√
m2ec4 + c2|p|2. (37)

This gives rise to the familiar positive and negative energy spectrum (E±) of positive and negative energy statesψ±(x, t) of
the relativistic particle, as represented in Fig. 2. In such a situation, in absence of external field and at zero temperature, all the
quantum states are stable; that is, there is no possibility of ‘‘positive’’ (‘‘negative’’) energy states decaying into ‘‘negative’’
(‘‘positive’’) energy states since there is an energy gap 2mec2 separating the negative energy spectrum from the positive
energy spectrum. This stability condition was implemented by Dirac by considering all negative energy states as fully filled.
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Fig. 2. The mass gap 2mec2 that separates the positive continuum spectrum E+ from the negative continuum spectrum E− .

A scalar field described by the wave function φ(x) satisfies the Klein–Gordon equation [108–111]{[
ih̄∂µ +

e
c
Aµ(z)

]2
−m2ec

2
}
φ(x) = 0. (38)

If there is only an electric field E(z) in the z-direction and varying only as a function of z, we can choose a vector potential
with the only nonzero component A0(z) and potential energy

V (z) = −eA0(z) = e
∫ z

dz ′E(z ′). (39)

For an electron of charge−e by assuming

φ(x) = e−iE t/h̄eip⊥x⊥/h̄φ(z),

with a fixed transverse momentum p⊥ in the x, y-direction and an energy eigenvalue E , and Eq. (38) becomes simply[
− h̄2

d2

dz2
+ p2
⊥
+m2ec

2
−
1
c2
[E − V (z)]2

]
φ(z) = 0. (40)

Klein studied a relativistic particle moving in an external step function potential V (z) = V0Θ(z) and in this case Eq. (40)
is modified as

[E − V0]2 = m2ec
4
+ c2|p|2; E± = V0 ±

√
m2ec4 + c2|p|2, (41)

where |p|2 = |pz |2 + p2⊥. He solved his relativistic wave equation [108–111] by considering an incident free relativistic
wave of positive energy states scattered by the constant potential V0, leading to reflected and transmitted waves. He found
a paradox that in the case V0 ≥ E +mec2, the reflected flux is larger than the incident flux jref > jinc, although the total flux
is conserved, i.e. jinc = jref + jtran. This is known as the Klein paradox [17,18]. This implies that negative energy states have
contributions to both the transmitted flux jtran and reflected flux jref.
Sauter studied this problem by considering a potential varying in the z-direction corresponding to a constant electric

field E in the ẑ = z/|z|-direction and considering spin 1/2 particles fulfilling the Dirac equation. In this case the energy E is
shifted by the amount V (z) = −eEz. He further assumed an electric field E uniform between z1 and z2 and null outside. Fig. 3
represents the corresponding sketch of allowed states. The key point now, which is the essence of the Klein paradox [17,18],
is that a level crossing between the positive and negative energy levels occurs. Under this condition the above mentioned
stability of the ‘‘positive energy’’ states is lost for sufficiently strong electric fields. The same is true for ‘‘negative energy’’
states. Some ‘‘positive energy’’ and ‘‘negative energy’’ states have the same energy levels. Thus, these ‘‘negative energy’’
waves incident from the left will be both reflected back by the electric field and partly transmitted to the right as a ‘‘‘positive
energy’’ wave, as shown in Fig. 3 [112]. This transmission represents a quantum tunneling of the wave function through
the electric potential barrier, where classical states are forbidden. This quantum tunneling phenomenon was pioneered by
George Gamow by the analysis of alpha particle emission or capture in the nuclear potential barrier (Gamow wall) [19]. In
the latter case however the tunneling occurred between two states of positive energy while in the Klein paradox and Sauter
computation the tunneling occurs for the first time between the positive and negative energy states giving rise to the totally
new concept of the creation of particle–antiparticle pairs in the positive energy state as we are going to show.
Sauter first solved the relativistic Dirac equation in the presence of the constant electric field by the ansatz,

ψs(x, t) = e
i
h̄ (kxx+kyy−E±t)χs3(z) (42)
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Fig. 3. In the presence of a strong enough electric field the boundaries of the classically allowed states (‘‘positive’’ or ‘‘negative’’) can be so tilted that
a ‘‘negative’’ is at the same level as a ‘‘positive’’ (level crossing). Therefore a ‘‘negative’’ wave-packet from the left will be partially transmitted, after an
exponential damping due to the tunneling through the classically forbidden states, as s ‘‘positive’’ wave-packets outgoing to the right.
Source: This figure is reproduced from Fig. II in Ref. [112], and µ = mec2, εV = V (z), ω = E .

where spinor function χs3(z) obeys the following equation (γ0, γi are Dirac matrices)[
h̄cγ3

d
dz
+ γ0(V (z)− E±)+ (mec2 + icγ2py + icγ1px)

]
χs3(z) = 0, (43)

and the solution χs3(z) can be expressed in terms of hypergeometric functions [20]. Using this wave function ψs(x, t) (42)
and the flux icψĎ

s γ3ψs, Sauter computed the transmitted flux of positive energy states, the incident and reflected fluxes
of negative energy states, as well as exponential decaying flux of classically forbidden states, as indicated in Fig. 3. Using
the regular matching conditions of the wave functions and fluxes at boundaries of the potential, Sauter found that the
transmission coefficient |T |2 of the wave through the electric potential barrier from the negative energy state to positive
energy states:

|T |2 =
|transmission flux|
|incident flux|

∼ e−π
m2e c

3

h̄eE . (44)

This is the probability of negative energy states decaying to positive energy states, caused by an external electric field. The
method that Sauter adopted to calculate the transmission coefficient |T |2 is indeed the same as the one Gamow used to
calculate quantum tunneling of the wave function through nuclear potential barrier, leading to the α-particle emission [19].
The simplest way to calculate the transmission coefficient |T |2 (44) is the JWKB (Jeffreys–Wentzel–Kramers–Brillouin)

approximation. The electric potential V (z) is not a constant. The corresponding solution of the Dirac equation is not
straightforward, however it can be found using the quasi-classical, JWKB approximation. Particle’s energy E , momentum p
and massme satisfy,

[E± − V (z)]2 = m2ec
4
+ c2|p|2; E± = V (z)±

√
m2ec4 + c2|p|2, (45)

where themomentum pz(z) is spatially dependent. Themomentum pz > 0 for both negative and positive energy states and
thewave functions exhibit usual oscillatory behavior of propagating wave in the ẑ-direction, i.e. exp ih̄pzz. Inside the electric
potential barrier where are the classically forbidden states, the momentum p2z given by Eq. (45) becomes negative, and pz
becomes imaginary, which means that the wave function will have an exponential behavior, i.e. exp− 1h̄

∫
|pz |dz, instead of

the oscillatory behavior which characterizes the positive and negative energy states. Therefore the transmission coefficient
|T |2 of the wave through the one-dimensional potential barrier is given by

|T |2 ∝ exp−
2
h̄

∫ z+

z−
|pz |dz, (46)

where z− and z+ are roots of the equation pz(z) = 0 defining the turning points of the classical trajectory, separating positive
and negative energy states.

2.5. A semi-classical description of pair production in quantum mechanics

2.5.1. An external constant electric field
The phenomenon of pair production can be understood as a quantum mechanical tunneling process of relativistic

particles. The external electric fieldmodifies the positive and negative energy spectrum of the free Hamiltonian. Let the field
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Fig. 4. Energy spectra E± with an external electric field E along the ẑ-direction (for−` < z < ` and `� 1). Crossing energy levels appear, indicated by a
dashed line between two continuumenergy spectra E− and E+ . The turning points z±(E) for the crossing energy levels E of Eq. (51) aremarked. This implies
that virtual electrons at these crossing energy levels in the negative energy spectrum can quantum mechanically tunnel toward infinity [z � z+(E)] as
real electrons; empty states left over in the negative energy spectrum represent real positrons. This is how quantum tunneling produces pairs of electrons
and positrons.

vector E point in the ẑ-direction. The electric potential is A0 = −|E|z where −` < z < +` and the length ` � h̄/(mec),
then the positive and negative continuum energy spectra are

E± = |eE|z ±
√
(cpz)2 + c2p2⊥ + (mec2)2, (47)

where pz is the momentum in ẑ-direction, p⊥ transverse momenta. The energy spectra E± (47) are sketched in Fig. 4. One
finds that crossing energy levels E between two energy spectra E− and E+ (47) appear, then quantum tunneling process
occurs. The probability amplitude for this process can be estimated by a semi-classical calculation using JWKB method (see
e.g. [54,87]):

PJWKB(|p⊥|) ≡ exp
{
−
2
h̄

∫ z+(E+)

z−(E−)
pzdz

}
, (48)

where

pz =
√
p2
⊥
+m2ec2 − (E − |eE|z)2/c2 (49)

is the classical momentum. The limits of integration z±(E±) are the turning points of the classical orbit in imaginary time.
They are determined by setting pz = 0 in Eq. (47). The solutions are

z±(E±) =
c
[
p2
⊥
+m2ec

2
]1/2
+ E±

|eE|
. (50)

At the turning points of the classical orbit, the crossing energy level

E = E+ = E−, (51)

as shown by dashed line in Fig. 4. The tunneling length is

z+(E+)− z−(E−) =
2mec2

|eE|
= 2

h̄
mec

(
Ec
E

)
, (52)

which is independent of crossing energy levels E . The critical electric field Ec in Eq. (1) is the field at which the tunneling
length (52) is twice the Compton length λC ≡ h̄/mec .
Changing the variable of integration from z to y(z),

y(z) =
E − |eE|z

c
√
p2
⊥
+m2ec2

, (53)

we obtain

y−(z−) = −1, y+(z+) = +1 (54)

August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408



R. Ruffini et al. / Physics Reports 487 (2010) 1–140 19

and the JWKB probability amplitude (48) becomes

PJWKB(|p⊥|) = exp
[
−
2Ec
E

(
1+

p2
⊥

m2ec2

)∫
+1

−1
dy
√
1− y2

]
= exp

[
−
πEc
E

(
1+

p2
⊥

m2ec2

)]
. (55)

Summing over initial and final spin states and integrating over the transverse phase space
∫
dz⊥dp⊥/(2π h̄)2 yields the final

result

PJWKB ≈ DsV⊥e−πcm
2
e c
2/|eE|h̄

∫
d2p⊥
(2π h̄)2

e−πcp
2
⊥
/|eE|h̄

= DsV⊥
|eE|
4π2ch̄

e−πEc/E, (56)

where the transverse surface V⊥ =
∫
dz⊥. For the constant electric field E in −` < z < +`, crossing energy levels E

vary from the maximal energy potential V (−`) = +eE` to the minimal energy potential V (+`) = −eE`. This probability
equation (56) is independent of crossing energy levels E . We integrate Eq. (56) over crossing energy levels

∫
dE/mec2 and

divide it by the time interval 1t ' h/mec2 during which quantum tunneling occurs, and find the transition rate per unit
time and volume

ΓJWKB

V
' Ds

αE2

2π2h̄
e−πEc/E, (57)

whereDs = 2 for a spin-1/2 particle andDs = 1 for spin-0, V is the volume. The JWKB result contains the Sauter exponential
e−πEc/E [20] and reproduces as well the prefactor of Heisenberg and Euler [7].
Let us specify a quantitative condition for the validity of the above ‘‘semi-classical’’ JWKB approximation, which is in fact

leading term of the expansion of wave function in powers of h̄. In order to have the next-leading term bemuch smaller than
the leading term, the de Broglie wavelength λ(z) ≡ 2π h̄/pz(z) of wave function of the tunneling particle must have only
small spatial variations [87]:

1
2π

∣∣∣∣dλ(z)dz
∣∣∣∣ = h̄

p2z (z)

∣∣∣∣dpz(z)dz

∣∣∣∣� 1 (58)

with pz(z) of Eq. (49). The electric potential A0 = −e|z|Z must satisfy

h̄
2p3z

∣∣∣∣dA0dz
∣∣∣∣ ' EEc � 1 (59)

so that the result (57) is valid only for E � Ec .

2.5.2. An additional constant magnetic field
The result (57) can be generalized to include a uniformmagnetic fieldB. The calculation is simplest by going into a Lorentz

frame in which B and E are parallel to each other, which is always possible for uniform and static electromagnetic field. This
frame will be referred to a center-of-fields frame, and the associated fields will be denoted by BCF and ECF. Suppose the initial
B and E are not parallel, then we perform a Lorentz transformation with a velocity determined by [113]

v/c
1+ (|v|/c)2

=
E× B
|E|2 + |B|2

, (60)

in the direction v̂ ≡ v/|v| as follows

ECF = (E · v̂)v̂+
v̂× (E× v̂)+ (v/c)× B
[1− (|v|/c)2]1/2

, (61)

BCF = (B · v̂)v̂+
v̂× (B× v̂)− (v/c)× E
[1− (|v|/c)2]1/2

. (62)

The fields BCF and ECF are now parallel. As a consequence, the wave function factorizes into a Landau state and into a spinor
function, this last one first calculated by Sauter (see Eqs. (42) and (43)). The energy spectrum in the JWKB approximation is
still given by Eq. (47), but the squared transverse momenta p2

⊥
is quantized due to the presence of the magnetic field: they

are replaced by the Landau energy levels whose transverse energies have the discrete spectrum

c2p2
⊥
= 2mec2 ×

p2
⊥

2me
→ 2mec2 × g

h̄ωL
2

(
n+

1
2
+ σ̂

)
, n = 0, 1, 2, . . . , (63)
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where g = 2 + α/π + · · · is the anomalous magnetic moment of the electron [11,114–117], ωL = e|BCF|/mec the Landau
frequency, σ̂ = ±1/2 for a spin-1/2 particle (σ̂ = 0 for a spin-0 particle) are eigenvalues of spinor operator σz in the (ẑ)-
direction, i.e., in the commondirection ofECF andBCF in the selected frame. The quantumnumber n characterizing the Landau
levels is associated with harmonic oscillations in the plane orthogonal to ECF and BCF. Apart from the replacement (63),
the JWKB calculation remains the same as in the case of constant electric field (57). We must only replace the integration
over the transverse phase space

∫
dxdydp⊥/(2π h̄)2 in Eq. (56) by the sum over all Landau levels with the degeneracy

V⊥e|BCF|/(2π h̄c) [87]:

V⊥e|BCF|
2π h̄c

∑
nσ̂

exp
[
−π
2ch̄|e||BCF|(n+ 1/2+ σ̂ )+ (mec2)2

e|ECF|ch̄

]
. (64)

The results are

V⊥e|BCF|
2π h̄c

coth
(
π |BCF|
|ECF|

)
exp

(
−
πEc
|ECF|

)
, spin-1/2 particle (65)

and

V⊥e|BCF|
4π h̄c

sinh−1
(
π |BCF|
|ECF|

)
exp

(
−
πEc
|ECF|

)
, spin-0 particle. (66)

We find the pair production rate per unit time and volume

ΓJWKB

V
'
α|BCF||ECF|

π h̄
coth

(
π |BCF|
|ECF|

)
exp

(
−
πEc
|ECF|

)
, spin-1/2 particle (67)

and

ΓJWKB

V
'
α|BCF||ECF|
2π h̄

sinh−1
(
π |BCF|
|ECF|

)
exp

(
−
πEc
|ECF|

)
, spin-0 particle. (68)

We can now go back to an arbitrary Lorentz frame by expressing the result in terms of the two Lorentz invariants that
can be formed from the B and E fields: the scalar S and the pseudoscalar P

S ≡
1
4
FµνFµν =

1
2
(E2 − B2); P ≡

1
4
Fµν F̃µν = E · B, (69)

where F̃µν ≡ εµνλκFλκ is the dual field tensor. We define the invariants ε and β as the solutions of the invariant equations

ε2 − β2 ≡ E2 − B2 ≡ 2S, εβ ≡ E B ≡ P, (70)

and obtain

ε ≡
√
(S2 + P2)1/2 + S, (71)

β ≡
√
(S2 + P2)1/2 − S. (72)

In the special frame with parallel BCF and ECF, we see that β = |BCF| and ε = |ECF|, so that we can replace (67) and (68)
directly by the invariant expressions

ΓJWKB

V
'
αβε

π h̄
coth

(
πβ

ε

)
exp

(
−
πEc
ε

)
, spin-1/2 particle (73)

and

ΓJWKB

V
'
αβε

2π h̄
sinh−1

(
πβ

ε

)
exp

(
−
πEc
ε

)
, spin-0 particle, (74)

which are pair production rates in arbitrary constant electromagnetic fields. We would like to point out that S and P in (69)
are identically zero for any field configuration in which

|E| = |B|; E ⊥ B = 0. (75)

As example, for a plane wave of electromagnetic field, ε = β = 0 and no pairs are produced.
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3. Nonlinear electrodynamics and rate of pair creation

3.1. Hans Euler and light–light scattering

Hans Euler in his celebrated diplom thesis [21] discussed at the University of Leipzig called attention on the reaction

γ1γ2 −→ e+e− −→ γ ′1γ
′

2.

He recalled that Halpern [118] and Debye [119] first recognized that Dirac theory of electrons and the Dirac process (2)
and the Breit–Wheeler one (3) had fundamental implication for the light on light scattering and consequently implied a
modifications of the Maxwell equations.
If the energy of the photons is high enough then a real electron–positron pair is created, following Breit andWheeler [2].

Again, if electron–positron pair does exist, two photons are created following [1]. In the case that the sum of energies of the
two photons are smaller than the threshold 2mec2 then the reaction (above) still occurs through a virtual pair of electron
and positron.
Under this condition the light–light scattering implies deviation from superposition principle, and therefore the linear

theory of electromagnetism has to be substituted by a nonlinear one. Maxwell equations acquire nonlinear corrections due
to the Dirac theory of the electron.
Euler first attempted to describe this nonlinearity by an effective Lagrangian representing the interaction term. He

showed that the interaction term had to contain the forth power of the field strengths and its derivatives

Eint = const
∫ [
FFFF + const′

∂F
∂x
∂F
∂x
FF + · · ·

]
, (76)

F being symbolically the electromagnetic field strength. He also estimated that the constants may be determined from
dimensional considerations. Since the interaction Uint has the dimension of energy density and contains electric charge in
the forth power, the constants up to numerical factors are

const =
h̄c
e2
1
E2e
, const′ =

(
h̄
mec

)2
, (77)

where Ee = e
(
e2

mec2

)−2
= α−1Ec , namely ‘‘the field strength at the edge of the electron’’.

From these general qualitative considerations Euler made an important further step taking into account that the
Lagrangian (76) describing such a process had necessarily be built from invariants constructed from the field strengths,
such as E2 − B2 and E · B following a precise procedure indicated by Max Born, see e.g. Pauli’s book [120]. Contrary to the
usual Maxwell Lagrangian which is only a function of F 2µν Euler first recognized that virtual electron–positron loops are
represented by higher powers in the field strength corrections to the linear action of electromagnetism and written down
the Lagrangian with second order corrections

L =
E2 − B2

8π
+
1
α

1
E20

[
aE
(
E2 − B2

)2
+ bE (E · B)2

]
, (78)

where

aE = −1/(360π2), bE = −7/(360π2). (79)

The crucial result of Euler has been to determine the values of the coefficients (79) using time-dependent perturbation
technique, e.g. [87] in Dirac theory.
Euler computed only the lowest order corrections in α to Maxwell equations, namely ‘‘the 1/137 fraction of the field

strength at the edge of the electron’’. This perturbation method did not allow calculation of the tunneling rate for electron–
positron pair creation in strong electromagnetic field which became the topic of the further work with Heisenberg [7].

3.2. Born’s nonlinear electromagnetism

A nonlinear theory of electrodynamics was independently proposed and developed by Max Born [4,5] and later by Born
and Infeld [6]. The mainmotivation in Born’s approach was the avoidance of infinities in an elementary particle description.
Among the classical discussions on the fundamental interactions this topic had attracted attention of a large number of
scientists. It was clear in fact from the considerations of J.J. Thomson, Abraham Lorentz that a point-like electron needed
to have necessarily an infinite mass. The existence of a finite radius was attempted by Poincare by introduction of non-
electromagnetic stresses. Also among the attempts we have to recall the theory of Mie [121–124] modifying the Maxwell
theory by nonlinear terms. This theory however had serious difficulty because solutions of Mie field equations depend on
the absolute value of the potentials.
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Max Born developed his theory in collaboration with Infeld. This alternative to the Maxwell theory is today called the
Born–Infeld theory which still finds interest in the framework of subnuclear physics. The coauthorship of Infeld is felt by the
general premise of the article in distinguishing the unitarian standpoint versus the dualistic standpoint in the description of
particles and fields. ‘‘In the dualistic standpoint the particles are the sources of the field, are acted own by the field but are
not a part of the field. Their characteristic properties are inertia, measured by specific constant, the mass’’ [6]. The unitarian
theory developed by Thomson, Lorentz and Mie tends to describe the particle as a point-like singularity but with finite
mass–energy density fulfilling uniquely an appropriate nonlinear field equations. It is interesting that this approach was
later developed in the classical book by Einstein and Infeld [125] as well as in the classical paper by Einstein, Infeld and
Hoffmann [126] on equations of motion in General Relativity.
In the Born–Infeld approach the emphasis is directed to a formalism encompassing General Relativity. But for simplicity

the field equations are solvedwithin the realmonly of the electromagnetic field. A basic tensor aαβ = gαβ+fαβ is introduced.
Its symmetric part gαβ is identified with a metric component and the antisymmetric part fαβ with the electromagnetic field.
Formally therefore both the electromagnetic and gravitational fields are present although the authors explicitly avoided to
insert the part of the Lagrangian describing the gravitational interaction and focused uniquely on the following nonlinear
Lagrangian

L =
√
1+ 2S − P2 − 1. (80)

The necessity to have the quadratic form of the P term is due to obtain a Lagrangian invariant under reflections as pointed
out by W. Pauli in his classical book [120]. For small field strengths Lagrangian (80) has the same form as (78) obtained by
Euler.
From the nonlinear Lagrangian (80) Born and Infeld calculated the fields D and H through a tensor, P i0 = Di and

P ij = −ε ijkHk, where

Pµν ≡
δLBorn

δFµν
=

Fµν − PF̃µν
√
1+ 2S − P2

, (81)

and introduced therefore an effective electric permittivity and magnetic permeability which are functions of S and P . It is
very interesting that Born and Infeld managed to obtain a solution for electrostatic field of a point particle (P = 0) in which
the radial componentDr = e/r2 becomes infinite as r → 0 but the radial component of E field is perfectly finite and is given
by the expression

Er =
e

r20
√
1+ (r/r0)4

, (82)

where r0 is the ‘‘radius’’ of the electron.
Most important the integral of the electromagnetic energy is finite and given by∫

HBorndV =
∫
(PµνFµν −LBorn)dV = 1.2361

e
r0

2
. (83)

Equating this energy tomec2 they obtain r0 = 1.2361e2/(mec2).
The attempt therefore is to have a theoretical framework explaining the mass of the electron solely by a modified

nonlinear electromagnetic field theory. This approach has not been followed by the current theories in particle physics
where the dualistic approach is today adopted in which the charged particles are described by half-integer spin fields and
electro-magnetic interactions by integer spin fields.
The initial goal to develop a fully covariant theory of electrodynamics within General Relativity although not devel-

oped by Born himself was not abandoned. Hoffmann found an analytic solution [22] to the coupled system of the Einstein–
Born–Infeld equations.

3.3. The Euler–Heisenberg Lagrangian

The two different approaches of Born and Infeld and of Euler present strong analogies and substantial differences. The
attempt of Born and Infeldwas to obtain at once a newnonlinear Lagrangian for electromagnetic field replacing theMaxwell
Lagrangian in order to avoid the appearance of infinite self-energy for a classical point-like electron.
The attempt of Euler [127] was more conservative, to obtain the first order nonlinear perturbation corrections to the

Maxwell Lagrangian on the ground of the Dirac theory of the electron.
Born and Infeld in addition introduced an effective dielectric constant and an effective magnetic permeability of the

vacuum out of their nonlinear Lagrangian (80). This approach was adopted as well in the classical work of Heisenberg and
Euler [7]. They introduced an effective Lagrangian on the ground of the Dirac theory of the electron and expressed the result
in integral form duly taking away infinities, see Section 3.3.1. This integral was explicitly performed in the weak field limit
and the special attention was given to the real part, see Section 3.3.2 and the imaginary part, see Section 3.3.3.
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A successive work ofWeisskopf [24] derived the same equations of Heisenberg and Euler for the real part of the dielectric
constant andmagnetic permeability by using instead of the spin 1/2 particle of theDirac equation the scalar relativisticwave
equation of Klein and Gordon. The results differ from the one of spin 1/2 particle only by a factor 2 due to the Bose statistics,
see Section 3.3.1. The technique used by Weisskopf refers to the case of magnetic field of arbitrary strengths and describes
the electric field perturbatively, see Section 3.3.2. As we will see in the following the Heisenberg and Euler integral can be
solved in the case of arbitrary large both electric and magnetic fields, see Section 4.7.3.

3.3.1. Real part of the effective Lagrangian
We now recall how Heisenberg and Euler adopted the crucial idea of Max Born to describe the nonlinear Lagrangian

by the introduction of an effective dielectric constant and magnetic permeability [7]. They further extended this idea by
adopting the most general case of a dielectric constant containing real and imaginary part. Such an approach is generally
followed in the description of dissipative media. The crucial point was to relate electron–positron pair creation process to
imaginary part of the Lagrangian.
Let L to be the Lagrangian density of electromagnetic fields E, B, a Legendre transformation produces the Hamiltonian

density:

H = Ei
δL

δEi
−L. (84)

In Maxwell’s theory, the two densities are given by

LM =
1
8π
(E2 − B2), HM =

1
8π
(E2 + B2). (85)

To quantitatively describe nonlinear electromagnetic properties of the vacuum based on the Dirac theory, Heisenberg and
Euler introduced an effective LagrangianLeff of the vacuum state and an associated Hamiltonian density

Leff = LM +∆L, Heff = HM +∆H . (86)

HereHeff andLeff are complex functions of E and B. In Maxwell’s theory,∆L ≡ 0 in the vacuum, so that D = E and H = B.
Heisenberg and Euler derived the induced fields D,H as the derivatives

Di ≡
δLeff

δEi
, Hi ≡ −

δLeff

δBi
. (87)

Consequently, the vacuum behaves as a dielectric and permeable medium [7,24] in which,

Di =
∑

εikEk, Hi =
∑

µikBk, (88)

where εik and µik are complex and field-dependent dielectric and permeability tensors of the vacuum.
The discussions on complex dielectric and permeability tensors (εik and µik) can be found for example in Ref. [128]. The

effective Lagrangian and Hamiltonian densities in such a medium are given by

Leff =
1
8π
(E · D− B · H), Heff =

1
8π
(E · D+ B · H). (89)

In this medium, the conservation of electromagnetic energy has the form

− div S = E ·
∂D
∂t
+ B ·

∂H
∂t
, S = cE× B, (90)

where S is the Poynting vector describing the density of electromagnetic energy flux. Consider complex andmonochromatic
electromagnetic field

E = E(ω) exp−i(ωt); B = B(ω) exp−i(ωt), (91)

of frequency ω, and dielectric and permeability tensors are frequency-dependent, i.e., εik(ω) and µik(ω). Substituting these
fields and tensors into the right-hand side of Eq. (90), one obtains the dissipation of electromagnetic energy per unit time
into the medium,

Qdis =
ω

2

{
Im [εik(ω)] EiE∗k + Im [µik(ω)] BiB

∗

k

}
. (92)

This is nonzero if εik(ω) and µik(ω) contain an imaginary part. The dissipation of electromagnetic energy in a medium is
accompanied by heat production. In the light of the third thermodynamical law of entropy increase, the energy lost Qdis of
electromagnetic fields in themedium is always positive, i.e.,Qdis > 0. As a consequence, Im[εik(ω)] > 0 and Im[µik(ω)] > 0.
The real parts of εik(ω) andµik(ω) represent an electric andmagnetic polarizability of the vacuum and leads, for example, to
the refraction of light in an electromagnetic field, or to the elastic scattering of light from light. The nij(ω) =

√
εik(ω)µkj(ω)
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is the reflection index of the medium. The field dependence of εik and µik implies nonlinear electromagnetic properties of
the vacuum as a dielectric and permeable medium.
The effective Lagrangian density (86) is a relativistically invariant function of the field strengths E and B. Since (E2 − B2)

and E · B are relativistic invariants, one can formally expand∆L in powers of weak field strengths:

∆L = κ2,0(E2 − B2)2 + κ0,2(E · B)2 + κ3,0(E2 − B2)3 + κ1,2(E2 − B2)(E · B)2 + · · · , (93)

where κi,j are field-independent constants whose subscripts indicate the powers of (E2 − B2) and E · B, respectively. Note
that the invariant E · B appears only in even powers since it is odd under parity and electromagnetism is parity invariant.
The Lagrangian density (93) corresponds, via relation (84), to

∆H = κ2,0(E2 − B2)(3E2 + B2)+ κ0,2(E · B)2 + κ3,0(E2 − B2)2(5E2 + B2)+ κ1,2(3E2 − B2)(E · B)2 + · · · . (94)
To obtainHeff in Dirac’s theory, one has to calculate

∆H =
∑
k

{
ψ∗k ,

[
α · (−ihc∇ + eA)+ βDmec2

]
ψk
}
, (95)

where {ψk(x)} are the wave functions of the occupied negative energy states. When performing the sum, one encounters
infinities which were removed by Dirac, Heisenberg, and Weisskopf [24,129–131] by a suitable subtraction.
Heisenberg [130] expressed the Hamiltonian density in terms of the density matrix ρ(x, x′) =

∑
k ψ
∗

k (x)ψk(x
′) [129].

Heisenberg and Euler [7] calculated the coefficients κi,j. They did so by solving the Dirac equation in the presence of parallel
electric and magnetic fields E and B in a specific direction,

ψk(x)→ ψpz ,n,s3 ≡ e
i
h̄ (zpz−E t)un(y)χs3(x), n = 0, 1, 2, . . . (96)

where {un(y)} are the Landau states2 depending on the magnetic field and χs3(x) are the spinor functions calculated by
Sauter [20]. Heisenberg and Euler used the Euler–Maclaurin formula to perform the sum over n, and obtained for the
additional Lagrangian in (86) the integral representation

∆Leff =
e2

16π2h̄c

∫
∞

0
e−s
ds
s3

[
is2 ĒB̄

cos(s[Ē2 − B̄2 + 2i(ĒB̄)]1/2)+ c.c.
cos(s[Ē2 − B̄2 + 2i(ĒB̄)]1/2)− c.c.

+

(
m2ec

3

eh̄

)2
+
s2

3
(|B̄|2 − |Ē|2)

]
, (97)

where Ē, B̄ are the dimensionless reduced fields in the unit of the critical field Ec ,

Ē =
|E|
Ec
, B̄ =

|B|
Ec
. (98)

Expanding this expression in powers of α up to α3 yields the following values for the four constants:

κ2,0 =
α

360π2
E−2c , κ0,2 = 7κ2,0, κ3,0 =

2α
315π2

E−4c , κ1,2 =
13
2
κ3,0. (99)

The above results will receive higher corrections in QED and are correct only up to order α2. Up to this order, the field-
dependent dielectric and permeability tensors εik and µik (88) have the following real parts for weak fields

Re(εik) = δik +
α

180π2
[
2(Ē2 − B̄2)δik + 7B̄iB̄k

]
+ O(α2),

Re(µik) = δik +
α

180π2
[
2(Ē2 − B̄2)δik + 7ĒiĒk

]
+ O(α2). (100)

3.3.2. Weisskopf effective Lagrangian
Weisskopf [24] adopted a simpler method. He considered first the special case in which E = 0, B 6= 0 and used the

Landau states to find∆H of Eq. (94), extracting from this κ2,0 and κ3,0. Then he added aweak electric field E 6= 0 to calculate
perturbatively its contributions to ∆H in the Born approximation (see for example [87]). This led again to the coefficients
(99), (100). In addition to the weak field expansion of real part of effective Lagrangian, Weisskopf also obtained the leading
order term considering very large field strengths Ē � 1 or B̄� 1,

∆Leff ∼ −
e2

12π2h̄c
E2 ln Ē; ∆Leff ∼

e2

12π2h̄c
B2 ln B̄. (101)

We shall address this sameproblem in section 4.7.3 in the framework ofQED [35] andwewill compare and contrast our exact
expressionswith the one givenbyWeisskopf. The crucial point stressed byWeisskopf is that if one limits to the analysis of the
real part of the dielectric constant and magnetic permeability then the nonlinearity of effective electromagnetic Lagrangian
represent only small corrections even for field strengths which aremuch higher than the critical field strength Ec . As wewill
show however, the contribution of the imaginary part of the effective Lagrangian diverges as pointed out by Heisenberg and
Euler [7].

2 Landau determined the quantum states of a particle in an external magnetic field in 1930 [87,89].
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3.3.3. Imaginary part of the effective Lagrangian
Heisenberg and Euler [7] were the first to realize that for E 6= 0 the powers series expansion (93) is not convergent, due

to singularities of the integrand in (97) at s = π/Ē, 2π/Ē, . . . . They concluded that the powers series expansion (93) does
not yield all corrections to the Maxwell Lagrangian, calling for a more careful evaluation of the integral representation (97).
Selecting an integration path that avoids these singularities, they found an imaginary term. Motivated by Sauter’s work [20]
on Klein paradox [17,18], Heisenberg and Euler estimated the size of the imaginary term in the effective Lagrangian as

ImLeff = −
8
π
Ē2mec2

(mec
h

)3
e−π/Ē, (102)

and pointed out that it is associated with pair production by the electric field. The exponential in this expression is exactly
reproducing the Sauter result (44). However, for the first time the pre-exponential factor is determined. This imaginary
term in the effective Lagrangian is related to the imaginary parts of field-dependent dielectric ε and permeability µ of the
vacuum.
In 1950’s, Schwinger [25–27] derived the same formula (97) within the Quantum Electrodymanics (QED). In the following

sections, our discussions and computations will focus on the Schwinger formula, the real and imaginary parts of effective
Lagrangian for arbitrary values of electromagnetic field strength.
The consideration of Heisenberg and Euler were applied to a uniform electric field. The exponential factor e−π/Ē in

Eqs. (44) and (102) characterizes the transmission coefficient of quantum tunneling, Heisenberg and Euler [7] introduced
the critical field strength (98). They compared it with the field strength Ee of an electron at its classical radius, Ee = e/r2e
where re = αh̄/(mec). They found the field strength Ee is 137 time larger than the critical field strength Ec , i.e. Ee = α−1Ec .
At a critical radius rc = α1/2h̄/(mec) < re, the field strength of the electron would be equal to the critical field strength
Ec . There have been various attempts to reach the critical field: in Sections 6.5 and 6.6 we will examine the possibility of
reaching such value around the bare nucleus. In Section 7.5 we will discuss the possibility of reaching such a field in an
astrophysical setting around a black hole.
In conclusion, if an electric field attempts to tear an electron out of the filled state the gap energy must be gained over

the distance of two electron radii. The virtual particles give an electron a radius of the order of the Compton wavelength
λC . Thus we expect a significant creation of electron–positron pairs if the work done by the electric field E over twice the
Compton wave length h̄/mec is larger than 2mec2

eE
(
2h̄
mec

)
> 2mec2.

This condition defines a critical electric field (1) above which pair creation becomes abundant. To have an idea how large
this critical electric field is, we compare it with the value of the electric field required to ionize a hydrogen atom. There the
above inequality holds for twice of the Bohr radius and the Rydberg energy

eEion

(
2h̄
αmec

)
> α2mec2,

where Eion = m2ee
5/ h̄4 = 5.14× 109 V/cm, so that Ec = E ion/α3 is about 106 times as large, a value that has so far not been

reached in a laboratory on Earth.

4. Pair production and annihilation in QED

4.1. Quantum Electro-Dynamics

Quantum Electro-Dynamics (QED), the quantum theory of electrons, positrons, and photons, was established by Tomon-
aga [8], Feynman [9–11], Schwinger [12–14] and Dyson [15,16] and others in the 1940’s and 1950’s [132]. For decades, both
theoretical computations and experimental tests have been developed to great perfection. It is now one of the fundamental
pillars of the theory of the microscopic world. Many excellent monographs have been written [25–27,88,89,133–142], so
the concepts of the theory and the techniques of calculation are well explained. On the basis of this material, we review
some aspects and properties of the QED that are relevant to the subject of the present review.
QED combines a relativistic extension of quantummechanics with a quantized electromagnetic field. The nonrelativistic

system has a unique ground state, which is the state with no particle, the vacuum state. The excited states contain a fixed
number of electrons and an arbitrary number of photons. As electrons are allowed to become relativistic, their number
becomes also arbitrary, and it is possible to create pairs of electrons and positrons.
In themodern functional integral description, the nonrelativistic system is described by a given set of fluctuating particle

orbits running forward in time. If the theory is continued to an imaginary time, in which case one speaks of a Euclidean
formulation, the nonrelativistic system corresponds to a canonical statistical ensemble of trajectories.
In the relativistic system, the orbits formworldlines in four-dimensional space–timewhichmay run in any timedirection,

in particular theymay run backwards in time, inwhich case the backward parts of a line correspond to positrons. The number
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of lines is arbitrary and the Euclidean formulation corresponds to a grand-canonical ensemble. The most efficient way of
describing such an ensemble is by a single fluctuating field [142].
The vacuum state contains no physical particles. It does, however, harbor zero-point oscillations of the electron and

photon fields. In the worldline description, the vacuum is represented by a grand-canonical ensemble of interacting closed
world lines. These are called virtual particles. Thus the vacuum contains the full complexity of a many-body problem so
that one may rightfully say that the vacuum is the world [143]. In the Fourier decomposition of the fluctuating fields, virtual
particles correspond to Fourier components, ormodes, in which the four vectors of energy and momentum kµ ≡ (k0, k) ≡
(E, k) do not satisfy the mass–shell relation

k2 ≡ (k0)2 − c2|k|2 = E2 − c2|k|2 = m2ec
4, (103)

valid for real particles.
The only way to evaluate physical consequences from QED is based on the smallness of the electromagnetic interaction.

It is characterized by the dimensionless fine structure constant α. All theoretical results derived from QED are found in the
form of series expansions in powers of α, which are expansions around the non-interacting system. Unfortunately, all these
expansions are badly divergent (see e.g. section 4.62 in [144]). The number of terms contributing to the same order of α
grow factorially fast, i.e., faster than any exponential, leading to a zero radius of convergence. Fortunately, however, the
coupling α is so small that the series possess an apparent convergence up to order 1/α ≈ 137, which is much higher than
will be calculable for a long time to come (see e.g. section 4.62 in [144]). With this rather academic limitation, perturbation
expansions are well defined.
In perturbation expansions, all physical processes are expressible in terms of Feynman diagrams. These are graphic

representations of the interacting world lines of all particles. Among these lines, there are some which run to infinity. They
satisfy the mass–shell relation (103) and describe real particles observable in the laboratory. Those which remain inside a
finite space–time region are virtual.
The presence of virtual particles in the perturbation expansions leads to observable effects. Some of these have been

measured and calculated with great accuracy. The most famous examples are

1. the electrostatic polarizability of quantum fluctuations of the QED vacuum has been measured in the Lamb shift [145,
146].

2. the anomalous magnetic moment of the electron [11,114–117].
3. the dependence of the electric charge on the distance. It is observed by measuring cross-sections of electron–positron
collisions, most recently in the L3-experiments at the Large Electron–Positron Collider (LEP) at CERN [147].

4. the Casimir effect caused by virtual photons, i.e., by the fluctuations of the electromagnetic field in the QED vacuum
[148,149]. It causes an attractive force [150–152] between two uncharged conducting plates in the vacuum (see also
[153–159]).

There are, of course, many other discussions of the effects of virtual particles caused either by external boundary condi-
tions or by external classical fields [160–174].
An interesting aspect of virtual particles both theoretically and experimentally is the possibility that they can become real

by the effect of external fields. In this case, real particles are excited out of the vacuum. In the previous Sections 2.4 and 3.3.1,
we have shown that this possibility was first pointed out in the framework of quantum mechanics by Klein, Sauter, Euler
and Heisenberg [7,17,18,20] who studied the behavior of the Dirac vacuum in a strong external electric field. Afterward,
Schwinger studied this process and derived the probability (Schwinger formula) in the field theory of Quantum Electro-
Dynamics, which will be described in this section. If the field is sufficiently strong, the energy of the vacuum can be lowered
by creating an electron–positron pair. This makes the vacuum unstable. This is the Sauter–Euler–Heisenberg–Schwinger
process for electron–positron pair production. There aremany reasons for the interest in the phenomenon of pair production
in a strong electric field. The most compelling one is that now both laboratory conditions and astrophysical events provide
possibilities for observing this process.
In the following sections, in addition to reviewing the Schwinger formula and QED-effective Lagrangian in constant

electromagnetic fields, we will also derive the probability of pair production in an alternating field, and discuss theoretical
studies of pair production in (i) electron-beam–laser collisions and (ii) superstrong Coulomb potential. In addition, the
plasma oscillations of electron–positron pairs in electric fields will be reviewed in Section 8. The rest part of this Section, we
shall use natural units h̄ = c = 1.

4.2. Basic processes in Quantum Electro-Dynamics

The total Lagrangian describing the interacting system of photons, electrons, and positrons reads, see e.g. [89]

L = L
γ

0 +Le
+e−
0 +Lint, (104)
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where the free Lagrangians Le
+e−
0 and L

γ

0 for electrons and photons are expressed in terms of quantized Dirac field ψ(x)
and quantized electromagnetic field Aµ(x) as follows:

Le
+e−
0 = ψ̄(x)(iγ µ∂µ −me)ψ(x), (105)

L
γ

0 = −
1
4
Fµν(x)Fµν(x)+ gauge-fixing term. (106)

Here γ µ are the 4 × 4 Dirac matrices, ψ̄(x) ≡ ψĎ(x)γ 0, and Fµν = ∂µAν − ∂νAµ denotes the electromagnetic field tensor.
Minimal coupling gives rise to the interaction Lagrangian

Lint = −ejµ(x)Aµ(x), jµ(x) = ψ̄(x)γ µψ(x). (107)

After quantization, the photon field is expanded into plane waves as

Aµ(x) =
∫

d3k
2k0(2π)3

3∑
λ=1

[
a(λ)(k)ε(λ)µ (k)e−ikx + a(λ)Ď(k)ε(λ)∗µ (k)eikx

]
, (108)

where ε(λ)µ are polarization vectors, and a
(λ), a(λ)Ď are annihilation and creation operators of photons. The quantized fermion

field ψ(x) has the expansion

ψ(x) =
∫

d3k
(2π)3

m
k0

∑
α=1,2

[
bα(k, s3)u(α)(k, s3)e−ikx + dĎα(k, s3)v

(α)(k, s3)eikx
]
, (109)

where the four-component spinors u(α)(k, s3), v(α)(k, s3) are positive and negative energy solutions of the Dirac equation
with momentum k and spin component s3. The operators b(k, s3), bĎ(k, s3) annihilate and create electrons, the operators
d(k, s3) and dĎ(k, s3) do the same for positrons [89].
In the framework of QED the transition probability from an initial to a final state for a given process is represented by the

imaginary part of the unitary S-matrix squared

Pf←i = |〈f, out |Im S| i, in〉|2 , (110)

where

Im S = (2π)4δ4(Pf − Pi)
∣∣Mfi∣∣ , (111)

Mfi is called matrix element and δ-function stays for energy–momentum conservation in the process.
When initial state contains two particles with energies ε1 and ε2, and final state contain arbitrary number of particles

having 3-momenta p′i , the transition probability per unit time and unit volume is given by

dPf←i
dVdt

= (2π)4δ4(Pf − Pi)
∣∣Mfi∣∣2 1

4ε1ε2

∏
i

d3p′i
(2π)3 2εi

. (112)

The Lorentz invariant differential cross-section for a given process is then obtained from (112) by dividing it on the flux
density of initial particles

dσ = (2π)4δ4(Pf − Pi)
∣∣Mfi∣∣2 1

4Ikin

∏
i

d3p′i
(2π)3 2εi

, (113)

where p1 and p2 are particles’ 4-momenta,m1 andm2 are their masses respectively, Ikin =
√
(p1p2)2 −m21m

2
2.

It is useful to work with Mandelstam variables which are kinematic invariants built from particles 4-momenta. Consider
the process A+ B −→ C + D. Lorentz invariant variables can be constructed in the following way

s = (pA + pB)2 = (pC + pD)2 ,

t = (pA + pC )2 = (pB + pD)2 , (114)
u = (pB + pC )2 = (pA + pD)2 .

Since any incoming particle can be regarded as outgoing antiparticle, it gives rise to the crossing symmetry property of the
scattering amplitude, which is best reflected in theMandelstam variables. In fact, reactions A+B −→ C+D, A+C̄ −→ B̄+D
or A+ D̄ −→ C + B̄where the bar denotes the antiparticle are just different cross-channels of a single general reaction. The
meaning of the variables s, t, u changes, but the amplitude is the same.
The S-matrix is computed through the interaction operator as

S = T exp
(
i
∫

Lintd4x
)
, (115)
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where T is the chronological operator. Perturbation theory is applied, since the fine structure constant is small, while any
additional interaction in collision of particles contains the factor α.
A simple and elegant way of computation of the S-matrix and consequently of the matrix elementMfi is due to Feynman,

who discovered a graphical way to depict each QED process, in momentum representation.
In what followswe consider briefly the calculation for the case of Compton scattering process [89], which is given by two

Feynman diagrams. Conservation law for 4-momenta is p + k = p′ + k′, where p and k are four-momenta of electron and
photon respectively, and invariant Ikin = 1

4 (s − m
2
e )
2. After the calculation of traces with gamma matrices, the final result,

expressed in Mandelstam variables, is

|Mfi|2 = 27π2e4
[
m2e
s−m2e

+
m2e
u−m2e

+

(
m2e
s−m2e

+
m2e
u−m2e

)2
−
1
4

(
s−m2e
u−m2e

+
u−m2e
s−m2e

)]
, (116)

s = (p+k)2, t = (p−p′)2 and u = (p−k′)2. Since the differential cross-section is independent of the azimuth of p′1 relative
to p1, it is obtained from (116) as

dσ =
1
64π
|Mfi|2

dt
I2kin
. (117)

In the laboratory frame, where s − m2e = 2mew, u − m
2
e = −2mew

′ and electron is at rest before the collision with
photon, the differential cross-section of Compton scattering is thus given by the Klein–Nishina formula [175]

dσ =
1
2

(
e2

m

)2 (
ω′

ω

)2 (
ω

ω′
+
ω′

ω
− sin2 ϑ

)
, (118)

where ω and ω′ are frequencies of photon before and after the collision, ϑ is the angle at which the photon is scattered.

4.3. The Dirac and the Breit–Wheeler processes in QED

We turn now to the formulas obtained within framework of quantum mechanics by Dirac [1] and Breit and Wheeler [2]
within QED. The crossing symmetry allows to readily write the matrix element for the pair production (2) and pair
annihilation (3) processes with the energy–momentum conservation written as p+ + p− = k1 + k2 where p+ and p−
are four momenta of the positron and the electron, k1 and k2 are four momenta of two photons. It is in fact given by the
same formula (116) with the substitution p→ p−, p′ → p+, k→ k1, k′ → k2, but with different meaning of the kinematic
invariants s = (p− − k1)2, t = (p− + p+)2, u = (p− − k2)2. Matrix elements for Dirac and Breit–Wheeler processes are the
same. The differential cross-section of the Dirac process is obtained from (116) with the exchange s↔ t and the invariant
Ikin = 1

4 t(t − 4m
2
e ), which leads to (12). For the case of the Breit–Wheeler process with the invariant Ikin =

1
4 t
2, the result

is reduced to (23).
Since the Dirac pair annihilation process (2) is the inverse of Breit–Wheeler pair production (3), it is useful to compare the

cross-section of the two processes.We note that the squared transition amplitude |Mfi|2must be the same for two processes,
due to the CPT invariance. The cross-sections could be different only by kinematics and statistical factors. Let us consider
the pair annihilation process in the center of mass system where E = E1 + E2 = E ′1 + E ′2 is the total energy, the initial and
final momenta are equal and opposite, p1 = −p2 ≡ p and p′1 = −p

′

2 ≡ p
′. The differential cross-section is given by (117).

For the Breit and Wheeler process (3) of two colliding photons with 4-momenta k1 and k2, the scalar I2γ γ = (k1k2)
2. For the

Dirac process (2) of colliding electron and positron with 4-momenta p1 and p2, the scalar I2e+e− = (p1p2)
2
− m4e . As results,

one has

dσγ γ
dσe+e−

=
I2e+e−
I2γ γ
=
2(k1k2)− 4m2e
2(k1k2)

=
E2 − 2m2e

E2
=

(
|p|
E

)2
= β̂2, (119)

where momenta and energies are related by

(p1 + p2)2 = (k1 + k2)2 = 2(k1k2) = 2E2.

Integrating Eq. (119) over all scattering angles yields the total cross-section. Whereas the previous σγ γ required division
by a Bose factor 2 for the two identical photons in the final state, the cross-section σe+e− has no such factor since the final
electron and positron are not identical. Hence we obtain

σe+e− =
1

2β̂2
σγ γ . (120)

By re-expressing the kinematic quantities in the laboratory frame, one obtains the Dirac cross-section (12).
As shown in Eq. (120) in the center of mass of the system, the two cross-sections σe+e− and σγ γ of the above described

phenomena differ only in the kinematics and statistical factor 1/(2β̂2), which is related to the fact that the resulting particles
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are massless or massive. The process of electron and positron production by the collision of two photons has a kinematic
energy threshold, while the process of electron and positron annihilation to two photons has not such kinematic energy
threshold. In the limit of high energy neglecting the masses of the electron and positron, β̂ → 1, the difference between
two cross-sections σe+e− and σγ γ is only the statistical factor 1/2.
The total cross-sections (14) of Breit–Wheeler’s and Dirac’s process are of the same order of magnitude ∼10−25 cm2

and have the same energy dependence 1/E2 above the energy threshold. The energy threshold (2mec2) have made until
now technically impossible to observe the pair production by the Breit–Wheeler process in laboratory experiments at the
intersection of two beams of X-rays. Another reason is of course the smallness of the total cross-sections (24) (σγ γ .
10−25 cm2) and the experimental limitations on the intensities Ii (17) of the light beams. We shall see however, that this
Breit–Wheeler process occurs routinely in the dyadosphere of a black hole. The observations of such phenomena in the
astrophysical setting are likely to give the first direct observational test of the validity of the Breit–Wheeler process, see
e.g. [176].

4.4. Double pair production

Following the Breit–Wheeler pioneer work on the process (3), Cheng and Wu [177–182] considered the high-energy
behavior of scattering amplitudes and cross-section of two photon collision, up to higher order O(α4) [183],

γ1 + γ2 → e+ + e− + e+ + e−. (121)

For this purpose, they calculated the two photon forward scattering amplitude Mγ γ (see Eq. (112)) by taking into account
all relevant Feynman diagrams via two electron loops up to the orderO(α4). The total cross-section σγ γ for photon–photon
scattering is related to the photon–photon scattering amplitudeMγ γ in the forward direction by the optical theorem,

σγ γ (s) =
1
s
ImMγ γ , (122)

where s is the square of the total energy in the center of mass system. They obtained the total cross-section of double pair
production (121) at high-energy s� 2me,

lim
s→∞

σγ γ (s) =
α4

36πm2e
[175ζ (3)− 38] ∼ 6.5µb, (123)

which is independent of s as well as helicities of the incoming photons. Up to the α4 order, Eq. (123) is the largest term in the
total cross-section for photon–photon scattering at very high energy. This can be seen by comparing Eq. (123)with the cross-
section (23) and (24) of the Breit–Wheeler process (3), which is the lowest order process in a photon–photon collision and
vanishes as s→∞. Thus, although the Breit–Wheeler cross-section is of lower order inα, the Cheng-Wu cross-section (123)
is larger as the energy becomes sufficiently high. In particular, the Cheng-Wu cross-section (123) exceeds the Breit–Wheeler
one (23) as the center of mass energy of the photon E ≥ 0.24 GeV. Note that in the double pair production (121), the energy
threshold is E ≥ 2me rather than E ≥ me in the one pair production of Breit–Wheeler.
In Refs. [184,185], using the same method Cheng and Wu further calculated other cross-sections for high-energy

photon–photon scattering to double pion, muon and electron–positron pairs:

• the process of double muon pair production γ1 + γ2 → µ+ + µ− + µ+ + µ− and its cross-section can be obtained by
replacingme → mµ in Eq. (123), thus σγ γ (s) ∼ 1.5× 10−4µb.
• the process of double pion pair production γ1 + γ2 → π+ + π− + π+ + π− and its extremely small cross-section

lim
s→∞

σγ γ (s) =
α4

144πm2π
[7ζ (3)+ 10] ∼ 0.23 · 10−5µb, (124)

• the process of one pion pair and one electron–positron pair production γ1 + γ2 → e+ + e− + π+ + π− and its small
cross-section

lim
s→∞

σγ γ (s) =
2α4

27πm2π

[(
ln
m2π
m2e

)2
+
16
3
ln
m2π
m2e
+
163
18

]
∼ 0.26 · 10−3µb, (125)

which is more than one hundred times larger than (124).
• the process of one pion pair and one muon–antimuon pair production γ1 + γ2 → µ+ + µ− + π+ + π− and its small
cross-section can be obtained by replacingme → mµ in Eq. (125) everywhere.
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4.5. Electron–nucleus bremsstrahlung and pair production by a photon in the field of a nucleus

The other two important QED processes, related by the crossing symmetry are the electron–nucleus bremsstrahlung (32)
and creation of electron–positron pair by a photon in the field of a nucleus (26). These processes were considered already
in the early years of QED. They are of higher order, comparing to the Compton scattering and the Breit–Wheeler processes,
respectively, and contain one more vertex connecting fermions with the photon.
The nonrelativistic cross-section for the process (32) was derived by Sommerfeld [102]. Here we remind the basic results

obtained in the relativistic case by Bethe and Heitler [95] and independently by Sauter [96]. The Feynman diagram for
bremsstrahlung can be imagined considering for the Compton scattering, but treating one of the photons as virtual one
corresponding to an external field.We consider this process in Born approximation, and themomentum recoil of the nucleus
is neglected. Integrating the differential cross-section over all directions of the photon and the outgoing electron one has,
see e.g. [89]

dσ = Z2αr2e
dω
ω

p′

p

{
4
3
− 2εε′

p2 + p′2

p2p′2
+m2e

(
l
ε′

p3
+ l′

ε

p′3 − ll′
pp′

)

+ L
[
8εε′

3pp′
+

ω2

p3p′3
(
ε2ε′2 + p2p′2 +m2eεε

′
)
+
m2eω
2pp′

(
l
εε′ + p2

p3
− l′

εε′ + p′2

p′3

)]}
, (126)

where

L = log
εε′ + pp′ −m2e
εε′ − pp′ −m2e

, l = log
ε + p
ε − p

, l′ = log
ε′ + p′

ε′ − p′
, (127)

andω is photon energy, p and p′ are electron momenta before and after the collision, respectively, ε and ε′ are its initial and
final energies.
The averaged cross-section for the process of pair production by a photon in the field of a nucleus may be obtained by

applying the transformation rules relating the processes (26) and (32), see e.g. [89]. The result is

dσ = Z2αr2e
p+p−
ω3

dε+

{
−
4
3
− 2ε+ε−

p2
+
+ p2
−

p2+p2−
+m2e

(
l−
ε+

p3−
+ l+

ε−

p3+ −
l+ l−
p+p−

)

+ L
[
8ε+ε−
3p+p−

+
ω2

p3+p
3
−

(
ε2
+
ε2
−
+ p2
+
p2
−
−m2eε+ε−

)
−
m2eω
2p+p−

(
l+
ε+ε− − p2+
p3+

+ l−
ε+ε− − p2−
p3−

)]}
, (128)

where

L = log
ε+ε− + p+p− +m2e
ε+ε− − p+p− +m2e

, l± = log
ε± + p±
ε± − p±

, (129)

and p± and ε± are momenta and energies of positron and electron respectively.
The total cross-section for this process is given in Section 2.3, see (28). In the ultrarelativistic approximation relaxing

the condition Zα � 1 the pair production by the process (26) was treated by Bethe and Maximon in [186,187]. The total
cross-section (28) is becoming then

σ =
28
9
Z2αr2e

(
log
2ω
me
−
109
42
− f (Zα)

)
, (130)

where

f (Zα) = γE + ReΨ (1+ iZα) = (Zα)2
∞∑
n=1

1
n[n2 + (Zα)2]

. (131)

4.6. Pair production in collision of two ions

The process of the pair production by two ions (29) in ultrarelativistic approximation was considered by Landau and
Lifshitz [98] and Racah [99]. For the modern review of these topics see [188]. The corresponding differential cross-section
with logarithmic accuracy can be obtained from the differential cross-section (128) taking its ultrarelativistic approximation
γ � 1 for the Lorentz factor of the relative motion of the two nuclei with charges Z1 and Z2 respectively, and treating the
real photon line in the process (26) as a virtual photon corresponding to the external field of the nucleus. One should then
multiply the cross-section by the spectrum of these equivalent photons, see Section 2.3, and the result is

dσ =
8
π
r2e (Z1Z2α)

2 dε+dε−
(ε+ + ε−)4

(
ε2
+
+ ε2
−
+
2
3
ε+ε−

)
log

ε+ε−

me(ε+ + ε−)
log

meγ
(ε+ + ε−)

. (132)
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Fig. 5. Classification of the e+e− pair production by the number of photons attached to a nucleus.
Source: Reproduced from [188].

The total cross-section is given in Section 2.3, see (30) and (31). More recent results containing higher order in α
corrections are obtained in [189,190], see also [191,192].
Lepton pair production in relativistic ion collision to all orders in Zα with logarithmic accuracy is studied in [193] where

the matrix elements are separated in different classes, see Fig. 5, according to numbers of photon lines attached to a given
nucleus

M = M(i) +M(ii) +M(iii) +M(iv). (133)

The Born amplitude
∣∣M(i)∣∣2 corresponding to the lowest order in Zα with one photon line attached to each nucleus was

computed by Landau and Lifshitz [98] who obtained the famous L3γ dependence of the cross-section in (30). It should be
mentioned that the Racah formula (31) in contrast with the Landau and Lifshitz result (30) contains also terms proportional
to L2γ and Lγ . These terms come from the absolute square of M(ii) and M(iii) and their interference with the Born amplitude
M(i) [190]. Their result for the Coulomb corrections which is defined as the difference between the full cross-section and the
Born approximation, in order L2γ is of the ‘‘Bethe–Maximon’’ type [190]

σC =
28
27π

r2e (Z1Z2α)
2 [f (Z1α)f (Z2α)] (L2γ + O(Lγ )). (134)

The Coulomb corrections here are up to L2γ -term in the Racah formula (31).
The calculations mentioned above were all made as early as in the 1930s. Clearly, at that time only e+e− pair production

was discussed. However, these calculations can be considered for any lepton pair production, for example µ+µ− pair
production, as long as the total energy in the center of mass of the system is large enough. However, simple substitution
me −→ ml, where l stands for any lepton is not sufficient since when the energy reaches the inverse radius Λ =
1/R ∼ 30 MeV of the nucleus the electric field of the nucleus cannot be approximated as a Coulomb field of a point-like
particle [194]. The review of computation for lepton pair production can be found in [100,195].
Another effect of large enough collision energy is multiple pair production. Early work on this subject started with

the observation that the impact-parameter-dependent total pair production probability computed in the lowest order
perturbation theory is larger than one. The analysis of Ref. [189] devoted to the study of the corresponding Feynman
diagrams in the high-energy limit leads to the probability of N lepton pair production obeying the Poisson distribution.
For a review of this topic see [188].
Two photon particle pair production by collision of two electrons or electron and positron (see Fig. 1, where 4-momenta

p1 and p2 correspond to their momenta) were studied in storage rings in Novosibirsk (e+e− → e+e−e+e− [196]) and in
Frascati at ADONE (e+e− → e+e−e+e− [197], e+e− → e+e−µ+µ− [198], e+e− → e+e−π+π− [199]), see also [200]. At
high energy the total cross-section of two photon production of lepton pairs is given by [98,100]

σe±e−→e±e− l+ l− =
28α4

27πm2l

(
ln
s
m2e

)2
ln
s
m2e
; l ≡ e or µ. (135)

see c.f. Eq. (30).
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4.7. QED description of pair production

We turn now to a Sauter–Heisenberg–Euler process in QED. An external electromagnetic field is incorporated by adding
to the quantum field Aµ in (107) an unquantized external vector potential Aeµ, so that the total interaction becomes

Lint +Leint = −eψ̄(x)γ
µψ(x)

[
Aµ(x)+ Aeµ(x)

]
. (136)

Instead of an operator formulation, one can derive the quantum field theory from a functional integral formulation, see
e.g. [201], in which the quantum mechanical partition function is described by

Z[Ae] =
∫
[DψDψ̄DAµ] exp

[
i
∫
d4x(L+Leint)

]
, (137)

to be integrated over all fluctuating electromagnetic and Grassmannian electron fields. The normalized quantity Z[Ae] gives
the amplitude for the vacuum to vacuum transition in the presence of the external classical electromagnetic field:

〈out, 0|0, in〉 =
Z[Ae]
Z[0]

, (138)

where |0, in〉 is the initial vacuum state at the time t = t− → −∞, and 〈out, 0| is the final vacuum state at the time
t = t+ → +∞. By selecting only the one-particle irreducible Feynman diagrams in the perturbation expansion of Z[Ae]
one obtains the effective action as a functional of Ae:

∆Aeff[Ae] ≡ −i ln〈out, 0|0, in〉. (139)

In general, there exists no local effective Lagrangian density∆Leff whose space–time integral is∆Aeff[Ae]. An infinite set of
derivatives would be needed, i.e., ∆Leff would have the arguments Ae(x), ∂µAe(x), ∂µ∂νAe(x), . . . , containing gradients of
arbitrary high order. With presently available methods it is possible to calculate a few terms in such a gradient expansion,
or a semi-classical approximation à là JWKB for an arbitrary but smooth space–time dependence (see section 3.21ff in
Ref. [201]). Under the assumption that the external field Ae(x) varies smoothly over a finite space–time region, we may
define an approximately local effective Lagrangian∆Leff[Ae(x)],

∆Aeff[Ae] '
∫
d4x∆Leff[Ae(x)] ≈ V1t∆Leff[Ae], (140)

where V is the spatial volume and time interval1t = t+ − t−.
For a large time interval1t = t+ − t− →∞, the amplitude of the vacuum to vacuum transition (138) has the form,

〈out, 0|0, in〉 = e−i(1E0−iΓ /2)1t , (141)

where1E0 = E0(Ae)−E0(0) is the difference between the vacuum energies in the presence and the absence of the external
field, Γ is the vacuum decay rate, and1t the time over which the field is nonzero. The probability that the vacuum remains
as it is in the presence of the external classical electromagnetic field is

|〈out, 0|0, in〉|2 = e−2Im∆Aeff[Ae]. (142)

This determines the decay rate of the vacuum in an external electromagnetic field:

Γ

V
=
2 Im∆Aeff[Ae]

V1t
≈ 2 Im∆Leff[Ae]. (143)

The vacuum decay is caused by the production of electron and positron pairs. The external field changes the energy density
by

1E0

V
= −

Re∆Aeff[Ae]
V1t

≈ − Re∆Leff[Ae]. (144)

4.7.1. Schwinger formula for pair production in uniform electric field
The Dirac fields appears quadratically in the partition functional (137) and can be integrated out, leading to

Z[Ae] =
∫

DAµ Det{i6∂ − e[6A(x)+ 6Ae(x)] −me + iη}; 6∂ ≡ γ µ∂µ, 6A ≡ γ µAµ, (145)

where Det denotes the functional determinant of the Dirac operator. Ignoring the fluctuations of the electromagnetic field,
the result is a functional of the external vector potential Ae(x):

Z[Ae] ≈ const× Det{i6∂ − e 6Ae(x)−me + iη}. (146)
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The infinitesimal constant iη with η > 0 specifies the treatment of singularities in energy integrals. From Eqs. (138)–(144)
and (146), the effective action (142) is given by

∆Aeff[Ae] = −iTr ln
{[
i6∂ − e 6Ae(x)−me + iη

] 1
i6∂ −me + iη

}
, (147)

where Tr denotes the functional andDirac trace. In physical units, this is of order h̄. The resultmay be expressed as a one-loop
Feynman diagram, so that one speaks of one-loop approximation. More convenient will be the equivalent expression

∆Aeff[Ae] = −
i
2
Tr ln

(
{[i6∂ − e 6Ae(x)]2 −m2e + iη}

1
−∂2 −m2e + iη

)
, (148)

where

[i6∂ − e 6Ae(x)]2 = [i∂µ − eAeµ(x)]
2
+
e
2
σµνF eµν where σµν ≡

i
2
[γ µ, γ ν], F eµν = ∂µA

e
ν − ∂νA

e
µ. (149)

Using the identity

ln
a2
a1
=

∫
∞

0

ds
s

[
eis(a1+iη) − eis(a2+iη)

]
, (150)

Eq. (148) becomes

∆Aeff[Ae] =
i
2

∫
∞

0

ds
s
e−is(m

2
e−iη)Tr〈x|eis

{
[i∂µ−eAeµ(x)]

2
+
e
2 σ

µνFeµν
}
− e−is∂

2
|x〉, (151)

where 〈x|{· · ·}|x〉 are the diagonal matrix elements in the local basis |x〉. This is defined by the matrix elements
with the momentum eigenstates |k〉 being plane waves: 〈x|k〉 = e−ikx. The symbol Tr denotes integral

∫
d4x

in space–time and the trace in spinor space. For constant electromagnetic fields, the integrand in (151) does not
depend on x, and σµνF eµν commutes with all other operators. This will allows us to calculate the exponential in
Eq. (151) explicitly. The presence of−iη in the mass term ensures convergence of integral for s→∞.
If only a constant electric field E is present, it may be assumed to point along the ẑ-axis, and one can choose a gauge such

that Aez = −Et is the only nonzero component of A
e
µ. Then one finds

tr exp is
[ e
2
σµνF eµν

]
= 4 cosh(seE), (152)

where the symbol tr denotes the trace in spinor space. Using the commutation relation [∂0, x0] = 1, where x0 = t , one
computes the exponential term in the effective action (151) (c.e.g. [88])

〈x| exp is
[
(i∂µ − eAeµ(x))

2
+
e
2
σµνF eµν

]
|x〉 =

eE
(2π)2is

coth(eEs). (153)

The second term in Eq. (151) is obtained by setting E = 0 in Eq. (153), so that the effective action (151) yields,

∆Aeff =
1

2(2π)2

∫
d4x

∫
∞

0

ds
s3
[eEs coth(eEs)− 1] e−is(m

2
e−iη). (154)

Since the field is constant, the integral over x gives a volume factor, and the effective action (151) can be attributed to the
space–time integral over an effective Lagrangian (140)

∆Leff =
1

2(2π)2

∫
∞

0

ds
s3
[eEs coth(eEs)− 1] e−is(m

2
e−iη). (155)

By expanding the integrand in Eq. (155) in powers of e, one obtains,

1
s3
[eEs coth(eEs)− 1] e−is(m

2
e−iη) =

[
e2

3s
E2 −

e4s
45
E4 + O(e6)

]
e−is(m

2
e−iη). (156)

The small-s divergence in the integrand,

e2

3
E2

1
2(2π)2

∫
∞

0

ds
s
e−is(m

2
e−iη), (157)

is proportional to the electric term in the original Maxwell Lagrangian. The divergent term (157) can therefore be removed
by a renormalization of the field E. Thus we subtract a counterterm in Eq. (155) and form

∆Leff =
1

2(2π)2

∫
∞

0

ds
s3

[
eEs coth(eEs)− 1−

e2

3
E2s2

]
e−is(m

2
e−iη). (158)

August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408



34 R. Ruffini et al. / Physics Reports 487 (2010) 1–140

Remembering Eq. (143), we find from (158) the decay rate of the vacuum per unit volume

Γ

V
=

1
(2π)2

Im
∫
∞

0

ds
s3

[
eEs coth(eEs)− 1−

e2

3
E2s2

]
e−is(m

2
e−iη). (159)

The integral (159) can be evaluated analytically by the method of residues. Since the integrand is even, the integral can
be extended to the entire s-axis. After this, the integration contour is deformed to enclose the negative imaginary axis and
to pick up the contributions of the poles of the coth function at s = nπ/eE. The result is

Γ

V
=
αE2

π2

∞∑
n=1

1
n2
exp

(
−
nπEc
E

)
. (160)

This result, i.e. the Schwinger formula [25–27] is valid to lowest order in h̄ for arbitrary constant electric field strength.
An analogous calculation for a charged scalar field yields

Γ

V
=
αE2

2π2

∞∑
n=1

(−1)n+1

n2
exp

(
−
nπEc
E

)
, (161)

which generalizes the Weisskopf treatment being restricted to the leading term n = 1. These Schwinger results complete
the derivation of the probability for pair productions. The leading n = 1-terms of (160) and (161) agrees with the JWKB
results we discuss in Section 2.5, and thus the correct Sauter exponential factor (44) and Heisenberg–Euler imaginary part
of the effective Lagrangian (102).
Narozhny and Nikishov [33] have expressed Eq. (142) through the probability of one pair production P1, of n pair

production Pn with n = 1, 2, 3, . . . as well as the average number of pair productions

|〈out, 0|0, in〉|2 = 1− P1 − P2 − P3 − · · · (162)

where Pn, (n = 1, 2, 3, . . .) is the probability of n pair production, and the probability of one pair production is,

P1 = V1t
αE2

2π2
ln
(
1− e−

πm2e
eE

)
e−2V1tIm∆Leff[Ae]. (163)

The average number N̄ of pair productions is then given by

N̄ =
∞∑
n=1

nPn = V1t
αE2

π2
exp

(
−
πEc
E

)
, (164)

which is the quantity directly related to the experimental measurements.

4.7.2. Pair production in constant electromagnetic fields
Since the QED theory is gauge and Lorentz invariant, effective action∆Aeff and Lagrangian∆Leff are expressed as func-

tionals of the scalar and pseudoscalar invariants S, P (69). Thus they must be invariant under the discrete duality transfor-
mation:

|B| → −i|E|, |E| → i|B|, (165)

i.e.,

β →−iε, ε→ iβ. (166)

This implies that in the case E = 0 and B 6= 0, results can be simply obtained by replacing |E| → i|B| in Eqs. (153), (158)
and (159):

〈x| exp is
[
(i∂µ − eAeµ(x))

2
+
e
2
σµνF eµν

]
|x〉 =

eB
(2π)2is

cot(eBs), (167)

and

∆Leff =
1

2(2π)2

∫
∞

0

ds
s3

[
eBs cot(eBs)− 1+

e2

3
B2s2

]
e−is(m

2
e−iη). (168)

In the presence of both constant electric and magnetic fields E and B, we adopt parallel ECF and BCF pointing along the
ẑ-axis in the center-of-fields frame, as discussed after Eqs. (60)–(62). We can choose a gauge such that only Aez = −ECFt ,
Aey = BCFx

1 are nonzero. Due to constant fields, the exponential in the effective action Eq. (151) can be factorized into a
product of the magnetic part and the electric part. Following the same method used to compute the electric part ((152) and
(153)), one can compute the magnetic part by using the commutation relation [∂1, x1] = 1, where x1 = x. Or one can make
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the substitution (165) to obtain the magnetic part, based on the discrete symmetry of duality. As results, Eqs. (152), (153)
become

tr exp is
[ e
2
σµνF eµν

]
= 4 cosh(seECF) cos(seBCF), (169)

and

〈x| exp is
{
[i∂µ − eAeµ(x)]

2
+
e
2
σµνF eµν

}
|x〉 =

1
(2π)2

eECF
is
coth(seECF)

eBCF
s
cot(seBCF). (170)

In this special frame, the effective Lagrangian is then given by

∆Leff =
1

2(2π)2

∫
∞

0

ds
s3

[
e2ECFBCFs2 coth(seECF) cot(seBCF)− 1−

e2

3
(E2CF − B

2
CF)s

2
]
· e−is(m

2
e−iη). (171)

Using definitions in Eqs. (69)–(71), we obtain the effective Lagrangian

∆Leff =
1

2(2π)2

∫
∞

0

ds
s3

[
e2εβs2 coth(eεs) cot(eβs)− 1−

e2

3
(ε2 − β2)s2

]
e−is(m

2
e−iη); (172)

and the decay rate

Γ

V
=

1
(2π)2

Im
∫
∞

0
ds
s3

[
e2εβs2 coth(eεs) cot(eβs)− 1− e2

3 (ε
2
− β2)s2

]
e−is(m

2
e−iη), (173)

in terms of the invariants ε and β (71) for arbitrary electromagnetic fields E and B.
The integral (173) is evaluated as in Eq. (160) by the method of residues, and yields [25–27]

Γ

V
=
αε2

π2

∑
n=1

1
n2

nπβ/ε
tanh nπβ/ε

exp
(
−
nπEc
ε

)
, (174)

which reduces for β → 0 (B = 0) correctly to (160). The n = 1-term is the JWKB approximation (73).
The analogous result for bosonic fields is

Γ

V
=
αε2

2π2
∑
n=1

(−1)n

n2
nπβ/ε

sinh nπβ/ε
exp

(
−
nπEc
ε

)
, (175)

where the first term n = 1 corresponds to the Euler–Heisenberg result (102). Note that the magnetic field produces in the
fermionic case an extra factor (nπβ/ε)/ tanh(nπβ/ε) > 1 in each term which enhances the decay rate. The bosonic series
(175), on the other hand, carries in each term a suppression factor (nπβ/ε)/ sinh nπβ/ε < 1. The average number N̄ (164)
is given by

N̄ =
∞∑
n=1

nPn = V1t
α

π

αβε

tanhπβ/ε
exp

(
−
πEc
ε

)
. (176)

The decay rate Γ /V gives the number of electron–positron pairs produced per unit volume and time. The prefactor can
be estimated on dimensional grounds. It has the dimension of E2c /h̄, i.e.,m

4c5/ h̄4. This arises from the energy of a pair 2mec2

divided by the volume whose diameter is the Compton wavelength h̄/mec , produced within a Compton time h̄/mec2. The
exponential factor suppresses pair production as long as the electric field is much smaller than the critical electric field Ec ,
in which case the JWKB result (73) and (74) are good approximations.
The general results (174), (175) was first obtained by Schwinger [25–27] for scalar and spinor electrodynamics (see also

Nikishov [28], Batalin and Fradkin [29]). The method was extended to special space–time-dependent fields in Refs. [30–34].
The monographs [88,144,202–204] can be consulted about more detailed calculation, discussion and bibliography.

4.7.3. Effective nonlinear Lagrangian for arbitrary constant electromagnetic field
Starting from the integral form of Heisenberg and Euler Lagrangian (172) we find explicitly real and imaginary parts of

the effective Lagrangian∆Leff (172) for arbitrary constant electromagnetic fields E and B [35]. The essential step is to reach
a direct analytic form resulting from performing the integration. We use the expressions [205],

eεs coth(eεs) =
∞∑

n=−∞

s2

(s2 + τ 2n )
; τn ≡ nπ/eε, (177)

eβs cot(eβs) =
∞∑

m=−∞

s2

(s2 − τ 2m)
, τm ≡ mπ/eβ, (178)
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and obtain for the finite effective Lagrangian of Heisenberg and Euler integral representation,

∆Leff =
1

2(2π)2

∞∑
n,m=−∞

′

∫
∞

0
ds

s
τ 2n + τ

2
m

[ δ̄m0

(s2 − τ 2m)
−

δ̄n0

(s2 + τ 2n )

]
e−is(m

2
e−iη), (179)

where divergent terms n 6= 0,m = 0, n = 0,m 6= 0 and n = m = 0 are excluded from the sum, as indicated by a prime. The
symbol δ̄ij ≡ 1− δij denotes the complimentary Kronecker-δ which vanishes for i = j. The divergent term with n = m = 0
is eliminated by the zero-field subtraction in Eq. (172), while the divergent terms n 6= 0,m = 0 and n = 0,m 6= 0

∆Ldiveff =
1

2(2π)2

∫
∞

0

ds
s
e−is(m

2
e−iη)2

(
∞∑
m=1

1
τ 2m
−

∞∑
n=1

1
τ 2n

)
, (180)

are eliminated by the second subtraction in Eq. (172). This can be seen by performing the sums

∞∑
n=1

1
τ kn
=

( eε
π

)k
ζ (k);

∞∑
n=1

1
τ km
=

(
eβ
π

)k
ζ (k), (181)

where ζ (k) =
∑
n 1/n

k is the Riemann function.
The infinitesimal iη accompanying the mass term in the s-integral (179) is equivalent to replacing e−is(m

2
e−iη) by

e−is(1−iη)m
2
e . This implies that s is to be integrated slightly below (above) the real axis for s > 0 (s < 0). Equivalently one

may shift the τm (−τm) variables slightly upwards (downwards) to τm + iη (−τm − iη) in the complex plane.
In order to calculate the finite effective Lagrangian (179), the factor e−is(1−iη)m

2
e is divided into its sin and cos parts:

∆Lsineff =
−i

4(2π)2

∞∑
n,m=−∞

′

∫
∞

−∞

sds
τ 2n + τ

2
m

[ δ̄m0

(s2 − τ 2m)
−

δ̄n0

(s2 + τ 2n )

]
sin[s(1− iη)m2e ]; (182)

∆Lcoseff =
1

2(2π)2

∞∑
n,m=−∞

′

∫
∞

0

sds
τ 2n + τ

2
m

[ δ̄m0

(s2 − τ 2m)
−

δ̄n0

(s2 + τ 2n )

]
cos[s(1− iη)m2e ]. (183)

The sin part (182) has an even integrand allowing for an extension of the s-integral over the entire s-axis. The contours of
integration can then be closed by infinite semicircles in the half plane, the integration receives contributions from poles
±τm,±iτn, so that the residue theorem leads to,

∆Lsineff = i
αεβ

2π

∞∑
n=1

1
n
coth

(
nπβ
ε

)
exp(−nπEc/ε) (184)

− i
αεβ

2π

∞∑
m=1

1
m
coth

(
mπε
β

)
exp(imπEc/β). (185)

The first part (184) leads to the exact non-perturbative Schwinger rate (174) for pair production.
The second term, as we see below, is canceled by the imaginary part of the cos term. In fact, shifting s → s − iη, we

rewrite the cos part of effective Lagrangian (183) as

∆Lcoseff =
1

2(2π)2

∞∑
n,m=−∞

′

∫
∞

0
ds
cos(sm2e )
τ 2n + τ

2
m

(
sδ̄m0

s2 − τ 2m − iη
−

sδ̄n0
s2 + τ 2n − iη

)
. (186)

In the first term of magnetic part, singularities s = τm, (m > 0) and s = −τm, (m < 0) appear in integrating s-axis. We
decompose

s
s2 − τ 2m − iη

= i
π

2
δ(s− τm)+ i

π

2
δ(s+ τm)+ P

s
s2 − τ 2m

, (187)

where P indicates the principle value under the integral. The integrals over the δ-functions give

∆δL
cos
eff = i

αεβ

2π

∞∑
m=1

1
m
coth

(
mπε
β

)
exp(imπEc/β), (188)

which exactly cancels the second part (185) of the sin part∆Lsineff .
It remains to find the principle-value integrals in Eq. (186), which corresponds to the real part of the effective Lagrangian

(∆Lcoseff )P =
1

2(2π)2

∞∑
n,m=−∞

′
1

τ 2n + τ
2
m

P

∫
∞

0
ds cos(sm2e )

(
sδ̄m0
s2 − τ 2m

−
sδ̄n0
s2 + τ 2n

)
. (189)
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We rewrite the cos function as cos(sm2e ) = (eism
2
e + e−ism

2
e )/2 and make the rotations of integration contours by ±π/2

respectively,

(∆Lcoseff )P =
1

2(2π)2

∞∑
n,m=−∞

′
1

τ 2n + τ
2
m

P

∫
∞

0
dτ
(

δ̄m0τe−τ

τ 2 − (iτmm2e )2
−

δ̄n0τe−τ

τ 2 − (τnm2e )2

)
. (190)

Using the formulas (see Sections 3.354, 8.211.1 and 8.211.2 in Ref. [205])

J(z) ≡ P

∫
∞

0
ds
se−s

s2 − z2
= −

1
2

[
e−zEi(z)+ ezEi(−z)

]
, (191)

where Ei(z) is the exponential-integral function,

Ei(z) ≡ P

∫ z

−∞

dt
et

t
= log(−z)+

∞∑
k=1

zk

kk!
, (192)

we obtain the principal-value integrals (190),

(∆Lcoseff )P =
1

2(2π)2

∞∑
n,m=−∞

′
1

τ 2m + τ
2
n

[
δ̄m0J(iτmm2e )− δ̄n0J(τnm

2
e )
]
. (193)

Having so obtained the real part of an effective Lagrangian for an arbitrary constant electromagnetic field we recover
the usual approximate results by suitable expansion of the exact formula. With the help of the series and asymptotic
representation (see formula 8.215 in Ref. [205]) of the exponential-integral function Ei(z) for large z, corresponding to weak
electromagnetic fields (ε � 1, β � 1),

J(z) = −
1
z2
−
6
z4
−
120
z6
−
5040
z8
−
362880
z10

+ · · · , (194)

and Eq. (193), we find,

(∆Lcoseff )P =
1

2(2π)2

∞∑
n,m=−∞

′
1

τ 2m + τ
2
n

{
δ̄n0

[
1

τ 2nm4e
+

6
τ 4nm8e

+
120
τ 6nm12e

+ · · ·

]

+ δ̄m0

[
1

τ 2mm4e
−

6
τ 4mm8e

+
120
τ 6mm12e

+ · · ·

]}
. (195)

Applying the summation formulas (181), the weak field expansion (195) is seen to agree with the Heisenberg and Euler
effective Lagrangian [7],

(∆Leff)P =
2α
90πE2c

{
(E2 − B2)2 + 7(E · B)2

}
+

2α
315π2E4c

{
2(E2 − B2)3 + 13(E2 − B2)(E · B)2

}
+ · · · , (196)

which is expressed in terms of a powers series of weak electromagnetic fields up to O(α3). The expansion coefficients of the
terms of order n have the general formm4e/(Ec)

n. As long as the fields are much smaller than Ec , the expansion converges.
On the other hand, we can address the limiting form of the effective Lagrangian (193) corresponding to electromagnetic

fields (ε � 1, β � 1). We use the series and asymptotic representation (formulas 8.214.1 and 8.214.2 in Ref. [205]) of the
exponential-integral function Ei(z) for small z � 1,

J(z) = −
1
2

[
ez ln(z)+ e−z ln(−z)

]
+ γE + O(z), (197)

with γE = 0.577216 being the Euler–Mascheroni constant, we obtain the leading terms in the strong field expansion of
Eq. (193),

(∆Lcoseff )P =
1

2(2π)2

∞
′∑

n,m=−∞

1
τ 2m + τ

2
n

[
δ̄n0 ln(τnm2e )− δ̄m0 ln(τmm

2
e )
]
+ · · · . (198)

In the case of vanishing magnetic field B = 0 andm = 0 in Eq. (198), we have,

(∆Lcoseff )P =
1

2(2π)2

∞∑
n=1

1
τ 2n
ln(τnm2e )+ · · · =

αE2

2π2

∞∑
n=1

1
n2
ln
(
nπEc
E

)
+ · · · , (199)

for a strong electric field E. In the case of vanishing electric field E = 0 and n = 0 in Eq. (198), we obtain for the strong
magnetic field B,

(∆Lcoseff )P = −
1

2(2π)2

∞∑
m=1

1
τ 2m
ln(τmm2e )+ · · · = −

αB2

2π2

∞∑
m=1

1
m2
ln
(
mπEc
B

)
+ · · · . (200)

The (m = 1) term is the one obtained by Weisskopf [24].
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We have presented in Eqs. (184), (185), (188), (193) closed form results for the one-loop effective Lagrangian∆Leff (172)
for arbitrary strength of constant electromagnetic fields. The results will receive fluctuation corrections from higher loop
diagrams. These carry one or more factors α, α2, . . . and are thus suppressed by factors 1/137. Thus results are valid for all
field strengths with an error no larger than roughly 1%. If we include, for example, the two-loop correction, the first term in
the Heisenberg and Euler effective Lagrangian (196) becomes [144]

(∆Leff)P =
2α
90πE2c

{(
1+

40α
9π

)
(E2−B2)2 + 7

(
1+

1315α
252π

)
(E · B)2

}
. (201)

Readers can consult the recent reviewarticle [206],where one finds discussions and computations of the effective Lagrangian
at the two-loop level, and [207] for discussion of pair production rate.

4.8. Theory of pair production in an alternating field

When the external electromagnetic field F eµν is space–time-dependent, i.e., F
e
µν = F

e
µν(x, t) the exponential in Eq. (151)

can no longer be calculated exactly. In this case, JWKBmethods have to be used to calculate pair production rates [30–32,36,
37,208,209]. The aim of this section is to show how one can use a semi-classical JWKB approach to estimate the rate of pair
production in an oscillating electric field as first indicated by Brezin and Itzykson in Ref. [36]. They evaluated the production
rate of charged boson pairs. The results they obtained can be straightforwardly generalized to charged fermion case, since
the spins of charged particles contribute essentially with a counting factor to the final results (see Sections 2.5 and 4.7.1).
Thus, let the electromagnetic potential be ẑ directed, uniform in space and periodic in time with frequency ω0:

Aeµ(x) = (0, 0, 0, A(t)), A(t) =
E
ω0
cosω0t. (202)

Then the electric field is ẑ directed, uniform in space and periodic in time as well. The electric field strength is given by
E(t) = −Ȧ(t) = E sinω0t . It is assumed that the electric field is adiabatically switched on and damped off in a time T e,
which is much larger than the period of oscillation T0 = 2π/ω0. Suppose also that T0 is much larger than the Compton time
2π/ω of the created particle, i.e.,

T e � T0 �
2π
ω
'
2π
me
, (203)

where ω =
√
|p|2 +m2e , p being the 3-momentum of the created particle. Furthermore, eE is assumed to be much smaller

thanm2e , i.e., E � Ec (see Eq. (59)).
We have to study the time evolution of a scattered wave function ψ(t) representing the production of particle and

antiparticle pairs in the electromagnetic potential (202). As usual, an antiparticle can be thought of as awave-packetmoving
backward in time. Therefore, for large positive time (forward) only positive energy modes (∼e−iωt ) contribute to ψ(t).
Similarly, for large negative times both positive energy and negative energymodes (∼eiωt ) contribute toψ(t)which satisfies
the differential equation [36]:[

d2

dt2
+ ω2(t)

]
ψ(t) = 0, (204)

where the ‘‘variable frequency’’ is defined as

ω(t) ≡
{
m2e + p

2
⊥
+ [pz − eA(t)]2

}1/2
. (205)

The JWKB method suggests a general solution of the from

ψ(t) = α(t)e−iχ(t) + β(t)eiχ(t), χ(t) ≡
∫ t

0
dt ′ω(t ′), (206)

where the boundary conditions at large positive and negative times are:

α(−∞) = 1, β(+∞) = 0; χ̇(±∞) = ω. (207)

The backward scattering amplitude β(t) for large negative time (t → −∞) represents the probability of antiparticle
production.
The normalization condition |ψ(t)|2 = 1 implies

α̇(t)e−iχ(t) + β̇(t)eiχ(t) = 0. (208)

Eq. (204) can be written in terms of the scattering amplitudes as

α̇(t)e−iχ(t) − β̇(t)eiχ(t) = −
ω̇(t)
ω(t)

[
α(t)e−iχ(t) − β(t)eiχ(t)

]
, (209)
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or, which is the same,

α̇(t) = −
ω̇(t)
2ω(t)

[
α(t)− β(t)ei2χ(t)

]
, (210)

β̇(t) = −
ω̇(t)
2ω(t)

[
β(t)− α(t)e−i2χ(t)

]
. (211)

It follows from assumption (203) that ω̇(t) vanishes as |t| → ∞, i.e.,

ω̇(t)
ω2(t)

=
eE[pz − eA(t)]{

m2e + p
2
⊥
+ [pz − eA(t)]2

}3/2 � 1. (212)

More precisely∣∣∣∣ ω̇(t)ω2(t)

∣∣∣∣ < eE
m2e + p

2
⊥

<
eE
m2e
� 1. (213)

Therefore, α(t) and β(t) slowly vary in time and tend to constants as |t| → ∞. The phase ei2χ(t) oscillates very rapidly as
compared to the variation of α(t) and β(t), for χ̇(t) = ω(t) � |ω̇(t)/ω(t)|. In the zeroth order the oscillating terms in
Eqs. (210) and (211) are negligible and one finds

α(0)(t) = [ω/ω(t)]1/2 ' 1; β(0)(t) = 0, (214)

which duly satisfy the boundary conditions, and

β(1)(t) =
∫
∞

t
dt ′

ω̇(t ′)
2ω(t ′)

e−i2χ(t
′), (215)

where (203) and (213) have been used. |β(1)(−∞)|2 gives information about the probability of particle–antiparticle pair
production. Namely, the probability of pair production per unit volume and time is given by

P̃ = lim
Te→∞

1
T e

∫
d3k
(2π)3

|β(1)(−T e)|2

=

∫
d3k
(2π)3

lim
Te→∞

1
T e

∣∣∣∣∣
∫ Te/2

−Te/2
dt ′

ω̇(t ′)
2ω(t ′)

e−i2χ(t
′)

∣∣∣∣∣
2

. (216)

Since ω(t) is a periodic function with the same frequency ω0 as A(t) one can make a Fourier series expansion:

ω̇(t)
2ω(t)

=

+∞∑
n=−∞

cneinω0 . (217)

Defined a renormalized frequencyΩ via χ(t) = tΩ one finds

Ω ≡

∫ 2π

0

dx
2π

[
m2e + k

2
⊥
+

(
k3 −

eE
ω0
cos x

)2]1/2
(218)

so that

lim
Te→∞

1
T e

∣∣∣∣∣
∫ Te/2

−Te/2
dt ′

ω̇(t ′)
2ω(t ′)

e−i2χ(t
′)

∣∣∣∣∣
2

= 2π
∑
n

δ(nω0 − 2Ω)|cn|2. (219)

Consequently, the probability of pair production (216) is,

P̃ =

∫
d3k
(2π)2

∑
n

δ(nω0 − 2Ω)|cn|2 =
∫

d3k
(2π)2ω0

|cn◦ |2, (220)

where n◦ = 2Ω/ω0 and cn◦ are determined via Eq. (217) as

cn◦ =
∫ π

−π

dx
2π

ω̇(x)
2ω(x)

exp

 2iω0
∫ x

0
dx′
[
m2e + p

2
⊥
+

(
pz −

eE
ω0
cos(x′)

)2]1/2 . (221)

The expression for cn◦ contains a very rapidly oscillating phase factor with frequency of the order ofme/ω0, and it decreases
very rapidly in terms of imaginary time τ = −it . Its evaluation requires the application of the steepest-descent method
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in the complex time x = ω0t plane. This is done by selecting a proper contour turning in a neighborhood of the saddle
point and following the steepest-descent line, so as to find the main contributions to the integral in Eq. (221). The saddle
point originates from branch points and poles in Eq. (221), which are the zeros of ω(x). Mathematical details can be found
in Ref. [36]. One finds

P̃ '
ω0

9

∫
d3k
(2π)2

e−2A cos2 B, (222)

where

− A+ iB =
2i
ω0

∫ x0

0
dx′
[
m2e + p

2
⊥
+

(
pz −

eE
ω0
cos(x′)

)2]1/2
, (223)

and the saddle point is x0 = 1/π + i sinh−1[(ω0/eE)(m2e + p
2
⊥
)1/2].

The exponential factor e−2A in Eq. (222) indicates that particle–antiparticle pairs tend to be emittedwith small momenta.
This allows one to estimate the right-hand side of Eq. (222) as follow: (i) pz is set equal to zero, moreover, the range of the
pz-integration is of the order of 2eE/ω0 as suggested by the classical equation of motion (204); (ii) cos2 B is replaced by its
average value 1/2. As a result, one obtains [36],

P̃ '
(eE)3

18πω20

∫
∞

η−1
duu exp

[
−
πeE
ω20
u2g(u)

]
, (224)

where η−1 = meω0/(eE), u = (m2e + p
2
⊥
)ω20/(eE)

2 and

g(z) =
4
π

∫ 1

0
dy
[ 1− y2

1+ z−2y2

]1/2
= F

(
1
2
,
1
2
; 2;−z−2

)
, (225)

where F(1/2, 1/2; 2;−z−2)=2 F1(1/2, 1/2; 2;−z−2) is the Gauss hypergeometrical function. The function u2g(u) is
monotonically increasing:

eE
ω20
u2g(u) ≥

eE
ω20
η−2g(η) =

m2e
eE
g(η)� 1, (226)

which indicates that the integral in (224) is strongly dominated by values in a neighborhood of u = η−1. This allows one to
approximately perform the integration and leads to the rate of pair production of charged bosons [36],

P̃boson '
αE2

2π
1

g(η)+ 1
2η g
′(η)

exp
[
−
πm2e
eE
g(η)

]
. (227)

Analogously, the rate of pair production of charged fermions can be approximately obtained from Eq. (227) by taking into
account two helicity states of fermions (see Sections 2.5 and 4.7.1),

P̃fermion '
αE2

π

1
g(η)+ 1

2η g
′(η)

exp
[
−
πm2e
eE
g(η)

]
. (228)

This formula has played an important role in recent studies of electron and positron pair production by laser beams, which
we will discuss in some details in Section 6.2. Momentum spectrum of electrons and positrons, produced from the vacuum,
was calculated in [30–32,37]. For η � 1 this distribution is concentrated along the direction of electric field, while for η � 1
it approaches isotropic one.
Unfortunately, it appears very difficult to produce a macroscopic electric field with strength of the order of the critical

value (1) and lifetime long enough (�h̄/(mec2)) in any ground laboratory to directly observe the Sauter–Euler–Heisenberg–
Schwinger process of electron–positron pair production in vacuum. The same argument applies for the production of any
other pair of fermions or bosons. In the following Section, we discuss some ideas to experimentally create a transient electric
field E . Ec in Earth-bound laboratories, whose lifetime is expected to be long enough (larger than h̄/mec2) for the pair
production process to take place.

4.9. Nonlinear Compton effect

In Refs. [40–45,61,62,89,210–214], the quantum theory of the interaction of free electrons with the field of a strong
electromagnetic wave has been studied. The application of quantum perturbation theory to such interaction requires not
only that the interaction constantα should be small but also that field should be sufficientlyweak. The characteristic quantity
in this respect is the dimensionless invariant ratio η, see also Section 6.3. The photon emission processes occurring in the
interaction of an electron with the field of a strong electromagnetic wave have been discussed in Ref. [89] for any η value.
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The method used is based on an exact treatment of this interaction, while the interaction of the electron with the newly
emitted photons regarded as a perturbation.
Laser beam is considered as a monochromatic plane wave, described by the gauge potential Aµ(φ) and φ = kx, where

wave vector k = (ω, k)(k2 = 0) (see Eq. (6)). The Dirac equation can be exactly solved [215] for an electron moving in
this field of electromagnetic plane wave of an arbitrary polarization and the normalized wave function of the electron with
momentum p is given by (c.e.g. [89]),

ψp =

[
1+

e
2(kp)

6k 6A
]
u(p)
√
2q0
eiΦ, (229)

Φ = −px−
∫ kx

0

[
e
(kp)

(pA)−
e2

2(kp)
A2
]
dφ, (230)

where u(p) is the solution of free Dirac equation (6p−me)u(p) = 0 and the time-average value of 4-vector,

q = p−
e2〈A2〉
2(kp)

k, (231)

is the kinetic momentum operator in the electron state ψp (229) and the ‘‘effective mass’’m∗ of the electron in the field is

q2 = m2
∗
, m∗ = me

√
1+ η2, (232)

The electron becomes ‘‘heavy’’ in an oscillating electromagnetic field.
The S-matrix element for a transition of the electron from the stateψp to the stateψp′ , with emission of a photon having

momentum k′ and polarization ε′ is given by (c.e.g. [89])

Sfi = −ie
∫
ψ̄p′(γ ε

′∗)ψp
eik
′x

√
2ω′
d4x (233)

=
1

2ω′ · 2q0 · 2q′0

∑
n

M(n)
fi (2π)

4iδ(4)(nk+ q− q′ − k′), (234)

where the integrand in Eq. (233) is expanded in Fourier series and expansion coefficients are in terms of Bessel functions
Jn, the scattering amplitude M

(n)
fi in Eq. (234) is obtained

3 by integrating over x. Eq. (234) shows that Sfi is an infinite sum
of terms, each corresponds to an energy–momentum conservation law nk+ q = q′ + k′, indicating an electron (q) absorbs
n-photons (nk) and emits another photon (k′) of frequency

ω′ =
nω

1+ (nω/m∗)(1− cos θ)
, (235)

in the frame of reference where the electron is at rest (q = 0, q0 = m∗), and θ is the angle between k and k′. Given the nth
term of the S-matrix Sfi (234), the differential probability per unit volume and unit time yields,

dP (n)
eγ =

d3k′d3q′

(2π)6 · 2ω′ · 2q0 · 2q′0
|M(n)
fi |

2(2π)4iδ(4)(nk+ q− q′ − k′). (236)

Integrating over the phase space of final states
∫
d3k′d3q′, one obtains the total probability of emission from unit volume in

unit time (circular polarization),

Peγ =
e2m2e
4q0

∞∑
n=1

∫ κn

0

dκ
(1+ κ)2

[
−4J2n (z)+ η

2
(
2+

κ2

1+ κ

)
(J2n+1 + J

2
n−1 − 2J

2
n )

]
, (237)

where κ = (kk′)/(kp′), κn = 2n(kp)/m2∗ and Bessel functions Jn(z),

z = 2m2e
η

(1+ η2)1/2

[
κ

κn

(
1−

κ

κn

)]1/2
, (238)

for any η value. A systematic investigation of various quantumprocesses in the field of a strong electromagnetic wave can be
found in [40–45], in particular photon emission and pair production in the field of a plane wave with various polarizations
are discussed.
We now turn to the Breit–Wheeler process for multi-photons, see also Section 6.3. In this process, the pair production is

attributed to the interaction of a high-energy photon with many laser photons in the electromagnetic laser wave. Actually,

3 The explicit expressionM(n)
fi is not given here for its complexity, see for example [89].
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the Breit–Wheeler process formulti-photons, see Eq. (358) below is related to the nonlinear Compton scattering process, see
Eq. (357) below by crossing symmetry. By replacement p→−p and k′ →−l and reverse the common sign of the expression
in Eq. (234), one obtains the probability of pair production (358) by a photon γ (momentum l) colliding with n laser photons
(momentum k) per unit volume in unit time (circular polarization) [40–45],

Pγ γ =
e2m2e
16l0

∞∑
n>n0

∫ υn

1

dυ
υ3/2(1+ υ)1/2

[
2J2n (z)+ η

2(2υ − 1)(J2n+1 + J
2
n−1 − 2J

2
n )
]
, (239)

where υ = (kl)2/4(kq)(kq′), υn = n/n0, n0 = 2m2∗/(kl) and Bessel functions Jn(z),

z = 4m2e
η(1+ η2)1/2

(kl)

[
υ

υn

(
1−

υ

υn

)]1/2
.

In Eq. (239), the number n of laser photons must be larger than n0 (n > n0), which is the energy threshold n0(kl) = 2m2∗ for
the process (358) of pair production to occur.

5. Semi-classical description of pair production in a general electric field

As shown in previous sections, the rate of pair production may be split into an exponential and a pre-exponential factor.
The exponent is determined by the classical trajectory of the tunneling particle in imaginary time which has the smallest
action. It plays the same role as the activation energy in a Boltzmann factor with a ‘‘temperature’’ h̄. The pre-exponential
factor is determined by the quantum fluctuations of the path around that trajectory. At the semi-classical level, the latter
is obtained from the functional determinant of the quadratic fluctuations. It can be calculated in closed form only for a few
classical paths [201]. An efficient technique for doing this is based on the JWKB wave functions, another on solving the
Heisenberg equations of motion for the position operator in the external field [201].
Given the difficulties in calculating the pre-exponential factor, only a few nonuniform electric fields in space or in time

have led to analytic results for the pair production rate: (i) the electric field in the z-direction is confined in the space x < x0,
i.e., E = E(x)ẑwhere E(x) = E0Θ(x0 − x) [216,217]; (ii) the electric field in the z-direction depends only on the light-cone
coordinate z+ = (t + z)/

√
2, i.e., E = E(z+)ẑ [218,219]. If the nonuniform field has the form E(z) = E0/ cosh2(z), which

will be referred as a Sauter field, the rate was calculated by solving the Dirac equation [33] in the same way as Heisenberg
and Euler did for the constant electric field. For general space and time dependencies, only the exponential factor can be
written down easily — the fluctuation factor is usually hard to calculate [65]. In the Coulomb field of heavy nucleus whose
size is finite and charge Z is supercritical, the problem becomes even more difficult for bound states being involved in pair
production, and a lot of effort has been spent on this issue [65,202,220].
If the electric field has only a time dependence E = E(t), both exponential and pre-exponential factors were

approximately computed by Brezin and Itzykson using JWKB methods for the purely periodic field E(t) = E0 cosω0t [36].
The result was generalized by Popov in Refs. [208,221] to more general time-dependent fields E(t). After this, several time-
independent but space-dependent fields were treated, for instance an electric field between two conducting plates [222],
and an electric field around a Reissner–Nordström black hole [46].
The semi-classical expansion was carried beyond the JWKB approximation by calculating higher order corrections in

powers of h̄ in Refs. [51–53]. Unfortunately, these terms do not comprise all corrections of the same orders h̄ as explained
in [54].
An alternative approach to the same problems was recently proposed by using the worldline formalism [47], sometimes

called the ‘‘string-inspired formalism’’. This formalism is closely related to Schwinger’s quantum field theoretic treatment of
the tunneling problem, where the evaluation of a fluctuation determinant is required involving the fields of the particle pairs
created from the vacuum. Theworldline approach is a special technique for calculating precisely this functional determinant.
Within the worldline formalism, Dunne and Schubert [48] calculated the exponential factor and Dunne et al. [49] gave the
associated prefactor for various field configurations: for instance a spatially uniform, and single-pulse field with a temporal
Sauter shape ∝ 1/ cosh2 ωt . For general z-dependencies, a numerical calculation scheme was proposed in Refs. [223–226]
and applied further in [227]. For a multidimensional extension of the techniques see Refs. [50].
In this section, a general expression is derived for the pair production rate in nonuniform electric fields E(z) pointing

in the z-direction recently derived in [54,228]. A simple variable change in all formulas leads to results for electric fields
depending also on time rather than space. As examples, three cases will be treated: (i) a nonzero electric field confined
to a region of size `, i.e., E(z) 6= 0, |z| . ` (Sauter field see Eq. (291)); (ii) a nonzero electric field in a half space, i.e.,
E(z) 6= 0, z & 0 (see Eq. (312)); (iii) an electric field increasing linearly like E(z) ∼ z. In addition, the process of negative
energy electrons tunneling into the bound states of an electric potential with the emission of positrons will be studied, by
considering the case: the electric field E(z) ∼ z of harmonic potential V (z) ∼ z2.
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Fig. 6. Positive and negative energy spectra E±(z) of Eq. (240) in units ofmec2 , with pz = p⊥ = 0 as a function of ẑ = z/` for the Sauter potential V±(z)
(291) for σs = 5.

5.1. Semi-classical description of pair production

The phenomenon of pair production in an external electric field can be understood as a quantum mechanical tunneling
process of Dirac electrons [1,79]. In the original Dirac picture, the electric field bends the positive and negative energy levels
of the Hamiltonian, leading to a level crossing and a tunneling of the electrons in the negative energy band to the positive
energy band. Let the field vector E(z) point in the z-direction. In the one-dimensional potential energy (39) the classical
positive and negative energy spectra are

E±(pz, p⊥; z) = ±
√
(cpz)2 + c2p2⊥ + (mec2)2 + V (z), (240)

where pz is the momentum in the z-direction, p⊥ the momentum orthogonal to it, and p⊥ ≡ |p⊥|. For a given energy E , the
tunneling takes place from z− to z+ determined by pz = 0 in Eq. (240)

E = E+(0, p⊥; z+) = E−(0, p⊥; z−). (241)

The points z± are the turning points of the classical trajectories crossing from the positive energy band to the negative one
at energy E . They satisfy the equations

V (z±) = ∓
√
c2p2
⊥
+m2ec4 + E . (242)

This energy level crossing E is shown in Fig. 6 for the Sauter potential V (z) ∝ tanh(z/`).

5.1.1. JWKB transmission probability for Klein–Gordon field
The probability of quantum tunneling in the z-direction is most easily studied for a scalar field which satisfies the

Klein–Gordon equation (38). If there is only an electric field in the z-direction which varies only along z, a vector potential
with the only nonzero component (39) is chosen, and the ansatz φ(x) = e−iE t/h̄eip⊥x⊥/h̄φp⊥,E (z), is made with a fixed
momentum p⊥ in the x, y-direction and an energy E , and Eq. (38) becomes simply[

− h̄2
d2

dz2
+ p2
⊥
+m2ec

2
−
1
c2
[E − V (z)]2

]
φp⊥,E (z) = 0. (243)

By expressing the wave function φp⊥,E (z) as an exponential

φp⊥,E (z) = C eiSp⊥,E /h̄, (244)

where C is some normalization constant, the wave equation becomes a Riccati equation for Sp⊥,E :

− ih̄∂2z Sp⊥,E (z)+ [∂zSp⊥,E (z)]
2
− p2z (z) = 0 (245)

where the function pz(z) is the solution of the equation

p2z (z) =
1
c2
[E − V (z)]2 − p2

⊥
−m2ec

2. (246)

The solution of Eq. (245) can be found iteratively as an expansion in powers of h̄:

Sp⊥,E (z) = S
(0)
p⊥,E (z)− ih̄S

(1)
p⊥,E (z)+ (−ih̄)

2S(2)p⊥,E (z)+ · · · . (247)
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Neglecting the expansion terms after S(1)p⊥,E (z) = − log p
1/2
z (z) leads to the JWKB approximation for the wave functions of

positive and negative energies (see e.g. [87,201])

φ
JWKB
p⊥,E (z) =

C

p1/2z (z)
eiS

(0)
p⊥,E

(z)/h̄ (248)

where S(0)p⊥,E (z) is the eikonal

S(0)p⊥,E (z) =
∫ z

pz(z ′)dz ′. (249)

Between the turning points z− < z < z+, whose positions are illustrated in Fig. 6, the momentum pz(z) is imaginary and it
is useful to define the positive function

κz(z) ≡

√
p2
⊥
+m2ec2 −

1
c2
[E − V (z)]2 ≥ 0. (250)

The tunneling wave function in this regime is the linear combination

C

2(κz)1/2
exp

[
−
1
h̄

∫ z

z−
κzdz

]
+

C̄

2(κz)1/2
exp

[
+
1
h̄

∫ z

z−
κzdz

]
. (251)

Outside the turning points, i.e., for z < z− and z > z+, there exist negative energy and positive energy solutions for E < E−
and E > E+ for positive pz . On the left-hand side of z−, the general solution is a linear combination of an incoming wave
running to the right and outgoing wave running to the left:

C+

(pz)1/2
exp

[
i
h̄

∫ z

pzdz
]
+

C−

(pz)1/2
exp

[
−
i
h̄

∫ z

pzdz
]
. (252)

On the right-hand side of z+, there is only an outgoing wave

T

(pz)1/2
exp

[
i
h̄

∫ z

z+
pzdz

]
. (253)

The connection equations can be solved by

C̄ = 0, C± = e±iπ/4C/2, T = C+ exp
[
−
1
h̄

∫ z+

z−
κzdz

]
. (254)

The incident flux density is

jz ≡
h̄
2mei

[
φ∗∂zφ − (∂zφ

∗)φ
]
=
pz
me
φ∗φ =

|C+|
2

me
, (255)

which can be written as

jz(z) = vz(z)n−(z), (256)

where vz(z) = pz(z)/me is the velocity and n−(z) = φ∗(z)φ(z) the density of the incoming particles. Note that the z-
dependence of vz(z) and n−(z) cancel each other. By analogy, the outgoing flux density is |T |2/me.

5.1.2. Rate of pair production
From the considerations given above, the transmission probability is obtained

PJWKB ≡
transmitted flux
incident flux

(257)

to be the simple exponential

PJWKB(p⊥, E) = exp
[
−
2
h̄

∫ z+

z−
κzdz

]
. (258)

In order to derive from (257) the total rate of pair production in the electric field, it must be multiplied with the incident
particle flux density at the entrance z− of the tunnel. The particle velocity at that point is vz = ∂E/∂pz , where the relation
between E and z− is given by Eq. (242):

− 1 =
E − V (z−)√
(cp⊥)2 +m2ec4

. (259)
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This must be multiplied with the particle density which is given by the phase space density d3p/(2π h̄)3. The incident flux
density at the tunnel entrance is therefore

jz(z−) = Ds

∫
∂E

∂pz

d2p⊥
(2π h̄)2

dpz
2π h̄
= Ds

∫
dE
2π h̄

d2p⊥
(2π h̄)2

, (260)

and the extra factor Ds is equal to 2 for electrons with two spin orientations.4
It is useful to change the variable of integration from z to ζ (z) defined by

ζ (p⊥, E; z) ≡
E − V (z)√
(cp⊥)2 +m2ec4

, (261)

and to introduce the notation for the electric field E(p⊥, E; ζ ) ≡ E[z̄(p⊥, E; ζ )], where z̄(p⊥, E; ζ ) is the inverse function
of (261), the equations in (242) reduce to

ζ−(p⊥, E; z−) = −1, ζ+(p⊥, E; z+) = +1. (262)

In terms of the variable ζ , the JWKB transmission probability (258) can be rewritten as

PJWKB(p⊥, E) = exp

{
−
2m2ec

3

eh̄E0

[
1+

(cp⊥)2

m2ec4

] ∫ 1

−1
dζ

√
1− ζ 2

E(p⊥, E; ζ )/E0

}
. (263)

Here a standard field strength E0 has been introduced to make the integral in the exponent dimensionless, which is abbre-
viated by

G(p⊥, E) ≡
2
π

∫ 1

−1
dζ

√
1− ζ 2

E(p⊥, E; ζ )/E0
. (264)

The first term in the exponent of (263) is equal to 2Ec/E0.
At the semi-classical level, tunneling takes place only if the potential height is larger than 2mec2 and for energies E for

which there are two real turning points z±. The total tunneling rate is obtained by integrating over all incoming momenta
and the total area V⊥ =

∫
dxdy of the incoming flux. The JWKB-rate per area is

ΓJWKB

V⊥
= Ds

∫
dE
2π h̄

∫
d2p⊥
(2π h̄)2

PJWKB(p⊥, E). (265)

Using the relation following from (259)

dE = eE(z−)dz−, (266)

the alternative expression is obtained

ΓJWKB

V⊥
= Ds

∫
dz−
2π h̄

∫
d2p⊥
(2π h̄)2

eE(z−)PJWKB(p⊥, E(z−)), (267)

where E(z−) is obtained by solving the differential equation (266).
The integral over p⊥ cannot be done exactly. At the semi-classical level, this is fortunately not necessary. Since Ec is

proportional to 1/h̄, the exponential in (263) restricts the transverse momentum p⊥ to be small of the order of
√
h̄, so that

the integral in (267) may be calculated from an expansion of G(p⊥, E) up to the order p2⊥:

G(p⊥, E) '
2
π

∫ 1

−1
dζ

√
1− ζ 2

E(0, E; ζ )/E0

[
1−

1
2
dE(0, E, ζ )/dζ
E(0, E, ζ )

ζ δ + · · ·

]
= G(0, E)+ Gδ(0, E)δ + · · · , (268)

where δ ≡ δ(p⊥) ≡ (cp⊥)2/(m2ec
4), and

Gδ(0, E) ≡ −
1
π

∫ 1

−1
dζ

ζ
√
1− ζ 2

E2(0, E; ζ )/E0
E ′(0, E; ζ )

= −
1
2
G(0, E)+

1
π

∫ 1

−1
dζ

ζ 2√
1− ζ 2

dζ
E(0, E, ζ )/E0

. (269)

4 By setting Ds equal to 1 one can obtain the tunneling result also for spin-0 particles although the Dirac picture is no longer applicable.
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The integral over p⊥ in (267) is approximately performed as follows:∫
d2p⊥
(2π h̄)2

e−π(Ec/E0)(1+δ)[G(0,E)+Gδ(0,E)δ] =
m2ec

2

4π h̄2

∫
∞

0
dδ e−π(Ec/E0)G(0,E)+δG̃(0,E)

≈
eE0

4π2h̄cG̃(0, E)
e−π(Ec/E0)G(0,E), (270)

where

G̃(0, E) ≡ G(0, E)+ Gδ(0, E). (271)
The electric fields E(p⊥, E; ζ ) at the tunnel entrance z− in the prefactor of (267) can be expanded similarly to first order

in δ. If z0
−
denotes the solutions of (259) at p⊥ = 0, it is found that for small δ:

∆z− ≡ z− − z0− ≈
mec2

E(z0−)
δ

2
(272)

so that

E(z−) ' E(z0−)−mec
2 E
′(z0
−
)

E(z0−)
δ

2
. (273)

Here the extra term proportional to δ can be neglected in the semi-classical limit since it gives a contribution to the prefactor
of the order h̄. Thus the JWKB-rate (267) of pair production per unit area is obtained

ΓJWKB

V⊥
≡

∫
dz
∂zΓJWKB(z)
V⊥

'

∫
dz

Dse2E0E(z)

8π3 h̄2 c G̃(0, E(z))
e−π(Ec/E0)G(0,E(z)), (274)

where z is short for z0
−
. At this point it is useful to return from the integral

∫
dz−eE(z−) introduced in (267) to the original

energy integral
∫
dE in (265), so that the final result is

ΓJWKB

V⊥
≡

∫
dE
∂EΓJWKB(z)
V⊥

' Ds
eE0
4π2h̄c

∫
dE
2π h̄

1

G̃(0, E)
e−π(Ec/E0)G(0,E), (275)

where E-integration is over all crossing energy levels.
These formula can be approximately applied to the three-dimensional case of electric fields E(x, y, z) and potentials

V (x, y, z) at the points (x, y, z) where the tunneling length (52) is much smaller than the variation lengths δx⊥ of electric
potentials V (x, y, z) in the xy-plane,

1
z+ − z−

�
1
V
δV
δx⊥

. (276)

At these points (x, y, z), one can arrange the tunneling path dz and momentum pz(x, z, z) in the direction of electric field,
corresponding perpendicular area d2V⊥ ≡ dxdy for incident flux and perpendicularmomentum p⊥. It is then approximately
reduced to a one-dimensional problem in the region of size O(a) around these points. The surfaces z−(x−, y−, E) and
z+ = (x+, y+, E) associated with the classical turning points are determined by Eqs. (261) and (262) for a given energy
E . The JWKB-rate of pair production (274) can then be expressed as a volume integral over the rate density per volume
element

ΓJWKB =

∫
dxdydz

d3ΓJWKB
dx dy dz

=

∫
dtdxdydz

d4NJWKB
dt dx dy dz

. (277)

On the right-hand side it is useful to rewrite the rate ΓJWKB as the time derivative of the number of pair creation events
dNJWKB/dt , so that one obtains an event density in four-space

d4NJWKB
dt dx dy dz

≈ Ds
e2E0E(z)

8π3h̄ G̃(0, E(z))
e−π(Ec/E0)G(0,E(z)). (278)

Here x, y and z are related by the function z = z−(x, y, E)which is obtained by solving (266).
It is nowuseful to observe that the left-hand side of (278) is a Lorentz invariant quantity. In addition, it is symmetric under

the exchange of time and z, and this symmetry will be exploited in the next section to relate pair production processes in a
z-dependent electric field E(z) to those in a time-dependent field E(t).
Attempts to go beyond the JWKB results (274) or (275) require a great amount of work. Corrections will come from three

sources:
I from the higher terms of order in (h̄)n with n > 1 in the expansion (247) solving the Riccati equation (245).
II from the perturbative evaluation of the integral over p⊥ in Eqs. (265) or (267) when going beyond the Gaussian
approximation.

III from perturbative corrections to the Gaussian energy integral (275) or the corresponding z-integral (274).

All these corrections contribute terms of higher order in h̄.
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5.1.3. Including a smoothly varying B(z)-field parallel to E(z)
The results presented above can easily be extended for the presence of a constant magnetic field B parallel to E(z).

Then the wave function factorizes into a Landau state and a spinor function first calculated by Sauter [20]. In the JWKB
approximation, the energy spectrum is still given by Eq. (240), but the squared transverse momenta p2

⊥
is quantized and

must be replaced by discrete values corresponding to the Landau energy levels. From the known nonrelativistic levels
for the Hamiltonian p2

⊥
/2me one extracts immediately the replacements (63). Apart from the replacement (63), the JWKB

calculations remain the same. Thus one must only replace the integration over the transverse momenta
∫
d2p⊥/(2π h̄)2 in

Eq. (270) by the sum over all Landau levels with the degeneracy eB/(2π h̄c). Thus, the right-hand side becomes

eB
2π h̄c

e−π(Ec/E0)G(0,E)
∑
n,σ̂

e−π(B/E0)(n+1/2+gσ̂ )G̃(0,E), (279)

where g and σ̂ are as in (63). The result is, for spin-0 and spin-1/2:

eE0
4π2h̄cG̃(0, E)

e−π(Ec/E0)G(0,E)f0,1/2(BG̃(0, E)/E0) (280)

where

f0(x) ≡
πx

sinhπx
, f1/2(x) ≡ 2

πx
sinhπx

cosh
πgx
2
. (281)

In the limit B→ 0, Eq. (66) reduces to Eq. (270).
The result remains approximately valid if the magnetic field has a smooth z-dependence varying little over a Compton

wavelength λC .
In the following only nonuniform electric fields without a magnetic field are considered.

5.2. Time-dependent electric fields

The semi-classical considerations given above can be applied with little change to the different physical situation in
which the electric field along the z-direction depends only on time rather than z. Instead of the time t itself it is better to
work with the zeroth length coordinate x0 = ct , as usual in relativistic calculations. As an intermediate step consider for a
vector potential

Aµ = (A0(z), 0, 0, Az(x0)), (282)

with the electric field

E = −∂zA0(z)− ∂0Az(x0), x0 ≡ ct. (283)

The associated Klein–Gordon equation (38) reads{[
ih̄∂0 +

e
c
A0(z)

]2
+ h̄2 ∂2x⊥ −

[
ih̄∂z +

e
c
Az(x0)

]2
−m2ec

2
}
φ(x) = 0. (284)

The previous discussion was valid under the assumption Az(x0) = 0, in which case the ansatz

φ(x) = e−iE t/h̄eip⊥x⊥φp⊥,E (z),

led to the field equation (243). For the present discussion it is useful to write the ansatz as φ(x) = e−ip0x0/h̄eip⊥x⊥/h̄φp⊥,p0(z)
with p0 = E/c , and Eq. (243) in the form{

1
c2

[
E − e

∫ z

dz ′ E(z ′)
]2
− p2
⊥
−m2ec

2
+ h̄2

d2

dz2

}
φp⊥,p0(z) = 0. (285)

Now assume that the electric field depends only on x0 = ct . Then the ansatz φ(x) = eipz z/h̄eip⊥x⊥/h̄φp⊥,pz (x0) leads to the
field equation{

− h̄2
d2

dx02
− p2
⊥
−m2ec

2
−

[
−pz −

e
c

∫ x0
dx′0E(x

′

0)

]2}
φp⊥,pz (x0) = 0. (286)

If Eq. (286) is compared with (285) it can be seen that one arises from the other by interchanging

z ↔ x0, p⊥ → ip⊥, c → ic, E →−iE. (287)

With these exchanges, it may easy to calculate the decay rate of the vacuum caused by a time-dependent electric field E(x0)
using the formulas derived above.
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5.3. Applications

Now formulas (275) or (274) are applied to various external field configurations capable of producing electron–positron
pairs.

5.3.1. Step-like electric field
First one checks the result for the original case of a constant electric field E(z) ≡ eE0 where the potential energy is the

linear function V (z) = −eE0z. Here the function (264) becomes trivial

G(0, E) =
2
π

∫ 1

−1
dζ
√
1− ζ 2 = 1, Gδ(0, E) = 0, (288)

which is independent of E (or z−). The JWKB-rate for pair production per unit time and volume is found from Eq. (274) to
be

Γ EHJWKB

V
' Ds

αE20
2π2h̄

e−πEc/E0 (289)

where V ≡ dz−V⊥. This expression contains the exponential e−πEc/E0 found by Sauter [20], and the correct prefactor as
calculated by Heisenberg and Euler [7], and by Schwinger [25–27].
In order to apply the transformation rules (287) to obtain the analogous result for the constant electric field in time, one

can rewrite Eq. (289) as

dNJWKB
dx0V

' Ds
αE20
2π2h̄c

e−πEc/E0 , (290)

where dNJWKB/dx0 = Γ EHJWKB/c and NJWKB is the number of pairs produced. Applying the transformation rules (287) to Eq.
(290), one obtains the same formula as Eq. (289).

5.3.2. Sauter electric field
Let us now consider the nontrivial Sauter electric field localized within finite slab in the xy-plane with the width ` in

the ẑ-direction. A field of this type can be produced, e.g., between two opposite charged conducting plates. The electric field
E(z)ẑ in the z-direction and the associated potential energy V (z) are given by

E(z) = E0/ cosh2 (z/`) , V (z) = −σsmec2 tanh (z/`) , (291)

where

σs ≡ eE0`/mec2 = (`/λC )(E0/Ec). (292)

From now on natural units, in which energies are measured in units ofmec2, are used. Fig. 6 shows the positive and negative
energy spectra E±(z) of Eq. (240) for pz = p⊥ = 0 in particular the energy gap and energy level crossings. From Eq. (242)
one finds the classical turning points

z± = ` arctanh
E ±
√
1+ δ
σs

=
`

2
ln
σs + E ±

√
1+ δ

σs − E ∓
√
1+ δ

. (293)

Tunneling is possible for all energies satisfying

−
√
1+ δ + σs ≥ E ≥

√
1+ δ − σs, (294)

for the strength parameter σs >
√
1+ δ.

One may invert Eq. (261) to find the relation between ζ and z:

z = z(p⊥, E; ζ ) = ` arctanh
E + ζ

√
1+ δ

σs
=
`

2
ln
σs + E + ζ

√
1+ δ

σs − E − ζ
√
1+ δ

. (295)

In terms of the function z(p⊥, E; ζ ), the Eq. (293) reads simply z± = z(p⊥, E;±1).
Inserting (295) into the equation for E(z) in Eq. (291), one obtains

E(z) = E0

1− (ζ√1+ δ − E

σs

)2 ≡ E(p⊥, E; ζ ). (296)

G(0, E) and Gδ(0, E) of Eqs. (264), (268) and (269) are calculated:

G(0, E) = 2σ 2s − σs
[
(σs − E)2 − 1

]1/2
− σs

[
(σs + E)2 − 1

]1/2
, (297)
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Fig. 7. The slice dependence of the integrand in the tunneling rate (274) for the Sauter potential (291) is plotted: left, as a function of the tunnel entrance z
(compared with numeric results plotted in Fig. I of Ref. [227]); right, as a function of the associated energy E , which is normalized by the Euler–Heisenberg
rate (289). The dashed curve in the left figure shows the Euler–Heisenberg expression (289) evaluated for the z-dependent field E(z) to illustrate the
nonlocality of the production rate. The dashed curve in the right figure shows the Euler–Heisenberg expression (289) which is independent of energy level
crossing E . The dimensionless parameters are σs = 5, E0/Ec = 1.

and

G(0, E)+ Gδ(0, E) =
σs

2

{[
(σs − E)2 − 1

]−1/2
+
[
(σs + E)2 − 1

]−1/2}
. (298)

Substituting the functions G(0, E) and Gδ(0, E) into Eqs. (274) and (275), one obtains the general expression for the pair
production rate per volume slice at a given tunnel entrance point z−(E) or the associated energy E(z−). The pair production
rate per area is obtained by integrating over all slices permitted by the energy inequality (294).
In Fig. 7, the slice dependence of the integrand in the tunneling rate (274) for the Sauter potential (291) is shown and

comparedwith the constant field expression (289) of Euler and Heisenberg, if it is evaluated at the z-dependent electric field
E(z). This is done once as a function of the tunnel entrance point z and once as a function of the associated energy E . On each
plot, the difference between the two curves illustrates the nonlocality of the tunneling process.5 The integral is dominated
by the region around E ∼ 0, where the tunneling length is shortest [see Fig. 6] and tunneling probability is largest. Both
functions G(0, E) and Gδ(0, E) have a symmetric peak at E = 0. Around the peak they can be expanded in powers of E as

G(0, E) = 2[σ 2s − σs(σ
2
s − 1)

1/2
] +

σs

(σ 2s − 1)3/2
E2 + O(E4)

= G0(σs)+
1
2
G2(σs) E2 + O(E4), (299)

and

G(0, E)+ Gδ(0, E) =
σs

(σ 2s − 1)1/2
+
1
2
(1+ 2σ 2s )
(σ 2s − 1)5/2

E2 + O(E4)

= G0(σs)+
1
2
G2(σs) E2 + O(E4). (300)

The exponential e−πG(0,E)Ec/E0 has a Gaussian peak around E = 0 whose width is of the order of 1/Ec ∝ h̄. This implies that
in the semi-classical limit, onemay perform only a Gaussian integral and neglect the E-dependence of the prefactor in (275).
Recalling that E in this section is in natural units withmec2 = 1, one should replace

∫
dE bymec2

∫
dE and can perform the

integral over E approximately as follows

ΓJWKB

V⊥
' Ds

eE0mec2

4π2h̄c
1

G0
e−π(Ec/E0)G0

∫
dE
2π h̄

e−π(Ec/E0)G
′′
0 E2/2

= Ds
eE0
4π2h̄c

1

G0

e−π(Ec/E0)G0

2π h̄
√
G′′0Ec/2E0

. (301)

For convenience, the limits of integration over E is extended from the interval (−1+σs, 1−σs) to (−∞,∞). This introduces
exponentially small errors and can be ignored.

5 Note that omitting the z-integral in the rate formula (274) does not justify calling the result a ‘‘local production rate’’, as done in the abstract of Ref. [227].
The result is always nonlocal and depends on all gradients of the electric field.
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Using the relation (292) one may replace eE0mec2/h̄c by e2E202`/σs, and obtain

ΓJWKB[total]
V⊥`

' Ds
αE20
2π2h̄

√
E0
Ec

(σ 2s − 1)
5/4

σ
5/2
s

e−πG0(σs)Ec/E0 . (302)

This approximate result agrees 6 with that obtained before with a different, somewhat more complicated technique pro-
posed by Dunne and Schubert [48] after the fluctuation determinant was calculated exactly in [49] with the help of the
Gelfand–Yaglom method, see section 2.2 in Ref. [201]. The advantage of knowing the exact fluctuation determinant could
not, however, be fully exploited since the remaining integral was calculated only in the saddle point approximation. The
rate (302) agrees with the leading term of the expansion (42) of Kim and Page [53]. Note that the higher expansion terms
calculated by the latter authors do not yet lead to proper higher order results since they are only of type II and III in the list
after Eq. (278). The terms of equal order in h̄ in the expansion (247) of the solution of the Riccati equation are still missing.
Using the transformation rules (287), it is straightforward to obtain the pair production rate of the Sauter type of electric

field depending on time rather than space. According to the transformation rules (287), one has to replace `→ cδT , where
δT is the characteristic time over which the electric field acts—the analog of ` in (291). Thus the field (291) becomes

E(t) = E0/ cosh2 (t/δT ) , V (t) = −σ̃smec2 tanh (t/δT ) . (303)

According to the same rules, one must also replace σs → iσ̃s, where

σ̃s ≡ eE0δT/mec. (304)

This brings G0(σs) of Eq. (297) to the form

G0(σs)→ Gt0(σ̃s) = 2[σ̃s(σ̃
2
s − 1)

1/2
− σ̃ 2s ], (305)

and yields the pair production rate

Γ zJWKB[total]

V⊥δT
' Ds

αE20
2π2h̄

√
E0
Ec

(
σ̃ 2s + 1
σ̃ 2s

)5/4
e−πG

t
0(σ̃s)Ec/E0 , (306)

whereΓ zJWKB[total] = ∂NJWKB/∂z is the number of pairs produced per unit thickness in a spatial shell parallel to the xy-plane.
This is in agreement with Ref. [49].
Note also that the constant field result (289) of Euler and Heisenberg cannot be deduced from (302) by simply taking

the limit `→∞ as one might have expected. The reason is that the saddle point approximation (301) to the integral (275)
becomes invalid in this limit. Indeed, if ` ∝ σs is large in Eqs. (297) and (298), these become

G(0, E)→ G(0, E)+ Gδ(0, E)→
1

1− E2/σ 2s
, (307)

and the integral in (275) becomes approximately

e−π(Ec/E0)
∫
+σs

−σs

dE
2π h̄

(
1− E2/σ 2s

)
e−π(Ec/E0)(E

2/σ 2s ). (308)

For not too large ` ∝ σs, the integral can be evaluated in the leading Gaussian approximation∫
∞

−∞

dE
2π h̄

e−π(Ec/E0)(E
2/σ 2s ) =

1
2π h̄

√
E0
Ec
σs, (309)

corresponding to the previous result (302) for large-σs. For a constant field, however, where the integrands becomes flat,
the Gaussian approximation is no longer applicable. Instead one must first set σs →∞ in the integrand of (308), making it
constant. Then the integral (308) becomes7

e−π(Ec/E0)2σs/2π h̄ = e−π(Ec/E0)2`eE0/mec2 2π h̄. (310)

Inserting this into (275) one recovers the constant field result (289). One must replace 2` by L to comply with the relation
(266) from which one obtains∫

dE =
∫
dzeE(z) = eE0

∫
dz/ cosh2(z/`) = 2`eE0 = LeE0.

6 See Eq. (63) of Dunne and Schubert [48], and replace there γ̃ → 1/σs . It agrees also with the later paper by Dunne et al. [49] apart from a factor 2.
7 This treatment is analogous to that of the translational degree of freedom in instanton calculations in Section 17.3.1 of [201] [see in particular Eq.
(17.112)].
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Fig. 8. Left: Ratio Rrate defined in Eq. (311) is plotted as function of σs in the left figure. Right: Number of pairs created in slab of Compton width per area
and time as functions of σs . Upper curve is for the constant field (289), lower for the Sauter field (302). Both plots are for E0 = Ec and σs = `/λC .

Fig. 9. Energies (240) for a soft electric field step E(z) of Eq. (312) and the potentials V±(z) (312) for σs = 5. Positive and negative energies E±(z) of
Eq. (240) are plotted for pz = p⊥ = 0 as functions of ẑ = z/`.

In order to see the boundary effect on the pair production rate, this section is closed with a comparison between pair
production rates in the constant field (289) and Sauter field (302) for the same field strength E0 in the volume V⊥`. The ratio
Rrate of pair production rates (302) and (289) in the volume V⊥` is defined as

Rrate =

√
E0
Ec
eπEc/E0

(σ 2s − 1)
5/4

σ
5/2
s

e−πG0(σs)Ec/E0 . (311)

The soft boundary of the Sauter field (291) reduces its pair production rate with respect to the pair production rate (289)
computed in a constant field of width L = 2`. The reduction is shown quantitatively in Fig. 8, where curves are plotted for
the rates (289) and (302), and for their ratio (311) at E0 = Ec and σs = `/λC [recall (292)]. One can see that the reduction is
significant if the width of the field slab shrinks to the size of a Compton wavelength λC .

5.3.3. Constant electric field in half space
As a second application consider an electric field which is zero for z < 0 and goes to−E0 over a distance ` as follows:

E(z) = −
E0
2

[
tanh

( z
`

)
+ 1

]
, V (z) = −

σs

2
mec2

{
ln cosh

( z
`

)
+
z
`

}
, (312)

where σs ≡ eE0`/mec2. In Fig. 9, the positive and negative energy spectra E±(z) defined by Eq. (240) for pz = p⊥ = 0 are
plotted to show energy gap and level crossing. From Eq. (242) one finds now the classical turning points [instead of (293)]

z± =
`

2
ln
[
2e(E±

√
1+δ)/σs − 1

]
. (313)

For tunneling to take place, the energy E has to satisfy

E ≤
√
1+ δ − σs ln 2, (314)

and σs must be larger than
√
1+ δζ . Expressing z/` in terms of ζ as

z = z(p⊥, E; ζ ) =
`

2
ln
[
2e(E+ζ

√
1+δ)/σs − 1

]
, (315)
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so that z± = z(p⊥, E;±1), one finds the electric field in the form

E(z) = E0

[
1−

1
2
e(ζ
√
1+δ−E)/σs

]
≡ E(p⊥, E; ζ ). (316)

Inserting this into Eq. (264) and expanding E0/E(p⊥, E; ζ ) in powers one obtains

G(p⊥, E) = 1+
∞∑
n=1

e−nE/σs

2n
2
π

∫ 1

−1
dζ
√
1− ζ 2 enζ̂ /σs

= 1+
∞∑
n=1

e−nE/σs I1(n
√
1+ δ/σs), (317)

where I1(x) is a modified Bessel function. Expanding I1(n
√
1+ δ/σs) in powers of δ:

I1(n
√
1+ δ/σs) = I1(n/σs)+ (n/4σs)[I0(n/σs)+ I2(n/σs)]δ + · · · , (318)

one can identify

G(0, E) = 1+
∞∑
n=1

e−nE/σs I1(n/σs), (319)

G(0, E)+ Gδ(0, E) = 1+
1
2

∞∑
n=1

e−nE/σs [(n/σs)I0(n/σs)− I1(n/σs)]. (320)

The integral over E in Eq. (275) starts at E< = 1 − σs log 2 where the integrand rises from 0 to 1 as E exceeds a few units
of σs. The derivative of e−π(Ec/E0)G(0,E) drops from 1 to e−π(Ec/E0) over this interval. Hence the derivative ∂Ee−π(Ec/E0)G(0,E) is
peaked around some value Ē . Thus the integral

∫
dEe−π(Ec/E0)G(0,E) is performed by parts as∫

dEe−π(Ec/E0)G(0,E) = Ee−π(Ec/E0)G(0,E)
∣∣∣∣∞
E<

−

∫
dE E ∂Ee−π(Ec/E0)G(0,E). (321)

The first term can be rewritten with the help of dE = eE0dz as e−π(Ec/E0)|eE0|`/2, thus giving rise to the decay rate (289) in
the volume V⊥`/2, and the second term gives only a small correction to this. The second term in Eq. (321) shows that the
boundary effects reduce the pair production rate compared with the pair production rate (289) in the constant field without
any boundary.

5.4. Tunneling into bound states

We turn now to the case in which instead of an outgoing wave as given by (253) there is a bound state. A linearly rising
electric field whose potential is harmonic is considered:

E(z) = E0

(
z
λC

)
, V (z) =

eE0λC
2

(
z
λC

)2
. (322)

It will be convenient to parametrize the field strength E0 in terms of a dimensionless reduced electric field ε as E0 =
εh̄c/eλ2C = εEc . In Fig. 10, the positive and negative energy spectra E±(z) defined by Eq. (240) for pz = p⊥ = 0 are
plotted to show energy gap and level crossing for ε > 0 (left) and ε < 0 (right). If ε is positive, Eq. (242) yields for z > 0,

z± = λC

√
2
ε

(
E ∓
√
1+ δ

)1/2
, z+ < z−, (323)

andmirror-reflected turning points for z < 0, obtained by exchanging z± →−z± in (323). Negative energy electrons tunnel
into the potential well−z+ < z < +z+, where E ≥ E+, forming bound states. The associated positrons run off to infinity.

5.4.1. JWKB transmission probability
Due to the physical application to be discussed in the next section, here only the tunneling process for ε > 0 on the

left-hand side of Fig. 10 will be studied. One can consider the regime z < 0 with the turning pints−z− < −z+. The incident
wave and flux for z < −z− pointing in the positive z-direction are given by Eqs. (252) and (255). The wave function for
−z− < z < −z+ has the form Eq. (251) with the replacement z− → −z−. The transmitted wave is now no longer freely
propagating as in (253), but describes a bound state of a positive energy electron:

φEn(z) =
B

(pz)1/2
cos

[
1
h̄

∫ z

−z+
pzdz −

π

4

]
. (324)
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ẑ– ẑ ẑ –– ẑ
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Fig. 10. Positive and negative energy spectra E±(z) of Eq. (240) for pz = p⊥ = 0 as a function of ẑ ≡ z/λC for the linearly rising electric field E(z) with
the harmonic potential (322). The reduced field strengths are ε = 2 (left figure) and ε = −2 (right figure). On the left, bound states are filled and positrons
escape to z = ±∞. On the right, bound electrons with negative energy tunnel out of the well and escape with increasing energy to z = ±∞.

The Sommerfeld quantization condition

1
h̄

∫
+z+

−z+
pzdz = π

(
n+

1
2

)
, n = 0, 1, 2, . . . (325)

fixes the energies En. The connection rules for the wave functions (251) and (324) at the turning point−z+ determine

B =
√
2C+e−iπn exp

[
−
1
h̄

∫
−z+

−z−
κzdz

]
. (326)

Assuming the states φEn(z) to be initially unoccupied, the transmitted flux to these states at the classical turning point−z+
is

h̄
me
φEn(z)∂zφ

∗

En
(z)
∣∣∣∣
z→−z+

=
|B|2

(2me)
=
|C+|

2

me
exp

[
−
2
h̄

∫
−z+

−z−
κzdz

]
. (327)

From Eqs. (255), (327) and (257) one then finds the JWKB transmission probability for positrons to fill these bound states
leaving a positron outside:

PJWKB(p⊥, En) = exp
[
−
2
h̄

∫
−z+

−z−
κzdz

]
, (328)

which has the same form as Eq. (56). The same result is obtained once more for z > 0 with turning points z+ < z−, which
can be obtained from (328) by the mirror reflection−z± ↔ z±.

5.4.2. Energy spectrum of bound states
FromEq. (246) for pz and Eq. (322) for the potentialV (z), the eikonal (325) is calculated to determine the energy spectrum

En of bound states

1
h̄

∫
+z+

−z+
pzdz = 2

ε

λ3C

∫ z+

0

[
(z2 − z2

+
)(z2 − z2

−
)
]1/2
dz

=
2εz+
3λ3C

[
(z2
+
+ z2
−
)E(t)− (z2

−
− z2
+
)K(t)

]
, (329)

where E(t), K(t) are complete elliptical integrals of the first and second kind, respectively, and t ≡ z+/z−. The Sommerfeld
quantization rule (325) becomes

8
3

[
2(En −

√
1+ δ)

ε

]1/2 [
EnE(tn)− (

√
1+ δ)K(tn)

]
= π

(
n+

1
2

)
, (330)

tn ≡

(
En −
√
1+ δ

En +
√
1+ δ

)1/2
.

For any given transverse momentum p⊥ =
√
δ, this determines the discrete energies En.
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5.4.3. Rate of pair production
By analogywith Eqs. (265) and (275), the transmissionprobability (328)must nowbe integrated over all incident particles

with the flux (260) to yield the rate of pair production:

ΓJWKB

V⊥
= 2Ds

∑
n

ωn

2π

∫
d2p⊥
(2π h̄)2

PJWKB(p⊥, En), (331)

≈ 2Ds
|eE0|
4π2h̄c

∑
n

ωn

2π
1

G(0, En)+ Gδ(0, En)
e−π(Ec/E0)G(0,En). (332)

In obtaining these expressions one has used the energy conservation law to perform the integral over E . This receives only
contributions for E = En where

∫
dE = ωnh̄ ≡ En − En−1. The factor 2 accounts for the equal contributions from the two

regimes z > 0 and z < 0. The previous relation (266) is now replaced by

ωnh̄ = |eE(zn−)|∆z
n
−
. (333)

Using Eq. (261) and expressing z/λC > 0 in terms of ζ as

z = z(p⊥, En; ζ ) = λC

√
2
ε

(
En − ζ

√
1+ δ

)1/2
, (334)

one calculates z± = z(p⊥, En;±1), and find the electric field in the form

E(z) = E0

√
2
ε

(
En − ζ

√
1+ δ

)1/2
≡ E(p⊥, En; ζ ). (335)

Inserting this into Eq. (264) one obtains

G(p⊥, En) =
2
π

√
ε

2

∫ 1

−1
dζ

√
1− ζ 2

[En − ζ
√
1+ δ]1/2

,

=
8
3π

√
ε

2
(E δn + 1)

1/2

(1+ δ)1/4
[
(1− E δn )K(q

δ
n)+ E δnE(q

δ
n)
]

(336)

where E δn ≡ En/(1+ δ)1/2 and qδn =
√
2/(E δn + 1). Expanding G(p⊥, En) in powers of δ one finds the zeroth order term

G(0, En) =
8
3π

√
ε

2
(En + 1)1/2 [(1− En)K(qn)+ EnE(qn)] (337)

and the derivative

Gδ(0, En) =
√
ε

3π
qn
En
qn − 1

[
(4− 5qn + En(7− 6qn))E(qn)+ (1− En − 7E2n )(qn − 1)K(qn)

]
(338)

where qn ≡
√
2/(En + 1).

6. Phenomenology of electron–positron pair creation and annihilation

6.1. e+e− annihilation experiments in particle physics

The e+e− → γ +γ process predicted by Dirac was almost immediately observed [3]. The e+e− annihilation experiments
have since became possibly the most prolific field of research in the active domain of particle physics. The Dirac pair
annihilation process (2) has no energy threshold and the energy release in the e+e− collision is larger than 2mec2. This
process is the only one in the limit of low energy. As the e+e− energy increases the collision produces not only photons
through the Dirac process (358) but also other particles. For early work in this direction, predicting resonances for pions, K -
mesons etc., see [229]. Production of such particles are achievable and precisely conceived in experimental particle physics,
but hardly possible with the vacuum polarization process. In particular when the energy in the center of mass is larger than
twice muon mass mµ about 100 times electron mass, the electron and positron electromagnetically annihilate into two
muons e+e− → µ+µ− via the intermediation of a virtual photon. The cross-section in the center of mass frame is given
by [230]

σe+e−→µ+µ− =
16π2α2(h̄c)2

q2cm
Im ω̄µ+µ−(q

2
cm) =

4πα2(h̄c)2

3q2cm
=

86.8 nb
q2cm(GeV)2

(339)
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Fig. 11. The total cross-section of e+e− → hadron (340) and the ratio R = σe+e−→hadron/σe+e−→µ+µ− (341), where s ≡ q2cm .
Source: Reproduced from Ref. [C. Amsler et al. (Particle Data Group), Physics Letters B667, 1 (2008)].

where ω̄µ+µ−(q2cm) is the muon part of the vacuum polarization tensor and q
2
cm = c

2(p+ + p−)2/4 the square of energy
of the center of mass frame, where p± are 4-momenta of positron and electron. At very high-energy m2µ/q

2
cm → 0,

Im ω̄µ+µ−(q2cm)→ 1/(12π).
At very high energies of the order of several GeV, electron and positron electromagnetically annihilate into hadrons,

whose cross-section has the same structure as the cross-section (339) with ω̄µ+µ−(q2cm) replaced by the hadron part of the
vacuum polarization tensor ω̄hadrons(q2cm),

σe+e−→hadron =
16π2α2(h̄c)2

q2cm
Im ω̄hardrons(q2cm). (340)

The two cross-sections (339) and (340) are comparable, of the order of a few tens of nanobarns (10−33 cm2). It is traditional
to call R the ratio of hadronic to electromagnetic annihilation cross-sections [230],

R(q2cm) =
σe+e−→hadron

σe+e−→µ+µ−
= 12π Im ω̄hadrons(q2cm). (341)

As the energy q2cm of electron and positron collision increases and reaches the mass–energy thresholds of constituents of
hadrons, i.e. ‘‘quarks’’, narrow resonances occurs, see Fig. 11 for the ratio R as a function of

√
q2 measured at SLAC [231].

These resonances correspond to production of particles such as J/ψ , Υ etc., see Fig. 11. This provides a fruitful investigation
of hadron physics. For a review of this topic see [100].
As the center ofmass energy q2cm reaches the electroweak scale (several hundredGeVs), electron andpositron annihilation

process probes a rich domain of investigating electroweak physics, see for instance Refs. [232,233]. Recent experiments
on e+e− collisions at LEP, SLAC and the Tevatron allowed precision tests of the electroweak Standard Model. In [234,235]
the results of these precision tests together with implications on parameters, in particular Higgs boson mass, as well as
constraints for possible new physics effects are discussed.
Electron and positron collisions are used to produce many particles in the laboratory, which live too short to occur

naturally. Several electron–positron colliders have been built and proposed for this purpose all over the world (CERN,
SLAC, INP, DESY, KEK and IHEP), since the first electron–positron collider the ‘‘Anello d’Accumulazione’’ (AdA) was built
by the theoretical proposal of Bruno Touschek in Frascati (Rome) in 1960 [55]. Following the success of AdA (luminosity
∼1025/(cm2 s), beam energy ∼0.25 GeV), it was decided to build in the Frascati National Laboratory a storage ring of the
same kind, Adone and then Daphne (luminosity∼1033/(cm2 s), beam energy∼0.51 GeV), with the aim of exploring the new
energy range in subnuclear physics opened by the possibility of observing particle–antiparticle interactions with center of
mass at rest. The biggest of all is CERN’s Large Electron Positron (LEP) collider [147], which began operation in the summer
of 1989 and have reached a maximal collision energy of 206.5 GeV. The detectors around the LEP ring have been able to
perform precise experiments, testing and extending our knowledge of particles and their strong, electromagnetic and weak
interactions, as described by the Standard Model for elementary particle physics.
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All these clearly show how the study of e+e− reaction introduced by Dirac have grown to be one of the most prolific field
in particle physics and have received remarkable verification in energies up to TeV in a succession of machines increasing
in energy.

6.2. The Breit–Wheeler process in laser physics

While the Dirac process (2) has been by far one of the most prolific in physics, the Breit–Wheeler process (3) has
been one of the most elusive for direct observations. In Earth-bound experiments the major effort today is directed to
evidence this phenomenon in very strong and coherent electromagnetic field in lasers. In this process collision of many
photons may lead in the future to pair creation. This topic is discussed in the following sections. Alternative evidence for the
Breit–Wheeler process can come from optically thick electron–positron plasmawhichmay be created in the future either in
Earth-bound experiments, or currently observed in astrophysics, see Section 9. One additional way to probe the existence of
the Breit–Wheeler process is by establishing in astrophysics an upper limits to observable high-energy photons, as a function
of distance, propagating in the Universe as pioneered by Nikishov [56], see Section 6.4.
We first briefly discuss the phenomenon of electron–positron pair production at the focus of an X-ray free electron laser,

as given in the review articles [60,236,237]. In the early 1970’s, the question was raised whether intense laser beams could
be used to produce a very strong electric field by focusing the laser beam onto a small spot of size of the laser wavelength λ,
so as to possibly study electron–positron pair production in vacuum [36,238]. However, it was found that the power density
of all available and conceivable optical lasers [239] is too small to have a sizable pair production rate for observations [30–
32,36,37,208,209,238,240–244], since the wavelength of optical lasers and the size of focusing spot are too large to have a
strong enough electric field.
Definite projects for the construction of X-ray free electron lasers (XFEL) have been set up at bothDESY and SLAC. Both are

based on the principle pioneered by JohnMadey [57] of self-amplified spontaneous emission in an undulator, which results
when charges interact with the synchrotron radiation they emit [58]. At DESY the project is called XFEL and is part of the
design of the electron–positron collider TESLA [245–248] but is now being build as a stand-alone facility. At SLAC the project
called Linac Coherent Light Source (LCLS) has been proposed [249–251]. It has been pointed out by several authors [252–
255] that having at hand an X-ray free electron laser, the experimental study and application of strong field physics turn out
to be possible. One will use not only the strong energy and transverse coherence of the X-ray laser beam, but also focus it
onto a small spot hopefully with the size of the X-ray laser wavelength λ ' O(0.1) nm [59], and obtain a very large electric
field E ∼ 1/λ, much larger than those obtainable with any optical laser of the same power.
Using the X-ray laser, we can hopefully achieve a very strong electric field near to its critical value for observable

electron–positron pair production in vacuum. Electron–positron pair production at the focus of an X-ray laser has been
discussed in Ref. [252], and an estimate of the corresponding production rate has been presented in Ref. [253]. In Refs. [60,
236,237], the critical laser parameters, such as the laser power and focus spot size, are determined in order for achieving an
observable effect of pair production in vacuum.
The electric field produced by a single laser beam is the light-like static, spatially uniform electromagnetic field, and field

invariants S and P (69) vanish [240],
S = 0 P = 0, (342)

leading to ε = β = 0 and no pair production [25–27], this can be seen from Eqs. (69), (73) and (174). It is then required
that two or more coherent laser beams form a standing wave at their intersection spot, where a strong electric field can
hypothetically be produced without magnetic field.
We assume that each X-ray laser pulse is split into two equal parts and recombined to form a standing wave with a

frequency ω, whose electromagnetic fields are then given by
E(t) = [0, 0, Epeak cos(ωt)], B(t) = (0, 0, 0), (343)

where the peak electric field is [60,236,237],

Epeak =

√
Plaser
πσ 2laser

' 1.1 · 1017
(
Plaser
1TW

)1/2 (0.1 nm
σlaser

)
V
m
, (344)

as expressed in terms of the laser power Plaser (1 TW = 1012 W), with the focus spot radius σlaser. Eq. (344) shows that
the peak electric energy density E2peak/2 is created in a spot of area πσ

2
laser by an X-ray laser of power Plaser. The laser beam

intensity on the focused spot is then given by

Ilaser =
Plaser
πσ 2laser

'
c
4π
E2peak.

For a laser pulse with wavelength λ about 1 µm and the theoretical diffraction limit σlaser ' λ being reached, the critical
intensity laser beam can be defined as,

Iclaser =
c
4π
E2c ' 4.6 · 10

29W/cm2, (345)

which corresponds to the peak electric field approximately equal to the critical value Ec in (1).
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6.2.1. Phenomenology of pair production in alternating fields
To compute pair production rate in an alternating electric field (343) of laser wave in a semi-classical manner, one as-

sumes the conditions that the peak electric field Epeak is much smaller than the critical field Ec(1) and the energy h̄ω of the
laser photons is much smaller than the rest energy of electronmec2,

Epeak � Ec, h̄ω � mec2. (346)

These conditions are well satisfied at realistic optical as well as X-ray lasers [60,236,237].
The phenomenon of electron–positron pair production in alternating electric fields was studied in Refs. [30–32,36,37,

208,209,238,240–244,256]. By using generalized JWKB method [36] and imaginary time method [30–32,242,244] the rate
of pair production was computed. In Ref. [36], the rate of pair production was estimated to be (see Section 4.8),

P̃ =
c

4π3λ4C

(
Epeak
Ec

)2
π

g(η)+ 1
2η g
′(η)

exp
[
−π
Epeak
Ec
g(η)

]
, (347)

where the complex function g(η) is given in Refs. [30–32,36] (see Eq. (225)),

g(η) =
4
π

∫ 1

0
du
[ 1− u2

1+ η−2u2

]1/2
=


1−

1
8η3
+ O(η−4), η � 1

4η
π
ln
( 4
eη

)
+ O(η3), η � 1

(348)

and the parameter η is defined as the work done by the electric force eEpeak in the Compton wavelength λC in unit of laser
photon energy h̄ω,

η =
eEpeakλC
h̄ω

=
mec2

h̄ω
Epeak
Ec

(349)

which is the same as η in (224) in Section 4.8 and agrees with its time-average (360) and (361), see below, over one period
of laser wave. The exponential factor in Eq. (347) has been confirmed by later works [30–32,242,244], which determine
more accurately the pre-exponential factor by taking into account also interference effects. The parameter η is related to
the adiabaticity parameter γ = 1/η.
In the strong field and low frequency limit (η � 1), formula (347) agrees to the Schwinger non-perturbative result (160)

for a static and spatially uniform field, apart from an ‘‘inessential’’ (see Ref. [36]) pre-exponential factor of π . This is similar
to the adiabatic approximation of a slowly varying electric field thatwe discuss in Section 6.5.5. On the other hand, for η � 1
in high frequency and weak field limit, Eq. (347) yields [36],

P̃ '
c

4π3λ4C

(
h̄ω
mec2

)2
πη

2 ln(4/η)

( eη
4

)2 2mec2h̄ω [
1+ O(η2)

]
, (350)

corresponding to the nth order perturbative result, where n is the minimum number of quanta of laser field required to
create an e+e− pair:

n &
2mec2

h̄ω
� 1. (351)

The pair production rate (347) interpolates analytically between the adiabatic, non-perturbative tunnelingmechanism (160)
(η � 1, γ � 1) and the anti-adiabatic, perturbative multi-photon production mechanism (350) (η � 1, γ � 1).
In Refs. [242,244], it was found that the pair production rate, under the condition (346), can be expressed as a sum of

probabilitieswn of many photon processes,

P̃p =
∑
n>n0

wn, with n0 =
mec2

h̄ω
∆m, (352)

where∆m indicates an effective energy gapmec2∆m, due to the transverse oscillations of the electron propagating in a laser
wave (see Section 4.9 and Eq. (239)). In the limiting cases of small and large η, the result is given by [244],

P̃p '
c

4π3λ4C


√
2
π

(
Epeak
Ec

)5/2
exp

[
−π

(
Ec
Epeak

) (
1−

1
8η2

)
+ O

(
η−4

)]
, η � 1

√
2
2

(
h̄ω
mec2

)5/2∑
n

( eη
4

)2n
e−φErfi

(
φ1/2

)
, η � 1,

(353)

where n > (2mec2/h̄ω), φ = 2(n− 2mec2
h̄ω ) and Erfi (x) is the imaginary error function [257]. The range of validity of results

(347), (350), (352) and (353) is indicated by the conditions (346).
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6.2.2. Pair production in X-ray free electron lasers
According to Eq. (344) for the electric field E of an X-ray laser, in order to obtain an observable effect of pair production

we need to have a large power P , a small laser focusing spot radius σlaser and a long duration time1t of the coherent laser
pulse. The power of an X-ray free electron laser is limited by the current laser technology. The focusing spot radii σlaser
are limited by the diffraction of the order of the X-ray laser beam wavelength. In Refs. [60,236,237], it was estimated that
to produce at least one pair of electron and positron, we need the minimum power of the X-ray laser to be ∼2.5–4.5 TW
corresponding to an electric field of ∼1.7–2.3 · 1015 V/cm ∼ 0.1Ec , provided the laser wavelength is λ ∼ 0.1 nm and
the theoretical diffraction limit σlaser ' λ is actually reached and the laser coherent duration time 1t ∼ 10−(13∼16) s.
Based on these estimations, Ringwald concluded [60,236,237] that with present available techniques, the power density
and electric fields of X-ray laser are far too small to produce a sizable Sauter–Euler–Heisenberg–Schwinger effect. If the
techniques for X-ray free electron laser are considerably improved, so that the XFEL power can reach the terawatt regime
and the focusing spot radii can reach the theoretical diffraction limit, we will still have the possibility of investigating the
Sauter–Euler–Heisenberg–Schwinger phenomenon by a future XFEL.

6.2.3. Pair production by a circularly polarized laser beam
Instead of a time varying electric field (343) that is created by an intersection of more than two coherent laser beams, it

was suggested [258,259] to use a focused circularly polarized laser beam having nonvanishing field invariants S, P (69) and
strong electromagnetic fields E, B for pair production. It is well known that the electromagnetic field of a focused light beam
is not transverse, however, one can always represent the field of a focused beam as a superposition of fields with transverse
either electric (e-polarized) field or magnetic (h-polarized) field only, see e.g., [260].
In Ref. [259], the e-polarized electric and magnetic fields (Ee, Be) propagating in the ẑ-direction is described by the

following exact solution of Maxwell equations [261],

Ee = iEpeake−iψ
[
F1(ex ± ey)− F2e±2iφ(ex ∓ ey)

]
; (354)

Be = ±Epeake−iψ
{(
1− iδ2

∂

∂χ

) [
F1(ex ± ey)+ F2e±2iφ(ex ∓ ey)

]
+ 2i∆e±2iφ

∂F1
∂ξ
ez
}
, (355)

whereψ = ω(t − z/c), e±2iφ = (x+ iy)/ρ, χ = z∆/R, ξ = ρ/R and ρ =
√
x2 + y2. The focusing parameter∆ = λ/(2πR)

is expressed in terms of laser’s wavelength λ and the focal spot radius R. The functions F1,2(ξ , χ,∆) obey differential
equations [261], go to zero sufficiently fast when ξ, |χ | → ∞ and conditions F1(0, 0,∆) = 1; F2(0, 0,∆) = 0 are satisfied
for∆→ 0 [259]. The h-polarized electric and magnetic fields Eh = ±iBe and Bh = ∓iEe [261].
Corresponding to electromagnetic fields (354) and (355), field invariants Se, Pe are given by Eq. (69) and ε, β by Eq. (71)

in Section 2.5. The total number of electron and positron pairs is given by Eq. (174) for n = 1 (see also Eq. (176)),

Ne+e− '
α

π

∫
V
dV
∫ τ

0
dtεβ coth

πβ

ε
exp

(
−
πEc
ε

)
, (356)

where the integral is taken over the volume V and duration τ of the laser pulse. The qualitative estimations and numerical
calculations of total number Ne+e− of electron and positron pairs in terms of laser intensity Ilaser and focusing parameter∆
are presented in Ref. [259]. Two examples for e-polarized electromagnetic fields are as follows:

1. for Epeak = Ec , λ = 1 µm, τ = 10 fs and ∆ = 0.1 (the theoretical diffraction limit), the laser beam intensity
Ilaser ' 1.5 · 1029 W/cm2 ' 0.31Iclaser the critical intensity (345). The total number of pairs created Ne+e− ' 5 · 10

20

according to the Schwinger formula equation (356) for pair production rate;
2. with the same values of laser parameters∆, λ and τ , while the laser pulse intensity Ilaser ' 5 · 1027W/cm2 ∼ 10−2Iclaser
corresponding to Epeak ∼ 0.18Ec , Eq. (356) gives Ne+e− ∼ 20.

Because the volume V and duration τ of the laser pulse is much larger than the Compton volume and time occupied by
one pair, the average number of pairs Ne+e− ' 20 is large and possibly observable even if the peak value of electric field is
only 18% of the critical value. In addition, pair production is much more effective by the e-polarized electric and magnetic
fields Ee, Be than by the h-polarized fields Eh, Bh. The detailed analysis of the dependence of the number of pairs Ne+e−
on the laser intensity Ilaser and focusing parameter ∆ is given in [262], and results are presented in Fig. 12. In particular,
it is shown that for the case of two counter-propagating focused laser pulses with circular polarizations, pair production
becomes experimentally observable when the laser intensity Ilaser ∼ 1026W/cm2 for each beam, which is about 1–2 orders
of magnitude lower than for a single focused laser pulse, and more than 3 orders of magnitude lower than the critical
intensity (345). In these calculations the ‘‘imaginary time’’ method is useful [244,262,263], which gives a clear description
of tunneling of a quantum particles through a potential barrier. Recently the process of electron–positron pair creation in
the superposition of a nuclear Coulomb and a strong laser field was studied in [264].
It was pointed [259,262] that the exploitedmethod becomes inconsistent and one should take into account back reaction

of the pair production effect on the process of laser pulse focusing at such high laser intensity and Epeak ∼ Ec . It has already
been argued in Refs. [208,209,242,244] that for the superstrong field regime E & 0.1Ec , such back reaction of the produced
electron–positron pairs on the external field and the mutual interactions between these particles have to be considered.
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Fig. 12. Logarithm of the number of pairsNe+e− produced by the field of two counter-propagating laser pulses (circular polarization) is shown as functions
of: (a) the beam intensity Ilaser for the focusing parameters ∆ = 0.1, 0.075, 0.05 and 0.01 (the curves 1, 2, 3 and 4 correspondingly); (b) the focusing
parameter∆ for the beam intensity Ilaser = 4 · 1026 W/cm2 and laser pulse duration τ = 10−14 s.
Source: This figure is reproduced from Fig. 6 in Ref. [262].

These back reaction effects on pair production by laser beams leading to the formation of plasma oscillation have been
studied in Refs. [265–267]. Our studies [72,73] show that the plasma oscillation and electron–positron–photon collision are
important for electric fields E & 0.1Ec , see Section 8.7.

6.2.4. Availability of laser technology for pair production
There are several ways to increase the electromagnetic fields of a laser beam. One way is to increase the frequency

of the laser radiation and then focus it onto a tiny region. X-ray lasers can be used [60,236,237,255,266]. Another way
is clearly to increase the intensities of laser beams. The recent development of laser technology and the invention of the
chirped pulse amplification (CPA) method have led to a stunning increase of the light intensity (1022W/cm2) in a laser focal
spot [268,269]. To achieve intensities of the order 1024−25 W/cm2, a scheme was suggested in Refs. [270], where a quasi-
soliton wave between two foils is pumped by the external laser field up to an ultrahigh magnitude. Using the method based
on the simultaneous laser frequency upshifting and pulse compression, another scheme for reaching critical intensities
has also been suggested in Refs. [271,272], where the interaction of the laser pulse with electron density modulations in a
plasma produced by a counter-propagating breakingwake plasmawave, results in the frequency upshift and pulse focusing.
In addition, it has been suggested [268] a path to reach the extremely high intensity level of 1026−28 W/cm2 already in
the coming decade. Such field intensities are very close to the value of critical intensity Iclaser (345). For a recent review,
see Ref. [273] This technological situation has attracted the attention of the theorists who involved in physics in strong
electromagnetic fields.
Currently available technologies allow for intensities of the order of 1020W/cm2 leading to abundant positron production

essentially through the Bethe-Heitler process (26) with number densities of the order of 1016 cm−3 [274].

6.3. Phenomenology of pair production in electron-beam–laser collisions

In Section 2.2, we have discussed the Breit–Wheeler process [2] in which an electron–positron pair is produced in the
collision of two real photons γ1 + γ2 → e+ + e− (3). The cross-section they obtained is O(r2e ), where re is the classical
electron radius, see Eq. (24). This lowest order photon–photon pair production cross-section is so small that it is difficult to
observe creation of pairs in the collision of two high-energy photon beams, even if their center of mass energy is larger than
the energy-threshold 2mec2 = 1.02 MeV.
In the previous sections we have seen that in strong electromagnetic fields in lasers the effective nonlinear terms (196)

become significant and therefore, the interaction needs not to be limited to initial states of two photons [61,62]. A collective
state of many interacting laser photons occurs.
We turn now to two important processes [38,39] emerging in the interaction of an ultrarelativistic electron beam with

a terawatt laser pulse, performed at SLAC [63], when strong electromagnetic fields are involved. The first process is the

August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408



60 R. Ruffini et al. / Physics Reports 487 (2010) 1–140

nonlinear Compton scattering, in which an ultrarelativistic electron absorbs multiple photons from the laser field, but emits
only a single photon via the process

e+ nω→ e′ + γ , (357)

where ω represents photons from the strong electromagnetic wave of the laser beam (its frequency being ω), n indicates
the number of absorbed photons and γ represents a high-energy emitted photon (see Eq. (358) for cross symmetry). The
theory of this nonlinear Compton effect (357) is given in Section 4.9. The same process (357) has been expressed by Bamber
et al. [275] in a semi-classical framework. The second is the nonlinear Breit–Wheeler process

γ + nω→ e+ + e− (358)

between this very high-energy photon γ andmultiple laser photons: the high-energy photon γ , created in the first process,
propagates through the laser field and interacts with laser photons nω to produce an electron–positron pair [39].
In the electric field E of an intense laser beam, an electron oscillates with the frequency ω of the laser and its maximum

velocity in unit of the speed of light is given by

vmaxγmax =
eE
mω

, (359)

where γmax = 1/
√
1− v2max. In the case of weak electric field, vmax � 1 and the nonrelativistic electron emits the dipole

radiation well described in linear and perturbative QED. On the other hand, in the case of strong electric fields, vmax → 1
and the ultrarelativistically oscillating electron emits multi-pole radiation. The radiated power is then a nonlinear function
of the intensity of the incident laser beam. Using the maximum velocity vmax of oscillating electrons in the electric field of
laser beam, one can characterize the effect of nonlinear Compton scattering by the dimensionless parameter

η = vmaxγmax =
eErms
mω
=
mec2

ωh̄
Erms
Ec
, (360)

where the subscript ‘rms’ means root-mean-square, with respect to the number of interacting laser photons with scattered
electron. The parameter η can be expressed as a Lorentz invariant,

η2 =
e2|〈AµAµ〉|
m2e

, (361)

where Aµ is the gauge potential of laser wave, ∂µAµ = 0 and the time-average is taken over one period of laser wave,
〈Aµ〉 = 0 and

〈AµAµ〉 = 〈(Aµ − 〈Aµ〉)2〉. (362)

Eq. (361) shows that η2 is the intensity parameter of laser fields, and η in (360) coincides with the parameter η introduced
in Eq. (224) for the pair production in an alternating electric field (see Section 4.8).

6.3.1. Experiment of electron-beam–laser collisions
After the availability of high dense and powerful laser beams, the Breit–Wheeler process (3) has been reconsidered in

Refs. [40–45,61,62] for high-energy multiple photon collisions. The phenomenon of e+e− pair production in multi-photon
light-by-light scattering has been reported in [38,39,252,275] on the experiment SLAC-E-144 [63,276].
As described in Ref. [39], such a large center of mass energy (2mec2 = 1.02MeV) can be possibly achieved in the collision

of a laser beam against another high-energy photon beam.With a laser beam of energy 2.35 eV, a high-energy photon beam
of energy 111 GeV is required for the Breit–Wheeler reaction (3) to be feasible. Such a high-energy photon beam can be
created for instance by backscattering the laser beam off a high-energy electron beam, i.e., by inverse Compton scattering.
With a laser beamof energy 2.35 eV (wavelength 527nm) backscattering off a high-energy electron beamof energy 46.6GeV,
as available at SLAC [63], the maximum energy acquired by Compton-backscattered photon beam is only 29.2 GeV. This is
still not enough for the Breit–Wheeler reaction (3) to occur, since such photon energy is four times smaller than the needed
energetic threshold.
Nevertheless in strong electromagnetic fields and a long coherent time-duration 1t = 2π/ω of the laser pulse, the

number n of laser photons interacting with scattered electron becomes large, when the intensity parameter of laser fields
η (360) approaches or even exceeds unity. Once this number n is larger than the critical number n0 defined after Eq. (239)
in Section 6.3, pair production by the nonlinear Breit–Wheeler reaction (358) for high-energy multiple photon collisions
becomes feasible.
The probability of pair production by the processes (357) and (358) is given by Eqs. (237) and (239) for any values of η

in Section 4.9. In high frequency and weak field limit η � 1, the probability Peγ (237) and Pγ γ (239) for fairly small n are
proportional to η2n, i.e.

Peγ ∝ η
2n, Pγ γ ∝ η

2n (363)
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Fig. 13. Dependence of the positron rate per laser shot on the laser field strength parameter η. The line shows a power law fit to the data. The shaded
distribution is the 95% confidence limit on the residual background from showers of lost beam particles after subtracting the laser-off positron rate.
Source: This figure is reproduced from Fig. 4 in Ref. [39].

(see Eqs. (350) and (353)). This corresponds to the anti-adiabatic, perturbative multi-photon production mechanism (350)
and (353) for (η � 1). In low frequency and strong field limit η � 1, it essentially refers to process in a constant and
uniform field where E and B are orthogonal and equal in magnitude. This corresponds to the adiabatic limit of a slowly
varying electromagnetic field discussed in Section 6.2.1.
For n ≥ 5 laser photons of energy 2.35 eV colliding with a photon of energy 29 GeV, the process of nonlinear

Breit–Wheeler pair production becomes energetically accessible. In Refs. [38,39,275], it is reported that nonlinear Compton
scattering (357) and nonlinear Breit–Wheeler electron–positron pair production (358) have been observed in the collision
of 46.6 GeV and 49.1 GeV electrons of the Final Focus Test Beam at SLAC with terawatt pulse of 1053 nm (1.18 eV) and 527
nm (2.35 eV) wavelengths from a Nd:glass laser. The rate of pair production, i.e., Re+ of positrons/(laser shot) is measured in
terms of the parameter η (η � 1), as shown in Fig. 13, where line represents a power law fit to the data which gives [39],

Re+ ∝ η
2n, with n = 5.1± 0.2(stat)+0.5

−0.8(syst). (364)
These experimental results are found to be in agreement with theoretical predictions (363), i.e., (237) and (239) for small
η; as well as with (353) and (350) for ω → γω in the frame of reference where the electron beam is at rest. This shows
that the pair production of Breit–Wheeler type by the anti-adiabatic, perturbative multi-photon production mechanism,
described by Eqs. (237), (239) or (350), (353) for small η � 1, has been experimentally confirmed. However, one has not
yet experimentally observed the pair production by the adiabatic, non-perturbative tunneling mechanism, described by
Eqs. (237), (239) or (350), (353) for large η � 1, i.e. for static and constant electromagnetic fields. Nevertheless, pair pro-
duction probabilities equations (347), (353) and (237), (239) interpolates between both η � 1 and η � 1 regimes. Based
on such analyticity of these probability functions in terms of the laser intensity parameter η, we expect the pair production
to be observed in η � 1 regime.

6.3.2. Pair production viewed in the rest frame of electron beam
In the reference framewhere the electron beam is at rest, one can discuss [252] pair production in the processes (357) and

(358) by using pair production rate equations (347), (350) and (353) in Section 6.2. In the experiment of colliding 46.6 GeV
electron beam with 2.35 eV (527 nm) laser wave, the field strength in the laboratory is Elab ' 6 · 1010 V/cm and intensity
I ' 1019W/cm2 for η = 1 [39]. The Lorentz gamma factor of the electron beam γ = Ee/mec2 ' 9.32·104 for Ee ' 46.6GeV.
In the rest frame of the electron beam, the electric field is given by

Erest = γ (Elab + v× Blab) = γ Elab(1+ |v|) ' 2γ Elab (365)

where laser’s electromagnetic fields E · B = 0, |E| = |B|, B× k̂ = E, and laser’s wave vector k̂ = −v̂, thus one has

Erest ' 2γ Elab ' 2 · 105Elab ∼ 0.86Ec . (366)
The field of 2.35 eV laser wave is well defined coherent wave field with wavelength λlab = 5.27 · 10−5 cm and frequency
ωlab = 3.57 ·1015/s (the period1tlab = 2π/ω = 1.76 ·10−15 s). In the rest frame of electron beam, λrest = γ λlab = 4.91 cm
and∆trest = 1tlab/γ = 1.9 ·10−20 s. Comparing these wavelength and frequency of laser wave field with the spatial length
h̄/mec = 3.86 · 10−11 cm and timescale h̄/mec2 = 1.29 · 10−21 s of spontaneous pair production in vacuum, we are allowed
to apply the homogeneous and adiabatic approximation discussed in Section 6.5.5, and use the rate of pair production (347),
(350) and (353) in Section 6.2.
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6.4. The Breit–Wheeler cutoff in high-energy γ -rays

Having determined the theoretical basis as well as attempts to verify experimentally the Breit–Wheeler formula we turn
to amost important application of theBreit–Wheeler process in the framework of cosmology. As pointed out byNikishov [56]
the existence of background photons in cosmology puts a stringent cutoff on the maximum trajectory of the high-energy
photons.
The Breit–Wheeler process for the photon–photon pair production is one of most relevant elementary processes in

high-energy astrophysics. In addition to the importance of this process in dense radiation fields of compact objects [277],
the essential role of this process in the context of intergalactic absorption of high-energy γ -rays was first pointed out by
Nikishov [56,278]. The spectra of TeV radiation observed from distant (d > 100 Mpc) extragalactic objects suffer essential
deformation during the passage through the intergalactic medium, caused by energy-dependent absorption of primary
γ -rays interacting with the diffuse extragalactic background radiation, for the optical depth τγ γ most likely significantly
exceeding one [278–281]. A relevant broad-band information about the cosmic background radiation (CBR) is important
for the interpretation of the observed high-energy γ spectra [282–285]. For details, readers are referred to Refs. [286,287].
In this section, we are particularly interested in such absorption effect of high-energy γ -ray, originated from cosmological
sources, interacting with the Cosmic Microwave Background (CMB) photons. Fazio and Stecker [288,289] were the first
who calculated the cutoff energy versus redshift for cosmological γ -rays. This calculation was applied to further study of
the optical depth of the Universe to high-energy γ -rays [290–292]. With the Fermi telescope, such study turns out to be
important to understand the spectrum of high-energy γ -ray originated from sources at cosmological distance, we therefore
offer the details of theoretical analysis as follow [293].
We study the Breit–Wheeler process (3) in the case that high-energy photonsω1, originated from sources at cosmological

distance z, on their way to us, collide with CMB photons ω2 in the rest frame of CMB photons, leading to electron–positron
pair production. We calculate the opacity and mean free path of these high-energy photons, find the energy range of
absorption as a function of the cosmological redshift z.
In general, a high-energy photon with a given energy ω1, collides with background photons having all possible energies

ω2. We assume that i-type background photons have the spectrum distribution fi(ω2), the opacity is then given by

τ iγ γ (ω1, z) =
∫ z

0

dz ′

H(z ′)

∫
∞

m2e c4/ω1

ω22dω2
π2

fi(ω2)σγ γ

(
ω1ω2

m2ec4

)
, (367)

wherem2ec
4/ω1 is the energy threshold (22) abovewhich the Breit–Wheeler process (3) can occur and the cross-section σγ γ

is given by Eq. (23); H(z) is the Hubble function, obeyed the Friedmann equation

H(z) = H0[ΩM(z + 1)3 +ΩΛ]
1/2. (368)

We will assumeΩM ' 0.3 andΩM ' 0.7 and H0 = 75 Km/s/Mpc. The total opacity is then given by

τ totalγ γ (ω1, z) =
∑
i

τ iγ γ (ω1, z), (369)

which the sum is over all types of photon backgrounds in the Universe.
In the case of CMB photons their distribution is black-body one fCMB(ω2/T ) = 1/(eω2/T − 1)with the CMB temperature

T , the opacity is given by

τγ γ (ω1, z) =
∫ z

0

dz ′

H(z ′)

∫
∞

m2e c4/ω1

dω2
π2

ω22

eω2/T − 1
σγ γ

(
ω1ω2

m2ec4

)
, (370)

where the Boltzmann constant kB = 1. To simply Eq. (370), we set x =
ω1ω2
m2e c4
. In terms of CMB temperature and high-energy

photons energy at the present time,

T = (z + 1)T 0; ω1,2 = (z + 1)ω01,2, (371)

we obtain,

τγ γ (ω
0
1, z) =

1
R0

∫ z

0

dz ′

H(z ′) (z + 1)3

(
m2ec

4

ω01

)3 ∫ ∞
1

dx
π2

x2

exp(x/θ)− 1
σγ γ (x), (372)

where

θ = x0(z + 1)2; x0 =
ω01T

0

m2ec4
, (373)

and x0 is the energy ω01 in unit ofmec
2(mec2/T 0) = 1.11 · 1015 eV.
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Fig. 14. This is a log–log plot for high-energy photon energy x0 in units of 1.11 · 1015 eV versus redshift z. The grey region represents the optically thick
case, while the white one is for the optically thin case. The boundary between the two is the two-branch solution of Eq. (372) for τγ γ = 1. There is a critical
redshift zc ' 0.1 for a photon with arbitrary energy, which can reach the observer. The value of the photon energy corresponding to this critical redshift
is ω01 ' 1.11 · 10

15 eV.

The τγ γ (ω01, z) = 1 gives the relationship ω
0
1 = ω01(z) that separates the optically thick τγ γ (ω

0
1, z) > 1 and optically

thin τγ γ (ω01, z) < 1 regimes in the ω
0
1–z plane.

The integral (372) is evaluated numerically and the result is presented in Fig. 14. It clearly shows the following properties:

1. for the redshift z smaller than a critical value zc ' 0.1 (z < zc), the CMB is transparent to photons with arbitrary energy,
this indicates a minimal mean free path of high-energy photons;

2. for the redshift z larger than the value (z > zc), there are two branches of solutions for τγ γ (ω01, z) = 1, respectively
corresponding to the different energy dependence of the cross-section (23): the cross-section σγ γ (x) increases with
the center of mass energy x = ω1ω2

2/(mec2)2 from the energy-threshold x = 1 to x ' 1.97, and decreases (24)
from x ' 1.97 to x → ∞. The energy of the CMB photon corresponding to the critical redshift z ' 0.1, ω01 is
' 1.15 · 1015 eV which separates two branches of the solution. The position of this point in Fig. 14 is determined by
the maximal cross-section at x ' 1.97. Due to existence of these two solutions for a given redshift z, photons having
energies in the grey region of Fig. 14 cannot reach the observer, while photons from the white region of Fig. 14 are
observable.

3. above the critical redshift zc low-energyphotons can reachus since their energies are smaller than the energetic threshold
for the Breit–Wheeler process (3). In addition, high-energy photons are also observable due to the fact that the cross-
section of Breit–Wheeler process (3) decreases with increasing energy of photons. For large redshifts z ∼ 103, the
Universe is opaque and we disregard this regime.

In Section 4.4 we considered another relevant process which is double pair production (121). This process contributes to
the opacity at very high energies and its effect has been computed in [294]. We also computed the effect of this process on
our diagram in Fig. 14. This process becomes relevant at very high redshift z ∼ 103.
Due to the fact that there are other radiation backgrounds contributing into (369), the background of CMB photons gives

the lower limit for opacity for high-energy photons with respect to the Breit–Wheeler process (3). Finally, we point out that
the small-energy solution for large redshift in Fig. 14 agrees with the one found by Fazio and Stecker [288,289].

6.5. Theory of pair production in Coulomb potential

By far the major attention to build a critical electric field has occurred in the physics of heavy nuclei and in heavy-ion
collisions. We recall in the following some of the basic ideas, calculations, as well as experimental attempts to obtain the
pair creation process in nuclear physics.

6.5.1. The Z = 137 catastrophe
Soon after the Dirac equation for a relativistic electron was discovered [79,295], Gordon [296,297] (for all Z < 137) and

Darwin [298] (for Z = 1) found its solution in the point-like Coulomb potential V (r) = −Zα/r, 0 < r < ∞. Solving
the differential equations for the Dirac wave function, they obtained the well-known Sommerfeld’s formula [299] for the
energy spectrum,

E(n, j) = mec2
[
1+

(
Zα

n− |K | + (K 2 − Z2α2)1/2

)2]−1/2
. (374)
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Fig. 15. Atomic binding energies as function of nuclear charge Z .
Source: This figure is reproduced from Fig. 1 in Ref. [66].

Here the principle quantum number n = 1, 2, 3, . . . and

K =


−(j+ 1/2) = −(l+ 1), if j = l+

1
2
, l ≥ 0

(j+ 1/2) = l, if j = l−
1
2
, l ≥ 1

(375)

where l = 0, 1, 2, . . . is the orbital angular momentum corresponding to the upper component of Dirac bi-spinor, j is the
total angular momentum, and the states with K = ∓1,∓2,∓3, . . . ,∓(n − 1) are doubly degenerate,8 while the state
K = −n is a singlet [296–298]. The integer values n and K label bound states whose energies are E(n, j) ∈ (0,mec2). For
the example, in the case of the lowest-energy states, one has

E(1S 1
2
) = mec2

√
1− (Zα)2, (376)

E(2S 1
2
) = E(2P 1

2
) = mec2

√
1+

√
1− (Zα)2

2
, (377)

E(2P 3
2
) = mec2

√
1−

1
4
(Zα)2. (378)

For all states of the discrete spectrum, the binding energy mec2 − E(n, j) increases as the nuclear charge Z increases, as
shown in Fig. 15. When Z = 137, E(1S1/2) = 0, E(2S1/2) = E(2P1/2) = (mec2)/

√
2 and E(2S3/2) = mec2

√
3/2. Gordon

noticed in his pioneer paper [296,297] that no regular solutions with n = 1, j = 1/2, l = 0, and K = −1 (the 1S1/2 ground
state) are found beyond Z = 137. This phenomenon is the so-called ‘‘Z = 137 catastrophe’’ and it is associated with the
assumption that the nucleus is point-like in calculating the electronic energy spectrum.
In fact, it was shown since the pioneering work of Pomeranchuk [64] that in nature there cannot be a point-like charged

object with effective coupling constant Zα > 1 since the entire electron shell will collapse to the center r = 0.

6.5.2. Semi-classical description
In order to have further understanding of this phenomenon, we study it in the semi-classical scenario. For simplicity we

treat relativistic electron as a scalar particle fulfilling the Klein–Gordon equation, but still obeying Fermi–Dirac statistics.
Setting the origin of spherical coordinates (r, θ, φ) at the point-like charge, we introduce the vector potential Aµ = (A, A0),
where A = 0 and A0 is the Coulomb potential. The motion of a relativistic ‘‘electron’’ with massm and charge e is described
by its radial momentum pr , angular momenta pφ and the Hamiltonian,

H± = ±mec2

√
1+

(
pr
mec

)2
+

(
pφ
mecr

)2
+ V (r), (379)

where the potential energy V (r) = eA0, and± corresponds for positive and negative solutions. The states corresponding to
negative energy solutions are fully occupied. The angular momentum pφ is conserved, when the Hamiltonian is spherically

8 This degeneracy is removed by radiative corrections [89,132]. The shift of the level 2S 1
2
up, compared to the level 2P 1

2
(the famous Lamb shift) was

discovered out of the study of fine structure of the hydrogen spectrum.
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symmetric. For a given angular momentum pφ , the Hamiltonian (379) describes electron’s radial motion in the following
effective potential

E± = ±mec2

√
1+

(
pφ
mecr

)2
+ V (r). (380)

The Coulomb potential energy V (r) is given by

V (r) = −
Ze2

r
. (381)

In the classical scenario, given different values of angular momenta pφ , the stable circulating orbits (states) are
determined by theminimum of the effective potential E+(r) (380). Using dE+(r)/dr = 0, we obtain the stable orbit location
at the radius RL in the unit of the Compton length λC ,

RL(pφ) = ZαλC

√
1−

(
Zα
pφ/h̄

)2
, (382)

where α = e2/h̄c and pφ > Zα. Substituting Eq. (382) into Eq. (380), we find the energy of the electron at each stable orbit,

E(pφ) ≡ min(E+) = mec2
√
1−

(
Zα
pφ/h̄

)2
. (383)

The last stable orbits (minimal energy) are given by

pφ → Zαh̄+ 0+, RL(pφ)→ 0+, E(pφ)→ 0+. (384)

For stable orbits with pφ/h̄ � 1, the radii RL/λC � 1 and energies E → mec2 + 0−; electrons in these orbits are critically
bound since their binding energy goes to zero. As the energy spectrum (374), see Eqs. (376)–(378) and (383) shows, only
positive or null energy solutions (states) exist in the presence of a point-like nucleus.
In the semi-classical scenario, the discrete values of angular momentum pφ are selected by the Bohr–Sommerfeld quan-

tization rule∫
pφdφ ' h

(
l+
1
2

)
,⇒ pφ(l) ' h̄

(
l+
1
2

)
, l = 0, 1, 2, 3, . . . (385)

describing the semi-classical states of radius and energy

RL(l) ' (Zα)−1λC

√
1−

(
2Zα
2l+ 1

)2
, (386)

E(l) ' mec2

√
1−

(
2Zα
2l+ 1

)2
. (387)

Other values of angular momentum pφ , radius RL and energy E given by Eqs. (382) and (383) in the classical scenario are not
allowed. When these semi-classical states are not occupied as required by the Pauli principle, the transition from one state
to another with different discrete values (l1, l2 and1l = l2 − l1 = ±1) is possible by emission or absorption of a spin-1 (h̄)
photon. Following the energy and angular momentum conservations, photons emitted or absorbed in the transition have
angular momenta pφ(l2) − pφ(l1) = h̄(l2 − l1) = ±h̄ and energy E(l2) − E(l1). As required by the Heisenberg uncertainty
principle ∆φ∆pφ ' 4πpφ(l) & h, the absolute ground state for minimal energy and angular momentum is given by the
l = 0 state, pφ ∼ h̄/2, RL ∼ ZαλC

√
1− (2Zα)2 > 0 and E ∼ mec2

√
1− (2Zα)2 > 0 for Zα ≤ 1/2. Thus the stability of

all semi-classical states l > 0 is guaranteed by the Pauli principle. In contrast for Zα > 1/2, there is not an absolute ground
state in the semi-classical scenario.
We see now how the lowest-energy states are selected by the quantization rule in the semi-classical scenario out of the

last stable orbits (384) in the classical scenario. For the case of Zα ≤ 1/2, equating Eq. (384) to (385), we find the selected
state l = 0 is only possible solution so that the ground state l = 0 in the semi-classical scenario corresponds to the last
stable orbits (384) in the classical scenario. On the other hand for the case Zα > 1/2, equating Eq. (384) to (385), we find
the selected state l = l̃ ≡ (Zα − 1)/2 > 0 in the semi-classical scenario corresponds to the last stable orbits (384) in the
classical scenario. This state l = l̃ > 0 is not protected by the Heisenberg uncertainty principle from quantummechanically
decaying in h̄-steps to the states with lower angular momentum and energy (correspondingly smaller radius RL (386)) via
photon emissions. This clearly shows that the ‘‘Z = 137-catastrophe’’ corresponds to RL → 0, falling to the center of the
Coulomb potential and all semi-classical states (l) are unstable.
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6.5.3. The critical value of the nuclear charge Zcr = 173
A very different situation is encounteredwhen considering the fact that the nucleus is not point-like and has an extended

charge distribution [64,65,300–306]. In that case the Z = 137 catastrophe disappears and the energy levels E(n, j) of the
bound states 1S, 2P and 2S, . . . smoothly continue to drop toward the negative energy continuum as Z increases to values
larger than 137, as shown in Fig. 15. The reason is that the finite size R of the nucleus charge distribution provides a cutoff
for the boundary condition at the origin r → 0 and the energy levels E(n, j) of the Dirac equation are shifted due to this
cutoff. In order to determine the critical value Zcr when the negative energy continuum (E < −mec2) is encountered (see
Fig. 15), Zeldovich and Popov [65,303–306] solved the Dirac equation corresponding to a nucleus of finite extended charge
distribution, i.e., the Coulomb potential is modified as

V (r) =


−
Ze2

r
, r > R,

−
Ze2

R
f
( r
R

)
, r < R,

(388)

where R ∼ 10−12 cm is the size of the nucleus. The form of the cutoff function f (x) depends on the distribution of the electric
charge over the volume of the nucleus (x = r/R, 0 < x < 1, with f (1) = 1). Thus, f (x) = (3 − x2)/2 corresponds to a
constant volume density of charge.
Solving the Dirac equation with the modified Coulomb potential (388) and calculating the corresponding perturbative

shift∆ER of the lowest-energy level (376) Popov obtains [65,303]

∆ER = mec2
(ξ)2(2ξe−Λ)2γz

γz(1+ 2γz)

[
1− 2γz

∫ 1

0
f (x)x2γzdx

]
, (389)

where ξ = Zα, γz =
√
1− ξ 2 and Λ = ln(h̄/mecR) � 1 is a logarithmic parameter in the problem under consideration.

The asymptotic expressions for the 1S1/2 energy that were obtained are [65,306]

E(1S1/2) = mec2


√
1− ξ 2 coth(Λ

√
1− ξ 2), 0 < ξ < 1,

Λ−1, ξ = 1,√
ξ 2 − 1 cot(Λ

√
ξ 2 − 1), ξ > 1.

(390)

As a result, the ‘‘Z = 137 catastrophe’’ in Eq. (374) disappears and E(1S1/2) = 0 gives

ξ0 = 1+
π2

8Λ
+ O(Λ−4); (391)

the state 1S1/2 energy continuously goes down to the negative energy continuum since Zα > 1, and E(1S1/2) = −1 gives

ξcr = 1+
π2

2Λ(Λ+ 2)
+ O(Λ−4) (392)

as shown in Fig. 15. In Refs. [65,303] Popov and Zeldovich found that the critical value ξ (n)c = Zcα for the energy levels nS1/2
and nP1/2 reaching the negative energy continuum is equal to

ξ (n)c = 1+
n2π2

2Λ2
+ O(Λ−3). (393)

The critical value increases rapidly with increasing n. As a result, it is found that Zcr ' 173 is a critical value at which the
lowest-energy level of the bound state 1S1/2 encounters the negative energy continuum,while other bound states encounter
the negative energy continuum at Zcr > 173 (see also Ref. [301] for a numerical estimation of the same spectrum). The
change in the vacuum polarization near a high-Z nucleus arising from the finite extent of the nuclear charge density was
computed in [307–309] with all calculations done analytically, and to all orders in Zα. Note that for two nuclei with charges
Z1 and Z2 respectively, if Z1 > Z2 andK -shell of the Z1-nucleus is empty, then Z2maybe a neutral atom. In this case twonuclei
make a quasimolecular state for which the ground term (1sσ) is unoccupied by electrons: so spontaneous production of
positrons is also possible [310,311]. We refer the readers to Refs. [65,303–306,312] for mathematical and numerical details.
When Z > Zcr = 173, the lowest-energy level of the bound state 1S1/2 enters the negative energy continuum. Its energy

level can be estimated as follows

E(1S1/2) = mec2 −
Zα
r̄
< −mec2, (394)

where r̄ is the average radius of the 1S1/2 state’s orbit, and the binding energy of this state satisfies Zα/r̄ > 2mec2. If this
bound state is unoccupied, the bare nucleus gains a binding energy Zα/r̄ larger than 2mec2, and becomes unstable against
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the production of an electron–positron pair. Assuming this pair production occurs around the radius r̄ , we have energies for
the electron (ε−) and positron (ε+) given by

ε− =

√
|cp−|2 +m2ec4 −

Zα
r̄
; ε+ =

√
|cp+|2 +m2ec4 +

Zα
r̄
, (395)

where p± are electron and positron momenta, and p− = −p+. The total energy required for the production of a pair is

ε−+ = ε− + ε+ = 2
√
|cp−|2 +m2ec4, (396)

which is independent of the potential V (r̄). The potential energies±eV (r̄) of the electron and positron cancel out each other
and do not contribute to the total energy (396) required for pair production. This energy (396) is acquired from the binding
energy (Zα/r̄ > 2mec2) by the electron filling into the bound state 1S1/2. A part of the binding energy becomes the kinetic
energy of positron that goes out. This is analogous to the familiar case when a proton (Z = 1) catches an electron into the
ground state 1S1/2, and a photon is emitted with the energy not less than 13.6 eV. In the same way, more electron–positron
pairs are produced, when Z � Zcr = 173 and the energy levels of the next bound states 2P1/2, 2S3/2, . . . enter the negative
energy continuum, provided these bound states of the bare nucleus are unoccupied.

6.5.4. Positron production
Gershtein and Zeldovich [313,314] proposed that when Z > Zcr the bare nucleus produces spontaneously pairs of

electrons and positrons: the two positrons9 run off to infinity and the effective charge of the bare nucleus decreases by
two electrons, which corresponds exactly to filling the K-shell.10 A more detailed investigation was made for the solution
of the Dirac equation at Z ∼ Zcr , when the lowest electron level 1S1/2 merges with the negative energy continuum, in
Refs. [303–306,315]. It was there further clarified the situation, showing that at Z & Zcr , an imaginary resonance energy of
Dirac equation appears,

ε = ε0 − i
Γnucl

2
, (397)

where

ε0 = −me − a(Z − Zcr), (398)

Γnucl ∼ θ(Z − Zcr) exp

(
−b

√
Zcr

Z − Zcr

)
, (399)

and a, b are constants, depending on the cutoffΛ (for example, b = 1.73 for Z = Zcr = 173 [65,304,305]). The energy and
momentum of emitted positrons are |ε0| and |p| =

√
|ε0| −mec2.

The kinetic energy of the two positrons at infinity is given by

εp = |ε0| −mec2 = a(Z − Zcr)+ · · · , (400)

which is proportional to Z − Zcr (as long as (Z − Zcr)� Zcr ) and tends to zero as Z → Zcr . The pair production resonance at
the energy (397) is extremely narrow and practically all positrons are emitted with almost same kinetic energy for Z ∼ Zcr ,
i.e. nearlymono-energetic spectra (sharp line structure). Apart fromapre-exponential factor,Γnucl in Eq. (399) coincideswith
the probability of positron production, i.e., the penetrability of the Coulomb barrier (see Section 2.5). The related problems
of vacuum charge density due to electrons filling into the K-shell and charge renormalization due to the change of wave
function of electron states are discussed in Refs. [316–320]. An extensive and detailed review on this theoretical issue can
be found in Refs. [65,66,312,321].
On the other hand, some theoretical work has been done studying the possibility that pair production, due to bound

states encountering the negative energy continuum, is prevented from occurring by higher order processes of quantum
field theory, such as charge renormalization, electron self-energy and nonlinearities in electrodynamics and even Dirac field
itself [220,322–327]. However, these studies show that various effects modify Zcr by a few percent, but have no way to pre-
vent the binding energy from increasing to 2mec2 as Z increases, without simultaneously contradicting the existing precise
experimental data on stable atoms [328]. Contrary claim [329] according to which bound states are repelled by the lower
continuum through some kind of self-screening appear to be unfounded [66].
It isworthnoting that an overcritical nucleus (Z ≥ Zcr ) canbe formed for example in the collision of twoheavynuclei [302,

313–315,330–333]. To observe the emission of positrons originated from pair production occurring near to an overcritical

9 Hyperfine structure of 1S1/2 state: single and triplet.
10 An assumptionwasmade in Refs. [313,314] that the electron density of 1S1/2 state, aswell as the vacuumpolarization density, is delocalized at Z → Zcr .
Later it was proved to be incorrect [65,304,305].
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nucleus temporally formed by two nuclei, the following necessary conditions have to be full filled: (i) the atomic number
of an overcritical nucleus is larger than Zcr = 173; (ii) the lifetime of the overcritical nucleus must be much longer than
the characteristic time (h̄/mec2) of pair production; (iii) the inner shells (K-shell) of the overcritical nucleus should be
unoccupied.
The collision of two Uranium nuclei with Z = 92 was considered by Zeldovich, Popov and Gershtein [65,310]. The

conservation of energy in the collision reads

Mnv20 = (Ze)
2/Rmin, (401)

where v0 is the relative velocity of the nuclei at infinity, Rmin is the smallest distance, and Mn is the Uranium atomic mass.
In order to have Rmin ' 30 fm a fine tuning of the initial velocity narrowly peaked around v0 ' 0.034c is needed. The
characteristic collision timewould be then1tc = Rmin/v0 ' 10−20 s. The interesting possibility then occurs, that the typical
velocity of an electron in the inner shell (r ∼ 115.8 fm) is v ∼ c and therefore its characteristic time1τ0 ∼ r/v ∼ 4·10−22 s.
Thismeans that the characteristic collision time1tc inwhich the two colliding nuclei are brought into contact and separated
again can be in principle much larger than the timescale 1τ0 of electron evolution. This would give justification for an
adiabatic description of the collision in terms of quasimolecules. The formation of ‘‘quasimolecules’’ could also be verified by
the characteristic molecular-orbital X-rays radiation due to the electron transitions between ‘‘quasimolecules’’ orbits [328,
334–340]. However, this requires the abovementioned fine tuning in the bombarding energies (Mnv20/2) close to the nuclear
Coulomb barrier.
However, we notice that the above mentioned condition (ii) has never been fulfilled in heavy-ion collisions. There has

been up to now various unsuccessful attempts to broaden this time of encounter by ‘sticking’ phenomena. Similarly, the
condition (iii) is not sufficient for pair production, since electrons that occupied outer shells of high energies must undergo
a rapid transition to occupy inner shells of lower energies, which is supposed to be vacant and encountering the negative
energy continuum. If such transition and occupation take place faster than pair production, the pair production process is
blocked. As a consequence, it needs a larger value of Z > Zcr = 173 to have stronger electric field for vacant out shells
encountering the negative energy continuum (see Eq. (393)) so that electrons produced can occupy outer shells. This makes
pair production even less probable to be observed, unless the overcritical charged nucleus is bare, i.e. all shells are vacant.

6.5.5. Homogeneous and adiabatic approximation
There is a certain analogy between positron production by a nucleus with Z > Zcr and pair production in a homogeneous

electrostatic field. We note that in a Coulomb potential of a nucleus with Z = Zcr the corresponding electric field Ecr =
Zcr |e|/r2 is comparable with the critical electric field Ec , (1), when r ∼ λC . However, the condition E > Ec is certainly the
necessary condition in order to have the pair creation but not a sufficient one: the spatial extent of the region where E > Ec
occurs must be larger than the de Broglie wavelength of the created electron–positron pair. If a pair production takes place,
electrons should be bound into the K-shell nucleus and positrons should run off to infinity. This intuitive reasoning builds
the connection between the phenomena of pair production in the Coulomb potential at charge Z > Zcr and the one in an
external constant electric field which was treated in Section 4.7. The exact formula for pair production probabilityW in an
overcritical Coulomb potential has not yet been obtained in the framework of QED. We cannot expect a literal coincidence
of formulas for the probabilityW of pair production in these different cases, since the Schwinger formula (160) is exactly
derived for a homogeneous field, while the Coulomb potential is strongly inhomogeneous at small distances. Some progress
in the treatment of this problem is presented in Section 5.
All the discussions dealingwith pair production in an external homogeneous electric field or a Coulomb potential assume

that the electric field be static. Without the feedback of the particles created on the field this will clearly lead to a divergence
of the number of pairs created. In the real description of the phenomenon at t → −∞ we have an initial empty vacuum
state. We then have the turned on of an overcritical electric field and ongoing process of pair creation with their feedback
on a time τ on the electric field and a final state at remote future t → +∞ with the electron and positron created and
the remaining subcritical electric field. To describe this very different regimes a simplified ‘‘adiabatic approximation’’ can
be adopted by assuming the existence of a homogeneous field only during a finite time interval [−T , T ]. That time T
should be of course shorter than the feedback time τ . During that time interval the Schwinger formula (160) is assumed to
be applicable and it is appropriate to remark that the overcritical electric fields are related to very high energy densities:
E2c /2 = 9.53·10

26 ergs/cm3. In the adiabatic approximation an effective spatial limitation to the electric field is also imposed.
Therefore the constant overcritical electric field and the application of the Schwinger formula is limited both in space and
time. Progress in this direction has been presented in [73], see Section 8.8. A significant amount of pairs is only produced if
the finite lifetime of the overcritical electric field is larger than the characteristic time of pair production (h̄/mec2) and the
spatial extent of the electric field is larger than the tunneling length a (52).
We have already discussed in Sections 6.2 and 6.3 the experimental status of electron–positron pair creation in X-ray

free electron laser and an electron-beam–laser collision, respectively. We now turn in Section 6.6 to the multiyear attempts
in creating electron–positron pairs in heavy-ion collisions.
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Fig. 16. Energy expectation values of the 1sσ state in a U+ U collision at 10 GeV/nucleon. The unit of time is h̄/mec2 .
Source: This figure is reproduced from Fig. 4 in Ref. [66].

6.6. Pair production in heavy-ion collisions

6.6.1. A transient superheavy ‘‘quasimolecule’’
There has been a multiyear effort to observe positrons from pair production associated with the overcritical field of

two colliding nuclei, in heavy-ion collisions [313–315,328,332,333,341]. The hope was to use heavy-ion collisions to form
transient superheavy ‘‘quasimolecules’’: a long-lived metastable nuclear complex with Z > Zcr . It was expected that the
two heavy ions of charges respectively Z1 and Z2 with Z1 + Z2 > Zcr would reach small inter-nuclear distances well within
the electron’s orbiting radii. The electrons would not distinguish between the two nuclear centers and they would evolve
as if they were bounded by nuclear ‘‘quasimolecules’’ with nuclear charge Z1+ Z2. Therefore, it was expected that electrons
would evolve quasi-statically through a series of well defined nuclear ‘‘quasimolecules’’ states in the two-center field of the
nuclei as the inter-nuclear separation decreases and then increases again.
When heavy-ion collision occurs the two nuclei come into contact and some deep inelastic reaction occurs determining

the duration1ts of this contact. Such ‘‘sticking time’’ is expected to depend on the nuclei involved in the reaction and on the
beam energy. Theoretical attempts have been proposed to study the nuclear aspects of heavy-ion collisions at energies very
close to the Coulomb barrier and search for conditions, which would serve as a trigger for prolonged nuclear reaction times,
to enhance the amplitude of pair production. The sticking time 1ts should be larger than 1 ∼ 2 · 10−21 s [66] in order to
have significant pair production, see Fig. 16. Up to now no success has been achieved in justifying theoretically such a long
sticking time. In reality the characteristic sticking time has been found of the order of1t ∼ 10−23 s, hundred times shorter
than the one needed to activate the pair creation process. Moreover, it is recognized that several other dynamical processes
can make the existence of a sharp line corresponding to an electron–positron annihilation very unlikely [66,328,342–344].
It is worth noting that several other dynamical processes contribute to the production of positrons in undercritical as

well as in overcritical collision systems [220,322–324]. Due to the time–energy uncertainty relation (collision broadening),
the energy spectrum of such positrons has a rather broad and oscillating structure, considerably different from a sharp line
structure that we would expect from pair production positron emission alone.

6.6.2. Experiments
As remarked above, if the sticking time1ts could be prolonged, the probability of pair production in vacuum around the

superheavy nucleuswould be enhanced. As a consequence, the spectrum of emitted positrons is expected to develop a sharp
line structure, indicating the spontaneous vacuum decay caused by the overcritical electric field of a forming superheavy
nuclear system with Z ≥ Zcr . If the sticking time 1ts is not long enough and the sharp line of pair production positrons
has not yet well developed, in the observed positron spectrum it is difficult to distinguish the pair production positrons
from positrons created through other different mechanisms. Prolonging the ‘‘sticking time’’ and identifying pair production
positrons among all other particles [334,345] created in the collision process has been an object of a very large experimental
campaign [346–353].
For nearly 20 years the study of atomic excitation processes and in particular of positron creation in heavy-ion collisions

has been a major research topic at GSI (Darmstadt) [354–357]. The Orange and Epos groups at GSI (Darmstadt) discovered
narrow line structures (see Fig. 17) of unexplained origin, first in the single positron energy spectra and later in coincident
electron–positron pair emission. Studying more collision systems with a wider range of the combined nuclear charge
Z = Z1+Z2 they found that narrow line structures were essentially independent of Z . This has ruled out the explanation as a
pair production positron, since the linewas expected at the position of the 1sσ resonance, i.e., at a kinetic energy given by Eq.
(400), which is strongly Z dependent. Attempts to link this positron line to spontaneous pair production have failed. Other
attempts to explain this positron line in term of atomic physics and new particle scenario were not successful as well [66].
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Fig. 17. Two typical examples of coincident electron–positron spectra measured by the Epos group in the system U + Th (left) and by the Orange group
in U+ Pb collisions (right). When plotted as a function of the total energy of the electron and positron, very narrow line structures were observed.
Source: This figure is reproduced from Fig. 7 in Ref. [66].

The anomalous positron line problem has perplexed experimentalists and theorists alike for more than a decade. More-
over, later results obtained by the Apex collaboration at Argonne National Laboratory showed no statistically significant
positron line structures [358,359]. This is in strong contradiction with the former results obtained by the Orange and Epos
groups. However, the analysis of Apex data was challenged in the comment by Refs. [360,361] pointing out that the Apex
measurement would have been less sensitive to extremely narrow positron lines. A new generation of experiments (Apex
at Argonne and the new Epos and Orange setups at GSI) with much improved counting statistics has failed to reproduce the
earlier results [66].
To overcome the problem posed by the short timescale of pair production (10−21 s), hopes rest on the idea to select

collision systems in which a nuclear reaction with sufficient sticking time occurs. Whether such a situation can be
realized still is an open question [66]. In addition, the anomalous positron line problem and its experimental contradiction
overshadow the field of the pair production in heavy-ion collisions.
In summary, clear experimental signals for electron–positron pair production in heavy-ion collisions are still missing [66]

at the present time. For more recent information on the pair production in the heavy-ion collisions see [362–364] and for
complete references the resource letter [365]. Having reviewed the situation of electron–positron pair creation by vacuum
polarization in Earth-bound experiments we turn now to the corresponding problems in the realm of astrophysics. The ob-
vious case is the one of black holes where the existence of critical field is clearly predicted by the analytic solutions of the
Einstein–Maxwell field equations.

7. The extraction of blackholic energy from a black hole by vacuum polarization processes

It is becoming more and more clear that the theoretical description of the gravitational collapse process to a Kerr–
Newman black hole, with all the aspects of nuclear physics and electrodynamics involved, is likely the most complex
problem in physics and astrophysics. Specific to this report is the opportunity given by the process of gravitational collapse
to study for the first time the above mentioned three quantum processes simultaneously at work under ultrarelativistic
special and general relativistic regimes. The process of gravitational collapse is characterized by the gravitational timescale
1tg = GM/c3 ' 5 · 10−6(M/M�) seconds, where G is the gravitational constant, M is the mass of a collapsing object,
and the energy involved is of the order of 1E = 1054M/M� ergs. This is one of the most energetic and most transient
phenomena in physics and astrophysics and needs for its correct description the identification of the basic constitutive
processes occurring in a highly time varying regime. Our approach in this Section is to proceed with an idealized model
which can give us estimates of the basic energetics and some leading features of the real phenomenon. We shall describe:
(1) the basic energetic process of an already formed black hole; (2) the vacuum polarization process a la Schwinger of an
already formed Kerr–Newman black hole; (3) the basic formula of the dynamics of the gravitational collapse. We shall in
particular recover the Tolman–Oppenheimer–Snyder solutions in a more explicit form and give exact analytic solution for
the description of the gravitational collapse of charged and uncharged shells. Thiswill allow, among others, to recall themass
formula of the black hole, to clarify the special role of the irreducible mass in that formula, and to have a general derivation
of the maximum extractable energy in the process of gravitational collapse. We will as well address some conceptual
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issues between general relativity and thermodynamics which have been of interest to theoretical physicists in the last forty
years. Of course in this brief Section we will be only recalling some of these essential themes and refer to the literature
where in-depth analysis can be found. Since we are interested in the gravitational collapse we are going to examine only
processes involving masses larger than the critical mass of neutron stars, for convenience established in 3.2 M� [366]. We
are consequently not addressing the research on mini-black-holes [367] which involves energetics 1041 times smaller than
the ones involved in gravitational collapse and discussed in this report. This problematics implies a yet unknown physics
of applying quantum mechanics in conditions where the curvature of space–time is comparable to the wavelength of the
particle.
We recall here the basic steps leading to the study of the electrodynamics of a Kerr–Newman black hole, indicating the

relevant references. In Section 7 we use the system of units c = G = h̄ = 1.

7.1. Test particles in Kerr–Newman geometries

According to the uniqueness theorem for stationary, regular black holes (see Ref. [368]), the process of gravitational col-
lapse of a core whosemass is larger than the neutron star critical mass [366] will generally lead to a black hole characterized
by all the three fundamental parameters: the mass–energyM , the angular momentum L, and the charge Q (see [369]). The
creation of critical electric fields and consequent process of pair creation by vacuum polarization are expected to occur in
the late phases of gravitational collapse when the gravitational energy of the collapsing core is transformed into an elec-
tromagnetic energy and eventually in electron–positron pairs. As of today no process of the gravitational collapse either to
a neutron star or to a black hole has reached a satisfactory theoretical understanding. It is a fact that even the theory of a
gravitational collapse to a neutron star via a supernova is not able to explain even the ejection of a supernova remnant [370].
In order to estimate the fundamental energetics of these transient phenomena we recall first the metric of a Kerr–Newman
black hole, the role of the reversible and irreversible transformations in reaching the mass formula as well as the role of
the positive and negative energy states in a quantum analog. We will then estimate the energy emission due to vacuum
polarization process. As we will see, such a process occurs on characteristic quantum timescale of t ∼ h̄/(mec2) ∼ 10−21 s,
which is many orders of magnitude shorter than the characteristic gravitational collapse timescale. Of course the astro-
physical progenitor of the black hole will be a neutral one, as all the astrophysical systems. Only during the process of the
gravitational collapse and for the abovementioned characteristic gravitational timescale a process of charge separation will
occur. The positively charged core would give rise to the electrodynamical process approaching asymptotically in time the
horizon of a Kerr–Newman black hole.
A generally charged and rotating, black hole has been considered whose curved space–time is described by the Kerr–

Newman geometry [371]. In Kerr–Newman coordinates (u, r, θ, φ) the line element takes the form,

ds2 = Σdθ2 − 2a sin2 θdrdφ + 2drdu− 2aΣ−1(2Mr − Q 2) sin2 θdφdu

+Σ−1[(r2 + a2)2 −∆a2 sin2 θ ] sin2 θdφ2 − [(1−Σ−1)(2Mr − Q 2)]du2 (402)

where∆ = r2 − 2Mr + a2 + Q 2 andΣ = r2 + a2 cos2 θ , a = L/M being the angular momentum per unit mass of the black
hole. The Reissner–Nordström and Kerr geometries are particular cases for a nonrotating, a = 0, and uncharged, Q = 0,
black holes respectively. The Kerr–Newman space–time has a horizon at

r = r+ = M + (M2 − Q 2 − a2)1/2 (403)

where∆ = 0.
The electromagnetic vector potential around the Kerr–Newman black hole is given by [371]

A = −Σ−1Qr(du− a sin2 θdφ), (404)

the electromagnetic field tensor is then

F = dA = 2QΣ−2[(r2 − a2 cos2 θ)dr ∧ du− 2a2r cos θ sin θdθ ∧ du

− a sin2 θ(r2 − a2 cos2 θ)dr ∧ dφ + 2ar(r2 + a2) cos θ sin θdθ ∧ dφ]. (405)

The equation of motion of a test particle of massm and charge e in the Kerr–Newman geometry reads

uµ∇µuν = (e/m)uµFµν, (406)

where uµ is the 4-velocity of the particle. These equations may be derived from the Lagrangian

L =
1
2
mgµνuµuν + eAµuµ, (407)

or, equivalently, from the Hamiltonian

H =
1
2
gµν(pµ − eAµ)(pν − eAν), (408)
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where we have introduced the 4-momentum of the particle

pµ = muµ + eAµ. (409)

Note that Hamiltonian (408) is subject to the constraint

H = −
1
2
m2. (410)

Carter [67] firstly recognized that the corresponding Hamilton–Jacobi equations

gαβ
(
∂S
∂xα
+ eAα

)(
∂S
∂xβ
+ eAβ

)
+m2 = 0, (411)

are separable. Correspondingly four integrals of the equation ofmotion (406) canbe found. Indeed, in addition to the constant
of motion (410) which corresponds to conservation of the rest mass we have the two first integrals

pu = −E (412)
pφ = Φ (413)

associated with the stationarity and the axial symmetry of Kerr–Newman space–time respectively. E and Φ are naturally
interpreted as the energy and the angular momentum about the symmetry axis of the test particle. It follows from the
separability of Eq. (411) that the quantities

p2θ + (aE sin θ − Φ sin
−1 θ)2 + a2m2 cos2 θ = K (414)

∆p2r − 2[(r
2
+ a2)E + eQr − aΦ]pr +m2r2 = −K (415)

are conserved as well. Together with E and Φ they form a complete set of first integrals of the motion and allow one to
integrate Eq. (406). As an example consider the proper time derivative ṙ of the radial coordinate of the test particle. It follows
from Eqs. (412)–(415), that

Σ2 ṙ2 = (E(r2 + a2)+ eQr − Φa)2 −∆(m2r2 + K) (416)

which can be numerically integrated using the effective potential technique [372].

7.2. Reversible and irreversible transformations of a black hole: the Christodoulou–Ruffini mass formula

In 1969 Roger Penrose [373] pointed out for the first time the possibility to extract rotational energy from a Kerr black
hole. The first example of such an energy extraction was obtained by Ruffini and Wheeler who also introduced the concept
of the ergosphere [176,369,374], the region between the horizon of the black hole and the surface of infinite redshift. These
works has been generalized by Denardo and Ruffini in 1973 [375] and Denardo, Hively and Ruffini in 1974 [376] to the case
of a Kerr–Newman black hole. The process described by Denardo, Hively and Ruffini can be described as follows. A neutral
particle P0 approaches the black hole with positive energy E0 and decays into two oppositely charged particles P1 and P2
whose energies are E1 < 0 and E2 > E0 respectively. P1 falls into the black hole while P2 is accelerated towards spatial
infinity. Correspondingly, a positive energy

δE = E2 − E0 (417)

has been extracted from the black hole and deposited on P2. The region around the black hole where the energy extraction
processes can occur is named effective ergosphere in Refs. [375,376]. Note that, as the particle P1 is swallowed, the black hole
undergoes a transformation since its energy, angular momentum and charge change accordingly. When is the extracted
energy maximal? In order to answer this question note that the energy E of a particle of angular momentum Φ , charge e
and rest mass m moving around a Kerr–Newman black hole and having a turning point at r is given by (see Eq. (416)) the
quadratic equation

(r2 + a2)2E2 + 2(eQr − Φa)(r2 + a2)E + (eQr − Φa)2 −∆(m2r2 + K) = 0. (418)

As recalled in [113, p. 352], in the case of Q = 0 which corresponds to a pure Kerr solution, the explicit integration of this
equation was performed by Ruffini and Wheeler [377]. They introduced the effective potential energy defined by

(r2 + a2)2E2 − 2(Φa)(r2 + a2)E + (Φa)2 −∆(m2r2 + K) = 0. (419)

The radii of stable orbits are determined byminimum of function E(r), i.e. by simultaneous solution of equations E(r) = E0,
E ′(r) = 0 for E ′′(r) > 0. The orbit closest to the center corresponds to E ′′(r)min = 0; for r < rmin, the function E(r) has no
minima. As a result

August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408



R. Ruffini et al. / Physics Reports 487 (2010) 1–140 73

• WhenΦ < 0 (motion opposite to the direction of rotation of the collapsing object)

rmin
2M
=
9
2
,

E0

m
=

5

3
√
3
,

Φ

2mM
=
11

3
√
3
. (420)

• ForΦ > 0 (motion in the direction of rotation of the collapsar) as a→ M the radius rmin tends towards the radius of the
horizon. Setting a = M(1+ δ), we find in the limit δ→ 0:

rhor
2M
=
1
2
(1+
√
2δ),

rmin
2m
=
1
2
[1+ (4δ)1/3]. (421)

Then
E0

m
=

Φ

2mM
=
1
√
3
[1+ (4δ)1/3]. (422)

We call attention to the fact that rmin/rhor remains greater than one throughout, i.e. the orbit does not go inside the
horizon. This is as it should be: the horizon is a null hypersurface, and no time-like world lines of moving particles can lie
on it. Although no general formula exists in the case of the Kerr–Newman geometry the energy and the angular velocity of a
test particle in a circular orbit with radius R in the Reissner–Nordström geometry has been given by Ruffini and Zerilli [372]

φ̇2 =
M
R3
−
Q 2

R4
−
e
m
Q
R3

[
e
m
Q
2R
+

(
1−

3M
R
+
2Q 2

R2
+
e
m
Q 2

4R2

)1/2]
, (423)

E

m
=

(
1−

2M
R
+
Q 2

R2

)/[
e
m
Q
2R
+

(
1−

3M
R
+
2Q 2

R2
+
e
m
Q 2

4R2

)1/2]
+
q
m
Q
R
, (424)

and the limiting cases are there treated.
Eq. (418) is not only relevant for understanding the fully relativistic stable circular orbit but it also defines the ‘‘positive

root states’’ and the ‘‘negative root states’’ for the particle [378]. Such states were first interpreted as limits of states of a
quantum field by Deruelle and Ruffini [379]. Such an interpretation will be discussed in the next section. Note that in the
case eQr−Φa < 0 there can exist negative energy states of positive root solutions and, as a direct consequence, energy can
be extracted from a Kerr–Newman black hole via the Denardo–Ruffini process. Such a process is most efficient when the
reduction ofmass is greatest for a given reduction in angularmomentum. Tomeet this requirement the energy E1must be as
negative as possible. This happenswhen r = r+, that is the particle has a turning point at the horizon of the black hole.When
r = r+, ∆ = 0 and the separation between negative and positive root states vanishes. This implies that capture processes
from such an orbit are reversible since they can be inverted bringing the black hole to its original state. Correspondingly the
energy of the incoming particle is

E1 =
aΦ + eQr+
a2 + r2+

. (425)

If we apply the conservation of energy, angular momentum and charge to the capture of the particle P1 by the black hole,
we find thatM , L and Q change as for the quantities

dM = E1, dL = Φ, dQ = e. (426)

Thus Eq. (425) reads

dM =
adL+ r+QdQ
a2 + r2+

. (427)

Integration of Eq. (427) gives

M2c4 =
(
Mirc2 +

c2Q 2

4GMir

)2
+
L2c8

4G2M2ir
, (428)

provided the condition is satisfied(
c2

16G2M4ir

) (
Q 4 + 4L2c4

)
≤ 1, (429)

whereMir is an integration constant and we restored the physical constants c and G. Eq. (428) is the Christodoulou–Ruffini
mass formula [378] and it expresses the contributions to the total energy of the black hole. Extreme black holes satisfy
equality (429). The irreducible massMir satisfies the equation [378]

Sa =
16πG2M2ir
c4

(430)

August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408



74 R. Ruffini et al. / Physics Reports 487 (2010) 1–140

where Sa is the surface area of the horizon of the black hole, and cannot be decreased by classical processes. Any transfor-
mation of the black hole which leaves fixed the irreducible mass (for instance, as we have seen, the capture of a particle
having a turning point at the horizon of the black hole) is called reversible [378]. Any transformation of the black hole which
increases its irreducible mass, for instance, the capture of a particle with nonzero radial momentum at the horizon, is called
irreversible. In irreversible transformations there is always some kinetic energy that is irretrievably lost behind the horizon.
Note that energy can be extracted approaching arbitrarily close to reversible transformations which are the most efficient
ones. Namely, from Eq. (428) it follows that up to 29% of the mass–energy of an extreme Kerr black hole (M2 = a2) can
be stored in its rotational energy term Lc4

2GMir
and can in principle be extracted. Gedanken experiments have been conceived

to extract such energy [373,380–383]. The first specific example of a process of energy extraction from a black hole can
be found in Ruffini and Wheeler, as quoted in [384], see also [385]. Other processes of rotational energy extraction of as-
trophysical interest based on magnetohydrodynamic mechanism occurring around a rotating Black Hole have also been
advanced [380–383] though their reversibility as defined in Ref. [378], and consequently their efficiency of energy extrac-
tion, has not been assessed. From the samemass formula (428) follows that up to 50% of themass energy of an extreme black
hole with (Q = M) can be stored in the electromagnetic term c2Q 2

4GMir
and can be in principle extracted. These extractable en-

ergies either rotational or electromagnetic will be indicated in the following as blackholic energy and they can be the source
of some of the most energetic phenomena in the Universe like jets from active galactic nuclei and GRBs.

7.3. Positive and negative root states as limits of quantum field states

In 1974 Deruelle and Ruffini [379] pointed out that negative root solutions of Eq. (418) can be interpreted in the
framework of a fully relativistic quantum field theory as classical limits of antimatter solutions. In this section we
briefly review their analysis. The equation of motion of a test particle in a Kerr–Newman geometry can be derived by
the Hamilton–Jacobi Eq. (411). The first quantization of the corresponding theory can be obtained by substituting the
Hamilton–Jacobi equation with the generalized Klein–Gordon equation

gαβ (∇α + ieAα)
(
∇β + ieAβ

)
Φ +m2Φ = 0 (431)

for the wave functionΦ . For simplicity we restrict to the Kerr case: Q = 0, when Eq. (431) reduces to

gαβ∇α∇βΦ +m2Φ = 0. (432)

In order to solve Eq. (432) we can separate the variables as follows:

Φ = e−imEteikφSkl(θ)R(r) (433)

where Skl(θ) are spheroidal harmonics. We thus obtain the radial equation

d2u
dr∗2
=

{
−E2m2

(
1+

a2

r2
+
2Ma2

r3

)
+
4MakEm
r3

+m2
(
1−

2M
r
+
a2

r2

)
−mk

2M
r3

−
1
r2
−
a2

r4
−
k2a2

r4
+
2
r6
[
Mr3 − r2(a2 + 2M2)+ 3Ma2r − a4

]}
u,

where u = R(r)r and dr/dr∗ = ∆/r2. It is natural to look for ‘‘resonances’’ states of the Klein–Gordon equation
corresponding to classical bound states (circular or elliptic orbits). Then, impose as boundary conditions (a) an exponential
decay of the wave function for r → ∞ and (b) a purely ingoing wave at the horizon r → r+. The solutions of the
corresponding problem can be found numerically [379]. The main conclusions of the integration can be summarized as
follows:

1. The continuum spectrum of the classical stable bound states is replaced by a discrete spectrum of resonances with
tunneling through the potential barrier giving the finite probability of the particle to be captured by the horizon.

2. In the classical limit (GM/c2)/(h̄/mec) → ∞ the separation of the energy levels of the resonances tends to zero. The
leakage toward the horizon also decreases and the width of the resonance tends to zero.

3. The negative root solutions of Eq. (418) correspond to the classical limit (GM/c2)/(h̄/mec) → ∞ of the negative
energy solutions of the Klein–Gordon Eq. (432) and consequently they can be thought of as antimatter solutions with
an appropriate interchange of the sign of charge, the direction of time and the angular momentum.

4. We can have positive root states of negative energy in the ergosphere, see e.g. [374]. In particular we can have crossing
of positive and negative energy root states. This corresponds, at the second quantized theory level to the possibility of
particle pair creation à là Klein, Sauter, Heisenberg, Euler and Schwinger [7,17,18,20,25–27].

Similar considerations can be made in the Kerr–Newman case, Q 6= 0, when the generalized Klein Gordon Eq. (431) has
to be integrated. The resonance states can be obtained imposing the same boundary conditions as above. Once again we can
have level crossing inside the effective ergosphere [375,376] and therefore possible pair creation.
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7.4. Vacuum polarization in Kerr–Newman geometries

We discussed in the previous Sections the phenomenon of electron–positron pair production in a strong electric field in
a flat space–time. Here we study the same phenomenon occurring around a black hole endowedwithmassM , charge Q and
the angular momentum a.
The space–time of a Kerr–Newman geometry is described by a metric which in Boyer–Lindquist coordinates (t, r, θ, φ)

acquires the form

ds2 =
Σ

∆
dr2 +Σdθ2 −

∆

Σ
(dt − a sin2 θdφ)2 +

sin2 θ
Σ

[
(r2 + a2)dφ − adt

]2
, (434)

where ∆ and Σ are defined following (402). We recall that the Reissner–Nordstrøm geometry is the particular case a = 0
of a nonrotating black hole.
The electromagnetic vector potential around the Kerr–Newman black hole is given in Boyer–Lindquist coordinates by

A = −QΣ−1r(dt − a sin2 θdφ). (435)

The electromagnetic field tensor is then

F = dA = 2QΣ−2[(r2 − a2 cos2 θ)dr ∧ dt − 2a2r cos θ sin θdθ ∧ dt

− a sin2 θ(r2 − a2 cos2 θ)dr ∧ dφ + 2ar(r2 + a2) cos θ sin θdθ ∧ dφ]. (436)

After some preliminary work in Refs. [386–388], the occurrence of pair production in a Kerr–Newman geometry was
addressed by Deruelle [389]. In a Reissner–Nordström geometry, QED pair production has been studied by Zaumen [390]
and Gibbons [391]. The corresponding problem of QED pair production in the Kerr–Newman geometry was addressed by
Damour and Ruffini [68], who obtained the rate of pair production with particular emphasis on:

• the limitations imposed by pair production on the strength of the electromagnetic field of a black hole [372];
• the efficiency of extracting rotational and Coulomb energy (the ‘‘blackholic’’ energy) from a black hole by pair production;
• the possibility of having observational consequences of astrophysical interest.

In the following, we recall the main results of the work by Damour and Ruffini.
In order to study the pair production in the Kerr–Newman geometry, they introduced at each event (t, r, θ, φ) a local

Lorentz frame associatedwith a stationary observerO at the event (t, r, θ, φ). A convenient frame is defined by the following
orthogonal tetrad [67]

ω(0) = (∆/Σ)1/2(dt − a sin2 θdφ), (437)

ω(1) = (Σ/∆)1/2dr, (438)

ω(2) = Σ1/2dθ, (439)

ω(3) = sin θΣ−1/2((r2 + a2)dφ − adt). (440)

In this Lorentz frame, the electric potential A0, the electric field E and themagnetic fieldB are given by the following formulas
(c.e.g. Ref. [392]),

A0 = ω(0)a A
a,

Eα = ω
(0)
β F

αβ ,

Bβ =
1
2
ω(0)γ ε

αγ δβFγ δ.

We then obtain

A0 = −Qr(Σ∆)−1/2, (441)

while the electromagnetic fields E and B are parallel to the direction of ω(1) and have strengths given by

E(1) = QΣ−2(r2 − a2 cos2 θ), (442)

B(1) = QΣ−22ar cos θ, (443)

respectively. The maximal strength Emax of the electric field is obtained in the case a = 0 at the horizon of the black hole:
r = r+. We have

Emax = Q/r2+. (444)

In the original paper a limit on the black holemassMmax ' 7.2·106M�was established by requiring that the pair production
process would last less than the age of the Universe. For masses much smaller than this absolute maximum mass the pair
production process can drastically modify the electromagnetic structure of black hole.
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Both the gravitational and the electromagnetic background fields of the Kerr–Newman black hole are stationary when
considering the quantum field of the electron. Since meM ' 1014 � 1 the gravitational field of the background black
hole is practically constant over the Compton wavelength of the electron characterizing the quantum field. As far as purely
QED phenomena such as pair production are concerned, it is possible to consider the electric andmagnetic fields defined by
Eqs. (442) and (443) as constants in the neighborhood of a fewwavelengths around any events (r, θ, φ, t). Thus, the analysis
and discussion on the Sauter–Euler–Heisenberg–Schwinger process over a flat space–time can be locally applied to the case
of the curved Kerr–Newman geometry, based on the equivalence principle.
The rate of pair production around a Kerr–Newman black hole can be obtained from the Schwinger formula (174) for

parallel electromagnetic fields ε = E(1) and β = B(1) as:

Γ̃

V
=
αE(1)B(1)
4π2

∞∑
n=1

1
n
coth

(
nπB(1)
E(1)

)
exp

(
−
nπEc
E(1)

)
. (445)

The total number of pairs produced in a region D of the space–time is

N =
∫
D
d4x
√
−g

Γ̃

V
, (446)

where
√
−g = Σ sin θ . In Ref. [68], it was assumed that for each created pair the particle (or antiparticle) with the same sign

of charge as the black hole was expelled to infinity with charge e, energyω and angular momentum lφ while the antiparticle
was absorbed by the black hole. This implies the decrease of charge, mass and angular momentum of the black hole and
a corresponding extraction of all three quantities. These considerations, however, were profoundly modified later by the
introduction of the concept of dyadosphere which is presented in the next section. The rates of change of the charge, mass
and angular momentum were estimated by

Q̇ = −Re,

Ṁ = −R〈ω〉,

L̇ = −R〈lφ〉,

(447)

where R = Ṅ is the rate of pair production and 〈ω〉 and 〈lφ〉 represent some suitable mean values for the energy and angular
momentum carried by the pairs.
Supposing the maximal variation of black hole charge to be 1Q = −Q , one can estimate the maximal number of pairs

created and the maximal mass–energy variation. It was concluded in Ref. [68] that the maximal mass–energy variation in
the pair production process is larger than 1041 erg and up to 1058erg, depending on the black hole mass, see Table 1 in [68].
They concluded at the time ‘‘this work naturally leads to a most simple model for the explanation of the recently discovered
γ -ray bursts’’.

7.5. The ‘‘dyadosphere’’ in Reissner–Nordström geometry

After the discovery in 1997 of the afterglow of GRBs [393] and the determination of the cosmological distance of their
sources, at once of the order of 103 theories explaining them were wiped out on energetic grounds. On the contrary, it was
noticed [394,395] the coincidence between their observed energetics and the one theoretically predicted by Damour and
Ruffini [68] of 1054 ergs per burst forM = M�. Ruffini and collaborators therefore, indirectlymotivated by GRBs, returned to
these theoretical results with renewed interest developing some additional basic theoretical concepts [394,396–401] such
as the dyadosphere and, more recently, the dyadotorus. In this Section we restore constants G, c and h̄ for clarity.
As a first simplifying assumption the case of absence of rotation was considered. The space–time is then described by the

Reissner–Nordström geometry, see (434) whose spherically symmetric metric is given by

d2s = gtt(r)d2t + grr(r)d2r + r2d2θ + r2 sin2 θd2φ , (448)

where gtt(r) = −
[
1− 2GM

c2r
+
Q 2G
c4r2

]
≡ −α2(r) and grr(r) = α−2(r).

The first result obtained is that the pair creation process does not occur at the horizon of the black hole: it extends over
the entire region outside the horizon in which the electric field exceeds the value E? of the order of magnitude of the critical
value given by Eq. (1). We recall the pair creation process is a quantum tunneling between the positive and negative energy
states, which needs a level crossing, can occur for E? < Ec as well, if the field extent to spatial dimension D∗ such that
D∗E∗ = 2mec2/e. The probability of such pair creation process will be exponentially damped by exp(−πD∗/λc). Clearly,
very intense process of pair creation will occur for E∗ > Ec . In order to give a scale of the phenomenon, and for definiteness,
in Ref. [397] it was considered the case of E? ≡ Ec , although later in order to take into due account the tunneling effects we
have considered dyadosphere for electric field in the range

E? = κEc, (449)
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with κ in the range 0.1–10. Since the electric field in the Reissner–Nordström geometry has only a radial component given
by [402]

E (r) =
Q
r2
, (450)

this region extends from the horizon radius, for κ = 1

r+ = 1.47 · 105µ(1+
√
1− ξ 2) cm (451)

out to an outer radius [394]

r? =
(
h̄
mec

)1/2 (GM
c2

)1/2 (mp
me

)1/2 ( e
qp

)1/2 ( Q
√
GM

)1/2
= 1.12 · 108

√
µξ cm, (452)

where we have introduced the dimensionless mass and charge parameters µ = M
M�
, ξ = Q

(M
√
G)
≤ 1, see Fig. 19.

The second result gave the local number density of electron and positron pairs created in this region as a function of
radius

ne+e−(r) =
Q

4πr2
(
h̄
mec

)
e

[
1−

( r
r?

)2]
, (453)

and consequently the total number of electron and positron pairs in this region is

N◦e+e− '
Q − Qc
e

[
1+

(r? − r+)
h̄
mec

]
, (454)

where Qc = Ecr2+.
The total number of pairs is larger by an enormous factor r?/ (h̄/mec) > 1018 than the value Q/ewhich a naive estimate

of the discharge of the black holewould have predicted. Due to this enormous amplification factor in the number of pairs cre-
ated, the region between the horizon and r? is dominated by an essentially high density neutral plasma of electron–positron
pairs. This regionwas defined [394] as the dyadosphere of the black hole from theGreek duas, duados for pairs. Consequently
we have called r? the dyadosphere radius r? ≡ rds [394,396,397]. The vacuum polarization process occurs as if the entire
dyadosphere is subdivided into a concentric set of shells of capacitors each of thickness h̄/mec and each producing a number
of e+e− pairs on the order of∼ Q/e (see Fig. 19). The energy density of the electron–positron pairs is there given by

ε(r) =
Q 2

8πr4

(
1−

(
r
rds

)4)
, (455)

(see Figs. 2 and 3 of Ref. [396]). The total energy of pairs converted from the static electric energy and deposited within the
dyadosphere is then

Edya =
1
2
Q 2

r+

(
1−

r+
rds

)[
1−

(
r+
rds

)4]
. (456)

In the limit r+rds → 0, Eq. (456) leads to Edya →
1
2
Q 2
r+
, which coincides with the energy extractable from black holes by

reversible processes (Mir = const.), namely EBH −Mir = 1
2
Q 2
r+
[378], see Fig. 18. Due to the very large pair density given by

Eq. (453) and to the sizes of the cross-sections for the process e+e− ↔ γ + γ , the system has been assumed to thermalize
to a plasma configuration for which

ne+ = ne− ∼ nγ ∼ n
◦

e+e− , (457)

where n◦e+e− is the total number density of e
+e−-pairs created in the dyadosphere [396,397]. In Fig. 20 we show the average

energy per pair as a function of the black hole mass in solar mass units [397]. This assumption has been in the meantime
rigorously proven by Aksenov, Ruffini and Vereshchagin [74], see Chapter 9.
The third result, again introduced for simplicity, is that for a given Edya it was assumed either a constant average energy

density over the entire dyadosphere volume, or a more compact configuration with energy density equal to its peak value.
These are the two possible initial conditions for the evolution of the dyadosphere (see Fig. 21).
The above theoretical results permit a good estimate of the general energetics processes originating in the dyadosphere,

assuming an already formed black hole and offer a theoretical framework to estimate the general relativistic effect and
characteristic time scales of the approach to the black hole horizon [404–409].
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Fig. 18. The energy extracted by the process of vacuum polarization is plotted (solid lines) as a function of the mass M in solar mass units for selected
values of the charge parameter ξ = 1, 0.1, 0.01 (from top to bottom) for a Reissner–Nordström black hole, the case ξ = 1 reachable only as a limiting
process. For comparison we have also plotted the maximum energy extractable from a black hole (dotted lines) given by Eq. (428). Details in Ref. [396].

7.6. The ‘‘dyadotorus’’

We turn now to examine how the presence of rotationmodifies the geometry of the surface containing the region where
electron–positron pairs are created as well as the conditions for the existence of such a surface. Due to the axial symmetry
of the problem, this region was called the ‘‘dyadotorus’’ [410,411].
We shall follow the treatment of [410,411]. As in Damour [382,412] we introduce at each point of the space–time the

orthogonal Carter tetrad ((437)–(440)).
From Eq. (442) we define the dyadotorus by the condition |E(1)| = κEc , where 10−1 ≤ κ ≤ 10, see Fig. 22. Solving for

r and introducing the dimensionless quantities ξ = Q/(
√
GM), µ = M/M�, α̃ = ac2/(GM), Ẽ = κ Ec M�c4/G3/2 and

r̃ = rc2/(GM)we get(
rd
±
c2

GM

)2
=

ξ

2µẼ
− α̃2 cos2 θ ±

√
ξ 2

4µ2Ẽ2
−
2ξ

µẼ
α̃2 cos2 θ , (458)

where the± signs correspond to the two different parts of the surface.
The two parts of the surface join at the particular values θ∗ and π − θ∗ of the polar angle where

θ∗ = arccos

(
1

2
√
2α̃

√
ξ

µE

)
.

The requirement that cos θ∗ ≤ 1 can be solved for instance for the charge parameter ξ , giving a range of values of ξ for
which the dyadotorus takes one of the shapes (see Fig. 23)

surface =
{
ellipsoid-like if ξ ≥ ξ∗
thorus-like if ξ < ξ∗

(459)

where ξ∗ = 8µẼ α̃2.
In Fig. 23 we show some examples of the dyadotorus geometry for different sets of parameters for an extreme Kerr–

Newman black hole (a2c8/G2 + Q 2/G = M2), we can see the transition from a toroidal geometry to an ellipsoidal one
depending on the value of the black hole charge.
Fig. 24 shows the projections of the surfaces corresponding to different values of the ratio |E(1)|/Ec ≡ κ for the same

choice of parameters as in Fig. 23 (b), as an example. We see that the region enclosed by such surfaces shrinks for increasing
values of κ .
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Fig. 19. The dyadosphere of a Reissner–Nordström black hole can be represented as equivalent to a concentric set of capacitor shells, each one of thickness
h̄/mec and producing a number of e+e− pairs of the order of ∼ Q/e on a timescale of 10−21 s, where Q is the black hole charge. The shells extend in a
region of thickness1r , from the horizon r+ out to the dyadosphere outer radius rds (see text). The system evolves to a thermalized plasma configuration.
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Fig. 20. The average energy per pair is shown here as a function of the black hole mass in solar mass units for ξ = 1 (solid line), ξ = 0.5 (dashed line) and
ξ = 0.1 (dashed and dotted line).

Equating (442) and (449) for θ = π/2 and α̃ = 1 we get

µ =
ξ

κ
× 5× 105. (460)

7.7. Geometry of gravitationally collapsing cores

In the previous sections we have focused on the theoretically well defined problem of pair creation in the electric field of
an already formed black hole. In this section we shall follow the treatment of Cherubini et al. [404] addressing some specific
issues on the dynamical formation of the black hole, recalling first the Oppenheimer–Snyder solution and then considering
its generalization to the charged case using the classical work of Israel and de la Cruz [70,71].

7.7.1. The Tolman–Oppenheimer–Snyder solution
Oppenheimer and Snyder first found a solution of the Einstein equations describing the gravitational collapse of

spherically symmetric star ofmass greater than∼0.7M�. In this sectionwebriefly review their pioneeringwork as presented
in Ref. [69].
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Fig. 21. (Left) Selected lines corresponding to fixed values of the Edya are given as a function of the two parameters µξ , only the solutions below the
continuous heavy line are physically relevant. The configurations above the continuous heavy lines correspond to unphysical solutions with rds < r+ .
(Right) There are two different approximations for the energy density profile inside the dyadosphere. The first one (dashed line) fixes the energy density
equal to its peak value, and computes an ‘‘effective’’ dyadosphere radius accordingly. The second one (dotted line) fixes the dyadosphere radius to its correct
value, and assumes a uniform energy density over the dyadosphere volume. The total energy in the dyadosphere is of course the same in both cases. The
solid curve represents the real energy density profile. Details in [403].

In a spherically symmetric space–time there can be found coordinates (t, r, θ, φ) such that the line element takes the
form

ds2 = eνdt2 − eλdr2 − r2dΩ2, (461)

dΩ2 = dθ2 + sin2 θdφ2, ν = ν(t, r), λ = λ(t, r). However the gravitational collapse problem is better solved in a system
of coordinates (τ , R, θ, φ) which are comoving with the matter inside the star. In comoving coordinates the line element
takes the form

ds2 = dτ 2 − eσdR2 − eωdΩ2,

ω = ω(τ, R), ω = ω(τ, R). Einstein equations read

8πT 11 = e
−ω
− e−σ

ω′2

4
+ ω̈ +

3
4
ω̇2 (462)

8πT 22 = 8πT
3
3 = −

e−σ

4

(
2ω′′ + ω′2 − σ ′ω′

)
+
1
4
(2σ̈ + σ̇ 2 + 2ω̈ + ω̇2 + σ̇ ω̇) (463)

8πT 44 = e
−ω
− e−σ

(
ω′′ +

3
4
ω′2 −

σ ′ω′

2

)
+
ω̇2

4
+
σ̇ ω̇

2
(464)

8πeσ T 14 = −8πT
4
1 =

1
2
ω′(ω̇ − σ̇ )+ ω̇′ (465)

where Tµν is the energy–momentum tensor of the stellar matter, a dot denotes a derivative with respect to τ and a prime
denotes a derivative with respect to R. Oppenheimer and Snyder were only able to integrate Eqs. (462)–(465) in the case
when the pressure p of the stellar matter vanishes and no energy is radiated outwards. In the following we thus put p = 0.
Under this hypothesis

T 11 = T
2
2 = T

3
3 = T

1
4 = T

4
1 = 0, T 44 = ρ

where ρ is the comoving density of the star. Eq. (465) was first integrated by Tolman in Ref. [413]. The solution is

eσ = eωω′2/4f 2(R), (466)

where f = f (R) is an arbitrary function. In Ref. [69] the case f (R) = 1 was studied. In Section 7.7.2 below the hypothesis
f (R) = 1 is relaxed in the case of a shell of dust. Substitution of Eq. (466) into Eq. (462) with f (R) = 1 gives

ω̈ +
3
4
ω̇2 = 0, (467)

which can be integrated to give

eω = (Fτ + G̃)4/3, (468)
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Fig. 22. The projections of the dyadotorus on the X–Z plane corresponding to different values of the ratio E/Ec = κ are shown (upper panel) for µ = 10
and λ = 1.49 · 104 . The corresponding plot for the dyadosphere with the same mass energy and charge to mass ratio is shown in the lower panel for
comparison.
Source: Reproduced from [411].

where F = F(R) and G̃ = G̃(R) are arbitrary functions. Substitution of Eq. (466) into Eq. (463) gives Eq. (467) again. From
Eqs. (464), (466) and (468) the density ρ can be found as

8πρ =
4
3

(
τ +

G̃
F

)−1 (
τ +

G̃′

F ′

)−1
. (469)

There is still the gauge freedom of choosing R so to have

G̃ = R3/2.

Moreover, arbitrary initial density profile can be chosen, i.e., for the density at the initial time τ = 0, ρ0 = ρ0(R). Eq. (469)
then becomes

FF ′ = 9πR2ρ0(R)

whose solution contains only one arbitrary integration constant. It is thus seen that the choice of Oppenheimer and Snyder of
f (R) = 1 allows one to assign only a 1-parameter family of functions for the initial values ρ̇0 = ρ̇0(R) of ρ̇. However in gen-
eral one should be able to assign the initial values of ρ̇ arbitrarily. Thiswill be done in Section 7.7.2 in the case of a shell of dust.
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Fig. 23. The projection of the dyadotorus on the X–Z plane (X = r sin θ , Z = r cos θ are Cartesian-like coordinates built up simply using the
Boyer–Lindquist radial and angular coordinates) is shown for an extreme Kerr–Newman black hole with µ = 10 and different values of the charge
parameter ξ = [1, 1.3, 1.49, 1.65] × 10−4 (from (a) to (d) respectively). The black circle represents the black hole horizon. Details in [410,411].

Choosing, for instance,

ρ0 =

{
const > 0 if R < Rb
0 if R ≥ Rb,

Rb being the comoving radius of the boundary of the star, gives

F =


−
3
2
r1/2+

(
R
Rb

)3/2
if R < Rb

−
3
2
r1/2+ if R ≥ Rb

where r+ = 2M is the Schwarzschild radius of the star.
We are finally in the position of performing a coordinate transformation from the comoving coordinates (τ , R, θ, φ)

to new coordinates (t, r, θ, φ) in which the line elements looks like (461). The requirement that the line element be the
Schwarzschild one outside the star fixes the form of such a coordinate transformation to be

r = (Fτ + G)2/3

t =


2
3
r−1/2+ (R3/2b − r

3/2
+ y

3/2)− 2r+y1/2 + r+ log
y1/2 + 1
y1/2 − 1

if R < Rb

2

3r1/2+
(R3/2 − r3/2)− 2(rr+)1/2 + r+ log

r1/2 + r1/2+
r1/2 − r1/2+

if R ≥ Rb,

where

y =
1
2

[(
R
Rb

)2
− 1

]
+
Rbr
r+R

.
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Fig. 24. The projections of the surfaces corresponding to different values of the ratio |E(1)|/Ec ≡ κ are shown for the same choice of parameters as in
Fig. 23 (b), as an example. The grey shaded region is part of the ‘‘dyadotorus’’ corresponding to the case κ = 1 as plotted in Fig. 23 (b). The region delimited
by dashed curves corresponds to κ = 0.8, i.e., to a value of the strength of the electric field smaller than the critical one, and contains the dyadotorus; the
latter in turn contains the white region corresponding to κ = 1.4, i.e., to a value of the strength of the electric field greater than the critical one. Details
in [410].

7.7.2. Gravitational collapse of charged and uncharged shells
It is well known that the role of exact solutions has been fundamental in the development of general relativity. In this

section, we present these exact solutions for a charged shell of matter collapsing into a black hole. Such solutions were
found in Ref. [404] and are new with respect to the Tolman–Oppenheimer–Snyder class. For simplicity we consider the
case of zero angular momentum and spherical symmetry. This problem is relevant on its own account as an addition to the
existing family of interesting exact solutions and also represents some progress in understanding the role of the formation of
the horizon and of the irreduciblemass aswill be discussed in Section 7.8.1, see e.g. [405]. It is also essential in improving the
treatment of the vacuum polarization processes occurring during the formation of a black hole discussed in [407,414–417]
and references therein.
Israel and de La Cruz [70,71] showed that the problem of a collapsing charged shell can be reduced to a set of ordinary

differential equations. We reconsider here the following relativistic system: a spherical shell of electrically charged dust
which is moving radially in the Reissner–Nordström background of an already formed nonrotating black hole of mass M1
and charge Q1, with Q1 ≤ M1. The Einstein–Maxwell equations with a charged spherical dust as source are

Gµν = 8π
[
T (d)µν + T

(em)
µν

]
, ∇µF νµ = 4π jν, ∇[µFνρ] = 0, (470)

where

T (d)µν = εuµuν, T (em)µν =
1
4π

(
FµρFρν −

1
4
gµνFρσ Fρσ

)
, jµ = σuµ. (471)

Here T (d)µν , T
(em)
µν and jµ are respectively the energy–momentum tensor of the dust, the energy–momentum tensor of the

electromagnetic field Fµν and the charge 4-current. The mass and charge density in the comoving frame are given by ε, σ
and ua is the 4-velocity of the dust. In spherical–polar coordinates the line element is

ds2 ≡ gµνdxµdxν = −eν(r,t)dt2 + eλ(r,t)dr2 + r2dΩ2, (472)

where dΩ2 = dθ2 + sin2 θdφ2.
We describe the shell by using the four-dimensional Dirac distribution δ(4) normalized as∫

δ(4)
(
x, x′

)√
−gd4x = 1 (473)

where g = det
∥∥gµν∥∥. We then have

ε (x) = M0

∫
δ(4) (x, x0) r2dτdΩ, (474)

σ (x) = Q0

∫
δ(4) (x, x0) r2dτdΩ. (475)
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M0 and Q0 respectively are the rest mass and the charge of the shell and τ is the proper time along the world surface
S : x0 = x0 (τ ,Ω) of the shell. S divides the space–time into two regions: an internal oneM− and an external oneM+. As
we will see in the next section for the description of the collapse we can choose eitherM− orM+. The two descriptions,
clearly equivalent, will be relevant for the physical interpretation of the solutions.
Introducing the orthonormal tetrad

ω
(0)
± = f

1/2
± dt, ω

(1)
± = f

−1/2
± dr, ω(2) = rdθ, ω(3) = r sin θdφ; (476)

we obtain the tetrad components of the electric field

E = Eω(1) =


Q
r2

ω
(1)
+ outside the shell

Q1
r2

ω
(1)
− inside the shell,

(477)

where Q = Q0 + Q1 is the total charge of the system. From the Gtt Einstein equation we get

ds2 =
{
−f+dt2+ + f

−1
+
dr2 + r2dΩ2 outside the shell

−f−dt2− + f
−1
−
dr2 + r2dΩ2 inside the shell,

(478)

where f+ = 1 − 2M
r +

Q 2

r2
, f− = 1 −

2M1
r +

Q 21
r2
and t− and t+ are the Schwarzschild-like time coordinates inM− andM+

respectively. HereM is the total mass–energy of the system formed by the shell and the black hole, measured by an observer
at rest at infinity.
Indicating by r0 the Schwarzschild-like radial coordinate of the shell and by t0± its time coordinate, from the Gtr Einstein

equation we have

M0
2

[
f+ (r0)

dt0+
dτ
+ f− (r0)

dt0−
dτ

]
= M −M1 −

Q 20
2r0
−
Q1Q0
r0

. (479)

The remaining Einstein equations are identically satisfied. From (479) and the normalization condition uµuµ = −1 we find(
dr0
dτ

)2
=

1
M20

(
M −M1 +

M20
2r0
−
Q 20
2r0
−
Q1Q0
r0

)2
− f− (r0)

=
1
M20

(
M −M1 −

M20
2r0
−
Q 20
2r0
−
Q1Q0
r0

)2
− f+ (r0) , (480)

dt0±
dτ
=

1
M0f± (r0)

(
M −M1 ∓

M20
2r0
−
Q 20
2r0
−
Q1Q0
r0

)
. (481)

We now define, as usual, r± ≡ M ±
√
M2 − Q 2: when Q < M , r± are real and they correspond to the horizons of the

new black hole formed by the gravitational collapse of the shell. We similarly introduce the horizons r1
±
= M1±

√
M21 − Q

2
1

of the already formed black hole. From (479) we have that the inequality

M −M1 −
Q 20
2r0
−
Q1Q0
r0

> 0 (482)

holds for r0 > r+ if Q < M and for r0 > r1+ if Q > M since in these cases the left-hand side of (479) is clearly positive.
Eqs. (480) and (481) (together with (478), (477)) completely describe a 5-parameter (M , Q , M1, Q1, M0) family of solutions
of the Einstein–Maxwell equations.
For astrophysical applications [407] the trajectory of the shell r0 = r0 (t0+) is obtained as a function of the time coordinate

t0+ relative to the space–time regionM+. In the following we drop the+ index from t0+. From (480) and (481) we have

dr0
dt0
=
dr0
dτ
dτ
dt0
= ±

F
Ω

√
Ω2 − F , (483)

where

F ≡ f+ (r0) = 1−
2M
r0
+
Q 2

r20
, Ω ≡ Γ −

M20 + Q
2
− Q 21

2M0r0
, Γ ≡

M −M1
M0

. (484)

Since we are interested in an imploding shell, only the minus sign case in (483) will be studied. We can give the following
physical interpretation of Γ . IfM −M1 ≥ M0, Γ coincides with the Lorentz γ factor of the imploding shell at infinity; from
(483) it satisfies

Γ =
1√

1−
(
dr0
dt0

)2
r0=∞

≥ 1. (485)
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WhenM − M1 < M0 then there is a turning point r∗0 , defined by
dr0
dt0

∣∣∣
r0=r∗0
= 0. In this case Γ coincides with the ‘‘effective

potential’’ at r∗0 :

Γ =

√
f−
(
r∗0
)
+M−10

(
−
M20
2r∗0
+
Q 20
2r∗0
+
Q1Q0
r∗0

)
≤ 1. (486)

The solution of the differential equation (483) is given by:∫
dt0 = −

∫
Ω

F
√
Ω2 − F

dr0. (487)

The functional form of the integral (487) crucially depends on the degree of the polynomial P (r0) = r20
(
Ω2 − F

)
, which is

generically two, but in special cases has lower values. We therefore distinguish the following cases:

1. M = M0 +M1;Q 1 = M1;Q = M : P (r0) is equal to 0, we simply have

r0(t0) = const. (488)

2. M = M0 +M1;M2
− Q 2 = M2

1 − Q 21;Q 6= M : P (r0) is a constant, we have

t0 = const+
1

2
√
M2 − Q 2

[
(r0 + 2) r0 + r2+ log

(
r0 − r+
M

)
+ r2
−
log

(
r0 − r−
M

)]
. (489)

3. M = M0 +M1;M2
− Q 2 6= M2

1 − Q 21 : P (r0) is a first order polynomial and

t0 = const+ 2r0
√
Ω2 − F

[
M0r0

3
(
M2 − Q 2 −M21 + Q

2
1

)
+

(
M20 + Q

2
− Q 21

)2
− 9MM0

(
M20 + Q

2
− Q 21

)
+ 12M2M20 + 2Q

2M20
3
(
M2 − Q 2 −M21 + Q

2
1

)2
]

−
1√

M2 − Q 2

[
r2
+
arctanh

(
r0
r+

√
Ω2 − F
Ω+

)
− r2
−
arctanh

(
r0
r−

√
Ω2 − F
Ω−

)]
, (490)

whereΩ± ≡ Ω (r±).
4. M 6= M0 +M1: P (r0) is a second order polynomial and

t0 = const−
1

2
√
M2 − Q 2

{
2Γ
√
M2 − Q 2

Γ 2 − 1
r0
√
Ω2 − F

+ r2
+
log

[
r0
√
Ω2 − F
r0 − r+

+
r20
(
Ω2 − F

)
+ r2
+
Ω2
+
−
(
Γ 2 − 1

)
(r0 − r+)2

2 (r0 − r+) r0
√
Ω2 − F

]

− r2
−
log

[
r0
√
Ω2 − F
r0 − r−

+
r20
(
Ω2 − F

)
+ r2
−
Ω2
−
−
(
Γ 2 − 1

)
(r0 − r−)2

2 (r0 − r−) r0
√
Ω2 − F

]

−

[
2MM0

(
2Γ 3 − 3Γ

)
+M20 + Q

2
− Q 21

]√
M2 − Q 2

M0
(
Γ 2 − 1

)3/2 log

[
r0
M

√
Ω2 − F

+
2M0

(
Γ 2 − 1

)
r0 −

(
M20 + Q

2
− Q 21

)
Γ + 2M0M

2M0M
√
Γ 2 − 1

]}
. (491)

In the case of a shell falling in a flat background (M1 = Q1 = 0) it is of particular interest to study the turning points r∗0 of
the shell trajectory. In this case Eq. (480) reduces to(

dr0
dτ

)2
=
1
M20

(
M +

M20
2r0
−
Q 2

2r0

)2
− 1. (492)

Case (2) has no counterpart in this new regime and Eq. (482) constrains the possible solutions to only the following cases:

1. M = M0; Q = M0. r0 = r0 (0) constantly.
2. M = M0;Q < M0. There are no turning points, the shell starts at rest at infinity and collapses until a Reissner–Nordström
black hole is formed with horizons at r0 = r± ≡ M ±

√
M2 − Q 2 and the singularity in r0 = 0.
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Fig. 25. Collapse curves in the plane (T , R) forM = 20M� and for different values of the parameter ξ . The asymptotic behavior is the clear manifestation
of general relativistic effects as the horizon of the black hole is approached. Details in [404].

3. M 6= M0. There is one turning point r∗0 .

(a) M < M0, then necessarily is Q < M0. Positivity of the right-hand side of (492) requires r0 ≤ r∗0 , where r
∗

0 =
1
2
Q 2−M20
M−M0

is the unique turning point. Then the shell starts from r∗0 and collapses until the singularity at r0 = 0 is reached.
(b) M > M0. The shell has finite radial velocity at infinity.

i. Q ≤ M0. The dynamics are qualitatively analogous to case (2).

ii. Q > M0. Positivity of the right-hand side of (492) and (482) requires that r0 ≥ r∗0 , where r
∗

0 =
1
2
Q 2−M20
M−M0

. The shell
starts from infinity and bounces at r0 = r∗0 , reversing its motion.

In this regime the analytic forms of the solutions are given by Eqs. (490) and (491), simply settingM1 = Q1 = 0.
Of course, it is of particular interest for the issue of vacuum polarization the time varying electric field Er0 =

Q
r20
on the

external surface of the shell. In order to study the variability of Er0 with time it is useful to consider in the tridimensional

space of parameters (r0, t0, Er0) the parametric curveC :
(
r0 = λ, t0 = t0(λ), Er0 =

Q
λ2

)
. In astrophysical applications [407]

we are specially interested in the family of solutions such that dr0dt0 is 0 when r0 = ∞ which implies that Γ = 1. In Fig. 25

we plot the collapse curves in the plane (t0, r0) for different values of the parameter ξ ≡ Q
M , 0 < ξ < 1. The initial data are

chosen so that the integration constant in Eq. (490) is equal to 0. In all the cases we can follow the details of the approach
to the horizon which is reached in an infinite Schwarzschild time coordinate.
In Fig. 26 we plot the parametric curves C in the space (r0, t0, Er0) for different values of ξ . Again we can follow the

exact asymptotic behavior of the curves C, Er0 reaching the asymptotic value
Q
r2
+

. The detailed knowledge of this asymptotic

behavior is of relevance for the observational properties of the black hole formation, see e.g. [405,407].

7.8. The maximum energy extractable from a black hole

The theoretical analysis of the collapsing shell considered in the previous section allows to reach a deeper understanding
of the mass formula of black holes at least in the case of a Reissner–Nordström black hole. This allows as well to give an
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Fig. 26. Electric field behavior at the surface of the shell forM = 20M� and for different values of the parameter ξ . The asymptotic behavior is the clear
manifestation of general relativistic effects as the horizon of the black hole is approached. Details in [404].

expression of the irreducible mass of the black hole only in terms of its kinetic energy of the initial rest mass undergoing
gravitational collapse and its gravitational energy and kinetic energy at the crossing of the black hole horizon. It also allows
to create a scenario for acceleration of the ultrahigh energy cosmic rays with energy typically 1021 eV from black holes, as
opposed to the process of vacuum polarization producing pairs with energies in the MeV region. We shall follow in this
Section the treatment by Ruffini and Vitagliano [406].

7.8.1. The formula of the irreducible mass of a black hole
The main objective of this section is to clarify the interpretation of the mass–energy formula [378] for a black hole. For

simplicity we study the case of a nonrotating black hole using the results presented in the previous section. As we saw there,
the collapse of a nonrotating charged shell can be described by exact analytic solutions of the Einstein–Maxwell equations.
Consider to two complementary regions in which the world surface of the shell divides the space–time:M− andM+. They
are static space–times; we denote their time-like Killing vectors by ξµ− and ξ

µ
+ respectively.M+ is foliated by the family{

Σ+t : t+ = t
}
of space-like hypersurfaces of constant t+.

The splitting of the space–time into the regionsM− andM+ allows two physically equivalent descriptions of the collapse
and the use of one or the other depends on the question one is studying. The use ofM− proves helpful for the identification
of the physical constituents of the irreduciblemasswhileM+ is needed to describe the energy extraction process from black
hole. The equation of motion for the shell, Eq. (480), reduces in this case to(

M0
dr0
dτ

)2
=

(
M +

M20
2r0
−
Q 2

2r0

)2
−M20 (493)

inM− and(
M0
dr0
dτ

)2
=

(
M −

M20
2r0
−
Q 2

2r0

)2
−M20 f+ (494)

inM+. The constraint (482) becomes

M −
Q 2

2r0
> 0. (495)
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SinceM− is a flat space–time we can interpret −
M20
2r0
in (493) as the gravitational binding energy of the system. Q

2

2r0
is its

electromagnetic energy. Then Eqs. (493) and (494) differ by the gravitational and electromagnetic self-energy terms from
the corresponding equations of motion of a test particle.
Introducing the total radial momentum P r ≡ M0ur = M0

dr0
dτ of the shell, we can express the kinetic energy of the shell

as measured by static observers inM− as T ≡ −M0uµξ
µ
− −M0 =

√
(P r)2 +M20 −M0. Then from Eq. (493) we have

M = −
M20
2r0
+
Q 2

2r0
+

√
(P r)2 +M20 = M0 + T −

M20
2r0
+
Q 2

2r0
(496)

where we choose the positive root solution due to the constraint (495). Eq. (496) is the mass formula of the shell, which
depends on the time-dependent radial coordinate r0 and kinetic energy T . IfM ≥ Q , a black hole is formed and we have

M = M0 + T+ −
M20
2r+
+
Q 2

2r+
, (497)

where T+ ≡ T (r+) and r+ = M +
√
M2 − Q 2 is the radius of the external horizon of that

M = Mir +
Q 2

2r+
, (498)

so it follows that

Mir = M0 −
M20
2r+
+ T+, (499)

namely thatMir is the sum of only three contributions: the rest massM0, the gravitational potential energy and the kinetic
energy of the rest mass evaluated at the horizon. Mir is independent of the electromagnetic energy, a fact noticed by
Bekenstein [418]. We have taken one further step here by identifying the independent physical contributions to Mir. This
has important consequences for the energetics of black hole formation (see [405]).
Next we consider the physical interpretation of the electromagnetic term Q 2

2r0
, which can be obtained by evaluating the

Killing integral∫
Σ
+
t

ξ
µ
+T

(em)
µν dΣ

ν
=

∫
∞

r0
r2dr

∫ 1

0
d cos θ

∫ 2π

0
dφ T (em)00 =

Q 2

2r0
, (500)

whereΣ+t is the space-like hypersurface inM+ described by the equation t+ = t = const, with dΣν as its surface element
vector. The quantity in Eq. (500) differs from the purely electromagnetic energy∫

Σ
+
t

nµ+T
(em)
µν dΣ

ν
=
1
2

∫
∞

r0
dr
√
grr
Q 2

r2
, (501)

where nµ+ = f
−1/2
+ ξ

µ
+ is the unit normal to the integration hypersurface and grr = f+. This is similar to the analogous

situation for the total energy of a static spherical star of energy density ε within a radius r0, m (r0) = 4π
∫ r0
0 dr r

2ε, which
differs from the pure matter energy

mp (r0) = 4π
∫ r0

0
dr
√
grr r2ε

by the gravitational energy (see [392]). Therefore the term Q 2
2r0
in the mass formula (496) is the total energy of the electro-

magnetic field and includes its own gravitational binding energy. This energy is stored throughout the regionM+, extending
from r0 to infinity.

7.8.2. Extracting electromagnetic energy from a subcritical and overcritical black hole
We now turn to the problem of extracting the electromagnetic energy from a black hole (see [378]). We can distinguish

between two conceptually physically different processes, depending onwhether the electric field strength E = Q
r2
is smaller

or greater than the critical value Ec. The maximum value E+ = Q
r2
+

of the electric field around a black hole is reached at the

horizon. In what follows we restore G, h̄ and c.
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For E+ < Ec the leading energy extraction mechanism consists of a sequence of discrete elementary decay processes of
a particle into two oppositely charged particles. The condition E+ < Ec implies

ξ ≡
Q
√
GM

.


GM/c2

λC

(
e
√
Gme

)−1
∼ 10−6

M
M�

if
M
M�
≤ 106

1 if
M
M�

> 106,
(502)

where λC is the Compton wavelength of the electron. Denardo and Ruffini [375] and Denardo, Hively and Ruffini [376] have
defined as the effective ergosphere the region around a black hole where the energy extraction processes occur. This region
extends from the horizon r+ up to a radius

rEerg =
GM
c2

[
1+

√
1− ξ 2

(
1−

e2

Gm2e

)]
'
e
me

Q
c2
. (503)

The energy extraction occurs in a finite number NPD of such discrete elementary processes, each one corresponding to a
decrease of the black hole charge. We have

NPD '
Q
e
. (504)

Since the total extracted energy is (see Eq. (498)) E tot = Q 2
2r+
, we obtain for the mean energy per accelerated particle

〈E〉PD =
E tot

NPD

〈E〉PD =
Qe
2r+
=
1
2

ξ

1+
√
1− ξ 2

e
√
Gme

mec2 '
1
2
ξ
e
√
Gme

mec2, (505)

which gives

〈E〉PD .


M
M�
1021 eV if

M
M�
≤ 106

1027 eV if
M
M�

> 106.
(506)

One of the crucial aspects of the energy extraction process from a black hole is its back reaction on the irreducible
mass expressed in [378]. Although the energy extraction processes can occur in the entire effective ergosphere defined by
Eq. (503), only the limiting processes occurring on the horizon with zero kinetic energy can reach the maximum efficiency
while approaching the condition of total reversibility (see Fig. 2 in [378] for details). The farther from the horizon that a
decay occurs, the more it increases the irreducible mass and loses efficiency. Only in the complete reversibility limit [378]
can the energy extraction process from an extreme black hole reach the upper value of 50% of the total black hole energy.
For E+ ≥ Ec the leading extraction process is the collective process based on the generation of the optically thick

electron–positron plasma by the vacuum polarization. The condition E+ ≥ Ec implies

GM/c2

λC

(
e
√
Gme

)−1
' 2 · 10−6

M
M�
≤ ξ ≤ 1. (507)

This vacuum polarization process can occur only for a black hole with mass smaller than 5 · 105M�. The electron–positron
pairs are now produced in the dyadosphere of the black hole. We have

rdya � rEerg. (508)

The number of particles created [397] is then

Ndya =
1
3

(
rdya
λC

)(
1−

r+
rdya

)[
4+

r+
rdya
+

(
r+
rdya

)2] Q
e
'
4
3

(
rdya
λC

)
Q
e
. (509)

The total energy stored in the dyadosphere is [397]

E totdya =

(
1−

r+
rdya

)[
1−

(
r+
rdya

)4] Q 2
2r+
'
Q 2

2r+
. (510)
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The mean energy per particle produced in the dyadosphere 〈E〉dya =
E totdya
Ndya
is then

〈E〉dya =
3
2

1−
(
r+
rdya

)4
4+ r+

rdya
+

(
r+
rdya

)2 ( λCrdya
)
Qe
r+
'
3
8

(
λC

rdya

)
Qe
r+
, (511)

which can be also rewritten as

〈E〉dya '
3
8

(
rdya
r+

)
mec2 ∼

√
ξ

M/M�
105 keV. (512)

We stress again that the vacuum polarization around a black hole has been observed to reach theoretically the maximum
efficiency limit of 50% of the total mass–energy of an extreme black hole (see e.g. [397]).
Let us now compare and contrast these two processes. We have

rEerg '
(
rdya
λC

)
rdya, Ndya '

(
rdya
λC

)
NPD, 〈E〉dya '

(
λC

rdya

)
〈E〉PD . (513)

Moreover we see (Eqs. (506) and (512)) that 〈E〉PD is in the range of energies of UHECR (see [419] and references therein),
while for ξ ∼ 0.1 and M ∼ 10M�, 〈E〉dya is in the Gamma ray range. In other words, the discrete particle decay process
involves a small number of particles with ultrahigh energies (∼1021 eV), while vacuum polarization involves a much larger
number of particles with lower mean energies (∼10 MeV).

7.9. A theorem on a possible disagreement between black holes and thermodynamics

This analysis of vacuum polarization process around black holes is so general that it allows as well to look back to
traditional results on black hole physics with an alternative point of view. We quote in particular a result which allows
to overcome a claimed inconsistency between general relativity and thermodynamics in the field of black holes.
It is well known that if a spherically symmetric mass distribution without any electromagnetic structure undergoes free

gravitational collapse, its total mass–energy M is conserved according to the Birkhoff theorem: the increase in the kinetic
energy of implosion is balanced by the increase in the gravitational energy of the system. If one considers the possibility that
part of the kinetic energy of implosion is extracted then the situation is very different: configurations of smallermass–energy
and greater density can be attained without violating Birkhoff theorem in view of the radiation process.
From a theoretical physics point of view it is still an open question how far such a sequence can go: using causality

nonviolating interactions, can one find a sequence of braking and energy extraction processes by which the density and the
gravitational binding energy can increase indefinitely and the mass–energy of the collapsed object be reduced at will? This
question can also be formulated in themass formula language [378] (see also Ref. [405]): given a collapsing core of nucleons
with a given rest mass–energyM0, what is the minimum irreducible mass of the black hole which is formed?
Following the previous two sections, consider a spherical shell of rest mass M0 collapsing in a flat space–time. In the

neutral case the irreducible mass of the final black hole satisfies Eq. (499). Theminimum irreducible massM(min)
irr is obtained

when the kinetic energy at the horizon T+ is 0, that is when the entire kinetic energy T+ has been extracted.We then obtain,
from Eq. (499), the simple result

M(min)
irr =

M0
2
. (514)

We conclude that in the gravitational collapse of a spherical shell of rest massM0 at rest at infinity (initial energyMi = M0),
an energy up to 50% ofM0c2 can in principle be extracted, by braking processes of the kinetic energy. In this limiting case the
shell crosses the horizon with T+ = 0. The limit

M0
2 in the extractable kinetic energy can further increase if the collapsing

shell is endowed with kinetic energy at infinity, since all that kinetic energy is in principle extractable.
We have represented in Fig. 27 the world lines of spherical shells of the same rest mass M0, starting their gravitational

collapse at rest at selected radii r∗0 . These initial conditions can be implemented by performing suitable braking of the
collapsing shell and concurrent kinetic energy extraction processes at progressively smaller radii (see also Fig. 28). The
reason for the existence of the minimum (514) in the black hole mass is the ‘‘self-closure’’ occurring by the formation of a
horizon in the initial configuration (thick line in Fig. 27).
Is the limit Mirr →

M0
2 actually attainable without violating causality? Let us consider a collapsing shell with charge Q .

IfM ≥ Q a black hole is formed. As pointed out in the previous section the irreducible mass of the final black hole does not
depend on the charge Q . Therefore Eqs. (499) and (514) still hold in the charged case. In Fig. 28 we consider the special case
in which the shell is initially at rest at infinity, i.e. has initial energyMi = M0, for three different values of the charge Q . We
plot the initial energy Mi, the energy of the system when all the kinetic energy of implosion has been extracted as well as

the sum of the rest mass energy and the gravitational binding energy−M
2
0
2r0
of the system (here r0 is the radius of the shell).
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Fig. 27. Collapse curves for neutral shells with restmassM0 starting from rest at selected radii R∗ computed by using the exact solutions given in Ref. [404].
A different value of Mirr (and therefore of r+) corresponds to each curve. The time parameter is the Schwarzschild time coordinate t and the asymptotic
behavior at the respective horizons is evident. The limiting configuration Mirr =

M0
2 (solid line) corresponds to the case in which the shell is trapped, at

the very beginning of its motion, by the formation of the horizon.

Fig. 28. Energetics of a shell such thatMi = M0 , for selected values of the charge. In the first diagram Q = 0; the dashed line represents the total energy
for a gravitational collapse without any braking process as a function of the radius R of the shell; the solid, stepwise line represents a collapse with suitable
braking of the kinetic energy of implosion at selected radii; the dotted line represents the rest mass energy plus the gravitational binding energy. In the
second and third diagram Q/M0 = 0.7, Q/M0 = 1 respectively; the dashed and the dotted lines have the samemeaning as above; the solid lines represent
the total energy minus the kinetic energy. The region between the solid line and the dotted line corresponds to the stored electromagnetic energy. The
region between the dashed line and the solid line corresponds to the kinetic energy of collapse. In all the cases the sum of the kinetic energy and the
electromagnetic energy at the horizon is 50% of M0 . Both the electromagnetic and the kinetic energy are extractable. It is most remarkable that the same
underlying process occurs in the three cases: the role of the electromagnetic interaction is twofold: (a) to reduce the kinetic energy of implosion by the
Coulomb repulsion of the shell; (b) to store such an energy in the region around the black hole. The stored electromagnetic energy is extractable as shown
in Ref. [405].

In the extreme case Q = M0, the shell is in equilibrium at all radii (see Ref. [404]) and the kinetic energy is identically zero.
In all three cases, the sum of the extractable kinetic energy T and the electromagnetic energy Q

2

2r0
reaches 50% of the rest

mass energy at the horizon, according to Eq. (514).
What is the role of the electromagnetic field here? If we consider the case of a charged shell with Q ' M0,

the electromagnetic repulsion implements the braking process and the extractable energy is entirely stored in the
electromagnetic field surrounding the black hole (see Ref. [405]). We emphasize here that the extraction of 50% of the
mass–energy of a black hole is not specifically linked to the electromagnetic field but depends on three factors: (a) the
increase of the gravitational energy during the collapse, (b) the formation of a horizon, (c) the reduction of the kinetic
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energy of implosion. Such conditions are naturally met during the formation of an extreme black hole with Q = M , but
as we have seen, they are more general and can indeed occur in a variety of different situations, e.g. during the formation of
a Schwarzschild black hole by a suitable extraction of the kinetic energy of implosion (see Figs. 27 and 28).
Before closing let us consider a test particle of massm in the gravitational field of an already formed Schwarzschild black

hole of mass M and go through such a sequence of braking and energy extraction processes. Kaplan [420] found for the
energy E of the particle as a function of the radius r

E = m

√
1−

2M
r
. (515)

It would appear from this formula that the entire energy of a particle could be extracted in the limit r → 2M . Such 100%
efficiency of energy extraction has often been quoted as evidence for incompatibility between General Relativity and the
second principle of Thermodynamics (see Ref. [421] and references therein). J. Bekenstein and S. Hawking have gone as
far as to consider General Relativity not to be a complete theory and to conclude that in order to avoid inconsistencies
with thermodynamics, the theory should be implemented through a quantum description [421–424]. Einstein himself often
expressed the opposite point of view (see, e.g., Ref. [425] and references therein).
The analytic treatment presented in Section 7.7.2 can clarify this fundamental issue. It allows to express the energy

increase E of a black hole of massM1 through the accretion of a shell of massM0 starting its motion at rest at a radius r0 in
the following formula which generalizes Eq. (515):

E ≡ M −M1 = −
M20
2r0
+M0

√
1−

2M1
r0
, (516)

where M = M1 + E is clearly the mass–energy of the final black hole. This formula differs from the Kaplan formula (515)
in three respects: (a) it takes into account the increase of the horizon area due to the accretion of the shell; (b) it shows the
role of the gravitational self-energy of the imploding shell; (c) it expresses the combined effects of (a) and (b) in an exact
closed formula.
The minimum value Emin of E is attained for the minimum value of the radius r0 = 2M: the horizon of the final black

hole. This corresponds to the maximum efficiency of the energy extraction. We have

Emin = −
M20
4M
+M0

√
1−

M1
M
= −

M20
4(M1 + Emin)

+M0

√
1−

M1
M1 + Emin

, (517)

or solving the quadratic equation and choosing the positive solution for physical reasons

Emin =
1
2

(√
M21 +M

2
0 −M1

)
. (518)

The corresponding efficiency of energy extraction is

ηmax =
M0 − Emin

M0
= 1−

1
2
M1
M0

(√
1+

M20
M21
− 1

)
, (519)

which is strictly smaller than 100% for any given M0 6= 0. It is interesting that this analytic formula, in the limit M1 � M0,
properly reproduces the result of Eq. (514), corresponding to an efficiency of 50%. In the opposite limitM1 � M0 we have

ηmax ' 1−
1
4
M0
M1
. (520)

Only for M0 → 0, Eq. (519) corresponds to an efficiency of 100% and correctly represents the limiting reversible trans-
formations. It seems that the difficulties of reconciling General Relativity and Thermodynamics are ascribable not to an
incompleteness of General Relativity but to the use of the Kaplan formula in a regime in which it is not valid.

7.10. Astrophysical gravitational collapse and black holes

The time evolution of the gravitational collapse (occurring on characteristic gravitational timescale τ = GM/c3 '
5 · 10−5M/M� s) and the associated electrodynamical process are too complex for direct description. We addressed here a
more confined problem: the vacuum polarization process around an already formed Kerr–Newman black hole. This is a well
defined problemwhich deserves attention. It is theoretically expected to represent a physical state asymptotically reached in
the process of gravitational collapse. Such an asymptotic configuration will be reached when all multipoles departing from
the Kerr–Newman geometry have been radiated away either by process of vacuum polarization or electromagnetic and
gravitational waves. What is most important is that by performing this theoretical analysis we can have a direct evaluation
of the energetics and of the spectra and dynamics of the e+e− plasma created on the extremely short timescale due to
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the quantum phenomena of 1t = h̄/(mec2) ' 10−21 s. This entire transient phenomena, starting from an initial neutral
condition of the core in the progenitor star, undergoes the formation of the Kerr–Newman black hole by the collective
effects of gravitation, strong, weak, electromagnetic interactions during a fraction of the above mentioned gravitational
characteristic timescale of collapse.
After the process of vacuum polarization all the electromagnetic energy of incipient Kerr–Newman black hole will be

radiated away and almost neutral Kerr solution will be left and reached asymptotically in time. In a realistic gravitational
collapse the theoretical picture described abovewill be further amplified by the presence of high-energy processes including
neutrino emission and gravitational waves emission with their electromagnetic coupling: the gravitationally induced
electromagnetic radiation and electromagnetically induced gravitational radiation [426,427].
Similarly, in the next sectionwe proceed to a deeper understanding of other collective plasma phenomena also studied in

idealized theoretically well defined cases. They will play an essential role in the astrophysical description of the dynamical
phase of gravitational collapse.

8. Plasma oscillations in electric fields

We have seen in the previous sections the application of the Sauter–Heisenberg–Euler–Schwinger process for electron–
positron pair production in the heavy nuclei, in the laser and in the last section in the field of black holes. The case of black
holes is drastically different from all the previous ones. The number of electron–positron pairs created is of the order of 1060,
the plasma expected is optically thick and is very different from the nuclear collisions and laser case where pairs are very
few and therefore optically thin. The following dynamical aspects need to be addressed.

1. the back reaction of pair production on the external electric field;
2. the screening effect of pairs on the external electric field strengths;
3. the motion of pairs and their interactions.

When these dynamical effects are considered, the pair production in an external electric field is no longer only a process
of quantum tunneling in a constant static electric field. In fact, it turns out to be amuchmore complex process during which
all the three abovementioned effects play an important role.More precisely, a phenomenon of electron–positron oscillation,
plasma oscillation, takes place. We are going to discuss such plasma oscillation phenomenon in this Section. As we will see
in this Section these phenomena can become also relevant for heavy-ion collisions. After giving the basic equations for
description of plasma oscillations we give first some applications in the field of heavy ions. In this Section in all formulas we
use c = h̄ = 1.

8.1. Semi-classical theory of plasma oscillations in electric fields

In the semi-classical QED [428,429], one quantizes only theDirac fieldψ(x), while an external electromagnetic fieldAµ(x)
is treated classically as a mean field. This is the self-consistent mean field or Gaussian approximation that can be formally
derived as the leading term in the large-N limit of QED, where N is the number of charged matter fields [429–433]. The
motion of these electrons can be described by a Dirac equation in an external classical electromagnetic potential Aµ(x),

[γµ(i∂µ − eAµ)−m]ψ(x) = 0 (521)

and the semi-classical Maxwell equation,

∂µFµν = 〈jν(x)〉, jν(x) = i
e
2
[ψ̄(x), γ νψ(x)], (522)

where jν(x) is the electron and positron current and the expectation value is with respect to the quantum states of the
electron field. The dynamics that these equations describe is not only the motion of electron and positron pairs, but also
their back reaction on the external electromagnetic field. The resultant phenomenon is the so-called plasma oscillation that
we will discuss based on both a simplified model of semi-classical scalar QED and kinetic Boltzmann–Vlasov equation as
presented in Refs. [428,429,434–436].
A scheme for solving the back reaction problem in scalar QED was offered in Refs. [428,429]. Based on this scheme, a

numerical analysis wasmade in (1+1)-dimensional case [434]. Eqs. (521) and (522) are replaced by the scalar QED coupled
equations for a charged scalar fieldΦ(x),

[(i∂µ − eAµ)2 −m2e ]Φ(x) = 0. (523)

The current jν(x) of the charged scalar field in the semi-classical Maxwell equation (522) is,

jν(x) = i
e
2
[Φ∗(x)∂νΦ(x)− Φ(x)∂νΦ∗(x)]. (524)
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Now, consider a spatially homogeneous electric field E = Ez(t)ẑ in the ẑ-direction. A corresponding gauge potential is
A = Az(t)ẑ, A0 = 0. Defining E ≡ Ez , A ≡ Az and j ≡ jz , the Maxwell equations (522) reduce to the single equation

d2A
dt2
= 〈j(x)〉, (525)

for the potential and E = −dA/dt .
The quantized scalar field Φ(x) in Eq. (523) can be expanded in terms of plane waves with operator-valued amplitudes

fk(t)ak and f ∗−k(t)b
Ď
k,

Φ(x) =
1
V 1/2

∑
k
[fk(t)ak + f ∗−k(t)b

Ď
k]e
−ikx, (526)

where V is the volume of the system and the time-independent creation and annihilation operators obey the commutation
relations

[ak, a
Ď

k′ ] = [bk, b
Ď

k′ ] = δk,k′ , (527)
and each k-mode function fk obeys the Wronskian condition,

fk ḟ ∗k − ḟkf
∗

k = i. (528)

The time dependency in this basis (ak, b
Ď
k) ((526) and (527)) is carried by the complex mode functions fk(t) that satisfy the

following equation of motion, as demanded from the QED coupled Eq. (523) of Klein–Gordon type,(
d2

dt2
+ ω2k(t)

)
fk(t) = 0, (529)

where the time-dependent frequency ω2k(t) is given by

ω2k(t) ≡ [k− eA]
2
+m2e = [k− eA(t)]

2
+ k2

⊥
+m2e . (530)

Here k is the constant canonicalmomentum in the ẑ-direction which should be distinguished from the gauge invariant, but
time-dependent kinetic momentum,

p(t) = k− eA(t),
dp
dt
= eE, (531)

which reflects the acceleration of the charged particles due to the electric field, while in the directions transverse to the
electric field the kinetic and canonical momenta are the same k⊥ = p⊥.
The mean value of electromagnetic current (524) in the ẑ-direction is then

〈j(t)〉 = 2e
∫
d3k
(2π)3

[k− eA(t)]|fk(t)|2[1+ N+(k)+ N−(−k)], (532)

where N+(k) = 〈a
Ď
kak〉 and N−(k) = 〈b

Ď
kbk〉 are the mean numbers of particles and antiparticles in the time-independent

basis ((526) and (527)). The mean charge density must vanish,

〈j0(t)〉 = e
∫
d3k
(2π)3

[N+(k)− N−(−k)] = 0,
∫
d3k
(2π)3

≡
1
V

∑
k

by the Gauss law for a spatially homogeneous electric field (i.e., ∇ · E = 0). As a result, N+(k) = N−(−k) ≡ Nk. For the
vacuum state, Nk = 0. The Maxwell equation (525) for the evolution of electric field becomes,

d2A
dt2
= 2e

∫
d3k
(2π)3

[k− eA(t)]|fk(t)|2σk, σk = (1+ 2Nk). (533)

These two scalar QED coupled Eqs. (529) and (533) in (1 + 1)-dimensional case were numerically integrated in Ref. [434].
The results are shown in Fig. 29, where the time evolutions of the scaled electric field Ẽ ≡ E/Ec and current j̃ ≡ jh̄/(Ecmec2)
are shown as functions of time τ ≡ (mec2/h̄)t in unit of Compton time (h̄/mec2). Starting with a strong electric field, one
clearly finds the phenomenon of oscillating electric field E(t) and current j(t), i.e., plasma oscillation.
This phenomenon of plasma oscillation is shown in Fig. 29 and is easy to understand as follows. In a classical kinetic

picture, we have the electric current j = 2en〈v〉 where n is the density of electrons (or positrons) and 〈v〉 is their mean
velocity. Driven by the external electric field, the velocity 〈v〉 of electrons (or positrons) continuously increases, until the
electric field of electron and positron pairs screens the external electric field down to zero, and the kinetic energy of electrons
(or positrons) reaches itsmaximum. The electric current j saturates as the velocity 〈v〉 is close to the speed of light. Afterward,
these electrons and positrons continuously move apart from each other further, their electric field, whose direction is
opposite to the direction of the external electric field, increases and decelerates electrons and positrons themselves. Thus
the velocity 〈v〉 of electrons and positrons decreases, until the electric field reaches negative maximum and the velocity
vanishes. Then the velocity 〈v〉 of electrons and positrons starts to increase in backward direction and the electric field
starts to decrease for another oscillation cycle.
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Fig. 29. Time evolution of scaled electric field Ẽ and current j̃, with initial value Ẽ = 1.0 and coupling e2/m2e = 0.1. The solid line is semi-classical scalar
QED, and the dashed line is the Boltzmann–Vlasov model.
Source: This figure is reproduced from Fig. 1(a) in Ref. [434].

8.2. Kinetic theory of plasma oscillations in electric fields

In describing the same system as in the previous section it can be used, alternatively to the semi-classical theory, a
phenomenological model based on the following relativistic Boltzmann–Vlasov equation [434],

dF
dt
≡
∂F

∂t
+ eE

∂F

∂p
=

dN
dtdVd3p

, (534)

where the x-independent functionF (p, t) is a classical distribution function of particle and antiparticle pairs in phase space.
The source term in the right-hand side of Eq. (534) is related to the Schwinger rate Pboson (161) for the pair production of
spin-0 particle and antiparticle,

dN
dtdVd3p

= [1+ 2F (p, t)]Pbosonδ3(p), (535)

where the δ-function δ3(p) expresses the fact that particles are produced at rest and the factor [1+ 2F (p, t)] accounts for
stimulated pair production (Bose enhancement). The Boltzmann–Vlasov equation (534) for the distribution functionF (p, t)
is in fact attributed to the conservation of particle number in phase space.
In the field equation (525) for the classical gauge potential A, the electric current 〈j(x)〉 is contributed from the conduction

current,

jcond = 2e
∫
d3p
(2π)3

[p− eA(t)]
ωp

F (p, t), (536)

and the polarization current [437],

jpol =
2
E

∫
d3p
(2π)3

ωp
dN

dtdVd3p
. (537)

The relativistic Boltzmann–Vlasov equation (534) and field equation (525) with the conduction current (536) and the polar-
ization current (537) were numerically integrated [434] in (1+ 1)-dimensional case. The numerical integration shows that
the systemundergoes plasma oscillations. In Fig. 29 the results of the semi-classical analysis and the numerical integration of
the Boltzmann equation are compared. We see that they are in good quantitative agreement. The discrepancies are because
in addition to spontaneous pair production, the quantum theory takes into account pair production via bremsstrahlung
(‘‘induced’’ pair production), which are neglected in (534).
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In Refs. [438,439], the study of plasma oscillation was extended to the fermionic case. On the basis of semi-classical
theory of spinor QED, expressing the solution of the Dirac equation (521) as

ψ(x) = [γµ(i∂µ − eAµ)+me]φ(x),

where φ(x) is a four-component spinor, one finds that φ(x) satisfies the quadratic Dirac equation,[
(i∂µ − eAµ)2 −

e
2
σµνFµν −m2e

]
φ(x) = 0. (538)

The electric current of spinor field φ(x) couples to the external electric field that obeys the field equation (525).
The source term in the right-hand side of the kinetic Boltzmann–Vlasov equation (534) is changed to the Schwinger rate

Pfermion (160) for the pair production of electrons and positrons,

dN
dtdVd3p

= [1− 2F (p, t)]Pfermionδ3(p), (539)

where the Pauli blocking is taken into account by the factor [1− 2F (p, t)]. Analogously to the scalar QED case, both semi-
classical theory of spinor QED and kinetic Boltzmann–Vlasov equation have been analyzed and numerical integration was
made in the (1+1)-dimensional case [438,439]. The numerical results show that plasma oscillations of electric field, electron
and positron currents are similar to that plotted in Fig. 29.

8.3. Plasma oscillations in the color electric field of heavy ions

The Relativistic Heavy-Ion Collider (RIHC) at Brookhaven National Laboratory and Large Hadron Collider (LHC) at CERN
are designed with the goal of producing a phase of deconfined hadronic matter: the quark–gluon plasma. A popular
theoretical model for studying high-energy heavy-ion collisions begins with the creation of a flux tube containing a strong
color electric field [440]. The field energy is converted into particles such as quark and antiquark pairs and gluons that
are created by the Sauter–Euler–Heisenberg–Schwinger quantum tunneling mechanism. A relativistic Boltzmann–Vlasov
equation coupling to such particle creation source is phenomenologically adopted in a kinetic theory model for the
hydrodynamics of quark and gluon plasma [437,441–446].
In the collision of heavy-ion beams, one is clearly dealing with a situation that is not spatially homogeneous. However,

particle production in the central rapidity region can be modeled as hydrodynamical systemwith longitudinal boost invari-
ance [447–451]. To express the longitudinal boost invariance of the hydrodynamical system, one introduces the comoving
coordinates: fluid proper time τ and rapidity η by the relationships [452],

z = τ sinh(η), t = τ cosh η, (540)

in terms of the Minkowski time t and the coordinate z along the beam direction ẑ in the ordinary laboratory frame. The line
element and metric tensor in these coordinates are given by

ds2 = dτ 2 − dx2 − dy2 − τ 2dη2, gµν = diag(1,−1,−1,−τ 2), (541)

and

gµν = V aµV
b
ν ηab, V aµ = diag(1, 1, 1, τ ).

where the vierbein V aµ transforms the curvilinear coordinates to Minkowski coordinates and det(V ) =
√
−g = τ . The

covariant derivative on fermion field ψ(x) is given by [453]

∇µψ(x) ≡ [(i∂µ − eAµ)+ Γµ]ψ(x) (542)

and the spin connection Γµ is

Γµ =
1
2
ΣabVaν(∂µV νb + Γ

ν
µλV

λ
b ), Σab =

1
4
[γ a, γ b],

with Γ ν
µλ the usual Christoffel symbols and γ

a the usual coordinate-independent Dirac gamma matrices. The coordinate-
dependent gamma matrices γ̃ µ are obtained via

γ̃ µ = γ aVµa .

In the curved space time (541), the Dirac equation (521) and semi-classical Maxwell equation (522) are modified as

[iγ̃µ∇µ −me]ψ(x) = 0 (543)

and

1
√
−g

∂µ
√
−gFµν = 〈jν(x)〉, jν(x) =

e
2
[ψ̄(x), γ̃ νψ(x)]. (544)
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The phenomenological Boltzmann–Vlasov equation in (3+ 1)-dimensions can be also written covariantly as

DF
Dτ
≡ pµ

∂F

∂qµ
− epµFµν

∂F

∂pν
=

dN
√
−gdq0d3qdp

, (545)

where D/Dτ is the total proper time derivative. This kinetic transport equation is written in the comoving coordinates and
their conjugate momenta:

qµ = (τ , x, y, η), pµ = (pτ , px, py, pη).

Due to the longitudinal boost invariance, energy density and color electric field are spatially homogeneous, i.e., they are
functions of the proper time τ only [452]. Consequently, the approach for spatially homogeneous electric field presented in
Refs. [429,434,438,439] and discussed in the previous Section 8.2 is applicable to the phenomenon of plasma oscillations in
ultrarelativistic heavy-ion collisions [452] using Eq. (543) (resp. Eq. (545)) in the place of Eq. (521) (resp. Eq. (534)).

8.4. Quantum Vlasov equation

To understand the connection between the two frameworks of semi-classical field theory and classical kinetic theory,
both of which describe the plasma oscillations, one can try to study a quantum transport equation in the semi-classical
theory [436,454–456]. For this purpose, a Bogoliubov transformation from the time-independent number basis (ak, b

Ď
k)

((526) and (527)) to a time-dependent number basis [ãk(t), b̃
Ď
k(t)] is introduced [436,454,455],

fk(t) = αk(t)f̃k(t)+ βk(t)f̃ ∗k (t); (546)

ḟk(t) = −iωkαk(t)f̃k(t)+ iωkβk(t)f̃ ∗k (t), (547)

and

ak(t) = α∗k(t)ãk(t)− β
∗

k(t)b̃
Ď
−k(t); (548)

bĎ
−k(t) = αk(t)b̃

Ď
−k(t)− βk(t)ãk(t), (549)

where αk(t) and βk(t) are the Bogoliubov coefficients. They obey

|αk(t)|2 − |βk(t)|2 = 1,

for each mode k. In the limit of very slowly varying ωk(t) as a function of time t (530), i.e., ω̇k � ω2k and ω̈k � ω3k, the
adiabatic number basis [ãk(t), b̃

Ď
k(t)] is defined by first constructing the adiabatic mode functions,

f̃k(t) =
(
h̄
2ωk

)1/2
exp [−iΘk(t)] , Θk(t) =

∫ t

ωk(t ′)dt ′. (550)

The particle numberNk(t) in the time-dependent adiabatic number basis is given by

Nk(t) = 〈ã
Ď
k(t)ãk(t)〉 = 〈b̃

Ď
−k(t)b̃−k(t)〉

= |αk(t)|2Nk + |βk(t)|2[1+ Nk], (551)

which though time-dependent, is an adiabatic invariant of the motion. Consequently, it is a natural candidate for a particle
number density distribution function F (p, t) in the phase space, that is needed in a kinetic description.
By differentiatingNk(t) (551) and using the basic relationships (530), (547) and (550), one obtains,

Ṅk(t) =
ω̇k

ωk
Re {Ck(t) exp[−2iΘk(t)]} , Ck(t) = (1+ 2Nk)αk(t)β∗k(t), (552)

and

Ċk(t) =
ω̇k

2ωk
[1+ 2Nk(t)] exp[2iΘk(t)]. (553)

These two equations give rise to the quantum Vlasov equations [436,454,455],

Ṅk(t) = Sk(t), (554)

Sk(t) =
ω̇k

2ωk

∫ t

−∞

dt ′
ω̇k

ωk
(t ′)[1± 2Nk(t ′)] cos[2Θk(t)− 2Θk(t ′)], (555)

describing the time evolution of the adiabatic particle numberNk(t) of the mean field theory. Sk(t) describes the quantum
creation rate of particle number in an arbitrary slowly varying mean field. The Bose enhancement and Pauli blocking factors
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[1± 2Nk(t ′)] appear in Eq. (555) so that both spontaneous and induced particle creation are included automatically in the
quantum treatment. The most important feature of Eq. (555) is that the source term Sk(t) is nonlocal in time, indicating
the particle creation rate depending on the entire history of the system. This means that the time evolution of the particle
numberNk(t) governed by the quantum Vlasov equation is a non-Markovian process.
The mean electric current 〈j(t)〉 (532) in the basis of adiabatic number [ãk(t), b̃

Ď
k(t)] (547) and (549) can be rewritten as,

〈j(t)〉 = jcond + jpol, (556)

jcond = 2e
∫
d3k
(2π)3

[k− eA(t)]
ωk

Nk(t), (557)

jpol =
2
E

∫
d3k
(2π)3

ωkṄk(t), (558)

by using Eqs. (551) and (552). This means electric current 〈j(t)〉 enters into the right-hand side of the field equation (525).
For the comparison between the quantum Vlasov equation (555) and the classical Boltzmann–Vlasov equation (534),

the adiabatic particle numberNk(t) has to be understood as the counterpart of the classical distribution functionF (p, t) of
particle number in the phase space. The source term, that is composed by the Schwinger rate of pair production and the factor
[1±2Nk(t ′)] for either the Bose enhancement or Pauli blocking, is phenomenologically added into in the Boltzmann–Vlasov
equation (534). Such source term is local in time, indicating that the time evolution of the classical distribution function
F (p, t) is a Markovian process. In the limit of a very slowly varying uniform electric field E and at very large time t
the source term Sk(t) (555) integrated over momenta k reduces to the source term in the Boltzmann–Vlasov equation
(534) [436,454,455]. As a result, the conduction current jcond and the polarization current jpol in Eq. (556) are reduced to
their counterparts equation (536), (537) in the phenomenological model of kinetic theory. In Ref. [265,436,457–459], the
quantum Vlasov equation has been numerically studied to show the plasma oscillations and the non-Markovian effects.
They are also compared with the Boltzmann–Vlasov equation (534) that corresponds to the Markovian limit.

8.5. Quantum decoherence in plasma oscillations

As showed in Fig. 29, the collective oscillations of electric field E(t) and associate electric current 〈j(t)〉 are damped in
their amplitude. Moreover, as time increases, a decoherence in their oscillating frequency occurs [434,460]. This indicates
that plasma oscillations decay in time. This effective energy dissipation or time irreversibility is the phenomenon of quantum
decoherence [461] in the process of creation and oscillation of particles, in the sense that energy flows fromcollectivemotion
of the classical electromagnetic field to the quantum fluctuations of chargedmatter fields without returning back over times
of physical interest [460,462]. This means that the characteristic frequencyωk of the quantum fluctuationmode ‘‘k’’ is much
larger than the frequency ωpl of the classical electric field: ωk � ωpl and ω2pl ∼ 2e

2h̄np/(mec2) [436,460], where np is the
number density of particles and antiparticles. The study of quantum decoherence and energy dissipation associated with
particle production to understand the plasma oscillation frequency and damping can be found in Refs. [436,460,462].
To understand the energy dissipation from the collective oscillation of classical mean fields to rapid fluctuations of

quantum fields, it is necessary to use the Hamiltonian formalism of semi-classical theory. One defines the quantum
fluctuation ξk(t) upon classical mean field 〈Φk(t)〉 in the semi-classical scalar theory [436,460,462],

ξ 2k (t) = 〈[Φk(t)− 〈Φk(t)〉]
2
〉 = 〈Φk(t)Φ∗k(t)〉 − [〈Φk(t)〉]

2, (559)

where Φk(t) is the Fourier k-component of the quantized scalar field Φ(x) (526). In the time-independent basis (527) and
(528), one has (see Section 8),

ξ 2k (t) = σk|fk(t)|
2, (560)

and the mode equation (529) for fk(t) can be rewritten as

η̇k(t) = ξ̈k(t) = −ω2k(t)ξk(t)+
h̄2 σ 2k
4ξ 3k (t)

, (561)

where ηk(t) = ξ̇k(t) is the momentum canonically conjugate to ξk(t). Moreover, the semi-classical Maxwell equation (533)
is rewritten as

d2A
dt2
= 2e

∫
d3k
(2π)3

[k− eA(t)]ξ 2k (t). (562)

Eqs. (561) and (562) actually are Hamilton equations of motion,

η̇k(t) = −
δHeff

δξk(t)
, ṖA(t) = −

δHeff

δA(t)
, (563)
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Fig. 30. Absolute values of the decoherence functional |F12| as a function of time. The two field values are E and E −∆. The top figure shows (for fixed∆)
the sharp dependence of decoherence on particle production when |E| ≥ 0.2Ec . The second illustrates the relatively milder dependence on∆.
Source: These figures are reproduced from Fig. 2 in Ref. [460].

for a closed system with Hamiltonian,

Heff(A, PA, ξ , η, σ ) = V
E2

2
+ V

∫
d3k
(2π)3

(
η2k + ω

2
k(A)ξ

2
k +

h̄2 σ 2k
4ξ 2k

)
, (564)

where PA = Ȧ = −E is the momentum canonically conjugate to A, ωk(A) is the field-dependent frequency of quantum
fluctuations given by Eq. (530) and the value of mean field (559) vanishes, 〈Φk(t)〉 = 0, for each k-mode. In Eq. (564), the
first term is the electric energy and the second term is the energy of quantum fluctuations of chargedmatter field, interacting
with electric field.
Quantum decoherence can be studied within this Hamiltonian framework. If one considers only the time evolution of

classical electric field A(t), that is influenced by the quantum fluctuatingmodes fk(t), the latter can be treated as a heat bath
‘‘environment’’. Quantitative information about the quantumdecoherence is contained in the so-called influence functional,
which is a functional of two time evolution trajectories A1(t) and A2(t) [460]

F12(t) = exp[iΓ12(t)] = Tr(|A1(t)〉〈A2(t)|), (565)

where |A1,2(t)〉 are different time evolution states determined by Eq. (563), starting with the same initial state |A(0)〉 and
initial vacuum condition Nk = 0, σk = 1 (533). One finds [460],

Γ12(t) = −
i
2
ln
[
ih̄
|f1f2|

(
f1f ∗2

f1 ḟ ∗2 − ḟ1f
∗

2

)]
, (566)

in terms of the two sets of mode functions {f1(t)} and {f2(t)} (the subscript k is omitted). This Γ12 (566) is precisely the
closed time path (CTP) effective action functional which generates the connected real n-points vertices in the quantum
theory [463–470]. The absolute value of F12 (565)measures the influence of quantum fluctuations fk(t) on the time evolution
of the classical electric field A(t), i.e., the effect of quantum decoherence. If there is no influence of quantum fluctuations on
A(t), then |A1(t)〉 = |A2(t)〉 and |F12| = 1, otherwise A2(t) deviates from A1(t), |A1(t)〉 6= |A2(t)〉 and |F12| < 1. Numerical
results about the damping and the decoherence of the electric field are presented in Refs. [434,460] (see Figs. 29 and 30).
The effective damping discussed above is certainly collisionless, since the charged particle modes fk(t) interact only with

the electric field but not directly with each other. The damping of plasma oscillation attributed to the collisions between
charged particle modes fk(t)will be discussed in the next section.

8.6. Collision decoherence in plasma oscillations

If there are interactions between different modes k and species of particles, the time evolutions of electric field and the
distribution function F (p, t) of particle number in the phase space are certainly changed. This can be phenomenologically
studied in the relativistic Boltzmann–Vlasov equation (534) by adding collision terms C(p, t),

dF
dt
≡
∂F

∂t
+ eE

∂F

∂p
= Sp(t)+ C(p, t). (567)
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Fig. 31. Time evolution for electric field obtained using different relaxation times τr in the collision term of Eq. (568) and with the impulse external field
Eex(t) = −A0[b cosh2(t/b)]−1 , where A0 = 0.7 and b = 0.5. All dimensioned quantities are given in units of the mass-scalem.
Source: This figure is reproduced from Fig. 6 in Ref. [457].

These collision terms C(p, t) describe not only the interactions of different modes k of particles, but also interactions of
different species of particles, for example, electron and positron annihilation to two photons and vice versa. In Refs. [457,
459], the following equilibrating collision terms were considered,

C(p, t) =
1
τr
[F eq(p, t, T )− F (p, t)], (568)

where F eq(p, t, T ) is the thermal (Fermi or Bose) distribution function of particle number (fermions or bosons) at
temperature T , the relaxation time τr is determined by the mean free path λ(t) and mean velocity v̄(t) of particles, through

τr(t) = τc
λ(t)
v̄(t)

, (569)

and τc is a dimensionless parameter. λ(t) is computed from the number density n(t) of particles,

λ(t) =
1

[n(t)]1/3
, n(t) =

∫
d3k
(2π)3

F (p, t). (570)

Whereas, the mean velocity of particles is given by v̄(t) = p̄(t)/ε̄(t), expressed in terms of mean kinetic momentum p̄(t)
and energy ε̄(t) of particles. The mean values of momentum p̄(t) and energy ε̄(t) are computed [459] by using distribution
function F (p, t) regularized via the procedure described in Ref. [457] that yields the renormalized electric current (556).
The temperature T (t) in Eq. (568) is the ‘‘instantaneous temperature’’, which is determined by requiring that at each time t
the mean particle energy ε̄(t) is identical to that in an equilibrium distribution F eq(k, t, T ) at the temperature T (t),

ε̄(t) =
∫
d3k
(2π)3

ε(k)F eq
[k, t, T (t)]. (571)

This system of two coupled equations: (i) the field equation (525) with renormalized electric currents (556); (ii) the
relativistic Boltzmann–Vlasov equation (567)with the source termSp(t) (555) and equilibrating collision termC(p, t) (568),
are numerically integrated in Refs. [457,459]. One of these numerical results is presented in Fig. 31. It shows [457] that when
the collision timescale τr (569) is much larger than the plasma oscillation timescale τpl, τr � τpl, the plasma oscillations are
unaffected. On the other hand, when τr ∼ τpl the collision term has a significant impact on both the amplitude and the
frequency of the oscillations that result damped. There is a value of τr below which no oscillations arise and the system
evolves quickly and directly to thermal equilibrium. It is worthwhile to contrast this collision damping of plasma oscillation
with the collisionless damping effect due to rapid quantum fluctuations described in Section 8.5.

8.7. e+e−γ interactions in plasma oscillations in electric fields

In this section, a detailed report of the studies [72] of the relativistic Boltzmann–Vlasov equations for electrons, positrons
and photons with collision terms originated from annihilation of electrons and positrons pair into two photons and vice
versa is presented. These collision terms lead to the damping of plasma oscillation and possibly to energy equipartition of
particles. We focus on the evolution of a system of e+e− pairs created in a strongly overcritical electric field (E ∼ 10Ec),
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explicitly taking into account the process e+e− � γ γ . Since it is far from equilibrium the collisions cannot be modeled by
an effective relaxation time term in the transport equations, as discussed in the previous section. Rather the actual, time
varying, collision integrals have to be used.
Furthermore we are mainly interested in a system in which the electric field varies on macroscopic length scale and

therefore one can approximate an electric field as a homogeneous one. Also, transport equations are used for electrons,
positrons and photons, with collision terms, coupled to Maxwell equations, as introduced in Sections 8.1 and 8.2. There is
no free parameter here: the collision terms can be exactly computed, since theQED cross-sections are known. Starting froma
regimewhich is far from thermal equilibrium, one finds that collisions do not prevent plasma oscillations in the initial phase
of the evolution and analyze the issue of the timescale of the approach to an e+e−γ plasma equilibrium configuration.
As discussed in Sections 8.1 and 8.2 one can describe positrons (electrons) created by vacuum polarization in a strong

homogeneous electric field E through the distribution function fe+ (fe− ) in the phase space of positrons (electrons). Because
of homogeneity fe+ (fe− ) only depend on the time t and the positron (electron) 3-momentum p:

fe+,− = fe+,− (t, p) . (572)

Moreover, because of particle–antiparticle symmetry, one also has

fe+ (t, p) = fe− (t,−p) ≡ fe (t, p) . (573)

Analogously photons created by pair annihilation are described through the distribution function fγ in the phase space of
photons. k is the photon 3-momentum, then

fγ = fγ (t, k) . (574)

fe and fγ are normalized so that∫
d3p
(2π)3

fe (t, p) = ne (t) , (575)∫
d3k
(2π)3

fγ (t, k) = nγ (t) , (576)

where ne and nγ are number densities of positrons (electrons) and photons, respectively. For any function of the momenta,
one can denote by

〈F (p1, . . . , pn)〉e ≡ n
−n
e

∫
d3p1
(2π)3

· · ·
d3pn
(2π)3

F (p1, . . . , pn) · fe (p1) · . . . · fe (pn) , (577)

or

〈G (k1, . . . , kl)〉γ ≡ n−lγ

∫
d3k1
(2π)3

· · ·
d3kl
(2π)3

G (k1, . . . , kl) · fγ (k1) · . . . · fγ (kl) , (578)

its mean value in the phase space of positrons (electrons) or photons, respectively.
The motion of positrons (electrons) is the result of three contributions: the pair creation, the electric acceleration and

the annihilation damping. The probability density rate S (E, p) for the creation of a pair with 3-momentum p in the electric
field E is given by the Schwinger formula (see also Refs. [434,438]):

S (E, p) = (2π)3
dN

dtd3xd3p

= − |eE| log
[
1− exp

(
−
π(m2e + p

2
⊥
)

|eE|

)]
δ(p‖), (579)

where p‖ and p⊥ are the components of the 3-momentum p parallel and orthogonal to E, respectively. Also the energy is
introduced

εp =
(
p · p+m2e

)1/2
(580)

of an electron of 3-momentum p and the energy

εk = (k · k)1/2 (581)

of a photon of 3-momentum k. Then, the probability density rate Ce (t, p) for the creation (destruction) of a fermion with
3-momentum p is given by

Ce (t, p) '
1
εp

∫
d3p1

(2π)3 εp1

d3k1
(2π)3 εk1

d3k2
(2π)3 εk2

(2π)4 δ(4) (p+ p1 − k1 − k2)

×
∣∣Me+(p)e−(p1)→γ (k1)γ (k2)

∣∣2 [fe (p) fe (p1)− fγ (k1) fγ (k2)] , (582)
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where

Me+(p1)e−(p2)→γ (k1)γ (k2) =Me+(p1)e−(p2)←γ (k1)γ (k2) ≡M (583)

is the matrix element for the process

e+ (p1) e
− (p2)→ γ (k1) γ (k2) (584)

and as a first approximation, Pauli blocking and Bose enhancement (see, for instance, Ref. [438]) are neglected. Analogously
the probability density rate Cγ (t, p) for the creation (annihilation) of a photon with 3-momentum k is given by

Cγ (t, k) '
1
εk

∫
d3p1

(2π)3 εp1

d3p2
(2π)3 εp2

d3k1
(2π)3 εk1

(2π)4 δ(4) (p1 + p2 − k− k1)

×
∣∣Me+(p1)e−(p2)→γ (k)γ (k1)

∣∣2 [fe (p1) fe (p2)− fγ (k) fγ (k1)] . (585)

Finally the evolution of the pairs is governed by the transport Boltzmann–Vlasov equations

∂t fe + eE ·∇pfe = S (E, p)− Ce (t, p) , (586)

∂t fγ = 2Cγ (t, k) . (587)

Note that the collisional terms (582) and (585) are negligible, when created pairs do not produce a dense plasma.
Because pair creation back reacts on the electric field, as seen in Sections 8.1 and 8.2, Vlasov equations are coupled with

the homogeneous Maxwell equations, which read

∂tE = −jp (E)− jc (t) , (588)

where

jp (E) = 2
E
E2

∫
d3p
(2π)3

εpS (E, p) (589)

is the polarization current and

jc (t) = 2ene
∫
d3p
(2π)3

p
εp
fe (p) (590)

is the conduction current (see Ref. [437]).
Eqs. (586), (587) and (588) describe the dynamical evolution of the electron–positron pairs, the photons and the strong

homogeneous electric field due to the Schwinger process of pair creation, the pair annihilation into photons and the two
photons annihilation into pairs. It is hard to (evennumerically) solve this systemof integral andpartial differential equations.
It is therefore useful to introduce a simplification procedure of such a system through an approximation scheme. First of all
note that Eqs. (586) and (587) can be suitably integrated over the phase spaces of positrons (electrons) and photons to get
differential equations for mean values. The following exact equations for mean values are obtained:

d
dt
ne = S (E)− n2e

〈
σ1v
′
〉
e + n

2
γ

〈
σ2v
′′
〉
γ
,

d
dt
nγ = 2n2e

〈
σ1v
′
〉
e − 2n

2
γ

〈
σ2v
′′
〉
γ
,

d
dt
ne
〈
εp
〉
e = eneE · 〈v〉e +

1
2
E · jp − n

2
e

〈
εpσ1v

′′
〉
e + n

2
γ

〈
εkσ2v

′′
〉
γ
,

d
dt
nγ 〈εk〉γ = 2n

2
e

〈
εpσ1v

′
〉
e − 2n

2
γ

〈
εkσ2v

′′
〉
γ
,

d
dt
ne 〈p〉e = eneE− n

2
e

〈
pσ1v′

〉
e ,

d
dt
E = −2ene 〈v〉e − jp (E) , (591)

where

S (E) =
∫
d3p
(2π)3

S (E, p) (592)

≡
dN
dtd3x

, (593)
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is the total probability rate for Schwinger pair production. In Eqs. (591), v′′ = c the velocity of light and v′ = 2|p/εCoMp | is the
relative velocity between electrons and positrons in the reference frame of the center ofmass, where p = |pe± |, pe− = −pe+
are 3-momenta of electron and positron and εpe∓ = ε

CoM
p are their energies. σ1 = σ1

(
εCoMp

)
is the total cross-section for the

process e+e− → γ γ , and σ2 = σ2
(
εCoMk

)
is the total cross-section for the process γ γ → e+e−, here εCoM is the energy of a

particle in the reference frame of the center of mass.
In order to evaluate the mean values in system (591) some further hypotheses on the distribution functions are needed.

One defines p̄‖, ε̄p and p̄2⊥ such that〈
p‖
〉
e ≡ p̄‖, (594)〈

εp
〉
e ≡ ε̄p ≡ (p̄

2
‖
+ p̄2
⊥
+ m2e )

1/2. (595)

It is assumed

fe (t, p) ∝ ne (t) δ
(
p‖ − p̄‖

)
δ
(
p2
⊥
− p̄2
⊥

)
. (596)

Since in the scattering e+e− → γ γ the coincidence of the scattering direction with the incidence direction is statistically
favored, it is also assumed

fγ (t, k) ∝ nγ (t) δ
(
k2
⊥
− k̄2

⊥

) [
δ
(
k‖ − k̄‖

)
+ δ

(
k‖ + k̄‖

)]
, (597)

where k‖ and k⊥ have analogousmeaning as p‖ and p⊥ and the terms δ
(
k‖ − k̄‖

)
and δ

(
k‖ + k̄‖

)
account for the probability

of producing, respectively, forwardly scattered and backwardly scattered photons. Since the Schwinger source term (579)
implies that the positrons (electrons) have initially fixed p‖, namely p‖ = 0, assumption (596) and (597) means that the
distribution of p‖ (k‖) does not spread too much with time and, analogously, that the distribution of energies is sufficiently
peaked to be describable by a δ-function. As long as this condition is fulfilled, approximations (596) and (597) are applicable.
The actual dependence on the momentum of the distribution functions has been discussed in Ref. [436,438]. If Eqs. (596)
and (597) are substituted into the system (591) one gets a new system of ordinary differential equations. One can introduce
the inertial reference frame which on average coincides with the center of mass frame for the processes e+e− � γ γ , and
has εCoM ' ε̄ for each species, and therefore substituting Eqs. (596) and (597) into Eqs. (591) one finds

d
dt
ne = S (E)− 2n2eσ1ρ

−1
e

∣∣πe‖∣∣+ 2n2γ σ2,
d
dt
nγ = 4n2eσ1ρ

−1
e

∣∣πe‖∣∣− 4n2γ σ2,
d
dt
ρe = eneEρ−1e

∣∣πe‖∣∣+ 12Ejp − 2neρeσ1ρ−1e ∣∣πe‖∣∣+ 2nγ ργ σ2,
d
dt
ργ = 4neρeσ1ρ−1e

∣∣πe‖∣∣− 4nγ ργ σ2,
d
dt
πe‖ = eneE − 2neπe‖σ1ρ−1e

∣∣πe‖∣∣ ,
d
dt
E = −2eneρ−1e

∣∣πe‖∣∣− jp (E) , (598)

where

ρe = neε̄p, (599)

ργ = nγ ε̄k, (600)

πe‖ = nep̄‖ (601)

are the energy density of positrons (electrons), the energy density of photons and the density of ‘‘parallel momentum’’ of
positrons (electrons), E is the electric field strength and jp the unique component of jp parallel to E. σ1 and σ2 are evaluated
at εCoM = ε̄ for each species. Note that Eq. (598) are ‘‘classical’’ in the sense that the only quantum information is encoded
in the terms describing pair creation and scattering probabilities. Finally Eqs. (598) are duly consistent with energy density
conservation:

d
dt

(
ρe + ργ +

1
2
E2
)
= 0. (602)
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e

Fig. 32. Plasma oscillations in a strong homogeneous electric field: early time behavior. Setting E0 = 9Ec , t < 150τC and it is plotted, from the top to the
bottom panel: (a) electromagnetic field strength; (b) electron energy density; (c) electron number density; (d) photon energy density; (e) photon number
density as functions of time.

Eqs. (598) have to be integrated with the following initial conditions

ne = 0,
nγ = 0,
ρe = 0,
ργ = 0,
πe‖ = 0,
E = E0.

In Fig. 32 the results of the numerical integration for E0 = 9Ec is showed. The integration stops at t = 150 τC (where, as
usual, τC = h̄/mec2 is the Compton time of the electron). Each quantity is represented in units of me and λC = h̄/mec , the
Compton length of the electron.
The numerical integration confirms [434,438] that the system undergoes plasma oscillations:

1. the electric field does not abruptly reach the equilibrium value but rather oscillates with decreasing amplitude;
2. electrons and positrons oscillates in the electric field direction, reaching ultrarelativistic velocities;
3. the role of the e+e− � γ γ scatterings is marginal in the early time of the evolution.
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Fig. 33. Plasma oscillations in a strong homogeneous electric field: late time expected behavior. Setting E0 = 9Ec , t < 7000τC and it is plotted, from
the top to the bottom panel: (a) electromagnetic field strength; (b) electron energy density; (c) electron number density; (d) photon energy density;
(e) photon number density as functions of time — the oscillation period is not resolved in these plots. The model should have a breakdown at a time much
earlier than 7000τC and therefore this plot contains no more than qualitative information.

This last point can be easily explained as follows: since the electrons are too extremely relativistic, the annihilation
probability is very low and consequently the density of photons builds up very slowly (see details in Fig. 32).
At late times the system is expected to relax to a equilibrium configuration and assumptions (596) and (597) have to be

generalized to take into account quantum spreading of the distribution functions. It is nevertheless instructive to look at the
solutions of Eqs. (598) in this regime. Moreover, such a solution should give information at least at the order of magnitude
level. In Fig. 33 the numerical solution of Eqs. (598) is plotted, but the integration extends here all the way up to t = 7000 τC
(the timescale of oscillations is not resolved in these plots).
It is interesting that the leading term recovers the expected asymptotic behavior:

1. the electric field is screened to about the critical value: E ' Ec for t ∼ 103–104τC � τC;
2. the initial electromagnetic energy density is distributed over electron–positron pairs and photons, indicating energy
equipartition;

3. photons and electron–positron pairs number densities are asymptotically comparable, indicating number equipartition.
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At such late times a regime of thermalized electrons–positrons–photons plasma is expected to begin (as qualitatively
indicated by points 2 and 3 above) during which the system is describable by hydrodynamic equations [398,407].
Let us summarize the results in this section. A very simple formalism is provided to describe simultaneously the creation

of electron–positron pairs by a strong electric field E & Ec and the pairs annihilation into photons. As discussed in literature,
one finds plasma oscillations. In particular the collisions do not prevent such a feature. This is because the momentum of
electrons (positrons) is very high, therefore the cross-section for the process e+e− → γ γ is small and the annihilation into
photons is negligible in the very first phase of the evolution. As a result, the system takes some time (t ∼ 103–104τC) to a
equilibrium e+e−γ plasma configuration.

8.8. Electro-fluidodynamics of the pair plasma

In the previous section, collisional terms in theVlasov–Boltzmann equation are introduced, describing interaction of pairs
and photons via the reaction e+e− ↔ γ γ . These results have been considered of interest in the studies of pair production
in free electron lasers [60,236,237,259,262], in optical lasers [471], of millicharged fermions in extensions of the standard
model of particle physics [472], electromagnetic wave propagation in a plasma [267], as well in astrophysics [407].
In this section, following [73,473], the case of undercritical electric field is explored. It is usually expected that for

E < Ec back reaction of the created electrons and positrons on the external electric field can be neglected and electrons
and positrons would move as test particles along lines of force of electric field. Here it is shown that this is not the case in a
uniform unbounded field. This work is important since the first observation of oscillations effects should be first detectable
in experiments for the regime E < Ec , in view of the rapid developments in experimental techniques, see e.g. [268,271,272].
An approach is introduced based on continuity, energy–momentum conservation and Maxwell equations in order to

account for the back reaction of the created pairs. This approach is more simple than the one, presented in the previous
section. However, the final equations coincide with (598) when the interaction with photons can be neglected. By this
treatment one can analyze the new case of undercritical field, E < Ec , and recover the old results for overcritical field,
E > Ec . In particular, the range 0.15Ec < E < 10Ec is focused.
It is generally assumed that electrons and positrons are created at rest in pairs, due to vacuum polarization in uniform

electric field with strength E [7,20,25–27,33,202,203], with the average rate per unit volume and per unit time (164)

S(E) ≡
dN
dVdt

=
m4e
4π3

(
E
Ec

)2
exp

(
−π
Ec
E

)
. (603)

This formula is derived for uniform constant in time electric field. However, it still can be used for slowly time varying
electric field provided the inverse adiabaticity parameter [30–32,36,202,203,242], see Eq. (349), is much larger than one,

η =
me
ω

Epeak
Ec
= T̃ Ẽpeak � 1, (604)

where ω is the frequency of oscillations, T̃ = me/ω is dimensionless period of oscillations. Eq. (604) implies that time
variation of the electric field is much slower than the rate of pair production. In two specific cases considered in this section,
E = 10Ec and E = 0.15Ec one finds for the first oscillation η = 334 and η = 3.1 × 106 respectively. This demonstrates
applicability of the formula (603) in this case.
From the continuity, energy–momentum conservation and Maxwell equations written for electrons, positrons and

electromagnetic field one can have

∂ (n̄Uµ)
∂xµ

= S, (605)

∂Tµν

∂xν
= −Fµν Jν, (606)

∂Fµν

∂xν
= −4π Jµ, (607)

where n̄ is the comoving number density of electrons, Tµν is energy–momentum tensor of electrons and positrons

Tµν = men̄
(
Uµ(+)U

ν
(+) + U

µ

(−)U
ν
(−)

)
, (608)

Fµν is electromagnetic field tensor, Jµ is the total 4-current density,Uµ is four velocity respectively of positrons and electrons

Uµ(+) = U
µ
= γ (1, v, 0, 0) , Uµ(−) = γ (1,−v, 0, 0) , (609)

v is the average velocity of electrons, γ =
(
1− v2

)−1/2 is relativistic Lorentz factor. Electrons and positrons move along the
electric field lines in opposite directions.
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One can choose a coordinate frame where pairs are created at rest. Electric field in this frame is directed along x-axis.
Introduce coordinate number density n = n̄γ . In spatially homogeneous case from (605) one has

ṅ = S. (610)

With definitions (608) from (606) and equation of motion for positrons and electrons

me
∂Uµ(±)
∂xν

= ∓eFµν , (611)

one finds

∂Tµν

∂xν
= −en̄

(
Uν(+) − U

ν
(−)

)
Fµν +meS

(
Uµ(+) + U

µ

(−)

)
= −Fµν J

ν, (612)

where the total 4-current density is the sum of conducting Jµcond and polarization J
µ

pol currents [437] densities

Jµ = Jµcond + J
µ

pol, (613)

Jµcond = en̄
(
Uµ(+) − U

µ

(−)

)
, (614)

Jµpol =
2meS
E

γ (0, 1, 0, 0) . (615)

Energy–momentum tensor in (606) and electromagnetic field tensor in (607) change for two reasons: (1) electrons and
positrons acceleration in the electric field, given by the term Jµcond, (2) particle creation, described by the term J

µ

pol. Eq. (605)
is satisfied separately for electrons and positrons.
Defining energy density of positrons

ρ =
1
2
T 00 = menγ , (616)

one can find from (606)

ρ̇ = envE +meγ S. (617)

Due to homogeneity of the electric field and plasma, electrons and positrons have the same energy and absolute value of the
momentum density p, but their momenta have opposite directions. The definitions also imply for velocity and momentum
densities of electrons and positrons

v =
p
ρ
, (618)

and

ρ2 = p2 +m2en
2, (619)

which is just relativistic relation between the energy, momentum and mass densities of particles.
Gathering together the above equations one then has the following equations

ṅ = S, (620)

ρ̇ = E
(
env +

meγ S
E

)
, (621)

ṗ = enE +mevγ S, (622)

Ė = −8π
(
env +

meγ S
E

)
. (623)

From (621) and (623) one obtains the energy conservation equation

E20 − E
2

8π
+ 2ρ = 0, (624)

where E0 is the constant of integration, so the particle energy density vanishes for initial value of the electric field, E0.
These equations give also themaximumnumber of the pair density asymptotically attainable consistentlywith the above

rate equation and energy conservation

n0 =
E20
8πme

. (625)
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For simplicity dimensionless variables n = m3e ñ, ρ = m
4
e ρ̃, p = m

4
e p̃, E = Ec Ẽ, and t = m

−1
e t̃ are introduced. With these

variables the system of (620)–(623) takes the form

dñ
dt̃
= S̃,

dρ̃
dt̃
= ñẼṽ + γ̃ S̃, (626)

dp̃
dt̃
= ñẼ + γ̃ ṽS̃,

dẼ
dt̃
= −8πα

(
ñṽ +

γ̃ S̃

Ẽ

)
,

where S̃ = 1
4π3
Ẽ2 exp

(
−
π

Ẽ

)
, ṽ = p̃

ρ̃
and γ̃ =

(
1− ṽ2

)−1/2, α = e2/(h̄c) as before.
The system of Eqs. (626) is solved numerically with the initial conditions n(0) = ρ(0) = v(0) = 0, and the electric field

E(0) = E0.
In Fig. 34, electric field strength, number density, velocity and Lorentz gamma factor of electrons as functions of time,

are presented for initial values of the electric field E0 = 10Ec (left column) and E0 = 0.15Ec (right column). Slowly decaying
plasma oscillations develop in both cases. The half-life of oscillations to be 103tc for E0 = 10Ec and 105tc for E0 = 0.8Ec are
estimated respectively. The period of the fist oscillation is 50tc and 3× 107tc , the Lorentz factor of electrons and positrons
in the first oscillation equals 75 and 3 × 105 respectively for E0 = 10Ec and E0 = 0.15Ec . Therefore, in contrast to the
case E > Ec , for E < Ec plasma oscillations develop on a much longer timescale, electrons and positrons reach extremely
relativistic velocities.
In Fig. 35 the characteristic length of oscillations is shown together with the distance between the pairs at the moment

of their creation. For constant electric field the formation length for the electron–positron pairs, or the quantum tunneling
length, is not simplyme/(eE), as expected from a semi-classical approximation, but [28,46]

D∗ =
me
eE

(
Ec
E

)1/2
. (627)

Thus, given initial electric field strength one can define two characteristic distances: D∗, the distance between created pairs,
above which pair creation is possible, and the length of oscillations, D = cτ , above which plasma oscillations occur in
a uniform electric field. The length of oscillations is the maximal distance between two turning points in the motion of
electrons and positrons (see Fig. 35). From Fig. 35 it is clear that D � D∗. In the oscillation phenomena the larger electric
field is, the larger becomes the density of pairs and therefore the back reaction, or the screening effect, is stronger. Thus
the period of oscillations becomes shorter. Note that the frequency of oscillation is not equal to the plasma frequency, so it
cannot be used as the measure of the latter. Notice that for E � Ec the length of oscillations becomes macroscopically large.
At Fig. 36 maximum Lorentz gamma factor in the first oscillation is presented depending on initial value of the electric

field. Since in the successive oscillations the maximal value of the Lorentz factor is monotonically decreasing (see Fig. 34)
It is concluded that for every initial value of the electric field there exists a maximum Lorentz factor attainable by the
electrons and positrons in the plasma. It is interesting to stress the dependence of the Lorentz factor on initial electric field
strength. The kinetic energy contribution becomes overwhelming in the E < Ec case. On the contrary, in the case E > Ec
the electromagnetic energy of the field goes mainly into the rest mass energy of the pairs.
This diagram clearly shows that never in this process the test particle approximation for the electrons and positrons

motion in uniform electric field can be applied.Without considering back reaction on the initial field, electrons and positrons
moving in a uniform electric field would experience constant acceleration reaching v ∼ c for E = Ec on the timescale tc and
keep that speed thereafter. Therefore, the back reaction effects in a uniform field are essential both in the case of E > Ec and
E < Ec .
The average rate of pair creation is compared for two cases: when the electric field value is constant in time (an external

energy source keeps the field unchanged) and when it is self-regulated by Eqs. (626). The result is represented in Fig. 37. It
is clear from fig. Fig. 37 that when the back reaction effects are taken into account, the effective rate of the pair production
is smaller than the corresponding rate (603) in a uniform field E0. At the same time, discharge of the field takes much longer
time. In order to quantify this effect we need to compute the efficiency of the pair production defined as ε = n(tS)/n0 where
tS is the time when pair creation with the constant rate S(E0) would stop, and n0 is defined above, see (625). For E0 = Ec
one finds ε = 14%, while for E0 = 0.3Ec one has ε = 1 %.
It is clear from the structure of the above equations that for E < Ec the number of pairs is small, electrons and positrons

are accelerated in electric field and the conducting current dominates. Assuming electric field to be weak, the polarization
current is neglected in energy conservation (621) and in Maxwell equation (623). This means energy density change due to
acceleration is much larger than the one due to pair creation,

Eenv � meγ S. (628)
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Fig. 34. Electric field strength, number density of electrons, their velocity and Lorentz gamma factor depending on time with E0 = 10Ec (left column)
and E0 = 0.15Ec (right column). Electric field, number density and velocity of positron are measured respectively in terms of the critical field Ec , Compton

volume λ3C =
(
h̄
mec

)3
, and the speed of light c. The length of oscillation is defined as D = cτ , where τ is the time needed for the first half-oscillation, shown

above.

In this case oscillations equations (620)–(623) simplify. From (621) and (622) one has ρ̇ = vṗ, and using (618) obtains
v = ±1. This is the limit when rest mass energy is much smaller than the kinetic energy, γ � 1.
One may therefore use only the first and the last equations from the above set. Taking time derivative of the Maxwell

equation one arrives to a single second order differential equation

Ë +
2em4e
π2

(
E
Ec

) ∣∣∣∣ EEc
∣∣∣∣ exp(−π ∣∣∣∣EcE

∣∣∣∣) = 0. (629)

Eq. (629) is integrated numerically to find the length of oscillations shown in Fig. 35 for E < Ec . Notice that condition (628)
means ultrarelativistic approximation for electrons and positrons, so that although according to (620) there is creation of
pairs with rest mass 2m for each pair, the corresponding increase of plasma energy is neglected, as can be seen from (628).
Now one can turn to qualitative properties of the system (620)–(623). These nonlinear ordinary differential equations

describe certain dynamical systemwhich can be studied by usingmethods of qualitative analysis of dynamical systems. The
presence of the two integrals (619) and (624) allows reduction of the system to two dimensions. It is useful to work with
the variables v and E. In these variables one has

dṽ
dt̃
=
(
1− ṽ2

)3/2
Ẽ, (630)
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Fig. 35. Maximum length of oscillations (black curves) together with the distance between electron and positron in a pair (red curve) computed from
(627), depending on initial value of electric field strength. The solid black curve is obtained from solutions of exact equations (626), while the dotted black
curve corresponds to solutions of the approximate equation (629). (For interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

Fig. 36. Maximum Lorentz gamma factor γ reached at the first oscillation depending on initial value of the electric field strength.

dẼ
dt̃
= −

1
2
ṽ
(
1− ṽ2

)1/2 (
Ẽ20 − Ẽ

2
)
− 8πα

S̃

Ẽ
(
1− ṽ2

)1/2 . (631)

Introducing the new time variable τ

dτ
dt̃
=
(
1− ṽ2

)−1/2
(632)

one arrives at

dṽ
dτ
=
(
1− ṽ2

)2
Ẽ, (633)

dẼ
dτ
= −

1
2
ṽ
(
1− ṽ2

) (
Ẽ20 − Ẽ

2
)
− 8πα

S̃

Ẽ
. (634)

Clearly the phase space is bounded by the two curves ṽ = ±1. Moreover, physical requirement ρ ≥ 0 leads to existence of
two other bounds Ẽ = ±Ẽ0. This system has only one singular point in the physical region, of the type focus at Ẽ = 0 and
ṽ = 0.
The phase portrait of the dynamical system (633) and (634) is represented at Fig. 38. Thus, every phase trajectory tends

asymptotically to the only singular point at Ẽ = 0 and ṽ = 0. This means oscillations stop only when electric field vanishes.
At that point clearly

ρ = men (635)

is valid. i.e. all the energy in the system transforms just to the rest mass of the pairs.
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Fig. 37. The average rate of pair production n/t is shown as function of time (thick curve), comparing to its initial value S(E0) (thin line) for E0 = Ec . The
dashed line marks the time when the energy of electric field would have exhausted if the rate kept constant.

E

V

Fig. 38. Phase portrait of the two-dimensional dynamical system (633), (634). Tildes are omitted. Notice that phase trajectories are not closed curves and
with each cycle they approach the point with Ẽ = 0 and ṽ = 0.

In order to illustrate details of the phase trajectories shown at Fig. 38 only 1.5 cycles are plotted at Fig. 39. One can see
that the deviation from closed curves representing undamped oscillations shown by dashed curves is maximal when the
field peaks, namely when the pair production rate is maximal.
The above treatment has been done by considering uniquely back reaction of the electron–positron pairs on the external

uniform electric field. The only source of damping of the oscillations is pair production, i.e. creation of mass. As analysis
shows the damping in this case is exponentially weak. However, since electrons and positrons are strongly accelerated
in electric field the bremsstrahlung radiation may give significant contribution to the damping of oscillations and further
reduce the pair creation rate. Therefore, the effective rate shown in Fig. 37 will represent an upper limit. In order to estimate
the effect of bremsstrahlung, the classical formula for the radiation loss in electric field is recalled

I =
2
3
e4

m2e
E2 =

2
3
αm2e

(
E
Ec

)2
. (636)

Thus the Eqs. (621) and (622), generalized for bremsstrahlung, are

ρ̇ = E
(
env +

meγ S
E

)
−
2
3
e4meE2, (637)

ṗ = enE +mevγ S −
2
3
e4meE2v (638)
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E

V

Fig. 39. Phase trajectory for 1.5 cycles (thick curve) compared with solutions where the Schwinger pair production is switched off (dashed curves).

Fig. 40. Losses of the energy due to classical bremsstrahlung radiation. The energy density of the system of electrons, positrons and the electric field
normalized to the initial energy density is shown without (solid line) and with (dashed line) the effect of bremsstrahlung.

while Eqs. (620) and (623) remain unchanged. Assuming that new terms are small, relations (619) and (624) are still
approximately satisfied.
Now damping of the oscillations is caused by two terms:

γ̃

4π2
Ẽ2 exp

(
−
π

Ẽ

)
and

2
3
αẼ2. (639)

The modified system of equations is integrated, taking into account radiation loss, starting with E0 = 10Ec . The results are
presented in Fig. 40where the sum of the energy of electric field and electron–positron pairs normalized to the initial energy
is shown as a function of time. The energy loss reaches 20% for 400 Compton times. Thus the effect of bremsstrahlung is as
important as the effect of collisions considered in [72] for E > Ec , leading to comparable energy loss for pairs on the same
timescale. For E < Ec one expects that the damping due to bremsstrahlung dominates, but the correct description in this
case requires Vlasov–Boltzmann treatment [74].
The damping of the plasma oscillations due to electron–positron annihilation into photons has been addressed in [72].

There it was found that the system evolves towards an electron–positron–photon plasma reaching energy equipartition.
Such a system undergoes self-acceleration process following the work of [398].
Therefore the following conclusions are reached:

• It is usually assumed that for E < Ec electron–positron pairs, created by the vacuum polarization process, move as
charged particles in external uniform electric field reaching arbitrary large Lorentz factors. The existence of plasma
oscillations of the electron–positron pairs also for E . Ec is demonstrated. The corresponding results for E > Ec are
well known in the literature. For both cases the maximum Lorentz factors γmax reached by electrons and positrons are
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determined. The length of oscillations is 10h̄/(mec) for E0 = 10Ec , and 107 h̄/(mec) for E0 = 0.15Ec . The asymptotic
behavior in time, t →∞, of the plasma oscillations by the phase portrait technique is also studied.
• For E > Ec the vacuum polarization process transforms the electromagnetic energy of the field mainly in the rest mass
of pairs, with moderate contribution to their kinetic energy: for E0 = 10Ec one finds γmax = 76. For E < Ec the kinetic
energy contribution is maximized with respect to the rest mass of pairs: γmax = 8× 105 for E0 = 0.15Ec .
• In the case of oscillations the effective rate of pair production is smaller than the rate in uniform electric field constant
in time, and consequently, the discharge process lasts longer. The half-life of oscillations is 103tc for E0 = 10Ec and 105tc
for E0 = 0.8Ec . The efficiency of pair production is computed with respect to the one in a uniform constant field. For
E = 0.3Ec the efficiency is reduced to one percent, decreasing further for smaller initial electric field.

All these considerations apply to a uniform electric field unbounded in space. The presence of a boundary or a gradient
in electric field would require the use of partial differential equations, in contrast to the ordinary differential equations
used here. This topic needs further study. The effect of bremsstrahlung for E > Ec is also estimated, and it is found that it
represents comparable contribution to the damping of the plasma oscillations caused by collisions [72]. It is therefore clear,
that the effect of oscillations introduces a new and firm upper limit to the rate of pair production which would be further
reduced if one takes into account bremsstrahlung, collisions and boundary effects.

9. Thermalization of the mildly relativistic pair plasma

An electron–positron plasma is of interest in many fields of physics and astrophysics. In the early Universe [453,474]
during the lepton era, ultrarelativistic electron–positron pairs contributed to the matter contents of the Universe. In GRBs
electron–positron pairs play an essential role in the dynamics of expansion [398,475,476]. Indications exist on the presence
of the pair plasma also in active galactic nuclei [477], in the center of our Galaxy [478], around hypothetical quark stars [479].
In the laboratory pair plasma is expected to appear in the fields of ultraintense lasers [471].
In many stationary astrophysical sources the pair plasma is thought to be in thermodynamic equilibrium. A detailed

study of the relevant processes [480–485], radiation mechanisms [486], possible equilibrium configurations [482,487]
and spectra [488] in an optically thin pair plasma has been carried out. Particular attention has been given to collisional
relaxation process [489,490], pair production and annihilation [491], relativistic bremsstrahlung [492,493], double Compton
scattering [494,495].
An equilibrium occurs if the sum of all reaction rates vanishes. For instance, electron–positron pairs are in equilibrium

when the net pair production (annihilation) rate is zero. This can be achieved by variety of ways and the corresponding
condition can be represented as a system of algebraic equations [496]. However, the main assumptionmade in all the above
mentioned works is that the plasma is in thermodynamic equilibrium.
At the same time, in some cases considered above the pair plasma can be optically thick. Although moderately thick

plasmas have been considered in the literature [497], only qualitative description is available for large optical depths.
Assumption of thermal equilibrium is often adopted for rapidly evolving systems without explicit proof [398,475,476,498].
Then hydrodynamic approximation is usually applied both for leptons and photons. However, particles may not be in
equilibrium initially. Moreover, it is very likely situation, especially in the early Universe or in transient events when the
energy is released on a very short timescale and there is no enough time for the system to relax to thermal equilibrium
configuration.
Ultrarelativistic expansion of GRB sources is unprecedented in astrophysics. There are indications that relativistic jets

in X-ray binaries have Lorentz factors γ ∼ 2–10 while in active galactic nuclei γ ∼ 10–20 [499], but some bursts
sources have γ ∼ 400 and possibly larger [500]. There is a consensus in the literature that the acceleration required
to reach ultrarelativistic velocity in astrophysical flows comes from the radiation pressure, namely from photons and
electron–positron pairs. Therefore, the source does not move as a whole, but expands from a compact region, almost
reaching the speed of light. The bulk of radiation is emitted far from the region of formation of the plasma, when it becomes
transparent for photons, trapped initially inside by the huge optical depth. Thus the plasma is optically thick at the moment
of its formation and intense interactions between electrons, positrons and photons take place in it. Even if initially the energy
is released in the form of only photons, or only pairs, the process of creation and annihilation of pairs soon redistribute the
energy between particles in such a way that the final state will be a mixture of pairs and photons. The main question arises:
what is the initial state, prior to expansion, of the pair plasma? Is it in a kind of equilibrium and, if so, is it thermal equilibrium,
as expected from the optically thick plasma? Stationary sources in astrophysics have enough time for such an equilibrium
to be achieved. On the contrary, for transient sources with the timescale of expansion of the order of milliseconds it is not
at all clear that equilibrium can be reached.
In the literature there is no consensus on this point. Some authors considered thermal equilibrium as the initial state prior

to expansion [398,475], while others did not [501]. In fact, the study of the pair plasma equilibrium configurations in detail,
performed in [487], cannot answer this question, because essentially nonequilibrium processes have to be considered.
Thus, observations provide motivation for theoretical analysis of physical conditions taking place in the sources of GRBs,

and more generally, in nonequilibrium optically thick pair plasma. Notice that there is substantial difference between the
ion–electron plasma on the one hand and electron–positron plasma on the other hand. Firstly, the former is collisionless
in the wide range of parameters, while collisions are always essential in the latter. Secondly, when collisions are important
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relevant interactions in the former case are Coulomb scattering of particles which are usually described by the classical
Rutherford cross-section. In contrast, interactions in the pair plasma are described by quantum cross-sections even if the
plasma itself can be still considered as classical one.
The study reported in [74,75] in the case of pure pair plasma clarified the issue of initial state of the pair plasma in GRB

sources. The numerical calculations show that the pair plasma quickly reach thermal equilibrium prior to expansion, due
to intense binary and triple collisions. In this section details about the computational scheme adopted in [74] are given.
Generalization to the presence of proton loading is given in [502].

9.1. Qualitative description of the pair plasma

First of all the domain of parameters characterizing the pair plasma considered in this Section is specified. It is convenient
to use dimensionless parameters usually adopted for this purpose.
Mildly relativistic pair plasma is considered, thus the average energy per particle ε brackets the electron restmass energy

0.1 MeV . ε . 10 MeV. (640)

The lower boundary is required for significant concentrations of pairs, while the upper boundary is set to avoid substantial
production of other particles such as muons.
The plasma parameter is g = (n−d3)−1, where d =

√
kBT−
4πe2n−

=
c
ω

√
θ− is the Debye length, kB is Boltzmann’s constant,

n− and T− are electron number density and temperature respectively, θ− = kBT−/(mec2) is dimensionless temperature,
ω =

√
4πe2n−/me is the plasma frequency. To ensure applicability of kinetic approach it is necessary that the plasma

parameter is small, g � 1. This condition means that kinetic energy of particles dominates their potential energy due to
mutual interaction. For the pair plasma considered in this Section this condition is satisfied.
Further, the classicality parameter, defined as ~ = e2/(h̄vr) = α/βr , where vr = βrc is mean relative velocity of

particles, see (749). The condition ~ � 1 means that particles collisions can be considered classically, while for ~ � 1
quantum description is required. Both for pairs and protons quantum cross-sections are used since ~ < 1.
The strength of screening of the Coulomb interactions is characterized by the Coulomb logarithmΛ = medvr/h̄. Coulomb

logarithm varies with mean particle velocity, and it cannot be set a constant as in most of studies of the pair plasma.
Finally, pair plasma is considered with linear dimensions R exceeding themean free path of photons l = (n−σ)−1, where

n− is concentration of electrons and σ is the corresponding total cross-section. Thus the optical depth τ = nσR � 1 is
large, and interactions between photons and other particles have to be taken in due account. These interaction are reviewed
in the next section.
Note that natural parameters for perturbative expansion in the problemunder consideration is the fine structure constant

α.
Pure pair plasma composed of electrons e−, positrons e+, and photons γ is considered. It is assumed that pairs or photons

appear by somephysical process in the regionwith a sizeR andon a timescale t < R/c.We assume that distribution functions
of particles depend on neither spatial coordinates nor direction of momentum fi = fi(ε, t), i.e. isotropic inmomentum space
and uniform plasma is considered.
To make sure that classical kinetic description is adequate the dimensionless degeneracy temperature is estimated

θF =

[(
h̄
mec

)2 (
3π2n−

) 2
3 + 1

]1/2
− 1, (641)

and comparedwith the estimated temperature in thermal equilibrium.With initial conditions (640) the degeneracy temper-
ature is always smaller than the temperature in thermal equilibrium and therefore the classical kinetic approach is applied.
Besides, since ideal plasma is considered with the plasma parameter g ∼ 10−3 it is possible to use one-particle distribu-
tion functions. These considerations justify the computational approach based on classical relativistic Boltzmann equation.
At the same time the right-hand side of Boltzmann equations contains collisional integrals with quantum and not classical
matrix elements, as discussed above.
Relativistic Boltzmann equations [503,504] in spherically symmetric case are

1
c
∂ fi
∂t
+ βi

(
µ
∂ fi
∂r
+
1− µ2

r
∂ fi
∂µ

)
−∇U

∂ fi
∂p
=

∑
q

(
η
q
i − χ

q
i fi
)
, (642)

where µ = cosϑ , ϑ is the angle between the radius vector r from the origin and the particle momentum p, U is a potential
due to some external force, βi = vi/c are particles velocities, fi(ε, t) are their distribution functions, the index i denotes
the type of particle, ε is their energy, and ηqi and χ

q
i are the emission and the absorption coefficients for the production of a

particle of type ‘‘i’’ via the physical process labeled by q. This is a coupled system of partial–integro-differential equations.
For homogeneous and isotropic distribution functions of electrons, positrons and photons Eqs. (642) reduce to

1
c
∂ fi
∂t
=

∑
q

(
η
q
i − χ

q
i fi
)
, (643)
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which is a coupled system of integro-differential equations. In (643) the Vlasov term∇U ∂ fi
∂p is explicitly neglected.

Therefore, the left-hand side of the Boltzmann equation is reduced to partial derivative of the distribution function with
respect to time. The right-hand side contains collisional integrals, representing interactions between electrons, positrons
and photons.
Differential probability for all processes per unit time and unit volume [89] is defined as

dw = c(2π h̄)4δ(4)
(
pf − pi

) ∣∣Mfi∣∣2 V × [∏
b

h̄c
2εbV

][∏
a

dp′a
(2π h̄)3

h̄c
2ε′a

]
, (644)

where p′a and ε
′
a are respectively momenta and energies of outgoing particles, εb are energies of particles before interaction,

Mfi are the correspondingmatrix elements, δ(4) stands for energy–momentum conservation, V is the normalization volume.
The matrix elements are related to the scattering amplitudes by

Mfi =

[∏
b

h̄c
2εbV

][∏
a

h̄c
2ε′aV

]
Tfi. (645)

As example consider absorption coefficient for Compton scattering which is given by

χγ e
±
→γ ′e±′ fγ =

∫
dk′dpdp′wk′,p′;k,pfγ (k, t)f±(p, t), (646)

where p and k are momenta of electron (positron) and photon respectively, dp = dε±doε2±β±/c
3, dk′ = dε′γ ε

′2
γ do

′
γ /c

3 and
the differential probabilitywk′,p′;k,p is given by (687).
In (646) one can perform one integration over dp′∫

dp′δ(k+ p− k′ − p′)→ 1, (647)

but it is necessary to take into account the momentum conservation in the next integration over dk′, so∫
dε′γ δ(εγ + ε± − ε

′

γ − ε
′

±
)

=

∫
d(ε′γ + ε

′

±
)

1
|∂(ε′γ + ε

′
±)/∂ε

′
γ |
δ(εγ + ε± − ε

′

γ − ε
′

±
)→

1
|∂(ε′γ + ε

′
±)/∂ε

′
γ |
≡ Jcs, (648)

where the Jacobian of the transformation is

Jcs =
1

1− β ′±b′γ ·b
′

±

, (649)

where bi = pi/p, b′i = p
′

i/p
′, b′
±
= (β±ε±b± + εγ bγ − ε′γ b

′

γ )/(β
′
±
ε′
±
).

Finally, for the absorption coefficient

χ csfγ = −
∫
do′γ dp

ε′γ |Mfi|
2 h̄2 c2

16ε±εγ ε′±
Jcsfγ (k, t)f±(p, t), (650)

where the matrix element here is dimensionless. This integral is evaluated numerically.
For all binary interactions exact QEDmatrix elements are used which can be found in the standard textbooks, e.g. in [89,

321,505], and are given below.
In order to account for charge screening in Coulomb scattering the minimal scattering angles are introduced

following [506]. This allows to apply the same scheme for the computation of emission and absorption coefficients even
for Coulomb scattering, while many treatments in the literature use Fokker–Planck approximation [507].
For such a dense plasma collisional integrals in (643) should include not only binary interactions, having order α2 in

Feynman diagrams, but also triple ones, having order α3 [89]. Consider relativistic bremsstrahlung

e1 + e2 ↔ e′1 + e
′

2 + γ
′. (651)

For the time derivative, for instance, of the distribution function f2 in the direct and in the inverse reactions (651) one has

ḟ2 =
∫
dp1dp

′

1dp
′

2dk
′

[
Wp′1,p′2,k′;p1,p2 f

′

1f
′

2f
′

k −Wp1,p2;p′1,p′2,k′ f1f2
]

=

∫
dp1dp

′

1dp
′

2dk
′
c6 h̄3

(2π)2
δ(4)(Pf − Pi)|Mfi|2

25ε1ε2ε′1ε
′

2ε
′
γ

[
f ′1f
′

2f
′

k −
1

(2π h̄)3
f1f2

]
, (652)
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Table 1
Microphysical processes in the pair plasma.

Reactions with pairs

Binary interactions Radiative and pair producing variants

Møller and Bhabha scattering Bremsstrahlung
e±1 e

±

2 −→ e±1
′e±2
′ e±1 e

±

2 ↔ e
±′

1 e
±′

2 γ

e±e∓ −→ e±′e∓′ e±e∓ ↔ e±′e∓′γ

Single Compton scattering Double Compton scattering
e±γ −→ e±γ ′ e±γ ↔ e±′γ ′γ ′′

Pair production Radiative pair production
and annihilation and three photon annihilation
γ γ ′ ↔ e±e∓ γ γ ′↔ e±e∓γ ′′

e±e∓ ↔ γ γ ′γ ′′

e±γ↔ e±′e∓e±′′

where

dp1dp2Wp′1,p′2,k′;p1,p2 ≡ V
2dw1,

dp′1dp
′

2dk
′Wp1,p2;p′1,p′2,k′ ≡ Vdw2,

and dw1 and dw2 are differential probabilities given by (644). Thematrix element here has dimensions of the length squared.
In the case of the distribution functions (657), see below, there are multipliers proportional to exp ϕ

kBT
in front of the

integrals, where ϕ are chemical potentials. The calculation of emission and absorption coefficients is then reduced to the
well known thermal equilibrium case [496]. In fact, since reaction rates of triple interactions are α times smaller than binary
reaction rates, it is expected that binary reactions come to detailed balance first. Onlywhen binary reactions are all balanced,
triple interactions become important. In addition, when binary reactions come into balance, distribution functions already
acquire the form (657). Although there is no principle difficulty in computations using exact matrix elements for triple
reactions as well, the simplified scheme allows for much faster numerical computation.
All possible binary and triple interactions between electrons, positrons and photons are considered as summarized in

Table 1.
Each of the above mentioned reactions is characterized by the corresponding timescale and optical depth. For Compton

scattering of a photon, for instance

tcs =
1

σTn±c
, τcs = σTn±R, (653)

where σT = 8π
3 α

2( h̄mec
)2 is the Thomson cross-section. There are two timescales in the problem that characterize the con-

dition of detailed balance between direct and inverse reactions, tcs for binary and α−1tcs for triple interactions respectively.
Notice, that electron–positron pair can annihilate into neutrino channel with the main contribution from the reaction

e±e∓ −→ νν̄. By this process the energy could leak out from the plasma if it is transparent for neutrinos. The optical depth
and energy loss for this process can be estimated following [508] by using Fermi theory, see also [509,510] for calculations
within electroweak theory.
The optical depth is given by (653) with the cross-section

σνν̄ ∼
g2

π

(
h̄
mec

)2
, (654)

where g ' 10−12 is the weak interaction coupling constant and it is assumed that typical energies of electron and positron
are ∼ mec2 and their relative velocities v ∼ c. Numerically σνν̄/σT = 3

8π2 (g/α)
2
' 7 × 10−22. For astrophysical sources

the plasma may be both transparent and opaque to neutrino production. The energy loss when pairs are relativistic and
nondegenerate is

dρ
dt
=
128g2

π5
ζ (5)ζ (4)θ9mec2

(
mec
h̄

)3 (mec2
h̄

)
. (655)

The ratio between the energy lost due to neutrinos and the energy of photons in thermal equilibrium is then

1
ργ

dρ
dt
1t =

128g2

π3
ζ (5)ζ (4)θ5

(
mec2

h̄

)
∆t ' 3.6× 10−3θ5

1t
1 s
. (656)

For astrophysical sources with the dynamical time 1t ∼ 10−3 s, the energy loss due to neutrinos becomes relevant [511]
for high temperatures θ > 10. However, on the timescale of relaxation to thermal equilibrium 1t ∼ 10−12 s the energy
loss is negligible.
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Starting from arbitrary distribution functions a common development is found: at the time tcs the distribution functions
always have evolved in a functional form on the entire energy range, and depend only on two parameters. In fact it is found
for the distribution functions

fi(ε) =
2

(2π h̄)3
exp

(
−
ε − νi

θi

)
, (657)

with chemical potential νi ≡
ϕi
mec2

and temperature θi ≡
kBTi
mec2
, where ε ≡ ε

mec2
is the energy of the particle. Such a

configuration corresponds to a kinetic equilibrium [76,474,507] in which all particles acquire a common temperature and
nonzero chemical potentials. Triple interactions become essential for t > tcs, after the establishment of kinetic equilibrium.
In strictmathematical sense the sufficient condition for reaching thermal equilibrium iswhen all direct reactions are exactly
balanced with their inverse. Therefore, in principle, not only triple, but also four-particle, five-particle and so on reaction
have to be accounted for in Eq. (643). The timescale for reaching thermal equilibrium will be then determined by the
slowest reaction which is not balanced with its inverse. The necessary condition here is the detailed balance at least in
triple interactions, since binary reactions do not change chemical potentials at all.
Notice that similar method to ours was applied in [507] in order to compute spectra of particles in kinetic equilibrium.

However, it was never shown how particles evolve down to thermal equilibrium.
In the case of pure pair plasma chemical potentials in (657) represent deviations from the thermal equilibrium through

the relation
ν = θ ln(n/nth), (658)

where nth are concentrations of particles in thermal equilibrium.

9.2. The discretization procedure and the computational scheme

In order to solve Eq. (643) a finite difference method is used by introducing a computational grid in the phase space
to represent the distribution functions and to compute collisional integrals following [512]. The goal is to construct the
scheme implementing energy, baryon number and electric charge conservation laws. For this reason instead of distribution
functions fi, spectral energy densities are used

Ei(εi) =
4πε3i βifi
c3

, (659)

where βi =
√
1− (mic2/εi)2, in the phase space εi. Then

εifi(p, t)drdp =
4πε3βifi
c3

rdεi = Eidrdεi (660)

is the energy in the volume of the phase space drdp. The particle density is

ni =
∫
fidp =

∫
Ei
εi
dεi, dni = fidp, (661)

while the corresponding energy density is

ρi =

∫
εifidp =

∫
Eidεi.

Boltzmann equations (643) can be rewritten in the form
1
c
∂Ei
∂t
=

∑
q

(η̃
q
i − χ

q
i Ei), (662)

where η̃qi = (4πε
3
i βi/c

3)η
q
i .

The computational grid for phase space is {εi, µ, φ}, where µ = cosϑ , ϑ and φ are angles between radius vector r and
the particle momentum p. The zone boundaries are εi,ω∓1/2, µk∓1/2, φl∓1/2 for 1 ≤ ω ≤ ωmax, 1 ≤ k ≤ kmax, 1 ≤ l ≤ lmax.
The length of the ith interval is∆εi,ω ≡ εi,ω+1/2 − εi,ω−1/2. On the finite grid the functions (659) become

Ei,ω ≡
1

∆εi,ω

∫
∆εi,ω

dεEi(ε). (663)

Now the collisional integrals in (662) are replaced by the corresponding sums.
After this procedure the set of ordinary differential equations (ODE’s) is obtained, instead of the system of partial

differential equations for the quantities Ei,ω to be solved. There are several characteristic times for different processes in
the problem, and therefore the system of differential equations is stiff. (Eigenvalues of Jacobi matrix differs significantly,
and the real parts of eigenvalues are negative.) Gear’s method [513] is used to integrate ODE’s numerically. This high order
implicit method was developed for the solution of stiff ODE’s.
In this method exact energy conservation law is satisfied. For binary interactions the particles number conservation law

is satisfied as interpolation of grid functions Ei,ω inside the energy intervals is adopted.
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9.3. Conservation laws

Conservation laws consist of charge and energy conservations. In addition, in binary reactions particle number is
conserved.
Energy conservation law can be rewritten for the spectral density

d
dt

∑
i

ρi = 0, or
d
dt

∑
i,ω

Yi,ω = 0, (664)

where

Yi,ω =
∫ εi,ω+∆εi,ω/2

εi,ω−∆εi,ω/2
Eidε. (665)

Particle’s conservation law in binary reactions reduces to

d
dt

∑
i

ni = 0, or
d
dt

∑
i,ω

Yi,ω
εi,ω
= 0. (666)

For electrically neutral plasma considered in this Section charge conservation implies

n− = n+. (667)

9.4. Determination of temperature and chemical potentials in kinetic equilibrium

Consider distribution functions for photons and pairs in the most general form (657). If one supposes that reaction rate
for the Bhabha scattering vanishes, i.e. there is equilibrium with respect to reaction

e+ + e− ↔ +e+′ + e−′, (668)

and the corresponding condition can be written in the following way

f+(1− f ′+)f−(1− f
′

−
) = f ′

+
(1− f+)f ′−(1+ f−), (669)

where Bose–Einstein enhancement along with Pauli blocking factors are taken into account, it can be shown that electrons
and positrons have the same temperature

θ+ = θ− ≡ θ±, (670)

and they have arbitrary chemical potentials.
With (670) analogous consideration for the Compton scattering

e± + γ ↔ +e±′ + γ ′, (671)

gives

f±(1− f ′±)fγ (1+ f
′

γ ) = f
′

±
(1− f±)f ′γ (1+ fγ ), (672)

and leads to the same temperature of pairs and photons

θ± = θγ ≡ θk, (673)

with arbitrary chemical potentials. If, in addition, reaction rate in the pair creation and annihilation process

e± + e∓ ↔ γ + γ ′ (674)

vanishes too, i.e. there is equilibrium with respect to pair production and annihilation, with the corresponding condition,

f+f−(1+ fγ )(1+ f ′γ ) = fγ f
′

γ (1− f+)(1− f−), (675)

it turns out that also chemical potentials for pairs and photons satisfy the following condition for the chemical potentials

ν+ + ν− = 2νγ . (676)

However, since in general νγ 6= 0 the condition (676) does not imply ν+ = ν−.
In general, the detailed balance conditions for different reactions lead to relations between temperatures and chemical

potentials summarized in Table 2.
Kinetic equilibrium is first established simultaneously for electrons, positrons and photons. Thus they reach the same

temperature, but with chemical potentials different from zero. Later on, protons reach the same temperature.
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Table 2
Relations between parameters of equilibrium DFs fulfilling detailed balance conditions for the reactions shown in Table 1.

Interaction Parameters of DFs

I e+e− scattering θ+ = θ− , ∀ν+ ,ν−
II e±γ scattering θγ = θ± , ∀νγ , ν±
III Pair production ν+ + ν− = 2νγ , if θγ = θ±
IV Tripe interactions νγ , ν± = 0, if θγ = θ±

In order to find temperatures and chemical potentials the following constraints are implemented: energy conservation
(664), particle number conservation (666), charge conservation (667), condition for the chemical potentials (676).
Given (657) it is found for photons

ργ

nγmec2
= 3θγ , nγ =

1
V0
exp

(
νγ

θγ

)
2θ3γ , (677)

and for pairs

ρ±

n±mec2
= j2(θ±), n± =

1
V0
exp

(
ν±

θ±

)
j1(θ±), (678)

where the Compton volume is

V0 =
1
8π

(
2π h̄
mec

)3
(679)

and functions j1 and j2 are defined as

j1(θ) = θK2(θ−1)→


√
π

2
e−

1
θ θ3/2, θ → 0

2θ3, θ →∞,

(680)

j2(θ) =
3K3(θ−1)+ K1(θ−1)

4K2(θ−1)
→

{
1+

3θ
2
, θ → 0

3θ, θ →∞.
(681)

For pure electron–positron–photon plasma in kinetic equilibrium, summing up energy densities in (677), (678) and using
(670), (673) and (676) it is found∑

e+,e−,γ

ρi =
2mec2

V0
exp

(
νk

θk

) [
3θ4 + j1(θk)j2(θk)

]
, (682)

and analogously for number densities∑
e+,e−,γ

ni =
2
V0
exp

(
νk

θk

) [
θ3k + j1(θk)

]
. (683)

Therefore, two unknowns, νk and θk can be found.
In thermal equilibrium νγ vanishes and one has

ν+ = ν− = 0. (684)

9.5. Binary interactions

In this section expressions for emission and absorption coefficients in Compton scattering, pair creation and annihilation
with two photons, Møller and Bhabha scattering are obtained.

9.5.1. Compton scattering
The time evolution of the distribution functions of photons and pair particles due to Compton scatteringmay be described

by [514,515](
∂ fγ (k, t)
∂t

)
γ e±→γ ′e±′

=

∫
dk′dpdp′Vwk′,p′;k,p × [fγ (k′, t)f±(p′, t)− fγ (k, t)f±(p, t)], (685)(

∂ f±(p, t)
∂t

)
γ e±→γ ′e±′

=

∫
dkdk′dp′Vwk′,p′;k,p × [fγ (k′, t)f±(p′, t)− fγ (k, t)f±(p, t)], (686)
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where

wk′,p′;k,p =
h̄2 c6

(2π)2V
δ(εγ − ε± − ε

′

γ − ε
′

±
)δ(k+ p− k′ − p′)

|Mfi|2

16εγ ε±ε′γ ε
′
±

, (687)

is the probability of the process,

|Mfi|2 = 26π2α2
[
m2ec

2

s−m2ec2
+

m2ec
2

u−m2ec2
+

(
m2ec

2

s−m2ec2
+

m2ec
2

u−m2ec2

)2

−
1
4

(
s−m2ec

2

u−m2ec2
+
u−m2ec

2

s−m2ec2

)]
, (688)

is the square of thematrix element, s = (p+k)2 and u = (p−k′)2 are invariants, k = (εγ /c)(1, eγ ) and p = (ε±/c)(1, β±e±)
are energy–momentum four vectors of photons and electrons, respectively, dp = dε±doε2±β±/c

3, dk′ = dε′γ ε
′2
γ do

′
γ /c

3 and
do = dµdφ.
The energies of photon and positron (electron) after the scattering are

ε′γ =
ε±εγ (1− β±b±·bγ )

ε±(1− β±b±·b′γ )+ εγ (1− bγ ·b
′

γ )
, ε′

±
= ε± + εγ − ε

′

γ , (689)

bi = pi/p, b′i = p
′

i/p
′, b′
±
= (β±ε±b± + εγ bγ − ε′γ b

′

γ )/(β
′
±
ε′
±
).

For photons, the absorption coefficient (650) in the Boltzmann equations (643) is

χγ e
±
→γ ′e±′

γ fγ = −
1
c

(
∂ fγ
∂t

)abs
γ e±→γ ′e±′

=

∫
dn±do′γ Jcs

ε′γ |Mfi|
2 h̄2 c2

16ε±εγ ε′±
fγ , (690)

where dni = dεidoiε2i βifi/c
3
= dεidoiEi/(2πεi).

From Eqs. (685) and (690), the absorption coefficient for photon energy density Eγ averaged over the ε, µ-grid with zone
numbers ω and k is

(χE)γ e
±
→γ ′e±′

γ ,ω ≡
1

∆εγ ,ω

∫
εγ ∈∆εγ ,ω

dεγ dµγ (χE)γ e
±
→γ ′e±′

γ

=
1

∆εγ ,ω

∫
εγ ∈∆εγ ,ω

dnγ dn±do′γ Jcs
ε′γ |Mfi|

2 h̄2 c2

16ε±ε′±
, (691)

where the Jacobian of the transformation is

Jcs =
ε′γ ε
′
±

εγ ε±
(
1− β±bγ ·b±

) . (692)

Similar integrations can be performed for the other terms of Eqs. (685), (686), and

ηγ e
±
→γ ′e±′

γ ,ω =
1

∆εγ ,ω

∫
ε′γ ∈∆εγ ,ω

dnγ dn±do′γ Jcs
ε′2γ |Mfi|

2 h̄2 c2

16ε±εγ ε′±
, (693)

η
γ e±→γ ′e±′
±,ω =

1
∆ε±,ω

∫
ε′
±
∈∆ε±,ω

dnγ dn±do′γ Jcs
ε′γ |Mfi|

2 h̄2 c2

16ε±εγ
, (694)

(χE)γ e
±
→γ ′e±′

±,ω =
1

∆ε±,ω

∫
ε±∈∆ε±,ω

dnγ dn±do′γ Jcs
ε′γ |Mfi|

2 h̄2 c2

16εγ ε′±
. (695)

In order to perform integrals (691)–(695) numerically over φ (0 ≤ φ ≤ 2π ) a uniform grid φl∓1/2 is introduced with
1 ≤ l ≤ lmax and ∆φl = (φl+1/2 − φl−1/2)/2 = 2π/lmax. It is assumed that any function of φ in Eqs. (691)–(695) in the
interval∆φj is equal to its value atφ = φj = (φl−1/2+φl+1/2)/2. It is necessary to integrate overφ only once at the beginning
of calculations. The number of intervals of the φ-grid depends on the average energy of particles and is typically taken as
lmax = 2kmax = 64.
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9.5.2. Pair creation and annihilation
The rates of change of the distribution function due to pair creation and annihilation are(

∂ fγj(ki, t)
∂t

)
γ1γ2→e−e+

= −

∫
dkjdp−dp+Vwp−,p+;k1,k2 fγ1(k1, t)fγ2(k2, t), (696)(

∂ fγi(ki, t)
∂t

)
e−e+→γ1γ2

=

∫
dkjdp−dp+Vwk1,k2;p−,p+ f−(p−, t)f+(p+, t), (697)

for i = 1, j = 2, and for j = 1, i = 2.(
∂ f±(p±, t)

∂t

)
γ1γ2→e−e+

=

∫
dp∓dk1dk2Vwp−,p+;k1,k2 fγ (k1, t)fγ (k2, t), (698)(

∂ f±(p±, t)
∂t

)
e−e+→γ1γ2

= −

∫
dp∓dk1dk2Vwk1,k2;p−,p+ f−(p−, t)f+(p+, t), (699)

where

wp−,p+;k1,k2 =
h̄2 c6

(2π)2V
δ(ε− + ε+ − ε1 − ε2)δ(p− + p+ − k1 − k2)

|Mfi|2

16ε−ε+ε1ε2
. (700)

Here, the matrix element |Mfi|2 is given by Eq. (688) with the new invariants s = (p− − k1)
2 and u = (p− − k2)

2, see [89].
The energies of photons created via annihilation of a e± pair are

ε1(b1) =
m2c4 + ε−ε+(1− β−β+b−·b+)

ε−(1− β−b−·b1)+ ε+(1− β+b+·b1)
, ε2(b1) = ε− + ε+ − ε1, (701)

while the energies of pair particles created by two photons are found from

ε−(b−) =
B∓
√
B2 − AC
A

, ε+(b−) = ε1 + ε2 − ε−, (702)

where A = (ε1+ε2)2−[(ε1b1+ε2b2)·b−]2, B = (ε1+ε2)ε1ε2(1−b1·b2), C = m2ec
4
[(ε1b1+ε2b2)·b−]2+ε21ε

2
2(1−b1·b2)

2.
Only one root in Eq. (702) has to be chosen. From energy–momentum conservation

k1 + k2 − p− = p+, (703)

taking square from the energy part leads to

ε21 + ε
2
2 + ε

2
−
+ 2ε1ε2 − 2ε1ε− − 2ε2ε− = ε2+, (704)

and taking square from the momentum part

ε21 + ε
2
2 + ε

2
−
β2
−
+ 2ε1ε2b1·b2 − 2ε1ε−β−b1·b− − 2ε2ε−β−b2·b− = (ε+β+)2. (705)

There are no additional roots because of the arbitrary e+

ε1ε2(1− b1·b2)− ε1ε−(1− β−b1·b−)− ε2ε−(1− βb2·b−) = 0, (706)
ε−β−(ε1b1 + ε2b2)·b− = ε−(ε1 + ε2)− ε1ε2(1− b1·b2).

Eliminating β it is obtained

ε21ε
2
2(1− b1·b2)

2
− 2ε1ε2(1− b1·b2)(ε1 + ε2)ε− ++

{
(ε1 + ε2)

2
− [(ε1b1 + ε2b2)·b−]2

}
ε2
−

= [(ε1b1 + ε2b2)·b−] (−m2). (707)

Therefore, the condition to be checked reads

ε−β− [(ε1b1 + ε2b2)·b−]2 = [ε−(ε1 + ε2)− (ε1ε2)(1− b1·b2)] [(ε1b1 + ε2b2)·b−] ≥ 0. (708)

Finally, integration of Eqs. (696)–(699) yields

ηe
−e+→γ1γ2
γ ,ω =

1
∆εγ ,ω

(∫
ε1∈∆εγ ,ω

d2n±Jca
ε21 |Mfi|

2 h̄2 c2

16ε−ε+ε2

)
+

1
∆εγ ,ω

(∫
ε2∈∆εγ ,ω

d2n±Jca
ε1|Mfi|2 h̄2 c2

16ε−ε+

)
, (709)

(χE)e
−e+→γ1γ2
e,ω =

1
∆εe,ω

(∫
ε−∈∆εe,ω

d2n±Jca
ε1|Mfi|2 h̄2 c2

16ε+ε2

)
+

1
∆εe,ω

(∫
ε+∈∆εe,ω

d2n±Jca
ε1|Mfi|2 h̄2 c2

16ε−ε2

)
, (710)
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(χE)γ1γ2→e
−e+

γ ,ω =
1

∆εγ ,ω

(∫
ε1∈∆εγ ,ω

d2nγ Jca
ε−β−|Mfi|2 h̄2 c2

16ε2ε+

)
+

1
∆εγ ,ω

(∫
ε2∈∆εγ ,ω

d2nγ Jca
ε−β−|Mfi|2 h̄2 c2

16ε1ε+

)
, (711)

ηγ1γ2→e
−e+

e,ω =
1

∆εe,ω

(∫
ε−∈∆εe,ω

d2nγ Jca
ε2
−
β−|Mfi|2 h̄2 c2

16ε1ε2ε+

)
+

1
∆εe,ω

(∫
ε+∈∆εe,ω

d2nγ Jca
ε−β−|Mfi|2 h̄2 c2

16ε1ε2

)
, (712)

where d2n± = dn−dn+do1, d2nγ = dnγ1dnγ2do−, dn± = dε±do±ε
2
±
β±f±, dnγ1,2 = dε1,2do1,2ε

2
1,2fγ1,2 and the Jacobian is

Jca =
ε+β−

(ε+ + ε−) β− − (ε1b1 + ε2b2) ·b−
. (713)

9.5.3. Møller scattering of electrons and positrons
The time evolution of the distribution functions of electrons (or positrons) is described by(

∂ fi(pi, t)
∂t

)
e1e2→e′1e

′
2

=

∫
dpjdp

′

1dp
′

2Vwp′1,p′2;p1,p2 × [f1(p
′

1, t)f2(p
′

2, t)− f1(p1, t)f2(p2, t)], (714)

with i = 1, j = 2, and with j = 1, i = 2, and where

wp′1,p
′
2;p1,p2

=
h̄2 c6

(2π)2V
δ(ε1 + ε2 − ε

′

1 − ε
′

2)δ(p1 + p2 − p
′

1 − p
′

2)
|Mfi|2

16ε1ε2ε′1ε
′

2
, (715)

|Mfi|2 = 26π2α2
{
1
t2

[
s2 + u2

2
+ 4m2ec

2(t −m2ec
2)

]
(716)

+
1
u2

[
s2 + t2

2
+ 4m2ec

2(u−m2ec
2)

]
(717)

+
4
tu

( s
2
−m2ec

2
) ( s
2
− 3m2ec

2
)}
, (718)

with s = (p1 + p2)
2
= 2(m2ec

2
+ p1p2), t = (p1 − p′1)

2
= 2(m2ec

2
− p1p

′

1), and u = (p1 − p′2)
2
= 2(m2ec

2
− p1p

′

2) [89].
The energies of final state particles are given by (702) with new coefficients Ã = (ε1 + ε2)2 − (ε1β1b1·b′1 + ε2β2b2·b

′

1)
2,

B̃ = (ε1 + ε2)[m2ec
4
+ ε1ε2(1− β1β2b1b2)], and C̃ = m2ec

4(ε1β1b1·b′1 + ε2β2b2·b
′

1)
2
+ [m2ec

4
+ ε1ε2(1− β1β2b1·b2)]2. The

condition to be checked is[
ε′1(ε1 + ε2)−m

2
ec
4
− (ε1ε2)(1− β1β2b1·b2)

] [
(ε1β1b1 + ε2β2b2)·b′1

]
≥ 0. (719)

Integration of Eqs. (714), similar to the case of Compton scattering in Section 9.5.1 yields

η
e1e2→e′1e

′
2

e,ω =
1

∆εe,ω

(∫
ε′1∈∆εe,ω

d2nJms
ε′21 β

′

1|Mfi|
2 h̄2 c2

16ε1ε2ε′2

)
+

1
∆εe,ω

(∫
ε′2∈∆εe,ω

d2nJms
ε′1β
′

1|Mfi|
2 h̄2 c2

16ε1ε2

)
, (720)

(χE)
e1e2→e′1e

′
2

e,ω =
1

∆εe,ω

(∫
ε1∈∆εe,ω

d2nJms
ε′1β
′

1|Mfi|
2 h̄2 c2

16ε2ε′2

)
+

1
∆εe,ω

(∫
ε2∈∆εe,ω

d2nJms
ε′1β
′

1|Mfi|
2 h̄2 c2

16ε1ε′2

)
, (721)

where d2n = dn1dn2do′1, dn1,2 = dε1,2do1,2ε
2
1,2β1,2f1,2 , and the Jacobian is

Jms =
ε′2β
′

2

(ε′1 + ε
′

2)β
′

1 − (ε1β1b1 + ε2β2b2)·b
′

1
. (722)

9.5.4. Bhaba scattering of electrons on positrons
The time evolution of the distribution functions of electrons and positrons due to Bhaba scattering is described by(

∂ f±(p±, t)
∂t

)
e−e+→e−′e+′

=

∫
dp∓dp

′

−
dp′
+
Vwp′

−
,p′
+
;p−,p+ × [f−(p

′

−
, t)f+(p′+, t)− f−(p−, t)f+(p+, t)], (723)

where

wp′
−
,p′
+
;p−,p+ =

h̄2 c6

(2π)2V
δ(ε− + ε+ − ε

′

−
− ε′
+
)δ(p− + p+ − p

′

−
− p′
+
)
|Mfi|2

16ε−ε+ε′−ε′+
, (724)
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and |Mfi| is given by the Eq. (718), but the invariants are s = (p− − p′
+
)2, t = (p+ − p′

+
)2 and u = (p− + p+)

2. The final
energies ε′

−
, ε′
+
are functions of the outgoing particle directions in a way similar to that in Section 9.5.3, see also [89].

Integration of Eqs. (723) yields

ηe
−e+→e−′e+′
±,ω =

1
∆ε±,ω
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−
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d2n′
±
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)
, (725)

(χE)e
−e+→e−′e+′
±,ω =

1
∆ε±,ω
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(726)

where d2n′
±
= dn−dn+do′−, dn± = dε±do±ε

2
±
β±f±, and the Jacobian is

Jbs =
ε′
+
β ′
+

(ε′− + ε
′
+)β

′
− − (ε−β−b− + ε+β+b+)·b′−

. (727)

Analogously to the case of pair creation and annihilation in Section 9.5.2 the energies of final state particles are given by
(702)with the coefficients Ă = (ε−+ε+)2−(ε−β−b−·b′−+ε+β+b+·b

′

−
)2, B̆ = (ε−+ε+)

[
m2ec

4
+ ε−ε+(1− β−β+b−·b+)

]
,

C̆ =
[
m2ec

4
+ ε−ε+(1− β−β+b−·b+)

]2
+m2ec

4
[
ε−β−b−·b′− + ε+β+b+·b

′

−

]2. In order to select the correct root one has to
check the condition (719) changing the subscripts 1→−, 2→+.

9.6. Three-body processes

As we discussed above, for the collisional integrals for three-body interactions we assume that particles already reached
kinetic equilibrium. In that case one can use the corresponding expressions, obtained in the literature for the thermal
equilibrium case, and multiply the collisional integrals by the exponents, containing the chemical potentials of particles.
Emission coefficients for triple interactions in thermal equilibrium may be computed by averaging of the differential

cross-sections given in Section 4 of the corresponding processes over the thermal distributions of particles. Analytic results
as a rule exist only for nonrelativistic and/or ultrarelativistic cases. The only way to get approximate analytical expressions
is then to find the fitting formulas, connecting the two limiting cases with reasonable accuracy. This work has been done by
Svensson [496], also for reactions with protons, and in what follows we adopt the emission and absorption coefficient for
triple interactions given in that paper.
Bremsstrahlung

ηe
∓e∓→e∓e∓γ
γ = (n2

+
+ n2
−
)
16
3
αc
ε

(
e2

mec2

)2
× ln

[
4ξ(11.2+ 10.4θ2)

θ

ε

] 3
5

√
2θ + 2θ2

exp(1/θ)K2(1/θ)
, (728)

ηe
−e+→e−e+γ
γ = n+n−

16
3
2αc
ε

(
e2

mec2

)2
× ln

[
4ξ(1+ 10.4θ2)

θ

ε

] √
2+ 2θ + 2θ2

exp(1/θ)K2(1/θ)
, (729)

where ξ = e−0.5772, and K2(1/θ) is the modified Bessel function of the second kind of order 2.
Double Compton scattering

ηe
±γ→e±′γ ′γ ′′
γ = (n+ + n−)nγ

128
3
αc
ε
×

(
e2

mec2

)2
θ2

1+ 13.91θ + 11.05θ2 + 19.92θ3
. (730)

Three photon annihilation

ηe
±e∓→γ γ ′γ ′′
γ = n+n−αc

(
e2

mec2

)2 1
ε

4
θ

(
2 ln2 2ξθ + π2

6 −
1
2

)
4θ + 1

θ2

(
2 ln2 2ξθ + π2

6 −
1
2

) , (731)

where two limiting approximations [496] are joined together.
Radiative pair production

ηγ γ
′
→γ ′′e±e∓

e = ηe
±e∓→γ γ ′γ ′′
γ

n2γ
n+n−

[
K2(1/θ)
2θ2

]2
. (732)
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Electron–photon pair production

η
e±1 γ→e

±′

1 e
±e∓

γ =


(n+ + n−)nγαc

(
e2

mec2

)2
exp

(
−
2
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)
16.1θ0.541, θ ≤ 2,

(n+ + n−)nγαc
(
e2

mec2

)2 (56
9
ln 2ξθ −

8
27

)
1

1+ 0.5/θ
, θ > 2.

(733)

The absorption coefficient for three-body processes is written as

χ3pγ = η
3p
γ /E

eq
γ , (734)

where η3pγ is the sum of the emission coefficients of photons in the three-particle processes, E
eq
γ = 2πε

3f eqγ /c
3, where f eqγ is

given by (657).
From Eq. (662), the law of energy conservation in the three-body processes is∫ ∑

i

(η
3p
i − χ

3p
i Ei)dµdε = 0. (735)

For exact conservation of energy in these processes the following coefficients of emission and absorption for electrons are
introduced:

χ3pe =

∫
(η3pγ − χ

3p
γ Eγ )dεdµ∫

Eedεdµ
, η3pe = 0,

∫
(η3pγ − χ

3p
γ Eγ )dεdµ > 0, (736)

or

η
3p
e

Ee
= −

∫
(η3pγ − χ

3p
γ Eγ )dεdµ∫

Eedεdµ
, χ3pe = 0,

∫
(η3pγ − χ

3p
γ Eγ )dεdµ < 0. (737)

9.7. Cutoff in the Coulomb scattering

Denote quantities in the center of mass (CM) framewith index 0, andwith prime after interaction. Suppose there are two
particles with massesm1 andm2. The change of the angle of the first particle in CM system is

θ10 = arccos(b10·b′10), (738)

the numerical grid size is∆θg, the minimal angle at the scattering is θmin.
By definition in the in CM frame

p10 + p20 = 0, (739)

where

pi0 = pi +
[
(Γ − 1)(Npi)− Γ

V
c
εi

c

]
N, i = 1, 2, (740)

and

εi = Γ (εi0 + Vpi0). (741)

Then for the velocity of the CM frame

V
c
= c
p1 + p2
ε1 + ε2

, N =
V
V
, Γ =

1√
1−

( V
c

)2 . (742)

By definition

b10 = b20, b′10 = b
′

20, (743)

and then

|p10| = |p20| = p0

≡
1
c

√
ε210 −m

2
1c4 =

1
c

√
ε220 −m

2
2c4, (744)
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where

ε10 =
(ε1 + ε2)

2
− Γ 2(m22 −m

2
1)c

4

2(ε1 + ε2)Γ
, (745)

ε20 =
(ε1 + ε2)

2
+ Γ 2(m22 −m

2
1)c

4

2(ε1 + ε2)Γ
. (746)

Haug [506] gives the minimal scattering angle in the center of mass system

θmin =
2h̄
mecD

γr

(γr + 1)
√
2(γr − 1)

, (747)

where the maximum impact parameter (neglecting the effect of protons) is

D =
c2

ω

p0
ε10
, (748)

and the invariant Lorentz factor of relative motion (e.g. [506]) is

γr =
1√

1−
(
vr
c

)2 = ε1ε2 − p1 · p2c2

m1m2c4
. (749)

Finally, in the CM frame

tmin = 2
[
(mec)2 −

(ε10
c

)2 (
1− β210 cos θmin

)]
.

Since it is invariant, t in the denominator of |Mfi|2 in (718) is replaced by the value t
√
1+ t2min/t2 to implement the

cutoff scheme. Also at the scattering of equivalent particles u in the denominator of |Mfi|2 in (718) is changed by the value

u
√
1+ t2min/u2.

9.8. Numerical results

The results of numerical simulations are reported below. Two limiting initial conditions with flat spectra are chosen:
(i) electron–positron pairs with a 10−5 energy fraction of photons and (ii) the reverse case, i.e., photons with a 10−5 energy
fraction of pairs. The grid consists of 60 energy intervals and 16 × 32 intervals for two angles characterizing the direction
of the particle momenta. In both cases the total energy density is ρ = 1024 erg cm−3. In the first case initial concentration
of pairs is 3.1 · 1029 cm−3, in the second case the concentration of photons is 7.2 · 1029 cm−3.
In Fig. 41, panel (a) concentrations of photons and pairs as well as their sum for both initial conditions are shown. After

calculations begin, concentrations and energy density of photons (pairs) increase rapidly with time, due to annihilation
(creation) of pairs. Then, in the kinetic equilibrium phase, concentrations of each component stay almost constant, and the
sum of concentrations of photons and pairs remains unchanged. Finally, both individual components and their sum reach
stationary values. If one compares and contrasts both cases as reproduced in Fig. 41(a) one can see that, although the initial
conditions are drastically different, in both cases the same asymptotic values of the concentration are reached.
One can see in Fig. 41, panel (c) that the spectral density of photons and pairs can be fitted already at tk ≈ 20tCs ≈

7 · 10−15 s by distribution functions (657) with definite values of temperature θk(tCs) ≈ 1.2 and chemical potential
φk(tk) ≈ −4.5, common for pairs and photons. As expected, after tk the distribution functions preserve their form (657)
with the values of temperature and chemical potential changing in time, as shown in Fig. 41, panel (b). As one can see from
this figure, the chemical potential evolveswith time and reaches zero at themoment tth ≈ α−1tk ≈ 7·10−13 s, corresponding
to the final stationary solution. Condition (673) is satisfied in kinetic equilibrium.
The necessary condition for thermal equilibrium in the pair plasma is the detailed balance between direct and inverse

triple interactions. This point is usually neglected in the literature where there are claims that the thermal equilibriummay
be established with only binary interactions [490]. In order to demonstrate it explicitly in Fig. 41, panel (a) the dependence
of concentrations of pairs and photons when inverse triple interactions are artificially switched off is also shown. In this
case (see dotted curves in the upper part of Fig. 41, panel (a)), after kinetic equilibrium is reached concentrations of pairs
decrease monotonically with time, and thermal equilibrium is never reached.
The existence of a non-null chemical potential for photons indicates the departure of the distribution function from

the one corresponding to thermal equilibrium. Negative (positive) value of the chemical potential generates an increase
(decrease) of the number of particles in order to approach the one corresponding to the thermal equilibriumstate. Then, since
the total number of particles increases (decreases), the energy is shared between more (less) particles and the temperature
decreases (increases). Clearly, as thermal equilibrium is approached, the chemical potential of photons is zero.
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a b c

Fig. 41. (a) Dependence on time of concentrations of pairs (black), photons (red) and both (thick) when all interactions take place (solid). Upper (lower)
figure corresponds to the case when initially there are mainly pairs (photons). Dotted curves on the upper figure show concentrations when inverse triple
interactions are neglected. In this case an enhancement of the pairs occurs with the corresponding increase in photon number and thermal equilibrium
is never reached. (b) Time dependence of temperatures, measured on the left axis (solid), and chemical potentials, measured on the right axis (dotted), of
electrons (black) and photons (red). The dashed lines correspond to the reaching of the kinetic (∼10−14 s) and the thermal (∼10−12 s) equilibria. Upper
(lower) figure corresponds to the case when initially there are mainly pairs (photons). (c) Spectra of pairs (upper figure) and photons (lower figure) when
initially only pairs are present. The black curve represents the results of numerical calculations obtained successively at t = 0, t = tk and t = tth (see the
text). Both spectra of photons and pairs are initially taken to be flat. The yellow curves indicate the spectra obtained from (657) at t = tk . The perfect fit of
the two curves is most evident in the entire energy range leading to the first determination of the temperature and chemical potential both for pairs and
photons. The orange curves indicate the final spectra as thermal equilibrium is reached. (For interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.)

In this example with the energy density 1024 erg cm−3 the thermal equilibrium is reached at∼7 · 10−13 s with the final
temperature Tth = 0.26 MeV. For a larger energy density the duration of the kinetic equilibrium phase, as well as of the
thermalization timescale, is smaller. Recall, that in entire temperature range the plasma is nondegenerate.
The results, obtained for the case of an uniform plasma, can only be adopted for a description of a physical system with

dimensions R0 � 1
nσT
= 4.3× 10−5 cm.

The assumption of the constancy of the energy density is only valid if the dynamical timescale tdyn =
( 1
R
dR
dt

)−1
of the

plasma is much larger than the above timescale tth which is indeed true in all the cases of astrophysical interest.
Since thermal equilibrium is obtained already on the timescale tth . 10−12 s, and such a state is independent of the initial

distribution functions for electrons, positrons and photons, the sufficient condition to obtain an isothermal distribution on
a causally disconnected spatial scale R > ctth = 10−2 cm is the request of constancy of the energy density on such a scale
as well as, of course, the invariance of the physical laws.
To summarize, the evolution of an initially nonequilibrium optically thick electron–positron–photon plasma is consid-

ered up to reaching thermal equilibrium. Starting from arbitrary initial conditions kinetic equilibrium is obtained from first
principles, directly solving the relativistic Boltzmann equations with collisional integrals computed from QED matrix ele-
ments. The essential role of direct and inverse triple interactions in reaching thermal equilibrium is demonstrated. These
results can be applied in the theories of the early Universe and of astrophysical sources, where thermal equilibrium is pos-
tulated at the very early stages. These results can in principle be tested in laboratory experiments in the generation of
electron–positron pairs.

10. Concluding remarks

We have reviewed three fundamental quantum processes which have highlighted some of the greatest effort in
theoretical and experimental physics in last seventy years. They all deal with creation and annihilation of electron–positron
pairs. We have followed the original path starting from the classical works of Dirac, on the process e+e− → 2γ , and
the inverse process, 2γ → e+e−, considered by Breit–Wheeler. We have then reviewed the e+e− pair creation in
a critical electric field Ec = m2ec

3/(h̄e) and the Sauter–Heisenberg–Euler–Schwinger description of this process both
in Quantum Mechanics and Quantum Electro-Dynamics. We have also taken this occasion to reconstruct the exciting
conceptual developments, initiated by the Sauter work, enlarged by the Born–Infeld nonlinear electrodynamical approach,
finally leading to the Euler and Euler–Heisenberg results. We were guided in this reconstruction by the memories of many
discussions of one of us (RR) withWerner Heisenberg. We have then reviewed the latest theoretical developments deriving
the general formula for pair production rate in electric fields varying in space and in time, compared with one in a constant
electric field approximation originally studied by Schwingerwithin QED.We also reviewed recent studies of pair production
rates in selected electric fields varying both in space and in time, obtained in the literature using instanton and JWKB
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methods. Special attention has been given to review the pair production rate in electric fields alternating periodically in time,
early derived by Brezin, Itzykson and Popov, and the nonlinear Compton effect in the processes of electrons and photons
colliding with laser beams, studied by Nikishov and Narozhny. These theoretical results play an essential role in Laboratory
experiments to observe the pair production phenomenon using laser technologies.
We then reviewed the different level of verification of these three processes in experiments carried all over theworld.We

stressed the success of experimental verification of the Dirac process, by far one of the most prolific and best tested process
in the field of physics. We also recalled the study of the hadronic branch in addition to the pure electrodynamical branch
originally studied by Dirac, made possible by the introduction of e+e− storage rings technology. We then turned to the
very exciting current situation which sees possibly the Breit–Wheeler formula reaching its first experimental verification.
This result is made possible thanks to the current great developments of laser physics. We reviewed as well the somewhat
traumatic situation in the last forty years of the heavy-ion collisions in Darmstadt and Brookhaven, yet unsuccessfully
attempting to observe the creation of electron–positron pairs. We also reviewed how this vast experimental program was
rooted in the theoretical ideas of Zeldovich, Popov, Greiner and their schools.
We have also recalled the novelty in the field of relativistic astrophysicswherewe are daily observing the phenomenon of

Gamma Ray Bursts [403,476,516–518]. These bursts of photons occur in energy range keV toMeV, last about one second and
come from astrophysical sources located at a cosmological distance [393,519–522]. The energy released is up to∼1055 ergs,
equivalent to all the energy emitted by all the stars of all the galaxies of the entire visible Universe during that second. It
is generally agreed that the energetics of these GRBs sources is dominated by a dense plasma of electrons, positrons and
photons created during the process of gravitational collapse leading to a Black Hole, see e.g. [68,397–399] and references
therein. The Sauter–Heisenberg–Euler–Schwinger vacuum polarization process, we have considered in the first part of
the report, is a classic theoretical model to study the creation of an electron–positron optically thick plasma. Similarly
the Breit–Wheeler and the Dirac processes we have discussed, are essential in describing the further evolution of such
an optically thick electron–positron plasma. The GRBs present an unique opportunity to test new unexplored regime of
ultrahigh energy physicswith Lorentz factor γ ∼ 100–1000 and relativistic field theories in the strongest general relativistic
domain.
The aim in this report, in addition to describe the above mentioned three basic quantum processes, has been to identify

and review three basic relativistic regimes dealing with an optically thin and optically thick electron–positron plasma.
The first topic contains the basic results of the physics of black holes, of their energetics and of the associated process

of vacuum polarization. We reviewed the procedures to generalize in a Kerr–Newman geometry the QED treatment of
Schwinger and the creation of enormous number of 1060 electron–positron pairs in such a process.
The second topic is the back reaction of a newly created electron–positron plasma on an overcritical electric field.

Again we reviewed the Breit–Wheeler and Dirac processes applied in the wider context of the Vlasov–Boltzmann–Maxwell
equations. To discuss the back reaction of electron–positron pair on external electric fields, we reviewed semi-
classical and kinetic theories describing the plasma oscillations using respectively the Dirac–Maxwell equations and
the Boltzmann–Vlasov equations. We also reviewed the discussions of plasma oscillations damping due to quantum
decoherence and collisions, described by respectively the quantum Boltzmann–Vlasov equation and Boltzmann–Vlasov
equation with particle collisions terms. We particularly addressed the study of the influence of the collision processes
e+e− � γ γ on the plasma oscillations in supercritical electric field E > Ec . After 103−4 Compton times, the oscillating
electric field is damped to its critical value with a large number of photons created. An equipartition of number and energy
between electron–positron pairs and photons is reached. For the plasma oscillation with undercritical electric field E . Ec ,
we recalled that electron–positron pairs, created by the vacuum polarization process, move as charged particles in external
electric field reaching a maximum Lorentz factor at finite length of oscillations, instead of arbitrary large Lorentz factors, as
traditionally assumed. Finally we point out some recent results which differentiate the case E > Ec from the one E < Ec
with respect to the creation of the rest mass of the pair versus its kinetic energy. For E > Ec the vacuum polarization process
transforms the electromagnetic energy of the field mainly in the rest mass of pairs, with moderate contribution to their
kinetic energy. Such phenomena, certainly fundamental on astrophysical scales, may become soon directly testable in the
verification of the Breit Wheeler process tested in laser experiments in the laboratory.
As the third topic we have reviewed the recent progress in the understanding of thermalization process of an optically

thick electron–positron–photon plasma. Numerical integration of relativistic Boltzmann equation with collisional integrals
for binary and triple interactions is used to follow the time evolution of such a plasma, in the range of energies per particle
between 0.1 and 10 MeV, starting from arbitrary nonequilibrium configuration. It is recalled that there exist two types of
equilibria in such a plasma: kinetic equilibrium, when all particles are at the same temperature, but have different nonzero
chemical potential of photons, and thermal equilibrium, when chemical potentials vanish. The crucial role of direct and
inverse binary and triple interactions in reaching thermal equilibrium is emphasized.
In a forthcoming report we will address how the above mentioned three relativistic processes can be applied to a variety

of astrophysical systems including neutron stars formation and gravitational collapse, supernovae explosions and GRBs.
This report is dedicated to the progress of theoretical physics in extreme regimes of relativistic field theorieswhich are on

the verge of finding their experimental and observational verification in physics and astrophysics. It is then possible fromour
review and the many references we have given to gain a basic understanding of this new field of research. The three topics
whichwe have reviewed are closely linked to the three quantumprocesses currently being tested in precisionmeasurement
in the laboratories. The experiments in the laboratories and the astrophysical observations cover complementary aspects
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which may facilitate a deeper and wider understanding of the nuclear and laser physics processes, of heavy-ion collisions
as well as neutron stars formation and gravitational collapse, supernovae and GRBs phenomena. We shall return on such an
astrophysical and observational topics in a dedicated forthcoming report.
We are witnessing in these times some enormous experimental and observational successes which are going to be the

natural ground to test some of the theoretical works which we have reviewed in this report. Among the many experimental
progresses being done in particle accelerators worldwide we like to give special mention to two outstanding experimental
facilities which are expected to give results in the forthcoming years. We refer here to the National Ignition Facility at the
Lawrence Livermore National Laboratory to be soon becoming operational, see e.g. [523] aswell as the corresponding facility
in France, the Mega Joule project [524].
In astrophysics these results will be tested in galactic and extragalactic black holes observed in binary X-ray sources,

active galactic nuclei, microquasars and in the process of gravitational collapse to a neutron star and also of two neutron
stars to a black hole in GRBs. The progress there is equally remarkable. In the last few days after the completion of this
report thanks to the tremendous progress in observational technology for the first time a massive hypergiant star has been
identified as the progenitor of the supernova SN 2005gl [525]. In parallel the joint success of observations of the flotilla of
X-ray observatories and ground-based large telescopes [176] have allowed to identify the first object ever observed at z ≈ 8
the GRB090423 [526].
To follow the progress in this field we are planning a new report which will be directed to the astrophysical nature of the

progenitors and the initial physical conditions leading to the process of the gravitational collapse. There the electrodynamical
structure of neutron stars, the phenomenon of the supernova explosion as well as theories of Gamma Ray Bursts (GRBs)
will be discussed. Both in the case of neutron stars and the case of black holes there are fundamental issues still to be
understood about the process of gravitational collapse especially with the electrodynamical conditions at the onset of the
process. The major difficulties appear to be connected with the fact that all fundamental interactions, the gravitational, the
electromagnetic, the strong, the weak interactions appear to participate in essential way to this process which appear to
be therefore one of the most interesting fundamental processes of theoretical physics. Current progress is presented in the
following works [527–538]. What is important to recall at this stage is only that both the supernovae and GRBs processes
are among the most energetic and transient phenomena ever observed in the Universe: a supernova can attain an energy of
∼1052 ergs (hypernovae) on a timescale of a fewmonths andGRBs can have emission of up to∼1055 ergs [539] in a timescale
as short as a few seconds. The central role in their description of neutron stars, for supernova as well as of black holes and
the electron–positron plasma discussed in this report, for GRBs, are widely recognized. The reason which makes this last
research so important can be seen in historical prospective: the Sun has been the arena to understand the thermonuclear
evolution of stars [540]; Cyg X-1 has evidenced the gravitational energy role in explaining an astrophysical system [541],
the GRBs are promising to prove the existence for the first time of the ‘‘blackholic energy’’. These three quantum processes
described in our report reveal the basic phenomena in the process of gravitational collapse predicted by Einstein theory of
General Relativity [176].

Note added in proof

• In Ref. [256] two terms related to the initial and final frequencies are missing in the effective action (real part and
imaginary part). These have been corrected in [542].
• Some new results were obtained for QED in quasi constant in time electric field, in particular, the distribution of particles
created is discussed in [543]; consistency restrictions on maximal electric field strength in QFT are discussed in [544].
One-loop energy-momentum tensor in QED is obtained in [545]. The exact rate of pair production by a smooth potential
proportional to tanh(kz) in three dimensions is obtained in [546].
• A recent review on the muon anomalous magnetic moment (muon g-2), offers the possibility, by making most precise
measurement of muon g-2 in low-energies, to infer virtual hadronic vacuum polarization and light-by-light scattering
effects due to virtual quark-pairs production in high-energies. In recent BNL E821 experiment,11 the muon anomalous
magneticmoment can be rather accuratelymeasured. In the theory of StandardModel for elementary particles, themuon
anomalous magnetic moment aµ receives leptonic QED-contributions (e, µ, τ ) to aQEDµ , which have been calculated, see
for a review [547], up to 5-loop contributions O(α5)

aQEDµ ∼ 663(20)(4.6)
(α
π

)5
. (750)

While hadronic (u, d, s, c, . . .) contributions to the muon anomalous magnetic moment ahadµ contain, due to the strong
interaction, both perturbative and non-perturbative parts, the O(α2) contribution to ahadµ ,

a(4)µ (vap, had) =
(αmµ
3π

)2 (∫ E2cut

m2
π0

ds
Rdatahad (s)K̂(s)

s2
+

∫
∞

E2cut

ds
RpQCDhad (s)K̂(s)

s2

)
, (751)

11 http://www.g-2.bnl.gov.
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where R(s) is given by

Rhad(s) = σ(e+e− → hadrons)/
4πα(s)2

3s
, (752)

and K(s) is the vacuum polarization contribution,

K(s) =
∫ 1

0
dx

x2(1− x)
x2 + (s/m2µ)(1− x)

, (753)

and a cut Ecut in the energy, separating the non-perturvative part to be evaluated from data and the perturbative high
energy tail to be calculated using perturvative QCD (pQCD), analogously to QED-calculations. The pQCD calculations
may only be trusted above 2 GeV and away from threshold and resonances. In the report [547], authors resort to a
semiphenomenological approach using dispersion relations together with the optical theorem and experimental data.
The ‘‘measurements of Rhad(s)’’ get more difficult as increasing energies more and more channels open for meson-
resonances. In addition, the most problematic set of hadronic corrections is that related to hadronic light-by-light
scattering, which for the first time show up at order O(α3) via the diagrams with insertion of a box with four photon
lines. As a contribution to the anomalousmagnetic moment three of four photons are virtual and to be integrated over all
four-momentum space, such that a direct experimental input for the non-perturbative dressed four-photon correlator
is not available. In this case one has to resort the low energy effective description of QCD like chiral perturbation theory
(CHPT) extended to include vector-mesons, which is reviewed in detail [547]. Furthermore, the Electroweak corrections
of weak virtual process including intermediate bosonsW± and Z to g − 2 are important and now almost three standard
deviations, and without it the deviation between theory and experiment would be the 6σ level. The test of the weak
contribution is actually one of the milestones achieved by Brookhaven experiment E821 (see the footnote above). These
studies and experiments are crucial to include the contributions from all known particles and interactions such that from
a possible deviation between theory and experiment we may get a hint of the yet unknown physics.
• Some recent results on e+e− annihilation cross sections in the GeV region are obtained in the following experiments:
KLOE [548], CMD-2 [549], SND [550].
• Wewould like to point out that in our report, one-loop vacuumpolarization and light-by-light scattering effects (effective
Euler-Heisenberg Lagrangian), as well as their high-order corrections in low-energies are considered in Section 4.3; non-
linear Compton effect is discussed in both Section 4.9 (theory) and Sections 6.2 and 6.3 (experiments); the Breit-Wheeler
cutoff in high-energy γ -rays for astrophysics in Section 6.4. All these discussions are limited in the leptonic sector for
low-energies. The reason of recording here these hadronic contributions in the high-energy region is motivated by our
expectation that these effects will be possibly soon detected by direct measurements of gamma ray emission from high-
energy astrophysical processes. We shall return on this topic in our forthcoming report already mentioned above.
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[387] A.A. Starobinskiǐ, Amplification of waves during reflection from a rotating black hole, Soviet Journal of Experimental and Theoretical Physics 37

(1973) 28–+.
[388] W.G. Unruh, Notes on black-hole evaporation, Physical Review D 14 (1976) 870–892.
[389] N. Deruelle, Classical and quantum states in black hole physics, in: 1st Marcel Grossmann Meeting on General Relativity, 1977, pp. 483–498.
[390] W.T. Zaumen, Upper bound on the electric charge of a black hole, Nature 247 (1974) 530–531.
[391] G.W. Gibbons, Vacuumpolarization and the spontaneous loss of charge by black holes, Communications inMathematical Physics 44 (1975) 245–264.
[392] C.W. Misner, K.S. Thorne, J.A. Wheeler, Gravitation, W.H.Freeman and Co, San Francisco, 1973.
[393] E. Costa, F. Frontera, J. Heise, M. Feroci, J. in’t Zand, F. Fiore, M.N. Cinti, D. Dal Fiume, L. Nicastro, M. Orlandini, E. Palazzi, M. Rapisarda#, G. Zavattini,

R. Jager, A. Parmar, A. Owens, S. Molendi, G. Cusumano, M.C. Maccarone, S. Giarrusso, A. Coletta, L.A. Antonelli, P. Giommi, J.M. Muller, L. Piro, R.C.
Butler, Discovery of an X-ray afterglow associated with the γ -ray burst of 28 February 1997, Nature 387 (1997) 783–785. arXiv:astro-ph/9706065.

[394] R. Ruffini, Beyond the critical mass: The dyadosphere of black holes, in: H. Sato, N. Sugiyama (Eds.), Frontiers Science Series 23: Black Holes and High
Energy Astrophysics, 1998, p. 167–+.

[395] R. Ruffini, Analogies, newparadigms and observational data as growing factors of relativistic astrophysics, in: Fluctuating Paths and Fields - Dedicated
to Hagen Kleinert on the Occasion of His 60th Birthday, World Scientific, Singapore, 2001, p. 771.

[396] G. Preparata, R. Ruffini, S. Xue, On the dyadosphere of black holes, Journal of Korean Physical Society 42 (2003) S99–S105.
[397] G. Preparata, R. Ruffini, S.-S. Xue, The dyadosphere of black holes and gamma-ray bursts, Astronomy and Astrophysics 338 (1998) L87–L90. arXiv:

astro-ph/9810182.
[398] R. Ruffini, J.D. Salmonson, J.R. Wilson, S.-S. Xue, On the pair electromagnetic pulse of a black hole with electromagnetic structure, Astronomy and

Astrophysics 350 (1999) 334–343.
[399] R. Ruffini, J.D. Salmonson, J.R. Wilson, S.-S. Xue, On the pair-electromagnetic pulse from an electromagnetic black hole surrounded by a baryonic

remnant, Astronomy and Astrophysics 359 (2000) 855–864.
[400] R. Ruffini, S.-S. Xue, Effective dyadosphere, in: Y.-F. Huang, Z.-G. Dai, B. Zhang (Eds.), in: American Institute of Physics Conference Series, vol. 1065,

2008, pp. 289–293.
[401] R. Ruffini, S.-S. Xue, Dyadosphere formed in gravitational collapse, in: American Institute of Physics Conference Series, vol. 1059, 2008, pp. 72–100.
[402] R. Ruffini, Physics outside the horizon of a black hole, in: R. Giacconi, R. Ruffini (Eds.), Physics and Astrophysics of Neutron Stars and Black Holes,

1978, pp. 287–355.
[403] R. Ruffini, C.L. Bianco, P. Chardonnet, F. Fraschetti, L. Vitagliano, S. Xue, New perspectives in physics and astrophysics from the theoretical

understanding of Gamma-Ray Bursts, in: AIP Conf. Proc. 668: Cosmology and Gravitation, 2003, pp. 16–107.

August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408



R. Ruffini et al. / Physics Reports 487 (2010) 1–140 137

[404] C. Cherubini, R. Ruffini, L. Vitagliano, On the electromagnetic field of a charged collapsing spherical shell in general relativity, Physics Letters B 545
(2002) 226–232. arXiv:astro-ph/0209071.

[405] R. Ruffini, L. Vitagliano, Irreducible mass and energetics of an electromagnetic black hole, Physics Letters B 545 (2002) 233–237. arXiv:astro-ph/
0209072.

[406] R. Ruffini, L. Vitagliano, Energy extraction from gravitational collapse to static black holes, International Journal of Modern Physics D 12 (2003)
121–127. arXiv:astro-ph/0212376.

[407] R. Ruffini, L. Vitagliano, S.-S. Xue, On a separatrix in the gravitational collapse to an overcritical electromagnetic black hole, Physics Letters B 573
(2003) 33–38. arXiv:astro-ph/0309022.

[408] R. Ruffini, F. Fraschetti, L. Vitagliano, S.-S. Xue, Observational signatures of an electromagnetic overcritical gravitational collapse, International Journal
of Modern Physics D 14 (2005) 131–141. arXiv:astro-ph/0410233.

[409] F. Fraschetti, R. Ruffini, L. Vitagliano, S.S. Xue, Theoretical predictions of spectral evolution of short GRBs, Nuovo Cimento B Serie 121 (2006)
1477–1478.

[410] C. Cherubini, A. Geralico, J.A. Rueda H, R. Ruffini, On the dyadotorus of the Kerr–Newman spacetime, in: C.L. Bianco, S.-S. Xue (Eds.), Relativistic
Astrophysics, in: American Institute of Physics Conference Series, vol. 966, 2008, pp. 123–126.

[411] C. Cherubini, A. Geralico, H.J.A. Rueda, R. Ruffini, e−–e+ pair creation by vacuum polarization around electromagnetic black holes, Physical Review
D 79 (12) (2009) 124002–+. arXiv:0905.3274.

[412] T. Damour, Surface effects in black-hole physics, in: Marcel Grossmann Meeting: General Relativity, 1982, p. 587–+.
[413] R.C. Tolman, Effect of inhomogeneity on cosmological models, Proceedings of the National Academy of Science 20 (1934) 169–176.
[414] R. Ruffini, C.L. Bianco, F. Fraschetti, S.-S. Xue, P. Chardonnet, Relative spacetime transformations in gamma-ray bursts, Astrophysical Journal 555

(2001) L107–L111. arXiv:astro-ph/0106531.
[415] R. Ruffini, C.L. Bianco, F. Fraschetti, S.-S. Xue, P. Chardonnet, On the interpretation of the burst structure of gamma-ray bursts, Astrophysical Journal

555 (2001) L113–L116. arXiv:astro-ph/0106532.
[416] R. Ruffini, C.L. Bianco, F. Fraschetti, S.-S. Xue, P. Chardonnet, On a possible gamma-ray burst-supernova time sequence, Astrophysical Journal 555

(2001) L117–L120. arXiv:astro-ph/0106534.
[417] R. Ruffini, C.L. Bianco, P.C.F. Fraschetti, S.-S. Xue, On the physical processes which lie at the bases of time variability of GRBs, Nuovo Cimento B Serie

116 (2001) 99–+. arXiv:astro-ph/0106535.
[418] J.D. Bekenstein, Hydrostatic equilibrium and gravitational collapse of relativistic charged fluid balls, Physical Review D 4 (1971) 2185–2190.
[419] M. Nagano, A.A. Watson, Observations and implications of the ultrahigh-energy cosmic rays, Reviews of Modern Physics 72 (2000) 689–732.
[420] S.A. Kaplan, On circular orbits in Einstein’s gravitation theory, Zhurnal Eksperimental noi i Teoreticheskoi Fiziki 19 (1949) 951–952.
[421] J.D. Bekenstein, Black holes and entropy, Physical Review D 7 (1973) 2333–2346.
[422] S.W. Hawking, Black hole explosions? Nature 248 (1974) 30–+.
[423] S.W. Hawking, Particle creation by black holes, Communications in Mathematical Physics 43 (1975) 199–220.
[424] G.W. Gibbons, S.W. Hawking, Action integrals and partition functions in quantum gravity, Physical Review D 15 (1977) 2752–2756.
[425] F. Dyson, Communication at Science and Ultimate Reality, Symposium in Honour of J. A. Wheeler, Princeton, 2002.
[426] M. Johnston, R. Ruffini, F. Zerilli, Gravitationally induced electromagnetic radiation, Physical Review Letters 31 (1973) 1317–1319. doi:10.1103/

PhysRevLett.31.1317.
[427] M. Johnston, R. Ruffini, F. Zerilli, Electromagnetically induced gravitational radiation, Physics Letters B 49 (1974) 185–188. doi:10.1016/

0370-2693(74)90505-X.
[428] F. Cooper, E. Mottola, Initial-value problems in quantum field theory in the large-N approximation, Physical Review D 36 (1987) 3114–3127.
[429] F. Cooper, E. Mottola, Quantum back reaction in scalar QED as an initial-value problem, Physical Review D 40 (1989) 456–464.
[430] D. Boyanovsky, H.J. de Vega, Quantum rolling down out of equilibrium, Physical Review D 47 (1993) 2343–2355. arXiv:hep-th/9211044.
[431] D. Boyanovsky, H.J. de Vega, R. Holman, Nonequilibrium evolution of scalar fields in FRW cosmologies, Physical Review D 49 (1994) 2769–2785.

arXiv:hep-ph/9310319.
[432] D. Boyanovsky, H.J. de Vega, R. Holman, D.-S. Lee, A. Singh, Dissipation via particle production in scalar field theories, Physical Review D 51 (1995)

4419–4444. arXiv:hep-ph/9408214.
[433] D. Boyanovsky, I.D. Lawrie, D.-S. Lee, Relaxation and kinetics in scalar field theories, Physical ReviewD 54 (1996) 4013–4028. arXiv:hep-ph/9603217.
[434] Y. Kluger, J.M. Eisenberg, B. Svetitsky, F. Cooper, E. Mottola, Pair production in a strong electric field, Physical Review Letters 67 (1991) 2427–2430.
[435] C. Best, J.M. Eisenberg, Pair creation in transport equations using the equal-time Wigner function, Physical Review D 47 (1993) 4639–4646. arXiv:

hep-ph/9301284.
[436] Y. Kluger, E. Mottola, J.M. Eisenberg, Quantum Vlasov equation and its Markov limit, Physical Review D 58 (12) (1998) 125015–+. arXiv:hep-ph/

9803372.
[437] G. Gatoff, A.K. Kerman, T. Matsui, Flux-tubemodel for ultrarelativistic heavy-ion collisions: Electrohydrodynamics of a quark–gluon plasma, Physical

Review D 36 (1987) 114–129.
[438] Y. Kluger, J.M. Eisenberg, B. Svetitsky, F. Cooper, E.Mottola, Fermion pair production in a strong electric field, Physical ReviewD45 (1992) 4659–4671.
[439] Y. Kluger, J.M. Eisenberg, B. Svetitsky, Pair production in a strong electric field: An initial value problem in quantum field theory, International Journal

of Modern Physics E 2 (1993) 333–380.
[440] T.S. Biro, H.B. Nielsen, J. Knoll, Colour rope model for extreme relativistic heavy ion collisions, Nuclear Physics B 245 (1984) 449–468.
[441] A. Białas, W. Czy z, Boost-invariant Boltzmann–Vlasov equations for relativistic quark–antiquark plasma, Physical Review D 30 (1984) 2371–2378.
[442] A. Bialas,W. Czyz, Chromoelectric flux tubes and the transverse-momentum distribution in high-energy nucleus–nucleus collisions, Physical Review

D 31 (1985) 198–200.
[443] A. Bialas,W. Czyz, Oscillations of relativistic, boost-invariant quark–antiquark plasma, Zeitschrift fur Physik C Particles and Fields 28 (1985) 255–259.
[444] A. Bialas, W. Czyz, Conversion of color field into qq matter in the central region of high-energy heavy ion collisions, Nuclear Physics B 267 (1986)

242–252.
[445] A.K. Kerman, T. Matsui, B. Svetitsky, Particle production in the central rapidity region of ultrarelativistic nuclear collisions, Physical Review Letters

56 (1986) 219–222.
[446] A. Bialas, W. Czyzdot, A. Dyrek, W. Florkowski, Oscillations of quark–gluon plasma generated in strong color fields, Nuclear Physics B 296 (1988)

611–624.
[447] L. Landau, On the multiple production of particles in high energy collisions, Izvestiya Akademii Nauk SSSR Seriya Fizika 17 (1953) 51.
[448] F. Cooper, G. Frye, E. Schonberg, Landau’s hydrodynamic model of particle production and electron–positron annihilation into hadrons, Physical

Review D 11 (1975) 192–213.
[449] F.E. Low, Model of the bare Pomeron, Physical Review D 12 (1975) 163–173.
[450] S. Nussinov, Colored-quark version of some hadronic puzzles, Physical Review Letters 34 (1975) 1286–1289.
[451] B. Andersson, G. Gustafson, G. Ingelman, T. Sjöstrand, Parton fragmentation and string dynamics, Physics Reports 97 (1983) 31–145.
[452] F. Cooper, J.M. Eisenberg, Y. Kluger, E. Mottola, B. Svetitsky, Particle production in the central rapidity region, Physical Review D 48 (1993) 190–208.

arXiv:hep-ph/9212206.
[453] S. Weinberg (Ed.), Gravitation and cosmology: Principles and applications of the general theory of relativity, July 1972, Wiley-VCH, ISBN: 0-471-

92567-5, 1972, p. 688.
[454] S.A. Smolyansky, G. Roepke, S. Schmidt, D. Blaschke, V.D. Toneev, A.V. Prozorkevich, Dynamical derivation of a quantum kinetic equation for particle

production in the Schwinger mechanism, ArXiv High Energy Physics — Phenomenology e-prints arXiv:hep-ph/9712377.

August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408



138 R. Ruffini et al. / Physics Reports 487 (2010) 1–140

[455] S. Schmidt, D. Blaschke, G. Röpke, S.A. Smolyansky, A.V. Prozorkevich, V.D. Toneev, A quantum kinetic equation for particle production in the
schwinger mechanism, International Journal of Modern Physics E 7 (1998) 709–722.

[456] F. Hebenstreit, R. Alkofer, G.V. Dunne, H. Gies, Momentum signatures for Schwinger pair production in short laser pulses with a subcycle structure,
Physical Review Letters 102 (15) (2009) 150404–+. arxiv.org/abs/0901.2631.

[457] J.C.R. Bloch, V.A. Mizerny, A.V. Prozorkevich, C.D. Roberts, S.M. Schmidt, S.A. Smolyansky, D.V. Vinnik, Pair creation: Back reactions and damping,
Physical Review D 60 (11) (1999) 116011–+. arXiv:nucl-th/9907027.

[458] S. Schmidt, D. Blaschke, G. Röpke, A.V. Prozorkevich, S.A. Smolyansky, V.D. Toneev, Non-Markovian effects in strong-field pair creation, Physical
Review D 59 (9) (1999) 094005–+. arXiv:hep-ph/9810452.

[459] D.V. Vinnik, A.V. Prozorkevich, S.A. Smolyansky, V.D. Toneev, M.B. Hecht, C.D. Roberts, S.M. Schmidt, Plasma production and thermalisation in a
strong field, European Physical Journal C 22 (2001) 341–349. arXiv:nucl-th/0103073.

[460] S. Habib, Y. Kluger, E. Mottola, J.P. Paz, Dissipation and decoherence in mean field theory, Physical Review Letters 76 (1996) 4660–4663. arXiv:
hep-ph/9509413.

[461] W.H. Zurek, Decoherence and the transition from quantum to classical, Physics Today 44 (1991) 36–44.
[462] F. Cooper, S. Habib, Y. Kluger, E. Mottola, Nonequilibrium dynamics of symmetry breaking in λΦ4 theory, Physical Review D 55 (1997) 6471–6503.

arXiv:hep-ph/9610345.
[463] E. Calzetta, B.L. Hu, Dissipation of quantum fields from particle creation, Physical Review D 40 (1989) 656–659.
[464] E. Calzetta, B.L. Hu, Noise and fluctuations in semiclassical gravity, Physical Review D 49 (1994) 6636–6655. arXiv:gr-qc/9312036.
[465] F. Cooper, S. Habib, Y. Kluger, E. Mottola, J.P. Paz, P.R. Anderson, Nonequilibrium quantum fields in the large-N expansion, Physical Review D 50

(1994) 2848–2869. arXiv:hep-ph/9405352.
[466] J. Schwinger, Brownian motion of a quantum oscillator, Journal of Mathematical Physics 2 (1961) 407–432.
[467] P.M. Bakshi, K.T. Mahanthappa, Expectation value formalism in quantum field theory. I, Journal of Mathematical Physics 4 (1963) 1–11.
[468] P.M. Bakshi, K.T. Mahanthappa, Expectation value formalism in quantum field theory. II, Journal of Mathematical Physics 4 (1963) 12–16.
[469] L. Keldysh, Zhurnal Eksperimental’noi i Teoreticheskoi Fiziki 47 (1964) 1515.
[470] K.-C. Chou, Z.-B. Su, B.-L. Hao, L. Yu, Equilibrium and nonequilibrium formalisms made unified, Physics Reports 118 (1985) 1–2.
[471] D.B. Blaschke, A.V. Prozorkevich, C.D. Roberts, S.M. Schmidt, S.A. Smolyansky, Pair production and optical lasers, Physical Review Letters 96 (14)

(2006) 140402–+. arXiv:nucl-th/0511085.
[472] H. Gies, J. Jaeckel, A. Ringwald, Accelerator cavities as a probe of millicharged particles, Europhysics Letters 76 (2006) 794–800. arXiv:hep-ph/

0608238.
[473] R. Ruffini, G.V. Vereshchagin, S.-S. Xue, Vacuum polarization and electron–positron plasma oscillations, in: C.L. Bianco, S.-S. Xue (Eds.), Relativistic

Astrophysics, in: American Institute of Physics Conference Series, vol. 966, 2008, pp. 207–212.
[474] E.W. Kolb, M.S. Turner, The early universe, in: Frontiers in Physics, Addison-Wesley, Reading, MA, 1990.
[475] J. Goodman, Are gamma-ray bursts optically thick? Astrophysical Journal 308 (1986) L47–L50.
[476] T. Piran, Gamma-ray bursts and the fireball model, Physics Reports 314 (1999) 575–667.
[477] J.F.C. Wardle, D.C. Homan, R. Ojha, D.H. Roberts, Electron–positron jets associated with the quasar 3C279, Nature 395 (1998) 457–461.
[478] E. Churazov, R. Sunyaev, S. Sazonov, M. Revnivtsev, D. Varshalovich, Positron annihilation spectrum from the Galactic Centre region observed by

SPI/INTEGRAL, Monthly Notices of the Royal Astronomical Society 357 (2005) 1377–1386. arXiv:astro-ph/0411351.
[479] V.V. Usov, Bare quark matter surfaces of strange stars and e+e− emission, Physical Review Letters 80 (1998) 230–233. arXiv:astro-ph/9712304.
[480] G.S. Bisnovatyi-Kogan, Y.B. Zel’Dovich, R.A. Syunyaev, Physical processes in a low-density relativistic plasma, Soviet Astronomy 15 (1971) 17–22.
[481] T.A. Weaver, Reaction rates in a relativistic plasma, Physical Review A 13 (1976) 1563–1569.
[482] A.P. Lightman, Relativistic thermal plasmas — Pair processes and equilibria, Astrophysical Journal 253 (1982) 842–858.
[483] R.J. Gould, Processes in relativistic plasmas, Astrophysical Journal 254 (1982) 755–766.
[484] S. Stepney, P.W. Guilbert, Numerical FITS to important rates in high temperature astrophysical plasmas, Monthly Notices of the Royal Astronomical

Society 204 (1983) 1269–1277.
[485] P.S. Coppi, R.D. Blandford, Reaction rates and energy distributions for elementary processes in relativistic pair plasmas, Monthly Notices of the Royal

Astronomical Society 245 (1990) 453–507.
[486] A.P. Lightman, D.L. Band, Relativistic thermal plasmas — Radiation mechanisms, Astrophysical Journal 251 (1981) 713–726.
[487] R. Svensson, Electron–positron pair equilibria in relativistic plasmas, Astrophysical Journal 258 (1982) 335–+.
[488] A.A. Zdziarski, Spectra from pair-equilibrium plasmas, Astrophysical Journal 283 (1984) 842–847.
[489] R.J. Gould, Kinetic theory of relativistic plasmas, Physics of Fluids 24 (1981) 102–107.
[490] S. Stepney, Two-body relaxation in relativistic thermal plasmas, Monthly Notices of the Royal Astronomical Society 202 (1983) 467–481.
[491] R. Svensson, The pair annihilation process in relativistic plasmas, Astrophysical Journal 258 (1982) 321–334.
[492] R.J. Gould, Thermal bremsstrahlung from high-temperature plasmas, Astrophysical Journal 238 (1980) 1026–1033.
[493] E. Haug, Electron–positron bremsstrahlung in mildly relativistic thermal plasmas, Astronomy and Astrophysics 148 (1985) 386–390.
[494] A.P. Lightman, Double Compton emission in radiation dominated thermal plasmas, Astrophysical Journal 244 (1981) 392–405.
[495] R.J. Gould, The cross section for double Compton scattering, Astrophysical Journal 285 (1984) 275–278.
[496] R. Svensson, Steady mildly relativistic thermal plasmas — Processes and properties, Monthly Notices of the Royal Astronomical Society 209 (1984)

175–208.
[497] P.W.Guilbert, S. Stepney, Pair production, Comptonization anddynamics in astrophysical plasmas,MonthlyNotices of the Royal Astronomical Society

212 (1985) 523–544.
[498] S. Iwamoto, F. Takahara,Wien fireball model of relativistic outflows in active galactic nuclei, Astrophysical Journal 601 (2004) 78–89. arXiv:astro-ph/

0309782.
[499] J.C.A. Miller-Jones, R.P. Fender, E. Nakar, Opening angles, Lorentz factors and confinement of X-ray binary jets, Monthly Notices of the Royal

Astronomical Society 367 (2006) 1432–1440. arXiv:astro-ph/0601482.
[500] S.D. Vergani, Direct GRB fireball Lorentz factormeasurements through REM early afterglow observations, Astrophysics and Space Science 311 (2007)

197–201.
[501] G. Cavallo, M.J. Rees, A qualitative study of cosmic fireballs and gamma-ray bursts, Monthly Notices of the Royal Astronomical Society 183 (1978)

359–365.
[502] A.G. Aksenov, R. Ruffini, G.V. Vereshchagin, Thermalization of the mildly relativistic plasma, Physical Review D 79 (4) (2009) 043008–+. arXiv:0901.

4837.
[503] S. Belyaev, G. Budker, Relativistic kinetic equation, Doklady Akademii Nauk SSSR 107 (1956) 807–810.
[504] D. Mihalas, B.W. Mihalas, Foundations of Radiation Hydrodynamics, Oxford University Press, New York, 1984.
[505] A. Akhiezer, V. Berestetskii, Quantum Electrodynamics, Nauka, Moscow, 1981.
[506] E. Haug, Energy loss and mean free path of electrons in a hot thermal plasma, Astronomy and Astrophysics 191 (1988) 181–185.
[507] R.P. Pilla, J. Shaham, Kinetics of electron–positron pair plasmas using an adaptive Monte Carlo method, Astrophysical Journal 486 (1997) 903–+.

arXiv:astro-ph/9702187.
[508] G. Beaudet, V. Petrosian, E.E. Salpeter, Energy Losses due to Neutrino Processes, Astrophysical Journal 150 (1967) 979–+.
[509] D.A. Dicus, Stellar energy-loss rates in a convergent theory of weak and electromagnetic interactions, Physical Review D 6 (1972) 941–949.
[510] M. Misiaszek, A. Odrzywołek, M. Kutschera, Neutrino spectrum from the pair-annihilation process in the hot stellar plasma, Physical Review D 74

(4) (2006) 043006–+. arXiv:astro-ph/0511555.

August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408



R. Ruffini et al. / Physics Reports 487 (2010) 1–140 139

[511] H.B.J. Koers, R.A.M.J. Wijers, The effect of neutrinos on the initial fireballs in gamma-ray bursts, Monthly Notices of the Royal Astronomical Society
364 (2005) 934–942. arXiv:astro-ph/0505533.

[512] A.G. Aksenov, M. Milgrom, V.V. Usov, Structure of pair winds from compact objects with application to emission from hot bare strange stars,
Astrophysical Journal 609 (2004) 363–377. arXiv:astro-ph/0309014.

[513] G. Hall, J.M. Watt, Modern Numerical Methods for Ordinary Differential Equations, Oxford University Press, New York, 1976.
[514] L.D. Landau, E.M. Lifshitz, Physical Kinetics, Elsevier, 1981.
[515] I.P. Ochelkov, O.F. Prilutskii, I.L. Rozental, V.V. Usov, Relativistic Kinetics and Hydrodynamics, Atomizdat, Moscow, 1979.
[516] T. Piran, The physics of gamma-ray bursts, Reviews of Modern Physics 76 (2005) 1143–1210. arXiv:astro-ph/0405503.
[517] P. Meszaros, Gamma-ray bursts, Reports of Progress in Physics 69 (2006) 2259–2322. arXiv:astro-ph/0605208.
[518] R. Ruffini, M.G. Bernardini, C.L. Bianco, L. Caito, P. Chardonnet, M.G. Dainotti, F. Fraschetti, R. Guida, M. Rotondo, G. Vereshchagin, L. Vitagliano, S.-S.

Xue, The Blackholic energy and the canonical Gamma-Ray Burst, in: American Institute of Physics Conference Series, in: American Institute of Physics
Conference Series, vol. 910, 2007, pp. 55–217.

[519] J. van Paradijs, P.J. Groot, T. Galama, C. Kouveliotou, R.G. Strom, J. Telting, R.G.M. Rutten, G.J. Fishman, C.A. Meegan, M. Pettini, N. Tanvir, J. Bloom, H.
Pedersen, H.U. Nørdgaard-Nielsen, M. Linden-Vørnle, J. Melnick, G. van der Steene, M. Bremer, R. Naber, J. Heise, J. in’t Zand, E. Costa, M. Feroci, L.
Piro, F. Frontera, G. Zavattini, L. Nicastro, E. Palazzi, K. Bennet, L. Hanlon, A. Parmar, Transient optical emission from the error box of the γ -ray burst
of 28 February 1997, Nature 386 (1997) 686–689.

[520] S.R. Kulkarni, S.G. Djorgovski, A.N. Ramaprakash, R. Goodrich, J.S. Bloom, K.L. Adelberger, T. Kundic, L. Lubin, D.A. Frail, F. Frontera, M. Feroci, L.
Nicastro, A.J. Barth, M. Davis, A.V. Filippenko, J. Newman, Identification of a host galaxy at redshift z = 3.42 for the γ -ray burst of 14 December
1997, Nature 393 (1998) 35–39.

[521] J.P. Halpern, J.R. Thorstensen, D.J. Helfand, E. Costa, Optical afterglow of the γ -ray burst of 14 December 1997, Nature 393 (1998) 41–43.
[522] A.N. Ramaprakash, S.R. Kulkarni, D.A. Frail, C. Koresko, M. Kuchner, R. Goodrich, G. Neugebauer, T. Murphy, S. Eikenberry, J.S. Bloom, S.G. Djorgovski,

E. Waxman, F. Frontera, M. Feroci, L. Nicastro, The energetic afterglow of the γ -ray burst of 14 December 1997, Nature 393 (1998) 43–46.
[523] D. Clery, PHYSICS: Fusion’s great bright hope, Science 324 (2009) 326–330.
[524] M. Geitzholz, C. Lanternier, Review of laser mega joule target area: Design and processes, Journal de Physique IV 133 (2006) 631–636.
[525] A. Gal-Yam, D.C. Leonard, A massive hypergiant star as the progenitor of the supernova sn 2005gl, Nature 458 (2009) 865–867.
[526] D.A. Perley, S.B. Cenko, J.S. Bloom, H. Chen, N.R. Butler, D. Kocevski, J.X. Prochaska, M. Brodwin, K. Glazebrook, M.M. Kasliwal, S.R. Kulkarni, S. Lopez,

E.O. Ofek, M. Pettini, A.M. Soderberg, D. Starr, The host galaxies of swift dark gamma-ray bursts: Observational constraints on highly obscured and
very high-redshift GRBs, ArXiv e-prints arXiv:0905.0001.

[527] R. Ruffini, M. Rotondo, S.-S. Xue, Electrodynamics for nuclearmatter in bulk, International Journal ofModern Physics D 16 (2007) 1–9. arXiv:astro-ph/
0609190.

[528] M. Rotondo, R. Ruffini, S.S. Xue, On the Electrodynamical Properties of NuclearMatter in Bulk, in: C.L. Bianco, S.-S. Xue (Eds.), Relativistic Astrophysics,
in: American Institute of Physics Conference Series, vol. 966, 2008, pp. 147–152.

[529] M. Rotondo, R. Ruffini, S. Xue, Neutral nuclear core vs super charged one, ArXiv e-prints arXiv:0804.3197.
[530] R. Ruffini, M. Rotondo, S.-S. Xue, The Thomas–Fermi Approach and Gamma-Ray Bursts, in: S.K. Chakrabarti, A.S. Majumdar (Eds.), American Institute

of Physics Conference Series, in: American Institute of Physics Conference Series, vol. 1053, 2008, pp. 243–252.
[531] J. Rueda, B. Patricelli, M. Rotondo, R. Ruffini, The extended nuclear matter model with smooth transition surface, in: In The Proceedings of the 3rd

Stueckelberg Workshop on Relativistic Field Theories (in press).
[532] M. Rotondo, R. Ruffini, S.-S. Xue, Solutions of the ultra-relativistic Thomas–Fermi equation, APS Meeting Abstracts (2008) H95+.
[533] V. Popov, M. Rotondo, R. Ruffini, S.-S. Xue, On the relativistic and electrodynamical stability of massive nuclear density cores, ArXiv e-prints arXiv:

0903.3727.
[534] M. Rotondo, R. Ruffini, S.-S. Xue, Analytic solutions of the ultra-relativistic Thomas–Fermi equation, ArXiv e-prints arXiv:0903.4095.
[535] V.S. Popov, From super-charged nuclei to massive nuclear density cores, in: American Institute of Physics Conference Series, 2009.
[536] J.R. Rueda, R. Ruffini, S.-S. Xue, Electrostatic configurations crossover Neutron Star core and crust, in: The Proceeding of the conference ‘‘The Sun, the

Stars, the Universe, and General Relativity’’ held in Minsk, Belarus on April 20–23, 2009 (in press).
[537] J. Rueda, R. Ruffini, S.-S. Xue, Electrostatic properties of the Core and Crust of Neutron Stars (submitted for publication).
[538] M. Rotondo, J. Rueda, R. Ruffini, S.-S. Xue, Thomas–Fermi solution with non-vanishing Fermi energy (submitted for publication).
[539] A.A. Abdo, M. Ackermann, M. Arimoto, K. Asano, W.B. Atwood, M. Axelsson, L. Baldini, J. Ballet, D.L. Band, G. Barbiellini, M.G. Baring, D. Bastieri, M.

Battelino, B.M. Baughman, K. Bechtol, F. Bellardi, R. Bellazzini, B. Berenji, P.N. Bhat, E. Bissaldi, R.D. Blandford, E.D. Bloom, G. Bogaert, J.R. Bogart,
E. Bonamente, J. Bonnell, A.W. Borgland, A. Bouvier, J. Bregeon, A. Brez, M.S. Briggs, M. Brigida, P. Bruel, T.H. Burnett, D. Burrows, G. Busetto, G.A.
Caliandro, R.A. Cameron, P.A. Caraveo, J.M. Casandjian, M. Ceccanti, C. Cecchi, A. Celotti, E. Charles, A. Chekhtman, C.C. Cheung, J. Chiang, S. Ciprini,
R. Claus, J. Cohen-Tanugi, L.R. Cominsky, V. Connaughton, J. Conrad, L. Costamante, S. Cutini, M. DeKlotz, C.D. Dermer, A. de Angelis, F. de Palma,
S.W. Digel, B.L. Dingus, E. do Couto e Silva, P.S. Drell, R. Dubois, D. Dumora, Y. Edmonds, P.A. Evans, D. Fabiani, C. Farnier, C. Favuzzi, J. Finke, G.
Fishman, W.B. Focke, M. Frailis, Y. Fukazawa, S. Funk, P. Fusco, F. Gargano, D. Gasparrini, N. Gehrels, S. Germani, B. Giebels, N. Giglietto, P. Giommi,
F. Giordano, T. Glanzman, G. Godfrey, A. Goldstein, J. Granot, J. Greiner, I.A. Grenier, M.-H. Grondin, J.E. Grove, L. Guillemot, S. Guiriec, G. Haller, Y.
Hanabata, A.K. Harding, M. Hayashida, E. Hays, J.A.H. Morata, A. Hoover, R.E. Hughes, G. Jóhannesson, A.S. Johnson, R.P. Johnson, T.J. Johnson, W.N.
Johnson, T. Kamae, H. Katagiri, J. Kataoka, A. Kavelaars, N. Kawai, H. Kelly, J. Kennea, M. Kerr, R.M. Kippen, J. Knödlseder, D. Kocevski, M.L. Kocian,
N. Komin, C. Kouveliotou, F. Kuehn, M. Kuss, J. Lande, D. Landriu, S. Larsson, L. Latronico, C. Lavalley, B. Lee, S.-H. Lee, M. Lemoine-Goumard, G.G.
Lichti, F. Longo, F. Loparco, B. Lott, M.N. Lovellette, P. Lubrano, G.M. Madejski, A. Makeev, B. Marangelli, M.N. Mazziotta, S. McBreen, J.E. McEnery, S.
McGlynn, C. Meegan, P. Mészáros, C. Meurer, P.F. Michelson, M. Minuti, N. Mirizzi, W. Mitthumsiri, T. Mizuno, A.A. Moiseev, C. Monte, M.E. Monzani,
E. Moretti, A. Morselli, I.V. Moskalenko, S. Murgia, T. Nakamori, D. Nelson, P.L. Nolan, J.P. Norris, E. Nuss, M. Ohno, T. Ohsugi, A. Okumura, N. Omodei,
E. Orlando, J.F. Ormes, M. Ozaki, W.S. Paciesas, D. Paneque, J.H. Panetta, D. Parent, V. Pelassa, M. Pepe, M. Perri, M. Pesce-Rollins, V. Petrosian, M.
Pinchera, F. Piron, T.A. Porter, R. Preece, S. Rainò, E. Ramirez-Ruiz, R. Rando, E. Rapposelli, M. Razzano, S. Razzaque, N. Rea, A. Reimer, O. Reimer, T.
Reposeur, L.C. Reyes, S. Ritz, L.S. Rochester, A.Y. Rodriguez, M. Roth, F. Ryde, H.F.-W. Sadrozinski, D. Sanchez, A. Sander, P.M.S. Parkinson, J.D. Scargle,
T.L. Schalk, K.N. Segal, C. Sgrò, T. Shimokawabe, E.J. Siskind, D.A. Smith, P.D. Smith, G. Spandre, P. Spinelli, M. Stamatikos, J.-L. Starck, F.W. Stecker, H.
Steinle, T.E. Stephens, M.S. Strickman, D.J. Suson, G. Tagliaferri, H. Tajima, H. Takahashi, T. Takahashi, T. Tanaka, A. Tenze, J.B. Thayer, J.G. Thayer, D.J.
Thompson, L. Tibaldo, D.F. Torres, G. Tosti, A. Tramacere, M. Turri, S. Tuvi, T.L. Usher, A.J. van der Horst, L. Vigiani, N. Vilchez, V. Vitale, A. von Kienlin,
A.P. Waite, D.A. Williams, C. Wilson-Hodge, B.L. Winer, K.S. Wood, X.F. Wu, R. Yamazaki, T. Ylinen, M. Ziegler, The fermi LAT Collaboration, The Fermi
GBM Collaboration, Fermi observations of high-energy gamma-ray emission from GRB 080916C, Science 323 (2009) 1688–.

[540] H.A. Bethe, Energy production in stars. Nobel lecture., [Stockholm, Norstedt] 1968., 1968.
[541] R. Giacconi, Nobel Lecture: The dawn of x-ray astronomy, Reviews of Modern Physics 75 (2003) 995–1010.
[542] Sang Pyo Kim, et al., Physical Review D 78 (2008) 105013;

Sang Pyo Kim, et al.,arXiv:0910.3363.
[543] S.P. Gavrilov, D.M. Gitman, Vacuum instability in external fields, Physical Review D 53 (1996) 7162;

S.P. Gavrilov, D.M. Gitman, J.L. Tomazelli, Density matrix of a quantum field in a particle-creating background, Nuclear Physics B 795 (2008) 645.
[544] S.P. Gavrilov, D.M. Gitman, Consistency restrictions on maximal electric field strength in QFT, Physical Review Letters 101 (2008) 130403.
[545] S.P. Gavrilov, D.M. Gitman, One-loop energy-momentum tensor in QED with electriclike background, Physical Review D 78 (2008) 045017.
[546] A. Chervyakov, H. Kleinert, Exact pair production rate for a smooth potential step, Physical Review D 80 (2009) 065010.
[547] F. Jegerlehner, A. Nyffeler, Physics Reports 477 (2009) 1.

August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408



140 R. Ruffini et al. / Physics Reports 487 (2010) 1–140

[548] A. Aloisio, et al., [KLOE Collaboration], Physics Letters B 606 (2005) 12;
F. Nguyen, [for the KLOE Collaboration], Nuclear Physics B. Proceedings Supplement 181 (2008) 106;
F. Ambrosino, et al., [KLOE Collaboration], Physics Letters B 670 (2009) 285;
G. Venanzoni, [for the KLOECollaboration], Pion form factor at KLOE, in: Presented at the Intern.Workshop on Tau Lepton Physics, TAU08Novosibirsk,
Russia, 22–25 September, 2008.

[549] R.R. Akhmetshin, et al., [CMD-2 Collaboration], Physics Letters B 578 (2004) 285;
V.M. Aulchenko, et al., [CMD-2 Collaboration], JETP Letters 82 (2005) 743 [Pis’ma v Zhurnal Eksperimental’noi i Teoreticheskoi Fiziki 82 (2005) 841];
R.R. Akhmetshin, et al., JETP Letters 84 (2006) 413 [Pis’ma v Zhurnal Eksperimental’noi i Teoreticheskoi Fiziki 84 (2006) 491]; Physics Letters B 648
(2007) 28.

[550] M.N. Achasov, et al., [SNDCollaboration], Journal of Experimental and Theoretical Physics 103 (2006) 380 [Zhurnal Eksperimental’noi i Teoreticheskoi
Fiziki 130 (2006) 437].

August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408



August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408

564 Einstein, Fermi, Heisenberg and Relativistic Astrophysics: Personal Reflections



August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408

Chapter 2

From Fermi’s papers of the Italian period

Foreword

This section contains the English translations of a selection of papers from those
Fermi published in Italian in the first part of his scientific career. The seminal
papers selected are all related to relativity, astronomy and their applications. For a
better account of the circumstances under which the papers were written, we also
add excerpts of the presentations due to friends and collaborators of Fermi and
published in Volume 1 of Fermi’s Note e Memorie, 1961.

In paper FI 1 On the Dynamics of a Rigid System of Electric Charges in Trans-
lational Motion (1), Fermi calculates the inertial mass of a spherical distribution
of charge with a constant acceleration by considering the reaction of the charge to
its own average field. This leads to the formula mc2 = (4/3)U relating the inertial
mass m to the classical electromagnetic energy U of the distribution. This value,
in agreement with a calculation of the electromagnetic mass of a spherical homo-
geneous shell performed by Lorentz, contradicts the formula mc2 = U that one
would expect from the principle of equivalence of mass and energy. Fermi considers
the charge distribution at rest in a homogeneous gravitational field equal to the
sign-reversed acceleration which appears to be in agreement with the relativistic
formula. This topic is further examined in the subsequent article.

In paper FI 2 On the Electrostatics of a Homogeneous Gravitational Field and
on the Weight of Electromagnetic Masses (2), Fermi reconsiders the calculation of
the inertial mass of a spherical distribution of charge using for the first time general
relativity, employing a Levi-Civita metric to describe a homogeneous gravitational
field in the linear approximation. This approach has been expanded to what we
now call today the Rindler metric.1 His final result leads to the desired relation
mc2 = U . Another result derived in this paper is the value of the polarization of an
infinitesimal conducting sphere at rest in a static gravitational field. An article by
R. Ruffini2 (see Appendix B.5) discusses some general relativistic developments that

1See W. Rindler: Essential relativity; special, general, and cosmological, Van Nostrand Reinhold
Co., 1969.
2R. Ruffini: Charges in gravitational field: From Fermi, via Hanni-Ruffini-Wheeler, to the
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have taken place in the intervening years for describing electric charges in strong
gravitational fields.

Paper FI 3 On phenomena occurring close to a world Line (3) is a classic result
obtained by Fermi within the framework of general relativity expressing a system of
space-time coordinates particularly suited to follow the behavior in time of phenom-
ena happening in a small spatial region around the world line of a particle. Fermi
explores the definition of the related coordinate transport which underlies it, later
known as “Fermi transport,” expressing the metric in the linear approximation for
a general space-time. He also expresses Maxwell’s equations in these coordinates,
supporting the conclusions reached in the previous article.

The contribution by D. Bini and R. Jantzen (C.2) in Appendix C of this volume
gives a summary of what we now call Fermi coordinates and Fermi transport with
a historical update including Walker’s contribution which led to the terminology of
“Fermi-Walker transport.” This article also discusses the geometry of the various
relativistic contributions to the Fermi-Walker transport of vectors around circular
orbits in black hole spacetimes and in their Minkowski limit.

In paper FI 4 Correction of a Contradiction between Electrodynamic and Rela-
tivistic Electromagnetic Mass Theories (4c), Fermi reconsiders the problem of the
electromagnetic contribution to the mass of an elementary particle already discussed
in the previous three articles. The discrepancy between the value (4/3)(U/c2),
obtained by Lorentz for the inertial mass of a rigid, spherically symmetrical sys-
tem of electric charges, and the value U/c2 predicted by relativity was well known
to Fermi from the previous articles. Such a discrepancy had been interpreted by
Poincaré as due to the part of the stress-energy tensor contributed by internal non-
electromagnetic stresses, whose existence was assumed to assure the equilibrium
of the charged particles. A vast scientific literature of followers of this Poincaré’s
conjecture exists. Fermi shows that by assuming the accelerated charge distribu-
tion to be spherically symmetric in its rest frame instead of the laboratory frame,
he obtains the correct inertial mass expected from the equivalence principle. This
essentially reintroduces the crucial lapse factor between coordinate and physical
components of the electric field which is responsible for the correction, to first order
in the acceleration, of the approximation made in all of his “Fermi coordinate” sys-
tem calculations. The results obtained by Fermi in this paper went unnoticed and
for the most part remain that way today. Some of the crucial Fermi results in this
paper and the historical developments of this most unique accident in physics are
discussed in Appendix B by D. Bini, A. Geralico, R.T. Jantzen and R. Ruffini (see
Appendix B.1) and by R.T. Jantzen and R. Ruffini in a brief summary of the key
mathematics and their consequences (see Appendix B.2), as well as in a historical
review by D. Boccaletti (see Appendix B.3).3 Interestingly enough, related consid-

“electric Meissner effect”, Nuovo Cimento 119B, 785–807, 2004.
3Boccaletti’s review was written before the publication of the paper “The mass of the particles”

by A. Bettini (Rivista del Nuovo Cimento, 32, No. 7, 2009, pp. 295–337) where Fermi’s priority
in first resolving this problem is again noted and continuing ignorance of his result by many
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erations were also put forward years later by B. Kwal without mentioning Fermi’s
work. Appendix B.4 reproduces this 1949 paper.

The paper FI 5 Masses in the theory of relativity (5)—a short contribution to a
collective volume on the foundations of Einstein’s theory of relativity—is evidence
of the high reputation enjoyed by the young Fermi (age 22) in the physicists’ com-
munity. Remarkable appears to be the prophetic premonition of things to come.
A very favorable attitude toward Einstein theory by the young Fermi is clear at a
time in which the older generation of Italian physicists was skeptical and hostile to
relativity as recalled by Emilio Segré in Vol. 1, p. 33 of Note e Memorie.4

In paper FI 6 On the mass of radiation in an empty space (10), written in
collaboration with Aldo Pontremoli, Fermi successfully applied the method used in
FI 4 (4c) to the calculation of the mass of the radiation contained in a cavity with
reflecting walls, for which the standard textbooks had an expression containing the
same factor 4/3.

The papers FI 7 The principle of adiabatics and the systems which do not admit
angle coordinates (12) and FI 8 Some theorems of analytical mechanics of great im-
portance for quantum theory (13) are dedicated to the theory of adiabatic invariants.
The interest of Fermi in the theory of adiabatic invariants, if we make reference to
the published papers, goes from 1923 throughout 1926. As the other theoretical
physicists in that period, he was convinced of the fundamental importance of the
theory of adiabatic invariants for a rigorous formulation of quantum mechanics. On
the other hand, Max Born also shared the same opinion 5 .

Fermi also devoted a lecture in his university course on theoretical physics 6 to
the theory of adiabatic invariants and he gave an elementary exposition of it in his
book Introduzione alla Fisica atomica.7 His interest was also awakened in confer-
ences and seminars delivered at the University of Rome and in communications at
the Accademia Nazionale dei Lincei. It was in those occasions that he sparked the
interest of an outstanding listener: Tullio Levi-Civita.8 The involvement of Levi-
Civita was such that he, besides to giving a rigorous mathematical formulation of
the subject,9 also promoted astronomical applications of the theory. Those due to
his collaborator Giulio Krall turned out to be particularly interesting. We must add
that in those years James Jeans was also concerned with astronomical applications

outstanding authors is recalled as well (see pp. 302–303).
4On this topic see also, e.g., Roberto Maiocchi: Einstein in Italia—La scienza e la filosofia

italiana fra le due guerre—Le Lettere, Firenze, 1985.
5See Max Born: Vorlesungen über Atommechanik, Berlin, 1925, pp. 58–67, 109-=114.

English translation: The mechanics of the atom, London, 1927, pp. 52–59, 95–99.
6See A. De Gregorio, S. Esposito: Teaching theoretical Physics: The cases of Enrico Fermi and

Ettore Majorana, Am. J. Phys. 75 (9), 781–790 (2007).
7Enrico Fermi: Introduzione alla Fisica Atomica, Zanichelli, Bologna, 1928, pp. 155–160.
8See P. Nastasi, R. Tazzioli: Tullio Levi-Civita, in Lettera Matematica pristem n. 57-58, Springer

2006
9We restrict ourselves to quote the last paper on the subject: T. Levi-Civita, A general survey

of the theory of adiabatic invariants, Journal of Math. and Physics, Vol. 13, pp. 18–40 (1934).
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of the theory of adiabatic invariants.10

The paper FI 9 A theorem of calculation of probability and some of its applica-
tions (38b) is the second part of a Fermi’s habilitation thesis to the “Scuola Normale
Superiore” of Pisa (1922). It concerns the application of a theorem of calculation
of probability to the dynamics of comets. The significance and the potentialities of
this paper are well elucidated in the paper of C. Sigismondi and F. Maiolino (C.8)
in Appendix C.

The paper FI 10 Formation of images with Röntgen rays (7) derives from a part
of the degree thesis of Fermi at the University of Pisa. The thesis of Fermi was the
most complete survey of X-rays physics in his time. He can also be considered a
forerunner of techniques which are standard today. As Sigismondi and Mastroianni
say in their article (C.9), although Fermi’s seminal ideas are not among the sources
investigated by Riccardo Giacconi and Bruno Rossi (1960) when they proposed a
telescope using X-rays, Fermi’s thesis was the most complete study of X-ray physics
at his time. Fermi used the technique of ‘mandrels’ to form optical surfaces. He
anticipated the technique used for the mirrors of Exosat, Beppo-SAX, Jet-X and
XMM-Newton telescopes, which is now a mainstay of optical manufacturing. The
paper by Sigismondi and Mastroianni discusses this noteworthy connection. It is
appropriate here also to recall the comments of Franco Rasetti in the introduction
of this article in Volume 1 of Fermi’s Note e Memorie. Since at that time “he had
already published or at least completed several important theoretical papers, it may
be asked why he did not present a theoretical thesis. It must be explained that at
the time in Italy theoretical physics was not recognized as a discipline to be taught
in universities, and a dissertation in that field would have been shocking at least
to the older members of the faculty. Physicists were essentially experimentalists,
and only an experimental dissertation would have passed as physics. The nearest
subject to theoretical physics, mechanics, was taught by mathematicians as a field
of applied mathematics, with complete disregard for its physical implications. These
circumstances explain why such topics as the quantum theory had gained no foothold
in Italy: they represented a “no man’s land” between physics and mathematics.
Fermi was the first in the country to fill the gap.” (F. Rasetti, Vol. 1, pp. 55–56).

The paper FI 11 On the quantization of an ideal monoatomic gas (30) is the
communication (to the Accademia Nazionale dei Lincei) in which Fermi expounds
for the first time the statistical theory which will be named after him (together
with P.A.M. Dirac). The enormous importance of the Fermi-Dirac statistics in
astrophysics is recalled in Section 1.1 of Chapter 1.

In the following we give an excerpt from the presentation of Franco Rasetti
“... the present paper, probably his most famous theoretical contribution, where
he formulated the theory of an ideal gas of particles obeying the Pauli exclusion

10J. H. Jeans: Cosmogonic problems associated with a secular decrease of mass, MNRAS 85, 1, 2
(1924).
J. H. Jeans: The effect of varying mass on a binary system, MNRAS 85, 9, 912 (1925).
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principle, now designated in his honor as “fermion.”
There is conclusive evidence to show that Fermi had been concerned with the

problem of the absolute entropy constant at least since January 1924, when he wrote
a paper (Fermi 20) on the quantization of systems containing identical particles. He
had also been discussing these problems with Rasetti several times in the following
year. He told much later to Segré that the division of phase space into finite cells had
occupied him very much and that had not Pauli discovered the exclusion principle he
might have arrived at it a round-about way from the entropy constant (cfr. No. 20).

As soon as he read Pauli’s article on the exclusion principle, he realized that
he now possessed all the elements for a theory of the ideal gas which would satisfy
the Nerst principle at absolute zero, give the correct Sackur-Tetrode formula for the
absolute entropy in the limit of low density and high temperature, and be free of
the various arbitrary assumptions that had been necessary to introduce in statistical
mechanics in order to derive a correct entropy value. He does not seem to have been
greatly influenced by Einstein’s theory based on Bose’s treatment of the black-body
radiation as a photon gas, although he points out the analogy between the two forms
of statistics. Apparently it took Fermi but a short time to develop the theory in the
detailed and definitive form in which it was published in the German version.” (F.
Rasetti, Vol. 1, p. 178).

The paper FI 12 A statistical method for the determination of some properties of
the atom (43), here translated, is the first of the papers Fermi devoted to the theory
of what is today called the Thomas-Fermi atom. Fermi was unaware of the results
previously reached by Thomas and his work went on independently for two years. Of
great importance are the applications of the Thomas-Fermi model in astrophysics.
He was, for example, quite familiar with the applications of his statistics (with the
required relativistic modifications) to the theory of the structure of white dwarf
stars: indeed, T.D. Lee, as a graduate student of Fermi, wrote his Ph.D. thesis
on the Hydrogen Content and Energy-Productive Mechanism of White Dwarf Stars
(Ap. J. 111, 625, 1950). As we showed the general relativistic generalization of the
Thomas-Fermi atom has recently led to a new theoretical framework to study both
white dwarfs and neutron stars.

The paper FI 13 An Attempt at a Theory of Beta Rays (80a), translated here, can
be described as the birth certificate of the theory of β-decay and weak interactions.
Its importance is hardly questionable today. At that time (1933) things were not
so easy (see Segré’s report below).

“Fermi gave the first account of this theory to several of his Roman friends while
we were spending the Christmas vacation of 1933 in the Alps. It was in the evening
after a full day of skiing; we were all sitting on one bed in a hotel room, and I
could hardly keep still in that position, bruised as I was after several falls on icy
snow. Fermi was fully aware of the importance of his accomplishment and said
that he thought he would be remembered for this paper, his best so far. He sent a
letter to Nature advancing his theory but the editor refused it because he thought it
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contained speculations that were too remote from physical reality; and instead the
paper (“tentative theory of beta rays”) was published in Italian and in the Zeitschrift
für Physik. Fermi never published anything else on this subject, although in 1950
he calculated matrix elements for beta decay as an application of the nuclear shell
model.” (Emilio Segré: Enrico Fermi Physicists, The University Chicago Press,
1970, p. 72).

In this paper there is the first mention to the possible existence of a massive
neutrino.
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1) On the dynamics of a rigid system of of electric charges on trans-
lational motion

“Sulla dinamica di un sistema rigido di cariche
elettriche in moto traslatorio,”

Nuovo Cimento 22, 199–207 (1921).

§ 1. – When a rigid system of electric charges moves arbitrarily, the electric field
it generates is different from that which Coulomb’s law would predict. Now, the
electric field produced by the entire system exerts some forces on each element of
charge of the system. The resultant of these forces, namely the resultant of the
internal electric forces, would of course be identically zero if Coulomb’s law were
valid, but it no longer is, however, at least in general, when the system moves, since
in such a case that law is no longer valid.

This resultant gives the electromagnetic inertial reaction, and the aim of the
present work is precisely its evaluation in the case of an arbitrary system in transla-
tional motion. In the case in which the system is a spherical distribution of surface
electricity, as it is assumed in most electronic models, it is known that one finds 1

that such a resultant, at least in the first approximation, is given by

− 2e2

3Rc3
Γ +

2e2

3c2
Γ̇ , (1)

where e, R denote the total charge and the radius of the system, c is the speed
of light, Γ and Γ̇ are the acceleration and its derivative with respect to time. For
quasi-stationary motions the second term of (1) becomes negligible, so that (1)
reduces to

−mΓ , (2)

where m is the elecromagnetic mass.
In § 2 one finds the generalization of (1) to the case of any system, referring for

example to molecular models, always assuming that the velocity is negligible with
respect to the speed of light. If Fi (i = 1, 2, 3) are the components of the resultant
in question, one finds

Fi = −
∑

k

mikΓk +
∑

k

σikΓ̇k , (3)

where mik, σik are some quantities depending on the properties of the system.
Therefore one can no longer refer to a scalar electromagnetic mass, but instead in
its place one introduces the tensor mik.

§ 3 is devoted to the dynamical study of the law for quasi-stationary motions:

Ki =
∑

k

mikΓk , (4)

1Richardson, Electron Theory of Matter, Chapter XIII. The difference between my formulas
and those of Richardson is due to the fact that he adopts Heaviside units.
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where Ki are the components of the external force. One shows that with such a law
the fundamental kinetic energy theorem and Hamilton’s principle continue to hold.

Finally in § 4 the law (4) for quasi-stationary motions, which holds only for small
velocities, is generalized to the case of arbitrary velocity using special relativity.

With this the study of electromagnetic masses as inertial masses will be com-
plete. In a forthcoming paper I will consider electromagnetic masses as masses
endowed with weight from the point of view of the general theory of relativity.

§ 2. – It is known 2 that the electric force due to a point charge 1 in motion is
the sum of two forces, which by assuming the ratio between the velocity v of the
particle and the speed c of light to be negligible, are: the first one, E1, the force
given by Coulomb’s law; the second one E2 has the form

E2 =
Γ∗ · a
c2r

a− 1
c2r

Γ∗ . (5)

In this formula r represents the distance between the particle M and the point P
at which the force is calculated and a is a vector of magnitude 1 and orientation
MP. Finally Γ∗ is the acceleration of the particle at the time t− (r/c). If instead of
the charge 1 at M there is the charge ρ dτ (ρ is the electric density, dτ the volume
element), the force at P will be ρ dτ(E1 + E2), so that the force exerted at P by all

charges will be
∫

τ

ρ(E1 + E2) dτ , where the integration must be extended over the

whole space τ occupied by charges. Now if at the point P there is the charge ρ′ dτ ′,

the force ρ′ dτ ′
∫

τ

ρ(E1 + E2) dτ is acting on it.

The force acting on the entire system is therefore

F =
∫∫

ρρ′(E1 + E2) dτ dτ ′ ,

where the two integrations must be extended over the same domain. On the other
hand, one clearly has ∫∫

ρρ′E1 dτ dτ
′ = 0 ,

so that

F =
∫∫

ρρ′E2 dτ dτ
′ .

If we now denote by Γ and Γ̇ the acceleration and its derivative with respect to
time, at the time t, if r is small enough, we can set

Γ∗ = Γ− r

c
Γ̇ ,

obtaining finally

F =
∫∫ (

Γ · a
c2r

a− Γ
c2r

)
ρρ′ dτ dτ ′ +

∫∫ (
Γ̇ · a
c3

a− Γ̇
c3

)
ρρ′ dτ dτ ′ . (6)

2See, e.g., Richardson, op. cit.
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We denote orthogonal Cartesian coordinates by x1, x2, x3, and let (xi) be the

coordinates of M, (x′i) those of P. The components of a are ai =
x′i − xi

r
. Writing

(6) in scalar form, one thus obtains

Fi = −
∑

k

mikΓk +
∑

k

σikΓ̇k , (7)

noting that, under the assumption of translational motion, Γi and Γ̇i are constant
when the integration is performed.

Here one has set:
mii =

2U
c2

−
∫∫

ρρ′(x′i − xi)2

c2r3
dτ dτ ′ ,

mik = mki = −
∫∫

ρρ′(x′i − xi)(x′k − xk)
c2r3

dτ dτ ′ , i 6= k ,

(8)


σii =

e2

c3
−
∫∫

ρρ′(x′i − xi)2

c3r2
dτ dτ ′ ,

σik = σki = −
∫∫

ρρ′(x′i − xi)(x′k − xk)
c3r2

dτ dτ ′ , i 6= k .

(9)

In these formulae U represents the electrostatic energy of the system =
1
2

∫∫
ρρ′

r
dτ dτ ′, and e the total electric charge =

∫
ρ dτ =

∫
ρ′ dτ ′.

From the expressions (8), (9) it immediately follows that if the axes (xi) are
substituted by others (yi) using the orthogonal substitution

yi =
∑

k

αikxk ,

the mik and σik corresponding to the new axes are given by:

m′
ik =

∑
rs

αirαksmik ,

σ′ik =
∑
rs

αirαksσik .

Hence both mik and σik are symmetric covariant tensors. Each of them will
have three orthogonal principal directions such that, taking the axes to be parallel
to them, one has either mik = 0 or σik = 0 when i 6= k.

The principal axes of tensors m, σ, however, will be different in general. If the
case that the system has spherical symmetry one can do the integrations (8) and (9),

since instead of
(x′i − xi)(x′k − xk)

r2
one can put the mean value of this expression

over all possible directions MP, since in this case to the two points MP correspond
an infinite number of pairs which differ only by orientation. Now, this mean value

if i = k is given by
2π
4π

∫ π

0

cos2 θ sin θ dθ; if instead i 6= k, it is zero.
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So one then has

m11 = m22 = m33 =
4U
3c2

; m23 = m31 = m12 = 0 ;

σ11 = σ22 = σ33 =
2
3
e2

c3
; σ23 = σ31 = σ12 = 0 .

By substituting these values into (7), one obtains well known formulas if the system
consists of a homogeneous spherical layer.

§ 3. – Returning to the general case, we note that for quasi-stationary motions
(5) can be replaced by:

Fi = −
∑

k

mikΓk .

If one thinks of an external force (Xi) acting on the system, the total force will
be (Xi + Fi). If one now supposes that the system has no material mass one must
have Xi + Fi = 0, and so

Xi =
∑

k

mikΓk . (10)

It is easy to show how with the law (10) the principle of the kinetic energy
theorem and of Hamilton’s principle are preserved. In fact, denoting the velocity
by V ≡ (V1, V2, V3) and multiplying (10) by Vi, then summing with respect to i
one obtains ∑

i

XiVi =
∑
ik

mikVk
dVi

dt
.

Interchanging i and k in the second sum, and noting that mik = mki∑
i

XiVi =
∑
ik

mikVi
dVk

dt
,

and summing

2
∑

i

XiVi =
∑
ik

mik

(
Vi
dVk

dt
+ Vk

dVi

dt

)
=

d

dt

∑
ik

mikViVk .

The first left hand side is twice the potential P of the external forces. Thus one
has

P =
dT

dt
, where T =

1
2

∑
ik

mikViVk . (11)

Multiplying, instead, the two sides of (10) by δx, and then summing, one simi-
larly gets ∑

i

Xiδxi =
1
2

∑
ik

mik

(
d2xk

dt2
δxi +

d2xi

dt2
δxk

)

=
d

dt

{
1
2

∑
ik

mik(ẋkδxi + ẋiδxk)

}
− 1

2

∑
ik

mik(ẋkδẋi + ẋiδẋk)

=
d

dt

{
1
2

∑
ik

mik(ẋkδxi + ẋiδxk)

}
− δT .
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Multiplying by dt and integrating between two limits t′, t′′ at which the varia-
tions δxi are assumed to be zero, one obtains∫ t′′

t′

(
δT +

∑
i

Xiδxi

)
= 0 , (12)

expressing Hamilton’s principle.
If one refers to the principal axes of the tensor mik instead of arbitrary ones,

(10) takes the simple form:

Xi = miiΓi . (13)

§ 4. – This formula holds only if V/c is negligible. To generalize it to an arbitrary
velocity let us denote by S ≡ (x1, x2, x3, t) the indicated reference frame and by
S∗ ≡ (x, y, z, t) a frame fixed with respect to S with the x−axis orientated along
the velocity of the system at a certain fixed but generic time t̄, and finally let S′ ≡
(x′, y′, z′, t′) be a system with spatial axes parallel to xyz which moves uniformly
with respect to S∗ with velocity equal to that of the moving one at time t̄, whose
magnitude is v. One will have

t′ = β
(
t− v

c2
x
)

; x′ = β (x− vt) ; y′ = y ; z′ = z ; β =
1√

1− v2

c2

, (14)

where, once t̄ is fixed, v and hence β are constant.
Let us asumme that the forces acting on our system are due to an external

electromagnetic field (E, H); since at the instant t the system has velocity zero
with respect to S′, (10) will hold for it, and so one will therefore have, with an
obvious meaning for the symbols:

eE′
x = mxxΓ′x +mxyΓ′y +mxzΓ′z

eE′
y = myxΓ′x +myyΓ′y +myzΓ′z

eE′
z = mzxΓ′x +mzyΓ′y +mzzΓ′z .

But one has

eE′
x = eEx , eE′

y = eβ
(
Ey −

v

c
Hz

)
, eE′

z = eβ
(
Ez +

v

c
Hy

)
.

So therefore setting

k = e

(
E +

1
c

V ×H
)
, (15)

one finds

eE′
x = eEx , eE′

y = eβky , eE′
z = eβkz .

On the other hand:

Γ′x =
d2x′ dt′ − d2t′ dx′

dt′3
,



August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408

576 Einstein, Fermi, Heisenberg and Relativistic Astrophysics: Personal Reflections

but at time t̄,
dx′

dt′
= 0, hence Γ′x =

d2x′

dt′2
. Taking t as the independent variable,

and noting that
dx

dt
= v, then Γ′x = β3Γx. Analogously, Γ′y = β2Γy and Γ′z = β2Γz.

Substituting 
kx = mxxβ

3ẍ+mxyβ
2ÿ +mxzβ

2z̈

ky = myxβ
3ẍ+myyβÿ +myzβz̈

kz = mzxβ
3ẍ+mzyβÿ +mzzβz̈ .

(16)

Denoting by αxi the cosine of the angle between the x−axis and the xi−axis,
one has

ki = αxikx + αyiky + αzikz .

On the other hand, being mi0 covariant, one has for instance

mxy =
∑

r

mrrαxrαyr .

Analogously

ẍ =
∑

j

ẍjαxj .

Multiplying then (16) by αxi, αyi, αzi and summing, one finds

ki =
∑
rj

mrrẍj


β3α2

xrαxjαxi + β2αxrαyrαyjαxi + β2αxrαzrαzjαxi

+β2αyrαxrαxjαyi + βα2
yrαyjαyi + βαyrαzrαzjαyi

+β2αzrαxrαxjαzi + βαzrαyrαyjαzi + βα2
zrαzjαzi

 .

But one has αxi =
ẋi

v
. Taking into account the relations between the α’s, one

finally finds the sought after generalization of (13)

ki = β
∑
rj

ẍjmrr

{
(β − 1)2

ẋiẋj ẋ
2
r

v4

+(β − 1)
[
(jr)

ẋiẋr

v2
+ (ir)

ẋj ẋr

v2

]
+ (ir) (jr)

}
, (17)

where

(jr) = 1 , if j = r ; (jr) = 0 , if j 6= r .

In the case of spherical symmetry, setting m11 = m22 = m33 = m, one can
evaluate the sum in (17), finding:

ki = βmẍi +mβ(β2 − 1)
ẋi

v2

∑
j

ẋj ẍj ,



August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408

From Fermi’s papers of the Italian period 577

from which, recalling that

β =
1√

1− v2

c2

,

one recovers the well known formula of electronic dynamics

ki =
d

dt

mẋi√
1− v2

c2

.

Pisa, January 1921.
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2) On the electrostatics of a homogeneous gravitational field and on
the weight of electromagnetic masses

“Sull’elettrostatica di un campo gravitazionale uniforme
e sul peso delle masse elettromagnetiche,”

Nuovo Cimento 22, 176–188 (1921).

INTRODUCTION

The aim of the present paper is to investigate in the framework of general rela-
tivity how a homogeneous gravitational field modifies the electrostatic phenomena
occurring in it. Once the differential equation relating the electrostatic potential to
the charge density, which corresponds to the Poisson equation in classical electro-
statics, is established, one is able to integrate it at least when the gravitational field
is weak enough (and certainly the gravitational field of the Earth amply satisfies
this condition), obtaining in this way the corrections to Coulomb’s law due to the
presence of the gravitational field.

In a first application the distribution of the electric charges on a conducting
sphere is studied, showing that the sphere polarizes by means of the gravitational
field.

The second application is devoted to studying the weight of an electromagnetic
mass, that is the force exerted on a fixed system of electric charges (e.g., sustained
by a rigid dielectric), as a consequence of the presence of the gravitational field.

One finds that such a weight is given by the acceleration of gravity times u/c2,
where u denotes the electrostatic energy of the charges of the system, and c is the
velocity of light. So the gravitational mass, namely the ratio between the weight
and the acceleration of gravity, does not coincide in general with the inertial mass
for the system under consideration, since the latter is given by (4/3)u/c2 (with the
same notation) if the system is endowed with spherical symmetry for example.

Besides it is known how special relativity leads us to take ∆u/c2 as the increase
of the inertial mass of a system getting an energy ∆u, and this fact can be easily
related to the aforementioned result.

Finally, it is shown how to find a point having the same properties, with respect
to the weight of the considered system of charges, as the center of gravity with
respect to the weight of an ordinary system of material masses.

PART 1

ELECTROSTATICS IN A GRAVITATIONAL FIELD
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§ 1. – Let us consider a portion of the spacetime where a homogeneous gravita-
tional field is present, and assume the electrostatic phenomena that we think are
taking place in it to be weak enough to neglect the effect they produce on the metric
describing the region under consideration. Under this assumption, the line element
of the spacetime manifold can be written as 1

ds2 = a dt2 − dx2 − dy2 − dz2 , (1)

where a is a function only of z.
The variables t, x, y, z will also be denoted by x0, x1, x2, x3, and the coefficients

of the quadratic form (1) by gik. Let ϕi be the vector potential, and Fik the
electromagnetic field. Then we have

Fik = ϕi,k − ϕk,i , (2)

referring ourselves to the fundamental form (1).
By limiting our considerations to electrostatic fields, we can set ϕ1 = ϕ2 = ϕ3 =

0, and, for the sake of brevity, ϕ0 = ϕ. Thus one has:

Fik = ϕi,k − ϕk,i =
∂ϕi

∂xk
− ∂ϕk

∂xi
,

that is 
F01 =

∂ϕ

∂x
, F02 =

∂ϕ

∂y
, F03 =

∂ϕ

∂z
,

F23 = F31 = F12 = 0 , Fik = −Fki , Fij = 0 .

(3)

In addition one has:

F(ik) =
∑
hk

g(ih)g(jk)F(hk) = g(ii)g(jj)F(ij) ,

from which by noting that:

g(00) =
1
a
, g(11) = g(22) = g(33) = −1 ,

one obtains
F(01) = −1

a

∂ϕ

∂x
, F(02) = −1

a

∂ϕ

∂y
, F(03) = −1

a

∂ϕ

∂z
,

F(23) = F(31) = F(12) = 0 , F(ik) = −F(ki) , F(ii) = 0 .

(4)

In the case under consideration here, the action can be written in the form

W =
∫

ω

∑
ik

FikF(ik) dω +
∫
de

∫
ϕdx0 , (5)

where

dω =
√
−||gik|| dx0 dx1 dx2 dx3 =

√
a dx dy dz dt

1T. Levi-Civita, Note II. “Sui ds2 einsteiniani”. Rend. Acc. Lincei, 27, 1◦ sem. N◦ 7.
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is the hypervolume element of the manifold, and the integration corresponding to
dω has to be performed over a specific region of the manifold, while the integrations
corresponding to de, dx0 have to be extended to all the elements of electric charge
whose world lines cross the region under consideration and to the portions of those
world lines lying in it, respectively.

§ 2. – In the variation of W , ϕ can be arbitrarily varied, under the single condi-
tion that δϕ = 0 on the boundary of the integration domain.

The variations δx, δy, δz instead, in addition to the condition δx = δy = δz = 0
on the boundary, could also be subjected to further conditions to be determined
in each particular case. For example, inside a conducting body they will be quite
arbitrary, while in a rigid dielectric they will have to represent the components of
a rigid virtual displacement, and so on.

By putting the quantities (3), (4) into (5), one obtains:

W = −1
2

∫∫∫∫
1√
a

{(
∂ϕ

∂x

)2

+
(
∂ϕ

∂y

)2

+
(
∂ϕ

∂z

)2
}
dx dy dz dt+

∫
de

∫
ϕdt ,

(6)
from which

δW =
∫∫∫∫

δϕ

[
1√
a

∆2 ϕ+
∂ϕ

∂z

d(1/
√
a)

dz
+ ρ

]
dx dy dz dt

+
∫∫∫∫

ρ

(
∂ϕ

∂x
δx+

∂ϕ

∂y
δy +

∂ϕ

∂z
δz

)
dx dy dz dt (7)

as immediately follows by noting that dx = dy = dz = 0 along a given world line,
as a consequence of our assumptions, and ρ dx dy dz = de, since ρ is the electric
density.

Then in order for δW to vanish identically, since δϕ is arbitrary inside the
integration domain, one finds that

∆2 ϕ−
d log

√
a

dz

∂ϕ

∂z
= −ρ

√
a . (8)

Moreover, one must also have∫∫∫∫
ρ

(
∂ϕ

∂x
δx+

∂ϕ

∂y
δy +

∂ϕ

∂z
δz

)
dx dy dz dt = 0 , (9)

for every system of values for δx, δy, δz satisfying the assumed constraints.
In equation (8) is contained the generalization of the Poisson’s law, to which the

(8) reduces if a is constant, that is if the gravitational field is absent.

§ 3. – If we indicate by G the acceleration of gravity of the field under consid-
eration, namely the acceleration with which a free material point begins to move,
one has:

G = −1
2
da

dz
. (10)
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WIth this (8) becomes:

∆2 ϕ+
G
a

∂ϕ

∂z
= −ρ

√
a . (11)

In order to find the solution of (11), given ρ at each point, we imagine the electric
charges to be contained in a small region around the origin of the coordinates.
Moreover, we will set a = c2 at the origin (with c the velocity of light near the
origin), and we will assume gravity to be so weak that those terms which contain
the square of the ratio lG/c2 can be neglected, where l represents the maximum
length entering into the problem under consideration. Under these assumptions, we
can set:

√
a = c+

1
2c
da

dz
z = c

(
1− G

c2
z

)
.

Therefore (11) can be written as:

∆2 ϕ+
G
c2
∂ϕ

∂z
= −c

(
1− G

c2
z

)
ρ . (12)

The integral of that equation in this approximation, as can be directly verified,
is given by:

ϕP =
c

4π

∫ (
1− G

c2

)
zM dτM

(
1
r
− G

2c2
zP − zM

r

)
=

c

4π

∫
ρM dτM

(
1
r
− G

2c2
zP + zM

r

)
, (13)

where M is the generic point of the region τM containing the electric charges, P is
the point at which the potential ϕ is evaluated, and r is the distance MP.

Given the linearity of equation (12), any integral of the equation:

∆2 ϕ+
G
c2
∂ϕ

∂z
= 0 , (12) ∗

obtained by setting ρ = 0 in (12), can be added to (13). This integral will represent
the field due to causes external to ρM. For the application we have in mind it is
convenient to consider a particular solution to (12) ∗ given by

ϕ = −cE∗
xx− cE∗

yy +
c2

G
E∗

ze
− G

c2
z , (14)

with E∗
x,E

∗
y,E

∗
z constants.

At the origin one has

Ex = −1
c

F01 , Ey = −1
c

F02 , Ez = −1
c

F03 ,

since E is the electric force.
From this it follows that the electric force of the external field (14) has compo-

nents

E∗
x , E∗

y , E∗
z .
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§ 4. – Let us now calculate the electric field due to a charge e concentrated at
the origin of the coordinates. From (13) one has:

ϕ =
ce

4π

(
1
r
− G

2c2
z

r

)
, (15)

and this formula gives the generalization of Coulomb’s law, as immediately follows
by setting G = 0. Recalling (3) one gets:

F01 =
ce

4π

(
x

r3
− G

2c2
zx

r3

)
,

F02 =
ce

4π

(
y

r3
− G

2c2
zy

r3

)
,

F03 =
ce

4π

(
z

r3
− G

2c2
z2

r3
+

G
2c2

1
r

)
.

(16)

We can summarize all three of the preceding formulas in a single vector formula.
In fact by indicating by F0 the vector with components F01,F02,F03, with ~a a vector
of magnitude 1 and orientation MP, and finally with ~G a vector of magnitude G
and orientation z, (16) can be written as:

F0 =
ce

4π

{
~a

r2
+
~G× ~a
2c2r

~a− 1
2c2r

~G

}
. (17)

It is interesting to compare this formula with the one which gives the electric
force exerted by an electric charge e which in the absence of gravitational attraction
has acceleration ~Γ, quasi-stationary motion and velocity negligible with respect to
the speed of light. Such a force is expressed by

E =

{
~a

r2
+
~Γ× ~a
c2r

~a− 1
2c2r

~Γ

}
, (18)

with the same notation.
From here one sees that, by setting

~Γ = −
~G
2

(19)

in (18), one obtains

F0 = cE .

This result can be put into words as follows, noting that cE is the electric part
of the electromagnetic field generated by the charge in accelerated motion:

The electric part (F01,F02,F03) of the electromagnetic field (Fik) generated by
an electric charge at rest in a homogeneous field of strength G is equal to the
electric part of the electromagnetic field which the same charge would produce in
the absence of gravitational field if it moved under the conditions indicated above
with acceleration G/2 in the direction opposite to the gravitational field.
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§ 5. – Now, let us study how the distribution of the electricity over a conductor
is modified by the gravitational field. To this end, let us note that since δx, δy,
δz are arbitrary inside the conductor, from (9) it follows that ϕ = constant inside,
and so ρ = 0 by (8). Thus the electricity is completely at the surface. Then let us
assume that our conductor is a sphere with center O at the origin of the coordinates
and of radius R.

Let us try to satisfy the condition ϕ = constant in the interior by assuming
the following expression for the surface electric density at a generic point M of the
surface:

e

4πR2
+
e

r
a cos θ , (20)

where θ represents the angle spanned by the radius vector OM from the z−axis, and
a is a constant to be determined, which we assume to be of the order of magnitude
of G/c2. From (13), the potential at a point P inside will be given by:

ϕP =
c

4π

∫
σ

( e

4πr2
+
e

r
a cos θ

)(1
r
− G

2c2
zP + zM

r

)
dσ ,

where the integration must be extended over the whole surface σ of the sphere. By
neglecting terms of order greater than G/c2 one obtains:

ϕP =
ce

16π2r2

∫
dσ

r
+
cea

4πr

∫
cos θdσ

r

− ceGzP
32π2R2c2

∫
dσ

r
− ceG

22π2R2c2

∫
zMdσ

r
. (21)

However, since P is inside, one has:∫
dσ

r
= 4π S ,

∫
cos θ
r

dσ =
4
3
π zP ,

∫
zM
r
dσ =

4
3
πR zP .

Thus one finds:

ϕP =
ce

4πR
+
c

3

( e
R
a− e

2πRc3
)
zP . (22)

So if we require ϕP to be constant, we will have to set

a =
1
2π

G
c2

.

By substituting this value into (20), one finds the following expression for the
surface density:

e

4πR2
+
(

1 +
2G
c2

R cos θ
)
. (23)

Therefore, the fact of being in a gravitational field produces a polarization of
the sphere with moment

2
3

G
c2
eR2 .
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PART 2

WEIGHT OF ELECTROMAGNETIC MASSES

§ 6. – Suppose we have a system of charges held by a rigid support in such
a way that the δx, δy, δz of § 2 have to be given the form corresponding to the
components of a rigid displacement. Leaving the rotational displacements till later,
let us consider now the translational ones, that is say assume that δx, δy, δz are
arbitrary functions of time, but do not depend on x, y, z.

Then we will try to satisfy (9) by thinking of the potential ϕP at a generic point
P as the sum of the potential given by (13) and one of the form (14). We will denote
these two terms by ϕP

′ and ϕP
′′, and suppose that the ratio between the derivatives

of ϕP
′ and ϕP

′′ with respect to any direction whatsoever is of order lG/c2, having
decided to neglect the quadratic terms. Hence (9) can be written:∫

dt

{∫
τP

δx

(
∂ϕ′

∂x
+
∂ϕ′′

∂x

)
ρP dτP + δy

(
∂ϕ′

∂y
+
∂ϕ′′

∂y

)
ρP dτP

+δz
(
∂ϕ′

∂z
+
∂ϕ′′

∂z

)
ρP dτP

}
= 0 .

Given that δx, δy, δz are arbitrary functions of time, independent of each other,
this equation gives rise to the three equivalent equations:∫

τP

(
∂ϕ′

∂x
+
∂ϕ′′

∂x

)
ρP dτP =

∫
τP

(
∂ϕ′

∂y
+
∂ϕ′′

∂y

)
ρP dτP

=
∫

τP

(
∂ϕ′

∂z
+
∂ϕ′′

∂z

)
ρP dτP = 0 . (24)

Now from the expression (13) for ϕP
′, by noting that

∂r

∂xP
=
xP − xr

r
,

one immediately obtains:∫
τP

∂ϕ′

∂x
ρP dτP = − c

4π

∫
τP

∫
τM

ρPρM dτPdτM

{
xP − xM

r3
− G

2c2
(xP − xM)(zP + zM)

r3

}
,

where both integrals have to be performed over the region occupied by the charges.
By interchanging P and M in the right hand side, which changes nothing, one
obtains:∫

τP

∂ϕ′

∂x
ρP dτP = − c

4π

∫
τM

∫
τP

ρMρP dτMdτP

{
xM − xP

r3
− G

2c2
(xM − xP)(zM + zP)

r3

}
,

from which, by taking half the sum:∫
τP

∂ϕ′

∂x
ρP dτP = 0 . (25)
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In an completely analogous way:∫
τP

∂ϕ′

∂y
ρP dτP = 0 . (26)

On the other hand, similarly:∫
τP

∂ϕ′

∂z
ρP dτP = − c

4π

∫
τP

∫
τM

ρPρM dτPdτM

{
zP − zM
r3

−

− G
2c2

(zP − zM)(zP + zM)
r3

+
G
2c2

1
r

}
,

interchanging M and P:∫
τP

∂ϕ′

∂z
ρP dτP = − c

4π

∫
τM

∫
τP

ρMρP dτMdτP

{
zM − zP
r3

− G
2c2

(zM − zP)(zM + zP)
r3

+
G
2c2

1
r

}
,

and by taking half the sum:∫
τP

∂ϕ′

∂z
ρP dτP = − c

4π

∫
τP

∫
τM

ρPρM

r
dτPdτM = −G

U
c2
e , (27)

denoting by U the electrostatic energy of the system (apart from the gravitational
correction terms). As a consequence of the assumptions made about the derivatives
of ϕP

′′, we can certainly write, with our approximation:

∫
τ

∂ϕ′′

∂x
ρ dτ = −cE∗

x e ,∫
τ

∂ϕ′′

∂y
ρ dτ = −cE∗

y e ,∫
τ

∂ϕ′′

∂z
ρ dτ = −cE∗

z e ,

where e =
∫

τ

ρ dτ indicates the total charge of the system. By substituting the

expression just obtained into (24) one finds:
eE∗

x = 0 ,

eE∗
y = 0 ,

eE∗
z = −G

U
c2

.

Our result is contained in these formulas. In fact, they tell us that in order to
maintain our system in equilibrium an external field (E∗) is required exerting on the
system a force given (in the first approximation) by eE∗, which must be understood
to balance the weight of the system, which is therefore given by −eE∗, and so has
components

0, 0, G
U
c2

. (28)
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With this we conclude that the weight of an electromagnetic mass always has
the vertical direction and magnitude equal to the weight of a material mass u/c2.

§ 7. – In the preceding section we have taken δx, δy, δz to be the components
of a translational displacement. If instead one takes the components of a virtual
rotational displacement with the axis passing through the origin of the coordinates,
namely setting

δx = qz − ry ; δy = rx− pz ; δz = py − qx , (29)

the integral (9), apart from the contribution due to the external field ϕ′′, becomes:∫
dτ

{
p

∫
τ

ρ

(
y
∂ϕ

∂z
− z

∂ϕ

∂y

)
dτ + q

∫
τ

ρ

(
z
∂ϕ

∂x
− x

∂ϕ

∂z

)
dτ

+r
∫

τ

ρ

(
x
∂ϕ

∂y
− y

∂ϕ

∂x

)
dτ

}
. (30)

The integrals between curly brackets are easily evaluated using (13) through
methods similar to that used in the previous section. They have the values:

− G
8πc

∫∫
yP
r
ρPρM dτPdτM ; +

G
8πc

∫∫
xP

r
ρPρM dτPdτM ; 0 . (31)

By taking as the origin the point O′ defined by the point O and the vector

O′ − O =
1

2U

∫∫
P − O

r
ρPρM dτPdτM ,

one sees immediately that the three integrals vanish for any orientation of the
system about O′. As a consequence, with respect to the new origin the integral (9)
is identically zero, namely the moment of the weight with respect to O′ is zero for
any orientation of the system; thus O′ enjoys the properties of the center of gravity.

Pisa, March 1921.
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3) On Phenomena Occurring Close to a World Line

“Sopra i fenomeni che avvengono in vicinanza di una linea oraria,”
Rend. Lincei, 31 (I), 21–23, 51–52, 101–103 (1922). ( 1 )

Note I.

§ 1. – In order to study phenomena which occur close to a world line, i.e., in
nonrelativistic language, in a region of space in the spacetime manifold, even varying
in time, but always very small compared with the divergences from Euclidean space,
it would be convenient to find a particular frame such that close to the line being
studied, the spacetime ds2 will assume a simple form. In order to find such a frame,
we must begin with some geometrical considerations.

Let there be given a line L in a Riemannian manifold Vn or in a manifold
metrically connected in the sense of Weyl.2 Let us associate at every point P of L a
direction y perpendicular to L, with the rule that the direction y+dy, corresponding
to the point P+dP, will be derived from that y associated to P in the following way:
let η be the direction tangent to L at P; let y and η be parallel transported3 from
P to P+dP and let y + δy and η + δη be the directions obtained in this way, which
because of the fundamental properties of parallel transport will be still orthogonal.
If L is not geodesic η+δη will not coincide with the direction η+dη of the tangent to
L at P+dP, and these two directions at P+dP will define a 2-dimensional subspace.
Let us consider at P+dP the element of the Sn−2 perpendicular to this subspace
and let us rigidly rotate around this Sn−2 all the surrounding particle space until
η+ δη is superposed on η+ dη. Then y+ δy will be mapped to a position which we
will consider to be the direction y + dy relative to the point P+dP. It is clear that,
arbitrarily fixing the direction y at a point of L, an integration process will allow it
to be obtained at any point of L.

Let us now look for the analytic expressions which translate the indicated oper-
ations to a Riemannian manifold, which coincide with those valid for a Weyl metric
manifold as long as the “Eichung” is choosen such that the measure of a segment,
which moves rigidly around L, will be constant. Let

ds2 =
∑
ik

gikdx
idxk (i, k = 1, 2, . . . n) (1)

and let yi, y(i); ηi, η(i) = dxi/ds be the co- and contravariant systems of the
directions y, η. We will then have

δη(i)

ds
= −

∑
hl

{
h l

i

}
η(h) dxl

ds
= −

∑
hl

{
h l

i

}
dxh

ds

dxl

ds
,

1Presented by the Correspondent G. Armellini during the session of January 22, 1922.
2Weyl, Space, Time, Matter, p. 109. Berlin, Springer, 1921.
3T. Levi Civita, Rend. Circ. Palermo, Vol. XLII, p. 173 (1917).
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and moreover
dηi

ds
=

d

ds

dxi

ds
=
d2xi

ds2
. Therefore one finds

δη(i) − dη(i)

ds
= −

(
d2xi

ds2
+
∑
hl

{
h l

i

}
dxh

ds

dxl

ds

)
= −Ci .

The Ci are the contravariant components of the vector C, the geodetic curvature,
namely of a vector having the same orientation as the geodesic principal normal of
L and a magnitude equal to its geodesic curvature.

On the other hand one has

δy(i)

ds
= −

∑
hk

{
h k

i

}
y(k) dxk

ds
. (2)

Now since y is orthogonal to L, the displacement with which from y + δy one
gets y + dy will be parallel to the tangent to L and will have magnitude equal to
the projection onto the same y of δη − dη; that is to say, since y has magnitude 1,
equal to the scalar product of δη − dη and y, namely∑

i

(δηi − dηi)y(i) = −ds
∑

i

Ciy
(i) .

Its contravariant components will be obtained therefore by multiplying its magni-
tude by the contravariant coordinates of the tangent to L, that is dxi/ds. These
are, in the final analysis, −dxi

∑
r Cry

(r). From (2) it follows immediately that

dy(i)

ds
= −

∑
hk

{
h k

i

}
y(k) dxk

ds
− dxi

ds

∑
h

Chy
h . (3)

Eq. (3), written for i = 1, 2, . . . n gives a system of n first order differential
equations for the n unknowns y(1), y(2), . . . , y(n), which are therefore determined
once the initial data are assigned. It would also be easy to formally verify from (3)
that, if the initial values of the y(i) satisfy the condition of perpendicularity to L,
such a condition will remain satisfied all along the line.

§ 2. – Let us now assign at a point P0 of L n mutually orthogonal directions
y1, y2, . . . , yn chosen at will, with the condition that yn be tangent to L. The direc-
tions y1, y2, . . . , yn−1 will be perpendicular to L, and we can transport them along
L by using the law given in the preceding section, which clearly from its definition
preserves their orthogonality. We are then in a position to associate with every
point of L n mutually orthogonal directions, the last one of which is tangent to L.
Let us now consider our Vn embedded in a Euclidean SN with a suitable number of
dimensions. We can take as coordinates of a point of Vn the orthogonal Cartesian
coordinates of its projection onto the SN tangent to Vn at a generic point P of L,
having P as the origin and the directions y1, y2, . . . , yn relative to the point P as
directions. In terms of these coordinates, the line element of Vn at P can be written
in the form ds2P = dy2

1 + dy2
2 + · · · + dy2

n; in addition, they are geodesics at P, as
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one can immediately see. In other words, for the coordinates y it is possible in a
neighbourhood of P to set gii = 1, gik = 0 (i 6= k), up to infinitesimals of order
greater than the first. Obviously we shall have such a reference frame at every point
of L. Let us consider now a point Q0 of Vn with coordinates ȳ1, ȳ2, . . . , ȳn−1, 0 in
the reference frame corresponding to the point P0 on L. For any other point P of
L we can so determine a point Q having in the frame corresponding to P the same
coordinates as Q0 has in the frame corresponding to P0. The point Q will therefore
trace out a line parallel to L. Now we want to find the relation between dsQ and dsP,
assuming that the point Q is infinitely close to P. In order to do so, we note that the
displacement transporting Q to Q + dQ is composed of the displacements denoted
in § 1 by δ and d− δ, and that the first one gives δsQ = dsP up to infinitesimals of
greater order since it is a parallel displacement; the second one is a rotation, which
gives (d− δ)sQ = dsP C · (Q− P), as is seen from § 1 , denoting by · the symbol of
the scalar product, and with Q − P the vector with origin at P and endpoint at Q.
Moreover, both dsQ and (d − δ)sQ have the direction of the tangent to L. Hence,
one has dsQ = δsQ + (d− δ)sQ; namely

dsQ = dsP[1 + C · (Q− P)] . (4)

The trajectories of the points Q form a (n−1)ple infinity of lines, so at least with
proper limitations through each point M of Vn will pass one of these lines; in this
way, we can characterize M through the coordinates of the point Q, ȳ1, ȳ2, . . . , ȳn−1

corresponding to the line passing through M, and the arclength sP of the line L
marked off from an arbitrarily chosen origin to that point P corresponding to the
Q one coinciding with M.

If M is infinitely close to L, dsQ will be perpendicular to the hypersurface sP =
constant. Thus one will have

ds2M = ds2Q + dȳ2
1 + dȳ2

2 + · · ·+ dȳ2
n−1 ;

and taking into account (4),

ds2M = [1 + C · (M− P)]2ds2Q + dȳ2
1 + dȳ2

2 + · · ·+ dȳ2
n−1 . (5)

As a result, in the neighborhood of L we have found a very simple expression
for ds2.

Note II.

§ 3. – Before passing to the physical application of the results obtained above,
we still want to make some geometrical observations. First of all, it is clear that the
previous considerations, and so also the formula (5) representing their conclusion,
which for any manifold whatsoever are only valid close to L, are instead completely
rigorous for Euclidean spaces. So let us associate to the line L of Vn a line L∗ in a
Euclidean space Sn, in which we indicate the orthogonal cartesian coordinates by
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x∗i . If we indicate with asterisks the symbols referring to the line L∗, we can write
for Sn the formula analogous to (5):

ds2M∗ = [1 + C∗ · (M∗ − P∗)]2 ds2P∗ + dȳ∗1
2 + dȳ∗2

2 + · · ·+ dȳ∗n−1
2 ; (5∗)

as in (5) C is a function of sP, so in (5∗) C∗ is a function of sP∗ .
Let K(1), K(2), · · · , K(n−1) be the contravariant components of C with respect

to ȳ1, ȳ2, · · · , ȳn−1, and K(1) ∗, K(2) ∗, · · · , K(n−1) ∗ those of C∗ with respect to the
ȳ∗. Let us try to determine L∗ in such a way that the functions K(r) ∗(sP∗) become
equal to the K(r)(sP). In order so, we shall begin by imposing that sP = sP∗ , i.e., by
establishing between the points of L and L∗ a one-to-one correspondence preserving
the arclength. We then note that K(r) ∗ is the projection of C∗ on the rth direction
y∗. Namely, one has

K(r) ∗ =
i=n∑
i=1

y∗i|r
d2x∗i
ds2P

(r = 1, 2, · · · , n− 1). (6)

The K(r) are then known functions of sP. The condition K(r) = K(r ∗) thus leads
to the (n− 1) equations

K(r)(sP) =
i=n∑
i=1

y∗i|r
d2x∗i
ds2P

(r = 1, 2, · · · , n− 1) . (7)

On the other hand, (3) once written for the Sn, gives us another n(n − 1)
equations. If we add to these equations the following one

ds2P = dx∗1
2 + dx∗2

2 + · · ·+ dx∗n
2 , (8)

we obtain a system of n− 1 + n(n− 1) + 1 = n2 equations for the n2 unknowns x∗i ,
y∗i|r, which can be used to express them in terms of sP. In this way we can determine
the parametric equations x∗i = x∗i (sP) for L∗. With that the formula (5∗) becomes
identical to (5), that is we have represented by applicability the neighborhood of
the line L∗ onto that of L. In addition, since L∗ is in a Euclidean space, we can say
that we have unfolded the neighborhood of L in a Euclidean space, i.e., we have
found coordinates which are simultaneously geodesic at each point of L.

Note III.

§ 4. – In order to show the application to the theory of relativity of the results
obtained above, we shall assume that Vn is the V4 spacetime and that L is a world
line in whose neighborhood we want to study the phenomena. Setting ds2M = ds2

in (5) for the sake of brevity, one finds in this case:

ds2 = [1 + C · (M− P)]2 ds2P + dȳ2
1 + dȳ2

2 + dȳ2
3 .

To avoid the appearance of imaginary terms and to restore the homogeneity, it
is convenient to make the following change of variables:

sP = vt ; ȳ1 = ix ; ȳ2 = iy ; ȳ3 = iz ,
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where v is a constant with dimensions of a velocity, so that t has the dimensions of
time. Thus one obtains

ds2 = a dt2 − dx2 − dy2 − dz2 , (9)

where

a = v2[1 + C · (M− P)]2 . (10)

Hereafter, we refer to the space x, y, z using the ordinary symbols of vector
calculus. And it is just in this sense that the scalar product which enters in (10)
can be understood, provided that C is considered as the vector whose components
are the covariant components of the geodesic curvature of the world line x = y =
z = 0, and M − P is the vector with components x, y, z. We will call x, y, z spatial
coordinates, and t time. Sometimes for uniformity we will write x0, x1, x2, x3 in
place of t, x, y, z, and we will also denote the coefficients of the quadratic form (9)
by gik.

§ 5. – Let4 Fik be the electromagnetic field and (ϕ0, ϕ1, ϕ2, ϕ3) the first rank
tensor “potential” of Fik, such that Fik = ϕi,k−ϕk,i. We set ϕ0 = ϕ and call u the
vector with components ϕ1, ϕ2, ϕ3. First of all, we have:

F01

F02

F03

 = gradϕ− ∂u
∂t

,

F23

F31

F12

 = −curlu , Fii = 0 , Fik = −Fki ;

analogously

F(01)

F(02)

F(03)

 =
1
a

(
−gradϕ+

∂u
∂t

)
,

F(23)

F(31)

F(12)

 = −curlu , F(ii) = 0 , F(ik) = −F(ki) ,

so that

1
4

∑
ik

FikF(ik) =
1
2

{
curl2 u− 1

a

(
−gradϕ+

∂u
∂t

)2
}

.

Let dω be the hypervolume element of V4. We will have

dω =
√
−||gik|| dx0 dx1 dx2 dx3 =

√
a dt dτ ,

where dτ = dx dy dz is the volume element of the space.
One also has:∑

ϕidxi = ϕdx+ u · dM , dM = (dx, dy, dz) .

4See Weyl, op. cit., pp. 186 and 208 for the notation and the Hamiltonian derivation of the laws
of physics.



August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408

592 Einstein, Fermi, Heisenberg and Relativistic Astrophysics: Personal Reflections

Apart from the action of the metric field, whose variation is zero since we con-
sider it as given a priori by (9), the action will assume the following form:

W =
1
4

∫
ω

∑
ik

FikF(ik) dω +
∫

e

de

∫
ϕi dxi +

∫
m

dm

∫
ds ,

(
de = element of electric charge
dm = element of mass

)
.

By introducing the indicated notation, one finds

W =
1
2

∫∫ {
curl2 u− 1

a

(
−gradϕ+

∂u
∂t

)2
}
√
a dt dτ

+
∫∫

(ϕ+ u ·VL)ρ dτ dt+
∫∫ √

a−VM
2k dτ dt , (11)

where ρ, k are respectively the density of electricity and of matter, so that de = ρ dτ ,
dm = k dτ , VL is the velocity of the electric charges, VM that of the masses.

The integrals on the right hand side can be extended to an arbitrary region τ

between any two times t1, t2. Then one has the constraint that on the boundary of
the region τ , and for the two times t1, t2, all variations are zero.

Apart from these conditions, the variations of ϕ and of u are completely arbi-
trary. Further conditions can be imposed on the variations of x, y, z thought of as
coordinates of an element of charge or mass, expressing the constraints of the spe-
cific problem under consideration. Then writing that dW vanishes for any variation
δϕ of ϕ whatsoever, one finds

0 = −
∫∫ (

gradϕ− ∂u
∂t

)
· δ gradϕ

dτ dt√
a

+
∫∫

δϕρ dt dτ .

Transforming the first integral by a suitable application of Gauss’s theorem, and
taking into account that δϕ vanishes at the boundary, we find

0 =
∫∫

δϕ

{
ρ+ div

[
1√
a

(
gradϕ− ∂u

∂t

)]}
dt dτ ,

and since δϕ is arbitrary, we obtain the equation

ρ+ div
[

1√
a

(
gradϕ− ∂u

∂t

)]
= 0 . (12)

Analogously, taking the variation of u, one finds

ρVL + curl(
√
a curlu)− ∂

∂t

[
1√
a

(
gradϕ− ∂u

∂t

)]
= 0 . (13)

These last two equations allow us to determine the electromagnetic field, once
the charges and their motion are given.

Another set of equations can be obained by varying the trajectories of the charges
and masses in W . Let δPM be the variation of the trajectory of the masses, δPL that
of the charges. Moreover, since u is a vector function of the position and V a vector,



August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408

From Fermi’s papers of the Italian period 593

let us denote by (∂u/∂P)(V) the vector with components
∂ux

∂x
Vx +

∂ux

∂y
Vy +

∂ux

∂z
Vz,

and so on. Now, writing that the variation of W is zero, one finds through the usual
methods:∫∫ (

δPM · gradϕ− δPL

(
∂u
∂t

+
∂u
∂P

(VL)
)

+ VL ·
∂u
∂P

(δPL)
)
ρ dt dτ

+
∫∫

δPM ·
{
dt

ds

grad a
2

+
d

dt

(
dt

ds
VM

)}
k dt dτ = 0 . (14)

If the δP’s at a given time do not depend on their values at other times, the coeffi-
cient of dt in (14) must be zero. So one finds:∫ {

δPM · gradϕ− δPL

[
∂u
∂t

+
∂u
∂P

(VL)
]

+ VL ·
∂u
∂P

(δPL)
}
ρ dτ

+
∫∫

δPM ·
{

1
2
dt

ds
grad a+

d

dt

(
dt

ds
VM

)}
k dτ , (15)

which has to be satisfied for all systems of δP satisfying the constraints.
Pisa, March 1921.
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4c) Correction of a contradiction between the electrodynamic theory
and the relativistic theory of electromagnetic masses ( 1 )

“Correzione di una contraddizione tra la teoria elettrodinamica
e quella relativistica delle masse elettromagnetiche,”

Nuovo Cimento 25, 159–170 (1923)

§ 1. – The theory of electromagnetic masses was studied for the first time by M.
Abraham2 before the discovery of the theory of relativity. Abraham therefore, as
was natural, considered in his calculations the mass of a rigid system of charges in
the sense of classical mechanics, and he found that, with the hypothesis that such
a system had spherical symmetry, its mass varied with the speed and is precisely

equal to3 4
3
u

c2
(where u is the electrostatic energy of the system and c is the speed

of light) for zero or very small speeds, but for speeds v comparable to c correction
terms of order of magnitude v2/c2 appear which are a bit complicated. Even before
the theory of relativity, FitzGerald introduced the hypothesis that solid bodies
underwent a contraction in the direction of motion in the ratio√

1− v2

c2
: 1

and Lorentz redid Abraham’s theory of electromagnetic masses, considering instead
of rigid systems of electric charges in the sense of classical mechanics, systems that
underwent this contraction. The result was that the rest mass, i.e., the limit of the

mass for vanishing speed, was still
4
3
u

c2
, but the correction terms depending on v2/c2

changed. The experiences of Kaufmann, Bucherer and others with the mass of the
β particles of radioactive bodies, and with high speed cathodic particles, decided in
favor of the Lorentz theory, known as the contractile electron, against Abraham’s
theory of the rigid electron. This fact at the beginning was interpreted as a proof
of the exclusively electromagnetic nature of the mass of electrons, because it was
thought that otherwise their mass should be constant. Afterwards the discovery
of the theory of relativity led to the consequence that all masses, electromagnetic
or not, must vary with the speed like the mass of Lorentz’s contractile electron; in
this way the previous experiences left undecided the electromagnetic nature or not
of the electron mass, being only a confirmation of the theory of relativity. On the
other hand the special relativity theory first, and after the general theory, led to
attribute a mass u/c2 to a system with energy u and in this way arose a serious
discrepancy between the Lorentz electrodynamic theory, which gives to a spherical
1On the same argument see my notes in Rend. Acc. Lincei, (5), 31, pp. 84, 306 (1922).
2Abraham, Theory of Electricity; Richardson, Electron Theory of Matter, Chapter XI;

Lorentz, The Theory of Electrons, p. 37

3The electromagnetic mass of an homogeneous spherical shell of charge e, and radius r is
2

3

e2

rc2
;

but if we observe that the electrostatic energy is u =
1

2

e2

r
, we find the mass

4

3

u

c2
.
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distribution of electricity the rest mass
4
3
u

c2
, and special relativity which attributes

to this distribution the mass u/c2. That difference4 is particularly serious given the
great importance of the notion of the electromagnetic mass as a foundation for the
electronic theory of matter.

This discrepancy showed up dramatically in two recent articles5 in one of which,
using the ordinary electrodynamic theory I considered the electromagnetic masses
of a system with arbitrary symmetry, finding that in general they are represented

by tensors instead of scalars, that reduce to
4
3
u

c2
in the spherical symmetry case;

in the other one instead, starting from general relativity, I considered the weight of
the same systems which was in every case equal to

u

c2
g, where g is the acceleration

of gravity.
In the present work we will demonstrate precisely: that the difference between

the two values of the mass obtained in the two ways originates in a concept of
a rigid body in contradiction with the principle of relativity, which is applied in
the electromagnetic theory (as well as in the contractile electron) and leads to the

mass
4
3
u

c2
, while a better justified notion of rigid body conforming to the theory of

relativity leads to the value u/c2.
We note that the relativistic dynamics of the electron was done by M. Born6 who

starting from a point of view not essentially different from the usual one naturally

found the rest mass
4
3
u

c2
.

Our considerations will be based on Hamilton’s principle as the most suitable
one to study a problem subject to very complicated constraints; in fact our system
of electric charges must satisfy a constraint of a nature that is different from those
considered in ordinary mechanics, since it has to exhibit, depending on its speed,
the Lorentz contraction, as a consequence of the principle of relativity. To avoid
misunderstandings, we note that while Lorentz contraction is of order v2/c2, its
influence on the electromagnetic mass is on the principal terms of this one, i.e., on
the rest mass and therefore has a rather bigger importance, being appreciable for
very small speeds as well.

§ 2. – So we consider a system of electric charges, sustained by a rigid dielectric
that, under the action of an electromagnetic field generated partly from the system
itself and partly from external sources, moves with a translation motion describing
a world tube in the space-time.7

4The experiences of Kaufmann and others cannot be useful to understand which of the two results
is right, because these allow only the measurement of the speed dependent correction terms which
are the same in both theories, while the difference is between the rest masses.
5E. Fermi, N. Cim., VI, 22, pp. 176, 192 (1921).
6Max Born, Ann. d. Phys., 30, p. 1 (1909)
7In the following we consider a Euclidean space-time, because we suppose that the considered

electromagnetic fields are small enough to not modify the metric structure.
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Let’s make precise what we mean by rigid translational motion. To do this we
consider a Lorentz inertial frame and we suppose that in this frame at a certain
time a point of the system of electric charges has zero speed; we will say that the
motion is translational if in the same frame at the same time all the other points
of the system have zero speed. This is equivalent to saying that the world lines of
our system points are trajectories orthogonal to a family of linear spaces; in fact in
a Lorentz-Einstein frame where the space is one of the spaces of the family and the
time axis is perpendicular to it, the entire system is at rest at time zero, because
the space cuts orthogonally all the world lines of all the points of the system. Using
this definition of translational motion, which is essentially the one adopted by M.
Born, the rigidity of the system is expressed by the fact that its shape in these
spaces perpendicular to the tube remains invariable, i.e., all the sections of the tube
are equal to each other.

Fig. 1 Translator note: “parallel to x” and “perpendicular to T”.

To be able to apply Hamilton’s principle to our case there needs to be a variation
of the movement of our system consistent with the constraints of the problem, i.e.,

with the rigidity, correctly interpreted. Now we will show that the value
4
3
u

c2
or

u

c2
is obtained for the electromagnetic mass, if we use either one variation or another
of the two that we are going to illustrate and that we distinguish from each other
with the letters A and B. The variation A, however, as will immediately be clear,
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is to be discarded because it is in contradiction with the principle of relativity. Let
T be the time tube described by the system. In the figure the space (x, y, z) is
represented by only one dimension along the x axis, and the time t is substituted
by ict to have a definite metric.

Variation A: one considers as a variation that satisfies the rigidity constraint
an infinitesimal displacement, rigid in the ordinary kinematic sense, parallel to the
space (x, y, z), of each section of the tube parallel to the same space. In the
figure we will obtain such a variation by shifting each section t=const of the tube
parallel to the x axis by an arbitrary infinitesimal segment. If we restrict ourselves
to consider translational displacement, we will therefore have δx, δy, δz as arbitrary
functions only of time, and δt = 0.

Variation B: one considers as a variation that satisfies the rigidity constraint
an infinitesimal displacement perpendicular to the tube of each section normal to
the same tube, rigid in the ordinary kinematic sense. In the figure we will obtain
this variation by shifting each normal section of the tube parallel to itself by an
arbitrary segment.

Of two such variations A is in obvious contradiction with the principle of relativ-
ity and must be discarded because, not even being Lorentz invariant, it depends on
the particular frame (t, x, y, z) we have chosen and can’t be the expression of any
physical notion, like rigidity. The variation B instead, besides satisfying Lorentz
invariance, since it only consists of elements of the tube T completely independent
of the position of the frame axes, is the only one presents itself naturally, like that
based on a rigid virtual displacement in the frame where at the instant considered
the system of charges has zero speed. Now it would be wrong to think that the
difference between the consequences of the two methods of variation A and B is
significant only for high speeds, i.e., when the tube T has a big slope with respect
to the time axis. Instead the calculations we are going to develop will demonstrate
immediately that the difference is felt already at zero speed and that precisely A

gives
4
3
u

c2
as the electromagnetic mass the while B gives instead u/c2.

§ 3. – We indicate the coordinates of time and space by (t, x, y, z) or (x0, x1,
x2, x3) as convenient and let φi be the four-potential and

Fik =
∂φi

∂xk
− ∂φk

∂xi

the electromagnetic field, and E and H the electric and magnetic forces that derive
from it.

Hamilton’s principle that summarizes the laws of Maxwell Lorentz and those
of mechanics says that:8 the total action, i.e., the sum of the actions of the elec-
tromagnetic field and of the material and electric masses, has zero variation under
the effect of an arbitrary variation of the φi and of the coordinates of the points
of the electric charge world lines that respect the constraints and are zero on the
8Weyl, Space, Time, Matter , pp. 194–196; Berlin, Springer (1921).
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boundary of the integration region. In our case there aren’t material masses, and
the only variable elements are the coordinates of the points on the world lines of the
charges; therefore it is enough to consider only the action of the electric charges,
i.e.:

W =
∑

i

∫
de

∫
φi dxi

where de is the generic element of electric charge and the second integral is calculated
on the timeline arc described by de that is contained in the four-dimensional region
G of integration. For each system of variations δxi satisfying the constraints and
that vanishes on the boundary of G , one must have δW = 0, i.e.:∑

ik

∫ ∫
de Fikδxidxk = 0 , (1)

Now we must examine separately the results obtained substituting δxi by the values
given by the system of variations A or B.

§ 4. – Consequences of the system of variations A. — In this case the region of
integration reduces to ABCD. The regions BCG, ADH give no contribution, because
in them all the δxi are zero since they have to vanish on the boundary of G, and
therefore along the curves BG, AH and must be constants for t =const, i.e., on the
straight lines parallel to the x axis. If we label the times of A and B by t1 and t2,
the equation (1) can be written, since δt = 0 and δx, δy, δz are functions of the
time only:∑

ik

∫ t2

t1

dt δxi

∫
de Fik

dxk

dt
(i = 1, 2, 3) (k = 0, 1, 2, 3) .

Since the δxi are arbitrary functions of t, we obtain the three equations∫
de
∑

k

Fik
dxk

dt
= 0

i.e., ∫
de[Ex +

dy

dt
Hz −

dz

dt
Hy] = 0 and the analogous two.

If at the chosen instant the system has zero speed in the frame (t, x, y, z) the
three equations can be summarized by a single vector equation:∫

E de = 0 . (2)

We could have obtained this equation without calculations if, as is usually done in
the ordinary treatment and as M. Born essentially does in the cited work, we had set
to zero from the beginning the total force acting on the system. We wanted deduce
it using Hamilton’s principle to show the fault of its origin, since it follows from
the system of variations A that it is in contradiction with the relativity principle.
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From (2) follows immediately the value
4
3
u

c2
for the electromagnetic mass. Suppose

in fact that E is the sum of a part E(i) due to the system itself, plus a uniform field
E(e) due to external sources. (2) gives:∫

E(i) de+
∫

E(e) de = 0 .

Now
∫
de = e = charge; and then E(e)

∫
de = F = external force. In the spherical

symmetry case, both direct calculation, and the well known considerations of the
electromagnetic moment9 show that:∫

E(i) de = −4
3
u

c2
Γ ,

where Γ is the acceleration.
The previous equation then becomes:

F =
4
3
u

c2
Γ

that compared to the fundamental law of point dynamics, F = mΓ, gives:

m =
4
3
u

c2
.

§ 5. – Consequences of the system of variations B. — In this case the same
considerations of the previous section demonstrate that the region of integration
reduces to ABEF, i.e., to the region bounded by two normal sections of the tube
T. By the use of infinite normal sections Decomposing it using an infinite number
of normal sections into layers of infinitesimal thickness, and in order to calculate
the contribution of one of these to the integral (1) we refer to its rest frame, by
considering the space (x,y,z) parallel to the layer. For this δt = 0 will hold, while
δx, δy, δz will be arbitrary constants. Moreover dx = dy = dz = 0, because the
speed of all the points is zero, dt = height of the layer, that will vary for each
point, because the layer has for its faces two normal sections which in general are
not parallel. If O is a generic point but fixed in the layer, for example the origin of
coordinates, in which dt has the value dt0, and K is the vector with the orientation
of the principal normal to the timeline passing for O and size equal to its curvature,
we have manifestly, since dt is the thickness at the generic point P of the layer:

dt = dt0[1−K · (P −O)] .

Since the speed is zero we have

K = −Γ/c2 ,

and therefore:

dt = dt0

(
1 +

Γ · (P −O)
c2

)
.

9RICHARDSON loc. cit.
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Substituting these values we find that the contribution of our layer to the integral
(1) is:

−dt0
{
δx

∫ (
1+

Γ · (P −O)
c2

)
Exde+ δy

∫ (
1 +

Γ · (P −O)
c2

)
Eyde+

+ δz

∫ (
1 +

Γ · (P −O)
c2

)
Ezde

}
.

This expression must vanish for all the values of δx, δy, δz and we obtain from
it three equations that can be summarized in the single vector equation:∫ (

1 +
Γ · (P −O)

c2

)
E de = 0 (3)

A correct application of Hamilton’s principle has then brought us to (3) instead
of (2). Now it’s easy to examine the consequences. Setting

E = E(i) + E(e)

we find∫
E(i)de+

∫
E(i) Γ · (P −O)

c2
de+ eE(e) + E(e)

∫
Γ · (P −O)

c2
de = 0 .

In the spherical symmetry case we have as before∫
E(i) de = −4

3
u

c2
Γ ;

substituting in the previous equation we find that E(e) is compared only with the
terms that contain Γ. If we neglect the Γ2 terms10, we can neglect the last integral,
and we obtain:

−4
3
u

c2
Γ +

∫
E(i) Γ · (P −O)

c2
de+ F = 0 . (4)

To calculate the integral which appears in (4) we observe that E(i) is the sum
of the Coulomb force

=
∫
P − P ′

r3
de′

(P ′ is the point of charge de′ and r = PP ′), and of a term containing Γ that can
be neglected because it would give a contribution containing Γ2. Our integral then
becomes: ∫ ∫

P − P ′

r3
Γ · (P −O)

c2
de de′ ;

or exchanging P with P ′, which doesn’t change matters, and taking the half sum
of the two values obtained in this way:

1
2

∫ ∫
P − P ′

cr3
[Γ · (P − P ′)]de de′ .

10More precisely the number compared to which the quadratic terms are negligible is Γ`/c2, where
` is the largest length which appears in the problem. It is clear that such an approximation is
more than justified in common situations.
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We observe that, in our approximation Γ is constant for all the points and then
can be taken out of the integrals. Therefore the x component of the previous integral
is:

1
2c2
{
Γx

∫ ∫
(x− x′)2

r3
de de′ + Γy

∫ ∫
(y − y′)(x− x′)

r3
de de′+

+ Γz

∫ ∫
(z − z′)(x− x′)

r3
de de′

}
.

Now, since the system has spherical symmetry, to each segment PP ′ corresponds
an infinite number of other segments differing only in orientation. In the three
integrals we can therefore substitute

(x− x′)2, (x− x′)(y − y′), (x− x′)(z − z′)

by their average values for all the possible orientations of PP ′, which are; 1
3r

2, 0,
0.

With that the x component becomes:

Γx

3c2
1
2

∫ ∫
de de′

r

We now observe that the expression

1
2

∫ ∫
dede′

r

is the electrostatic energy u; going back to vector notation we find for the integral
appearing in equation (4) the expression:

u

3c2
Γ. (4) becomes in this way:

u

c2
Γ = F (5)

that says the electromagnetic mass is u/c2.
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5) Masses in the theory of relativity

“Le masses nella teoria della relatività,”
from A. Kopff, I fondamenti della relatività Einsteiniana,

Eds. R. Conti and T. Bembo, Hoepli, Milano, 1923, pp. 342–344

The grandiose conceptual importance of the theory of relativity as a contribution
to a deeper understanding of the relationships between space and time and the often
lively and passionate discussions to which it has as a consequence also given given
rise outside of the scientific environment, have perhaps diverted attention away
from another of its results that, even though less sensational and let’s say, even
less paradoxical, nevertheless has consequences for physics no less worthy of note,
and whose interest is realistically destined to grow in the near term development of
science.

The result to which we refer is the discovery of the relationship that ties the
mass of a body to its energy. The mass of a body, says the theory of relativity, is
equal to its total energy divided for the square of the speed of light. A superficial
examination already shows us how, at least for the physics that is observed in the
laboratories, the importance of this relationship between mass and energy is such
that it considerably overshadows that of the other consequences, quantitatively
much lighter, but to which the mind gets used to with more effort. This merits an
example: a body one meter long that moves with the respectable enough speed of 30
km per minute (equal more or less to the speed of the earth through space) would
always appear to be one meter long to an observer carried along by its motion,
while to a fixed observer it would appear to be one meter long less five millionths
of a millimeter; as one sees the result, however strange and paradoxical it can
seem, is nevertheless very small, and it is hard to believe that the two observers
would start quarreling over so little. The relationship between mass and energy
brings us instead to enormous figures. For example if one succeeded in releasing the
energy contained in a gram of matter, one would obtain an energy greater than that
developed over three years of nonstop work by a motor of a thousand horse power
(useless to comment!). One might say with reason that it doesn’t appear possible,
at least in the near future, to find a way to liberate these incredible quantities of
energy, something that moreover one would hope not to be able to do, since the
explosion of such an incredible quantity of energy would have as its first result
reducing to pieces the physicist who had the misfortune to find a way to produce
it.

But even if such a complete explosion of matter doesn’t appear possible for now,
there are already in progress during the past few years some experiments directed
towards transforming the chemical elements into each other. Such a transformation,
which happens naturally in radioactive bodies, has been recently done artificially
by Rutherford who, bombarding some atoms with some α particles (corpuscles
launched with huge speed by radioactive substances), has succeeded in obtaining
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their decomposition. Now to these transformations of the elements into each other
are associated energy exchanges that the relationship between mass and energy
allows us to study in a very clear way. To illustrate this it is worth another numerical
example. We have reason to think that the nucleus of an atom of helium is composed
of four nuclei of the hydrogen atom. Now the atomic weight of helium is 4.002
while that of hydrogen is 1.0077. The difference between four times the mass of
hydrogen and the mass of the helium is therefore due to the energy of the bonds
that unite the four nuclei of hydrogen to form the nucleus of helium. This difference
is 0.029 corresponding, according to the relativistic relationship among mass and
energy, to an energy of around six billion calories per gram-atom of helium. These
figures show that the energy of the nuclear bonds is some million times greater
than those of the most energetic chemical bonds and explains to us how against
the problem of transformation of matter, the dream of alchemists, for so many
centuries the efforts of the best minds have been useless, and how only now, using
the most energetic means to our disposition, one has succeeded in obtaining this
transformation; moreover in such a small quantity as to illude the most delicate
analyses.

These brief indications are enough to show how the theory of relativity, besides
giving us a clear interpretation of the relationships between space and time, will
be, perhaps in the near future, destined to be the keystone for the resolution of the
problem of the structure of matter, the last and more difficult problem of physics.
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10) On the mass of radiation in an empty space

“Sulla massa della radiazione in uno spazio vuoto,”
with A. Pontremoli,

Rend. Lincei 32(1), 162–164 (1923)

Recently, one of us1 had been able to demonstrate, by introducing a more correct
concept of rigidity, that the standard electrodynamics allows us to reach a determi-
nation of the electron rest mass not different from that coming from the theory of
relativity which, as is known, simply amounts to dividing the energy of the system
by the squared speed of light. We have observed that a similar difference, between
the value determined following from standard electrodynamics and the one given
by the theory of relativity, occurs in the calculation of the mass of the radiation in
an empty space.2 We intend to demonstrate that this discrepancy can be removed
by analogous arguments. The procedure followed until now for determining by elec-
trodynamics the mass of the radiation in a cavity consisted first of all in evaluating
the electromagnetic momentum G0 for slow and quasi-stationary motions, which,
neglecting terms in v2/c2, results to be given by3

G0 =
4
3
W0

c2
v

where W0 is the energy of the radiation for the cavity at rest, v is the actual velocity
of the cavity, and c is the speed of light. From this, one deduced that the inertial
reaction is given by

−dG0

dt
= −4

3
W0

c2
Γ

where Γ is the acceleration; whence an apparent mass of the radiation equals
4
3
W0

c2
, while, according to the theory of relativity, it should be simply

W0

c2
. In this

procedure it is implicitly contained the assertion that the external force F is equal
to the time derivative of the electromagnetic momentum, i.e., to the resultant of
the electromagnetic forces dϕ acting on every single part of the system; in this way,
one then puts:

F =
∫
dϕ. (1)

But this is not correct, because, if one considers the notion of rigidity discussed by
one of us in the quoted paper, the external force is given instead by

F =
∫
dϕ

[
1 +

Γ(P −O)
c2

]
, (2)

1E. Fermi, these “Rendiconti”, Vol. XXXI, pp. 184 and 306 (1922), “Physikalische Zeit.”,
Vol. XXIII (1922), p. 340.
2F. Hasenöhrl, “Ann. der Physik”, Vol. XV, p. 344 (1904) and Vol. XVI, p. 589 (1905); K. von

Mosengeil, “Ann. der Physik”, Vol XXII, p. 867 (1927); M. Planck, “Berlin. Sitzber.”, p. 542
(1907); M. Abraham, Theorie der Elektrizität, Vol. II, p. 341 (1920).
3M. Abraham, loc. cit. p. 345.
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(P −O) being the vector from the point P , where the force dϕ is applied, to a fixed
point O, which we can take as the center of coordinates, internal to the system.
Now, dϕ is the resultant of force dϕ1, exerted by the radiation pressure which
would exist if the cavity were at rest, and a force dϕ2, caused by the perturbations
of this pressure due to the motion of the cavity. By applying (1), since evidently∫
dϕ1 = 0, because dϕ1 is the force exerted by a homogeneous pressure on a closed

surface, one finds that the external force is

F =
∫
dϕ2. (3)

This force is exactly the one calculated as the inertial reaction by the quoted
authors, whence ∫

dϕ2 = −4
3
Wo

c2
Γ (4)

On the contrary, by applying (2), still taking into account that
∫
dϕ1 = 0, one

finds

F =
∫

(dϕ1+dϕ2)
[
1 +

Γ(P −O)
c2

]
=
∫
dϕ1

Γ(P −O)
c2

+
∫
dϕ2+

∫
dϕ2

Γ(P −O)
c2

.

Neglecting terms in Γ2 and observing that dϕ2 is proportional to Γ, one can
simply put

F =
∫
dϕ1

Γ(P −O)
c2

+
∫
dϕ2. (5)

In this case the difference between (3) and (5) is not a priori negligible, although
it contains c2 at the denominator, since dϕ1/dϕ2 can become considerably large,
being the ratio between a force and its perturbation.4 In fact dϕ2 = pndσ, where

p is the radiation pressure which, as is known, equals
1
3
Wo

V
, being V the volume of

the cavity, and n a unit vector with the direction of the external normal to element
dσ of the surface of the cavity with coordinates (x, y, z). The x component of the
first integral of ((5) is then[∫

dϕ1
Γ(P −O)

c2

]
x

=
Wo

3c2V

∫
(Γxdx+ Γydy + Γzdz) cos n̂x dσ =

=
Wo

3c2V

(
Γx

∫
dx cos n̂x dσ + Γy

∫
dy cos n̂x dσ + Γz

∫
dz cos n̂x dσ

)
;

but an immediate application of Gauss’s theorem shows that∫
dx cos n̂x dσ = V,

∫
dy cos n̂x dσ =

∫
dz cos n̂x dσ = 0.

4In the case of electromagnetic masses one has dϕ equal to the resultant of the Coulomb forces
(which are the predominant part) and the forces due to the acceleration. For the former, evidently
in this case the relation

R
dϕ1 = 0 also holds; therefore these forces make their presence felt only

if we apply (5) instead of (3).
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Therefore our component is (WoΓx)/3c2 and∫
dϕ1

Γ(P −O)
c2

=
WoΓx

3c2

Considering this relation and (4), it is easy to see that the ratio between the inte-
grals of the right hand side of (5) is −1/4 and thus effectively not negligible. By
substituting these values into (5), one finds

F = −Wo

c2
Γ

from which the requested rest mass results to be equal to Wo/c
2, in accordance with

the principle of relativity.
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12) The principle of adiabatics and the systems which do not admit
angle coordinates

“Il principio delle adiabatiche ed i sistemi che non ammettono coordinate
angolari,”

Nuovo Cimento 25, 171-175, (1923)

§ 1. - The importance of the Ehrenfest’s principle of adiabatics for the determi-
nation of the selection rules for the stationary orbits of a system, in the Bohr theory,
is well-known 1. This principle, as we know, can be enunciated as follows: Let us
assume that, in a mechanical system, the forces or the constraints are continuously
modified with time but very slowly in comparison with the periods of the system,
or, accordig to the Ehrenfest’s expression, adiabatically; the principle of adiabatics
states that, if the system initially is in a quantum preferred orbit, it will still be
there at the end of the transformation.

Let us consider, for instance, a pendulum and imagine to shorten its string at
a very low rate in comparison with the period of the pendulum itself. Frequency ν
of the pendulum will then grow slowly, but it is easy to realize that energy u also
will grow and just so that the ratio u/ν mantains constant. In this way, if this ratio
was initially an integer multiple of Planck constant h, it will ever remain the same
and then the state of the system will remain quantum preferred during the whole
transformation. For further examples we refer to the Ehrenfest’s memoir.

The formal basis for the principle of the adiabatics is provided by Burger’s
theorem 2. Let us consider a system that in certain general coordinates q1, q2, ...., qf
allows the separation of variables 3. Then put

IK =
∮
pKdqK (K = 1, 2, ....., f) (1)

being pK the canonically conjugate momentum to qK and the integral extended,
according to the rules of quantum theory, to a complete oscillation of coordinate
qK ; in this way the conditions in order that the considered orbit of the system be
quantum preferred are:

I1 = n1h ; I2 = n2h ; ....; If = nfh (2)

being n1, n2, ...., nf integers. Let us suppose, now, to modify adiabatically our
system, but in a way it allows the separation of the variables at any instant. Burger’s
theorem states that in this case integrals I1, I2, ...., If do not change during the
1Ehrenfest, Ann. d. Phys., 51, 327 (1916).
2Burgers, Versl. Akad. van. Wetensch. - Amsterdam 1916, 1917; Ann. d. Phys. 52, 195 (1917).
3For the validity of Burger’s conclusions it is sufficient, more generally, that the system admits

angle coordinates, i.e. it is possible to introduce in place of qK , pK new variables wK , jk such
that the qK ’s, expressed by means of the (wK , jK) are periodical with period 1 in variables wK ,
and the energy, in the new coordinates, results a function of the j’s only. Then, because of the
Hamilton equations, the j’s result to be constant an the w’s linear functions of the time; the q’s
as functions of the time can be expanded in Fourier series with f indexes.
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transformation, i.e. that they are adiabatic invariants. Therefore, if conditions (2)
are satisfied at the onset of the transformation, they will be also satisfied at the
end; then the principle of the adiabatics is satisfied.

In this Note I intend to show by means of a simple example that if a system
adiabatically transforms into another system and the initial and final states both
admit the separation of variables, but the intermediate states do not, the IK are no
more adiabatic invariants. In this case the principle of adiabatics loses its basis.

§ 2. - Let us consider a mass point, moving on a plane inside a rectangle; we
shall assume that no force acts on the point while it is inside the rectangle, but it
bounces off the walls when it hits them. Consider sides AB and AC of the rectangle
as coordinate axes x, y. Now, it is evident that our system admits the separation of
variables in these coordinates. Calling a, b the lengths of sides AB, AC, coordinate
x infact oscillates between values 0, a; coordinate y between values 0, b.

Moreover, if at a certain instant the components of the velocity are u, v, at an
instant whatever they will be ±u, ±v, where one must choose sign + or - according
to, whether the relative coordinate is increasing or decreasing at the considered
instant. The conjugate momenta to x and y will be ±mu, ±mv, being m the mass
of the point; then one will have

Ix =
∮

(±mu) dx =
∫ a

0

mu dx+
∫ 0

a

(−mu) dx = 2mua (3)

and analogously
Iy = 2mvb (3’)

Now we want to study how Ix and Iy change if we transform our system adia-
batically. We just intend to transform rectangle ABCD into the other AB’CD’; we
remark that such a transformation can be carried out in three ways:

(1) one parallelly shifts the segment BD until to arrive at B’D’;
(2) one parallelly shifts the segment BB’ until to arrive at DD’, so that at an inter-

mediate instant, the mass point can move inside concave polygon AB’EFDC;
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(3) one deforms anyway the broken line B’BDD until to bring it to coincide with
segment B’D’.

Keeping out the last case, really somewhat complicated, from our considera-
tions, we shall limit ourselves to discuss the former two. As to the first one, we
remark that in this case at any instant the point can always move inside a rectangle,
therefore also in the intermediate instants it is always possible to have the separa-
tion of variables; according to Burger’s theorem, in this case we must expect that
Ix and Iy remain invariant. This is obviously evident for Ix, since neither b, nor v
change during the transformation and then, due to (3’), nor Iy. As to Ix, instead,
a decreases during the transformation, being reduced from a = AB to a′ = AB’;
but in the same time u increases in consequence of the bounces on the moving wall
and an immediate consideration shows that things go just so that product au, and
then also Ix, remains constant 4, obviously on condition that the transformation
is realized slowly enough. If we pass on to consider case (2), it is easy to realize
that now things are different. As to Ix, in fact one immediately sees that the x
component of the velocity remains unchanged (except for the sign), since it could
change its absolute value only hitting a moving wall parallelly to x axis, but the only
moving wall, EF, moves parallelly to y; instead a decreases from AB to AB’. In all,
therefore Ix reduces in the ratio a′/a and then does not remain constant. Likewise
also Iy does not remain constant; in fact b remains unchanged whereas v increases
due to the collisions on the moving wall EF. An immediate evaluation shows that
v, and then also Iy, increases in the ratio a/a′. From the above considerations we
can conclude that integrals IK are adiabatic invariants only if in the intermediate
states the system always admits the separation of variables or at least, according to
Burger’s theorems, always admits a system of angular coordinates. On the contrary,
at least in general, this is not true if the system does not always own a multiperiodic
motion. On the other hand, this fact is easyly understandable also from the point
of view of quantum theory. In fact one knows, following Bohr, that a well defined
quantization is possible only if the motion of the system is multiperiodic. Then
one can realize that, if in the intermediate states the system cannot be quantized
rigorously, this inexactitude transmits to the final state.

Göttingen, February 1923.

4In fact the number of knocks on the moving wall BD in time interval dt is obviously u
2a
dt; on

the other hand, if V is the velocity of wall BD, the velocity of the point will experience an increase
of 2V at every knock; then the increase of u in time dt will be:

du = 2V
u

2a
dt =

u

a
V dt = −

u

a
da

since, obviously, −da = V dt. By integrating the preceding equation, we find exactly ua = const.,
as said above.
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13) Some theorems of analytical mechanics of great importance for
quantum theory

“Alcuni teoremi di Meccanica Analitica importanti per la Teoria dei Quanti,”
Nuovo Cimento 25, 271–285, (1923)

§ 1. - Ehrenfest’s principle of adiabatics1, as is known, states that, if a me-
chanical system is in a quantum orbit and its mechanism, forces or constraints, is
changed in an infinitely slow way, the system remains in a quantum selected orbit
during the whole transformation. In order that this principle have a definite sense,
it is obviously necessary that the final orbit of the system only depends on the final
mechanism and not on the one or another sequence of intermediate mechanisms
followed during the transformation. Burgers2 has shown that this is really the case,
at least for that kind of systems which up to now has only been considered in quan-
tum theory, i.e. for systems which, or admit a complete separation of variables, or
at least can be represented by means of angular coordinates3. In this case, their
motion can always be considered as resulting from periodic motions, generally hav-
ing as many periods as many the degrees of freedom are or, in case of degeneracy,
with a lower number. But, just at this moment, the study of the simplest atomic
structures having been accomplished4, some problems which do not admit angular
coordinates continually occur, first of all the three-body problem which occurs in
the study of hydrogen molecule. As is known, all the efforts made up to now to
reduce the study of these systems to that of systems with angular coordinates were
in vain. Then it is to be desired to investigate whether and how far is it possible to
attempt an extension of the principle of adiabatics to the general systems, hoping
that it can give some information which can help in the search for rules suitable to
determine the preferred orbits of these more general systems.

§ 2. - First of all we shall have better to fix a classification of the systems to be
studied. Therefore we turn to the usual representation of the state of the system by
means of a point of a 2f-dimensional space Γ, which has q1, q2, ....qf as the general
coordinates of the system and p1, p2, ....pf as their conjugate momenta. We have,
through each point of this space, a trajectory which corresponds to the motion of
the system having its initial position and velocity determined by the point itself. We
shall assume the forces and the constraints of the system being time-independent
and the forces deriving from a potential so that an integral of the energy conservation
does exists. We call E hypersurfaces the ipersurfaces energy=constant; through each
point of Γ, one of the E’s is passing on which (as provided by the energy integral)

1P. Ehrenfest. Ann. d. Phys. 51, p. 327; 1916.
2Burgers. Versl. Akad. van Wetensch. Amsterdam, 25 November 1916. - Ann. d. Phys. 52, p.

195; 1917. - Phil. Mag. 33, p. 514; 1917.
3See for instance Sommerfeld. ”Atombau und Spektrallinen, III ed. Zusatz 7.
4They are the hydrogen atom and its various perturbations (Zeeman effect, Stark effect, and

Feinstruktur) and the ion of the hydrogen molecule H+
2 , when nucleus rotations are not present.
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the trajectory through the point is located. The so called quasi-ergodic5 mechanical
systems enjoy the property that the trajectory generally passes infinitely close to
every point of E, so to densely fill a 2f-1 dimensional manifold. However, it may be
that our system, besides the energy integral, admits some other uniform integral
independent of time. In this case the manifold filled by the trajectory will obviously
have a lower number of dimensions. Then let us assume that our system have on
the whole m uniform first integrals independent of time,

Φ1 (p, q) = c1; Φ2 = c2; ....; Φm = cm

being ci arbitrary constants. We shall have, through each point of Γ, a 2f-m dimen-
sional manifold G, intersection of the m hypersurfaces Φi = ci; and the trajectory
passing through that point will be wholly contained in G. In general it will not
be possible to find, within G, a submanifold which contains the whole trajectory;
on the contrary, on the analogy of quasi-ergodic systems, we shall assume for our
systems that in general the whole G be densely filled by the trajectory, i.e. that
the trajectory passes infinitely close to all the points of G. In this way, the tra-
jectory will come out characterized, at least in its statistical elements, by the only
knowledge of the values Φ1,Φ2, ....,Φm corresponding to it. Therefore we call these
values characteristics of the trajectory. Then a quasi-ergodic system has only one
characteristic, its energy. A system with its energy independent of time, which ad-
mits the separation of variables, has in general as many characteristics as degrees
of freedom, corresponding to the f a constants of the Jacobi’s complete integral;
a higher number can only occur in case of degeneracy, i.e. when linear relations
with integer coefficients between the fundamental frequencies exist. Let us consider,
for instance, the motion of a point in a plane acted on by a force proportional to
the distance from two orthogonal straight lines. If the two attraction coefficients
are not commensurate, the point describes an open Lissajous’ curve in the plane.
And in the four-dimensional space Γ the representative point densely fills a two-
dimensional surface G. Therefore the system has two characteristics; for them we
can take the energies of the projections of the motion on the two orthogonal straight
lines. If instead the attraction coefficients are commensurate, the Lissajous’ curve
degenerates in a closed curve and G becomes one-dimensional; this corresponds to
three characteristics.

§ 3. - Now we shall assume to be able to change arbitrarily the forces, or the
constraints of the system, i.e. what on the whole, with a happy naming due to P.
Hertz 6, we shall call the mechanism of the system. If we change the mechanism
in an infinitely slow way, we have what is said an adiabatic transformation; and,
in § 5, we shall easily find a system of differential equations which shows how the
characteristics of the system change when the guiding parameter of the mechanism
5The author recently demonstrated that the ordinary mechanical systems are, in general, quasi-

ergodic, so that this is the most common case.
6P. Herz. Ann. d. Phys. 33, pp. 225, 537; 1910. Weber, Gans. Repertorium der Physik I, 2; 1916.

We refer to these works for any explanations regarding the statistical part of the text.
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µ, changes adiabatically. But, as we have already mentioned, one can speak of ap-
plication of the Ehrenfest’s principle to a definite system only if the values that its
characteristics take at the end of an adiabatic transformation only depend on the
final mechanism and not on the intermediate workings crossed during the transfor-
mation. To study this question, we shall assume afterwards that the mechanism,
rather than depending on only one parameter, depend on two parameters λ and
µ. The dependence of the characteristics on λ and µ, instead of being on a system
of ordinary differential equations, will then be obviously expressed by a system of
equations of total differentials; then the conditions for having the final values of
the characteristics not depending on the path followed during the transformation
in the λ, µ plane coincide with the integrability conditions for this system. We shall
demonstrate that these conditions, for the quasi-ergodic system, are really satisfied.
Instead, for the systems having more than one characteristic, in general they are
not satisfied although important classes of exceptions exist.

§ 4. - Before passing to study the adiabatic transformations it is convenient
to consider some formulae which are useful for calculating the probability that, at
any instant, the representative point is in G. Then, for uniforming notations, dif-
ferently from above we call x1, x2, ...., x2f , the coordinates of Γ. Our problem can
now be formulated in this way: calculate the probability that, at a certain instant,
x1, x2, ...., x2f−m have values between x1 and x1 + dx1, x2 and x2 + dx2,....,x2f−m

and x2f−m + dx2f−m, while the remaining m x’s obviously take the values neces-
sary to maintain the representative point in G. As we know, statistical mechan-
ics, through the Liouville’s theorem, states that the necessary condition for hav-
ing a stationary distribution of the points in the Γ space is that their density in
Γ should have a constant value on any G. A volume element of Γ can be written
dx1, dx2, ...., dx2f , but also, taking as new variables x1, x2, ...., x2f−m,Φ1,Φ2, ....,Φm

as 1
Ddx1, dx2, ...., dx2f−m, dΦ1, dΦ2, ...., dΦm, where D is the functional determi-

nant ∂(Φ1,....,Φm)
∂(x2f−m+1,....,x2f ) . And, since during the motion dΦ1, dΦ2, ...., dΦm obviously

remain constant, the aforesaid volume element comes out to be proportional to
1
Ddx1, ...., dx2f−m . Therefore also the wanted probability is proportional to this
expression; and since the total probability is obviously = 1, we finally find that the
wanted probability is given by

dσ
D∫
dσ
D

(1)

where for short we put dσ = dx1, dx2, ...., dx2f−m and the integral is extended
to all values of x1, x2, ...., x2f−m, corresponding to points of G. Before leaving this
subject, we also want to deduce a formula that will be useful in the case of quasi-
ergodic systems. In this case G is a hypersurface, and we assume for the sake
of simplicity it should be closed, and such to be intersected in only one point by
the radii vectors coming out from a pole within it. This because a more general
approach, even though it is not essentially different, would cause rather complicated
calculations. We refer the space Γ to polar coordinates, by characterizing each
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point by means of its radius vector and the intersection of this one with the unit
hypersphere having the pole as centre. We call H the only characteristic, i.e. the
energy. In accordance with what said above, the probability that at a certain instant
the representative point lie within an element of solid angle dω is proportional to
the hypervolume comprised between the two hypersurfaces H (x1, ...., x2f ) = H,
and H (x1, ...., x2f ) = H + dH, and the solid angle dω. This volume, except for
the constant factor dH, is evidently r2f−1dω

Hr
, where Hr = ∂H

∂r . Since the total
probability must be =1 , we find that the wanted probability is given by

r2f−1 dω
Hr∫

r2f−1 dω
Hr

(2)

where the integral is extended to the whole unit sphere.
§ 5. - In this section we assume the mechanism of our system as a function

of a parameter µ and we aim to study how the characteristics change when this
parameter changes adiabatically. Since the mechanism depends on the parameter
µ, in general also the characteristics Φ1,Φ2, ....,Φm will depend on µ, besides the p’s
and q’s. Then, if at a certain instant the parameter µ changes of dµ, characteristic
Φi will correspondingly undergo the change ∂Φi

∂µ ∂µ. Since we are in presence of an
adiabatic change, to have the effective change of Φi, we must consider the average
of this expression which, according to the results of the previous section, will be

dµ

∫
∂Φi

∂µ
dσ
D∫

dσ
D

(3)

which results only to be a function of µ and Φ1, ....,Φm. The dependence of the
characteristics on µ in an adiabatic transformation will then be expressed by the
system of ordinary differential equations:

dΦ1

dµ
=

∫
∂Φ1
∂µ

dσ
D∫

dσ
D

;
dΦ2

dµ
=

∫
∂Φ2
∂µ

dσ
D∫

dσ
D

; ....;
dΦm

dµ
=

∫
∂Φm

∂µ
dσ
D∫

dσ
D

(4)

If we know the values of the Φ’s, for instance for µ = 0, the integration of this
system gives us their values for any µ . In the particular case of the quasi-ergodic
systems, system (4) reduces to the only equation:

dH

dµ
=

∫ Hµ

Hr
r2f−1dω∫

dω
Hr
r2f−1

(5)

where Hµ = ∂H
∂µ .

§ 6. - Now we want to study in which cases the final values of the characteristics
are independent of the way followed in passing adiabatically from the initial mech-
anism to the final one. Therefore we shall represent the mechanism of the system
as a function of two parameters, λ and µ . If one alters adiabatically these two
parameters, of dλ and dµ respectively, the same conclusion of the preceding section
shows that the corresponding change of the characteristic is:

dΦi =

∫
∂Φi

∂λ
dσ
D∫

dσ
D

dλ+

∫
∂Φi

∂µ
dσ
D∫

dσ
D

dµ (i = 1, 2, .....,m) (6)
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The coefficients of dλ and dµ are evidently functions of only λ and Φ1, ....,Φm,
then m equations (6) represent a system of equations of total differentials; if it will
result unlimitedly integrable, the final values of Φ’s will be effectively independent
of the way followed during the transformation, or else it will not be so. We want to
demonstrate that, in the case of quasi-ergodic systems, the condition of unlimited
integrability is satisfied. In fact, for these systems, system (6) reduces to only an
equation of total differentials analogous to (5)

dH = Ldλ+Mdµ (7)

where

L =

∫
r2f−1Hλdω

Hr∫
r2f−1dω

Hr

; M =

∫ r2f−1Hµdω
Hr∫

r2f−1dω
Hr

(8)

and then L and M represent two functions of λ, µ and H. As we know, for
obtaining the unlimited integrability of (7), it is necessary and sufficient that the
total derivatives of L with respect to µ and of M with respect to λ be equal.
Therefore it must be

∂L

∂µ
+M

∂L

∂H
=
∂M

∂λ
+ L

∂M

∂H
. (9)

To demonstrate that this equality is really satisfied, let us begin to calculate its
first term. Therefore, let us imagine to give independent variations δH and δµ to
H and µ, leaving λ unchanged; then we will have

δL =
∂L

∂H
δH +

∂L

δµ
δµ. (10)

On the other hand, from the first of (8), we remark that:

δL =
1(∫

r2f−1dω
Hr

)2

{(∫
r2f−1dω

Hr

)
δ

∫
r2f−1Hλdω

Hr
−

−
(∫

r2f−1Hλdω

Hr

)
δ

∫
r2f−1dω

H2
r

}
. (11)

In the calculation of the two variations of the integrals within the curly brackets,
we can of course interchange symbols δ and

∫
, as the limits of the integral do not

change since it is extended to the whole unit hypersphere. Then we have:

δ

∫
r2f−1dω

Hr
= (2f − 1)

∫
r2f−2δrdω

Hr
−
∫
r2f−1δHrdω

H2
r

. (12)

On the other hand, from the invariance on the unit sphere, one has:

δH = Hrδr +Hµδµ

wherefrom

δr =
δH

Hr
− Hµ

Hr
δµ
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and also

δHr = Hrrδr +Hrµδµ =
Hrr

Hr
δH +

(
Hrµ −

HrrHµ

Hr

)
δµ.

By substituting in (12) these expressions of δr, δHr, one finds:

δ

∫
r2f−1dω

Hr
= δH

{
(2f − 1)

∫
r2f−2dω

H2
r

−
∫
r2f−1Hrrdω

H3
r

}
−

−δµ
{

(2f − 1)
∫
r2f−2Hµdω

H2
r

+
∫
r2f−1dω

H2
r

(
Hµr −

HµHrr

Hr

)}
.

In a similar way one finds:

δ

∫
r2f−1Hλdω

Hr
= δH

{
(2f − 1)

∫
r2f−2Hλdω

H2
r

+
∫
r2f−1Hλrdω

H2
r

−

−
∫
r2f−1HλHrr

H3
r

dω

}
+ δµ

{
− (2f − 1)

∫
r2f−2HλHµdω

H2
r

+

+
∫
r2f−1dω

Hr

(
Hλr −

HλrHµ

Hr

)
−
∫
r2f−1Hλdω

H2
r

(
Hµr −

HµHrr

Hr

)}
.

By substituting in (11) these two last expressions, and comparing with (10), one
finally finds:

∂L

∂H
=

1(∫
r2f−1dω

Hr

)2

[(∫
r2f−1dω

Hr

){
(2f − 1)

∫
r2f−2Hλdω

H2
r

+

+
∫
r2f−1Hλrdω

H2
r

−
∫
r2f−1HλHrr

H3
r

dω

}
−

−
(∫

r2f−1Hλdω

Hr

){
(2f − 1)

∫
r2f−2dω

H2
r

−
∫
r2f−1Hrrdω

H3
r

}]
.

∂L

∂µ
=

1(∫
r2f−1dω

Hr

)2

[(∫
r2f−1dω

Hr

){
− (2f − 1)

∫
r2f−2HλHµdω

H2
r

+

+
∫
r2f−1dω

Hr

(
Hλµ −

HλrHµ

Hr

)
−
∫
r2f−1Hλdω

H2
r

(
Hµr −

HµHrr

Hr

)}
−

−
∫
r2f−1Hλdω

Hr

{
(2f − 1)

∫
r2f−2Hµdω

H2
r

+
∫
r2f−1dω

H2
r

(
Hµr −

HµHrr

Hr

)}]
.

These two last equations, together with the second of (8), give us all the elements
necessary to calculate the first term of (9). Once it has been calculated, it is imme-
diate to recognize from its explicit expression that λ and µ appears symmetrically;
then ((9) is verified.

Therefore we can conclude that, for the quasi-ergodic systems, the value assumed
by the energy at the end of an adiabatic transformation does not depend at all on
the intermediate mechanisms of the transformation.
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§ 7. - Come back now to be interested in the systems with more than one
characteristic. In order that, also for these systems, the final characteristics were
independent of the intermediate mechanisms of the transformation, the conditions
of unlimited integrability of system (6) should be satisfied. But, if through a cal-
culation, obviously more complicated than that performed in the preceding section
but not essentially different from it, we effectively build up these conditions, we
find that in general they are not satisfied. Rather than to report here this lengthy
calculation, we prefer to show the argument through an example of a system with
two characteristics. The example we choose is very similar to another one I have
recently used in a note on the principle of adiabatics. From an origin O, we draw
in a plane two orthogonal axes x, y. Then we take in the first quadrant two points
P, Q and draw the perpendiculars from them to axes (PA, PB, QC, QD). We shall
assume that P be internal to the rectangle OCQD. Now let us suppose that inside
concave polygon APBDQCA a mass point is moving not acted on by forces and
elastically bouncing off the walls of the polygon. Absolute values u, v of the com-
ponents of the velocity of the point on axes x, y keep evidently constant during the
motion, therefore the system has two characteristics. Let us suppose then to keep
point Q (of coordinates a, b) fixed and to move point P (of coordinates λ, µ). In
this way we shall have accomplished a mechanical system with two characteristics
u, v and depending on two parameters λ, µ. By easy arguments, analogous to the
ones carried out in the note quoted above, one finds that, changing adiabatically
the position of point P, u and v change following the rule:

d log u =
2µ dλ
ab− λµ

; d log v =
2λ dµ
ab− λµ

obviously none of these two equations is unlimitedly integrable; therefore the
values that u and v take at the end of a transformation also depend on the path
followed by point P. Then, in general, it is not possible to apply Ehrenfest’s principle
to systems with more characteristics.

§ 8. - However, some important classes of exceptions to this rule exist. We aim
to study them in this section. The first one, and also the most important, is that of
the systems with angular coordinates. Of these systems, according to Burgers’ the-
orems, we not only know that Ehrenfest’s principle can be applied (in the sense that
it leads in any case to definite final conditions) but also that for them the aforesaid
principle results to be verified, by experience as a logical consequence of Sommer-
feld’s conditions which are supported by all the theory and the experience made on
the hydrogen atom. Another remarkable class of exceptions to the conclusions of
§ 7 is the following: Let us assume that of the m characteristics of our system only
one, the energy, depends explicitly on parameters λ, µ of the mechanism. I say that
for these systems, at the end of every adiabatic transformation, the energy takes a
value independent of the intermediate mechanisms, while the other characteristics
even stay unchanged. The fact that all the characteristics, but the energy, stay
unchanged comes out evident from the circumstance that, since they do not con-
tain the parameters explicitly, stay unchanged in all the elementary processes of the
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transformation; the same conclusion can be drawn from system (6) since, if Φi is one
of these characteristics, one has by hypothesis ∂Φi

∂λ = ∂Φi

∂µ = 0. For demonstrating
that the final value of the energy does not depend on the path followed during the
transformation in the plane λ, µ, one could put forward a consideration analogous
to that of § 6. But it is easier to remark that, on the basis of the hypothesis, by
means of a canonical transformation independent of the parameters, one can try to
transform the characteristics independent of the parameters into coordinates of Γ.
After this, the consideration of § 6 can be repeated word for word and the constant
characteristics simply stand for constant parameter. Systems of this kind occur very
frequently in applications; for instance, of this kind are all the systems which have,
as only uniform integrals besides the energy (and not dependent on the energy),
some integral of the conservation of momentum, or angular momentum, since the
latter are always independent of the parameters of the mechanism.

§ 9. - As regards a possible application of what said to the theory of quanta, we
remark the following: On the basis of our conclusions, the possibility of an exten-
sion of Ehrenfest’s principle is ruled out, save the mentioned exceptions. Instead,
for quasi-ergodic systems, or the exceptions studied in § 8, such an application is
not a priori ruled out, though obviously it is not possible now to foresee if the
experience will confirm its results. All the same, one might try if, going on this
way, some useful information on the rules for the determination of the quantum
orbits of the systems without angular coordinates could be obtained. Of course,
Ehrenfest’s principle by itself, even if in case the experience should confirm it in
this more general application, is not sufficient for the determination of such rules. It
only allows us, when we know the selected orbits of a certain system, to deduce the
orbits for all the systems which can be obtained from it by means of an adiabatic
transformation. Therefore perhaps it might be useful, apart from the complexity
of calculations, for finding the quantitative relations between the spark spectra, for
instance of the alkaline metals, and the arc spectra of the noble gases. In fact, the
systems which emit these spectra only differ in the charge of the nucleus and then
can be easily transformed the one into the other.

Göttingen, April 1923.
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38b) A theorem of calculus of probability and some applications

“Un teorema di calcolo delle probabilitá ed alcune sue applicazioni,”
Teacher’s Diploma Thesis of the Scuola Normale di Pisa.

Presented on June 20, 1922.

§ 1. The theorem we want to deal with concerns the properties of the sums of
many incoherent addenda having a known stastistical distribution. The fundamen-
tal theorem on these sums is due to Laplace1. We announce the theorem together
with a short account of its demonstration from which we shall start for establishing
a new theorem. Let n be a very great number and y1, y2 . . . yn represent n un-
knowns, of which we know the statistical distribution; that is, we know that the
probability that yi has a value ranging between yi and yi + dyi is ϕi(yi)dyi, being
ϕi a known function for which, obviously∫ ∞

−∞
ϕi(y)dy = 1, (1)

which means that yi has certainly a value between −∞ and +∞. In addition
we will assume that the statistical distribution of yi is not affected by the values
that the other y ’s can assume, that is, we assume the yi’s are completely incoherent
among them. Then we take yi having a vanishing average, that is:

ȳi =
∫ ∞

−∞
yϕi(y)dy = 0. (2)

Finally the average of the squared yi is put as

ȳ2
i =

∫ ∞

−∞
y2ϕi(y)dy = k2

i (3)

and assume that, for any i, k2
i is negligible with respect to

∑n
1 k

2
i . Under these

assumptions, the Laplace’s theorem holds which says that: The probability that
inequalities

x ≤
n∑
1

yi ≤ x+ dx (4)

hold at the same time is given by

F (x)dx =
1√

2π
∑n

1 k
2
i

e
− x2

2
Pn

1 k2
i dx. (5)

To demonstrate it, we call r a number ≤ n and let F (r, x)dx be the probability
that inequalities

x ≤
r∑
1

yi ≤ x+ dx (6)

1Théorie analytique des probabilités, Oeuvres, VII, p. 309.
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hold true. Now, if p is any value, let us look for the probability that inequalities
r−1∑
1

yi < p <

r∑
1

yi (7)

hold together, that is, that the addition of yr to
∑r−1

1 yi does not exceed p.
This probability is obviously given by∫ ∞

0

dξF (r − 1, p− ξ)
∫ ∞

ξ

ϕr(y)dy.

Analogously, the probability that inequalities
r−1∑
1

yi > p >

r∑
1

yi (8)

hold together is ∫ ∞

0

dξF (r − 1, p+ ξ)
∫ ∞

ξ

ϕr(y)dy.

The difference of these two probabilities is obviously given by the difference
between the probability that

∑r
1 yi > p and the probability that

∑r−1
1 yi > p, that

is by ∫ ∞

p

F (r, x)dx−
∫ ∞

p

F (r − 1, x)dx .

Then we have∫ ∞

p

F (r, x)dx−
∫ ∞

p

F (r − 1, x)dx =
∫ ∞

0

dξF (r − 1, p− ξ)
∫ ∞

ξ

ϕr(y)dy−

−
∫ ∞

0

dξF (r − 1, p+ ξ)
∫ ∞

ξ

ϕr(y)dy.

In the r.h.s. we can reverse the integrations by formulae∫ ∞

0

dξ

∫ ∞

ξ

dy =
∫ ∞

0

dy

∫ y

0

dξ ;
∫ ∞

0

dξ

∫ −ξ

−∞
dy =

∫ 0

−∞
dy

∫ −y

0

dξ

and it becomes, also changing in the second term ξ with −ξ∫ ∞

−∞
ϕr(y)dy

∫ y

0

F (r − 1, p− ξ)dξ.

We put, as an approximation

F (r − 1, p− ξ) = F (r − 1, p)− ξ
∂F (r − 1, p)

∂p
.

Thus the above expression becomes

F (r − 1, p)
∫ ∞

−∞
ϕr(y)dy

∫ y

0

dξ − ∂F (r − 1, p)
∂p

∫ ∞

−∞
ϕr(y)dy

∫ y

0

ξdξ =
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= F (r − 1, p)
∫ ∞

−∞
yϕr(y)dy −

1
2
∂F (r − 1, p)

∂p

∫ ∞

−∞
y2ϕr(y)dy

i.e., remembering (2) and (3):

−k
2
r

2
∂F (r − 1, p)

∂p
.

In this way we obtain equality∫ ∞

p

F (r, x)dx−
∫ ∞

p

F (r − 1, x)dx = −k
2
r

2
∂F (r − 1, p)

∂p
. (9)

Differentiating it with respect to p we obtain

−F (r, p) + F (r − 1, p) = −k
2
r

2
∂2F (r − 1, p)

∂p2
. (10)

Let us change in it r − 1 with r, p with x, and, in our approximation, put

F (r + 1, x)− F (r, x) =
∂

∂r
F (r, x).

Then (10) gives, for F (r, x), differential equation

∂

∂r
F (r, x) = −

k2
r+1

2
∂2

∂x
F (r, x). (11)

Changing r with the other variable

t =
∫ r+1

0

k2
i di (12)

(11) becomes

∂F

∂t
=

1
2
∂2F

∂x2
. (13)

Then one has, obviously, the condition that, for any t∫ ∞

−∞
Fdx = 1 (14)

and that, for t = 0, F has a non vanishing value only when |x| is infinitesimal.
It is known that these conditions are more than sufficient to determine F. They are
satisfied by putting

F =
1√
2πt

e−
x2
2t .

By giving to t its value, which at our degree of approximation is
∑r

1 k
2
i , we find

F (r, x) =
1√

2π
∑r

1 k
2
i

e
− x2

2
Pr

1 k2
i . (15)

Then one obviously has F (x) = F (n, x), and then

F (x) = 1√
2π

Pn
1 k2

i

e
− x2

2
Pn

1 k2
i q.e.d.
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§ 2. Let us mantain the notations and the assumptions made at the beginning
of the previous section and in addition assume that all ϕi(y) are equal (as a con-
sequence we will cancel their index). Then let us indicate with a a positive value
whatever. Thus we can state the following

Theorem 2.1. The probability that at least one among the quantities

y1, y1 + y2, y1 + y2 + y3, . . . ,

n∑
1

yn

exceeds a is given by

2√
π

∫ ∞

a√
2nk2

e−x2
dx

provided that a is great enough with respect to k.

In particular, if n tends to infinity, such probability tends to 1, i.e. to certitude.
To demonstrate it, let us indicate with F (r, x)dx(x < a) the probability that the
inequalities (6) are fulfilled and in addition all r quantities

y1, y1 + y2, . . . ,

r∑
1

yi (16)

are lower than a. At the same time, the same arguments of the previous section
show us that F (r, x) still will satisfy the differential equation (11) which, in this
case, can be written as

∂F

∂r
=
k2

2
∂2F

∂x2
(17)

The boundary conditions will be changed instead. In fact, we observe that∫ a

−∞
F (r, x)dx

gives the probability that none of quantities (16) exceeds a and then

−
∫ a

−∞
F (r + 1, x)dx+

∫ a

−∞
F (r, x)dx

gives the proability that, because of the addition of yr+1,
∑r

1 yi arrives at ex-
ceeding a. A calculation analogous to that performed in the previous section shows
us that this probability is ∫ ∞

0

F (r, a− ξ)dξ
∫ ∞

ξ

ϕ(y)dy

i.e., at our degree of approximation, neglecting ξ with respect to a

F (r, a)
∫ ∞

0

dξ

∫ ∞

ξ

ϕ(y)dy
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that is, by reversing the quadratures

F (r, a)
∫ ∞

0

ϕ(y)dy
∫ y

0

dξ = F (r, a)
∫ ∞

0

yϕ(y)dy.

By putting now

h =
∫ ∞

0

yϕ(y)dy (18)

we find ∫ a

−∞
{F (r + 1, x)− F (r, x)} dx = −hF (r, a).

But, at our usual degree of approximation, we can put

F (r + 1, x)− F (r, x) =
∂F (r, x)
∂r

and the previous equation becomes

∂

∂r

∫ a

−∞
F (r, x)dx = −hF (r, a). (19)

After all, our unknown function F must fulfill differential equation (17) in inter-
val −∞, a; fulfill equation (19) in extreme a; then it must vanish together with its
derivatives in extreme −∞ and, for r = 0, have a non-vanishing value only for |x|
very small, but with the condition that the area comprised between it and x axis
is = 1. It is easy to prove that at least when h is positive, as in our case, these
conditions are sufficient to determine F. Therefore, we observe that, by multiplying
(17) by dx and integrating it between −∞ and a, one finds

k2

2

(
∂F

∂x

)
a

=
∂

∂r

∫ a

−∞
F (r, x)dx

as a consequence, (19) becomes

k2

2h

(
∂F (r, x)
∂x

)
a

+ F (r, a) = 0. (19)

Then, for our purpose, it is evidently sufficient to prove that, if a function Φ(r, x)
is = 0 for r = 0 and fulfilles equations

∂Φ
∂r

=
k2

2
∂2Φ
∂x2

;
k2

2h

(
∂Φ
∂x

)
x=a

+ φ(r, a) = 0 (20)

and, for x = −∞, it is always = 0, it is certainly identically zero. In fact one
has ∫ a

−∞

(
∂Φ
∂x

)2

dx =
∫ a

−∞

∂

∂x

(
Φ
∂Φ
∂x

)
dx−

∫ a

−∞
Φ
∂2Φ
∂x2

dx

that is, owing to (20)∫ a

−∞

(
∂Φ
∂x

)2

dx =
(

Φ
∂Φ
∂x

)a

−∞
− 2
k2

∫ a

−∞
Φ
∂Φ
∂r

dx =



August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408

From Fermi’s papers of the Italian period 623

= Φ(r, a)
(
∂Φ
∂x

)
x=a

− 1
k2

∂

∂r

∫ a

−∞
Φ2dx = −2h

k2
Φ2(r, a)− 1

k2

∂

∂r

∫ a

−∞
Φ2dx

i.e. ∫ a

−∞

(
∂Φ
∂x

)2

dx+−2h
k2

Φ2(r, a) +
1
k2

∂

∂r

∫ a

−∞
Φ2(r, x)dx = 0 . (21)

Let us now suppose that, for some value of r and x, Φ could be different from
zero; then for some value r of r

∫ a

−∞ Φ2dx would be certainly positive; in addition,
since for r = 0 is φ = 0, and then

∫ a

−∞ Φ2(0, x)dx = 0, there will be certainly
between zero and r some value of r for which d

dr

∫ a

−∞ Φ2(r, x)dx is positive. Now,
the first two terms in (21) cannot be negative; the first one is, at least in some cases,
positive and this is absurd. Then it will certainly be always φ(r, x) = 0.
q.e.d.
Granted that, it will be enough for us to find a solution whatever fulfilling the
imposed conditions for being sure it is the solution we were looking for. Let us try
if our conditions can be satisfied by putting

F (r, x) =
1

k
√

2πr
e−

x2

2rk2 − 1
k
√

2π

∫ r

0

u(ρ)e−
(a−x)2

2(r−ρ)k2

√
r − ρ

dρ (22)

being u(ρ) a function to be determined. With this position, differential equation
(17) and the limit conditions for x = −∞ and r = 0 are certainly satisfied. Then it
remains to determine u(ρ) so that (19) is satisfied too. Now, from (22) we have

F (r, a) =
1

k
√

2πr
e−

a2

2rk2 − 1
k
√

2π

∫ r

0

u(ρ)dρ√
r − ρ∫ a

−∞
F (r, x)dx =

1
k
√

2πr

∫ a

−∞
e−

x2

2rk2 dx− 1
k
√

2π

∫ r

0

u(ρ)dρ√
r − ρ

∫ a

−∞
e
− (a−x)2

2(r−ρ)k2 dx =

=
1√
π

∫ a
k
√

2r

−∞
e−x2

dx− 1
2

∫ r

0

u(ρ)dρ (23)

and then

∂

∂r

∫ a

−∞
F (r, x)dx = − ae−

a2

2rk2

2k
√

2πr3
− 1

2
u(r)

in this way (19) becomes

e−
a2

2rk2

k
√

2πr

(
h− a

2r

)
=

h

k
√

2π

∫ r

0

u(ρ)dρ√
r − ρ

+
u(r)
2

(24)

that is an integral equation of second kind for the unknown function u(ρ). In
spite of all our efforts, we have not suceeded to solve it exactly; we only have an
approximate solution. We shall deal with this in a little while. We want to prove
first, without approximations, that one has∫ ∞

0

u(r)dr = 1 .
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Therefore, let ϑ be an arbritrary positive quantity and let us multiplicate both
sides of (24) by

√
θe−θrdr and integrate then from r = 0 to r = ∞. One finds

√
θh

k
√

2π

∫ ∞

0

e−θr− a2

2rk2

√
r

dr − a
√
θ

2k
√

2π

∫ ∞

0

e−θr− a2

2rk2

r3/2
dr =

=
h
√
θ

k
√

2π

∫ ∞

0

e−θrdr

∫ r

0

u(ρ)dρ√
r − ρ

+

√
θ

2

∫ ∞

0

e−θru(r)dr =

=
h
√
θ

k
√

2π

∫ ∞

0

u(ρ)dρ
∫ ∞

ρ

e−θrdr√
r − ρ

+

√
θ

2

∫ ∞

0

e−θru(r)dr =

=
h

k
√

2

∫ ∞

0

e−θρu(ρ)dρ+

√
θ

2

∫ ∞

0

e−θru(r)dr .

In addition one has

√
θ

∫ ∞

0

e−θr− a2

2rk2

√
r

dr = 2
∫ ∞

0

e−x2− a2θ
2k2x2 dx =

√
πe−

a
√

2θ
k .

Passing to the limit for θ = 0 the above equation then becomes

h

k
√

2
=

h

k
√

2

∫ ∞

0

u(ρ)dρ.

From which ∫ ∞

0

u(ρ)dρ = 1 (25)

q.e.d.
At this point we can already get an interesting result. In fact, from (23) we have

lim
r=∞

∫ a

−∞
F (r, x)dx = lim

r=∞

1√
π

∫ a
k
√

2r

−∞
e−x2

dx− 1
2

∫ ∞

0

u(r)dr = 0 . (26)

If we remember the meaning of F (r, x) this result can be read: The probability
that at least one of values (16) exceeds a becomes certitude when r tends to infinity.
We remark that this result holds true independently of the approximation we are
going to make to solve (24). Let us pass now to the approximate solution of (24).
For this we observe that, as one can immediately verify,

w(r) =
ae−

a2

2rk2

k
√

2πr3
(27)

is a solution of the integral equation of second kind

e−
a2

2rk2

k
√

2πr

(
h+

a

2r

)
=

h

k
√

2π

∫ r

0

w(ρ)dρ√
r − ρ

+
1
2
w(r) (28)

which differs from (24) only in the sign inside the bracket of the left-hand side.
Now, owing to the assumptions we have made, whenever r is great enough so that
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e−
a2

2rk2 is not too small a/2r is negligible with respect to h and then we shall be
allowed to assume w(r) as an approximate solution of (24), by putting

u(r) =
ae−

a2

2rk2

k
√

2πr3
(29)

It is easy to check that from (29) it is
∫∞
0
u(r)dr = 1.

Now, from (23), we get∫ a

−∞
F (r, x)dx =

1√
π

∫ a
k
√

2r

−∞
e−x2

dx− 1
2
ae

− a2

2ρk2

k
√

2πρ3
dρ =

=
1√
π

∫ a
k
√

2r

−∞
e−x2

dx− 1√
π

∫ ∞

a
k
√

2r

e−x2
dx = 1− 2√

π

∫ ∞

a
k
√

2r

e−x2
dx .

And then

1−
∫ a

−∞
F (r, x)dx =

2√
π

∫ ∞

a
k
√

2r

e−x2
dx . (30)

Remembering now the meaning of F (r, x) one immediately realizes that

1−
∫ a

−∞
F (r, x)dx

represents the probability that at least one of expressions (16) is greater than a.
Therefore (30) completely demonstrates the theorem we have enunciated.

§ 3. The theorem just proved is susceptible of an immediate application to a
famous theorem of calculus of probability: Peter and Paul make a game of chance.
In each game each one has probability 1/2 to win; the stake is always of k lire. Now
Peter is infinitely rich, on the contrary Paul owns only a lire. If at a certain moment
Peter is able to win all the substance of Paul, the latter is ruined and is obliged to
stop the game. So we are in the case considered in the above theorem and we can
conclude that, , after a sufficient number of games Peter will certainly ruin Paul;
moreover, if a is much greater than k the probability that this fact happens in n
games is

2√
π

∫ ∞

a
k
√

2n

e−x2
dx

§ 4. We want now to apply the above theorem to an astronomic problem. Let
us consider an elliptic comet which intersects Jupiter’s orbit. The cometary orbit
will be obviously perturbed by the action of Jupiter, and this particularly when
Jupiter and the comet pass very close. Now it may happen that in these continuous
transformations the comet’s orbit ends by changing into a parabolic or hyperbolic
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orbit; then the comet will go away forever escaping from the attraction of Jupiter
and the Sun. I want to study what is the probability that this happens in a certain
time. As far as I know the theory of the influence of Jupiter on the cometary
orbits has never been studied from this point of view; people only dealt with this
matter2 looking for an explanation of the capture of comets with parabolic orbits
when passing by chance close to Jupiter. We will make the following simplifying
assumptions, the same of the restricted 3-body problem: The comet has a negligible
mass, so that it does not perturb nor Jupiter neither the Sun. The mass of Jupiter
(m) is negligible with respect to the mass of the Sun (M). In this way we are allowed
to assume the Sun as fixed and to consider the orbit of the comet being appreciably
perturbed only when passing in the close neighbourhood of Jupiter. Jupiter’s orbit
is circular. Comet’s orbit is coplanar with Jupiter’s orbit. We call u the velocity of
Jupiter and V the velocity of the comet when it crosses Jupiter’s orbit with respect
to a reference frame moving along this orbit with velocity u; we indicate with θ the
angle between the direction of V and Jupiter’s orbit. If v is the absolute velocity of
the comet, when it is crossing Jupiter’s orbit one will have

v2 = u2 + V2 + 2uV cos θ (31)

Let us suppose that once, while the comet is crossing Jupiter’s orbit, it passes
very close this planet. Then it will be affected by a strong perturbation. Let b be the
smallest distance between the two bodies if they were not attracted to one another.
According to our assumptions, in order that the perturbation is considerable b must
be very small if compared with the curvature radii of the two unperturbed orbits
so that, during this “collision”, the comet will appreciably describe a keplerian
hyperbolic orbit during its motion around Jupiter.

§ 5. Thus, let us consider this relative motion, referring to polar coordinates
(r, ϕ) having Jupiter as a pole and the polar axis parallel to the direction of the
incoming comet. Since the motion is a Kepler motion, we have

1
r

= A− B cos(ϕ− ϕ0) (32)

being A, B, ϕ0, constant. Moreover, for ϕ = 0, r must be infinite, that is

A− B cosϕ0 = 0 . (33)

then it must be

b = lim
r=∞

r sinϕ = lim
ϕ=0

sinϕ
A− B cos(ϕ− ϕ0)

= − 1
B sinϕ0

(34)

The areas constant is then evidently Vb and owing to the well known formulae
of the Kepler motion one has

A =
m

V2b2
(35)

2TISSERAND, �Traité de mécanique céleste�, Tome IV, pp. 198-216; CALLANDREAU,
�Ann. de l’observatoire� T. 22; A. NEWTON, �Mem. of the Nat. Acad. of Sci.�, T. 6.
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From (33) and (34) we can now obtain the other two constants. One finds
exactly

tanϕ0 = −V2b

m
, B =

1
b

√
1 +

m2

b2V4 (36)

Now, let ψ be the angle between the direction of the comet when approaching
and its direction when going away. Obviously one will have:

ψ = 2ϕ0 − π

and then

tan
ψ

2
= − cotϕ0 =

m

V2b
(37)

We can conclude that the perturbation consists in keeping V unchanged and
in altering θ of the angle ψ given by (37). Now it is convenient to calculate the
averages of the squares of ψ. Therefore we observe that one has:

ψ = 2arctan
m

V2b

and then ∫ ∞

−∞
ψ2db = 4

∫ ∞

−∞

(
arctan

m

V2b

)2

db =

=
4m
V2

∫ ∞

−∞

(
arctan

1
x

)2

dx =
8m
V2

∫ ∞

0

(
arctan

1
x

)2

dx

by putting

h =
∫ ∞

0

(
arctan

1
x

)2

dx ≈ 2.5

then one has ∫ ∞

−∞
ψ2db =

8mh
V2 (38)

Now, b being very small, the probability that its value is comprised between b
and b + db is obviously

db

2πR sin θ
R being the radius of Jupiter’s orbit. The average of the squares of ψ therefore

is

ψ̄2 =
∫ ∞

−∞
ψ2 db

2πR sin θ
=

4mh
πR V2 sin θ

(39)

§ 6. In its motion around the Sun the energy constant of our comet is given by

v2

2
− M

R
= W .
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As it is well known, a Kepler orbit is elliptic, parabolic or hyperbolic according
as the energy constant is negative, null or positive; now, remembering (31) we find
for our comet:

W =
1
2

(
u2 + V 2 + 2uV cos θ − 2

M
R

)
but since for Jupiter we have the relation:

u2

R
=

M
R2

we can write

2W = V2 + 2uV cos θ − M
R
.

Since in the subsequent perturbations V is not changed and only θ changes, in
order that the comet can become hyperbolic it is necessary that W, negative at
present, can become positive in correspondence to suitable values of θ. Then it
must be

V2 + 2uV >
M
R

but we remark that

u =

√
M
R

therefore the above inequality can be written:(
V +

√
M
R

)2

>
2M
R

from which ∗ and reduces at the end to

V >
(√

2− 1
)√M

R
=
(√

2− 1
)
u . (40)

Then we will assume this inequality as certainly fulfilled. Moreover, for some
values of θ, W must certainly be negative, otherwise the cometary orbit could not
be elliptic; so it will be:

V2 + 2uV <
M
R

From which as above

V >
(√

2 + 1
)√M

R
=
(√

2 + 1
)
u . (41)

Therefore let us assume that V fulfil (40) and (41) and indicate with θ0 that
particular value of θ for which the comet’s orbit is hyperbolic, i.e. one has W = 0,
that is

V2 + 2uV cos θ0 =
M
R

∗Editor’s Note: At this point, in the Fermi’s manuscript there is a blank line which, obviously,
would have contained the expansion of the square of the last formula.
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and then

cos θ0 =
M
R −V2

2uV
=
u2 −V2

2uV
. (42)

When θ is greater than θ0, one has W ¡ 0 and then the comet describes an elliptic
orbit; on the contrary, when θ is less then θ0 the orbit is hyperbolic.

Now we will suppose that initially the orbit is elliptic and very stretched, so
that θ is very close to θ0, and precisely slightly greater. We call θ∗ this initial value.
Whenever the comet goes beyond Jupiter’s orbit θ is changed of an amount ψ; the
average of the squares of ψ depends indeed on θ, as (39) shows, but since we have
supposed that θ remains always very close to θ0 we can put

ψ̄2 =
4mh

πR V2 sin θ0
(43)

if after a certain time θ became ¡ θ0 the comet should become hyperbolic and
should go away forever. Therefore we are in condition of being able to apply the
theorem of §2. Then we must put a = θ∗−θ0; k2 = 4mh

πR V2 sin θ0
. And the theorem we

proved says us that: The probability that the comet will be changed in hyperbolic
after having crossed n times Jupiter’s orbit is:

2√
π

∫ ∞

θ∗−θ0r
8mhn

πR V2 sin θ0

e−x2
dx (44)

and then tends to 1 when n tends to infinity. In the strict sense one could object
that the above calculations would fail if the value of V were such that, when the
orbit is parabolic, the comet took the same time as Jupiter to go from A to B,
being A the point where the comet enters Jupiter’s orbit, and B the point where it
goes out. In Figure 3.16, S is the Sun, AJB Jupiter’s orbit, AKB the orbit of the
comet. But it is easy to realize that this case certainly cannot happen if the comet
describes its trajectory with direct motion. In fact, if v is the absolute velocity in
A of the comet in its parabolic orbit, one has

v2 = u2 + V2 + 2uV cos θ0

and then from (42)

v2 = 2u2

that is:

v > u . (45)

Now, the velocity of the comet is not constant, but in whole tract AKB it is
always greater than in the extremes A and B, thus inequality (45) holds true with
all the more reason in whole tract AKB. On the other hand, if the motion is direct
one has that arc AKB is shorter than arc AJB, and since it is covered with even
higher velocity it is certain that the comet will arrive at B before Jupiter. If on the
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contrary the motion of the comet were retrograde, and it described for instance the
orbit AK’B’ in the sense indicated by the arrow one would have

arc AK’B’ > arc AJB’

and then, though (45) still holds, it is evident that for a particular value of the
parameter of the cometary orbit it can happen that the two heavenly bodies take
the same time to go from A to B’; of course this can only happen for a particular
value of V.

Now if this happened it could occur that the comet, elliptic at first, crossed
Jupiter when passing through A and got changed in a parabolic one; but in this
case it would meet Jupiter again when passing through B and could in case have a
new perturbation which would change it in an elliptic comet again. For this reason
we consider this particular value of V ruled out from our calculations.

§ 7. At last we want to consider the possibility that before being changed in
hyperbolic the comet can crash into Jupiter and then be destroyed. What is the
probability of this event? For this let us look first for the probability that the comet,
crossing once Jupiter’s orbit, collides with the planet. If we indicate with ρ the sum
of the radii of Jupiter and the comet, to have the collision it is necessary that the
perihelian distance of Jupiter from the comet, as calculated though the formulae
of the Kepler motion is smaller than ρ. Call δ this perihelian distance; from the
formulae of §5 it results

1
δ

= A + B

and then from (35) and (36)

1
δ

=
m

V2b2
+

1
b

√
1 +

m

V4b2
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If we want the collision occurs it must be δ < ρ and then

m

V2b2
+

1
b

√
1 +

m

V4b2
>

1
ρ

by multiplying this inequality by the quantity, certainly positive

ρ

(
1
b

√
1 +

m

V4b2
>

1
ρ
− m

V2b2

)
we find

ρ

b2
1
b

√
1 +

m

V4b2
>

1
ρ
− m

V2b2

and summing the last two inequalities(
2m
V2 + ρ

)
1
b2
>

1
ρ

wherefrom finally

|b| <
√
ρ2 +

2mρ
V2 (46)

We recall now that the probability that the value of b is comprised between b
and b + db is db

2πR sin θ0
and then probability p that the collision occurs in only one

crossing of Jupiter’s orbit is given by

p =
1

πR sin θ0

√
ρ2 +

2mρ
V2 (47)

We will assume p very small, and this obviously is equivalent to consider
Jupiter’s radius negligible if compared with the radius of its orbit. Let us now
look for the probability that the collision occurs at the n-th time the comet crosses
Jupiter’s orbit. Therefore it is evidently necessary that the collision has not oc-
curred before and the probability of this is obviously (1 − p)n−1, that is in our
approximation

e−pn .

That the comet has not yet been changed in hyperbolic; and, having supposed
p extremely small, remembering (44) and putting for the sake of brevity:

θ∗ − θ0√
8mh

πRV2 sin θ0

= H

we can hold that the probability of this event is given by

1− 2√
π

∫ ∞

H√
n

e−x2
dx =

2√
π

∫ H√
n

0

e−x2
dx .

And finally that the collision really occurs, for which we have the probability p.
After all the probability that the collision occurs the n-th time is

2e−pnp√
π

∫ H√
n

0

e−x2
dx
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and therefore the probability that the collision occurs a time whatsoever will be
the sum of the above expression from n = 1 to n = ∞, or replacing the sum by an
integral

2p√
π

∫ ∞

0

e−pndn

∫ H√
n

0

e−x2
dx .

In this expression it is convenient to reverse the integration by the formula∫ ∞

0

dn

∫ H√
n

0

dx =
∫ ∞

0

dx

∫ H
x2

0

dn

and in this way one finds for the wanted probability the expression:

2p√
π

∫ ∞

0

e−x2
dx

∫ H
x2

0

e−pndn =
2√
π

∫ ∞

0

e−x2
(
1− e−

pH
x2

)
dx =

= 1− 2√
π

∫ ∞

0

e−x2− pH
x2 dx = 1− e−2

√
pH .

The probability that the collision never occurs is then:

e−2
√

pH .
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7) Formation of images with Röntgen rays

“Formazione di immagini coi raggi Röntgen,”
Nuovo Cimento 25, 63-68 (1923)

Röntgen rays do not undergo reflections nor refractions, at least in the usual
sense of the word, since the reflection of diffraction occurs only under well definite
incidence angles. As a consequence in the X-ray optics the problem of obtaining
images cannot be solved, as in the ordinary optics, by means of spherical lenses
or mirrors. Gouy∗ suggested theoretically a method for obtaining monochromatic
images with X-rays, by means of a cylinder of mica. In a few words it is the following.
Let us consider a circular cylinder of mica and suppose that in a point of its axis
there is a source S of monochromatic Röntgen rays. They will be reflected on the
mica in those points where Bragg’s relation is fulfilled: these points obviously are
on circular sections of the cylinder. And the rays reflected on one of these circles
will gather in a point I on the axis, symmetric of S with respect to the plain of the
reflecting circle, where one will have a real monochromatic image of S. If S were in
the neighborhood of the axis, still an image of it will be formed in the neighborhood
of the axis†. Suppose now to have, in the neighborhood of the axis, a planar figure
from which points monochromatic X-rays come out, and to place a plate in the
position where its image is formed. Let r be the mirror-object distance, R the
radius of the cylinder of mica, θ the Bragg incidence angle, r ′ the image-mirror
distance. If we project everything on a plane orthogonal to the axis of the cylinder
of mica, the projections of r and r ′ will be r cos θ, r ′ cos θ; and then, according to
the usual formulae of the spherical mirrors it will be

1
r cos θ

+
1

r′ cos θ
=

2
r
,

from which

r′ =
Rr

2r cos θ −R
.

The linear coefficient of enlargement of the segments orthogonal to r and the axis
of the cylinder will be

µ1 =
r′

r
=

R

2r cos θ −R
(1)

If the object is close to the axis we have approximately µ1 = 1. To calculate the
enlargement of the segments parallel to the plane of the axis and of r, let us call
ϕ and ϕ′ the angles that the lines orthogonal to the plane of the object and of the
plate form with r and r ′ respectively. Then one immediately sees that the looked
for enlargement is

µ2 =
cosϕ′

cosϕ
(2)

∗C. R. GOUY, �C. R.�, 161, 176 (1915).
†Of course, provided that the cylinder is confined in a region small enough comprised between

two generatrices.
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Suppose now to photograph an aperture placed orthogonally to the plane of r and
the axis by a flat plate of mica of length l. If h is the length of the aperture, the
length of its image will be 2l + k. If instead we bend the mica in order that the
image is formed in the focus, the length will become h. The intensities of the two
images will be obviously approximately in the inverse ratio of their lengths. Their
ratio is then

2l + k

h
.

If, for instance, h = 1 cm, l = 4 cm the ratio is 9. Then the intensity is almost
decupled. I shall now describe the way in which I have actually succeeded in obtain-
ing these images. The source of the rays consisted in a tube of the shape and size
approximately indicated in Figure 1. I created the vacuum by a rotational pump
Cacciari, type Gaede. Cathode K was concave, with a radius of 6 or 7 cm when one
wanted to concentrate the rays on the anticathode as much as possible; if instead
one wanted the whole surface of the anticathode be hit by the rays, the cathode was
made with a smaller radius. The anticathode was generally of iron and sometimes
was cut almost orthogonally to the cathode rays, in order to do without the slit.
Instead, in other experiments it was cut as the spout of a flute, in order to present
a large surface to the detecting instruments.

Fig. 1

Since the radiations typical of the iron are largely absorbed by the glass of the
bulb, I thought it right to equip the tube with little window of aluminium R. During
the work the tube was kept attached to the pump, so that after a short time, it
assumed a running regular enough. The tube was driven by a big induction coil
with a Wehnelt switch; in ordinary conditions the equivalent spark was 10 or 12
cm long. The tube was contained in a small wooden box sheathed by lead 6 mm
thick on the side of the instruments and 3 mm thick on the other sides. To obtain
fairly precise images it was necessary the reflecting plate of mica be regular as much
as possible. Therefore, it was carefully chosen among many samples; nevertheless I
have never succeeded in finding plates that, in reflecting the light, were more regular
than an ordinary windowpane. This is the cause of the irregularities and smudges
we can observe in the reported images. The mica was bended by binding it fast
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on a turned brass cylinder. Then a layer of sealing wax (little more than half a
centimetre thick) was spread on the convex part. When the sealing wax had cooled
one could remove the fastenings and detach the mirror from the cylinder. In this
way I succeeded in obtaining cylindrical mirrors relatively precise given the limit
imposed by the natural irregularity of the plates used. They had mostly dimensions
of 4 × 6 cm but usually their aperture was reduced to 4 × 2 cm for making use of
the less irregular parts, which were judged by trying the mirrors by the reflection
of the ordinary light. The mirror was mounted on a graduate circle in order to
be able to put it right. (The angle of which was turned for the study of the third
order of the Kα of the iron was of 16◦50′). The detection of the rays was performed
photographically. I carried out first a few experiments of orientation with planar
crystals to verify the nature of the anticathode and the intensities of the reflections
of the various orders. It resulted that the double Kα Kα′(λ = 1.932; 1.928), scarcely
resolvable in the experimental conditions in which I was, the Kβ(λ = 1.748) were
emitted. The Kγ was scarcely visible due to the low intensity. The most intense
orders were the first and the third. I preferred to work in the third in order not to
be obliged to use incidence angles too much close to 90◦. Then I experienced the
indicated method to obtain images first on the anticathode which was also working
as an aperture. The distances anticathode crystal and crystal image varied from 18
to 22 cm. The exposure lasted about ten minutes.

Fig. 2 1-4

I could immediately ascertain the very strong increase of intensity which can be
obtained in this way. A rough idea of this is given by Figs. 2, 1, and 2, 2 which
represent two photographs of the 3rd order of iron Kα obtained approximately in
the same conditions of exposure and operation of the tube, the first one with flat
mica and the second one with curved mica. The increase in intensity was indeed
such that, particularly using mirrors of 6 cm of aperture, accustoming a few minutes
the eyes to the darkness of the room, it was possible to see clearly the images on
a screen of barium platinum cyanide. From Fig. 2, 2 it is clearly visible that the
emission intensity of the central part of the anticathode, where the cathode rays
were concentrated, is considerably greater than that of the side parts. It is possible
to see this because the method of images allows to observe the slit “ Lockyer’s art”,
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that is, to observe point by point what happens in the slit. To put this more in
evidence I made the following experience: I placed before the window of aluminium
a leaden thread of about 1 mm of diameter and shifted the photographic plate to
carry it in the point where the image of the aluminium window was forming. Fig. 2,
3 gives the result of this experiment; in the figure the gap in the image produced
by the leaden thread is clearly visible. Finally Fig. 2, 4 represents an attempt of
obtaining an image of an object in two dimensions. The anticathode of iron was
therefore cut as the spout of a flute and two cross shaped furrows were cut in it and
inside them two copper wires were driven in order to form a sort of X. In Fig. 2, 4,
one can see the image of this X, obviously together with several irregularities due
to the irregularity of the reflector.

This work was carried out at the Institute of Physics of the University of Pisa in Winter

1922.
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30) On the quantization of an ideal monatomic gas

“Sulla quantizzazione
del gas perfetto monoatomico,”

Rend. Lincei 3, 145–149 (1926).

§ 1. – In classical thermodynamics one takes (referring to a single molecule) as
specific heat at constant volume of an ideal monatomic gas c = 3/2k. However it is
clear that, if one wants to admit the validity of the Nerst principle also in the case of
an ideal gas, one must think that the above expression of c is only an approximation
valid at high temperatures and that, as a matter of fact, c tends to zero for T = 0,
so that one can extend up to the absolute zero the integral expressing the value of
entropy without the indeterminacy of the constant. And for realizing how such a
variation of c can occur, it is necessary to admit that the motions of an ideal gas
must be quantized as well. Then one realizes that such a quantization, besides the
energy content of the gas, will influence the equation of state as well, thus giving
rise to the so called phenomena of degeneration of the ideal gas at low temperatures.

The purpose of this work is the exposition of a method for carrying out the
quantization of an ideal gas which, in our opinion, is as much as possible independent
of unjustified hypotheses on the statistical behaviour of the molecules of the gas.∗

Recently various attempts have been made for arriving to establish an equation
of state for the ideal gas.

The formulae given by the various authors differ from ours and from the classical
equation of state only for very low temperatures and very high densities; unfortu-
nately these are the same circumstances in which the deviations of the laws of the
real gases from the ones of ideal gases are more important; and since, on conditions
one can easily carry out experimentally, the deviations from the equation of state
pV = kT due to the degeneration of the gas, even if not negligible, are always con-
siderably smaller than those due to the fact that the gas is real and not ideal, the
former have been so far hidden by the latter. This does not exclude the possibility
that, in a more or less near future, and with a more profound knowledge of the
forces which act among the molecules of a real gas, one can pull the two deviations
apart, thus arriving to choose experimentally among the different theories of the
degeneration of the ideal gases.

§ 2. – For being able to carry out the quantization of the motions of the molecules
of an ideal gas one must be in such a condition to be able to apply Sommerfield’s
rules to their motion; and this can be made in an infinite number of ways all of which,
besides, lead to the same result. One can, for instance, suppose the gas contained in
a parallelepiped vessel with elastic walls, quantizing the three fold periodic motion
∗See for instance A. Einstein, Sitzber. d. Pr. Akad. d. Wiss. 22, 261 (1924); 23, 3, 18 (1925);

M. Planck, Sitzber. d. Pr. Akad. d. Wiss. 23, 49, (1925).
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of the molecule bouncing off the six walls; or, more generally, one can subject the
molecules to a system of forces such as their motion becomes periodic and then can
be quantized. The hypothesis that the gas is ideal allow us in all these cases to
neglect the forces acting among the molecules, so that the mechanical motion of
each of them happens as if the other ones should not exist. Nevertheless one can
recognize that the mere quantization, following Sommerfield’s rules, of the motion
of the molecules, considered mutually independent, is not sufficient for obtaining
correct outcomes; since, even if in this case the specific heat tends to zero for T = 0,
yet his value , besides on temperature and density, comes to depend on the total
quantity of gas as well, and tends, at any temperature, to the limit 3/2k when,
even if the density remains constant, the quantity of gas tends to infinite. Then it
appears necessary to admit that some complement to Sommerfield’s rules is needed,
when calculating systems which, as ours, contain elements indistinguishable between
them.†

To have an hint on how to formulate the most plausible hypothesis, it is worth
to consider how things go in other systems which, as our ideal gas, contain indistin-
guishable elements; and precisely we want to examine the behaviour of the atoms
heavier than hydrogen which all contain more than an electron. If we consider the
deep parts of a heavy atom, we are in such conditions that the forces acting among
the electrons are very small in comparison with the ones exerted by the nucleus.
In these circumstances the mere application of the Sommerfield’s rules would lead
to expect that, in the normal state of the atom, a considerable number of electrons
should lie in an orbit of total quantum number 1. As a matter of fact, instead
one sees that the ring K is already saturated when contains two electrons, and
likewise the ring becomes saturated when contains 8 electrons, etc. This fact has
been interpreted by Stoner,‡ and in an even still more precise way by Pauli,§ as
follows: let us characterize an electronic orbit possible in a complex atom by means
of 4 quantum numbers; n, k, j, m, which have respectively the meanings of total
quantum, azimuthal quantum, internal quantum and magnetic quantum. Given the
inequalities to which these 4 numbers must satisfy, one finds that, for n = 1, only
two triplets of values exist of k, j, m: for n = 2, there are 8, etc. To realize the
above fact, therefore it is sufficient to admit that in the atom two electrons whose
orbits are characterized by the same quantum numbers cannot exist; in other words
one must admit that an electronic orbit is already “occupied” when contains only
one electron.

§ 3. – We now intend to investigate if such hypothesis can give good outcomes
in the problem of the quantization of the ideal gas as well: therefore we shall
admit that in our gas almost a molecule whose motion is characterized by certain
quantum numbers can exist, and we shall show that this hypothesis leads to a
†E. Fermi, N. Cimento 1, 145 (1924).
‡E. C. Stoner, Phil. Mag. 48, 719 (1924).
§W. Pauli, Zs. f. Phys. 31, 765 (1925).
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perfectly consequent theory of the quantization of the ideal gas, and in particular
it gives reasons for the expected decrease of the specific heat at low temperatures,
and leads to the exact value for the constant of entropy of the ideal gas.

Putting off the publication of the mathematical details of the present theory
to a next occasion, in this Note we limit ourselves to expose the principles of the
method we have followed and the results obtained.

First of all we must put our gas in such a condition that the motion of its
molecules results to be quantizable. As we have seen, this can be made in an infinity
of ways; but, since the result is independent of the particular way one adopts, we
shall choose the most convenient for the calculation; and precisely we shall admit
that our molecules are attracted by a fixed point O, with a force proportional to the
distance r of the molecule from O; so that each molecule will be a spatial harmonic
oscillator whose frequency we call ν. The orbit of the molecule will be characterized
by three quantum numbers, s1, s2, s3, which are linked to its energy through the
relation

w = hν(s1 + s2 + s3) = shν . (1)

Then the energy of a molecule can take all the values integer multiple of hν, and
the value shν can be assumed Q = 1

2 (s+ 1)(s+ 2) ways.
Therefore the zero energy can be realized in only one way, the energy hν in 3

ways, the energy 2hν in 6 ways, etc. To realize the influence of our hypothesis, i.e.
that to given quantum numbers can correspond only one molecule, let us consider
the extreme case of N molecules to the absolute zero. At this temperature the gas
must lie in the state of minimum energy. If we had no limitation to the number of
molecules which can have a certain energy, all the molecules would lie in the state
of zero energy, and all the three quantum numbers of each of them would be zero.
On the contrary, as provided by our hypothesis, the existence of more than one
molecule with all the three quantum numbers equal to zero is forbidden; therefore
if N = 1, the only one molecule will occupy the place of zero energy; if instead
N = 4, one of the molecules will occupy the place of zero energy, and the other
three the place of energy hν; if N = 10, one of the molecules will occupy the place
of zero energy, three of them the places of energy hν, and the remaining six the six
places of energy 2hν, etc. Now let us suppose to have to distribute the total energy
W = Ehν (E = integer) among our molecules; and call Ns ≤ Qs the numbers of
molecules of energy shν. We find easily that the most probable values of Ns are

Ns =
αQs

eβs + α
, (2)

where α and β are constants depending on W and N . To find the relation between
these constants and the temperature, we observe that, as a consequence of the
attraction toward O, the density of our gas will be a function of r, which must
tend to zero for r = 8. Accordingly, for r = 8 the phenomena of degeneration
must cease, and in particular the distribution of velocities, easily deducible from
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(2), must change into Maxwell law. Thus one finds that it must be

β =
hν

kT
. (3)

Now we are able to deduce from (2) the function n(L)dL, which represents, for a
given value of r, the density of the molecules of energy between L and L+dL (anal-
ogous to the Maxwell law), and from this we can deduce the mean kinetic energy L̄
of the molecules at distance r, which is a function, besides of the temperature, of
the density n as well. One finds precisely

L̄ =
3h2n2/3

4πm
P

(
2πmkT
h2n2/3

)
. (4)

In (4) we have called P (x) a function, of a bit complicated analytic definition,
which for values of x either very large or very small, can be calculated through the
asymptotic formulae

P (x) = x

(
1 +

1
25/2x3/2

+ . . .

)
;

P (x) =
1
5

(
9π
2

)1/3
[
1 +

5
9

(
4π4

3

)1/3

x2 + . . .

]
. (5)

To deduce from (4) the equation of state, we apply the virial relation. Then we find
that the pressure is given by

p =
2
3
nL̄ =

h2n5/3

2πm
P

(
2πmkT
h2n2/3

)
. (6)

At the limit for high temperatures, that is for small degeneration, the equation of
state takes then the form

p = nkT

[
1 +

1
16

h3n

(πmkT )3/2
+ . . .

]
. (7)

Then the pressure results higher than the one coming from the classical equation of
state. For an ideal gas having the atomic weight of the helium, at the temperature
of absolute 5◦ and at pressure of 10 atmospheres, the difference would be of 15%.
From (4) and (5) one can also deduce the expression of the specific heat for low
temperatures. One finds

cv =
(

16π8

9

)1/3
mk2

h2n2/3
+ . . . (8)

Likewise we can find the absolute value of entropy. Carrying out the calculations,
at high temperatures one finds

S =
∫ T

0

1
T
dL̄ = n

[
5
2

log T − log p+ log
(2πm)3/2k5/2e5/2

h3

]
, (9)

which coincides with the value of entropy given by Tetrode and Stern.
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43) A statistical method for the determination of some properties
of the atom (∗ )

“Un metodo statistico per la determinazione di alcune proprietà dell’atomo,”
Rend. Lincei 6, 602–607 (1927).

The purpose of this work is to show some results about the distribution of
electrons in a heavy atom which can be obtained dealing with these electrons, given
their great number, using a statistical method; or in other words, considering them
as a gas formed by electrons surrounding the nucleus.

Naturally this gas of electrons comes to find itself in a state of complete de-
generacy, so much so that we cannot deal with it using classical statistics; on the
contrary we must use the form of statistics proposed by the author (†) and based on
the application of Pauli’s exclusion principle to the theory of gas. This has the effect
that the kinetic energy of the electrons, in the conditions in which they come to find
themselves inside the atom, actually turns out to be bigger than it would have been
according to the principle of equipartition of energy and practically independent of
the temperature, at least as long as it does not go beyond certain limits.

In this Note we shall show first of all how the distribution of electrons around the
nucleus can be calculated statistically; and based on this we shall then calculate the
necessary energy to ionize completely the atom, that is to tear off all the electrons
from it. The calculation of the distribution of electrons around the nucleus also
allows the determination of the behavior of the potential at various distances from
the nucleus and therefore to know the electric field in which the electrons of the atom
come to find themselves. I hope to be able to show in a future work the application
of this to the approximate calculation of the binding energies of single electrons and
to some questions about the structure of the periodic system of elements.

To determine the distribution of electrons, we must first of all search for the
relation between their density and the electric potential at every point. If V is the
potential, the energy of an electron will be −eV and therefore according to classical
statistics, the density of electrons would have to then be proportional to eeV/kT .
But, according to the new statistics, the relation between density and temperature
is the following one:

n =
(2πmkT )3/2

h3
F (αeeV/kT ) (1)

where α is constant for the whole gas; the function F in our case (complete degen-
eracy), has the asymptotic expression

F (A) =
4

3
√
π

(logA)3/2. (2)

Then in our case we find

n =
27/2 πm3/2 e3/2

3h3
v3/2 (3)

∗ Presented in the session of December 4, 1927 by the Fellow O.M. Corbino.
†E. Fermi, Zs. f. Phys. 36, 902 (1926).
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where

v = V +
kT

e
logα (4)

represents the potential, apart from an additional constant. Now we observe that
since in our case we are dealing with a gas of electrons, we must take into account
the fact (‡) that the statistical weight of the electron is 2 (corresponding to the two
possibilities for the orientation of the spinning electron); and so for the density of
electrons we must actually take a value equal to twice the value (3); namely we
have:

n =
29/2 πm3/2 e3/2

3h3
v3/2 . (5)

If in our case classical statistics were valid, we would have the average kinetic

energy of the electrons =
3
2
kT . On the contrary according to the new statistics it

turns out to be

L =
3
2
kTG(αeeV/kT )/F (αeeV/kT )

where G represents a function that, in the case of complete degeneracy, takes the
asymptotic expression

F (A) =
8

15
√
π

(logA)5/2.

Therefore we find for our case

L =
3
5
ev . (6)

Now we observe that the electric density at a point is evidently given by −ne so
the potential v satisfies the equation

∆v = 4π ne =
213/2 π2m3/2 e5/2

3h3
v3/2 . (7)

Since in our case it will then evidently be only a function of the distance r from the
nucleus; then (7) can be written

d2v

dr2
+

2
r

dv

dr
=

213/2 π2m3/2 e5/2

3h3
v3/2 . (8)

If we indicate by Z the atomic number of our atom we shall evidently have

lim
r=0

rv = Ze (9)∫
ndτ = 4π

∞∫
0

r2 ndr = Z (dτ = volume element) .

‡W. Pauli, Zs. f. Phys. 41, 81 (1927).
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This last equation, taking into account (5) can be written:

213/2π2m3/2e5/2

3h3

∞∫
0

v3/2r2dr = Ze . (10)

So the potential v will be obtained searching for a function which satisfies Eq. (8)
with the two conditions (9) and (10).

To simplify the search for v we change the variables r, v into two others x, ψ
proportional to them, setting

r = µx , v = γψ (11)

where we have

µ =
32/3 h2

213/3 π4/3me2 Z1/3
, γ =

213/3 π4/3mZ4/3 e3

32/3 h2
. (12)

Equations (8), (9) and (10) thus become

ψ′′ + 2
x ψ

′ = ψ3/2

lim
x=0

xψ = 1

∞∫
0

ψ3/2x2dx = 1 .

(13)

These equations simplify further by setting

ϕ = xψ . (14)

Indeed they become 

ϕ′′ = ϕ3/2/
√
x

ϕ(0) = 1

∞∫
0

ϕ3/2
√
xdx = 1 .

(15)

It is easy to see that the last condition is certainly satisfied if ϕ goes to zero for
x = ∞. So it remains only to search for a solution to the first of (15), with the
conditions at its limits ϕ(0) = 1, ϕ(∞) = 0.

Since I did not succeed in finding the general integral of the first of (15), I have
solved it numerically. The graph in Figure 1 represents ϕ(x); for x close to zero we
have

ϕ(x) = 1− 1.58x+
4
3
x3/2 + ... (16)
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Fig. 1

Thus the problem of the determination of the electric potential of the atom at
a fixed distance from the nucleus is solved. Its result is given by

v = γ
ϕ(x)
x

=
γµ

r
ϕ(x) =

Ze

r
ϕ

(
r

µ

)
. (17)

So we can therefore say that the potential at every point is equal to that produced
by an effective charge

Zeϕ

(
r

µ

)
.

Now we move on to calculate the total energy of the atom; this should be
calculated as the sum of the kinetic energy of all the electrons and the potential
energy of the nucleus and electrons. However, it is easier taking into account the
fact that in an atom the total energy is equal, except for the sign, to the kinetic
energy (which anyway in our case can be verified with an easy calculation). Thus
we have

W = −
∫
Lndτ

and taking into account (5), (6), (11), (12), (14) we find

W = −3
5

∞∫
0

r2 nv dr = −213/331/3π4/3me4Z7/3

5h2

∞∫
0

ϕ5/2

√
x
dx .

The last integral can be evaluated taking into account that ϕ satisfies (15) and
(16); one finds

∞∫
0

ϕ5/2

√
x
dx = −5

7

(
dϕ

dx

)
x=0

=
5
7

1.58
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and therefore we have

W = −1.58
213/331/3π4/3me4Z7/3

7h2
= −1.58

21/331/3

7π2/3
RhZ7/3

that is

W = −1.54RhZ7/3 (18)

where by R we indicate Rydberg’s number, so that −Rh is the energy of the fun-
damental state of hydrogen.

(18) gives us the necessary energy to tear off from an atom all its electrons.
Naturally given the statistical criteria which it has been deduced from, it begins to
be valid only for considerable values of Z; in fact we find that for hydrogen (18)
gives W = −1.54Rh, while we actually have W = −Rh; the discrepancy is thus
54%. For helium the energy to produce complete ionization is obviously equal to
the sum of the ionization energies of He and He+; so we have

−W = (1.8 + 4)Rh = 5.8Rh

but from the theory we obtain 1.54 ·27/3 = 7.8Rh; therefore the discrepancy in this
case comes down to 35%. For the elements immediately following helium (Li, Be,
B, C), nearly all of the atomic energy is due only to the two K electrons (for carbon
about 86%) so the statistical method of course must still certainly give considerable
discrepancies. For C in fact we still find a discrepancy close to 34%.

But we must expect that for elements of considerable atomic weight, the dis-
crepancies between the statistical theory and empirical data are very much reduced;
unfortunately the data is lacking for a precise comparison and we can base ourselves
only on a rough valuation of the shield numbers for various orbits; such an evalua-
tion, however, shows much better agreement.
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80a) An attempt at a theory of β rays

“Tentativo di un a teoria dei raggi β,”
Nuovo Cimento 11, 1–19 (1934)

ABSTRACT

A quantitative theory of the emission of β rays is proposed in which the existence
of the “neutrino” is assumed and the emission of electrons and neutrinos in β decay
is treated in a way similar to the one followed in the theory of radiation for describing
the emission of a quantum of light from an excited atom. We deduce the formulas
for the lifetime and for the shape of the continuous spectrum of β rays and compare
them with experimental data.

The fundamental hypotheses of the theory

§ 1. – In the attempt to construct a theory of the nuclear electrons and the emission
of β rays, one encounters, as is known, two principal difficulties. The first depends on
the fact that the primary β rays are emitted from nuclei with a continuous velocity
distribution. If we do not want to abandon the energy conservation principle, we
are obliged to admit that a fraction of the energy which is released in the process
of β decay escapes our present possibilities of observation. According to Pauli’s
proposal one can for instance assume the existence of a new particle, the so called
“neutrino”, having vanishing electric charge and mass on the order of magnitude of
the electron mass or less. Thus we assume that in any β process are simultaneously
emitted an electron, which is detected as a ray, and a neutrino which eludes the
observation carrying a part of the energy away. In the present theory, we shall
adopt the neutrino hypothesis.

A second difficulty for a theory of nuclear electrons depends on the fact that
the present relativistic theories of the light particles (electrons or neutrinos) do not
give a satisfactory explanation for the possibility that these particles are bound in
orbits of nuclear size.

Consequently it seems more appropriate to agree with Heisenberg∗ and assume
that all nuclei consist only of heavy particles, protons and neutrons. Then with
the aim of understanding the possibility of emission of β rays, we will attempt to
construct a theory of the emission of light particles from a nucleus in analogy with
the theory of the emission of a quantum of light from an excited atom in the usual
process of radiation. In the theory of radiation, the total number of the light quanta
is not constant; the quanta are created when being emitted from an excited atom
∗W. Heisenberg, ZS. für Phys. 77, 1 (1932); E. Majorana, ZS. für Phys. 82, 137 (1933).
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and disappear when absorbed. In analogy with that we will try to establish the
theory of β rays on these assumptions:

(a) The total number of electrons and neutrinos is not necessarily constant. Elec-
trons (or neutrinos) can be created or destroyed. On the other hand this pos-
sibility has no analogy with the possibility of the creation or destruction of an
electron-positron pair; in fact if we interpret a positron as a Dirac “hole”, we
can simply consider this latter process as a quantum jump of an electron from
a state of negative energy to a state of positive energy, conserving the total
number (infinitely large) of the electrons.

(b) The heavy particles, neutron and proton, can be considered, following Heisen-
berg, as two different internal states of the heavy particle. We shall formulate
this fact by introducing an internal coordinate ρ of the heavy particle, which
can assume only two values: ρ = + 1, if the particle is a neutron; ρ = − 1, if
the particle is a proton.

(c) The Hamiltonian function of the overall system, consisting of heavy and light
particles, must be chosen so that every transition from neutron to proton be
accompanied by the creation of an electron and a neutrino; and the inverse
process, transformation of a proton into a neutron, be accompanied by the
disappearance of an electron and a neutrino. It must be remarked that in this
way the conservation of the electric charge is assured.

The operators of the theory

§ 2. – A mathematical formalism which allows us to construct a theory in agreement
with the three points of the preceding section can be easily constructed by using the
method of Dirac-Jordan-Klein† called “the method of second quantization.” Then
we shall consider the probability amplitudes ψ and ϕ of the electrons and neutrinos
in ordinary space, and their complex conjugates ψ∗ and ϕ∗ as operators; while for
describing the heavy particles we shall use the usual representation in configuration
space, in which obviously also ψ will be considered as a coordinate.

We introduce first two operators Q and Q∗ which operate on the functions of
the two-valued variable ρ as the linear substitutions

Q =
∣∣∣∣ 0 1
0 0

∣∣∣∣ ; Q∗ =
∣∣∣∣ 0 0
1 0

∣∣∣∣ . (1)

One immediately realizes that Q determines the transitions from proton to neutron,
and Q∗ the inverse transitions from neutron to proton.

†Cf. e.g. P. Jordan and O. Klein, ZS. für Phys. 45, 751 (1927); W. Heisenberg, Ann. d. Phys.
10, 888 (1931).
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The meaning of the probability amplitudes ψ and ϕ interpreted as operators is,
as we know, the following. Let

ψ1ψ2 . . . ψs . . .

be a system of individual quantum states of the electrons. Then put

ψ =
∑

s

ψsas ; ψ∗ =
∑

s

ψ∗sa
∗
s . (2)

The amplitudes as and the conjugate complex quantities a∗s are operators which
act on the functions of the occupation numbers N1, N2,. . .,Ns,. . . of the individual
quantum states. If the Pauli principle holds, each of the Ns can assume only one of
the values 0, 1; and the operators as and a∗s are defined as follows:

asΨ (N1, N2, . . . , Ns, . . .)

= (−1)N1+N2+...+Ns−1 (1−Ns) Ψ (N1, N2, . . . , 1−Ns, . . .) (3)

a∗sΨ (N1, N2, . . . , Ns, . . .)

= (−1)N1+N2+...+Ns−1 (1−Ns) Ψ (N1, N2, . . . , Ns, . . .) .

The operator a∗s determines the creation, while the operator as determines the
disappearance of an electron in the quantum state s.

Corresponding to (2), for the neutrinos we shall set:

ϕ =
∑

ϕσbσ ; ϕ∗ =
∑

ϕ∗σb
∗
σ . (4)

The conjugate complex operators bσ and b∗σ operate on the functions of the occu-
pation numbersM1,M2,. . .,Mσ,. . . of the individual quantum states ϕ1, ϕ2,. . .,ϕσ,. . .
of the neutrinos. If we assume that the Pauli principle also holds for these particles,
the numbers Mσ can only assume the two values 0, 1; and one has

bσ Φ (M1,M2, . . . ,Mσ, . . .)

= (−1)M1+M2+...+Mσ−1 (1−Mσ) Φ (M1,M2, . . . , 1−Mσ, . . .) (5)

b∗σ Φ (M1,M2, . . . ,Mσ, . . .)

= (−1)M1+M2+...+Mσ−1 (1−Mσ) Φ (M1,M2, . . . ,Mσ, . . .) .

The operators bσ and b∗σ determine the disappearance and the creation of a
neutrino in the state σ, respectively.

The Hamiltonian function

§ 3. – The energy of the overall system constituted by the heavy and the light
particles is the sum of the energy Hhea of the heavy particles + the energy Hlig of
the light particles + the interaction energy H between the light and heavy particles.

Limiting ourselves for the sake of simplicity to consider only the heavy particle,
we shall write the first term in the form

Hhea =
1 + ρ

2
N +

1− ρ

2
P (6)
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in which N and P are the operators which represent the energy of the neutron and
the proton. We notice in fact that, for ρ = + 1 (neutron), (6) reduces to N ; while
for ρ = − 1 (proton) it reduces to P.

To write the energy Hlig in the simplest way, we shall consider the quantum
states ψs and ϕσ of the electrons and neutrinos to be stationary states. For the
electrons we shall take the eigenfunctions in the Coulomb field of the nucleus (conve-
niently shielded in order to take into account the action of the atomic electrons); for
the neutrinos we simply shall take De Broglie plane waves, since possible forces act-
ing on neutrinos are certainly very weak. LetH1,H2,. . .,Hs,. . . andK1,K2,. . .,Kσ,. . .
be the energies of the stationary states of the electrons and the neutrinos; then we
shall have

Hlig =
∑

s

HsNs +
∑

σ

KσMσ . (7)

There still remains to write the interaction energy. It consists first of the
Coulomb energy between proton and electrons; however, in the case of heavy nuclei
the attraction exercised by only a proton has no importance‡ and in any case does
not contribute in any way to the process of β decay. In order not to uselessly com-
plicate the problem, we shall neglect this term. We must instead add a term to the
Hamiltonian such that it satisfies the condition c) of § 1.

A term which necessarily joins the transformation of a neutron into a proton
with the creation of an electron and a neutrino has, according with the results of
§ 2, the form

Q∗a∗sb
∗
σ (8)

while the conjugate complex operator

Qasbσ (8)

joins together the inverse processes (transformation of a proton into a neutron and
disappearance of an electron and a neutrino).

An interaction term satisfying the condition c) will then have the following form

H = Q
∑
sσ

csσasbσ +Q∗
∑
sσ

c∗sσa
∗
sb
∗
σ , (9)

where csσ and c∗sσ are quantities which may depend on the coordinates, the mo-
menta, etc.. . . of the heavy particle.

A further determination of H must necessarily follow the principle of greatest
simplicity; in any case the choices for H are restricted by the fact that H must be
invariant with respect to a change of coordinates and moreover it must also satisfy
momentum conservation.

If at first we neglect spin and relativistic effects, the simplest choice for (9) is
the following

H = g [Qψ(x)ϕ(x) +Q∗ψ∗(x)ϕ∗(x)] , (10)
‡The Coulomb attraction due to the many other protons must obviously be taken into account

as a static field.
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where g is a constant with dimensions L5MT−2; x represents the coordinates of the
heavy particle; ψ, ϕ, ψ∗, ϕ∗ are given by (2) and (4) and must be evaluated at the
position x, y, z of the heavy particle.

Obviously (10) is not the only possible choice for H; any scalar expression as

L(p)ψ(x)M(p)ϕ(x)N(p) + compl. conj.

where L(p), M(p), N(p), represent convenient functions of the momentum of the
heavy particle, would have been admissible. On the other hand, since until now the
consequences of (10) have been in agreement with experience, there is no need to
resort to more complicated expressions.

On the contrary, it is essential to generalize (10) in such a way to be able to
treat relativistically at least the light particles. Of course, also in this generaliza-
tion, it does not seem possible to eliminate all arbitrariness. However, the most
natural solution of the problem appears to be the following: Relativistically we
have, in place of ψ and ϕ, two sets ψ1ψ2ψ3ψ4 and ϕ1ϕ2ϕ3ϕ4 of four Dirac func-
tions. Let us consider the 16 independent bilinear combinations of ψ1ψ2ψ3ψ4 and
ϕ1ϕ2ϕ3ϕ4. When the frame of reference undergoes a Lorentz transformation, the
16 bilinear combinations undergo a linear substitution which gives a representation
of the Lorenz group. In particular the four bilinear combinations

A0 = −ψ1ϕ2 + ψ2ϕ1 + ψ3ϕ4 − ψ4ϕ3

A1 = ψ1ϕ3 − ψ2ϕ4 − ψ3ϕ1 + ψ4ϕ2 (11)

A2 = iψ1ϕ3 + iψ2ϕ4 − iψ3ϕ1 − iψ4ϕ2

A3 = −ψ1ϕ4 − ψ2ϕ3 + ψ3ϕ2 + ψ4ϕ1

transform like the components of a four-vector, that is like the components of the
electromagnetic four-potential. Then it is natural to introduce in the Hamiltonian
of the heavy particle the four quantities

g (QAi +Q∗A∗
i )

in a situation corresponding to that of the components of the four-potential. Here
we run into a problem depending on the fact that we do not know a relativistic
wave equation for the heavy particles. However, in the case in which the velocity
of the heavy particle is small compared to c, one can limit oneself to the term
corresponding to eV (V the scalar potential) and write

H = g [Q (−ψ1ϕ2 + ψ2ϕ1 + ψ3ϕ4 − ψ4ϕ3) +Q∗ (ψ∗1ϕ
∗
2 + ψ∗2ϕ

∗
1 + ψ∗3ϕ

∗
4 − ψ∗4ϕ

∗
3)] .
(12)

To this term one must add other ones of the order of magnitude v/c. At the
moment, however, we shall neglect these terms, since the velocities of the neutrons
and protons inside the nuclei are in general small compared to c (Cf. § 9).

In matrix language, (12) can be written

H = g
[
Qψ̃∗δϕ+Q∗ψ̃δϕ∗

]
, (13)
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where ψ and ϕ are meant as matrices with one column and the symbol ∼ transforms
a matrix into its transposed conjugate; and moreover

δ =

∣∣∣∣∣∣∣∣
0 −1 0 0
1 0 0 0
0 0 0 1
0 0 −1 0

∣∣∣∣∣∣∣∣ . (14)

With this notation, one finds by comparing (12) with (9)

csσ = gψ̃∗sδϕσ ; c∗sσ = gψ̃sδϕ
∗
σ , (15)

where ψ and ϕ represent the four-component normalized eigenfunctions of the states
s of the electron and σ of the neutrino, considered as functions of the position x, y,
z occupied by the heavy particle.

The perturbation matrix

§ 4. – With the Hamiltonian we have established one can develop a theory of β decay
in complete analogy with the theory of radiation. In that theory, as is known, the
Hamiltonian consists of the sum: Energy of the atom + Energy of the radiation
field + Interaction between atom and radiation; the latter term is considered as a
perturbation of the other two. Analogously we shall take

Hhea +Hlig (16)

as the unperturbed Hamiltonian. The perturbation is represented by the interaction
term (13).

The quantum states of the unperturbed system can be enumerated in the fol-
lowing way:

(ρ, n,N1, N2 . . . Ns . . .M1,M2 . . .Mσ . . .) , (17)

where the first number ρ takes one of the values ±1 and indicates if the heavy
particle is a neutron or a proton. The second number n indicates the quantum
state of the neutron or the proton. For ρ = + 1 (neutron) let the corresponding
eigenfunction be

un(x) , (18)

while for ρ = − 1 (proton) let the eigenfunction be

vn(x) . (19)

The other numbers N1, N2 . . . Ns . . .M1,M2 . . .Mσ . . . can only take the values
0, 1 and indicate what states of the electrons and neutrinos are occupied.

By an examination of the general form (9) of the perturbation energy, one im-
mediately realizes that it has nonvanishing matrix elements only for transitions in
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which either the heavy particle passes from neutron to proton, while in the mean-
time one electron and one neutrino are created, or viceversa.

Through (1), (3), (5), (9), (18), (19) one easily finds that the corresponding
matrix element is

H 1nN1N2...0sM1M2...0σ...

−1mN1N2...1sM1M2...1σ...
= ±

∫
v∗mc

∗
sσundτ , (20)

where the integration must be extended over the entire configuration space of the
heavy particle (with the exception of the coordinate ρ); the ± sign means more
precisely

(−1)N1+N2+...+Ns−1+M1+M2+...Mσ−1

and in any case does not enter into the calculations that will follow. To the inverse
transition corresponds a matrix element which is the conjugate complex of (20).

Taking (15) into account, (20) becomes

H 1n0s0σ

−1m1s1σ

= ±
∫
v∗munψ̃sδϕ

∗
σdτ , (21)

where for the sake of brevity in the left hand side we have omitted writing all the
indexes which do not change.

Theory of β decay

§ 5. – A β decay consists of a process in which a nuclear neutron transforms into a
proton, while at the same time, in the way we have described, an electron, which is
observed as a β particle, and a neutrino are emitted. To calculate the probability
of this process, we shall assume that, at the time t = 0, a neutron is in a nuclear
state of eigenfunction un(x), and furthermore the electron state s and the neutrino
state σ are free, that is Ns = Mσ = 0. Then for t = 0 we shall put the probability
amplitude of the state (1, n, 0s, 0σ) equal to 1, that is

a1,n,0s,0σ = 1 , (22)

whereas we shall put the probability amplitude of the state (−1,m, 1s, 1σ), in which
the neutron has been transformed into a proton with eigenfunction vm(x) emitting
an electron and a neutrino in the states s and σ initially equal to zero.

By applying the usual formulas of perturbation theory, for a time short enough
to still consider (22) approximately valid one finds

ȧ−1,m,1s,1σ = −2πi
h
H 1n0s0σ

−1m1s1σ

e
2πi
h (−W+Hs+Kσ)t , (23)

where W stands for the difference in energy between the neutron state and the
proton state.
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By integrating (23) we obtain (since for t = 0, a−1m1s1σ = 0)

a−1m1s1σ = −H 1n0s0σ

−1m1s1σ

e
2πi
h (−W+Hs+Kσ)t − 1
−W +Hs +Kσ

. (24)

The probability of the transition we consider is then

|a−1m1s1σ |
2 = 4

∣∣∣∣H 1n0s0σ

−1m1s1σ

∣∣∣∣2 sin2 πt
h (−W +Hs +Kσ)

(−W +Hs +Kσ)2
. (25)

To calculate the lifetime of the neutron state un it is necessary to sum (25) with
respect to all unoccupied states of the electrons and neutrinos. A strong reduction of
this sum can be obtained by observing that the De Broglie wave length for electrons
or neutrinos having energies of some millions of volts is much larger than the nuclear
sizes. Thus one can, as a first approximation, consider the eigenfunctions ψs and
ϕσ to be constants inside the nucleus. Thus (21) becomes

H 1n0s0σ

−1m1s1σ

= ±gψ̃sδϕ
∗
σ

∫
v∗mundτ , (26)

where here and below ψs and ϕσ are meant to be taken in the nucleus (Cf. § 8).
From (26) we draw:∣∣∣∣H 1n0s0σ

−1m1s1σ

∣∣∣∣2 = g2

∣∣∣∣∫ v∗mundτ

∣∣∣∣2 ψ̃sδϕ
∗
σϕ̃

∗
σ δ̃ψσ . (27)

States σ of the neutrino are characterized by their momentum pσ and by the
spin direction. If, for the convenience of normalization, we quantize inside a volume
Ω, whose size later on will be made to tend to infinity, the normalized neutrino
eigenfunctions are Dirac plane waves having density 1/Ω. Then simple algebraic
considerations allow us to perform in (27) an average with respect to all the orien-
tations of pσ and of the spin. (And in this only the states of positive energy must
be considered; the negative energy states must be eliminated through a device like
the Dirac hole theory). One finds∣∣∣∣H 1n0s0σ

−1m1s1σ

∣∣∣∣2 =
g2

4Ω

∣∣∣∣∫ v∗mundτ

∣∣∣∣2(ψ̃sψs −
µc2

Kσ
ψ̃sβψs

)
, (28)

where µ is the rest mass of the neutrino and β the Dirac matrix

β =

∣∣∣∣∣∣∣∣
1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

∣∣∣∣∣∣∣∣ (29)

By observing that the number of positive energy neutrino states with momentum
between pσ and pσ+dpσ is 8πΩp2

σdpσ/h
3, that furthermore ∂Kσ/∂pσ is the neutrino

velocity for the state σ, and finally that (25) has a strong maximum for the value
of pσ for which there is no variation of the unperturbed energy, that is

−W +Hs +Kσ = 0 , (30)
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one can perform the sum of (25) with respect to σ in the usual way§ and one finds

t
8π3g2

h4

∣∣∣∣∫ v∗mundτ

∣∣∣∣2 p2
σ

vσ

(
ψ̃sψs −

µc2

Kσ
ψ̃sβψs

)
, (31)

where pσ is the value of the momentum of the neutrino for which (30) holds.

Determining elements of the transition probability

§ 6. – (31) expresses the probability that in a time t a β decay takes place in which
the electron is emitted in the state s. As must be the case, this probability turns
out to be proportional to the time (t has been considered small with respect to
the lifetime); the coefficient of t gives the transition probability for the process we
consider; it turns out to be

Ps =
8π3g2

h4

∣∣∣∣∫ v∗mundτ

∣∣∣∣2 p2
σ

vσ

(
ψ̃sψs −

µc2

Kσ
ψ̃sβψs

)
. (32)

Note that:

(a) For the free states of the neutrinos one always has Kσ ≥ µc2. Then it is
necessary, in order that (30) can be satisfied, that

Hs ≤W − µc2 (33)

The upper limit of the β ray spectrum corresponds to the = sign.
(b) Secondly, since for the unoccupied electron state one has Hs ≥ mc2, we obtain,

in order that the decay be possible, the following condition:

W ≥ (m+ µ)c2 (34)

Then, in order that the β decay be possible, one must have a rather high
occupied neutron state over a free proton state.

(c) According to (32), Ps depends on the eigenfunctions un and vm of the heavy
particle in the nucleus, through the matrix element

Q∗
mn =

∫
v∗mundτ (35)

This matrix element plays a role, in the in the theory of β rays, which is anal-
ogous to that of the matrix element of the electric moment in the theory of
radiation. The matrix element (35) has normally the order of magnitude 1;
nevertheless it often happens that, due to particular symmetries of the eigen-
functions un and vm, Q∗

mn exactly vanishes. In that case we shall speak of
“forbidden β transitions”. On the other hand, one should not expect that the
forbidden transitions are really impossible, since (32) is only an approximate
formula. We shall come back to this matter in § 9.

§For a description of the methods used for performing such sums, cf. any expository article on
the theory of radiation. For instance, E. Fermi Rev. of Mod. Phys. 4, 87, (1932).
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The mass of the neutrino

§ 7. – The transition probability (32) determines among other things the shape of
the continuous spectrum of β rays. We will discuss here how the shape of this
spectrum depends on the rest mass of the neutrino, in order to be able to determine
this mass through a comparison with the experimental shape of the spectrum itself.
The mass µ also enters into (32) through the factor p2

σ/vσ. The dependence of the
shape of the curve of the energy distribution on µ is particularly pronounced in the
proximity of the maximum energy E0 of the β rays. It is easy to recognize that the
distribution curve for energies E close to the maximum value E0, behaves, apart
from a factor independent of E, as

p2
σ

vσ
=

1
c3
(
µc2 + E0 − E

)√
(E0 − E)2 + 2µc2 (E0 − E) . (36)

Fig. 1

In Figure 1 the end of the distribution curve is represented for µ = 0, and for
a small value and a large value of µ. The closest similarity of the theoretical curve
to the experimental curves corresponds to µ = 0. Thus we arrive at concluding
that the mass of the neutrino is equal to zero or, in any case, much smaller than
the mass of the electron¶. In the calculations below, for the sake of simplicity, we
always set µ = 0.

Then we have, also taking (32) into account

vσ = c ; Kσ = cpσ ; pσ =
Kσ

c
=
W −Hs

c
(37)

and the inequalities (33) and (34) become

Hs ≤W ; W ≥ mc2 . (38)
¶In a recent note F. Perrin, C.R., 197, 1625 (1933), by means of quantitative arguments arrives

at a similar conclusion.
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Finally the transition probability takes the form

Ps =
8π3g2

c3h4

∣∣∣∣∫ v∗mundτ

∣∣∣∣2 ψ̃sψs (W −Hs)
2
. (39)

Lifetime and shape of the energy distribution curve for allowed tran-
sitions

§ 8. – From (39) one can derive a formula which expresses how many β transitions
in which a β particle gets a momentum ranging from mcη to mc(η+ dη) take place
in unit time. For this it is necessary to calculate the sum of the values of ψ̃sψs in the
nucleus, extended to all the states (of the continuum) which belong to the indicated
range of momentum. In this regard we point out that the relativistic eigenfunctions
in the Coulomb field for the states with j=1/2 (2s1/2 e 2p1/2) become infinite in
the center. On the other hand the Coulomb law does not hold up to the center of
the nucleus, but only up to a distance from it larger than R, where R is the nuclear
radius. At this point, a tentative calculation shows that, if we make plausible
assumptions on the behavior of the electric potential inside the nucleus, the value
of ψ̃sψs in the center of the nucleus turns out to be very close to the value which
ψ̃sψs should assume if the Coulomb law were valid at a distance R from the center.
Applying the known formulas‖ for the relativistic eigenfunctions of the continuum
spectrum in a Coulomb field, after a rather long but easy calculation, one finds∑

dη

ψ̃sψs = dη · 32πm3c3

h3 [Γ (3 + 2S)]2

(
4πmcR

h

)2S

η2+2Seπγ

√
1+η2
η ×

×

∣∣∣∣∣Γ
(

1 + S + iγ

√
1 + η2

η

)∣∣∣∣∣
2

, (40)

where we have set

γ = Z/137 ; S =
√

1− γ2 − 1 . (41)

The transition probability in an electric state in which the momentum has a
value in the interval mc dη then becomes (see (39))

P (η)dη = dη · g2 256π4

[Γ (3 + 2S)]2
m5c4

h7

(
4πmcR

h

)2S ∣∣∣∣∫ v∗mundτ

∣∣∣∣2 η2+2S ×

×eπγ

√
1+η2
η

∣∣∣∣∣Γ
(

1 + S + iγ

√
1 + η2

η

)∣∣∣∣∣
2(√

1 + η2
0 −

√
1 + η2

)2

, (42)

where η0 is the maximum momentum of the emitted β rays, as measured in units
of mc.
‖R.H. Hulme, Proc. Roy. Soc. 133, 381 (1931).
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For a numerical evaluation of (42) we refer to the particular value γ = 0.6, which
corresponds to Z = 82.2 since the atomic numbers of the radioactive substances are
not far from this value. For γ = 0.6, we have from (41) S = −0.2. Moreover one
finds that, for η < 10 it is possible to set, with a sufficient approximation

η1.6e0.6π

√
1+η2
η

∣∣∣∣∣Γ
(

0.8 + 0.6i

√
1 + η2

η

)∣∣∣∣∣
2

∼= 4.5η + 1.6η2 . (43)

With this, (42) becomes, setting R = 9 · 10−13 in it,

P (η)dη = 1.75 · 1095g2

∣∣∣∣∫ v∗mundτ

∣∣∣∣2 (η + 0.355η2
)(√

1 + η2
0 −

√
1 + η2

)2

. (44)

The inverse of the lifetime is obtained by integrating (44) from η = 0 to η = η0;
one finds

1
τ

= 1.75 · 1095g2

∣∣∣∣∫ v∗mundτ

∣∣∣∣2 F (η0) , (45)

where we have set

F (η0) =
2
3

√
1 + η2

0 −
2
3

+
η4
0

12
− η2

0

3
+

+0.355

[
−η0

4
− η3

0

12
+
η5
0

30
+

√
1 + η2

0

4
log
(
η0 +

√
1 + η2

0

)]
. (46)

For small values of the argument, F (η0) behaves like η6
0/24; for larger values of

the argument, the values of F are gathered together in the following table.

Table 1

η0 F (η0) η0 F (η0) η0 F (η0) η0 F (η0)

0 η6
0/24 2 1.2 4 29 6 185

1 0.03 3 7.5 5 80 7 380

The forbidden transitions

§ 9. – Before moving on to a comparison of the theory with experience, we still want
to illustrate some properties of the forbidden transitions.

As we have already said, a transition is forbidden when the corresponding matrix
element (35) vanishes. If the representation of the nucleus by means of individual
quantum states of the protons and neutrons turns out to be a good approximation,
the matrix element Q∗

mn vanishes, due to symmetry, when

i = i′ (47)
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does not hold, where i and i′ are the angular momentum, in units h/2π, of the
neutron state un and the proton state vm, respectively. When the individual quan-
tum states do not turn out to be a good approximation, to the selection rule (47)
coresponds the other one

I = I ′ , (48)

where I and I ′ represent the angular momentum of the nucleus before and after the
β decay.

The selection rules (47) and (48) are much less rigorous than the selection rules of
optics. It is possible to find exceptions to them, particularly with the two following
processes:

(a) Formula (26) has been obtained by neglecting the variations of ψs and ϕs

inside the region of the nucleus. If on the contrary these variations are taken
into account, one has the possibility of obtaining β transitions even when Q∗

mn

vanishes. It is easy to recognize that the intensity of these transitions has a
ratio, as an order of magnitude, with the intensity of the allowed processes given
by (R/λ)2, where λ is the De Broglie wave length of the light particles. It must
be noted that, if the electron and the neutrino have the same energy, when the
former is near the nucleus it has a higher kinetic energy, due to the electrostatic
attraction and so the most important effect comes from the variations of ψs. An
evaluation of the order of magnitude of the intensity of these forbidden processes
show that, at the same energy of the emitted electrons, they must have an
intensity of one hundredth of the intensity of the normal processes. Besides the
relatively small intensity, a characteristics of the forbidden transitions of this
type can be found in the different shape of the curve of the energy distribution
of β rays, which, for the forbidden transitions, must give a number of particles
with small energy lower than in the normal case.

(b) A second possibility to have β transitions forbidden by the rule (48) depends
on the fact, already pointed out at the end of § 3, that when the velocity of
neutrons and protons is not negligible in comparison with the velocity of light
we must add to the interaction term (12) other terms of order v/c. If e.g. one
would assume a relativistic wave equation of the Dirac type also for the heavy
particles, one could add to (12) terms like

gQ (αxA1 + αyA2 + αzA3) + complex conjugate , (49)

where αxαyαz are the usual Dirac matrices for the heavy particle and A1A2A3

the spatial components of the four vector defined by (12). A term of the type
(49) allows also β transitions which do not satisfy the selection rule (48), and
their intensity is, with respect to that of normal processes, of the order of
magnitude (v/c)2, that is about 1/100. Thus we find a second possibility for
forbidden transitions nearly 100 times less intense than the normal ones.
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Comparison with experience

§ 10. – (45) establishes a relation between the maximum momentum η0 of the β rays
emitted by a substance and its lifetime. In this relation, really, also an unknown
element enters, the integral ∫

v∗mundτ (50)

whose evaluation requires knowledge of the nuclear eigenfunctions un and vm of the
neutron and the proton. However, in the case of the allowed transitions, (50) is of
the order of magnitude of unity. Then we expect the product

τF (η0) (51)

to have the same order of magnitude in all the allowed transitions. Instead, for the
forbidden transitions, the lifetime will be, as an order of magnitude, one hundred
times larger, and correspondingly also the product (51) will be larger. In the follow-
ing table we collect the products τF (η0) for all the substances which disintegrate
by emitting β rays and for which we have sufficiently exact data.

Table 2

Element τ(hours) η0 F (η0) τF (η0)

UX2 0.026 5.4 115 3.0

RaB 0.64 2.04 1.34 0.9

ThB 15.3 1.37 0.176 2.7

ThC′′ 0.076 4.4 44 3.3

AcC′′ 0.115 3.6 17.6 2.0

RaC 0.47 7.07 398 190

RaE 173 3.23 10.5 1800

ThC 2.4 5.2 95 230

MsTh2 8.8 6.13 73 640

In this table the two groups we have expected are certainly recognizable;
moreover such a division of the elements which emit primary β rays into two
groups had been already observed experimentally by Sargent.∗∗ The values of η0
have been taken from the quoted paper of Sargent (for a comparison, note that:
η0 = (Hρ)max/1700). Besides the data in this table, Sargent gives the data for three
other elements, warning that they are not as reliable as the other ones. They are
UX1 for which τ = 830; η0 = 0.76; F (η0) = 0.0065; τF (η0) = 5.4; then this el-
ement appears to be attributable to the first group. For AcB one has: τ = 0.87;
η0 = 1.24; F (η0) = 0.102; τF (η0) = 0.09; then one finds a value of τF (η0) about ten
∗∗B.W. Sargent, Proc. Roy. Soc. 139, 659, (1933).
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times smaller than those of the first group. Finally for RaD one has: τ = 320000;
η0 = 0.38 (largely uncertain); F (η0) = 0.00011; τF (η0) = 35. Then this element
can be put roughly half-way between the two groups. I have not succeeded in find-
ing data for the other elements which emit primary β rays, that is Ms, Th1, UY ,
Ac, AcC, UZ, RaC ′′.

On the whole one can conclude from this comparison between theory and ex-
perience that the agreement is certainly as good as one would have expected. The
discrepancies observed for the elements with uncertain experimental data, RaD and
AcB, can be explained well partly by the lack of precision of the measures, partly
also by oscillations, quite plausible, in the value of the matrix element (50). More-
over one must notice that the fact that the majority of β decays are accompanied
by emission of γ rays indicates that the larger part of the β processes can leave the
proton in different excitation states and this gives a further mechanism which can
determine oscillations in the value of τF (η0).

From the data of Table 2 one can infer an evaluation, even if rough, of constant
g. If we admit, for instance, that when the matrix element (50) has the value 1,
one has τF (η0) = 1 hour = 3600 s; one finds from (45)

g = 4 · 10−50cm3 · erg

which gives nothing more than the order of magnitude.
Let us move on to discuss the shape of the curve of the velocity distribution of

β rays. In the case of allowed processes, the distribution curve, as a function of η
(that is, apart from a factor 1700, of Hρ) is represented in Fig. 2, for values of the
maximum momentum η0.

Fig. 2

The curves are satisfactorily similar to experimental ones collected by Sargent.††

Only in the range of small energy Sargent’s curves are a little lower than the theoret-
ical ones, and this is more easily evident in the curves of Fig. 3 where the abscissas
are the energies instead of the momenta. But we must remark that the part of
††B.W. Sargent, Proc. Camb. Phil. Soc. 28, 538 (1932).
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the curves of small energy is not perfectly known experimentally.‡‡ Moreover, for
the forbidden transitions, also theoretically, in the range of small energies the curve
must be lower than the curves of the allowed transitions, represented in Figs. 2 and
3.

Fig. 3

Of this fact one must particularly take into account for the case of RaE, which
is the best known from an experimental point of view. The emission of β rays from
this element, as results from the abnormally large value of τF (η0) (Cf. Table 2),
is certainly forbidden, or better it is possible that it is allowed only in the second
approximation. I hope, in a future article, to be able to better specify the behavior
of distribution curves for the forbidden transitions.

To summarize, it seems justified to assert that the theory in the form described
here does agree with the experimental data, which in any case are not always suffi-
ciently accurate. On the other hand, even if in a further comparison of the theory
with experience, one should arrive at some discrepancy, it would be always be possi-
ble to modify the theory without changing its conceptual foundations in an essential
way. It would be possible precisely to keep equation (9) but choose the csσ in a
different way. This will carry us, in particular, to a different form of the selection
rule (48) and to a different form of the curve of the energy distribution.

Only a further development of the theory, as also an increase in the precision of
the experimental data, will be able to indicate if such a change will be necessary.

‡‡Cf. e.g., Rutherford, Ellis and Chadwick, Radiation from Radio-active Substances, Cam-
bridge, 1930. See, in particular p. 407.
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FI 14 - E. Fermi: Artificial Radioactivity Produced by Neutron
Bombardment (Nobel lecture: December 12, 1938)



E N R I C O  F E R M I

Artifical radioactivity produced by neutron
bombardment

Nobel Lecture, December 12, 1938

Although the problem of transmuting chemical elements into each other
is much older than a satisfactory definition of the very concept of chemical
element, it is well known that the first and most important step towards its
solution was made only nineteen years ago by the late Lord Rutherford, who
started the method of the nuclear bombardments. He showed on a few ex-
amples that, when the nucleus of a light element is struck by a fast α-particle,
some disintegration process of the struck nucleus occurs, as a consequence
of which the α-particle remains captured inside the nucleus and a different
particle, in many cases a proton, is emitted in its place. What remains at the
end of the process is a nucleus different from the original one; different in
general both in electric charge and in atomic weight.

The nucleus that remains as disintegration product coincides sometimes
with one of the stable nuclei, known from the isotopic analysis; very often,
however, this is not the case. The product nucleus is then different from all
"natural" nuclei; the reason being that the product nucleus is not stable. It
disintegrates further, with a mean life characteristic of the nucleus, by emis-
sion of an electric charge (positive or negative), until it finally reaches a stable
form. The emission of electrons that follows with a lag in time the first prac-
tically instantaneous disintegration, is the so-called artificial radioactivity,
and was discovered by Joliot and Irene Curie at the end of the year 1933.

These authors obtained the first cases of artificial radioactivity by bom-
barding boron, magnesium, and aluminium with α-particles from a polo-
nium source. They produced thus three radioactive isotopes of nitrogen, sili-
con and phosphorus, and succeeded also in separating chemically the activity
from the bulk of the unmodified atoms of the bombarded substance.

The neutron bombardment

Immediately after these discoveries, it appeared that α-particles very likely
did not represent the only type of bombarding projectiles for producing
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artificial radioactivity. I decided therefore to investigate from this point of
view the effects of the bombardment with neutrons.

Compared with α-particles, the neutrons have the obvious drawback that
the available neutron sources emit only a comparatively small number of
neutrons. Indeed neutrons are emitted as products ofnuclear reactions, whose
yield is only seldom larger than 10-4. This drawback is, however, compen-
sated by the fact that neutrons, having no electric charge, can reach the
nuclei of all atoms, without having to overcome the potential barrier, due to
the Coulomb field that surrounds the nucleus. Furthermore, since neutrons
practically do not interact with electrons, their range is very long, and the
probability of a nuclear collision is correspondingly larger than in the case
of the α-particle or the proton bombardment. As a matter of fact, neutrons
were already known to be an efficient agent for producing some nuclear
disintegrations.

As source of neutrons in these researches I used a small glass bulb contain-
ing beryllium powder and radon. With amounts of radon up to 800 millicu-
ries such a source emits about 2 x 107 neutrons per second. This number is of
course very small compared to the yield of neutrons that can be obtained
from cyclotrons or from high-voltage tubes. The small dimensions, the per-
fect steadiness and the utmost simplicity are, however, sometimes very use-
ful features of the radon + beryllium sources.

Nuclear reactions produced by neutrons

Since the first experiments, I could prove that the majority of the elements
tested became active under the effect of the neutron bombardment. In some
cases the decay of the activity with time corresponded to a single mean life;
in others to the superposition of more than one exponential decay curve.

A systematic investigation of the behaviour of the elements throughout
the Periodic Table was carried out by myself, with the help of several collab-
orators, namely Amaldi, d’Agostino, Pontecorvo, Rasetti, and Segré. In
most cases we performed also a chemical analysis, in order to identify the
chemical element that was the carrier of the activity. For short living sub-
stances, such an analysis must be performed very quickly, in a time of the
order of one minute.

The results of this first survey of the radioactivities produced by neutrons
can be summarized as follows: Out of 63 elements investigated, 37 showed
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an easily detectable activity; the percentage of the activatable elements did
not show any marked dependence on the atomic weight of the element.
Chemical analysis and other considerations, mainly based on the distribution
of the isotopes, permitted further to identify the following three types of
nuclear reactions giving rise to artificial radioactivity :

:A + in = :z:A + :He (1)
:A -I in = &A -/- ;H (2)
:A -+ in = n,+‘A (3)

where :A is the symbol for an element with atomic number Z and mass
number M; n is the symbol of the neutron.

The reactions of the types (1) and (2) occur chiefly among the light ele-
ments, while those of the type (3) are found very often also for heavy ele-
ments. In many cases the three processes are found at the same time in a
single element. For instance, neutron bombardment of aluminium that has
a single isotope 27Al, gives rise to three radioactive products: 24Na, with a
half-period of 15 hours by process (1); 27Mg, with a period of IO minutes
by process (2); and 28A1 with a period of 2 to 3 minutes by process (3).

As mentioned before, the heavy elements usually react only according
to process (3) and therefore, but for certain complications to be discussed
later, and for the case in which the original element has more than one stable
isotope, they give rise to an exponentially decaying activity. A very striking
exception to this behaviour is found for the activities induced by neutrons
in the naturally active elements thorium and uranium. For the investigation
of these elements it is necessary to purify first the element as thoroughly as
possible from the daughter substances that emit β-particles. When thus pur-
ified, both thorium and uranium emit spontaneously only α-particles, that
can be immediately distinguished, by absorption, from the β-activity induced
by the neutrons.

Both elements show a rather strong, induced activity when bombarded
with neutrons; and in both cases the decay curve of the induced activity
shows that several active bodies with different mean lives are produced. We
attempted, since the spring of 1934, to isolate chemically the carriers of these
activities, with the result that the carriers of some of the activities of uranium
are neither isotopes of uranium itself, nor of the elements lighter than ura-
nium down to the atomic number 86. We concluded that the carriers
were one or more elements of atomic number larger than 92 ; we, in Rome,
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use to call the elements 93 and 94 Ausenium and Hesperium respectively.
It is known that O. Hahn and L. Meitner have investigated very carefully

and extensively the decay products of irradiated uranium, and were able to
trace among them elements up to the atomic number 96.*

It should be noticed here, that besides processes (1), (2), and (3) for
the production of artificial radioactivity with neutrons, neutrons of suffi-
ciently high energy can react also as follows, as was first shown by Heyn:
The primary neutron does not remain bound in the nucleus, but knocks off
instead, one of the nuclear neutrons out of the nucleus; the result is a new
nucleus, that is isotopic with the original one and has an atomic weight less
by one unit. The final result is therefore identical with the products obtained
by means of the nuclear photoeffect (Bothe), or by bombardment with fast
deuterons. One of the most important results of the comparison of the active
products obtained by these processes, is the proof, first given by Bothe, of the
existence of isomeric nuclei, analogous to the isomers UX2 and UZ, recog-
nized long since by O. Hahn in his researches on the uranium family. The
number of well-established cases of isomerism appears to increase rather
rapidly, as investigation goes on, and represents an attractive field of
research.

The slow neutrons

The intensity of the activation as a function of the distance from the neutron
source shows in some cases anomalies apparently dependent on the objects
that surround the source. A careful investigation of these effects led to the
unexpected result that surrounding both source and body to be activated
with masses of paraffin, increases in some cases the intensity of activation by
a very large factor (up to 100). A similar effect is produced by water, and
in general by substances containing a large concentration of hydrogen. Sub-
stances not containing hydrogen show sometimes similar features, though
extremely less pronounced.

The interpretation of these results was the following. The neutron and the

* The discovery by Hahn and Strassmann of barium among the disintegration products
of bombarded uranium, as a consequence of a process in which uranium splits into
two approximately equal parts, makes it necessary to reexamine all the problems of
the transuranic elements, as many of them might be found to be products of a splitting
of uranium.
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proton having approximately the same mass, any elastic impact of a fast
neutron against a proton initially at rest, gives rise to a distribution of the
available kinetic energy between neutron and proton; it can be shown that a
neutron having an initial energy of 106 volts, after about 20 impacts against
hydrogen atoms has its energy already reduced to a value close to that cor-
responding to thermal agitation. It follows that, when neutrons of high ener-
gy are shot by a source inside a large mass of paraffin or water, they very
rapidly lose most of their energy and are transformed into "slow neutrons".
Both theory and experiment show that certain types of neutron reactions,
and especially those of type (3), occur with a much larger cross-section for
slow neutrons than for fast neutrons, thus accounting for the larger intensi-
ties of activation observed when irradiation is performed inside a large mass
of paraffin or water.

It should be remarked furthermore that the mean free path for the elastic
collisions of neutrons against hydrogen atoms in paraffin, decreases rather
pronouncedly with the energy. When therefore, after three or four impacts,
the energy of the neutron is already considerably reduced, its probability
of diffusing outside of the paraffin, before the process of slowing down is
completed, becomes very small.

To the large cross-section for the capture of slow neutrons by several
atoms, there must obviously correspond a very strong absorption of these
atoms for the slow neutrons. We investigated systematically such absorp-
tions, and found that the behaviour of different elements in this respect is
widely different; the cross-section for the capture of slow neutrons varies,
with no apparent regularity for different elements, from about 10 -24 cm2

or less, to about a thousand times as much. Before discussing this point, as
well as the dependence of the capture cross-section on the energy of the
neutrons we shall first consider how far down the energy of the primary
neutrons can be reduced by the collisions against the protons.

The thermal neutrons

If the neutrons could go on indefinitely diffusing inside the paraffin, their
energy would evidently reach finally a mean value equal to that of thermal
agitation. It is possible, however, that, before the neutrons have reached this
lowest limit of energy, either they escape by diffusion out of the paraffin, or
are captured by some nucleus. If the neutron energy reaches the thermal value,
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one should expect the intensity of the activation by slow neutrons to depend
upon the temperature of the paraffin.

Soon after the discovery of the slow neutrons, we attempted to find a tem-
perature dependence of the activation, but, owing to insufficient accuracy,
we did not succeed. That the activation intensities depend upon the tempera-
ture was proved some months later by Moon and Tillman in London; as
they showed, there is a considerable increase in the activation of several de-
tectors, when the paraffin, in which the neutrons are slowed down, is cooled
from room temperature to liquid-air temperature. This experiment defi
nitely proves that a considerable percentage of the neutrons actually reaches
the energy of thermal agitation. Another consequence is that the diffusion
process must go on inside the paraffin for a relatively long time.

In order to measure, directly at least, the order of magnitude of this time,
an experiment was attempted by myself and my collaborators. The source
of neutrons was fastened at the edge of a rotating wheel, and two identical
detectors were placed on the same edge, at equal distances from the source,
one in front and one behind with respect to the sense of rotation. The wheel
was then spun at a very high speed inside a fissure in a large paraffin block.
We found that, while, with the wheel at rest, the two detectors became equally
active, when the wheel was in motion during the activation, the detector
that was behind the source became considerably more active than the one in
front. From a discussion of this experiment was deduced, that the neutrons
remain inside the paraffin for a time of the order of 10-4 seconds.

Other mechanical experiments with different arrangements were perform-
ed in several laboratories. For instance Dunning, Fink, Mitchell, Pegram,
and Segré: in New York, built a mechanical velocity selector, and proved
by direct measurement, that a large amount of the neutrons diffusing outside
of a block of paraffin, have actually a velocity corresponding to thermal agi-
tation.

After their energy is reduced to a value corresponding to thermal agita-
tion, the neutrons go on diffusing without further change of their average
energy. The investigation of this diffusion process, by Amaldi and myself,
showed that thermal neutrons in paraffin or water can diffuse for a number
of paths of the order of 100 before being captured. Since, however, the mean
free path of the thermal neutrons in paraffin is very short (about 0.3 cm) the
total displacement of the thermal neutrons during this diffusion process is
rather small (of the order of 2 or 3 cm). The diffusion ends when the thermal
neutron is captured, generally by one of the protons, with production of a

August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408



420   1 9 3 8  E . F E R M I

deuteron. The order of magnitude for this capture probability can be calcu-
lated, in good agreement with the experimental value, on the assumption
that the transition from a free-neutron state to the state in which the neutron
is bound in the deuteron is due to the magnetic dipole moments of the pro-
ton and the neutron. The binding energy set free in this process, is emitted
in the form of γ-rays, as first observed by Lea.

All the processes of capture of slow neutrons by any nucleus are generally
accompanied by the emission of γ-rays : Immediately after the capture of the
neutron, the nucleus remains in a state of high excitation and emits one or
more γ -quanta, before reaching the ground state. The  γ -rays emitted by
this process were investigated by Rasetti and by Fleischmann.

Absorption anomalies

A theoretical discussion of the probability of capture of a neutron by a
nucleus, under the assumption that the energy of the neutron is small com-
pared with the differences between neighbouring energy levels in the nu-
cleus, leads to the result that the cross-section for the capture process should
be inversely proportional to the velocity of the neutron. While this result
is in qualitative agreement with the high efficiency of the slow-neutron bom-
bardment observed experimentally, it fails on the other hand to account for
several features of the absorption process, that we are now going to discuss.

If the capture probability of a neutron were inversely proportional to its
velocity, one would expect two different elements to behave in exactly the
same way as absorbers of the slow neutrons, provided the thicknesses of the
two absorbers were conveniently chosen, so as to have equal absorption for
neutrons of a given energy. That the absorption obeys instead more com-
plicated laws, was soon observed by Moon and Tillman and other authors
who showed that the absorption by a given element appears, as a rule, to be
larger when the slow neutrons are detected by means of the activity induced
in the same element. That the simple law of inverse proportionality does not
hold, was also proved by a direct mechanical experiment by Dunning, Peg-
ram, Rasetti, and others in New York.

In the winter of 1935-1936 a systematic investigation of these phenomena
was carried out by Amaldi and myself The result was, that each absorber of
the slow neutrons has one or more characteristic absorption bands, usually
for energies below 100 volts. Besides this or these absorption bands, the ab-
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sorption coefficient is always large also for neutrons of thermal energy. Some
elements, especially cadmium, have their characteristic absorption band over-
lapping with the absorption in the thermal region. This element absorbs
therefore very strongly the thermal neutrons, while it is almost transparent
to neutrons of higher energies. A thin cadmium sheet is therefore used for
filtering the thermal neutrons out of the complex radiation that comes out
of a paraffin block containing a neutron source inside.

Bohr and Breit and Wigner proposed independently to explain the above
anomalies, as due to resonance with a virtual energy level of the compound
nucleus (i.e. the nucleus composed of the bombarded nucleus and the neu-
tron). Bohr went much farther in giving also a qualitative explanation of the
large probability for the existence of at least one such level, within an energy
interval of the order of magnitide of 100 volts corresponding to the energy
band of the slow neutrons. This band corresponds, however, to an excitation
energy of the compound nucleus of many million volts, representing the
binding energy of the neutron. Bohr could show that, since nuclei, and es-
pecially heavy nuclei, are systems with a very large number of degrees of
freedom, the spacing between neighbouring energy levels decreases very
rapidly with increasing excitation energy. An evaluation of this spacing
shows that whereas for low excitation energies the spacing is of the order
of magnitude of 105 volts, for high excitation energies, of the order of ten
million volts, it is reduced (for elements of mean atomic weight) to less than
one volt. It is therefore a very plausible assumption that one (or more) such
level lies within the slow-neutron band, thus explaining the large frequency
of the cases in which absorption anomalies are observed.

Before concluding this review of the work on artificial radioactivity pro-
duced by neutrons, I feel it as a duty to thank all those who have contributed
to the success of these researches. I must thank in particular all my collabo-
rators that have already been mentioned; the Istituto di Sanità Pubblica in
Rome and especially Prof. G. C. Trabacchi, for the supply of all the many
radon sources that have been used; the Consiglio Nazionale delle Richerche
for several grants.
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B.1 D. Bini, A. Geralico, R.T. Jantzen and R. Ruffini: On Fermi’s
resolution of the “4/3 problem” in the classical theory of the
electron and its logical conclusion: hidden in plain sight

Abstract. We discuss the solution proposed by Fermi to the so called “4/3 prob-
lem” in the classical theory of the electron, a problem which puzzled the physics
community for many decades before and after his contribution to the discussion.
Unfortunately his early resolution of the problem in 1922–1923 published in three
versions in Italian and German journals (after three preliminary articles on the
topic) went largely unnoticed, and even recent texts devoted to classical electron
theory still do not present his argument or acknowledge the actual content of those
articles. The calculations initiated by Fermi at the time are finally brought to their
logical physical conclusion here.

Introduction

The simplest classical model of the nonrotating electron in special relativity consists
of a static spherically symmetric distribution of total electric charge e over the
surface of a rigid sphere of radius r0, as measured by an observer at rest with
respect to the sphere. This model was first developed and studied during the first
decade of the 1900s by Abraham [1], Lorentz [2] and Poincaré [3], based entirely
on Maxwell’s theory of electromagnetism. For an unaccelerated electron, the rest
frame integral of the local energy density of the Coulomb field over the exterior
of the electron sphere representing the total energy W = e2/(2r0) stored in that
field, is equal to the self-energy of the charge distribution. For any static isolated
configuration of charge, this self-energy is equal to the work needed to assemble it
by slowly bringing the charge elements in from spatial infinity.

The factor of 1/2 in the energy formula is a geometric factor which is replaced
by 3/5 if the model of the electron is a constant charge density solid sphere rather
than a constant density spherical surface charge distribution and one also considers
the additional contribution to the electromagnetic field energy inside the sphere
(zero in the surface distribution case by spherical symmetry): 1/2 + 1/10 = 3/5.
Dropping these factors and converting the Coulomb energy to the entire observed
mass me of the electron by Einstein’s famous mass-energy relation E = mc2 defines
a corresponding radius re = e2/(mec

2) that pure dimensional analysis would lead
to, called the classical radius of the electron.

With the birth of special relativity occurring during the same time years as
the Abraham-Lorentz model development, there was the expectation that apart
from any additional “bare mass” m0 that the electron might have, the electromag-
netic energy W should contribute to the inertial mass of the electron an amount
mem = W/c2 satisfying Einstein’s mass-energy relation, leading to a total mass
me = m0 + mem. Instead they had found mem = 4

3W/c
2 in the limit of nonrela-
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tivistic accelerated motion of the electron. This became the famous “4/3” problem.
After three preliminary papers on the inertial and gravitational mass of electro-

magnetic fields in 1921–1922 (Fermi 1–3, [4–6]), in 1923 Fermi (Fermi 4c [7]) recon-
sidered this problem for any regular spherically symmetric distribution of charge in
motion that satisfies Born’s definition of relativistic rigidity [8], namely that this
distribution is time-independent in its instantaneous rest frame. Re-examining the
Abraham-Lorentz derivation of the inertial mass of such a distribution of charge
due entirely to its self-field, Fermi managed to correct the troublesome factor of 4/3
in their result which he showed is entirely due to their imposition of conventional
rigidity with respect to a single inertial frame instead of the sequence of instanta-
neous rest frames following Born’s criterion. The former is not a Lorentz invariant
condition like Born’s and so is in direct conflict with special relativity.

By an unfortunate coincidence the same numerical factor of 4/3 appears in the
integral definition of the total 4-momentum observed by any inertial observer mov-
ing relative to an (unaccelerated) spherically symmetric charge distribution which
is time-translation symmetric in its own inertial rest frame. Contracting the stress-
energy tensor of the electromagnetic field due to such a distribution with the 4-
velocity of any inertial observer gives the local 4-momentum distribution as seen by
that observer, and integrating it over a time slice in that observer’s reference frame
gives the total 4-momentum seen by that observer at that moment of inertial time.
Since it arises as the hypersurface integral of a second rank tensor field (invariant
under translation in the rest frame of the charge distribution), this quantity is a
linear 4-vector-valued function of the 4-velocity of the inertial observer and indeed
the 4/3 factor enters because of the tensor transformation law. In the absence of
sources, the 4-momentum of the electromagnetic field is actually independent of
the observer, as shown by textbook applications of Gauss’s law to the divergence-
free stress-energy tensor, but in the presence of sources, this divergence is nonzero
and leads to the complications encountered in this problem that of course were not
understood in the early days of special relativity.

Kwal in 1949 [9] and later independently Rohrlich [10] in 1960 made the ob-
servation that by fixing the 4-velocity of the inertial observer in this calculation
to be the one associated with the rest frame of the unaccelerated charge distribu-
tion, one obtains a fixed 4-momentum independent of time which equals the rest
frame 4-momentum by definition and again the troublesome factor of 4/3 disap-
pears. Unfortunately this is not the end of the story: the classical theory of charge
distributions and electromagnetic self-forces and radiation reaction forces is a com-
plicated and controversial subject into which many have entered the discussion over
the past century since it began, and Fermi’s own contribution has been largely
ignored.

Indeed the Fermi coordinates and Fermi-Walker transport for which Fermi is
well known in relativity were developed specifically in 1922 to treat this problem
(Fermi 3, [6]) while he was a university student already knowledgeable in general
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relativity only a few years after its birth in 1916. In that very paper in its final
section he considers the Lagrangian for an extended charged body with a given
charge and mass distribution moving in an external electromagnetic field, where
the distributions are confined to a length scale that in his subsequent paper will be
assumed to be small compared to the variation of the external field. In that next
paper he focuses only on the contribution of the charge distribution to its equation
of motion in the external field, but one can easily retain the mass contribution as
well, as in many discussions of this problem, where this mass is referred to as the
bare mass or mechanical mass of the object. The result is the Lorentz force law
with the inertial rest mass contribution to that equation consisting of the sum of the
bare mass and the electromagnetic energy in the self-field of the charge distribution,
the latter energy not preceded by the famous 4/3 factor of Abraham and Lorentz.
Fermi’s derivation in this larger context is discussed in detail in the textbook on
special relativity by Aharoni [11] who came out with his second edition in 1965
specifically to include this part as explained in his preface, after attention had been
called to the problem by Rohrlich in 1960.

Following the analysis by Abraham and then Lorentz of the accelerated version
of their model for the electron, Fermi considered a regular spherically symmetric
distribution of accelerated charges held in a rigid configuration by some external
force and applied the Lagrangian variational principle to compute the time rate
of change of the momentum in the force law, without specializing to a particular
charge density profile. In order to show exactly how the mistaken 4/3 factor in
the inertial mass due to the energy of the self-field arises, Fermi contrasted the
Born rigid calculation of the Lagrangian variation (variation B) with that assuming
rigidity with respect to a particular inertial observer (variation A), which is not
relativistically invariant and hence not to be trusted. He showed that the latter
assumption in deriving the equations of motion leads to the Abraham-Lorentz result
with the mistaken 4/3 factor multiplying the electromagnetic energy of the charge
distribution in its contribution to the inertial mass, but that the Born assumption
gives the correct factor as expected by the equivalence of mass and energy through
the famous equation E = mc2.

Operationally, a congruence of timelike world lines is said to be Born-rigid if it
has vanishing expansion. As discussed in detail by Salzman and Taub [12] in 1954,
any timelike curve determines a family of orthogonal hyperplanes in special relativ-
ity and their orthogonal trajectories define the world lines of a body in Born-rigid
motion (referred to as planar motion by Herglotz and Noether). The remaining
class of motions are called group motions, and consist of curve segments from a
continuous 1-parameter subgroup of Lorentz transformations of Minkowski space-
time into itself. The best example of these are the Rindler observers whose world
lines are the integral curves of a single generator of Lorentz transformations, each
world line with a unique constant acceleration. For the electron model, a time-
independent spherically symmetric distribution of charge in the Fermi coordinate
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system adapted to the central world line is Born rigid.
In order to fix the 4/3 problem Poincaré [3] (followed up by von Laue [13])

seriously confused the issue by mixing it with the question of explaining the rigid
configuration of charge through internal stresses. Long after Fermi’s resolution of
the 4/3 problem, even in the commentary by his friend Persico on Fermi’s paper in
the collected work of Fermi, it was thought that Poincaré stresses were necessary to
explain this discrepancy. In fact the stability of the electron is an entirely different
matter from the correct relation of the inertial mass to the electromagnetic energy
as explained by Fermi.

Although Wilson [14] discussed the problem of the proper definition of the 4-
momentum of the electromagnetic field in 1936 with no citations, he did not succeed
in clarifying matters. In 1949 Kwal [9] showed that a slight modification of Abra-
ham’s original integral definitions for the unaccelerated electron leads to an electro-
magnetic 4-momentum endowed with the correct Lorentz transformation properties.
Even later Rohrlich [10] in 1960 came to the same conclusion without being aware
of previous work. They both explained that the correct result can only be obtained
from the usual special relativistic integrals over a hypersurface of constant inertial
time if that hypersurface represents a time slice in the rest frame of the electron,
although Kwal only discussed changing the element of hypersurface volume without
relating the region of integration to that rest frame. The classical electron model
has continued to intrigue people ever since, see for example, Feynman [15], Teitel-
boim [16–17], Boyer [18], Rohrlich [19], Nodvik [20], Schwinger [21], Campos and
Jimenéz [22], Cohen and Mustafa [23], Comay [24], Moylan [25], Kolbenstvedt [26],
Rohrlich [27], Appel and Kiessling [28], de Leon [29], Harte [30], Pinto [31], Bettini
[32], Galley et al [33], and more. At least three entire books are devoted to the topic
of the classical theory of the charge distributions, those by Rohrlich [34], Yaghjian
[35], and Spohn [36], and the model is described in detail by Jackson [37], the uni-
versally accepted reference textbook on classical electrodynamics (see also Chapter
8 of Anderson [38]). Some interesting historical details may be found in the recent
article of Janssen and Mecklenburg [39]. This whole problem is not without explicit
controversy, as detailed by Parrott in his archived exchange with Physical Review
which would not publish his criticism of Rohrlich’s recent work [40].

Except for Aharoni [11] and much later Kolbenstvedt [26] in 1997, and for Nod-
vik [20] and Appel and Kiessling [28] who consider a spinning generalization of
the relativistically rigidly rotating electron model reviewed by Spohn [36], none of
these references seem to take into account Fermi’s actual argument nor connect it
to that of Kwal and Rohrlich even though most of them cite Fermi’s original article.
Kolbenstvedt [26] called attention to Fermi’s argument with a slightly different but
equivalent explanation of his own, and not in an obscure physics journal, and yet
the latest edition of the books of Jackson, Rohrlich, and Yaghjian, all published
after that year still do not reflect this news. Jackson does explain that his non-
relativistic treatment can be relativistically corrected, referring to Fermi, and to
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be fair, the stated purpose of Yaghjian was to update the Abraham-Lorentz model
which he did, apparently unaware of the content of Fermi’s articles. Misner, Thorne
and Wheeler’s tome Gravitation [41], affectionately known as MTW, really raised
the level of mathematical discussion of special and general relativity after 1973,
and allowed Spohn to more cleanly and covariantly discuss the relativisitically rigid
electron model to include spin, but without discussing the observer-dependent 4-
momentum integral for the electromagnetic self-field.

An important element of this discussion is the conserved nature of the integrals
of the local densities of energy and momentum associated with the divergence-free
stress-energy tensor of the sourcefree electromagnetic field when integrated over
an entire spacelike hyperplane of Minkowski spacetime due to Gauss’s law. Such a
conservation law fails to exist when the divergence is instead nonzero in the presence
of sources or if a world tube containing sources is excluded from the integral, leading
either to a spacetime volume divergence integral or (equivalently) to an internal
boundary integral that must be taken into account in Gauss’s law. This is an
important discussion since none of the textbooks on special or general relativity
describe this more general situation, while textbooks on classical electrodynamics
typically only use local such integrals within bounded regions of space.

Since this discussion is crucial in understanding the present problem, it is in-
cluded in the section following this introduction where the preliminary details about
the electromagnetic field needed to consider the spherical model of an unaccelerated
electron are introduced together with the definitions of the 4-momentum in the field
as observed by any inertial observer, and the role played by Gauss’s law in conser-
vation laws is then explained, leaving the details of more exotic regions of spacetime
integration to the appendix. The calculation of the 4-momentum integrals for the
Abraham-Lorentz model of the unaccelerated electron is then reproduced in the
subsequent section to explain the role played by Kwal and Rohrlich in this matter.
Next we present Fermi’s re-analysis of the Abraham-Lorentz calculation of the in-
ertial mass for their model of the accelerated electron taking into account Born’s
rigidity condition. Finally the Kwal-Rohrlich definition of 4-momentum is related
directly back to this correction using Gauss’s law.

One finds that the Kwal-Rohrlich restriction of the observer-dependent electro-
magnetic field 4-momentum integrals to the electron rest frame time hyperplanes
associates a unique 4-momentum with the unaccelerated electron which is the one
special relativity assigns, which has long been known. However, for a single static
electron configuration in the absence of interaction, the 4-momentum is not so inter-
esting since there is no way even of revealing its inertial mass from at most uniform
translational motion in flat spacetime. To get information about the inertial mass
and 4-momentum, the electron must be accelerated and if we limit our attention to
electromagnetic interactions, it will be accelerated by an external electromagnetic
field through the Lorentz force law. We expect that the total momentum of the
electron and the electromagnetic field (for a closed system) should be conserved.
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We will show here for the first time that indeed the logical conclusion of Fermi’s
calculation of the lowest order contributions to the equations of motion of the elec-
tron is that the total 4-momentum as observed in the time slices in the sequence of
instantaneous rest frames along its path is conserved, i.e., is independent of time,
and is the usual one we associate with the system. The key idea of Fermi of the
importance of this sequence of hyperplanes orthogonal to the path of a given world
line in spacetime was imbedded in his Fermi coordinate system adapted to that
world line and which outlived the purpose for which he introduced it in those initial
days of the theory of general relativity.

Electrodynamic preliminaries

Although Fermi does not specify the density profile of the spherically symmetric
charge distribution that he analyzes in his re-examination of the earliest classical
electron theory proposed by Abraham [1] and improved by Lorentz [2], he refers
specifically to their spherical shell model of the electron in his introduction. Without
acceleration of the electron this model cannot help identify the inertial mass which
arises as the proportionality constant between the applied force and the resulting
acceleration. However, it was the interest in their unaccelerated model which helped
push towards the understanding of the 4-momentum hypersurface integrals for the
electromagnetic field so it is useful to review this case first. We re-examine their
work in light of modern notation and perspective.

The model for the electron first proposed by Abraham [1] and improved by
Lorentz [2] consisted of a uniform spherically symmetric distribution of total electric
charge e over the surface of a rigid sphere of radius r0 in its rest frame. This was
called the contractile electron since it would then undergo Lorentz contraction with
respect to an inertial frame in relative motion, while Abraham had assumed that
the electron remained a rigid sphere with respect to all inertial observers. Einstein’s
understanding of special relativity only came after this model had been developed,
and Lorentz had interpreted the Lorentz contraction as a dynamical effect rather
than as a universal property of spacetime itself. They attempted to explain the
mass-energy of the electron as due wholy to the electromagnetic field of the electron,
equating the electron’s energy and momentum to the energy and momentum of its
electromagnetic field, which can be evaluated by suitably integrating the normal
components of the stress-energy tensor of the electromagnetic field over a spacelike
hyperplane representing a moment of time in an inertial reference frame. This is a
useful example to keep in mind.

In an inertial system of Cartesian coordinates (xµ) = (t = x0, x1, x2, x3) as-
sociated with an inertial reference frame in Minkowski spacetime with signature
(−+++) following the conventions of Misner, Thorne and Wheeler [41] with c = 1,
Maxwell’s equations for the electromagnetic field tensor Fαβ due to the 4-current
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density Jα are

Fαβ
,β = 4πJα , Fαβ,γ + Fβγ,α + Fγα,β = 0 , (1)

where Greek indices assume the values 0, 1, 2, 3, and Latin indices instead 1, 2, 3.
Indices may be raised and lowered with the flat Minkowski spacetime metric whose
inertial coordinate components are (gαβ) = diag(−1, 1, 1, 1) = (gαβ).

Of course when these equations are expressed in noninertial coordinate systems
the comma here signifying partial coordinate derivatives f,α = ∂αf = ∂/∂xα must
be replaced by the semicolon indicating the components of the covariant derivative.
We will have need later for an arbitrary covariant constant covector field Qα of van-
ishing covariant derivative Qα;β = 0, the components of which reduce to Qα,β = 0
in an inertial coordinate system where the components Qα (and Qα) are actual
constants. In fact such covariant constant vector fields Qα correspond to the trans-
lational Killing vector fields of Minkowski spacetime, which are special solutions of
the general Killing equations that the symmetrized covariant derivative Q(α;β) = 0
vanish. The noncovariant constant Killing vectors generate the rotations and boost
symmetries of Minkowski spacetime.

The stress-energy tensor of the electromagnetic field

Tµν
em =

1
4π

(
FµαF ν

α −
1
4
gµνFαβFαβ

)
(2)

has the following explicit inertial coordinate components

T 00
em =

1
8π

(E2 +B2) = Uem ,

T 0i
em =

1
4π

(E ×B)i = Si ,

T ij
em =

1
4π

[−EiEj −BiBj +
1
2
gij(E2 +B2)] , (3)

where Uem and S are the electromagnetic energy density and the Poynting vec-
tor respectively, and of course E and B are the usual electric and magnetic fields
observed in the associated reference frame in index-free notation, with nontrivial
inertial coordinate components Ei = F 0i = Fi0 and B1 = F23 etc. In general if uα

is the 4-velocity of an observer at a point of spacetime, the electric field as seen by
that observer there is E(u)α = Fα

βu
β . In a system of inertial coordinates adapted

to that observer, then uα = δα
0, so that one has E(u)α = Fα

βδ
β

0 = Fα
0 = δα

iF
i
0

since due to the change of sign under index raising and the antisymmetry of the
field tensor F 0

0 = −F 00 = 0. Note that in inertial coordinates associated with a
second inertial observer in relative motion to a given 4-velocity uα, its components
are given by (uα) = (γ, γvi), where vi are the components of the relative velocity
of the first observer and γ = (1− vivi)−1/2 is the associated gamma factor.

The divergence of this stress-energy tensor in inertial coordinates is easily cal-
culated using Maxwell’s equations

Tµν
em ,ν = −Fµ

νJ
ν , (4)
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as shown by Exercise 3.18 of Misner, Thorne and Wheeler [41], for example. Thus
in source-free regions where the 4-current Jµ = 0 vanishes, this divergence is zero,
which is the condition needed to obtain a conserved 4-momentum for the free elec-
tromagnetic field in textbook discussions using Gauss’s law. When the the 4-current
density Jα = ρUα is due to the motion of a distribution of charge moving with 4-
velocity field Uα and rest frame charge density ρ, then this divergence has the
value

Tµν
em ,ν = −ρFµ

νU
ν = −ρE(U)µ , (5)

which apart from the sign is the 4-force density exerted by the electromagnetic
field on the charge distribution, expressable as the product of the charge density
and the electric field in the rest frame of the moving charge. This divergence plays
a crucial role in the Lagrangian equations of motion of the electron and in the
conservation or not of the 4-momentum of the electromagnetic field. Unlike the
4-momentum of a particle which is locally defined and independent of the observer
(but whose components depend on the choice of coordinates of course), the 4-
momentum of the electromagnetic field is nonlocal and can only be defined at a
momentum of time with respect to some inertial observer through an integral over
an entire hyperplane Σ of spacetime corresponding to the extension of the local rest
space of that observer at that moment. In the presence of sources Jα 6= 0, this
4-momentum not only generally depends on the time for nonstationary sources, but
also on the choice of observer, since there is no a priori reason to expect integrals
over different regions of spacetime to agree. When instead Jα = 0 as is the case for a
free electromagnetic field, a conservation law applies due to the vanishing divergence
and if those integrals are finite, they in fact all define the same 4-momentum vector
on Minkowski spacetime.

The components of the 4-momentum of the electromagnetic field as seen by
an inertial observer with 4-velocity uα at a moment of time t in the observer rest
frame represented by a time coordinate hyperplane Σ (for which uα is in fact the
future-pointing unit normal vector field) is given by the integral formula

P (Σ)α =
∫

Σ

Tαβ
em dΣβ , (6)

where one can integrate over an object with a free index only if that index is ex-
pressed in some inertial coordinate system where it makes sense to compare 4-vectors
at different spacetime points in the flat spacetime due to the path independence of
parallel transport. The contracted pair of indices can be evaluated in any coordi-
nates. For any spacelike hyperplane Σ with future-pointing timelike unit normal
uα, the hyperplane volume element

dΣα = −uαdVΣ (7)

and induced volume element dVΣ are most easily evaluated in inertial coordinates
(t, xi) adapted to the observer with 4-velocity uα, where uα = δα

0 while uα =
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−δ0α and dVΣ = dx1dx2dx3, while the spacetime volume element is simply d4V =
dt dVΣ. The minus sign −1 = uαuα in dΣα is needed to pick out the future normal
component Xu = −Xαuα of a vector field in its integral∫

Σ

XαdΣα = −
∫

Σ

XαuαdVΣ =
∫

Σ

XudVΣ . (8)

In an inertial system of coordinates the above integral then has the components

P (Σ)0 =
∫

Σ

T 00
emdVΣ , P (Σ)i =

∫
Σ

T 0i
emdVΣ , (9)

which represents the integral of the local density of energy and momentum in the
field as seen by the associated inertial observer.

For a given fixed choice of hyperplane Σ, the above integral formula (6) for
the 4-momentum defines a unique 4-vector whose components can be evaluated in
(Cartesian) inertial coordinates with respect to any other inertial observer, resulting
in a Lorentz transformation of those components. However, if the hypersurface is
changed, the result is a different 4-vector, unrelated to the original one by any
simple transformation.

Only in the special case of a divergence-free stress energy tensor is the result
actually independent of the hypersurface because of Gauss’s law, and so defines a
single 4-vector no matter what time slice or what inertial observer is chosen. When
the components of this single 4-vector are transformed from one system of inertial
(Cartesian) coordinates to another, they then transform according to the associated
Lorentz transformation. Perhaps influenced by this atypical special case, early on
there was the expectation that this should be the situation in general when sources
are present which make the divergence of the electromagnetic stress-energy tensor
nonzero, but this was a completely unjustified expectation.

Since Gauss’s law is so essential to this question, it is crucial to have its ap-
plication understood before embarking on the details of the classical model of the
electron. We consider the 4-dimensional spacetime region R bounded by two hyper-
planes Σ1 and Σ2 each representing a moment of time with respect to some inertial
observer and each oriented by its future-pointing unit normal vector field, a con-
stant vector field which represents the 4-velocity of the observer. These hyperplanes
are parallel for the same inertial observer and hence do not intersect, with one in
the future of the other, but they do intersect for two observers in relative motion,
in which case one has to be careful about the signs in the two disjoint contributions
to the 4-dimensional integral relative to the future-pointing normals of the hyper-
planes, since the future halves of each hyperplane switch passing from one to the
other across the 2-plane of their intersection. The appendix discusses these details.

In its metric form rather than its metric-independent form involving only differ-
ential forms, Gauss’s law in Minkowski spacetime only applies to the integral of a
vector field over the bounding hypersurface of a region R of spacetime, equating the
integral of its divergence over R with respect to the spacetime volume element to
the hypersurface integral of the outward normal component of the vector field with
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respect to the induced or intrinsic volume element on the hypersurface. Suppose
Σ1 and Σ2 do not intersect, and Σ2 is to the future of Σ1. Then provided that the
integral of the boundary at spatial infinity which closes the boundary between these
two hyperplanes can be neglected due to the fall-off properties of the vector field
there, Gauss’s law states that∫

R

J β
;βd

4V =
∫

Σ2

J βdΣβ −
∫

Σ1

J βdΣβ , (10)

where the negative sign proceeds the second integral since its future pointing normal
is not outward but inward.

If the divergence J β
;β = 0 vanishes, then∫

Σ2

J βdΣβ =
∫

Σ1

J βdΣβ , (11)

so the integral is the same for these two parallel hyperplanes and so is independent
of the moment of time for this single inertial observer. To extend this “conservation
law” to any two inertial observers in relative motion, we just need to be careful
about the signs of the orientations of the interior and bounding hyperplanes in the
two disjoint regions and pairs of boundaries into which their intersection divides
them. However, if the divergence is zero, this is all irrelevant and one again finds
that the two integrals are the same, and hence the result is independent of the choice
of spacelike hyperplane, giving the same result for all observers and all moments of
their time. When the divergence is nonzero, the two integrals differ by a nonzero
amount which depends on the region of integration and hence in general one finds
a different result for every inertial observer and every moment of their time.

Gauss’s law can be applied to a second rank symmetric tensor Tαβ only by
contracting it with a covector Qα to form a vector field J β = QαT

αβ , so introduce
a covariant constant such covector, in terms of which the divergence becomes

J β
;β = QαT

αβ
;β . (12)

We then get the result∫
R

J β
;βd

4V =
∫

Σ2

QαT
αβdΣβ −

∫
Σ1

QαT
αβdΣβ . (13)

If we agree to evaluate these expressions in inertial coordinates where Qα are con-
stants, then they can be factored out of the equation and one gets a relation involv-
ing the 4-momentum as seen by the corresponding inertial observers∫

R

Tαβ
;βd

4V =
∫

Σ2

TαβdΣβ −
∫

Σ1

TαβdΣβ = P (Σ2)α − P (Σ1)α , (14)

or using Eq. (5) for the electromagnetic field we get

P (Σ2)α − P (Σ1)α = −
∫

R

ρEα(U)d4V . (15)

Thus if the divergence is nonzero, as occurs for the electromagnetic field in the
presence of sources, the two 4-momenta differ by a quantity that depends on the
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region of integration, so there is no common agreement among inertial observers
about the 4-momentum in the field, nor is the result independent of time for a
single inertial observer. This is the source of the complication for defining the
4-momentum of the electromagnetic field in the classical model of the electron.

A covariant constant vector field is a Killing vector generating translational sym-
metries of Minkowski spacetime from which the conservation of linear momentum
follows for translation invariant Lagrangians according to Noether’s theorem. The
arbitrary translational Killing vector field Qα allows us to pick out the components
of linear momentum. A general Killing vector field satisfies the condition that its
symmetrized covariant derivative vanish Q(α;β) = 0. If instead we use a nontransla-
tional Killing vector field in the above argument, then since the stress-energy tensor
is symmetric and only the symmetric part contributes to its contraction with the
covariant derivative of Qα, we get the same divergence formula as before

J β
;β = QαT

αβ
;β +Q(α;β)T

αβ = QαT
αβ

;β . (16)

For the nontranslational Killing vector fields which generate rotations, for example,
this process leads to picking out the components of the conserved angular momen-
tum in the case of vanishing divergence. See Misner, Thorne and Wheeler [41], for
example. However, we will not consider angular momentum here.

For a static electric field due to a static charge distribution ρ in its rest frame,
when expressed in terms of inertial coordinates in that rest frame for a time slice
Σrest in that frame, the quantity

P (Σ)0 =
1
8π

∫
Σrest

E2(x)d3x = W (17)

is just the self-energy of the charge configuration defined alternatively by

W =
1
2

∫ ∫
d3xd3x′

ρ(t,x)ρ(t,x′)
|x− x′|

, (18)

using the vector notation x = (xi), d3x = dx1dx2dx3 = dV . Jackson (see p. 41 of
the Third edition [37]) shows how the latter formula for the self-energy of such a
static charge configuration is equivalent to the energy in its associated electric field
using the integral formula for the potential

φ(x) =
∫
d3x′

ρ(x′)
|x− x′|

(19)

and the Poisson equation ∇2φ = −4πρ. Then replacing the primed factors in
the double integral for W by this expression for the potential, and with a crucial
integration by parts identity, we get

W =
1
2

∫ ∫
d3xd3x′

ρ(x)ρ(x′)
|x− x′|

=
1
2

∫
d3x ρ(x)φ(x)

= − 1
8π

∫
d3xφ(x)∇2φ(x) =

1
8π

∫
d3x

[
∇iφ(x)∇iφ(x)−∇i(φ(x)∇iφ(x))

]
=

1
8π

∫
d3x

[
E(x)2 −∇i(φ(x)∇iφ(x))

]
. (20)
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This integral is only over the charge distribution but one can extend it to over all
space since the extra contribution is zero where the charge density is zero, but as
an integral over all space, the divergence term by Gauss’s law is equivalent to a
surface integral at spatial infinity, where the integrand goes to zero fast enough in
this static case so that the surface integral evaluates to zero in the limit. The result
is just the first term representing the total energy in the electric field.

W =
1
8π

∫
E(x)2 d3x =

∫
T 00d3x . (21)

This self-energy plays a key role in the lowest order approximation to the equations
of motion of the charge distribution.

Returning now to the divergence −ρE(U)i in inertial coordinates of the rest
frame of a static distribution of charge, its spatial integral reversed in sign is just
the total electric force on the charge distribution which of course must be zero
for a static configuration of charge, assuming that the charge elements are held in
place by forces that are not addressed yet in this model. Otherwise the situation
would not remain static. However, if the charge distribution is accelerated, there
is no a priori reason to expect that the total electric force in its instantaneous rest
frame be zero, and this was the error made in the Abraham and Lorentz model.
Fermi showed that by requiring that the rigidity of the model respect Born’s special
relativistic rigidity condition, this total force integral is modified by a simple factor
that his Fermi coordinate system provided, and resolves the 4/3 problem. Gauss’s
law is then the key to picking out the correct conserved 4-momentum of the total
system which remains ambiguous in the static unaccelerated case, as we will show
in the final section.

The static electron model

Fermi considers an arbitrary spherically symmetric static distribution of total charge
e with density ρ in the rest frame of the electron, while referring specifically to the
Abraham-Lorentz model of a uniform surface distribution of charge on a sphere of
radius r0 as the motivation for his analysis. The latter is an instructive example
to keep in mind. Let the spherically symmetric charge distribution remain at rest
at the spatial origin of a system of inertial coordinates (t, xi) associated with the
inertial frame K in which it is at rest for all time. The inertial observer 4-velocity
is u = ∂t (in index-free notation). Let (t, r, θ, φ) be a corresponding system of
spherical coordinates in terms of which the sphere containing the charge has the
equation r = r0. The metric is

ds2 = −dt2 + dr2 + r2(dθ2 + sin2 θ dφ2) . (22)

Then whatever the internal distribution of charge, the exterior field outside its outer
surface at r = r0 in index-free notation is

F = − e

r2
dt ∧ dr , E =

e

r2
∂r , B = 0 (r ≥ r0) . (23)
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so that the Poynting vector is also zero. Introducing orthonormal components with
respect to the normalized spherical coordinate frame via

X 0̂ = X0 , X r̂ = Xr , X θ̂ = r−1Xθ , X φ̂ = (r sin θ)−1Xφ , (24)

the nonvanishing such components of the stress-energy tensor of the exterior field
(for r ≥ r0) are

T 00
em = −T rr

em = T θ̂θ̂
em = T φ̂φ̂

em =
1
8π
E2 =

e2

8πr4
= Uem . (25)

Its divergence is zero in the exterior of the electron sphere. For the shell model,
the interior electromagnetic field is zero by spherical symmetry, but if instead one
assumes a constant density model inside a ball of radius r0, the interior electric field
has magnitude er/r30 (for r ≤ r0). This interior field then contributes to the total
energy of the field.

The inertial coordinate components of the 4-momentum (9) in this rest frame
K for any rest frame time slice Σrest are

P (Σrest)0 =
∫

Σrest

UemdV = W , P (Σrest)k =
∫

Σrest

SkdV = 0 , (26)

where W is the self-energy of the static charge distribution due to its own electric
field. These are time-independent because of the time-independence of the electric
field in this frame, leading to the constant 4-momentum

P (Σrest)α = WUα . (27)

For the Coulomb field of the spherical shell electron, evaluating this quantity in
spherical coordinates gives the energy of the Coulomb field

W =
e2

2r0
. (28)

For the constant density model of the electron, this integral over the internal
field produces an additional contribution of e2/(10r0) leading to the total energy
3e2/(5r0). If one assumes that this electromagnetic energy makes a contribu-
tion mem to the inertial mass of the electron via Einstein’s mass-energy relation
E = mc2, then mem = W (in units where c = 1). However, the inertial mass can
only be ascertained from the equation of motion of an accelerated electron, so this
must be confirmed by the evaluation of the equation of motion.

Note that the tracefree condition T 00
em = T 11

em+T 22
em+T 33

em in the Cartesian inertial
coordinates when integrated over the same region yields the condition∫

Σrest

T 00
emdV =

∫
Σrest

(
T 11

em + T 22
em + T 33

em

)
dV , (29)

but by the spherical symmetry of the electric field in the rest frame each of the
terms on the right hand side has the same value∫

Σrest

T 11
emdV =

∫
Σrest

T 22
emdV =

∫
Σrest

T 33
emdV =

1
3

∫
Σrest

T 00
emdV . (30)
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Consider a second inertial system K ′ with inertial Cartesian coordinates
(t′, x1′ , x2′ , x3′), such that the original rest system K of the electron is moving
with velocity v along the x1′ -axis, and let U ′ = ∂/∂t′ be the 4-velocity of the new
time lines and let Σ′ be a new time slice of constant time t′. These are related to
each other by the Lorentz coordinate transformation xµ′ = Lµ

νx
ν , namely

t′ = γ(t+ vx1) , x1′ = γ(x1 + vt) , γ = (1− v2)−1/2 . (31)
If the 4-momentum (6) defined the same 4-vector for every inertial observer, then
its inertial coordinate components would simply transform like those of a 4-vector
should under this Lorentz transformation, namely the components (W, 0, 0, 0) would
transform to (W ′, p1′ , p2′ , p3′) whose nonzero values would be

W ′ = γW = γmem , p1′ = γWv = γmemv , (32)
which in any case represent the new coordinate components of the 4-vector repre-
senting the 4-momentum as seen in the rest frame. However, the 4-momentum as
seen by the new observer is a different 4-vector, as Gauss’s law requires, so this
transformed 4-momentum is not the result of evaluating the 4-momentum formulas
in the new frame, and it is senseless to actually compare the transformed compo-
nents of the old 4-vector with the new components of the new 4-vector.

To instead evaluate the 4-momentum (6) as seen by the new inertial observer
in the frame K ′ in the new inertial coordinates, we must first Lorentz transform
the components of the electromagnetic energy-momentum tensor to the new frame
and then perform the integration over the new time coordinate hyperplane Σ′, and
finally relate that integral to the integral over the original rest frame time coordinate
hyperplane Σrest using the condition of time invariance in the rest frame. The stress-
energy tensor transforms as follows

Tα′β′

em = Lα
µL

β
νT

µν
em . (33)

Using T 01
em = 0, the nontrivial part of this transformation in the t-x1 components is

explicitly
T 0′0′

em = γ2[T 00
em + 2vT 01

em + v2T 11
em] = γ2[T 00

em + v2T 11
em] ,

T 0′1′

em = γ2[T 01
em + v(T 00

em + T 11
em) + v2T 01

em] = γ2v(T 00
em + T 11

em) . (34)
The 3-volume element on the hyperplane Σ′ transforms according to dV ′ = dV/γ

due to the Lorentz contraction of the differential dx1. This follows from the relation
dx1 = γ(dx′1 − vdt′) restricted to dt′ = 0, while dx2 = dx′2, dx3 = dx′3, so that

dV ′ = dx1′dx2′dx3′ = γ−1dx1dx2dx3 = γ−1dV . (35)
Then taking the symmetry property (30) into account, one finds

P (Σ′)0
′
=
∫

Σ′
T 0′0′

em dV ′ = γ

(
1 +

1
3
v2

)∫
Σ′
T 00

emdV = γ

(
1 +

1
3
v2

)∫
Σrest

T 00
emdV

= γ

(
1 +

v2

3

)
mem =

(
4
3
γ − 1

3γ

)
mem ,

P (Σ′)1
′
=
∫

Σ′
T 0′1′

em dV ′ = γv

(
1 +

1
3

)∫
Σ′
T 00

emdV = γv

(
1 +

1
3

)∫
Σrest

T 00
emdV

=
4
3
γmemv . (36)
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Here the integral over Σ′ of the integrand with respect to dV in each case equals
the integral over Σrest because its value at xi′ , re-expressed in terms of the old
coordinates xi of the same point, is independent of t because the charge configu-
ration is static in the rest frame, and so has the same value at the corresponding
point of Σrest. For example, on the hyperplane Σ′, when expressed in terms of the
old coordinates, the old components T 00

em(t′, x1′ , x2′ , x3′) = T 00
em(x1, x2, x3) simply

don’t depend on t, and so the integral against dV on that hyperplane is equal to
its integral against dV on the original rest frame hyperplane Σrest. The appendix
shows how to re-express the difference between the 4-vectors P (Σ′) and P (Σrest)
independent of inertial coordinates.

In the nonrelativistic limit |v| � 1 where γ → 1, the energy is unchanged, but
the momentum has an unwanted extra factor of 4/3. This is the famous 4/3 prob-
lem for the unaccelerated electron. Furthermore, at nonzero speeds for which v2

becomes appreciable compared to 1, the ratio between the magnitude of the linear
momentum and the energy is a complicated function of the speed |v| rather than
the simple result |v|/c as in special relativity. However, this apparent problem is
based on a misconception since as explained after Eq. (5) in the previous section,
the 4-momentum of the electromagnetic field depends on the observer in the pres-
ence of sources, and each distinct inertial observer produces a different 4-vector
from this process, so it makes no sense to compare the result (36) to the Lorentz
transformation of the original 4-vector produced by the rest frame observer. For
some reason this was never understood in the early days of relativity. Because his-
torically people insisted on finding some conserved 4-momentum to assign to the
electromagnetic field, they arbitrarily picked the only natural choice for an unac-
celerated electron, the 4-momentum as seen in the rest frame of the electron, and
in fact, this is the one we associate with a particle whose rest mass is mem. This
was first proposed by Kwal in 1939 [9] although not stated so clearly and later in-
dependently by Rohrlich [10] in 1960. The real 4/3 problem is instead its unwanted
appearance as a factor in the inertial mass evaluated for the accelerated electron
model developed by Abraham and Lorentz. Unfortunately their calculation pre-
ceded the introduction by Born of a relativistically invariant notion of rigidity for
that model, which Fermi eventually realized was the key to resolving that apparent
conflict with the equivalence of mass and energy in special relativity.

For completeness we explain what Kwal and Rohrlich actually did. In the in-
tegral formulas in the primed inertial coordinates Kwal replaced the hypersurface
volume element

dΣ′
β′ = −uβ′dV

′ = δ0βdV
′ (37)

by the one corresponding to the rest frame hypersurface volume element at the same
spacetime point but expressed in the new coordinates

dΣβ′ = −urest
β′ γdV

′ = urest
β′ dV , (38)

where dV = γdV ′ and (−urest
β′ ) = γ(1,−vi). This changes the integral to a new

one. In other words this substitution disconnects the hypersurface volume element
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4-vector from the hypersurface of integration, changing both its direction and mag-
nitude. See Fig. 1. Then with this substitution, we get

P (Σ′)α′ =
∫

Σ′
Tα′β′

em dΣ′
β′ →

PKR(Σ′)α′ ≡
∫

Σ′
Tα′β′

em (−urest
β′ γdV

′) =
∫

Σ′
Lα

δTem
δβ(−urest

β )dV

=
∫

Σ′
Lα

δTem
δβδ0βdV

= Lα
δ

∫
Σ′
Tem

δ0dV

= Lα
δ

∫
Σrest

Tem
δ0dV = Lα

δP (Σrest)δ , (39)

using −urest
β = δ0β for the rest frame inertial coordinate components. Again one

must use the time invariance in the rest frame to conclude that the integral over
Σ′ when expressed in the rest frame inertial coordinates is independent of time
and so agrees with the integral over Σrest, allowing the components of the new 4-
momentum to transform like those of a 4-vector from the components in the rest
frame.

This redefinition of the momentum integral is perhaps more simply understood
as the result of merely inserting the projection operator along the unit rest frame
4-velocity vector −urestα′urest

β′ into the contracted pair of indices and using the
relation γ = −urestδ′uδ′ for the relative gamma factor of the two 4-velocities to get
the gamma factor in the integrand which undoes the Lorentz contraction to get the
rest frame volume element dVΣrest = γdVΣ′ at the same point

PKR(Σ′)α′ =
∫

Σ′
Tα′β′

em (−urestδ′urest
β′ )dΣ′

δ′

=
∫

Σ′
Tα′β′

em (−urestδ′urest
β′ )(−uδ′dVΣ′)

= −
∫

Σ′
Tα′β′

em urest
β′ (−urestδ′uδ′)dVΣ′

= −
∫

Σ′
Tα′β′

em urest
β′ (γ)dVΣ′

= −
∫

Σ′
Tα′β′

em urest
β′ dVΣrest . (40)

Since there is only one free index here, if we re-express the integral in the rest frame
inertial coordinates, then we get

PKR(Σ′)α′ = −Lα
µ

∫
Σ′
Tem

µβurest
β dVΣrest , (41)

but the integral is still over the new time hyperplane. However, the integrand is a
static function independent of the rest frame time coordinate t, so it is equivalent
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Fig. 1 A 2-dimensional diagram of the rest frame time coordinate line t (slanted forward) and
a moment of rest frame coordinate time Σ (slanted upward) and the moving frame with time
coordinate line t′ (vertical) and a moment Σ′ of its time (horizontal). For a differential region
independent of time in the rest frame, like the strip between the t axis and the parallel line
immediately to its right, the differential of volume dV ′ on Σ′ as seen in the moving frame is Lorentz
contracted with respect to the rest frame differential on Σ: dV ′ = γ−1dV . Thus integrating on Σ′

with respect to the differential γdV ′ is equivalent to integrating over the corresponding region of
Σ (obtained by projection from Σ′ to Σ along the t coordinate lines), provided that the integrand
is independent of time in the rest frame.

to the integral over Σrest instead

PKR(Σ′)α′ = −Lα
µ

∫
Σrest

Tem
µβurest

β dVΣrest

= Lα
µP (Σrest)µ = P (Σrest)α′ . (42)

Kwal was not sophisticated enough to do more than examine the volume ele-
ment without ever referring explicitly to the actual region of integration, where the
staticity condition in the rest frame is essential to allow the integral to be done
on any time hyperplane. Rorhlich simply demanded that the original integral for
the 4-momentum only be performed on a time hyperplane in the rest frame of the
electron, which eliminates the consideration of the integrals on other hyperplanes
which yield results different from that evaluated in the rest frame. Thus one always
evaluates the 4-momentum integral to the same 4-vector, whose components one
can express in any inertial coordinate system, and which will then transform under
the corresponding relative Lorentz transformation.
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Fermi’s contribution

Fermi’s first paper in 1921 (Fermi 1: “On the dynamics of a rigid system of electric
charges in translational motion,” [4] studied a special relativistic system of elec-
trons in rigid motion as then understood by Abraham and Lorentz and found the
4/3 factor in its inertial mass formula, while this factor was not present in the
mass corresponding to the “weight” he calculated using general relativity in his
second paper (Fermi 2: “On the electrostatics of a homogeneous gravitational field
and on the weight of electromagnetic masses,” [5]), referring to Levi-Civita’s uni-
formly accelerated metric for the calculations [42]. This contradicted the assumed
equivalence of these two masses in general relativity. These papers were both writ-
ten within five years of the birth of Einstein’s theory of general relativity in 1916,
during which Fermi was first a high school student and then a university student
writing his first two scientific papers. During the next year 1922 in preparation for
his revisit to the problem, Fermi published his third paper on his famous Fermi
comoving coordinate system adapted to the local rest spaces along the world line
of a particle in motion (Fermi 3: “On phenomena occurring close to a world line,
[6]), and calculated the variation of the action for a system of charges and masses
interacting with an electromagnetic field in such a coordinate system. He then used
this approach to resolve the 4/3 puzzle in his fourth paper (two versions Fermi 4a
and 4c published in Italian and one Fermi 4b in German, the most complete of
which is Fermi 4c: “Correction of a contradiction between electrodynamic theory
and the relativistic theory of electromagnetic masses”) without explicitly referring
to the third paper. These were published in 1922–1923. Still in 1923 collaborating
with A. Pontremoli (Fermi 10, [43]), Fermi applied his same argument to correct
the calculation of the inertial mass of the radiation in a cavity with reflecting walls,
where the same 4/3 factor had appeared when the cavity is in rigid motion not
respecting the Born criterion; Boughn and Rothman provide a detailed alternative
analysis which confirms Fermi’s result in that case [44].

His approach was to use a variational principle in a region of spacetime con-
taining the world tube of an accelerated electron charge distribution within which
one has to make certain assumptions on how the relative motion of the individual
charge elements in the distribution behaves. Following the Born notion of rigidity
compatible with special relativity, the only way an electron can move rigidly so
that its shape in its rest frame does not change is if the individual world lines of the
charge distribution all cut the local rest frame time slices orthogonally, a Lorentz
invariant geometrical condition which is equivalent to stating that their relative
velocities are all zero at that moment. This condition must hold in a sequence of
different inertial observers with respect to which the charge distribution is at rest. If
instead one takes the family of time slices associated with a single inertial observer
and require that the shape not change, i.e., that the relative velocities are all zero
at each such time, this corresponds to the nonrelativistic notion of rigidity, and the
world lines may be varied by arbitrary time-dependent translations, so that their
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Fig. 2 A constant x2, x3 slice of inertial coordinates (t, xi) showing the world tube of an electron
sphere instantaneously at rest at t = 0 but accelerated in the negative x1 direction (Γ1 < 0) and
two successive rest frame Fermi time coordinate slices separated by infinitesimal proper time ∆τ
at the center of the sphere, with the Fermi time slices intersecting to the right of the world tube
(equivalent to the assumption |Γ1|r0 < 1). The spacetime region within the electron world tube
between the two slices (shaded in this plane cross-section) occurs in the Gauss’s law application
to the wedge between the two time slices, namely R− ∪R+, two regions which are separated from
each other by a plane of constant x1 within the hypersurface t = 0 shown as the intersection point
in this diagram.

variations of the spatial inertial coordinates from a given state can be arbitrary
functions of time. However, such a conventional rigid motion with respect to that
single observer will not be seen as rigid in that sense with respect to any other single
inertial observer, so it is clearly incompatible with special relativity as emphasized
by Fermi. This was perhaps obvious, but no one had examined the equations of mo-
tion starting from the Lagrangian to understand that the usual starting point for the
Abraham-Lorentz evaluation of their assumed equations of motion was equivalent
to this assumption. This was the insight that Fermi had had to resolve the problem.
Assuming conventional rigidity, one finds the starting point equations of motion of
the Abraham-Lorentz model whose analysis yields the incorrect inertial mass factor
with the 4/3 factor, but with Born rigidity one instead finds the one expected from
Einstein’s mass-energy relation which removes this factor. The only difference in
the two calculations is the resulting Fermi correction factor in the integral of the
total force on the charge distribution, a factor arising from the spacetime volume
element in Fermi coordinates due to the acceleration of its central world line.

Fermi considers a laboratory frame with inertial coordinates (t, x1, x2, x3) in
which at the end of his argument, the accelerated electron is momentarily at rest cen-
tered about the spatial origin at the initial coordinate time which we will assume for
simplicity to be t = 0. Assuming that the Fermi coordinate system (T,X1, X2, X3)
is adapted to a world line in the electron charge distribution passing through the
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origin of these spatial coordinates at t = 0 when vi = 0, its time hypersurface T = 0
can be chosen to coincide with t = 0, but after a small interval dt of laboratory
time along the central world line, equal to the increment dT in the proper time
along that world line to first order, the Fermi time slice is instead tilted slightly to
remain orthogonal to that world line as shown in Fig. 1. The metric in the Fermi
coordinate system is

ds2 = −N2dT 2 + δijdX
i dXj , N = c(1 + ΓiX

i/c2) , (43)

where Γi = v̇i = dvi/dT are the Cartesian components of the proper acceleration
of the central world line (functions of T ), and the speed of light c is not taken to
be unity in this paragraph only in order to appreciate how factors of c enter the
discussion. The proper time along the central Fermi coordinate time line is initially
approximately dT = dt at t = 0 = T , but away from the spatial origin at that
world line there is a linear correction factor due to the lapse function N in the
Fermi coordinate system. The proper time interval along the normal to the initial
hypersurface (measured by the increment in t or T to first order) to a nearby Fermi
time slice is the increment c−1N dT = (1 + Γix

i/c2)dT , namely the proper time
along the time lines in the Fermi coordinate system. Misner, Thorne and Wheeler
discuss the Fermi coordinate system in detail [41]. Of course because the proper
time of each charge element world line varies by the Fermi lapse function factor
compared to the central world line, the accelerations of the actual charge elements
away from the central world line differ slightly from that of the central world line.

If we imagine doing a variation of the action integral over a spacetime region
in inertial coordinates between two slices of inertial time (his variation A), then if
we use the same coordinate symbols (t, xi) for the corresponding variation in Fermi
coordinates between two slices of Fermi coordinate time (his variation B), the only
formal difference in the action integrand is the additional Fermi lapse factor which
enters through the spacetime volume element. This lapse correction factor is the
entire basis for Fermi’s correction, and multiplies the coordinate volume element
to provide the covariant spacetime volume element in Minkowski spacetime: d4V

which is d4x = dt dV in inertial coordinates but Ndt dV in Fermi coordinates, where
Ndt = dτ is the proper time along the time world lines orthogonal to the flat time
slices and dV = dx1dx2dx3 is the spatial volume element in both cases. Fermi
does not mention his mathematical article on these coordinates, but just presents
a short derivation of the correction factor based on the curvature of the world line.
The extra acceleration term in the integral with coefficient Γix

i (with c = 1 again)
provides exactly the necessary correction to produce the desired result in the inertial
mass coefficient in the equations of motion for any smooth spherically symmetric
model of the electron.

However, to justify this variation of the action yielding the Lagrange equations,
the variations must vanish on the bounding time slices and be arbitrary functions
of time for the intermediate times. For the variation A, Fermi explicitly states that
the variations of the spatial coordinates are arbitrary functions of t which vanish at
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the end slices, but for the variation B he only examines an infinitesimal contribution
of an interval of Fermi time to the whole 4-dimensional integral and he emphasizes
that for that interval of time, the variations in the spatial coordinates of the world
lines should be arbitrary constants to represent an overall translation of those world
lines. However, in order to claim his resulting Lagrangian equation is valid, it has
to be understood that as in the first case, the variations in the spatial coordinates
must be arbitrary functions of the time coordinate which vanish at the end times.
This implies that the Lagrangian variation extremizes the action among all those
world lines which break the rigid Born symmetry assumed in the solution about
which the variation takes place. It does not allow for a variation among the family
of Born rigid motions of the electron nearby the given solution. None of this is
made explicit in Fermi’s article.

If the spatial variations were arbitrary constants in the Fermi coordinate system
in order to preserve the rigidity in the variation, and if they were to vanish on the end
time slices, they would vanish everywhere, so could one not conclude that at every
time along the world tube of the electron that the spatial integral coefficients of the
variation must vanish. On the other hand if they did not vanish at the end times, one
could not ignore the boundary terms which result from the integration by parts along
the time lines. Furthermore, without being independent variations at each time, one
cannot conclude that their coefficients must vanish. This is a very tricky point since
in general one cannot impose symmetries on a Lagrangian and be guaranteed to get
the same equations of motion for the restricted variational principle as those that
result from imposing the symmetries on the Lagrangian equations of motion derived
from the general variational principle as discussed by Maccallum and Taub for the
complementary problem of spatial rather than temporal symmetry imposed on a
Lagrangian [45]. It is the boundary terms which play the key role in this discussion.
By not requiring that the variations about a symmetric solution conform to the
symmetry, Fermi appears to have avoided these difficulties.

Note that the model of the charge distribution as some kind of rigid body is
necessary in order to assign some common acceleration to the system at each mo-
ment of time (that of the central world line) so that its coefficient in the equations
of motion can be interpreted as the inertial mass. Consider therefore as Fermi does
such an accelerated system of electric charge in special relativity held at rest rela-
tive to each other by some external forces (i.e., in conventional or relativistic rigid
motion). The corresponding action is given in inertial coordinates by the usual
Lagrangian integral in inertial coordinates with the additional term in the mechan-
ical mass added back into the discussion representing a rest mass distribution with
differential mass dm assumed to have the same rigidity properties as the charge
distribution with differential charge de, i.e., they mass and charge elements share
the same world lines

S = S(Aµ, x
α) =

∫ (
− 1

16π
FαβFαβ +AµJ

µ

)
d4x−

∫
dτ dm . (44)

The region of integration is an arbitrary region of spacetime, and the 4-current
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Jµ = ρUµ depends on the parametrized world lines of the charged particles, whose
unit 4-velocity is Uµ = dxµ/dτ if dτ is the increment of proper time along them.
The charge and mass terms are first integrated over the world lines of the charge and
mass elements and then over the family of these world lines. Both the charge and
mass profiles as a function of the family of world lines of the matter distribution are
assumed to be given and fixed along those world lines. Fermi discusses and varies
this action in his Fermi coordinate article (Fermi 3, [4]). The line integrals in the
charge and mass distribution terms are parametrization independent, so the world
lines can be parametrized by any parameter, including coordinate time.

Varying S with respect to the vector potential Aµ, fixing the world lines of the
charge distribution, leads to the inhomogeneous Maxwell’s equations. In fact

δS|xα=const. =
∫
d4x

(
− 1

8π
FαβδFαβ + JµδAµ

)
=
∫
d4x

(
− 1

4π
Fαβδ(∂αAβ) + JµδAµ

)
=
∫
d4x

(
1
4π
∂αF

αβδAβ + JµδAµ

)
−
∫
d4x

1
4π
∂α(FαβδAβ)

=
∫
d4x

(
1
4π
∂αF

αµ + Jµ

)
δAµ , (45)

that is
∂αF

µα = 4πJµ . (46)
The next to last equality in this sequence follows from the usual Lagrangian variation
integration by parts, resulting in the integral of a divergence which by Gauss’s law
is equivalent to a boundary integral where the variation is assumed to vanish and
hence does not contribute to the final expression.

The variation of S with respect to the coordinates of the charge element world
lines where the above variations A and B are relevant requires first reinterpreting
the spacetime volume integral of the interaction term as the integral over a family
of line integrals along those world lines. This is most easily done using the adapted
Fermi coordinate system where the spatial coordinates parametrize the world lines
of the charge elements, which are the time lines of the system. The spacetime
volume element is d4x = Ndt dV = dτ dV with dV = d3x and dτ = N dt. The
4-current is Jµ = ρUµ, where ρ is the rest frame charge density, which is a constant
(along the world lines but zero everywhere else), and Uα = dxα/dτ is the charge
element 4-velocity. Then let de = ρdV . The interaction term in the action can then
be represented as the integral of the line integral alone the world line with respect
to the rest frame charge density∫

JµAµd
4x =

∫ ∫
ρAµ

dxµ

dτ
dτ dV =

∫ (∫
Aµdx

µ

)
de . (47)

Keeping in mind the geometrical origin of de, the line integral is coordinate inde-
pendent and so one can use this expression also in inertial coordinates using any
parametrization of the world lines.
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Since variations of the electromagnetic field Lagrangian at constant Aα vanish,
we only have to vary the source term, where Aα is instead evaluated along the
charge element world lines so δAµ = Aµ,νδx

ν . Using the fact that δ(dxµ) = d(δxµ)
as usual in the Lagrangian variation, we find step by step for the variation of the
interaction term

δS|Aα=const. = δ

(∫
de dxµAµ

)
=
∫
de

∫
[Aµ,σdx

µδxσ +Aσδdx
σ]

=
∫
de

∫
[Aµ,σdx

µδxσ − dAσδx
σ + d(Aσδx

σ)]

=
∫
de

∫
[(Aµ,σ −Aσ,µ)dxµδxσ + d(Aσδx

σ)]

=
∫
de

∫
Fσµdx

µδxσ +
∫
de

∫
d(Aσδx

σ) . (48)

Ignoring the boundary term, the first integral (where the line integral part is in-
dependent of the parametrization of the world lines) can be expressed in terms of
inertial coordinates or proper time in Fermi coordinates, where the Fermi lapse
correction factor depends on the location of the charge element∫ (∫

Fσµ
dxµ

dt
de

)
δxσ dt =

∫ (∫
Fσµ

dxµ

dτ
Nde

)
δxσ dt . (49)

Both expressions are equivalent but the presence of a nonunit lapse function in the
Fermi coordinate system is crucial.

If we consider the left expression in inertial coordinates in which the electron is
momentarily at rest (so that N = 1, dxµ/dt = δµ

0 and dV agrees with the Fermi
coordinate volume element), it reduces to∫ (∫

Ei de

)
δxi dt =

∫ (∫
ρEidV

)
δxi dt (50)

since Fi0 = Ei is the electric field in inertial coordinates and F00 = 0. The factor
in parentheses is just the total electric force on the distribution of electric charge
at this moment. For the Fermi variation A in these inertial coordinates, one has
δxσ = δσ

iδx
i(t) and one can require that δxi(t1) = 0 = δxi(t2) at the boundary

inertial time hyperplanes of the region of integration, while leaving δxi(t) arbitrary
in between. This allows one to ignore the boundary term which integrates to the
end times where the variation vanishes, while forcing the expression in parentheses
to zero if we ignore the mechanical mass term in the Lagrangian for the moment,
leading to the condition ∫

ρEidV = 0 . (51)

This is the starting point of the Abraham-Born derivation of the equations of mo-
tion in the model of the electron with zero mechanical mass, showing that it is
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equivalent to assuming the noncovariant rigidity condition, which Fermi concludes
must obviously invalidate that model.

The only difference for his variation B in the Fermi coordinate system is the
additional factor of the Fermi lapse in the differential of proper time needed to
define the electric field in that coordinate system

0 =
∫
Fσµ

dxµ

dτ
Nde =

∫
FσµU

µNde =
∫
ρE(U)µNdV , (52)

an expression which only has nonzero components E(U)µ = δi
µE(U)i in either

Fermi coordinates or in inertial coordinates in which the electron is momentarily
at rest, where E(U)i = Ei then agree. Clearly when the acceleration is identically
zero Γi = 0 and N = 1, the final conditions are the same for both cases A and B, so
one must have nonzero acceleration to see a difference in these two cases. Of course
without acceleration one cannot measure the inertial mass.

To finish the story we must analyze these conditions in terms of the internal
forces exerted on the charge elements by other charge elements and the forces ex-
erted by the external electromagnetic field responsible for the acceleration of the
electron. It is the separation of the self-field and the external field that allows one
to extract the Lorentz force law relation to the acceleration of the central world line
(corrected by radiation reaction terms if one expands if far enough in the acceler-
ation) and thus identify the inertial mass coefficient where the 4/3 problem is ap-
parent, and Fermi’s correction restores this factor to 1. The uncorrected Abraham-
Lorentz condition is discussed in detail in Jackson [37] (although the Third Edition
omits the final explicit evaluation of the famous 4/3 term), so we only summarize
it here. We then follow Fermi in explicitly evaluating the correction term to see its
effect in removing the unwanted 4/3 factor. Finally we will consider the additional
mechanical mass term in the Lagrangian to follow Fermi’s original Lagrangian dis-
cussion in his third paper. For the moment we set this term to zero as in Fermi’s
fourth paper.

• Field separation for variations of type A

Consider first the system of variations A.

0 =
∫
Ea de . (53)

Let E = Eself +Eext, where Eself and Eext the contributions to the total field due to
the self-interaction of the system and to the external electric field respectively, the
latter of which is assumed to be sufficiently uniform over the small dimensions of
the system that it can be pulled out of the integral, which results in the total charge
multiplying the external electric field evaluated at the central world line. Eq. (53)
thus becomes

F a
ext ≡

∫
Ea

ext de = Ea
ext

∫
de = −

∫
Ea

self de ≡ −F a
self . (54)
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The self-force is the result of the interaction of each element of charge of the sphere
with every other element. The explicit details of the calculation involving the re-
tarded times can be found in Jackson’s textbook [37]. The self-field can be expressed
in terms of the self-potentials A and φ by

Eself = −∇φ− 1
c

∂A

∂t
, (55)

so that

Fext =
∫
ρ

[
∇φ+

1
c

∂A

∂t

]
d3x , (56)

since the charge element is de = ρ d3x. We now adopt the Jackson notation that x is
the spatial position vector in the Cartesian coordinate system and dV = d3x is the
spatial volume element, and let v and a = v̇ = Γ be the velocity and acceleration
of the charge distribution, which at the initial time t of our calculation satisfies
v(t) = 0 (all elements of the charge distribution are simultaneously at rest) and
a = a(t) (the acceleration is the same for all elements of the charge distribution at
that moment), expressing the nonrelativistic rigidity of the charge distribution. We
also reintroduce factors of the speed of light c into the discussion.

By evaluating the potentials at the retarded time t′ = t− |x− x′|/c, i.e.,

A =
1
c

∫
[J(t′,x′)]ret
|x− x′|

d3x′ , φ =
∫

[ρ(t′,x′)]ret
|x− x′|

d3x′ , (57)

and using the rule (Taylor series expansion about the time t′ = t)

[. . .]ret =
∞∑

n=0

(−1)n

n!

(
|x− x′|

c

)n
∂n

∂tn
[. . .]|t′=t , (58)

Eq. (56) becomes

Fext =
∞∑

n=0

(−1)n

n! cn

∫
d3x

∫
d3x′ ρ(t,x)

∂n

∂tn

[
ρ(t,x′)∇(|x− x′|n−1)

+
|x− x′|n−1

c2
∂J(t,x′)

∂t

]
. (59)

Consider the first term in the brackets. The n = 0 term∫
d3x

∫
d3x′ ρ(t,x)ρ(t,x′)∇|x− x′|−1 (60)

vanishes in the case of a spherically symmetric charge distribution, whereas the
n = 1 term is identically zero (gradient of a constant), implying that the first
nonvanishing contribution comes from n = 2. Changing the summation indices
thus leads to

Fext =
∞∑

n=0

(−1)n

n! cn+2

∫
d3x

∫
d3x′ ρ(t,x)|x− x′|n−1 ∂

n+1

∂tn+1

[
J(t,x′)

+
∂ρ(t,x′)

∂t

∇(|x− x′|n+1)
(n+ 1)(n+ 2)|x− x′|n−1

]
. (61)
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The continuity equation, spherical symmetry and angular averaging can be used to
simplify this expression, taking into account also that for a rigid charge distribution
the current is J(t,x′) = ρ(t,x′)v(t), where v(t) = 0 holds at the time t at which
this calculation is carried out, so only its time derivatives contribute to the series
expansion. The term in this expansion containing the first time derivative of the
acceleration Γ̇ = v̈ is associated with the radiation reaction, not discussed here.

The final result, obtained by neglecting all nonlinear powers of the acceleration
and its derivatives (which appear for n ≥ 4), at lowest order can be written as

Fext = −Fself =
2
3

∞∑
n=0

(−1)n

n!
In
cn+2

∂n

∂tn
v̇ , (62)

where

In =
∫ ∫

d3xd3x′ ρ(t,x)|x− x′|n−1ρ(t,x′) . (63)

The lowest order term is the only one considered by Fermi to make his point and
is twice the self-energy of the charge distribution

I0 = 2W =
∫ ∫

d3xd3x′
ρ(t,x)ρ(t,x′)
|x− x′|

, (64)

which for the spherical shell model of the electron is 2W = e2/r0. In the point
particle limit, I0 diverges corresponding to the infinite self-energy of a point particle,
I1 = e2, and In = 0 for n > 1. When the charge is uniformly distributed over the
surface of the sphere one has In = 2e2(2r0)n−1/(n+ 1).

In the nonrelativistic limit for any smooth spherically symmetric distribution of
charge (i.e., considering only the n = 0 term of the series) Eq. (62) becomes

FNR
self = −4

3
W

c2
v̇ , (65)

so that the Newton’s equation of motion for the system takes the form

FNR
ext =

4
3
memv̇ , mem =

W

c2
. (66)

This is 4/3 times the electromagnetic massmem defined by the Einstein mass-energy
relation. Recall that this is understood to be expressed in an inertial frame in which
the electron is momentarily at rest, ignoring higher order terms in the acceleration
which include the famous radiation reaction terms.

• Field separation for variations of type B

The “correct” result in which the unwanted factor of 4/3 is removed is achieved
starting instead with Fermi’s corrected integral condition, so that in the previous
calculation of Jackson we must replace the factor of ρ(t,x) in the double spatial
integral by ρ(t,x)(1 + v̇(t) · x), assuming that we are using a Fermi coordinate
system at a time slice which coincides with the previous inertial coordinate slice
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of the preceding discussion when the electron is momentarily at rest. Thus the
vanishing integral n = 0 term, namely Eq. (60), of the original expansion now
becomes ∫

d3x

∫
d3x′ ρ(t,x)[1 + v̇(t) · x/c2]ρ(t,x′)∇|x− x′|−1

=
∫
d3x

∫
d3x′ ρ(t,x)[v̇(t) · x/c2]ρ(t,x′)∇|x− x′|−1 . (67)

Fermi noted that this double spatial integral will give the same value if the two
dummy vector integration variables are switched, and hence can also be replaced
by the average of these two ways of writing the same integral. Letting ∇|x−x′|−1 =
−(x− x′)/|x− x′|3

c−2

∫
d3x

∫
d3x′ ρ(t,x)ρ(t,x′)[v̇(t) · x](x′ − x)/|x− x′|3

= c−2

∫
d3x

∫
d3x′ ρ(t,x′)ρ(t,x)[v̇(t) · x′](x− x′)/|x− x′|3

= −c−2 1
2

∫
d3x

∫
d3x′ ρ(t,x)ρ(t,x′)[v̇(t) · (x′ − x)](x′ − x)/|x− x′|3 . (68)

Now imposing spherical symmetry about the origin, the components of this vector
integral are nonzero only along the acceleration vector, with a coefficient which can
be replaced by the average value of the vector component integral

−[v̇(t) · (x′ − x)](x′ − x) → −v̇(t)
1
3
(x′ − x) · (x′ − x) = −v̇(t)

1
3
|x′ − x|2 (69)

so it reduces to

−1
3
v̇(t)
c2

[
1
2

∫
d3x

∫
d3x′ ρ(t,x)ρ(t,x′)/|x− x′|

]
= −1

3
W

c2
v̇(t) , (70)

since the expression in square brackets is the self-energy of the charge distribution
at the time t. This is the only additional term linear in the acceleration which
contributes to the lowest terms of the previous calculation (so that the lowest order
radiation reaction term is unchanged, although not shown here)

FNR
ext =

4
3
W

c2
v̇ − 1

3
W

c2
v̇ =

W

c2
v̇ , (71)

which leads to the desired result

FNR
ext = memv̇ , mem =

W

c2
. (72)

in the nonrelativistic limit, according to Newton’s law with the electromagnetic
mass mem = W/c2.

Finally to consider the contribution to the Lagrangian from a mechanical mass
distribution, we must vary the final term in the Lagrangian which has been ignored
until now. In the Fermi coordinate system this is trivial. The Lagrangian term is
simply

−
∫
dτ dm = −

∫ (∫
N dt

)
dm = −

∫ (∫
1 + Γix

i dt

)
dm , (73)
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and its variation is

−δ
∫ (∫

1 + Γix
i dt

)
dm = −

∫ (∫
Γiδx

i dt

)
dm

= −
(∫

dm

)∫
Γiδx

idt = −
∫

(m0Γi)δxidt , (74)

where m0 is the total mechanical mass. The contribution to the above Fermi con-
dition are the coefficients of the arbitrary variations δxi = δxi(t), namely just the
term −

∫
(m0Γi) = −m0v̇

i. The complete equation of motion is then first∫
ρE(U)i(1 + Γjx

j) dV −m0Γi = 0 , (75)

and then after splitting off the self-force and passing to the lowest order approxi-
mation

(m0 +mem)v̇ = FNR
ext . (76)

Thus mechanical mass and the electromagnetic mass contribute in the same way to
the total inertial rest mass of the spherical distribution of charged matter.

Relating Kwal-Rohrich back to Fermi through Gauss

Given the Kwal-Rohrlich 4-momentum evaluated for an unaccelerated electron and
the inertial mass contribution from the electromagnetic field found by Fermi for
the accelerated electron, it is natural to look for a relation between them. In the
unaccelerated case, one has an entire family of distinct 4-momenta which depend on
the inertial observer, but the one we usually associate with the electron of a certain
rest energy is the one defined by the rest frame observer. Although Fermi stopped
his analysis once he achieved his limited goal, in light of the 4-momentum integral
situation in which interest later arose, it is natural to continue his line of thought
to its logical conclusion. We do this here and find that Fermi’s corrected condition
which generates the correct equations of motion guarantees the conservation of the
total 4-momentum as seen in the instantaneous rest frame of the accelerated electron
at each point of its world line.

All we need do do is specialize the Gauss law discussion begun in Section 2
to the electromagnetic stress-energy tensor over the spacetime region R between
two successive time hyperplanes Σt and Σt+∆t associated with a Fermi coordinate
system adapted to the central world line of the accelerated electron, as in Fig. B.1
of the Appendix where the case of 1-dimensional motion is illustated. Let ∆t > 0
so t + ∆t is to the future of t along the central world line where t measures the
elapsed proper time. Fig. B.1 shows the tilting of the Fermi time slices to remain
orthogonal to the central world line of the electron and to the common local rest
space of the elements of charge which make up the electron sphere. Then Eqs. (13)
and (5) lead to the fundamental relation

−
∫

R

QαρE(U)αd4V = Qα [P (Σt+∆t)α − P (Σt)α] , (77)
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where on the right hand side the components have to be expressed in inertial coor-
dinates or the components Qα are not constant and cannot be factored out of the
integral. On the left hand side, if evaluated in the Fermi coordinate system, these
components are functions of time to compensate for the time-dependent change of
direction of the 4-velocity of the central world line, and so can only be pulled out
of the spatial integral. Recall that E(U)α is the electric field seen in the electron
rest frame and ρ is the rest frame charge density.

Let R− be the half-region for which the hyperplane Σt+∆t is in the future of Σt,
while R+ has the reverse relationship, as in Fig. B.1, so that the world tube of the
electron cuts through the region R− as shown there. Splitting the integral into the
spatial integral and then the temporal integral, using the spacetime volume element
d4V = (1 + Γix

i)dV dt, one then has

−
∫ t+∆t

t

Qα

∫
Στ∩R−

[
ρE(U)α(1 + Γix

i)dV
]
dτ = Qα [P (Σt+∆t)α − P (Σt)α] .

(78)
For the Born rigid distribution of charge according to the Fermi condition (75),
the spatial integral in parentheses on the left hand side of Eq. (78) at each Fermi
time (which the proper time parameter along the central world line) equals the
mechanical mass times the proper time covariant derivative D/dτ of the 4-velocity
of the central world line

m0δ
α

iΓi = m0
Duα

dτ
=
D

dτ
(m0u

α) =
D

dτ
pα
0 (79)

where pα
0 = DUα/dτ is the mechanical momentum. Here we use the notation

D/dτ to remind us that in noninertial coordinates like those of Fermi, the covariant
derivative along the parametrized curve does not coincide with the action of the
ordinary such derivative, but when we evaluate the expression in components with
respect to a fixed inertial coordinate system, it does. The final integral with respect
to the Fermi time coordinate, if performed with the components taken in an inertial
coordinate system, is then just the difference of the mechanical momentum between
the two Fermi times∫ t+∆t

t

Qα

(
dpα

0

dt

)
dt = Qα [p0(t+ ∆t)α − p0(t)α] , (80)

so that

−Qα [pα
0 (t+ ∆t)− pα

0 (t)] = Qα [P (t+ ∆t)α − P (t)α] , (81)

Expressing this in inertial coordinates, since Qα are arbitrary constants, we find

p0(t+ ∆t)α + P (t+ ∆t)α = p0(t)α + P (t)α , (82)

namely that the sum of the mechanical 4-momentum and the 4-momentum of the
external electromagnetic field pα

0 +Pα must be the same on the two Fermi time slices
and hence on every Fermi time slice. In other words the Fermi condition is equivalent
to the conservation of the Kwal-Rohrlich 4-momentum for the total system, a fact
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which no one seems to have realized until now. Thus Fermi also pointed the way
towards selecting the only observer-defined total 4-momentum which is conserved
and which corresponds to what we associate with this system. The proper time
derivative of this relation gives its rate of change version

D

dt
(p0(t)α + P (t)α) = 0 . (83)

Thus the calculations initiated by Fermi nearly a century ago have finally reached
their natural conclusion.

Apart from Kolbenstvedt [26] much later in 1997, only Aharoni [11] seems to
have seen and understood Fermi’s argument, explaining exactly what Fermi did
in detail in his 1965 textbook revised because of the then recent Rohrlich work
on this topic and re-interpreting it in his own way, explaining in detail how the
4-momentum integrals first explained by Kwal and later Rohrlich are connected to
Fermi’s approach to the problem. Anaroni’s equations (6.5), (6.18) and (6.19) for
the total self-force due to the electron charge distribution involve through his (6.18)
the proper time rate of change of an integral over the spacetime region between two
successive proper time hypersurfaces of the electron (his own reformulation of the
self-force in view of the Kwal-Rohrlich integral definition as noted in a footnote).
Aharoni considers the following equivalent reformulation of the previous equations
valid for the total electromagnetic field, but restricted only to the self-field in order
to define the self-force due only to the self-field of the charge distribution

dPµ

dτ
= − d

dτ

∫ τ

τ0

∫
Fself

µ
νJ

ν dτdΣ = −δµ
i

∫
(1 + Γjx

j)Ei
selfρ d

3x . (84)

However, Aharoni failed to relate his“postulated” self-force expression to Gauss’s
law to show that it actually is related to the proper time rate of change of the Kwal-
Rohrlich 4-momentum integral restricted to the self-field. Spohn and Yaghjian
both have long bibliographies in their textbooks, but neither mentions Aharoni,
while Rohrlich has an author index indicating Aharoni’s name on page 283 where
no reference to anyone can be found. Only the much later work of Kolbenstvedt
acknowledges Fermi’s approach, rederiving it in a slightly different but equivalent
form, also ignored by Rohrlich, Spohn and Yaghjian in their later editions.

Concluding Remarks

It is unfortunate that the first four papers by one of the leading physicists of the
twentieth century were never translated from their original Italian. The fourth paper
which concludes this series and which appeared in preliminary versions in both
Italian and German, was the culmination of Fermi’s early work in relativity only a
few years after the birth of general relativity and written while he was a university
student. Its actual contents seem to have remained a mystery to nearly all those who
have cited it in discussions of the classical theory of the electron which still interests
people even today, while the leading textbook on classical electrodynamics still
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Fig. 3 Figure 5.3.b from Misner, Thorne and Wheeler redrawn with an inner cylindrical boundary
which is the world tube of the electron sphere boundary. The arrows show the chosen unit normal
direction for the orientation of each hypersurface, but in the single Gauss law relation for the
region of spacetime between Σ1 and Σ2 excluding the shaded region inside the cylinder, the sum
of the outward normally oriented integral contributions is zero for a divergence-free vector field.
Here the boundary term due to the portion σ of the cylinder between the two parallel hyperplanes
vanishes by spherical symmetry.

repeats the Abraham-Lorentz derivation of the equations of motion without Fermi’s
correction, although admitting that it can be relativistically corrected following
Fermi. Ironically Fermi’s third paper (see [46] for a historical discussion), which
he considered only a tool for obtaining his result in that fourth paper, and which
Fermi never even explicitly cited there, did make an indelible mark on relativity
with the terms Fermi coordinates and Fermi-Walker transport, although even the
much later paper by Walker that coupled together their names forever also ignores
Fermi’s original paper in Italian. Surprisingly even the text by Rohrlich updated
only recently four decades after its original publication fails to connect his own
adjustment of the definition of the 4-momentum of the electromagnetic field of the
classical electron to Fermi’s argument about the equations of motion, while the
more recent books by Yaghjian and Spohn devoted to this area also show no sign
that they have ever seen Fermi’s argument. We hope the present work restores
Fermi’s message to its rightful place and perhaps provoke some thought about its
meaning. A shorter version of this discussion has been published elsewhere [47] and
reproduced in Appendix B.
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Fig. 4 The world tube of the electron sphere is a cylinder in spacetime about the t axis, shown
here with one spatial dimension suppressed. The time slices t = 0 (Σ) and t′ = 0 (Σ′) cut this
cylinder, intersecting in the spacelike 2-plane x1 = 0, t = 0, which separates the spacetime region
between these time slices into two disjoint subregions x1 > 0 and x1 < 0. Gauss’s law applies
separately to each of these two simply connected regions outside the electron sphere cylinder,
but the signs of the outward normals of the time slices switch between these two regions, while
remaining the same for the cylindrical portion of their boundaries.

Appendix. Gauss’s theorem and “conservation laws”

For a divergence-free stress-energy tensor in all of Minkowski spacetime which falls
off sufficiently fast at spatial infinity, its integral over any two parallel inertial time
hyperplanes would be the same by Gauss’s law, as explained in most standard
textbooks in relativity, see Chapter 5 of Misner, Thorne and Wheeler [41], for
example, or Appendix A1–5 of Rohrlich’s Third Edition [34], or Anderson [38].
This gives the usual 4-momentum conservation law that the 4-momentum has the
same value for different time slices for a given inertial observer. However, for two
time slices associated with a pair of inertial observers in relative motion, the time
slices necessarily intersect so one has to be more careful in applying Gauss’s law
to this more general situation, though again one finds that the 4-momentum is
independent of the observer as well as the time slice. However, in the present
case the nonzero divergence due to the source inside the timelike world tube of the
electron sphere surface, or equivalently the boundary term on that world tube if one
excludes the sources from Gauss’s law, interferes with this more familiar picture,
forcing the 4-momentum of the electromagnetic field to depend explicitly on the
inertial observer. We consider these complications in detail in this appendix since
they do not seem to be discussed in standard textbooks. The spherical shell model
of the electron discussed in the first section is used to illustrate the evaluation of
the Gauss law integrals.

Fig. 1 generalizes Fig. 5.3.b of Misner, Thorne and Wheeler: it represents a
constant x2, x3 slice of the unaccelerated electron world tube centered at the origin
of the unprimed spatial coordinates in spacetime. As in section 2, the unprimed
coordinates are associated with the rest frame K of the electron, while the primed
coordinates are associated with a frame K ′ in relative motion with respect to the
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unprimed frame is in the x1 direction with velocity −v < 0 as shown in the figure.
Consider the spacetime region devoid of electromagnetic sources between two space-
like hyperplanes Σ′

1 and Σ′
2 of constant inertial times t′1 and t′2 > t′1 and outside

of an internal lateral boundary σ between them which is a subset of the cylindrical
timelike surface representing the world tube of the electron spherical surface (r = r0
in its rest frame). Let Σ′

1 and Σ′
2 be the portions of those planes exterior to this

cylinder. Suppose Σ′
1 and Σ′

2 are oriented by their future-pointing unit normal vec-
tor fields and σ by its inward unit normal ∂/∂r relative to the region of spacetime
in question. Let Q be any covariant constant 4-vector so that qµ = QνT

νµ
em is a

divergence-free vector field in the spacetime region bounded by the three hypersur-
faces Σ, Σ′ and σ, as well as by the lateral boundary at spacelike infinity, a region
to which Gauss’s law with zero volume integral and outward pointing normals ap-
plies. Taking the orientations into account relative to the outward normal on each
boundary hypersurface, one then has∫

Σ′2

QµT
µν
emdΣν −

∫
Σ′1

QµT
µν
emdΣν =

∫
σ

QµT
µν
emdσν . (85)

If the lateral boundary term vanishes, then the integral is the same over each of the
two time hypersurfaces outside the world tube of the electron sphere. Indeed for
time slices in the rest frame of the electron, or in the moving frame, these integrals
are time-independent, which corresponds exactly to the vanishing of the integral
over the electron surface tube between the two slices. This follows for all possible
projections Qα in the explicit evaluation of the lateral integral from the vanishing
of T 0r

em itself and of the surface integral of the spatial stress components

T xir
em = T rxi

em = T rr
em

∂xi

∂r
= −T 00

em

xi

r
(86)

over the 2-sphere r = r0, which follows from the spherical symmetry and the fact
that the integral along the time direction on the cylinder is the constant rest frame
time difference t2 − t1 = γ(t′2 − t′1). However, even though for each such inertial
coordinate system, the integral at constant time is time-independent, we must do
a second calculation to relate the results of the integration with respect to inertial
coordinate systems in relative motion.

In the usual textbook situation of a free electromagnetic field with no sources,
one does not exclude any world tube from the Gauss law application so the internal
boundary integral is not present and the divergence integral is zero. As a result
the difference of the integrals over the two time parallel hyperplanes is zero. The
same remarks will apply to the Gauss law application to two intersecting time
hyperplanes, extending the equality of the 4-momentum integral to all inertial time
slices.

The situation between the time hyperplanes of two different inertial frames is
more complicated since the hyperplanes necessarily intersect, as shown in Fig. 2
with one spatial dimension suppressed, assuming that the relative velocity v along
the direction x1 of the electron rest frame relative to the moving primed frame is
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Fig. 5 Fig. 5.3.c from Misner, Thorne and Wheeler (or Fig. A1–3 from Rohrlich’s Third Edi-
tion) redrawn with an inner cylindrical boundary which is the world tube of the electron sphere
boundary, showing a constant x2, x3 slice of the previous figure. The arrows show the chosen unit
normal direction for the orientation of each hypersurface, which changes sign relative to the unit
outward normal of the exterior region outside the cylinder going from x1 > 0 to x1 < 0. Here
the boundary term due to the portion σ of the cylinder between the two parallel hyperplanes is
now nonvanishing. The two halves σ+ (x1 > 0) and σ− (x1 < 0) contribute terms with opposite
signs to the two separate Gaussian integral relations because of the change in sign of the outward
normals on Σ and Σ′, and hence in the difference relation needed to reassemble the two halves of
those time hypersurface integrals, they contribute a nonzero correction term.

positive, as in the previous figure. Fig. 3 shows a constant x2, x3 slice of Fig. 2
generalizing Fig. 5.3.c of Misner, Thorne and Wheeler [41] (or Fig. A1–3 from
Rohrlich’s Third Edition), but with an additional internal lateral boundary, here
the portion σ of the cylinder representing the electron sphere centered around the
t axis and extending between the two time slices. Consider the region of spacetime
exterior to the electron sphere bounded by the time hypersurfaces t = 0 and t′ = 0,
with unit future-pointing normals U = ∂/∂t and U ′ = ∂/∂t′. Let σ = σ− ∪ σ+

be the portion of the cylindrical world tube of the electron sphere between these
two time hyperplanes, divided into two disjoint parts σ+ for x1 > 0 and σ− for
x1 < 0, each with the orientation induced by the outward radial normal ∂/∂r
relative to the sphere. For each point on the electron sphere, σ consists of the
region between t = 0 and t = −vx1, so the integral on σ along t leads to a factor
∆t = 0− (−vx1) = vx1 > 0 for x1 > 0 and a factor ∆t = −vx1 − 0 = −vx1 > 0 for
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x1 < 0 since the integrand is independent of t along the cylinder.
Similarly let Σ = Σ− ∪ Σ+ and Σ′ = Σ′

− ∪ Σ′
+, each with the future-pointing

normal orientation, and let Σ = Σ− ∪ Σ+ and Σ′ = Σ′
− ∪ Σ′

+ be the portions of
those regions outside the world tube of the electron sphere. One can separately
apply Gauss’s law to the two disjoint regions with these boundaries and reassemble
the pieces to get a relation between the integrals over Σ, Σ′ and σ. Since the outer
normal directions switch directions for Σ and Σ′ but not σ going from x1 > 0 to
x1 < 0, one must take the difference of the two separate Gauss law relations to
reassemble the total integrals over Σ and Σ′, which leads to a net nonvanishing
contribution from σ in spite of the spherical symmetry. One has∫

Σ+

QµT
µν
emdΣν −

∫
Σ′+

QµT
µν
emdΣν =

∫
σ+

QµT
µν
emdσν ,∫

Σ′−

QµT
µν
emdΣν −

∫
Σ−

QµT
µν
emdΣν =

∫
σ−

QµT
µν
emdσν , (87)

and therefore taking the difference∫
Σ′
QµT

µν
emdΣν −

∫
Σ

QµT
µν
emdΣν

=
∫

Σ′+

QµT
µν
emdΣν −

∫
Σ+

QµT
µν
emdΣν

−

(∫
Σ−

QµT
µν
emdΣν −

∫
Σ′−

QµT
µν
emdσν

)

= −
∫

σ+

QµT
µν
emdσν +

∫
σ−

QµT
µν
emdσν . (88)

Consider applying the above relation in this setting for Q = −U ′, so that qα =
−U ′

ν′T
ν′α
em = T t′α

em = γ(T tα
em + vT x1α

em ). Then∫
Σ′
qαdΣα =

∫
Σ′
T t′t′

em dV ′ = W ′ (89)

while ∫
Σ

qαdΣα =
∫

Σ

T t′t
em dV = γW . (90)

Using the exterior field in the source free region outside the electron spherical shell
model as an example, one finds that the cylindrical world tube integrals, since the
integrand is independent of t, are explicitly∫

σ+

qαdσα =
∫

σ+

T t′r
em dt dS =

∫
σ+

γ(T tr
em + vT x1r

em ) dt dS

=
∫ π/2

−π/2

∫ π

0

(0− (−vx1))γv
(
x1

r0
T rr

em

)
r20 sin θ dθdφ

= γv2r30T
rr
em

∫ π/2

−π/2

∫ π

0

(sin θ cosφ)2 sin θ dθdφ

=
1
6
γv2(4πr30T

rr
em) = −1

6
γv2W . (91)
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and ∫
σ−

qαdσα =
∫ 3π/2

π/2

∫ π

0

((−vx1)− 0)γv
(
x1

r0
T rr

em

)
r20 sin θ dθdφ

= −γv2r30T
rr
em

∫ 3π/2

π/2

∫ π

0

(sin θ cosφ)2 sin θ dθdφ

= −γv2r30(4πT
rr
em)

1
6

=
1
6
γv2W . (92)

Since the outward normals on Σ and Σ′ reverse direction on the second set of
integrals, but the outward normal on σ does not, the separate Gauss’s law relations
are ∫

Σ′+

qαdΣ′
α −

∫
Σ+

qαdΣα = −
∫

σ+

qαdσα∫
Σ′−

qαdΣ′
α −

∫
Σ−

qαdΣα =
∫

σ−

qαdσα (93)

and their sum is

W ′ − γW =
∫

Σ′
qαdΣ′

α −
∫

Σ

qαdΣα

= −
∫

σ+

qαdσα +
∫

σ−

qαdσα =
1
3
v2γW . (94)

Thus the unwanted correction factor is exactly the integral over the cylindrical
boundary over the electron sphere of the moving frame 4-velocity component of the
stress-energy tensor, with the factor of 1/3 equal to

1
4π

∫ 2π

0

∫ π

0

(sin θ cosφ)2 sin θ dθdφ

=
1
4π

∫
S2

(x1)2

r20
dΩ =

1
3

1
4π

∫
S2

r20
r20
dΩ =

1
3
, (95)

whose value follows from spherical symmetry as expressed in Eq. (30). This term
which causes the result to differ from the 4-momentum as seen in the rest system
is exactly due to the unbalanced outward radial stress on the charge distribution at
the surface of the electron sphere.

One can repeat this calculation for Q = ∂/∂x′1 in order to express the momen-
tum correction factor as an integral over this boundary, with one less factor of v in
the correction term since

T x1′r
em = γ(T x1r

em + vT tr
em) = γT x1r

em (96)

compared to the previous calculation where

T t′r
em = γ(T tr

em + vT x1r
em ) = γvT x1r

em . (97)

With this corresponding correction term the integral relationship now becomes

p1′ − γvW =
1
3
γvW → p1′ =

4
3
γvW . (98)



August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408

708 Einstein, Fermi, Heisenberg and Relativistic Astrophysics: Personal Reflections

explaining the famous factor of 4/3.
On the other hand for the model with a uniform distribution of charge within

the electron sphere, one must extend the hypersurface integrals over the interior
region to evaluate the total 4-momentum in the electromagnetic field since the field
is no longer zero there. Only by doing this does the self-energy integral of the static
charge configuration agree with the energy in the electric field it generates. This
forces one instead to consider the spacetime volume divergence integral over that
region in applying Gauss’s law, rather than the spherical boundary hypersurface
integral. One could do the same for the spherical shell model, where the divergence
integral would yield the same result as the spherical boundary integral evaluated
above when excluding the region containing the charge.

Fig. 6 Left: The plane of the two inertial observer 4-velocities for motion along the x1-axis. The
rest frame axis x1 has slope ν. A unit vector along this axis has primed 0′ and 1′ components
〈γν, γ〉. The relative velocity of U ′ as seen by the rest frame observer with 4-velocity Urest is
~ν(U ′, Urest), which extends from the tip of Urest to the vertical axis along U ′, and whose 0′

and 1′ components are −ν〈γν, γ〉. Right: The rest frame 4-momentum and the moving frame
4-momentum.

We can easily re-express the above component relationships (94) and (98) in
4-vector form. The subtracted terms on the left hand side are exactly the moving
frame inertial coordinate components of the 4-momentum as seen by the rest frame

〈P (Σrest)0
′
, P (Σrest)1

′
〉 = 〈γW, γvW 〉 . (99)

The right hand sides instead have corresponding primed components 1
3γv〈v, 1〉,

which can be re-expressed as follows. The 4-vector with its first two primed com-
ponents equal to vγ〈v, 1〉 is just the sign-reversed relative velocity of the mov-
ing frame compared to the rest frame as seen in the rest frame, call its com-
ponents −ν(U ′, Urest)α′ . See Fig. 5. The rest energy is just W = P (Σrest)0 =
−P (Σrest)βU

β
rest, where for emphasis we include the subscript notation for the rest
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frame quantities. Thus we get in index-free notation

P (Σ
′
)− P (Σrest) = −1

3
Wν(U ′, Urest)

=
1
3
P (Σrest)βU

β
restν(U

′, Urest) , (100)

so that we get the following orthogonal decomposition of the general 4-momentum

P (Σ
′
) = P (Σrest) +

1
3
P (Σrest)βU

β
restν(U

′, Urest)

= W

(
Urest −

1
3
ν(U ′, Urest)

)
. (101)

This extra 4-vector piece aligned with the relative velocity of the moving frame with
respect to the rest frame is what causes the 4-momentum to depend on the observer
4-velocity relative to the rest system, causing it to deviate from the desired 4-vector
momentum. Its scalar coefficient is directly related to the unbalanced radial stress
at the surface of the electron sphere.

Poincaré stresses are introduced within the electron sphere so that they exactly
compensate for this radial stress, but then they add their own contribution to the
total conserved 4-momentum, which is aligned with the 4-velocity of the electron
sphere. Schwinger has a detailed discussion of these additional stresses [21]. The
best choice to fix the arbitrariness of his family of models simply eliminates the
extra unwanted term along the relative velocity to make the total 4-momentum
equal to the rest frame value for the electromagnetic field alone (h = −1 in the
notation of Jackson [37]). For this choice the stress-energy tensor of the Poincaré
stresses is proportional to the projection gαβ +UrestαUrestβ into the local rest space
of the rest frame, whose contraction with the volume element of the rest frame
time hyperplane therefore vanishes, so in that frame the total 4-momentum integral
reduces to the integral of the electromagnetic stress-energy tensor alone. Since the
total stress-energy tensor is divergence-free, observers in relative motion therefore
measure the same 4-vector 4-momentum WUrestα as in the rest frame.

One can directly evaluate the difference in the 4-momentum 4-vector observed
by the rest and moving frame observers in a few lines using Gauss’s law Eq. (15)
expressed in rest frame inertial coordinates applied to the entire spacetime region
between the rest frame time slice Σrest: t = 0 and the moving frame time slice Σ′:
t′ = γ(t + vx1) = 0, or t = −vx1. See Fig. 6. For the shell model of the electron
the spherical surface density limited to the sphere r = r0 is ρ = e/(4πr20)δ(r −
r0). Because of the delta function, the spacetime volume integral reduces to a
hypersurface integral over the spherical cylinder with volume element dt r20dΩ, but
one has to take into account the fact that the corresponding radial electric field
has a Heaviside function factor: the inertial components of the rest frame Coulomb
field are those of the radial inverse square field H(r − r0)e/r3〈0, x1, x2, x3〉, using
the rest frame inertial coordinate component notation: z = 〈z0, z1, z2, z3〉, where
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Fig. 7 A 2-dimensional cross-section of the region between the rest and moving frame inertial time
hypersurfaces t = 0 and t′ = 0 for relative motion along the x1 direction. Applying Gauss’s law
Eq. (15) to this region requires opposite signed orientations for the spacetime regions on opposite
sides of the plane of intersection x1 = 0 = t.

H(r) is the Heaviside function:

H(x) =


0 x < 0

1/2 x = 0

1 x > 0

. (102)

Recalling that the two regions into which the plane of intersection of these time
hyperplanes are divided have opposite orientation for the spacetime region integral,
we get for the integral over the spherical shell between the hyperplanes

P (Σ′)− P (Σrest) = −
∫

R

ρE(U)d4V

= −
∫

x1<0

∫ −vx1

0

e

4πr20
δ(r − r0)H(r − r0)

e

r3
〈0, x1, x2, x3〉 dt r2dr dΩ

+
∫

x1>0

∫ 0

−vx1

e

4πr20
δ(r − r0)H(r − r0)

e

r3
〈0, x1, x2, x3〉 dt r2dr dΩ

= v
e2

r0
H(0)

(∫
S2,x1<0

1
4πr20

x1〈0, x1, x2, x3〉 dΩ

+
∫

S2,x1>0

1
4πr20

x1〈0, x1, x2, x3〉 dΩ
)

= v
e2

r0
H(0)〈0, 1, 0, 0〉

∫
S2

1
4π

(
x1

r0

)2

dΩ

=
1
3
v
e2

2r0
〈0, 1, 0, 0〉 =

1
3
Wv〈0, 1, 0, 0〉 = −1

3
Wν(U ′, U) , (103)
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where the integrals over the half spheres of the products x1x2 and x1x3 vanish by
symmetry, and the one remaining integral by symmetry is 1/3 the integral with
(x1)2 replaced by r20. The factor H(0) = 1/2 results from the limiting situation of
integration over a thin shell of finite thickness where the radial electric field rises
from 0 to its value at the outer edge of the shell, so its integral over the shell against
the constant charge density function leads to the average value of the electric field,
which has an additional factor of 1/2.

Just for fun, suppose we evaluate the spatial momentum in the moving frame
in terms of the rest frame inertial coordinates, where the future-pointing normal to
the primed inertial time hypersurface t′ = γ(t+vx1) = 0 is n = γ〈1,−v, 0, 0〉, while
γdV ′ = dV , so that on Σ′, the volume element is 〈dΣα〉 = −〈nαdV

′〉 = dV 〈1, v, 0, 0〉.
Then −T 1αnαdV

′ = T 1jnj = T 11(γv)dV ′ = T 11v, so that

P (Σ′)1 =
∫

Σ′
T 1αdΣα =

∫ ∞

r0

∫
S2

T 11vr2dr dΩ = −1
3

∫ ∞

r0

∫
S2

T 00vr2dr dΩ

=
vW

3
. (104)

Noting that ν(U ′, U) = −ν and P (Σrest)1 = 0, we thus recover exactly the previous
result (103).

References

[1] M. Abraham, Ann. Phys. (Leipzig) 10, 105 (1903); Phys. Z. 5, 576 (1904).
[2] H.A. Lorentz, The Theory of Electrons and Its Applications to the Phenomena

of Light and Radiant Heat (Dover, New York, 1952); First Edition 1909, from
lectures of 1906.
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Abstract Fermi’s analysis of the contribution of the electromagnetic field to the
inertial mass of the classical electron within special relativity is brought to its logi-
cal conclusion, leading to the conservation of the total 4-momentum of the field plus
mechanical mass system as seen by the sequence of inertial observers in terms of
which the accelerated electron is momentarily at rest.

Keywords Special relativity · Electromagnetic mass · Conservation laws

1 Introduction

In 1921–1923 Enrico Fermi [1–7] wrote his first four scientific papers in a series
addressing the question of the contribution of the energy in the Coulomb field of a
classical model of the electron to its inertial mass within special relativity. This model
had been developed in the first decade of the 1900s by Abraham [8,9] and Lorentz [10]
during the same period in which special relativity was being born. Fermi’s second
paper [2] studied this question within general relativity using a metric introduced
by Levi–Civita representing a spacetime reference frame accelerated along one spa-
tial direction. Fermi’s third paper [3,11,12] addressed a side issue in this series—the
mathematical theory of his Fermi coordinate system and Fermi–Walker transport (both
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extensively employed by Synge in his early textbook on general relativity [13]), the
latter of which became a key tool in the theory of general relativity—while the culmi-
nating fourth paper written in three versions in Italian and German but never available
in English until now [14], though often quoted, has rarely been appreciated nor under-
stood for its actual content. Fermi himself stopped short of considering his result in
the fourth paper in the context of his third, namely by considering the electromag-
netic contribution to the inertial mass together with a contribution from an additional
mass source (mechanical or bare mass). We finish his calculation here. Furthermore
although the topic continues to interest people even today as an interesting physics
question, the natural completion of his work by applying it to the controversial ques-
tion of the nature of the 4-momentum integrals for the electromagnetic field has never
been correctly considered. We do so here. Details may be found in [15].

An unfortunate complication in this story was the confusion of the entirely separate
issue of the stability of the electron with the issue of attributing a unique 4-momen-
tum to its electromagnetic field. Unlike the 4-momentum of a point particle which
is a uniquely defined 4-vector at a spacetime point, the 4-momentum of the electro-
magnetic field in the presence of sources is a nonlocal measurement by an inertial
observer which is represented mathematically by an integral over a spacelike hyper-
plane of constant inertial coordinate time in the observer’s associated inertial reference
system, and whose result depends on the entire field at such a moment of time. In gen-
eral this produces a different 4-vector for every inertial observer and for every choice
of time in that observer’s system of reference. This is a consequence of the nonvanish-
ing divergence of the stress-energy tensor of the electromagnetic field when sources
are present, in contrast to the situation for divergence-free such tensors where Gauss’s
law guarantees that the 4-momentum is independent of the inertial observer and choice
of inertial time. Historically the Lorentz transformed components of the rest frame
4-momentum were compared to the components of the distinct 4-momentum seen by
an observer in relative motion in the associated inertial coordinate system, but since
these are components of two distinct 4-vectors, they cannot agree. It should have been
expected that this comparison would fail, but instead this was seen as an apparent
problem.

Poincaré [16–20] attempted to restore a unique total 4-momentum result by
considering the combined system of the electromagnetic extended charge model with
stabilizing stresses that would yield a divergence-free total energy-momentum ten-
sor, thus “closing the system.” However, in so doing, he obscured the fact that the
electromagnetic field, which gave birth to special relativity through its Lorentz invari-
ance, should make a contribution to the total mass-energy of the electron which is by
itself relativistically correct. This perpetuated a basic error with the Abraham–Lorentz
model rather than correcting it.

The key to resolving these complications with the model was the notion of rigidity
later introduced by Born in 1909 [21,22], the only notion of rigidity that is compatible
with special relativity. Fermi understood how to use this condition to invalidate the
starting point of the Abraham–Lorentz calculation of the equation of motion for a rigid
extended spherically symmetric electron accelerated by an external electromagnetic
field—that the total electromagnetic force on the electron at a moment of inertial time
in which it is instantaneously at rest be zero—and correct it using his Fermi coordinate

123

August 6, 2014 18:3 World Scientific Book - 9.75in x 6.5in fermi˙book˙1408



Fermi and electromagnetic mass 2065

system which inserts a Fermi coordinate lapse function factor into the integration of the
differential forces over the corresponding time hyperplane. This led to the “correct”
mass-energy relationship between the energy of the self-field of the electron and its
inertial mass. However, as we will see, it also leads to a conserved total 4-momentum
that is naturally associated with the 4-velocity of the electron in the expected way.

2 Electromagnetic preliminaries

We follow the conventions of Misner, Thorne and Wheeler [23] for the −+++ signa-
ture metric gαβ of Minkowski spacetime, which in inertial coordinates (xα) = (t, xi )

with the identification x0 = t has nonzero components −g00 = gii = 1 (Greek and
Latin indices run from 0 to 3 and 1 to 3 respectively, units are chosen so that c = 1)
and for the electromagnetic field tensor Fαβ , whose stress-energy tensor

T μν = 1

4π

(
Fμα Fν

α − 1

4
gμν Fαβ Fαβ

)
(1)

has nonzero divergence

T μν ;ν = −Fμ
ν J ν, (2)

as a result of the Maxwell equation Fαβ ;β = 4π Jα , where Jα is the 4-current.
Gauss’s law can only be applied to a 4-vector field on Minkowski spacetime, so

introduce a covariant constant vector field Qα , Qα;β = 0 representing a translation
Killing vector field and let J α = Qβ T βα , so that J β ;β = QαT αβ ;β . Let R be the
spacetime region between two spacelike hyperplanes �1 and �2 oriented by their
future-pointing unit normals uα

(1) and uα
(2) which are the 4-velocities of the corre-

sponding inertial observers. Provided that the fields fall off sufficiently fast at spatial
infinity so that the closing timelike boundary integral there between the two hyper-
planes vanishes, Gauss’s law states

∫
R

J β ;β d4V =
∫
�2

J βd�β −
∫
�1

J βd�β, (3)

where for a single hypersurface �, the hypersurface volume element is d�β =
−uβd�, so that

∫
�

J βd�β =
∫
�

(−uβJ β) d� (4)

is the integral of the future-normal component of the vector field with respect to
the intrinsic volume element d� = dV� . In inertial coordinates adapted to the
4-velocity uα so that � coincides with a hyperplane of constant inertial time t ,
this is just dV� = dx1dx2dx3, and the hyperplane integral is just a triple integral
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with respect to these spatial coordinates, while the spacetime volume element is then
d4V = dt dx1dx2dx3. For intersecting such hyperplanes �1 and �2 associated with
observers in relative motion, R must be oriented oppositely on the two disjoint pieces
into which the intersection divides it, with the half for which �2 is the future boundary
oriented positively, and the other half oriented negatively (see Fig. 5.3.c of Misner,
Thorne and Wheeler [23]). Thus

∫
R

QαT αβ ;βd4V =
∫
�2

QαT αβd�β −
∫
�1

QαT αβd�β, (5)

where if we agree to evaluate these expressions in inertial coordinates where Qα are
constants, then they can be factored out of the equation.

The inertial coordinate components of the 4-momentum of the electromagnetic field
as seen by an inertial observer with 4-velocity uα at a moment of time t in the observer
rest frame represented by a spacelike time coordinate hyperplane � (for which uα is
in fact the future-pointing timelike unit normal vector field) is given by the integral
formula

P(�)α =
∫
�

T αβd�β. (6)

In inertial coordinates where uα = δα
0 this gives the energy and momentum as the

integral of the local energy density and the Poynting vector respectively

P(�)0 =
∫
�

T 00dV�, P(�)i =
∫
�

T 0i dV�. (7)

While the contracted pair of indices in the integral (6) can be evaluated in any coor-
dinates, one can integrate over an object with a free index only if that index is expressed
in some inertial coordinate system where it makes sense to compare 4-vectors at dif-
ferent spacetime points in the flat spacetime due to the path independence of parallel
transport. In such coordinates we then have from Eqs. (2), (5) and the definition (6)

∫
R

−Fα
β Jβd4V = P(�2)

α − P(�1)
α. (8)

When Jα = 0, the left hand side is zero, showing that the 4-momentum vector func-
tional is independent of the hyperplane and defines a single 4-vector which represents
the conserved 4-momentum of the free electromagnetic field.

3 Lagrangian equations in Fermi coordinates

The Born rigidity condition requires that the charge and mass density profiles of an
electron model be time-independent in the Fermi coordinate system adapted to a world
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Fig. 1 Inertial Cartesian coordinates (T, X1) with Fermi coordinates (t, x1) such that t = 0 = T coincide,
showing an X2 = 0 = X3 cross-section of the world tube of an electron sphere instantaneously at rest at
the origin at T = 0 but accelerated in the negative x1 = X1 direction (a1 < 0). At a successive Fermi time
�t later, the Fermi time hyperplanes intersect to the right of the world tube (equivalent to the assumption
|a1|r0 < 1). The spacetime region within the electron world tube between the two slices (shaded in this
plane cross-section) occurs in the Gauss’s law application to the wedge between the two time slices, namely
R = R− ∪ R+, two regions which are separated from each other by a plane of constant x1 within the
hypersurface t = 0 shown as the intersection point in this diagram; R− must be positively oriented, but R+
negatively oriented for Eq. (3)

line within the localized matter distribution. The constant Fermi time hyperplanes in
such a coordinate system are orthogonal to this world line at their point of intersection,
representing the local rest space of the associated comoving observer at that point of
the world line. In fact the Fermi time coordinate lines are always orthogonal to the
Fermi time coordinate hyperplanes; for this reason these coordinates are often known
as Fermi normal coordinates.

The classical model of the nonrotating electron assumes a spherically symmetric
distribution of mass and charge within a sphere of radius r0 of the central world line
in such a coordinate system, where the metric line element has the form

ds2 = −N 2
F dt2 + δi j dxi dx j , NF = 1 + ai xi (9)

and ai are the Fermi coordinate components of the 4-acceleration aα of the central
world line xi = 0, where the proper time derivative along the time lines d/dτ =
N−1

F d/dt reduces to the Fermi coordinate time derivative; in the Fermi coordinates
one has aα = δα

i ai . The spacetime volume element is d4V = NF dt dV , where
dV = dx1dx2dx3 is the spatial volume element. See Misner, Thorne and Wheeler [23]
for details of this coordinate system. Figure 1 shows a 2-dimensional cross-section
of two successive Fermi time hyperplanes for a central world line decelerating along
the x1 direction, and the interpretation of the Fermi lapse function for an infinitesimal
increment �t of Fermi time.

The time lines are the world lines of the elements of the charged matter distribution,
having Fermi coordinate 4-velocity components

Uα = dxα

dτ
= 1

NF

dxα

dt
= 1

NF
δα

0, (10)

from which one obtains the acceleration aα = DUα/dt |xi =0 of the central world line.
Let ρ and ρ(me) be the spherically symmetric charge and mechanical or bare mass
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densities, which are functions only of the radius r = (δi j x i x j )1/2 and which vanish
outside r = r0. The Abraham–Lorentz spherical shell model assumes a delta func-
tion distribution at r = r0: ρshell = δ(r − r0)e/(4πr2

0 ), where e is the total charge
of the electron; one may also easily consider a uniform density distribution within
the sphere of radius r0. Let de = ρ dV and dm(me) = ρ(me)dV be the elements of
the charge and mechanical mass distributions, so that e = ∫

ρ dV is the total charge
and m(me) = ∫

ρ(me) dV is the total mechanical mass (also called bare mass). The
4-current is then Jα = ρ Uα .

The action for the electromagnetic field together with the matter distribution con-
sidered by Fermi in his third paper [3] is

S =
∫
R

(
− 1

16π
Fαβ Fαβ + Aα Jα

)
d4x −

∫
dτ dm(me), (11)

where the second integral in the Lagrangian is the integral with respect to the differen-
tial of mechanical mass of the line integral over the world line of the matter element,
while the second term in the first integral here can be similarly expressed as∫

ρ AαUα NF dt dV =
∫

ρ Aα

dxα

dτ
NF dt dV

=
∫

ρ Aα

dxα

dt
dt dV =

∫
Aαdxα de, (12)

showing that it is a parametrization-independent line integral integrated over the charge
distribution. The region R of integration is assumed to be a cylindrical region with
respect to the Fermi coordinate system between two fixed Fermi times, over an arbi-
trary time-independent spatial region B in the Fermi coordinate system. The action
is a function of the 4-potential of the electromagnetic field, in terms of which Fαβ =
d Aαβ = Aβ,α − Aα,β , and of the world lines of the matter distribution, which are
the time lines of the Fermi coordinate system. Varying the action with respect to Aα

yields the remaining Maxwell’s equations.
The first term in the action is independent of the world lines. Varying the world

lines such that δxα = δα
iδxi leads to the Lagrangian equations of motion for the

central world line of the rigid charged matter distribution. Varying the 4-current term
with respect to the world lines, as shown by Fermi [3–6], ignoring a boundary term
which arises from an integration by parts in time, leads to

t2∫
t1

⎛
⎝∫

B

Fαβ

dxα

dt
de

⎞
⎠ δxβ dt

=
t2∫

t1

⎛
⎝∫

B

FαβUα NF de

⎞
⎠ δxβ dt

=
t2∫

t1

⎛
⎝∫

B

E(U )i NF de

⎞
⎠ δxi dt. (13)
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where E(U )α = Fα
βUβ is the electric field as seen by the Fermi coordinate

observer with 4-velocity Uα . The variation of the mechanical mass term yields
− ∫ t2

t1
m(me)ai δxi dt .

If the variations δxi are arbitrary functions of the Fermi time, vanishing at the end-
point Fermi times to justify ignoring the integration by parts boundary term, then one
obtains the Fermi condition, now amended by the re-insertion of the mechanical mass
term

∫
B

ρE(U )i NF dV − m(me)ai = 0. (14)

This condition with m(me) = 0, as assumed by Fermi in his fourth paper and by Abra-
ham and Lorentz in their purely electromagnetic model of the electron, differs from
the Abraham–Lorentz starting condition for their derivation of the equations of motion
only by the additional factor of the Fermi coordinate lapse function in the integral, see
Jackson [27] who reproduces their calculation. However, the first term in (14) reversed
in sign is exactly the Gauss integral integrand for the integral over t in Eq. (8), namely

∫
R

−Fα
β Jβd4V = −

t2∫
t1

⎛
⎝∫

B

ρδα
i E(U )i NF dV

⎞
⎠ dt, (15)

so that using the Fermi condition to replace the expression in parentheses, the latter
becomes

∫
R

−Fα
β Jβd4V = −

t2∫
t1

m(me)δ
α

i a
i dt. (16)

However, to evaluate this vector integral we need to express its components in an iner-
tial coordinate system where we can utilize the relation aα = DUα/dτ = dUα/dτ ,
remembering that the Fermi coordinate time is the proper time along the central world
line

m(me)

t2∫
t1

aα dτ = m(me)

t2∫
t1

dUα

dτ
dτ

= m(me)U
α|t2t1 = pα

(me)|t2t1 , (17)

which are the inertial coordinate components of the mechanical 4-momentum of the
rigid matter distribution. Gauss’s law (8) using (15)–(17) then becomes

− pα
(me)|t2t1 = P(�t2)

α − P(�t1)
α, (18)
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or

pα
(me)(t1) + P(�t1)

α = pα
(me)(t2) + P(�t2)

α, (19)

showing that the total 4-momentum of the system as seen by the Fermi coordinate
comoving observer is independent of the Fermi time, a result apparently overlooked
until now. Aharoni [24], who put out a new edition of his textbook on special relativity
in 1965 in order to explain Fermi’s work on this particular problem after its redis-
covery, got very close to this result with his postulated self-force introduced in his
reinterpretation of Fermi’s results—but he missed it by neglecting to consider Gauss’s
law for the electromagnetic field with sources. Attention had been brought to Fermi’s
work in 1960 by Rohrlich’s discussion of the 4-momentum integral for the electro-
magnetic field of the unaccelerated spinless classical electron [25] without knowledge
of Fermi’s work or of the same conclusions reached earlier in 1949 by Kwal [26], who
was also unaware of Fermi’s work.

It should also be noted that Nodvik generalized this model to include spin by
adding Euler angles describing the orientation of the electron spin axis with respect
to a Fermi–Walker propagated orthonormal frame along the central world line [28],
as more recently updated and extended by Appel and Kiessling [29,30] and reviewed
by Spohn [31]. The bare mass contribution to the Lagrangian is then modified by the
Lorentz gamma factor of the motion of the elementary elements of the mass distribu-
tion with respect to the central world line, described by the intrinsic “gyration” angular
velocity of the electron. However, the resulting discussion becomes extremely com-
plicated and very difficult to follow for those of us who are not experts in advanced
classical electrodynamics.

The advantage of our presentation for the spinless model is that it retains the ele-
gance and simplicity of the work initiated by Fermi himself while remaining at the
comprehension level of the standard reference text for classical electrodynamics by
Jackson [27]. This allows the central idea of much more sophisticated analyses to be
accessible to the general audience, an idea which is not explicitly described in the
leading books on this subject [31–35].

4 The unaccelerated electron

For the case of an unaccelerated distribution of charge ai = 0 when the exterior elec-
tromagnetic field vanishes and NF = 1, Fermi’s condition reduces to equating to zero
the total electric force on the electron from its own Coulomb field

∫
B

ρE(U )i dV = 0, (20)

in which case the volume integral in Gauss’s law vanishes and the total 4-momentum
P(�)α in the electromagnetic field is independent of time in the Fermi coordinate sys-
tem, as expected since the state of the system is static in that inertial reference frame.
However, although the 4-momentum of the Coulomb field is time-independent for
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any inertial observer, different inertial observers in relative motion measure different
4-vectors for this 4-momentum. Because this was misunderstood, and it is natural to
want to associate a 4-vector representing the 4-momentum of the Coulomb field of the
electron which is aligned with the 4-velocity of its central world line, people looked
for solutions.

Poincaré [16–19] introduced stresses needed to balance the electromagnetic stresses
in the charge distribution for the case of zero mechanical mass soon after the Abra-
ham–Lorentz model was developed, but unfortunately retained their mistaken nonrel-
ativistic notion of rigidity for the accelerated electron, mixing up the separate issue
of the stability of this model with the lack of consistency within special relativity.
By adding a nonunique ad hoc stress-energy tensor to cancel out the divergence of
the electromagnetic one, he re-established the existence of a conserved 4-momentum
at the cost of being inconsistent with special relativity, deriving an inertial mass for
the electromagnetic field related to the energy W by the relation 4

3 W/c2 instead of
W/c2.

Decades later in 1949 Kwal [26] essentially realized that in order to have a unique
4-momentum associated with the Coloumb field of the unaccelerated electron, one
simply had to restrict the time hyperplane in the 4-momentum integral to one associ-
ated with the electron’s inertial rest frame, although he was not sophisticated enough
to actually talk about the region of integration and only examined the volume element
for the hyperplane integration. In fact one can simply insert a projection along the
rest frame 4-velocity into the contracted pair of indices in the 4-momentum integral
definition to enforce this result for any time hyperplane. In inertial coordinates the
components of this adjusted 4-momentum are

PKwal(�)α =
∫
�

T αβ(−UβU δ) d�δ, (21)

where as above Uα is the 4-velocity of the rest frame of the electron and uα is the
4-velocity of the inertial observer associated with the time slice �. However,

− U δ d�δ = −U δuδ d� = γ (U, u) d� = d�rest, (22)

leads to the differential of volume d�rest on the tilted hyperplanes associated with a
different rest frame time hypersurface at each point of �, a differential whose Lorentz
contraction d�δ = γ (U, u)−1d�rest by the relative gamma factor γ (U, u) = −uδU δ

yields the original differential. This corresponds to integrating over the the corre-
sponding region of �rest related by moving to it from � along the rest frame time
lines. Thus we have

PKwal(�)α =
∫
�

T αβUβ d�rest. (23)

However, if we express the components of this equation in rest frame inertial coordi-
nates where the system is static, the components of the 4-vector integrand T αβUβ are
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independent of the rest frame time coordinate and so have the same values along each
rest frame time line, so the integral is equivalent to integrating over any time hyperplane
�rest in the rest frame with respect to the actual differential of volume on that rest frame
time hyperplane and the result is the unique 4-vector P(�rest)

α . Kwal essentially only
describes replacing the factor −uβ d� by −Uβ d�rest in the integral, without using
the time translation invariance in the rest frame to relate the different time hyperplane
regions of integration. A decade later in 1960 Rohrlich [25] came to the same conclu-
sion without being aware of the work of Kwal or Fermi or being explicit about the time
translation invariance needed to evaluate the rest frame 4-momentum on time slices
not associated with the rest frame. Jackson describes in detail Rohrlich’s discussion
in the Second and Third Editions [27], and provides an alternative explanation for
getting the same result on other time slices using the invariants of the electromagnetic
field tensor. Unfortunately Rohrlich claims the Abraham–Lorentz definition of the
observer-dependent 4-momentum of the electromagnetic field is wrong in the case of
the very special case of an unaccelerated electron, which is simply not the case. When
the integral is restricted to a bounded region of a constant inertial time hyperplane,
this integral is essential in describing the transport of energy and momentum in and
out of the region for any configuration of charges, currents and electromagnetic fields.
See Sect. 6.7 on Poynting’s Theorem in Jackson’s Third Edition [27].

Explicit evaluation of the electromagnetic 4-momentum with respect to an inertial
observer with 4-velocity uα on a constant inertial time hyperplane � in the shell model
of the electron shows that it can be expressed in the form [15]

P(�)α = P(�rest)
α + 1

3
P(�rest)βUβν(u, U )α

= W

(
Uα − 1

3
ν(u, U )α

)
, (24)

where ν(u, U )α is the relative velocity of the moving frame compared to the rest frame
as seen in the rest frame and P(�rest)

α = WUα , and W is the rest frame energy of
the Coulomb field defined explicitly in the next section. The second term on the right
hand side of this equation (orthogonal to the first term) shows the explicit dependence
of the 4-momentum on the observer 4-velocity uα . See Fig. 2.

Schwinger [40] has considered a special 1-parameter family of internal stress-
energy tensors compatible with this shell model, resulting in a total stress-energy
tensor which is divergence-free and hence the total 4-momentum is a single conserved
4-vector. Among these is the choice corresponding to h = −1 in the notation of
the Third Edition of Jackson [27] where this tensor is proportional to the orthogonal
projection gαβ + UαUβ into the local rest spaces of the electron sphere and hence
does not contribute at all to the rest frame evaluation of the total 4-momentum, which
therefore equals the 4-momentum of the electromagnetic field alone, the first term
on the right hand side of Eq. (24). In any other inertial frame, the integral of the
internal stress-energy tensor inside the electron sphere therefore exactly cancels the
extra velocity-dependent term in that equation to yield the same total 4-momentum
4-vector.
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Fig. 2 The relationship
between the rest frame
4-momentum P(�rest) and the
4-momentum P(�′) observed in
an inertial frame in relative
motion, referred to the
corresponding inertial
coordinate axes for the case of
motion along the x1 direction

5 Equations of motion for the rigid charge distribution

The actual equations of motion for the central world line of the rigid charge distribution
can be evaluated in the quasi-stationary limit of small enough and sufficiently slowly
changing acceleration that one can linearize Eq. (17) with respect to the acceleration
and ignore its time derivatives (thus neglecting radiation reaction terms) as described
in detail in Jackson [27] for the case of zero mechanical mass, without the Fermi lapse
factor. First one must separate out the self-field due to the charge distribution from the
external field in which the electron is moving, assuming that the latter is essentially
constant over the charge distribution so that it may be factored out of the integral.
The self-field is defined through the retarded time integrals of the 4-potential over the
charge distribution in Lorentz gauge. One then has

∫
E (self)(U )i NF de +

∫
E (ext)(U )i NF de − m(me)ai = 0. (25)

The lowest order contribution to the self-force in this approximation as shown by
Fermi is −m(em)ai , where the inertial mass coefficient m(em) is a constant equal to the
total energy W of the Coulomb field of the charge distribution, defined by

W = 1

2

∫ ∫
d3xd3x′ ρ(x)ρ(x′)

|x − x′| (26)

in the notation of Jackson [27], expressed as seen by an inertial observer at a time when
the electron is momentarily at rest. The Fermi coordinate lapse factor in the integrand
of the self-field integral in (25) corrects the Abraham-Lorentz result m(em) = 4

3 W to
conform with the Einstein mass-energy relation E = mc2 (with c = 1), as we show
next.

Then since the first term on the left hand side and the right hand side of Eq. (25) are
proportional to the acceleration, the second term must be first order in the acceleration,
so keeping only first order terms, one can ignore the Fermi lapse factor in the second
term which becomes
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∫
E (ext)(U )i NF de = E (ext)(U )i

∫
de = eE (ext), (27)

leading to the Lorentz force law in the Fermi frame for which the spatial velocity is
zero

(m(me) + m(em))ai = eE (ext)
i . (28)

In other words the mass formula for the electromagnetic contribution to the inertial
mass is

m = m(me) + m(em). (29)

For the spherical shell model, one easily finds m(em) = e2/(2r0), which compares
very nicely with the Reissner–Nordstrom irreducible mass formula [36]

m = m(irred) + e2/(2r+) (30)

for the gravitational mass m of a static spherically symmetric charge distribution of
total charge e and outer horizon radius r+ within general relativity.

6 Conclusions

The classical theory of the electron and related issues has attracted the attention of
many of the great physicists of the past century, and has been the subject of many
articles and a few books that continue to appear, most of which seem not to reflect
Fermi’s simple argument, although a relatively recent article by Kolbenstved [37]
offers an alternative explanation of that argument. For a complete list of such refer-
ences see [15], as well as the recent analysis by Boughn and Rothman [38] of a related
problem considered by Fermi in his fifth paper [39]. Ultimately the problematic issues
of a finite-sized classical electron were sidestepped by the point particle model and
renormalization techniques introduced in the quantum theory. However, as recently as
the past decade, new results in the classical theory have appeared [29–31,33–35], but
which still leave this loose end of Fermi’s work unaddressed.

Gauss’s law for stress-energy tensors with nonzero divergence is straightforward
to consider yet, until now no one has connected up Fermi’s results with the question
of the 4-momentum in the electromagnetic field of the classical electron model, an
issue which arose after he lost interest in the problem. Doing so has provided a useful
pedagogical example omitted in all textbooks on general relativity or electrodynamics
and has led to the following satisfying result. While in the case of the unaccelerated
electron, there is no selection mechanism to pick out the obvious candidate for the
4-momentum aligned with the 4-velocity of the rigid electron other than the alignment
itself, for the accelerated electron it is only the instantaneous rest frame observer which
leads not only to aligning the 4-momentum of the electromagnetic self-field with the
4-velocity, but also to a 4-momentum conservation law for the total 4-momentum.
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Papers relevant to Chapter 2 729

B.3 D. Boccaletti: When a problem is solved too early. Enrico
Fermi and the infamous 4/3 problem

Introduction

It has often happened, particularly in the past few centuries, that some scientific
results had been reobtained more than once, each time ignoring the authors of
the preceding discoveries. In the case of mechanics this happened many times, as
recalled by A. Wintner in the preface to his famous book:1 “... even the classical
literature of the great century of celestial mechanics appears to be saturated with
rediscoveries (sometimes bona fide and sometimes not assuredly so) ...”. In times
closer to us, this has happened again for “the infamous 4/3 problem.”2 It took thirty
years for the result obtained by Fermi to have its “consecration” in an authoritative
book (see below) and ten more to begin circulating among the community of experts.
In the next pages we shall first try to historically contextualize Fermi’s paper in
an extremely concise way and then to bring into question the procedures through
which the paper itself has been interpreted. At the end we shall advance a conjecture
which, as with all conjectures, is based on circumstantial but not incontrovertible
evidence.

The story in short

In the early twenties, when Fermi was concluding his studies at the University of
Pisa, in Italy the problems related to the rising quantum mechanics had not yet
filtered into academic circles. Instead the electromagnetic theory and the theory of
relativity (special and general) were well-known and studied (even if in restricted
circles) through the works of Abraham, Lorentz, Poincaré, Richardson . . . for elec-
tromagnetic theory and the papers of Einstein, Levi-Civita, and the book of Weyl
for the theory of relativity. Fermi, still a student, had a deep knowledge of these
theories and of classical analytical mechanics. Besides being testified to in Fermi’s
biography written by Emilio Segrè,3 this appears clearly in the first papers he pub-
lished.4 Paper 1) is substantially a generalization of a result which, at that time,

1A. Wintner: The Analytical Foundations of Celestial Mechanics, Princeton University Press,
1947, p. IX.
2The expression is due to J. D. Jackson in his textbook Classical Electrodynamics, Third Edition,

Wiley 1998, p. 755.
3E. Segrè: Enrico Fermi Physicist, The University of Chicago Press, 1970
4For the first few Fermi’s papers also see, in Italian,

C. Tarsitani: I lavori di Fermi sulla relatività nei commenti di Persico e Segrè, Atti del IV
congresso nazionale di storia della fisica, Como, 1983,
F. Cordella, F. Sebastiani: Il debutto di Enrico Fermi come fisico teorico: I primi lavori sulla
relatività (1921–1922–23), Quaderno di Storia della Fisica N. 5, 1999 and
F. Cordella, A. De Gregorio, F. Sebastiani: Enrico Fermi: Gli anni italiani, Editori Riuniti, 2001.
To avoid possible misunderstandings, we follow the convention of the present volume and refer
to Fermi’s papers making use of the numbered classification scheme given in Enrico Fermi: Note
e Memorie (Collected Papers), Accademia Nazionale dei Lincei and University of Chicago Press,
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was quoted in the circulating textbooks on electrodynamics.
Besides the various editions of the Abraham’s Theorie der Elektrizität (which

originated as a second part of the treatise of Föppl published for the first time
in 1894) and Lorentz’s The theory of electrons (1909, second edition 1915), the
textbook having a larger circulation was Richardson’s The electron theory of matter
(1914). Fermi refers to this latter textbook. At that time (1921–23) it was generally
accepted that, for a charged particle moving with variable velocity, the electromag-
netic mass was 4/3 times the inertial mass.5 The whole theoretical work done in
the last two decades, mainly by Abraham and Lorentz, had led to considering the
electron (discovered by J. J. Thomson in 1897) to be a rigid sphere with a uni-
form charge distribution on its surface. In particular, Abraham was convinced that
the electron’s entire mass was of electromagnetic origin and in 1902 announced the
realization of an “electromagnetic mechanics.” He also called “longitudinal mass”
the mass associated only with a force oriented along the electron’s trajectory and
called “transverse mass” that associated with a force oriented perpendicular to the
electron’s trajectory.6 (These terms had a long life since were used in various pa-
pers on the special theory of relativity, including the fundamental Einstein paper
of 1905). Since Ee

0 = e2

2R (R radius of the sphere) is the electrostatic energy, the
current theory drove to evaluate the electromagnetic contribution to the electron’s
mass as me = 2

3
e2

c2R . As a consequence this made the electromagnetic mass equal
to 4/3 times the mass entering into Einstein’s equation E = mc2.

Fermi demonstrates that, in the context of the then current theory, one obtains
the same result for any system of moving charges, i.e., the factor 4/3. Therefore
inertial mass and electromagnetic mass do not match. He also announces that in
a forthcoming paper he will consider electromagnetic masses as masses endowed
with weight from the point of view of the general theory of relativity. In point of
fact, in paper 2), Fermi obtains the result that the electromagnetic mass and the
passive gravitational mass (the weight of the charged particle) do match. This is a
blatant contradiction: either this result disproves the equivalence principle (largely
accepted by that time) or a new problem arises on the possible electromagnetic
nature of mass (remember Abraham’s ideas on “electromagnetic mechanics”!). In
paper 4c), Fermi first solves the problem. He is well aware of the importance of
the result obtained. In fact he writes and publishes three equivalent versions of his
work (in Il nuovo Cimento, in the Rendiconti dell’Accademia Nazionale dei Lincei

Vol. 1, 1961, Vol. 2, 1965. The relevant papers 1), 2), 3), 4c) of which we will be concerned in the
following are given in English translation in Chapter 2 of this volume.
5See, for instance O. W. Richardson: The electron theory of matter, Cambridge University Press,

1914, Chapters XI, XII.
6For a historical analysis of the problem of the electromagnetic mass see

A. I. Miller: Albert Einstein’s Special Theory of Relativity, Emergence (1905) and Early Inter-
pretation (1905–1911), Springer, 1998 and
E. T. Whittaker: A History of the Theories of the Aether and Electricity, Thomas Nelson & Sons,
London 1951 and 1953.
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and in Physikalische Zeitschrift).7 He also confides to his friend Enrico Persico that
there will be some troubles to obtain an agreement with his ideas: “... I am trying
with great effort to launch the business of the 4/3. The main difficulty derives from
the fact that they have a hard time understanding—in part because the thing is not
easy to understand, in part because I express myself too concisely—but little by little
they begin to understand what it is all about . . . ”.8

But, as the saying goes, no man is a prophet in his own country and the three
versions (even the German one) went unnoticed. Thus, as Rohrlich said,9 the result
was bound to be rediscovered. It did not find its way into the standard references or
textbooks until 1953 when E. T. Whittaker, in the second volume of his History (on
p. 51, see footnote 6) quoted Fermi’s Lincei communications saying “It was shown
long afterwards by E. Fermi that the transport of the stress system set up in the
material of the sphere should be taken into account, and that when this is done,
Thomson’s result becomes

Additional mass =
1
c2

Energy of the field ”

In the meantime two papers had appeared. W. Wilson obtained the same result
of Fermi in a different way10 and analogously B. Kwal 13 years later in a short
note arrived at the same conclusions exploiting the relativistic transformation of
the electromagnetic energy-momentum tensor.11 Finally, the result was discovered
for a fourth time by F. Rohrlich,12 again (apparently) without the knowledge of any
of the previous papers. Fundamentally, Fermi showed that factor 4/3 was produced
by an incorrect application of (or more precisely by failing to apply) the theory of
relativity. The circumstance which, at first sight, might appear rather strange is that
Fermi, in his teaching activity of those years continued teaching the old result. Only
in his textbook Introduzione alla Fisica Atomica13 he introduced a short sentence
mentioning relativistic corrections (without demonstration). In this connection,
W. Joffrain14 put forward the hypothesis of a sort of deontological scruple: not
to teach, in an institutional course, results which are not yet universally accepted.
Subsequently, in collaboration with A. Pontremoli,15 Fermi applied successfully
7Besides the Nuovo Cimento version 4c), Fermi published the two Lincei communications XXI,

1922, pp. 184–187 and 306–309 (4a) and the paper Über eine Widerspruch zwischen der elektrody-
namischen und relativistischen theorie der elektromagnetischen Masse in Physikalische Zeitschrift
XXIII, 340-344, 1922 (4b).
8E. Segrè, op. cit., p. 197.
9F. Rohrlich: Charged Classical Particles, Addison-Wesley, 1965, p. 17.

10W. Wilson: The mass of a convected field and Einstein’s mass-energy law, Proc. Phys. Soc.
(London) 48, 736–740 (1936). This paper is also mentioned in Whittaker’s book.
11B. Kwal: Les expressions de l’énergie et de l’impulsion du champ électromagntique propre de
l’électron en mouvement, J. Phys. Radium 10, 103–104 (1949).
12F. Rohrlich: Self-energy and stability of the classical electron Am. J. Phys. 28, 639–643 (1960).
13E. Fermi: Introduzione alla Fisica Atomica, Zanichelli, 1928, p. 66.
14W. Joffrain: Un inedito di Enrico Fermi — Elettrodinamica, Atti del XVIII Congresso di Storia
della Fisica e dell’Astronomia, Como (Italy), May 15–16, 1998.
15E. Fermi, A. Pontremoli: Sulla massa della radiazione in uno spazio vuoto, Rend. Lincei, 32
(1), 162–164 (1923).
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the same method to the calculation of the mass of the radiation contained in a
cavity with reflecting walls, for which the standard textbooks of the time had an
expression containing the same factor 4/3. Anyway, the problem of the nature of
the electromagnetic mass was been dragging on for various decades through the
contributions, after that of Fermi, of Rohlrich, Dirac, etc.. However, almost always,
the successive results—at least apparently—went unnoticed.

The resistible path of Fermi’s paper

At this point, in retrospect, if we look at the whole story some circumstances appear
at the very least to be strange. Let us start from the beginning of the sequence.
Fermi obtained the result published in 4c) in January 1922.16 It is clear that he feels
proud of the conclusions obtained. This turns out clearly in the letter to Persico
in which he already announces his intent of publishing the paper also on a German
review (which will result to be Physikalische Zeitschrift), to make it known outside
of Italy.

At this point we can notice that, completely immersed in the academic context
of those times, Fermi thought that the paper concerning the factor 4/3 was much
more important, since it was solving a problem already several decades old, than pa-
per 3), only published in Italian in Rendiconti dell’Accademia Nazionale dei Lincei
presented by G. Armellini in January 1922. As we know, paper 3), after the gener-
alization due to Walker (1932), spread far and wide and still is considered of lasting
importance. The German version of 4c), i.e., 4b), sent to Physikalische Zeitschrift,
was received by the journal the ninth of May 1922. The paper was immediately
published and also reviewed in Physikalische Berichte by Erich Kretschmann in the
issue of December 15.17 We point out that Erich Kretschmann, who was a habit-
ual reviewer of the journal for at least three sections regarding the foundations of
physics (in German: Allgemeines, Allgemeine Grundlagen der Physik, Mechanik,
respectively), was not an obscure physicist, but a quite well known expert in the
theory of relativity. In fact a paper published by him in 1917 on the physical mean-
ing of the postulates of the theory of relativity18 had caused a lot of talk and even
aroused a reply by Einstein himself.

Then Fermi’s paper, which clarified how one can correctly apply the principles
of the (special) theory of relativity to solve the problem of the factor 4/3, outwardly

16This date can be fixed at a sufficiently good approximation by comparing the Fermi’s letter to
Enrico Persico (see note 8), which is of January twenty-five, 1922, with what Persico writes in
Note e Memorie Vol. 1, p. 24, introducing the paper. Persico also reports a discussion of Fermi
with Luigi Puccianti and Giovanni Polvani regarding the factor 4/3 which seems to coincide with
what Fermi writes in the letter (where, however, Fermi does not name the names). The strange
thing is that Persico does not quote the letter here. Moreover Fermi dates “January 1922” the
German version of the paper.
17Physikalische Berichte, Dritter Jahrgang 1922, N. 24, p. 1293.
18E. Kretschmann: Über den physikalischen Sinn der Relativitätstheorie, Annalen der Physik 53,
575–614 (1917).
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appears to have fallen into the hands of the right person. Unfortunately, this was
not the case. In fact instead of investigating the method used by Fermi to apply-
ing correctly the relativistic concepts, Kretschmann limited himself to repeating
Fermi’s words describing the two possible ways of performing the variation for ap-
plying Hamilton principle and then to conclude that the solution of the problem of
the factor 4/3 given by von Laue in his book was “much more transparent”.19 We
know from Fermi’s biography written by Segrè and from the reminiscences published
by Persico that Fermi had studied Weyl’s textbook20 thoroughly, which moreover is
quoted in the paper itself when Fermi follows Weyl in applying Hamilton’s principle.
It is enough to make a comparison of Fermi’s paper with the page where Weyl says
“This theory does not, of course, explain the existence of the electron, since cohe-
sive forces are lacking in it”21 for understanding that Fermi, following Weyl, only
means to deal with a charged sphere (with a surface distribution of charge) without
tackling the problem of its internal structure and stability. Then the comparison
that Kretschmann makes with von Laue’s solution, which involves the introduction
of the so called “Poincaré stresses” which turn out to be necessary for ensuring the
stability of the electron, is completely misleading. Fermi, as those who will find
the solution of the factor 4/3 after him, considers this problem as having nothing
to do with the problem of stability. It is curious that even Enrico Persico, who
in January 1922 received the letter in which Fermi mentioned the subject, in 1961
writes “It is now well known that the factor 4/3 can be interpreted as due to the
part of the energetic tensor contributed by the internal non-electromagnetic stresses,
whose existence must be assumed to assure the equilibrium of the charges. However,
in the books known to Fermi, this discrepancy was not explained (he had evidently
overlooked the explanation contained in M. von Laue, Die Relativittstheorie, 1, third
edition, 1929, p. 218) and so he found for it an explanation of his own, essentially
equivalent to the former but obtained through Weyl’s variational method”.22 At
that date Rohrlich’s paper had already been published, but perhaps Persico had
not had enough time to see it. However, a good eight years before (1953) the sec-
ond volume of Whittaker’s book23 had been published in which Fermi’s paper (the
Lincei version) was mentioned with the explanation reported above. We point out
that Whittaker’s book did not go unnoticed, both for the reputation of the author
and for the vexata quaestio of the authorship of the special theory of relativity. As
is known, Whittaker ascribed to Poincaré the authorship of the special theory of
relativity and was also charged with ahistoricisms concerning the theory of relativ-

19See 17 Kretschmann quotes the 1919 third edition of von Laue’s book, but the author continued
to maintain the same conclusions in the subsequent fourth edition (see Die Relativitätstheorie on
Dr. M. von Laue, Braunschweig, 1929, pp. 224–227 and also its French translation).
20Fermi always quoted the fourth 1921 edition of H. Weyl: Raum. Zeit. Materie, Springer, Berlin.
21This excerpt is from the English translation of the 1921 German edition republished by Dover
in 1952 with the title “Space-Time-Matter”.
22See Note e Memorie Vol. 1, p. 24. This strange and uncorrected (for what regards “it is now
well known...”) sentence has been also remarked by Tarsitani, loc. cit. in 4.
23See 6.
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ity.24 Then it is strange that even Rohrlich did not know about the quotation of
Fermi by Whittaker, particularly if we bear in mind that the subject of Whittaker’s
book was the origin and the development of the e. m. theory (Abraham, Poincaré,
Lorentz, ...). In the 1960 paper (see 12), which is the first Rohrlich dedicated to the
problem of the electromagnetic mass of the electron and related questions, Fermi’s
paper is not mentioned and the same for Wilson’s and Kwal’s papers.

Apparently Rohrlich solved independently the “4/3 problem” without knowing
the contributions of his predecessors. Two years later, in a lecture given before
the Joseph Henry Society25 he said “. . .For a finite electron this was first pointed
out by Fermi in 1922. It is closely related to the definition of rigidity in special
relativity where the difference in the simultaneity of relatively moving observers
plays an essential role. Unfortunately, Fermi’s paper was either never understood
or soon forgotten”. Rohrlich, at this point, quotes as a reference the German version
(see 7) of Fermi’s paper but there is no mention of the papers of Wilson and Kwal.
In his 1965 book (see 9), he mentions all three authors (Fermi, Wilson, Kwal) who
had preceded him. As a matter of fact this is the last time Rohrlich mentions
Fermi’s contribution. On this subject he has published papers for about forty years
but, as one can check considering the most important journals, Fermi’s name is no
longer mentioned. The odd thing is that, even in the last paper known to us26

which contains an appendix with the title “The history and eventual solution of the
stability problem (the 4/3 problem)”, Fermi’s name does not appear. A prospective
reader could only find the reference to Fermi in the bibliographies of the books and
the papers quoted.

In the same year (1965) in which Rohrlich’s book appeared, the second revised
edition of The Special Theory of Relativity by J. Aharoni also came out.27 In the
preface the author says that Rohrlich’s 1960 paper “...initiated new interest in the
problem and it turned out that actually a similar solution had already been proposed
by B. Kwal in 1949 and the same result obtained as for back as 1922 by E. Fermi
who used a different method. It can now be stated that the abolition of the 4/3 factor
is also implicit in Dirac’s paper on the classical theory of the electron (1938). It is
difficult to explain why all the earlier papers passed unnoticed. Possibly this was due
to Poincaré’s idea to link the 4/3 factor with the instability of an electric charge
on purely electrostatic forces”. It should be noted that Aharoni cannot have had

24See G. Holton: On the Origins of the Special Theory of Relativity (1960) in
G. Holton: Thematic Origins of Scientific Thought. Kepler to Einstein, Harvard University Press,
1977 and
A.J. Miller: A study of Henri Poincaré’s “Sur la Dynamique de l’Electron,” Arch. Hist. Exact.
Scis. 10, 207–328 (1973).
25The theory of the electron, Thirty-first Joseph Henry Lecture (read before the Society May 11,
1962).
26F. Rohrlich: The dynamics of a charged sphere and the electron, Am. J. Phys. 65, 1051-1056,
(1997).
27J. Aharoni: The special Theory of Relativity, Second revised edition, Oxford University Press,
1965 (reprinted by Dover, 1985).
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knowledge from Rohrlich’s paper, which he quotes, of the name of Fermi, Wilson
and Kwal since in that paper they are not mentioned. Before the two 1965 books,
Kwal’s name does not appear, while Wilson’s name only appears in Whittaker’s
book together with Fermi’s. Evidently, there is a missing link in the chain!

Let us turn again to Aharoni’s book which, from our point of view, assumes
a particular importance. In fact, Aharoni is the only one, among all who spoke
about Fermi’s paper, who devoted himself to effectively understand the method
Fermi used for applying his relativistic concept of rigidity. He spends about two
pages (170–171) to explain and explicitly reconstruct Fermi’s calculations omitted
by the author who sums up “...we have manifestly . . . ”. Therefore, on the part of
Aharoni there is a true appreciation for the work done by the man who first solved
the problem. Retrospectively, it comes to mind that to the early readers those
calculations might not be so transparent (see the above letter to Persico where Fermi
admits to expressing himself “too concisely”) and also that the course of differential
geometry given by Luigi Bianchi about which Fermi speaks in a letter to Persico,
came in very useful to him so to consider obvious the calculations and then to omit
them.28 All the known biographies of Fermi report that he went to Göttingen with
a fellowship from the Italian Ministry of Public Instruction in the winter 1922–23
to study with the group headed by Max Born and he remained there seven months.
“. . . when Fermi arrived at Göttingen, he found several brilliant contemporaries
there, among them Werner Heisenberg and Pascual Jordan, two of the brightest
luminaries of theoretical physics. Indeed the two had already been recognized for
their exceptional abilities, and Born was writing papers in collaboration with them
at about the time of Fermi’s residence in Göttingen. Unfortunately it seems that
Fermi did not become a member of that extraordinary group or interact with them.
I do not know the reason for this . . . ”.29 “. . . Born himself was kind and hospitable.
But he did not guess that the young man from Rome, for all his apparent self-
reliance, was at the very moment going through that stage of life which most young
people cannot avoid. Fermi was groping with uncertainty and seeking reassurance.
He was hoping for a pat on the back from Professor Max Born . . . ”.30 Both the
biographers (Emilio Segrè and Fermi’s wife) agree in maintaining that Fermi came
back to Rome not satisfied with the German experience, somehow disappointed. It is
known from other sources that Born and his collaborators thought the best of Fermi
and this is born out from the fact that subsequently he was on friendly terms with
them. Moreover, the biographers confirm that Fermi’s German was certainly good
enough to allow easy communication and then not to be excluded. Why then, as far
as we know, he did not join the Born’s group and went back to Rome disappointed?

28In the letter Fermi writes “I will pass the examination in higher analysis (differential geometry)
which is a terrific bore, in which the problem studied are chosen by the sole criterion that they
should lack all interest,” see Segrè, op. cit. p. 201–202.
29See Segrè, op. cit. p. 33.
30Laura Fermi: Atoms in the Family. My life with Enrico Fermi, The University of Chicago
Press, 1954, p. 31
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Both Emilio Segrè and Laura Fermi put forward the hypothesis that the ideas of
Born’s group at that time appeared to be very concrete, even philosophical, and
then not able to catch the interest of Fermi or Fermi himself was not mature enough
to get himself to be appreciated in that environment.

Our conjecture is that Fermi had effectively taken his paper to Göttingen to be
appreciated, but he did not achieve his aim. When Fermi arrived in Göttingen, the
paper on the “4/3 problem” had already been published in German and so readable
by Born and the others. It is unthinkable that Fermi, who was so proud of his result,
had not exhibited it and asked Born for his opinion. We recall that, what’s more, in
his paper Fermi quotes a relativistic definition of rigidity due to Born (in a paper of
1909).31 The most obvious thing to do for a brilliant young physicist, as Fermi was,
would have been to display the paper he was proud of to the authoritative professor.
To the best of our knowledge, no proof exists even if it is reasonable to suppose
that this had happened. The only thing we can say for certain is that Born’s book
on Relativity theory,32 which in its second edition of 1921 held the “traditional”
point of view of the “4/3 problem”, continued to give the same version till to the
last edition.33 The same thing happened for Pauli’s famous lectures34 as if Fermi’s
paper had never existed. Born and Pauli were not alone in ignoring Fermi’s paper
and related conclusions; to the list we can add even Feynman.35 Coming back to
Born, from his authobiography36 it turns out that over the years he continued to
think about the problem of the electromagnetic mass of the electron, but there is
no connection with Fermi’s conclusions which are never mentioned. Our conjecture,
for all its worth, is that the disappointment for having not received appreciation
embittered Fermi and also deterred him from the subject. Moreover, the problems
raised by the new quantum mechanics and statistical theories definitively averted
his interest from classical electrodynamics.

31Max Born: Die Theorie des starren Elektrons in der Kinematik des Relativitätsprinzips, An-
nalen der Physik IV, 11, 1–56 (1909).
32Max Born: Die Relativitätstheorie Einsteins und ihre physikalischen Grundlagen, Springer,
Berlin, 1921, p. 157.
33Max Born: Einstein’s Theory of Relativity, revised edition prepared with the collaboration of
Günther Leibfried and Walter Biem, Dover, 1962, pp. 207–214 and 278–289.
34W. Pauli: Pauli Lectures on Physics, Vol. 1. Electrodynamics, MIT Press, 1972 (reprinted by
Dover, 2000), p. 151
35The Feynman Lectures on Physics. The Electromagnetic Field, Addison-Wesley, 1964, Sect. 28–
3 and ff.
36Max Born: My Life. Recollection of a Nobel Laureate, Taylor & Francis Ltd, 1978, Part 2, IV,
pp. 254–255
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B.4 B. Kwal: Les expressions de l’énergie et de l’impulsion du
champ électromagnétique propre de l’électron en mouvement

B. Kwal: “Les expressions de l’énergie et de l’impulsion du champ
électromagnétique propre de l’électron en mouvement,” (Expressions for the

energy and momentum of the electromagnetic self-field of a moving electron) J.
Phys. Radium 10, 103 (1949).
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Nofe ajoufée aux épreuves. - Depuis la rédaction de cet
article, M. H. Studier et E. K. Hyde ont publié (Phys. Rev.
Sept. 1948, p. 5g I ) une étude des descendants du Pa230 obtenu
à partir du Th232 par réaction (a, p 5n) et (d, 4n). Cette série
comprend, d’après ces auteurs, les émetteurs « : U230, Th226,
Ra222, Rn218 et Ra C’, et appartient ainsi à la famille 4n + 2.
Une période de 0,019 sec., attribuée à Rn218, est obtenue par

une méthode indirecte (coïncidences retardées) sans identifi-
cation, toutefois, du corps émetteur et de la substance mère.
Aucune période de l’ordre de 1, 3 sec. n’est observée.
Ces résultats ne changent en rien les conclusions indiquées

plus haut au sujet de l’attribution probable, au Rn218, de la
période de i, 3 sec, sans que, néanmoins, le désaccord paraisse
aisé à expliquer.

Manuscrit reçu le 2~ novembre 1948.
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LES EXPRESSIONS DE L’ÉNERGIE ET DE L’IMPULSION
DU CHAMP ÉLECTROMAGNÉTIQUE PROPRE DE L’ÉLECTRON EN MOUVEMENT

Par BERNARD KWAL.

Institut Henri Poincaré, Paris.

Sommaire. - L’apparition du facteur 1/3 dans l’expression de l’énergie totale de l’électron en mou-
vement, résulte de l’emploi simultané dans les calculs d’une grandeur tensorielle (tenseur d’énergie et
d’impulsion) et d’une grandeur qui ne l’est pas (élément de volume). La difficulté s’évanouit avec une
définition tensorielle de l’élément de volume.

LE JOURNAL DE PHYSIQUE ET LE RADIUM. SÉRIE VIII, TOME X, MARS 1949.

En 1 go4 Max Abraham (1), qui prônait comme on
le sait, l’hypothèse de l’origine purement élec-

tromagnétique de la masse de l’électron et a bâti,
à cet effet, la théorie de l’électron rigide, remarque
que dans la théorie de l’électron de Lorentz l’énergie,
totale U du champ de l’électron en mouvement
contient un facteur supplémentaire qui prouverait
que la masse de l’électron de Lorentz ne peut être
considérée comme étant toute d’origine purement
électromagnétique.
La démonstration relaiiviste de ce théorème est

souvent reproduite dans les manuels, mais elle
ne nous semble pas être tout à fait correcte, car elle
se base sur l’évaluation d’une intégrale dans laquelle
à côté d’une grandeur qu’on traite tensoriellement,
à savoir l’énergie du champ électromagnétique,
figure l’élément de volume qui est traité d’une
manière différente. On définit en effet l’élément de
volume en mouvement. à l’aide de l’expression

d Vo étant l’élément de volume au repos (par rapport
à l’électron). Cette définition n’est pas tensorielle
elle résulte de la manière classique de mesurer les

(1) M. A13RAHAm, Physik. Z., rgo~, 5, p. 5~6. 
’

longueurs en mouvement qui subissent la contraction
de Lorentz. [Comme corollaire de cette définition
de l’élément de volume, nous avons comme on le
sait la définition non tensorielle de la force, mesurée
dans le système en mouvement

et d’une manière générale de toutes les grandeurs
physiques qui entrent en jeu. Car leur définition
doit être adaptée à la définition non tensorielle
du volume (i), qui résulte ’d’une certaine manière
d’effectuer les mesures dans Je système en mouvement,
manière qui ne cadre pas avec la définition des

tenseurs]. Examinons maintenant la démonstration
ici en cause (2). On prend pour l’expression de

l’énergie et de l’impulsion du champ électromagné-
tique propre de l’électron en mouvement (dans la
direction de l’axe OX) les formules suivantes :

étant le tenseur de l’énergie et de l’impulsion

(2) Cf. R. BECKER, Théorie des électrons 66. - W. PAULI,
Relalivilàlslheorie, 1921, pp. 681 1 et 75 I. - LAUE, La
théorie de la vol. I, pp. I ~ 3-I h a.
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du champ électromagnétique. On passe alors au

référentiel par rapport auquel l’électron est au

repos, en faisant subir à l’élément de volume la
transformation (1) et aux composantes TH et 7Br
les transformations des composantes du tenseur Ti~

Comme dans le référentiel au repos T°,~ = o, on

obtient, en posant 
-

Or

cl’où

On aboutit ainsi aux formules

C’est précisément l’existence du facteur 1/3 qui est
interprétée comme preuve que la masse de l’électron
ne peut pas être considérée comme étant d’origine
purement électromagnétique.
Comme nous venons de le dire, nous reprochons

à la démonstration ci-dessus le tort de mélanger
sans scrupules une grandeur tensorielle avec une
grandeur à qui l’on n’attribue pas ce caractère.
Pour que des formules (2) on puisse tirer des conclu-
sions correctes, il faut que les grandeurs T~.~ et T 4.:t’
ne soient pas considérées comme se transformant
comme des composantes d’un tenseur, mais qu’elles
soient pourvues d’une variance adaptée à celle de
l’élément de volume dV, comme on le fait, par
exemple, lorsqu’on définit d’une manière non

covariante, la force ou les différentes grandeurs
physiques (température, chaleur) qui interviennent
en thermodynamique relatitiviste.
Nous pouvons néanmoins raisonner sur le tenseur

d’énergie-impulsion Tif, à condition bien entendu,
d’utiliser une définition covariante de l’élément de
volume. Pour le faire, nous allons partir de l’élément
de volume au repos d V° et nous allons considérer
dans le référentiel ou mouvement un pseudo-qua-
drivecteur d VI, défini comme suit :

A l’aide de cette définition tensorielle, l’énergie
et l’impulsion totales du champ électromagnétique
se présenteront sous une forme quadri-vectorielle
correcte :

Et, nous aurons, dans notre cas :

On vérifiera sans peine que les transformations (3)
conduisent maintenant aux relations suivantes

et

et non aux relations (5), qui nous paraissent avoir
été obtenues par une voie incorrecte.

Manuscrit reçu le 12 novembre 1948.
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B.5 R. Ruffini: Charges in gravitational fields: From Fermi, via
Hanni-Ruffini-Wheeler, to the “electric Meissner effect”

R. Ruffini: “Charges in gravitational fields: From Fermi, via
Hanni-Ruffini-Wheeler, to the ’electric Meissner effect’ ,” Nuovo Cimento B 119,

785 (2004)
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Charges in gravitational fields: From Fermi, via Hanni-Ruffini-
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Summary. — Recent developments in obtaining a detailed model for gamma-ray
bursts have shown the need for a deeper understanding of phenomena described
by solutions of the Einstein-Maxwell equations, reviving interest in the behavior
of charges close to a black hole. In particular a drastic difference has been found
between the lines of force of a charged test particle in the fields of Schwarzschild and
Reissner-Nordström black holes. This difference characterizes a general relativistic
effect for the electric field of a charged test particle around a (charged) Reissner-
Nordström black hole similar to the “Meissner effect” for a magnetic field around a
superconductor. These new results are related to earlier work by Fermi and Hanni-
Ruffini-Wheeler.

PACS 04.20.-q – Classical general relativity.
PACS 01.30.Cc – Conference proceedings.

1. – Introduction

It is a great pleasure to celebrate this eightieth birthday of M.me Choquet-Bruhat.
M.me Choquet-Bruhat has collaborated with us in organizing the Marcel Grossman Meet-
ing series for many years, as did Yakov Borisovich Zel’dovich, who had also been a
long-standing member of the International Organization Committee of the Grossman
Meetings as well as a good friend of both of us. I would like to begin with an anecdote
about him. The achievements of Zel’dovich are well known worldwide: he had invented
the Katiuscia Rocket which had played an essential role in the history of the Second
World War. He then developed both the atomic and thermonuclear bombs of the Soviet

(∗) Paper presented at the Elba Conference “Analysis, Manifolds and Geometric Structures in
Physics”, Elba, June 24-26, 2004.
(∗∗) E-mail: ruffini@icra.it
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Fig. 1. – Y. B. Zel’dovich being introduced to the Pope John Paul II by Remo Ruffini (before).

Union with Zakharov and was also instrumental in the development of space research in
the Soviet Union. It was not until 1960 that Zel’dovich became interested in relativistic
astrophysics and developed his internationally recognized school of research on this topic
in the Soviet Union.

A great scientist may contribute to the progress of science not only by his rational
scientific works, but also by his mental extravagance. In this sense Zel’dovich triggered
one of the greatest discoveries ever in relativistic astrophysics: the gamma-ray bursts
(GRBs). For the understanding of these sources it is essential to understand the process
of energy extraction from a black hole, an energy we have called blackholic energy. In
turn this theoretical research on the vacuum polarization process in the field of a black
hole has demanded a deeper understanding of the interrelationships between Maxwell’s
equations and the Einstein equations. Exactly this problematic convinced us of the need
to go back to some of the classic works on the interaction between a charged test particle
and a black hole. It has been very fortunate that from this analysis new aspects of
physics have surfaced which will be briefly summarized in this paper. I would also like
to emphasize that this work finds its origin in a paper by Enrico Fermi which is largely
unknown and published only in Italian, only being translated into English this year [1].

I had my first meeting with Zel’dovich in 1968 in Tibilisi, Georgia in the former
Soviet Union. I was very impressed by his extensive scientific knowledge and at the same
time intrigued by some peculiarities of his character, which immediately surfaced from
the first scientific exchange and some anecdotes of his life that he recalled to me. Over
the years we became very well acquainted and a great friendship developed between us.
Nevertheless, this strangeness and somewhat unexpected manifestation of his character
accompanied us all the way to our last meeting. It was in Rome that I had the occasion
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Fig. 2. – Y. B. Zel’dovich again shaking the hand of the Pope after presentation of his collected
papers. Everybody smiles with relief!

to introduce him to Pope John Paul II. Even in that solemn occasion Zel’dovich did
not fail to manifest this duality between scientific knowledge and unexpected action.
While he was approaching in line, I was introducing other distinguished guests to the
Pope, including Bruno Pontecorvo, Roald Sagdeev and Rashid Sunyaev. I noticed that
Zel’dovich had hidden under his jacket a voluminous object. This became more and more
evident as he was approaching the Pope. You can see the concern in my eyes in fig. 1.
When he arrived in front of the Pope, he suddenly opened the jacket and extracted two
big red volumes and then handed them to the Pope. The Pope kindly thanked him. But
again unexpectedly Zel’dovich took the volumes back from the hand of the Pope, and
shouted loudly: “Not just thank you, these are fifty years of my work!” We all realized
that these were his collected papers. We then all felt much more relaxed and warmly
laughed with great relief. The Pope kept the Zel’dovich books under his arm against his
white robe during the entire rest of the audience (see fig. 2).

The topic I will speak about here is again related to the dual activity of Zel’dovich,
and it is definitely one of the most astonishing proposals ever made by a homo sapiens,
which led to the discovery of gamma-ray bursts. It was during the 1950s that Zel’dovich,
in order to show the greatness of his scientific achievements and the very large progress
in space technology made by the Soviet Union, made a proposal to explode an atomic
bomb on the Moon. In his opinion this would have shown the superiority of the Soviet
rocketry to reach the Moon before the Americans and would have allowed a large fraction
of inhabitants of the Earth to directly see this achievement by the observation of the
fireball of the bomb explosion at a very precisely predicted time. Many technicalities
hampered the realization of this idea: fortunately, this unacceptable proposal was never
implemented. But the possibility of conceiving of such an action had become a reality,
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Fig. 3. – Position in the sky, in galactic coordinates, of 2000 GRB events seen by the CGRO
satellite. Their isotropy is evident. Reproduced courtesy of the BATSE web site.

and the United States put the Vela satellites into very high Earth orbits in order to
monitor the nonproliferation agreement. They discovered the gamma-ray bursts. In this
case, therefore, even this extravagant and nonscientific proposal of Zel’dovich finally did
materialize, fortunately, in a great scientific discovery.

2. – The energetics of gamma-ray bursts

GRBs were detected and studied for the first time using those Vela satellites, de-
veloped for military research to monitor the violations of the Limited Test Ban Treaty
signed in 1963 (see, e.g., Strong [2]). It was clear from the early data of these satellites,
which were put at 150000 miles from the surface of the Earth, that the GRBs did not
originate either on the Earth or in the Solar System.

The mystery of these sources became more profound as the observations of the BATSE
instrument on board the Compton Gamma Ray Observatory (CGRO) satellite(1) over 9
years proved the isotropic distribution of these sources in the sky (see fig. 3). In addition
to these data, the CGRO satellite gave an unprecedented number of details about the
structure of GRBs, and on their spectral properties and time variabilities which were
recorded in the fourth BATSE catalog [3] (see, e.g., fig. 4). Out of the analysis of these
BATSE sources the existence of two distinct families of sources soon became clear (see,
e.g., Koveliotou et al. [4], Tavani et al. [5]): the long bursts, lasting more than one second
and softer in spectra, and the short bursts, harder in spectra (see fig. 5).

The situation drastically changed with the discovery of the afterglow by the Italian-
Dutch satellite BeppoSAX (Costa et al. [6]) and the possibility which led to the optical
identification of the GRBs by the largest telescopes in the world, including the Hubble

(1) See http://cossc.gsfc.nasa.gov/batse/
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Fig. 4. – Some GRB light curves observed by the BATSE instrument on board the CGRO
satellite.

Space Telescope, the Keck Telescope in Hawaii and the VLT in Chile, and allowed as well
the identification in the radio band of these sources. The outcome of this collaboration
between complementary observational techniques has led in 1997 to the possibility of
identifying the distance of these sources from the Earth and their tremendous energy
of the order up to 1054 erg/s during the burst. It is interesting, as we will show in the
following, that energetics of this magnitude for the GRBs had already been predicted
out of first principles by Damour and Ruffini in 1974 [7] (see fig. 6).

The resonance between the X- and gamma-ray astronomy from the satellites and the
optical and radio astronomy from the ground, had already marked the great success
and development of the astrophysics of binary X-ray sources in the seventies (see, e.g.,
Giacconi and Ruffini [8]). This resonance has been repeated for GRBs on a much larger
scale. The use of much larger satellites, like Chandra and XMM-Newton, and dedicated
space missions, like HETE-2 and, in the near future, Swift, and the very fortunate cir-
cumstance of the coming of age of the development of unprecedented optical technologies
for the telescopes offer opportunities without precedent in the history of mankind. In
parallel, the enormous scientific interest in the nature of GRB sources and the explo-
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Fig. 5. – On the upper right part of the figure are plotted the number of the observed GRBs as
a function of their duration. The bimodal distribution corresponding respectively to the short
bursts, upper left figure, and the long bursts, middle figure, is quite evident.

ration, not only of new regimes, but also of the totally novel conceptual physical process
of blackholic energy extraction, makes the knowledge of GRBs an authentic new frontier
in scientific knowledge.

2.1. GRBs and general relativity . – Three of the most important works in the field of
general relativity have certainly been the discovery of the Kerr solution [9], its generaliza-
tion to the charged case (Newman et al. [10]) and the formulation by B. Carter [11] of the
Hamilton-Jacobi equations for a charged test particle in the metric and electromagnetic
field of a Kerr-Newman solution (see, e.g., Landau and Lifshitz [12]). The equations of
motion, which are generally second-order differential equations, were reduced by Carter
to a set of first-order differential equations which were then integrated using an effective
potential technique by Ruffini and Wheeler for the Kerr metric (see, e.g., Landau and
Lifshitz [12]) and by Ruffini for the Reissner-Nordström geometry (Ruffini [13], see fig. 7).

All the above mathematical results were essential for understanding the new physics
of gravitationally collapsed objects and allowed the publication of a very popular article:
“Introducing the black hole” (Ruffini and Wheeler [15]). In that paper, we advanced the
ansatz that the most general black hole is a solution of the Einstein-Maxwell equations,
asymptotically flat and with a regular horizon: the Kerr-Newman solution, characterized
only by three parameters: the mass M , the charge Q and the angular momentum L.
This ansatz of the “black hole uniqueness theorem” still today after thirty years presents
challenges to the mathematical aspects of its complete proof (see, e.g., Carter [16] and
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Fig. 6. – Damour.

Fig. 7. – The effective potential corresponding to the circular orbits in the equatorial plane of a
black hole is given as a function of the angular momentum of the test particle. This diagram was
originally derived by Ruffini and Wheeler (right picture). For details see Landau and Lifshitz [12]
and Rees, Ruffini and Wheeler [14].
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Bini et al. [17]). In addition to these mathematical difficulties, in the field of physics
this ansatz contains the most profound consequences. The fact that, among all the
possible highly nonlinear terms characterizing the gravitationally collapsed objects, only
the ones corresponding solely to the Einstein-Maxwell equations survive the formation
of the horizon has, indeed, extremely profound physical implications. Any departure
from such a minimal configuration either collapses to the horizon or is radiated away
during the collapse process. This ansatz is crucial in identifying precisely the process of
gravitational collapse leading to the formation of the black hole and the emission of GRBs.
Indeed, in this specific case, the Born-like nonlinear term [18] of the Heisenberg-Euler-
Schwinger Lagrangian [19,20] are radiated away prior to the formation of the horizon of
the black hole (see, e.g., Ruffini et al. [21]). Only the nonlinearity corresponding solely to
the classical Einstein-Maxwell theory is left as the outcome of the gravitational collapse
process.

The same effective potential technique (see Landau and Lifshitz [12]) which allowed
the analysis of circular orbits around the black hole was crucial in reaching the equally
interesting discovery of the reversible and irreversible transformations of black holes by
Christodoulou and Ruffini [22], which in turn led to the mass-energy formula for the
black hole

(1) E2
BH = M2c4 =

(
Mirc

2 +
Q2

2ρ+

)2

+
L2c2

ρ2
+

,

with

(2)
1
ρ4
+

(
G2

c8

)(
Q4 + 4L2c2

) ≤ 1 ,

and where

(3) S = 4πρ2
+ = 4π

(
r2+ +

L2

c2M2

)
= 16π

(
G2

c4

)
M2

ir

is the horizon surface area, Mir is the irreducible mass, r+ is the horizon radius and ρ+

is the quasi-spheroidal cylindrical coordinate of the horizon evaluated at the equatorial
plane. Extreme EMBHs satisfy the equality in eq. (2).

From eq. (1) there follows that the total energy of the black hole EBH can be split
into three different parts: rest mass, Coulomb energy and rotational energy. In princi-
ple both Coulomb energy and rotational energy can be extracted from the black hole
(Christodoulou and Ruffini [22]). The maximum extractable rotational energy is 29% of
the total energy and the maximum extractable Coulomb energy is 50%, as clearly follows
from the upper limit for the existence of a black hole, given by eq. (2). We refer to both
these extractable energies in the following as the blackholic energy.

The existence of the black hole and the basic correctness of the circular orbits has
been proven by the observations of Cygnus-X1 (see, e.g., Giacconi and Ruffini [8]). How-
ever, in binary X-ray sources, the black hole only acts passively by generating the deep
potential well in which the accretion process occurs. It has become tantalizing to look
for astrophysical objects in order to verify the other fundamental prediction of general
relativity that the blackholic energy is the largest energy extractable from any physical
object.
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As we shall see in the next section, the feasibility of extracting the blackholic energy
has been made possible by the quantum process of creating, out of classical fields, a
plasma of electron-positron pairs in the field of a black hole. This process of energy
extraction from the black hole is manifested astrophysically by the occurrence of GRBs.

2.2. GRBs and quantum electrodynamics. – That a static electromagnetic field
stronger than a critical value,

(4) Ec =
m2

ec
3

�e
,

can polarize the vacuum and create electron-positron pairs, was clearly shown by Heisen-
berg and Euler [19]. The major effort in verifying the correctness of this theoretical
prediction has been directed towards the analysis of heavy-ion collisions (see Ruffini et
al. [21] and references therein). From an order-of-magnitude estimate, it appears that
around a nucleus with a charge

(5) Zc � �c

e2
� 137 ,

the electric field can be stronger than the critical electric field needed to polarize the
vacuum. A more accurate detailed analysis taking into account the bound-state levels
around a nucleus increases the value to

(6) Zc � 173

for the nuclear charge leading to the existence of a critical field. From the Heisenberg
uncertainty principle it follows that, in order to create a pair, the existence of the critical
field should last a time

(7) ∆t ∼ �

mec2
� 10−18 s ,

which is much longer than the typical confinement time in heavy-ion collisions which is

(8) ∆t ∼ �

mpc2
� 10−21 s .

This is certainly a reason why no evidence for pair creation in heavy-ion collisions has
been found although remarkable efforts have been made in various accelerators world-
wide. Similar experiments involving laser beams encounter analogous difficulties (see,
e.g., Ruffini et al. [21] and references therein).

The alternative idea was advanced in 1975 [7] that the critical-field condition given in
eq. (4) could be reached easily, and for a time much larger than the one given by eq. (7),
in the field of a Kerr-Newman black hole in a range of masses 3.2M� ≤ MBH ≤ 7.2 ×
106M�. In that paper we generalized the fundamental theoretical framework developed
in Minkowski space by Heisenberg-Euler [19] and Schwinger [20] to the curved Kerr-
Newman geometry. This result was made possible by the work on the structure of
the Kerr-Newman space-time previously done by Carter [11] and by the remarkable
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Fig. 8. – The dyadosphere is comprised between the horizon radius and the radius of the dya-
dosphere. This region is entirely filled with electron-positron pairs and photons in thermal
equilibrium. Details in Ruffini [26], Preparata et al. [27], Ruffini et al. [28].

mathematical craftsmanship of Thibault Damour then working with me as a post-doc in
Princeton.

The maximum energy extractable in such a process of creating a vast amount of
electron-positron pairs around a black hole is given by

(9) Emax = 1.8× 1054 (MBH/M�) erg .

We concluded in that paper that such a process “naturally leads to a most simple model
for the explanation of the recently discovered gamma-ray bursts”.

At that time, GRBs had not yet been optically identified and nothing was known
about their distance and consequently about their energetics. Literally thousands of
theories existed in order to explain them and it was impossible to establish a rational
dialogue with such an enormous number of alternative theories. We did not pursue
further our model until the results of the BeppoSAX mission, which clearly pointed to
the cosmological origin of GRBs, implying for the typical magnitude of their energy
precisely the one predicted by our model.

It is interesting that the idea of using an electron-positron plasma as the basis of a
GRB model was independently introduced years later in a set of papers by Cavallo and
Rees [23], Cavallo and Horstman [24] and Horstman and Cavallo [25]. These authors
did not address the issue of the physical origin of their energy source. They reach
their conclusions considering the pair creation and annihilation process occurring in the
confinement of a large amount of energy in a region of dimension ∼ 10 km typical of a
neutron star. No relation to the physics of black holes nor to the energy extraction process
from a black hole was envisaged in their interesting considerations, mainly directed to the
study of the opacity and the consequent dynamics of such an electron-positron plasma.

After the discovery of the afterglows and the optical identification of GRBs at cos-
mological distances, implying exactly the energetics predicted in eq. (9), we returned
to the analysis of the vacuum polarization process around a black hole and precisely
identified the region around the black hole in which the vacuum polarization process and
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the subsequent creation of electron-positron pairs occur. We defined this region, using
the Greek name dyad for pairs (δυας, δυαδoς), to be the “dyadosphere” of the black
hole, bounded by the black-hole horizon and the dyadosphere radius rds given by (see
Ruffini [26], Preparata et al. [27] and fig. 8)

rds =
(

�

mc

)1/2 (
GM

c2

)1/2 (mp

m

)1/2
(
e

qp

)1/2 (
Q√
GM

)1/2

=(10)

= 1.12× 108
√
µξ cm ,

where we have introduced the dimensionless mass and charge parameters µ = MBH/M�,
ξ = Q/(MBH

√
G) ≤ 1.

At that time the analysis of the dyadosphere was developed around an already formed
black hole. In recent months we have been developing the dynamical formation of the
black hole and correspondingly of the dyadosphere during the process of gravitational
collapse, reaching some specific signatures which may be detectable in the structure of
the short and long GRBs (Cherubini et al. [29], Ruffini and Vitagliano [30, 31], Ruffini
et al. [28, 32,33]).

3. – Reconsideration of a classic Fermi paper

At the very foundation of the GRB phenomena is the vacuum polarization process
due to overcritical electric fields of black holes. For these reasons we decided to go back
to some of our earlier work and some other classic work in the literature on test particles
in gravitational fields, and we have discovered a wealth of new results and opened as
well additional new problems for enquiry. We have reconsidered a pioneering paper by
Enrico Fermi [34], which has been generally neglected since it was written in Italian. It
has only just now been translated into English [1]. In this paper Fermi investigated the
electric field generated by a charged particle at rest in a given static and homogeneous
gravitational field in the space-time region close to the particle location and then used
his result to study the influence of the gravitational field on the charge distribution on
an infinitely conducting sphere. He showed that in this case the sphere acquires a dipole
electric field and is polarized. In fact, the solution for the electrostatic potential (and
the field) can be expressed as the superposition of the solutions corresponding to a point
charge and a dipole of suitable moment, in order to satisfy the condition of constancy of
the potential on the surface of the sphere.

Fermi uses in his paper the following form of the metric due to Levi-Civita [35] for a
uniform gravitational field:

(F1) ds2 = −(1− 2AZ)dT 2 + dX2 + dY 2 + dZ2 +O(AZ) ,

with the condition AZ � 1; A denotes the acceleration of gravity. In this metric Fermi
considers Maxwell’s equations

(F2) Fαβ
;β = 4πJα, ∗Fαβ

;β = 0 , Fαβ = 2A[β;α] .

One can introduce (pseudo-) electric and magnetic field quantities

(F3) Ei = Fi0 , Bi =
1
2
εijkFjk
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differing from the physical fields which are instead the orthonormal frame components
(and not the coordinate components) of the Faraday 2-form F . In the electrostatic case
Bi = 0 and Ei,0 = 0, and the vector potential Aµ is determined by the electrostatic
potential Φ alone (A0 = Φ , Ai = 0), in terms of which the (pseudo-) electric field
components can be written in the form EX = −Φ,X , EY = −Φ,Y , EZ = −Φ,Z .

He then considers a charge q located at the origin of the coordinates as the source
term Jα, i.e. with current density

(F4) Jα = ρuα , ρ = qδ(X)δ(Y )δ(Z) ,

where u = (1−AZ)−1∂T is the particle 4-velocity.
In the limit of validity of the metric (F1), Maxwell’s equations reduce to the following

equation for the electrostatic potential Φ:

(F5) ∇2Φ +A∂ZΦ = −4π(1−AZ)ρ .

The solution corresponding to the source term (F4) is given by

(F6) Φpart =
q√

X2 + Y 2 + Z2

[
1− A

2
Z

]
.

Finally, let us assume that the charge is distributed on a conducting sphere of radius R,
centered at the origin of the coordinate system. From the condition that the electrostatic
potential must be constant on the surface, Fermi finds that a polarization charge density
appears on the sphere corresponding to a superposition of a monopolar and a dipolar
distribution, explicitly given by

(F7) σR
F (θ) =

q

4πR2
+

qA

2πR
cos θ .

Fermi also shows that the electric part of the electromagnetic field generated by the
electric charge at rest in a homogeneous field of strength A is equal to the electric part
of the electromagnetic field which the same charge would produce in the absence of a
gravitational field if it moved in accelerated motion with acceleration A/2 in the opposite
direction with respect to the gravitational field. However, a nonzero magnetic field is
present in this latter case, and the Fermi solution corresponds to suitably choosing a
gauge in such a way that the vector potential Aµ has the component A0 = Φ only. It
is interesting that even in this problem there are still some open questions: the factor
1/2 appearing in the acceleration A/2 still remains to be completely understood and is
very likely connected by some analogy to the same factor 2 occurring in the Thomas
precession. This topic is still a matter of active discussion with V. Belinski, D. Bini, J.
Elhers and A. Geralico.

4. – Discussions of Wheeler-Hanni-Unruh on the charge near a Schwarzschild
black hole

One of the most exciting problems proposed by Johnny Wheeler to students and
collaborators at Princeton (see fig. 9) was the problem of a charged test particle at
rest near a black hole. The characteristic style of Wheeler has always been to have a
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Fig. 9. – My students at Princeton in an evening discussion with John Wheeler. Recognizable
on the right are Jim Eisenberg and Rick Hanni. Johnny and I are standing in the back of the
room.

strong intuition about the solution of physical problems. His motto, known as “Wheeler
theorem number 1”, is “Never do a computation without knowing the solution,” and
he was usually extremely good at guessing the solution of a problem. We had just
introduced with Johnny the astrophysical concept of a black hole [15]. It is interesting
that the specific case of the charge near a black hole really caught the attention of the
students at Princeton, and all of them participated in trying to find solutions of this
problem. In particular, Jacob Bekenstein, William Unruh and many others contributed
to a lively discussion on the possible outcome of the solution. There were two different
possibilities for the field line configurations, as outlined in fig. 10: the one on the left was
the first proposal of Johnny, and the one on the right was the one proposed by Unruh,
adopting for the Schwarzschild black hole the analogy with an infinitely conducting metal
sphere.

While the discussions were polarizing our small scientific community in Princeton,
I decided to enter in this issue by bypassing the philosophical and intuitive approach
and just solve the corresponding set of equations. It was at that time that Wheeler
introduced me to a young very bright undergraduate, Rickard Hanni (see fig. 11).

Recently, reading Fermi’s paper, I noticed that the equations we used (see figs. 12 and
13) have the same structure of the ones he used there, except instead of the Levi-Civita
metric (F1), describing a uniform gravitational field, we used the Schwarzschild metric

(HR1) ds2 = −fS(r)dt2 + fS(r)−1dr2 + r2(dθ2 + sin2 θdφ2) ,

where fS(r) = 1− 2M/r. The current density corresponding to a charge q placed at the
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Fig. 10. – The behavior of the lines of force of the electric field of the test particle as suggested
by Wheeler and Unruh ((a) and (b), respectively). The figure on the right is taken from the
classical book of Weber on electricity and magnetism.

Fig. 11. – Rick Hanni at Princeton and the note of Wheeler introducing him. Johnny optimisti-
cally, as usual, was expecting the problem of the lines of force to be solved in a week. It took
almost one year of very hard work [36].
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Fig. 12. – From Wheeler’s notebook (1).
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Fig. 13. – From Wheeler’s notebook (2).
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point r = b on the polar axis θ = 0, with b > 2M, is given by

(HR4) J0 =
q

2πr2
δ(r − b)δ(cos θ − 1) .

Maxwell’s equations (F2) then reduce to the following equation for the electrostatic
potential V for the (pseudo-) electric field Er = −V,r, Eθ = −V,θ, Eφ = −V,φ, namely

(HR5) (r2V,r),r +
fS(r)−1

sin θ

[
(sin θV,θ),θ +

1
sin θ

(V,φ),φ

]
= −4πr2J0 .

I solved this equation with Hanni (see fig. 14) using a multipole expansion [36]

(HR6) V = q
∑

l[fl(b)gl(r)ϑ(b− r) + gl(b)fl(r)ϑ(r − b)]Pl(cos θ) ,

where

fl(r) = − (2l + 1)!
2l(l + 1)!l!M(l+1)

(r − 2M)2

r

dQl

dr

[
r −M
M

]
l = 0, 1, 2, . . .(11)

gl(r) =




1 l = 0
2ll!(l − 1)!Ml

(2l)!
(r − 2M)2

r

dPl

dr

[
r −M
M

]
l = 1, 2, . . .

and Pl, Ql are the Legendre functions. We then derived the lines of force by defining the
lines of constant flux, obtaining the behavior shown in fig. 15 (details in [36]).

We also defined the concept of the induced charge on the surface of the black-hole
horizon, which indeed appears to have some of the properties of a perfectly conducting
sphere. If we assume that the test charge and black-hole charge are both positive, at
angles smaller than a certain critical angle the induced charge is negative and the lines of
force go towards the horizon, while at angles greater than the critical angle the induced
charge is positive and the lines of force go away from it. At the critical angle the induced
charge density vanishes and the lines of force of the electric field are tangent to the
horizon.

This confirmed the Unruh ansatz for the behaviour of the lines of force, but there
always remained in my mind the question: “How could it be that the very fertile imag-
ination of Johnny did not enable him to guess a priori the correct solution?” As we
will show below recent developments may explain that at a deeper level Wheeler was
indeed correct to be undecided on this issue. In the meantime my work with Hanni was
improved by an important mathematical solution obtained by Linet [37]. He derived a
closed form for the electrostatic potential (HR6) by summing over all the multipoles

(12) V =
q

br

(r −M)(b−M)−M2 cos θ
DS

+
qM
br

,

with

(13) DS = [(r −M)2 + (b−M)2 − 2(r −M)(b−M) cos θ −M2 sin2 θ]1/2 .
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Fig. 14. – The radial functions fl(r) in the multipole moment expression for the potential V
given by eq. (11) are shown for a test particle at a selected distance from a Schwarzschild black
hole. Below is the closed form of the electrostatic potential V derived by Linet [37].

Fig. 15. – Lines of force of the test field with the charged particle at rest on the vertical axis
θ = 0 at r = b with b/M = 3 (from [36]).
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The induced charge density on the horizon is then easily evaluated

(HR7) σH
S (θ) =

q

8πb
M(1 + cos2 θ)− 2(b−M) cos θ

[b−M(1 + cos θ)]2
.

Later on, during the preparation of my volume with Rees and Wheeler, Johnny
drew the electric lines of force as they should appear in an embedding diagram of the
Schwarzschild solution (see fig. 16 (a)). It is remarkable that he did this free hand,
based on his great intuition. It is interesting to compare these same lines of force with
those which have been recently recomputed [38] by introducing the explicit computation
of the embedding diagram (see fig. 16 (b)). The exterior Schwarzschild solution can be
visualized as a 2-dimensional hyperboloid embedded in the usual Euclidean 3-space, by
suppressing the temporal and azimuthal dimensions associated with the symmetry. The
constant time equatorial slice has the reduced metric

(14) ds2 = fS(r)−1dr2 + r2dφ2 .

For r > 2M the coordinate r is spacelike, so this metric can be embedded in Euclidean
space. By employing regular cylindrical coordinates, the Euclidean metric is given by

(15) ds2 = dρ2 + ρ2dφ2 + dz2 ,

with the same azimuthal angle φ for both metrics. If we require that the metrics (14)
and (15) agree at constant φ, we get the condition

(16) dρ2 + dz2 = fS(r)−1dr2 .

Setting ρ = r, this equation can be easily solved for z as a function of r

(17) z =
∫ r

2M

[
2M
rfS(r)

]1/2

dr = 2[2M(r − 2M)]1/2 ,

with z(2M) = 0. Figure 16 shows the embedding diagram with the electric field lines of
the particle; it is in the curved space that the lines of force intersect the event horizon
orthogonally (at which the field is strictly radial).

We note that also in this topic there is an open problem still to be resolved: we have
also reconsidered [38] the possibility of examining the problem not just of a point particle,
but of a conducting sphere in the field of a Schwarzschild black hole, as done by Fermi in
the case of a uniform gravitational field. This problem is not yet solved, although using
important results obtained by Leaute and Linet [39], we have been able to confirm the
Fermi solution at least in the neighborhood of the test particle in Schwarzschild, where
in a first approximation the gravitational field can be considered uniform.

5. – On the “electric Meissner effect”

My curiosity of how to justify the fact that Johnny did not succeed in guessing a
priori the lines of force near a Schwarzschild black hole still intrigued me a few years
ago. I decided to look into the matter of a test particle near a Reissner-Nordström space-
time, motivated by results obtained in the mean time by Bicak and coworkers [40] for
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Fig. 16. – Embedding diagram with the electric field lines of the particle shown in fig. 15. (a) is
taken from Wheeler’s notebook.

a magnetic dipole in the field of an extreme Reissner-Nordström and an extreme Kerr
solution. My approach following the “Wheeler theorem number 1” was that in an extreme
Reissner-Nordström solution with Q = M no induced charge could exist, the reason being
that any induced charge would make a part of the horizon surface overcritical and would
generate a naked singularity. Instead of such catastrophic behaviour I was convinced
that nature would have found the way to solve this paradox by not having lines of force
crossing the horizon in the Q = M case. I was also motivated in this thinking by an
instant disagreement I felt reading a very publicized article by Parikh and Wilczek [41],
where they simply extrapolated the results of a test particle near a Schwarzschild black
hole to the case of a Reissner-Nordström metric without understanding the existence of
this very profound underlying difference between the two cases.

I then proceeded with D. Bini and A. Geralico [38] to study the set of equations for
a test particle in a Reissner-Nordström space-time

(BGR1) ds2 = −f(r)dt2 + f(r)−1dr2 + r2(dθ2 + sin2 θdφ2) ,

where f(r) = 1− 2M/r +Q2/r2, with associated electromagnetic field

(18) FRN = −Q
r2

dt ∧ dr .

The horizon radii are r± = M±
√
M2 −Q2 = M±Γ. Maxwell’s equations (F2) reduce

to the following equation for the electrostatic potential V :

(BGR5) (r2V,r),r +
f(r)−1

sin θ

[
(sin θV,θ),θ +

1
sin θ

(V,φ),φ

]
= −4πr2J0 .

The solution corresponding to a charge q placed at the point r = b on the polar axis θ = 0
(with the same current density as (HR4)) has been derived by Leaute and Linet [42] both
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as a multipole expansion analogous to (HR6) with

fl(r) = − (2l + 1)!
2l(l + 1)!l!Γ(l+1)

(r − r+)(r − r−)
r

dQl

dr

[
r −M

Γ

]
l = 0, 1, 2, ...(19)

gl(r) =




1 l = 0

2ll!(l − 1)!Γl

(2l)!
(r − r+)(r − r−)

r

dPl

dr

[
r −M

Γ

]
l = 1, 2, ...

and in the closed form

(20) V =
q

br

(r −M)(b−M)− Γ2 cos θ
DRN

+
qM
br

,

with

(21) DRN = [(r −M)2 + (b−M)2 − 2(r −M)(b−M) cos θ − Γ2 sin2 θ]1/2 .

We also generalized to the Reissner-Nordström case the discussion of the lines of force
and associated properties of the horizon presented above for the Schwarzschild case. The
induced charge density on the horizon is easily evaluated

(BGR7) σH
RN(θ) =

q

4πb
[Γ(1 + cos2 θ)− 2(b−M) cos θ]Γ

[b−M− Γ cos θ]2(Γ +M)
.

Note that σH
RN(θ) becomes identically zero in the extremely charged case where Γ = 0.

As the hole becomes extreme, an effect analogous to the “magnetic Meissner effect” in
the presence of superconductors arises for the electric field, with the electric field lines
of the test charge being forced outside the outer horizon (see fig. 17). But this time
the effect is not on a magnetic field, but is on the electric field, and it is not due to a
superconducting sphere, but to the space-time around an extreme Reissner-Nordström
black hole.

6. – On Zerilli’s solution

It must be emphasized that this is only a preliminary result. This behavior must be
confirmed by integrating the more general set of equations describing the full Einstein-
Maxwell perturbation equations introduced by Zerilli [43]

G̃µν = 8π
(
T part

µν + T̃µν

)
,(22)

F̃µν
; ν = 4πjµ

part,
∗F̃αβ

;β = 0 ,
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Fig. 17. – (a) shows the behavior of the lines of force of the test field alone with the charged
particle at rest on the vertical axis θ = 0 at r = b with b/M = 3, for Q/M = 3/4. (b)
corresponds to the extreme case, with the lines forced outside the (outer) horizon, the particle
position being the same as in (a). The black circle represents the black-hole horizon.

where the quantities denoted by the tilde refer to the total electromagnetic and gravita-
tional fields, at the first order of the perturbations, i.e.

g̃µν = gµν + hµν ,(23)

F̃µν = Fµν + fµν ,

T̃µν =
1

4π

[
g̃ρσF̃ρµF̃σν − 1

4
g̃µνF̃ρσF̃

ρσ

]
,

G̃µν = R̃µν − 1
2
g̃µνR̃ ,

where T part
µν and jµ

part are, respectively, the stress-energy tensor and the 4-current asso-
ciated with a particle of mass m and charge q. The corresponding quantities without
the tilde refer to the background Reissner-Nordström metric (BGR1) and its associated
electromagnetic field (18).

For a point charge of mass m and charge q at rest at the point r = b on the polar axis
θ = 0, the only nonvanishing components of the stress-energy tensor and of the current
density are given by

j0part =
q

2πb2
δ (r − b) δ (cos θ − 1) ,(24)

T part
00 =

m

2πb2
f(b)3/2δ (r − b) δ (cos θ − 1) .

The perturbation equations are obtained from the system (22), keeping terms to first
order. That has been done [38] and the existence of the “electric Meissner effect” has
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been confirmed. There are also some very exciting new results on the two-body solution
in a Reissner-Nordström geometry, which we will discuss in the near future.

7. – Conclusions

The examples we have given well illustrate the caution we should apply in stating that
black holes behave as perfect conductors and a special care should be used in establishing
correspondence and analogies between classical physics and general relativistic regimes.
See, e.g., the statement I did in the book in honor of the festschrift of Hagen Kleinert [44]:
“The analogies between classical regimes and general relativistic regimes have been at
times helpful in giving the opportunity to glance on the enormous richness of the new
physical processes contained in Einstein’s theory of space-time structure. In some cases
they have allowed to reach new knowledge and formalize new physical laws [...]. Such
analogies have also dramatically evidenced the enormous differences in depth and physical
complexity between the classical physics and general relativistic effects. The case of
extraction of rotational energy from a neutron star and a rotating black hole are a good
example. In no way an analogy based on classical physics can be enforced on general
relativistic regimes. Such an analogy is too constraining and the relativistic theory
shows systematically a wealth of novel physical circumstances and conceptual subtleties,
unreachable within a classical theory. The analogies in the classical electrodynamics we
just outlined are good examples.”

It is very interesting that the combined Einstein-Maxwell equations still offer new
challenges leading to unexplored physical phenomena. These results offer the possibility
of reaching a better understanding of the solutions of both the Einstein and Einstein-
Maxwell equations.

In both these topics M.me Choquet-Bruhat has made profound contributions and it is
with great pleasure that I present these results to her in honor of her eightieth birthday.
I am also very happy to share this celebration by recalling two very good friends of ours,
Zel’dovich and Wheeler, both companions with us in the search for a deeper meaning of
Einstein’s great theory. Last, but not least, after all Johnny was right!
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Chapter 3

From Fermi’s papers of the American
period

Foreword

We have selected seven of Fermi’s papers from his American period to reproduce
here, six of which are relevant to astrophysics. We have also added the famous paper
“Study of non-linear problems.” All of these have been quoted and commented on
numerous times but we think that in order to have a clearer idea of their ideas, it
is better to go back to the original sources. As in the preceding chapter, we also
include some excerpts of commentary on those papers from Volume 2 of Fermi’s
Note e Memorie.

The first three papers, FA 1 E. Fermi: On the Origin of the Cosmic Radiation
(237), FA 2 E. Fermi: An Hypothesis on the Origin of the Cosmic Radiation (238),
FA 3 E. Fermi: Galactic Magnetic Fields and the Origin of Cosmic Radiation (265),
tackle the problem of the origin of the cosmic rays formulating the hypothesis of a
galactic origin and considering the role of the magnetic field. Comments on these
papers can also be found in the Ames paper (C.1) in Appendix C.

As recalled by Anderson, “Paper No. 237 was a direct outcome of heated disputes
with Edward Teller on the origin of the cosmic rays. It was written to counter the
view that cosmic rays were principally of solar origin and that they could not extend
through all galactic space because of the very large amount of energy which would
then be required. Taking up the study of the intergalactic magnetic fields, Fermi was
able to find not only a way to account for the presence of the cosmic rays, but also
a mechanism for accelerating them to the very high energies observed. He presented
these same views on the origin of cosmic rays, though less extensively, in a talk at
the Como International Congress on the Physics of Cosmic Rays (paper No. 238).”
(H.L. Anderson, Vol. 2, p. 655)

As Chandrasekhar recalls, “In the fall of 1948, Edward Teller was advancing the
view that cosmic rays are of solar origin. Fermi was want to say—half-jokingly—
that this inspired him to take an opposing view and advocate a galactic origin of the
cosmic rays.” (S. Chandrasekhar, Vol. 2, p. 924)

It is therefore appropriate to recall here Teller’s point of view: “Fermi mentioned
to me his interest in the origin of cosmic rays as early as 1946. Several years before
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that time he mentioned the subject in some lectures in Chicago. He had the suspicion
that magnetic fields could accelerate the cosmic particles. In 1948 Alfvén visited
Chicago. He had been interested in electromagnetic phenomena on the cosmic scale
for quite some time. At that time I was playing with the idea that cosmic rays
might be accelerated in the neighborhood of the sun. I had discussed this question
with Alfvén, and he visited us in Chicago in order to carry forward the discussion.
During this visit Fermi learned from Alfvén about the probable existence of greatly
extended magnetic fields in our galactic system. Since this field would necessarily
be dragged along by the moving and ionized interstellar material, Fermi realized
that here was an excellent way to obtain the acceleration mechanism for which he
was looking. As a result he outlined a method of accelerating cosmic ray particles
which serves today as a basis for most discussions on the subject. In his papers
published in 1949 (No. 237 and 238) he explained most of the observed properties
of cosmic rays with one important exception: it follows from his originally proposed
mechanism that heavier nuclei will not attain as high velocities as protons do. This
is in contradiction with experimental evidence. Fermi returned to this problem in
his paper Galactic Magnetic Fields and the Origin of Cosmic Radiation (No. 264).
Some details concerning the origin of cosmic rays have not been settled conclusively
by Fermi’s papers. Another competing theory has been proposed by Stirling Colgate
and Montgomery Johnson according to which cosmic rays are produced by shock
mechanism in exploding supernovae. The actual origin of cosmic rays continues to
remain in doubt.” (E. Teller, Vol. 2, p. 655)

As Anderson recalls “Fermi’s interest in astrophysics was welcomed by the as-
trophysicists. They asked him to give the Sixth Henry Norris Russell Lecture of
the American Astronomical Society. Fermi was quite pleased by this show of regard
outside his own field and took the occasion to re-examine his earlier ideas about
the origin of the cosmic rays in view of later developments in the knowledge of the
strength and behavior of the magnetic fields.” (H.L. Anderson, Vol. 2, p. 970).
(See also the introduction to paper No. 237.)

The paper FA 4 E. Fermi: High energy nuclear events (241) was published in
the issue of the Progress of Theoretical Physics dedicated to the 15th anniversary
of the Yukawa theory and considers a statistical description for pion production.
As mentioned by Anderson in the comments to this paper in the collected work of
Fermi,∗ the methods developed by Fermi were relatively simple, and moreover were
deliberately simplified and therefore, were rather useful for experimentalists at that
initial phase of high energy physics. Since pions are also bosons, at high energies
when their rest mass can be neglected, the concept of temperature can be introduced
and the energy density will be given by Stefan’s law. Obtaining the temperature
from the total energy within a given volume, the number densities of the produced
pions and nucleons can then be estimated. The role played by thermalization in
this paper has inspired us, even though the mechanism is different, astrophysical

∗Fermi: Note e Memorie (Collected Papers), Vol. 2, 1965, p. 789.
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applications in the study of the spectra of gamma ray bursts (GRBs).
It is appropriate to recall here some of the comments of Anderson: “Rabi’s

comment after hearing Fermi present this paper at an American Physical Society
meeting in Chicago is worth recording here. ’If Fermi is right in saying that he can
calculate what will happen at very high energies by purely statistical methods, then
we will have nothing new to learn in this field.’ Rabi should have had nothing to
fear. Fermi’s theory was greatly oversimplified as he intended it to be, and while
it did not give very well the detailed results which were later found, it did serve
as a standard against which one could make a first comparison of the experimental
results of multiple production to reveal when something non-statistical was going on.
In the later literature this made it appear that this theory was always wrong; a point
that Fermi didn’t enjoy at all. He had always stressed the purpose and limitations
of his calculations and referred ironically to his own authority and to those who took
his results beyond what he intended them to be.” (H.L. Anderson, Vol. 2, p. 789)

Fermi’s theoretical papers rarely had co-authors. Among his few co-authors was
Chandrasekhar, on two papers on magnetohydrodynamics, FA 5 S. Chandrasekhar,
E. Fermi: Magnetic Fields in Spiral Arms (261) - FA 6 S. Chandrasekhar, E. Fermi:
Problems of Gravitational Stability in the Presence of a Magnetic Field (262). Chan-
drasekhar’s recollections on their joint work with remarkable details on Fermi’s style
of work are published in Volume 2 of Note e Memorie.† We give below some ex-
cerpts from them. D. Boccaletti comments on the two papers in an article (C.3) of
Appendix C.

On paper 262) Chandrasekhar recalls: “As I have already stated, Fermi and
I discussed astrophysical problems regularly during 1952–53. The paper Problems
of Gravitational Stability in the Presence of a Magnetic Field (No. 262) was an
outcome of these discussions. Referring to this largely mathematical paper, several
persons have remarked that it is “out of character” with Fermi. For this reason I
may state that the problems which are considered in this paper were largely at Fermi’s
suggestion. The generalization of the virial theorem; the existence of an upper limit
to the magnetic energy of a configuration in equilibrium under its own gravitation;
the distortion of the spherical shape of a body in gravitational equilibrium by internal
magnetic fields; the stabilization of the spiral arms of a galaxy by axial magnetic
fields; all these were Fermi’s ideas, novel at the time. But they had to be proved; for,
as Fermi said: “It is so very easy to make mistakes in magneto-hydrodynamics that
one should not believe in a result obtained after a long and complicated mathematical
derivation if one cannot understand its physical origin; in the same way, one cannot
also believe in a long and complicated piece of physical reasoning if one cannot
demonstrate it mathematically.” If only this dictum were followed by all!” (S.
Chandrasekhar, Vol. 2 p. 925)

And again Chandrasekhar: “Fermi’s interest in hydromagnetic turbulence led
him to inquire into the physics of ordinary hydrodynamic turbulence. Confessing

†Fermi: Note e Memorie (Collected Papers), Vol. 2, 1965, p. 923–927.
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ignorance of this subject, Fermi asked me (early in 1950) to come to his office and
tell him about the ideas of Kolmogoroff and Heisenberg which were then very much
in the vogue. However, when I went to tell him, I found that it was not necessary
for me to say beyond a few words: such as isotropy, the cascade of energy from
large to small eddies etc. With only such words as clues, Fermi promptly went to
the blackboard (“to see if I understand these words”) and proceeded to derive the
Kolmogoroff spectrum for isotropic turbulence (in the inertial range) and the basis
of Heisenberg’s elementary theory. Fermi’s manner of arguing is worth recording
for its transparent simplicity.

Divide the scale of logk (where k denotes the wave number) into equal divisions,
say (. . . , n, n + 1, . . .). In a stationary state the rate of flow of energy across “n”
must be equal to the rate of flow across “n+ 1.” Therefore:

En ,n+1 = ρ
vn

kn
(vnkn)2 − ρ

vn+1

kn+1
(vn+1kn+1)2 , (1)

if one remembers that the characteristic time associated with “eddies” with wave
numbers in the interval (n, n + 1) is (vn+1kn+1)−1. From this relation it follows
that:

vn = Constant× k−1/3
n , (2)

and this is equivalent to Kolmogoroff’s law. For decaying turbulence, equation (1)
should be replaced by:

d

dt
(ρvn)2 = En ,n+1 (3)

and this equation expresses the content of Heisenberg’s theory.” (Chandrasekhar,
Vol. 2, pp. 925–926)

The paper FA 7 E. Fermi, J. Pasta, S. Ulam: Studies of Non-linear Problems
(266) (always quoted as F.P.U.) is outstanding for several reasons: (a) It repre-
sents the first computer study of a non-linear system; (b) the results contradicted
the belief held since Poincaré, that any perturbed Hamiltonian system has to be
chaotic. Fermi had considered it ‘a little discovery’ (as quoted by Ulam), thus
immediately evaluating its extraordinary importance; (c) it was one of Fermi’s last
works, completed after his death in 1954; (d) remained unpublished for a decade; (e)
coincides in time with Kolmogorov’s theorem (1954), though FPU and Kolmogorov-
Arnold-Moser (KAM) theory were linked to each other only in 1966; (f) inspired
the discovery of solitons and numerous other studies; (g) its results are not fully
understood till now and the FPU model continues its inspiring mission today, after
half a century. In his recollections Ulam refers to Fermi’s opinion on the importance
of the “understanding of non-linear systems” for the future fundamental theories,
and the “potentialities of the electronic computing machines” and even mentions
Fermi’s learning of the actual coding (programming) during one summer. The FPU
paper and its influence on various areas of astrophysics and stochastic dynamics are
discussed in Appendix C (see the papers by A. Carati et al. (C.4), S. Ruffo (C.7)
and G.M. Zaslavsky (C.11)). Here is the presentation written by S. Ulam.
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“After the war, during one of his frequent summer visits to Los Alamos, Fermi
became interested in the development and potentialities of the electronic computing
machines. He held many discussions with me on the kind of future problems which
could be studied through the use of such machines. We decided to try a selection of
problems for heuristic work where in absence of closed analytic solutions experimen-
tal work on a computing machine would perhaps contribute to the understanding of
properties of solutions. This could be particularly fruitful for problems involving the
asymptotic-long time or “in the large” behavior of non-linear physical systems. In
addition, such experiments on computing machines would have at least the virtue of
having the postulates clearly stated. This is not always the case in an actual physical
object or model where all the assumptions are not perhaps explicitly recognized.

Fermi expressed often a belief that future fundamental theories in physics may
involve non-linear operators and equations, and that it would be useful to attempt
practice in the mathematics needed for the understanding of non-linear systems. The
plan was then to start with the possibly simplest such physical model and to study
the results of the calculation of its long-time behavior. Then one would gradually
increase the generality and the complexity of the problem calculated on the machine.
The Los Alamos report LA–1940 (paper No. 266) presents the results of the very
first such attempt. We had planned the work in the summer of 1952 and performed
the calculations the following summer. In the discussions preceding the setting up
and running of the problem on the machine we had envisaged as the next problem a
two-dimensional version of the first one. Then perhaps problems of pure kinematics,
e.g., the motion of a chain of points subject only to constraints but no external forces,
moving on a smooth plane convoluting and knotting itself indefinitely. These were
to be studied preliminary to setting up ultimate models for motions of system where
“mixing” and “turbulence” would be observed. The motivation then was to observe
the rates of mixing and “thermalization” with the hope that the calculational results
would provide hints for a future theory. One could venture a guess that one motive
in the selection of problems could be traced to Fermi’s early interest in the ergodic
theory. In fact, his early paper (No. 11a) presents an important contribution to this
theory.

It should be stated here that during one summer Fermi learned very rapidly how
to program problems for the electronic computers and he not only could plan the
general outline and construct the so-called flow diagram but would work out himself
the actual coding of the whole problem in detail. The results of the calculations
(performed on the old MANIAC machine) were interesting and quite surprising to
Fermi. He expressed to me the opinion that they really constituted a little discovery
in providing intimations that the prevalent beliefs in the universality of “mixing and
thermalization” in non-linear systems may not be always justified.

A few words about the subsequent history of this non-linear problem. A num-
ber of other examples of such physical systems were examined by calculations on the
electronic computing machines in 1956 and 1957. I presented the results of the orig-
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inal paper on several occasions at scientific meetings; they seemed to have aroused
considerable interest among mathematicians and physicists and there is by now a
small literature dealing with this problem. The most recent results are due to N.J.
Zabusky. (i) His analytical work shows, by the way, a good agreement of the numer-
ical computations with the continuous solution up to a point where a discontinuity
developed in the derivatives and the analytical work had to be modified. One obtains
from it another indication that the phenomenon discovered is not due to numerical
accidents of the algorithm of the computing machine, but seems to constitute a real
property of the dynamical system.

In 1961, on more modern and faster machines, the original problem was con-
sidered for still longer periods of time. It was found by J. Tuck and M. Menzel
that after one continues the calculations from the first “return” of the system to its
original condition the return is not complete. The total energy is concentrated again
essentially in the first Fourier mode, but the remaining one or two percent of the
total energy is in higher modes. If one continues the calculation, at the end of the
next great cycle the error (deviation from the original initial condition) is greater
and amounts to perhaps three percent.‡ Continuing again one finds the deviation
increasing—after eight great cycles the deviation amounts to some eight percent; but
from that time on an opposite development takes place! After eight more, i.e., six-
teen great cycles altogether, the system gets very close better than within one percent
to the original state! This supercycle constitutes another surprising property of our
non-linear system.” (S.M. Ulam, Vol. 2, pp. 977–978)

‡(i) Exact Solutions for the Vibrations of a non-linear continuous string. A. E. C. Research
and Development Report, MATT-102, Plasma Physics Laboratory, Princeton University, October
1961.
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On the origin of cosmic radiation (237)

Phys. Rev. 75, 1169–1174 (1949).
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An hypothesis on the origin of the cosmic radiation (238)

Nuovo Cimento, Suppl. 22, 317–323 (1949).
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Galactic magnetic fields and the origin of cosmic radiation (265)

ApJ 119, 1–5 (1954).
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High energy nuclear events (241)

Progr. Theor. Phys. 5, 570–583 (1950).
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Magnetic fields in spiral arms (261)

ApJ 118, 113–115 (1953).
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From Fermi’s papers of the American period 811

Problems of gravitational stability in the presence of a magnetic
field (262)

ApJ 118, 116–141 (1953).
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Studies of nonlinear problems (266)

Document LA-1940 (May 1955).
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