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Preface

The idea of a book on “Fermi and Astrophysics” started from a meeting held at
the University of Rome “La Sapienza” and the ICRA Center in Pescara (October
3–6, 2001) in celebration of the hundredth anniversary of the birth of Enrico Fermi
(1901–1954). At that time many events were organized all over the world covering
the activities of Fermi in particle physics, nuclear physics, statistical mechanics and
quantum statistics. We thought that, besides these fundamental fields of physics,
Fermi had also played a key role by pioneering ideas which, directly or indirectly,
became crucial for the understanding of some basic conceptual aspects of astrophysics. On that occasion a set of lectures was presented in Pescara and a lecture
was delivered by Remo Ruffini in the Aula Magna at the University of Rome “La
Sapienza”: “Fermi, General Relativity, Astrophysics and Beyond.”
We then realized that a variety of articles by Fermi had not yet been translated
from Italian into English, especially those by the young Fermi at the Scuola Normale
Superiore in Pisa dealing mainly with electrodynamics and the special and general
theory of relativity. There were also some other papers related to astrophysics, that
although they had been published in English, for a variety of reasons, had not yet
reached the awareness of the scientific community at large.
Thereafter we started a lengthy process of translation from Italian to English of
a selection of Fermi’s papers including the works of the Pisa period and a crucial
lecture on the origin of the universe that Fermi delivered at the University of Rome
“La Sapienza” in 1949. We have also expanded the written text of his lecture
delivered there by adding bibliographical material.
In the course of our work we also came across a scientific result obtained by
Fermi during the Pisa period and presumably presented in Göttingen in 1923 which
is neglected in almost all textbooks. This result is the solution to the so called
“infamous 4/3 problem” that plagued the classical theory of the electron introduced
by Abraham and Lorentz and which was wrongly interpreted by Poincaré as due to
unidentified internal stresses holding the electron together. We have discussed this
topic in detail in two articles, reviewing the relevant bibliography.
Particular attention has also been given to the joint work of Fermi and Turkevich, which presents an almost unique situation in physics: it was not published
vii

May 24, 2011

22:7

viii

World Scientific Book - 9.75in x 6.5in

fermi˙book2011-05

Fermi and Astrophysics

under the authors’ names but quoted in a review with a subscribed declaration
of its authenticity by the original authors. This fundamental work was not included in the collected papers of Fermi published in the West and whose numbering
scheme classification of those papers will be followed in the present volume.1 It
was, however, included in his collected papers published in the Soviet Union. It is
definitely one of the cornerstone articles of relativistic cosmology and we have tried
to reach an understanding of how this highly unusual route to publication came
about, quoting the relevant literature. Fermi, in order to prove George Gamow
wrong and reproaching him for unduly using Einstein’s theory of general relativity,
does in fact prove the opposite. The work of Fermi and Turkevich did disprove
some of Gamow assertions about the process of cosmological nucleosynthesis, but
it also eventually rigorously proved the validity of Gamow cosmology in predicting
an initially hot universe. This proof follows precisely from the formulation within
a Friedmann universe derived by Fermi in order, paradoxically, to prove Gamow
wrong. In fact this leads to a triumph of Einstein’s theory of general relativity,
confirmed by the discovery of the cosmological background radiation.
This volume contains five chapters, each with its own appendices including either
commentary articles or reproductions of relevant historical articles.
Chapter 1 reproduces the aforementioned Ruffini lecture “Fermi, General Relativity, Astrophysics and Beyond.” One of the issues here is to explain the sharp
transition of Fermi’s scientific interests that accompanied his transfer from Pisa to
Rome. We consider especially the possible role of the different scientific interests
in the physics and mathematics institutes at “La Sapienza” at the time. It is a
fact that Fermi, having contributed to fundamental aspects of Einstein’s theories
during his Pisa period, he never published any work at all on Einstein’s theory
during his entire period in Rome. We recall the impact during that same period of
the infamous racial laws of the Fascist period on the development of physics and
mathematics. What is also remarkable is that this absence of interest by Fermi for
Einstein’s theory continues throughout his entire American period: paradoxically
the only work he did using Einstein’s theory was the one by Fermi and Turkevich
that he never published. Again they might have been many reasons for this decision not to publish these results, some of them are quoted. Some of the words by
Fermi himself given in the Rome lecture of 1949, which we have translated, may
well clarify his scientific attitude. From that becomes clear a skepticism toward the
use of Einstein’s theory. The outcome of all this is that, independent of Fermi’s
personal attitude, cosmology and general relativity have made a tremendous leap
forward using precisely that Fermi-Turkevich paper. We then recall the particular
interest Fermi had in astrophysics in the last years of his life. We then mention
the enormous impact of his work on the most recent developments of relativistic
astrophysics.
1 Enrico Fermi: Note e Memorie (Collected Papers), Accademia Nazionale dei Lincei and The
University of Chicago Press, Vol. 1, 1961, Vol. 2, 1965.
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ix

We reproduce in appendix A the celebrated paper On the theory of stars by
L. D. Landau, in Appendix B two papers regarding the work of Cesare Lattes, in
Appendix C a reminiscence R. Ruffini of Gödel and in Appendix D an excerpt from
Gamow’s autobiography.
In Chapter 2 we reproduce the English translation of the papers initially published in Italian during Fermi’s Pisa and Rome periods, including a pair of commentary papers on Fermi’s resolution of the 4/3 problem by D. Bini, A. Geralico,
R. T. Jantzen and R. Ruffini (Appendix E.1) and by D. Boccaletti (Appendix E.2)
and in addition the paper on this problem by B. Kwal (Appendix F.1).
In Chapter 3 we reproduce some of Fermi’s classic papers regarding the origin
of cosmic rays and the mechanism of their acceleration, the interstellar magnetic
field and its importance in astrophysics (in this field, Fermi was a pioneer), and the
famous Fermi-Pasta-Ulam paper on nonlinear problems.
In Chapter 4 we reproduce the celebrated contribution of Fermi and Turkevich
as well the main associated papers of George Gamow and Ya. B. Zel’dovich and
the fundamental Fermi lecture “Theories on the origins of the elements” (held in
Rome in 1949) on the origin of the universe, as evidence of the truly fundamental
contribution of Fermi to relativistic cosmology.
In Chapter 5 we reproduce the original presentations of lectures delivered at the
2001 meeting Fermi and Astrophysics held in Pescara and Rome.
We are particularly grateful to our colleagues for their translation of the Fermi
papers into English: Dr. Emanuele Alesci for papers 4c and 5, Dr. Donato Bini
and Dr. Andrea Geralico for papers 1, 2, and 3, Prof. Dino Boccaletti for papers
10, 12, 13, 30, 38, 7, 80a, and 240.3, and Dr. Simone Mercuri for paper 43, using
the article labeling system from the two volume set of Fermi’s collected works. All
the translations have been edited for English expression by Prof. Robert Jantzen.
Dr. Andrea Geralico and Mr. Massimo Regi have assisted in the typesetting of the
draft.
R. Ruffini and D. Boccaletti
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Chapter 1

Talking about Fermi, general relativity,
astrophysics and beyond

It is difficult to find a topic in the work of Enrico Fermi which has not yet been
extensively covered scientifically or historically in the intervening years. Nevertheless there are a few aspects which are yet to be explained and still deserve attention
today. I will address the topics of general relativity and cosmology in which Fermi
made important contributions and try to give reasons why some of his fundamental
works in these fields are still today largely unknown.
Some of his earlier works on general relativity from his Italian period were written in Italian and published in hard to find scientific journals, so we have translated
them into English (see Chapter 2 of this volume). They mainly deal with fundamental issues of general relativity and classical electrodynamics and are still very
interesting today. This helps to clarify and document those early years of Fermi’s
activity which contributed to creating his scientific personality and to show his profound knowledge of Einstein’s theory of general relativity. Remarkably even today
the details of his resolution in 1922 of the 4/3 problem in the classical theory of the
electron are not well known nor even presented either in current textbooks or even
those devoted to that specialized field. We also reproduce in English translation his
original paper on Fermi coordinates, so named by Synge, but not cited in Walker’s
later paper on the transport (later called Fermi-Walker transport) also introduced
there by Fermi, commented on by Bini and Jantzen in an article reproduced in
Chapter 5.
The excuse of language cannot be held responsible for the lack of widespread
knowledge about Fermi’s contribution to cosmology made in the later years of his life
in America. In this case his work was indeed published in English but is still largely
unknown and we shall give some possible reasons why this is so. I refer to Fermi’s
calculations with Turkevich which pointed out the insurmountable gap at atomic
number A = 5, and the impossibility of building up the elements by successive
neutron capture as claimed by Gamow (see below). This fundamental contribution
was never submitted for publication in a scientific journal either by Fermi or by
Turkevich: it was instead included in a review article by Alpher and Herman (1950).
We reproduce this contribution in Chapter 4. In Fermi’s collected papers published
in the West by the Accademia Nazionale dei Lincei and the University of Chicago
1
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Press1 this work is not mentioned and is usually ignored in the current scientific
literature and in textbooks on cosmology and astrophysics.2 In the Russian edition
of Fermi’s collected papers this work has been included, thanks to the explicit
direction of Bruno Pontecorvo, as Bruno himself recalled to me years later.
The results presented there by Fermi and Turkevich have, nevertheless, indirectly
influenced the developments of cosmology. This work was well known to a small
number of scientists. It was certainly known to Bob Dicke at Princeton, as I found
out in 1968 in a private discussion, when I pointed out to him the diagrams of the
abundance of the elements made by Fermi and Turkevich. Bob told me that he knew
them and that they agreed with the ones he computed with Jim Peebles.3 I only
replied that this was interesting, but that the Fermi-Turkevich work had preceded
their contributions by many years. As we will see below, due to the beauty of its
scientific approach, the numerical techniques adopted, and the importance of the
results obtained, the work of Fermi and Turkevich has to be considered one of the
fundamental contributions to relativistic cosmology.
It is appropriate to try to understand some of the reasons which have lead to
the paradoxical situation of having such a fundamental contribution disguised from
the general scientific community. As we will see, Fermi himself may have been
partially responsible, finding himself in the position of critic not out of constructive
intellectual leadership. Fermi and Turkevich at the time did not seem to be aware
of the scientific relevance of their work. As clearly appears from a crucial lecture
given by Fermi at the University of Rome in 1949, which we reproduce in Chapter
4, it seems that he had been motivated in that lecture mainly to disprove through
a detailed quantitative analysis some of the qualitative arguments on primordial
nucleosynthesis made with poor mathematical rigor presented at the time by George
Gamow. Fermi was not the only one to distrust the qualitative considerations made
by astrophysicists. As recalled to me by Evgeny Lifshitz, Lev Davidovich Landau
expressed the same concept in his usual caustic form: “Astrophysicists, often in
error but never in doubt.”
Fermi and Turkevich did not envision, however, the far reaching consequences of
their careful and precise analysis of the underlying physical process which signaled
a drastic change from the mostly qualitative analyses of the time. Fermi also did
not envision the truly revolutionary part played by Gamow’s contribution that
he had criticized. Indeed Fermi and Turkevich had not realized that their work,
more than being a counterexample to the validity of the specific case of Gamow’s
considerations on nucleosynthesis, would in due time be used as a powerful tool to
prove the validity of some of the most profound intuitions of George Gamow on
1 Enrico Fermi: Note e Memorie (Collected Papers), Accademia Nazionale dei Lincei and The
University of Chicago Press, Vol. 1, 1961, Vol. 2, 1965.
2 To the best of my knowledge, it has only been mentioned by Frank Wilczek in the opening talk
at the celebration of Fermi’s 100th birthday, Chicago, September 29, 2001. See the text of his talk
in the book Fermi Remembered, Ed. J. W. Cronin, The University of Chicago Press, 2004.
3 See P. J. E. Peebles:Principles of Physical Cosmology, Princeton University Press, 1993, I, p. 5.
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his cosmological model, particularly concerning the existence of the cosmological
background radiation (see the Nobel lectures of Penzias and Wilson4 and Smoot5 ).
The use of the Friedman cosmological model based on Einstein’s theory of general
relativity which was also adopted by Fermi, albeit with his personal skepticism, has
become in due time the leading theoretical approach to cosmology.
Similarly, theoretical physics considerations and the use in astrophysics of the
precise Earth-based determination of the nuclear cross sections would be adopted
routinely in due time both in cosmology and in the study of the thermonuclear
evolution of stars (see e.g., the Nobel lectures of Fowler6 and Bethe7 ). Equally
important was the first use of electronic computational techniques by Fermi and
Turkevich at Los Alamos. Indeed the power of that pioneering use of the first
electronic computer is fortunately today within reach of any undergraduate student
learning this topic. The style of the precise approach to cosmological nucleosynthesis
that they pioneered has grown into one of the most important current fields of
research within physics and astrophysics.
I shall return to this topic later. First I will recall some of Fermi’s early contributions from his Italian period and try to identify some of the reasons which
made him, one of the greatest experts in Einstein’s theory of general relativity in
his younger years in Pisa, completely leave behind such a fundamental theory after
his arrival in Rome following his formative years in Pisa.

1.1

Fermi and the birth of relativistic astrophysics

As we already mentioned it is remarkable that in his very first papers Fermi showed
an outstanding interest in, knowledge of and control over the mathematical techniques of the fundamental bases of classical analytical dynamics and the theory
of general relativity. Fermi mastered not only the physics of Einstein’s then new
theory but also the mathematical techniques of the differential geometry of Tullio
Levi-Civita.
It suffices here to recall the papers 1), 2), 3), 4c), 10), 12), 13) given in English
translation (in Chapter 2), which range from classical electrodynamics and special
and general relativity to the theory of adiabatic invariants:
1) On the dynamics of a rigid system of electric charges in translational motion;
2) On the electrostatics of a homogeneous gravitational field and on the weight
of electromagnetic masses;
4 See

his Nobel lecture at
his Nobel lecture at
6 See his Nobel lecture
lecture.html.
7 See his Nobel lecture
lecture.html.
5 See

http://nobelprize.org/nobel prizes/physics/laureates/1978.
http://nobelprize.org/nobel prizes/physics/laureates/2006.
at http://nobelprize.org/nobel prizes/physics/laureates/1983/fowlerat http://nobelprize.org/nobel prizes/physics/laureates/1967/bethe-
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3) On phenomena occurring close to a world line;
4c) Correction of a contradiction between electrodynamic and relativistic electromagnetic mass theories;
10) On the mass of radiation in an empty space;
12) The principle of adiabatics and systems which do not admit action-angle
coordinates;
13) Some theorems of analytical mechanics of great importance for quantum
theory.
Fermi transferred from Pisa to Rome acquiring the chair of theoretical physics
originally instituted for him in 1926 by Orso Mario Corbino, Minister of the Mussolini government and Director of the Physics Institute. From the rest of his life
Fermi never used Einstein’s theory of general relativity again. In fact, one can maintain that Fermi not only did not publish any paper on the subject, but perhaps also
discarded any interest in the theory of general relativity.8 It appears possible that,
after the intense activity regarding the dawning of quantum mechanics, and the
birth of quantum statistics in his 1926 paper (see paper 30) reproduced in Chapter
2 and in the corresponding one of P. A. M. Dirac,9 Fermi had thought it was right to
concentrate all his efforts on the very fertile ground of nuclear and atomic physics.
There, both from the theoretical and the experimental points of view, fruitful results abounded when compared with the then meager results of experimental and
observational verifications of general relativity. In any case, it is well known that
in his research Fermi was extremely concrete and avoided speculations about direct
observational evidence.
Unfortunately this attitude kept him out of that small group of scientists who
were able to approach the application of the Fermi-Dirac statistics to the final
evolution of stars and which gave rise to the new field of relativistic astrophysics.
Fermi was very knowledgeable about the physical status of the atomic physics at
the surface of the stars but when it turned to the analysis of their interiors, he
would not enter into this topic to avoid having to “resort to very risky hypotheses.”
Let us follow this particular attitude in his 1930 lecture delivered in Trento:10
“. . . As can be seen even from these brief hints, the physical state of the
8 As Edoardo Amaldi wrote: “Fermi had the habit of writing everything he was thinking or
developing or computing directly into a notebook. He almost never wrote on unbound sheets of
paper because he wanted to keep a record of everything he was doing.” (E. Amaldi, Physis 1,
69–72, 1959). This habit was confirmed by other friends of Fermi (Segré). When Fermi left Italy in
November 1938, Amaldi collected all the manuscripts and documents related to Fermi’s scientific
activities; after Fermi’s untimely death he chose the Domus Galilaeana of Pisa as a depository
for all these documents. As a matter of fact among the manuscripts kept at Domus Galilaeana
(regarding Fermi’s Italian period) there is no material revealing any further interest in general
relativity. See M. Leone, N. Robotti, C. A. Seguini: Fermi Archives at the Domus Galileiana in
Pisa, Physis 37, 501–533 (2000). [Note by D. B.]
9 P. A. M. Dirac: Proc. R. Soc. A 112, 661 (1926).
10 See: Atomi e Stelle (Atti Soc. It. Progr. Sci., Vol. I, 228–235, 1930) in Note e Memorie, Vol. I,
60 (pp. 355–360). The above excerpt is in our own English translation.
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surface of stars, at least of many stars, is relatively well known. If instead we
want to say something about their interiors, we are forced to resort to very
risky hypotheses. Therefore all the theories about the interior of stars are very
uncertain, however, they agree on the fact that in the interior of stars the
temperature must be very high; it has been estimated to be on the order of
magnitude of tens of millions of degrees.
At such a high temperature the properties of matter become very different
from those we know. It is enough to consider that the kinetic energy of the
motion of thermal agitation, being proportional to temperature, is a hundred
thousand times greater than that at ordinary temperatures. One understands
then that molecules cannot exist in this situation; since even if for an instant by
chance two atoms unite to form a molecule, they would immediately be pulled
apart by violent collisions with the other particles. But even the structure of the
atom is not resistant enough not to break under such violent shocks. Consider
for instance an iron atom; under normal conditions it consists of a nucleus
surrounded by 26 electrons. But under the action of the bombardment almost
all these electrons are pulled out of it and very probably only two of them remain within the nucleus while the other 24 disperse into the environment. To
conclude we can then imagine the matter inside a star to consist of a very disordered mixture containing a few nuclei accompanied by two or three electrons,
and many free electrons moving in all directions with velocities on the order of
those of cathode rays. All that in an environment permeated by radiation at an
enormous frequency whose intensity is so high as to produce a pressure which,
according to Eddington, in some cases can arrive at breaking the structure of
the star itself.
But all of what I have said is perhaps the result of pure imagination: no
one has ever had and probably no one could ever have direct experience of this.
On the other hand the human mind wants to imagine even the things very far
and very hidden; and maybe, without this tendency, the number of phenomena
which human science has been able to understand would be even more limited.”
It was Ralph Howard Fowler to take the first step in applying Fermi-Dirac quantum statistics to the interiors of stars. This did not happen by chance. R. H. Fowler
was the teacher of Paul Adrien Maurice Dirac. Fowler introduced Dirac to quantum
theory in 1923 and later on put Dirac and Werner Heisenberg in touch with each
other through Niels Bohr. It was no surprise that as soon as Dirac published his first
paper on quantum mechanics, Fowler, who was at Trinity College and had worked
with Arthur Milne on stellar spectra, temperatures and pressures, understood at
once the role of quantum statistics in solving the problem of the white dwarf equilibrium configurations. He understood that white dwarfs owe their stability to the
quantum pressure of a degenerate electron gas.11 The role of special relativity and
11 R.H.

Fowler: MNRAS 87, 114–122 (1926).
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the “exclusion principle” for fermions was introduced into the study of white dwarfs
by Edmund Clifton Stoner,12 correcting an early work of W. Anderson.13 Stoner
clearly introduced the value of the critical mass of white dwarfs
Stoner
Mcrit
=

M3
15 √
5π 2 Pl2 ,
16
µ mn

p
where MPl = ~c/G ≈ 10−5 g is the Planck mass, mn is the neutron mass, and
µ = A/Z ≈ 2 is the average molecular weight of matter which shows explicitly the
dependence of the critical mass on the chemical composition of the star. Later the
“exclusion principle” introduced by Stoner in the context of theoretical astrophysical
considerations became known as the “Pauli principle” and extensively applied to
atomic physics.14
This work was then followed in detail by Subrahmanyan Chandrasekhar who,
only 19 years old, had been accepted at the University of Cambridge as a student
of Fowler. It was indeed on the ship from Madras to Southampton near the town of
Genova that Chandra understood that special relativistic effects are important in
massive white dwarfs, and on his arrival in Cambridge he further refined Stoner’s
computations. It is interesting that in parallel and quite independently, one of
the greatest papers on the nature of physical equilibrium of stars was written in
the Soviet Union by Lev Davidovich Landau.15 Both papers of Chandrasekhar and
Landau used the mathematical results contained in the monumental book of Emden
“Gaskugeln.”16 Using the polytropic equation of state they pointed out that special
relativistic effects were leading to the concept of a critical mass for a white dwarf
given simply by
√
3
3π MPl
Ch−L
,
Mcrit ≡ M0 = 2.015
2 µ2 m2n
where the first numerical factor on the right hand side comes from the boundary
condition −(r2 du/dr)r=R = 2.015 of the n = 3 polytropic equation of Emden. For
M > M0 no equilibrium configuration should exist.
The beautiful derivation by Landau was somewhat spoiled by the conclusion
of the paper: correctly Landau derived the concept of the critical mass of a white
dwarf but did not take this concept very seriously since “for M > M0 there exists
in the whole quantum theory no cause preventing the system from collapsing to a
point... As in reality such masses exist quietly as stars and do not show any such
ridiculous tendencies we must conclude that all stars heavier than 1.5M certainly
possess regions in which the laws of quantum mechanics (and therefore of quantum
statistics) are violated.” The central role of the critical mass of white dwarfs in
12 E.

C. Stoner: Philos. Mag. 9, 944 (1930).
Anderson: Z. Phys. 56, 851 (1929).
14 See e.g. M. Nauenberg: Journal for the History of Astronomy 39, 297 (2008).
15 We reproduce his paper in Appendix A.
16 R. Emden: Gaskugeln Anwendungen der Mechanischen Wärmetheorie auf Kosmologische und
Meteorologische Probleme, Leipzig, Teubner, Berlin, 1907.
13 W.
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astrophysics had to wait many years until Fred Hoyle and Willy Fowler forcefully
presented the gravitational collapse of an overcritical white dwarf as originating the
type-I supernova phenomena.17
The results by Chandrasekhar were criticized at the time by Arthur Eddington
who considered the combination of special relativity and nonrelativistic quantum
mechanics an “unholy alliance.”18 What I have found particularly correct and it
is to Eddington’s credit is that in this scientific dispute, although he was Plumian
Professor and enormously more influential at the time than Chandrasekhar, who
was just a student at Cambridge, Eddington clearly presented his point of view and
did not object to the publication of Chandrasekhar’s work which indeed follows his
own paper in the same issue of the Monthly Notices.19
Fermi, unfortunately, would not enter into this matter and he just quoted Eddington, leaving the Italian scientific community out of this extremely important
field of research for many years to come. Paradoxically it has been only recently
that the dispute between Eddington and Chandrasekhar has been clarified exactly
by applying the generalization of the Thomas-Fermi equation to the study of white
dwarfs.20
This attitude later kept Fermi out of that select group of scientists in the United
States who participated in creating the conceptual foundation for the later development of the field of relativistic astrophysics. I recall the earliest contributions by
Walter Baade, George Gamow and Robert J. Oppenheimer, Hermann Weyl, and
17 F.

Hoyle and W. Fowler: Astroph. Jour. 132, 565 (1960).
theoretical study of very dense matter in white dwarf stars depends on a formula giving the
minimum electron pressure Pe for given electron density σ. The “ordinary” degeneracy formula,
5
first given by R.H. Fowler [MNRAS, 87, 114–122 (1926)], is Pe = Kσ 3 . According to later
investigations this is the limiting form of a “relativistic” degeneracy formula, intended to take
account of the increase of the masses of the electrons at high velocities. By the latter formula Pe
5
4
4
varies intermediately between σ 3 and σ 3 , approximating to σ 3 at the highest densities.
It should be noticed that this emendation has defeated the original purpose of Fowler’s investigation. When putting forward the view that stellar matter might attain very great density, I
was troubled by an apparent difficulty—there seemed no way in which the dense star could cool
down when its energy supply ceased. The Fermi-Dirac theory was discovered soon afterwards,
and Fowler applied it to the stellar interior, his main purpose being to show that it solved this
difficulty. But the same difficulty is revived by Chandrasekhar’s recent work [MNRAS 95, 207
(1935)]. Using the relativistic formula, he finds that a star of large mass will never become degenerate, but will remain practically a perfect gas up to the highest densities contemplated. When
its supply of subatomic energy is exhausted, the star must continue radiating energy and therefore
contracting–presumably until, at a diameter of a few kilometers, its gravitation becomes strong
enough to prevent the escape of radiation. This result seems to me almost a reductio ad absurdum
of the relativistic formula. It must at least rouse suspicion as to the soundness of its foundation.
I do not think that any flaw can be found in the usual mathematical derivation of the formula.
But its physical foundation does not inspire confidence, since it is a combination of relativistic
mechanics with non-relativistic quantum theory.
In the present paper this unholy alliance is examined...” [from A. S. Eddington: MNRAS 95,
194 (1935)].
19 S. Chandrasekhar: MNRAS 95, 207 (1935).
20 Jorge A. Rueda, M. Rotondo, R. Ruffini and S.-S. Xue, The relativistic Feynman-MetropolisTeller theory for white-dwarfs in general relativity, http://arxiv.org/abs/1012.0154.
18 “The
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Fritz Zwicky. Many of them had left Europe to collaborate with their colleagues in
the United States.21 I still recall in my thesis discussion at the University of Rome
in 1967 I had to witness the case of the Professor of Astrophysics who knew perfectly well the existence of Willy Fowler, but ignored the existence of R. H. Fowler
and his fundamental contributions. 22

1.2

General relativity at the University of Rome before the Second
World War

From the thirties to the sixties, all over the world the theory of general relativity lost
its appeal to the community of physicists. There had been the first experimental
tests of astronomical nature:23 the gravitational deflection of light, predicted as a
21 See,

for instance, the classic papers reproduced in Gursky and Ruffini [Gursky H. and Ruffini R.,
eds. Neutron Stars, Black Holes and Binary X-Ray Sources, Reidel, Dordrecht, Holland (1975).]):
W. Baade, F. Zwicky: Phys. Rev. 45, 138 (1934),
L. Landau: C. R. Acad. Sci. URSS 17, 305 (1937); Dokl. Akad. Nauk. SSSR 17, 301 (1937);
Nature 141, 333 (1938),
S. Chandrasekhar: An Introduction to the Study of Stellar Structure, The University of Chicago
Press, 1938,
J. R. Oppenheimer, R. Serber: Phys. Rev. 54, 540 (1938),
J. R. Oppenheimer, G. Volkoff: Phys. Rev. 55, 374 (1939),
J. R. Oppenheimer, H. Snyder: Phys. Rev. 56, 455374 (1939),
G. Gamow: Structure of Atomic Nucleus and Nuclear Transformations, Clarendon Press, Oxford,
1937,
G. Gamow: Phys. Rev. 53, 929 (1938).
22 In fact, Willy Fowler was one of the lecturers of the XXXV Course of the International School
of Physics “E. Fermi,” High Energy Astrophysics (1965), Director L. Gratton.
23 With regard to the experimental tests of the theory of general relativity, a certainly appropriate
picture of the situation in those years is given by this sentence: “For the first half-century of its life,
general relativity was a theorist’s paradise, but an experimentalist’s hell” [W. Misner, K. S. Thorne
and J. A. Wheeler, Gravitation, Freeman and Company, 1973, p. 1047]. Already in 1932, Georges
Darmois, a French mathematician who was a convinced supporter of the Einstein theory, in his
writings “La Théorie Einsteinienne de la Gravitation, Les Vérifications experimentales, Hermann,
1932” discussed the results of the various experiments and concluded that they were not decisive
(particularly those regarding the gravitational deflection of light). The experiments utilizing solar
eclipses will continue until 1952 (considering the years in which Fermi was still living). As to
the first of them, the Sobral and Principe experiment for the eclipse of May 29, 1919 directed
by Eddington, the conclusion of Eddington himself was “Although the material was very meager
compared with what had been hoped for, the writer (who it must be admitted was not altogether
unbiased) believed it convincing” [A. S. Eddington: Space, Time and Gravitation, Cambridge
University Press, 1920, p. 116]. In Chandrasekhar’s opinion “... had he been left to himself, he
would not have planned the expedition since he was fully convinced of the truth of the general
theory of relativity” [S. Chandrasekhar: Eddington, The Most Distinguished Astrophysicist of
His Time, Cambridge University Press, 1983, p. 25]. For the gravitational redshift of light, as
we know, only the 1960’s experiment of Pound and Rebka gave the conclusive answer [see also
the Proceedings of Sobral 2009: The Sun, the Stars, the Universe and General Relativity, Eds.
S.E. Perez-Bergliaffa and R. Ruffini, Cambridge Scientific Publishers, 2001]. Also the anomalous
advance of the perihelion of Mercury was the object of various attempts to explain it (the oblateness
of the Sun included). This being the situation in the field of the experimental verification of the
general relativity, it is no surprise that a sophisticated experimentalist, as Fermi was, considered
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consequence of the equivalence principle already in 1911;24 the anomalous advance
of the perihelion of Mercury, already explained by Einstein theory in 1915;25 the
gravitational shift of spectral lines, predicted in the fundamental paper of 1916.26
In those years no physicist thought of phenomena in which general relativity
could play a leading role either in physics or in astrophysics. Only some mathematicians either working on the differential geometry of Riemannian manifolds
(L. P. Eisenhart27 , E. Cartan28 ) or on initial value problems for partial differential
equations (G. Darmois29 , A. Lichnerowicz30 , Y. Choquet-Bruhat31 ) kept an interest
in Einstein’s theory.
In Italy, the theory of general relativity became an exclusive field of research for
mathematicians. Indeed in the thirties, during the last century, in the Mathematics
Institute in Rome the work of Einstein had profound roots, thanks to the work of
F. Enriques, G. Castelnuovo and especially T. Levi-Civita. It was through Marcel Grossmann that Einstein became aware of the scientific work on the absolute
differential calculus of Ricci Curbastro and Levi-Civita.32
A first attempt at a theory of gravity based on the absolute differential calculus
had been attempted in 1913 by Einstein and Grossmann33 and in the succeeding
years the contact between Levi-Civita and Einstein, prior and following the appearance of the general relativistic equations, grew very intense. This collaboration
grew into a great respect and friendship between Einstein and Levi-Civita. I always
remember Einstein’s secretary Helen Dukas, close to Einstein for so many years,
the Einstein theory far from demonstrated.
24 A. Einstein: Über den Einfluß der Schwerkraft auf die Ausbreitung des Lichtes, Annalen der
Physik 340, 898–908 (1911).
The final theory showed that the deflection is in fact twice the amount predicted in this paper.
25 A. Einstein: Erklärung der Perihelbewegung des Merkur aus der allgemeinen Relativitätstheorie,
Sitzungsberichte der Königlich Preußischen Akademie der Wissenschaften (Berlin), 831–839
(1915).
26 A. Einstein: Die Grundlage der allgemeinen Relativitätstheorie, Annalen der Physik 354, 769–
822 (1916).
27 See e.g., L. P. Eisenhart: Riemannian Geometry, Princeton University Press (1926) and the
additional bibliography in the second edition (1950).
28 See e.g., E. Cartan: Leco̧ns sur la geométrie des espaces de Riemann, Gauthier-Villars, Paris
(1928) and the second edition (1951).
29 See e.g., G. Darmois: Les équations de la gravitation einsteinienne, Gauthier-Villars, Paris
(1927).
30 See e.g., A. Lichnerowicz: Théories relativistes de la gravitation et de l’électromagnetisme,
Masson, Paris (1955).
31 See e.g., Y. Choquet-Bruhat: The Cauchy Problem, Chapter IV of Gravitation, An Introduction
to Current Research,” ed. L. Witten, Wiley, New York (1962).
32 In his honor in 1975 I established with Abdus Salam the Marcel Grossmann Meetings, held
every three years in a location moving around in cities internationally: Trieste (MG1: 1975) and
(MG2: 1979), Shanghai (MG3: 1982), Rome (MG4: 1985) and (MG9: 2000), Perth (MG5: 1988),
Kyoto (MG6: 1991), Stanford (MG7: 1994), Jerusalem (MG8: 1997), Rio de Janeiro (MG10:
2003), Berlin (MG11: 2006), and Paris (MG12: 2009).
33 Entwurf einer verallgemeinerten Relativitätstheorie und eine Theorie der Gravitation.
I.
Physikalischer Teil von A. Einstein II. Mathematischer Teil von M. Grossmann, Zeitschrift fr
Mathematik und Physik 62, 225-244, 245-261.
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recalling for me in Princeton a splendid sentence written by Einstein to Levi-Civita
“I admire the elegance of your method of computation; it must be nice to ride
through these fields upon the horse of true mathematics while the like of us have
to make our way laboriously on foot.” (See Fig. 1).

Fig. 1

A. Einstein and T. Levi Civita.

The 1938 racial laws of the fascist Italian government caused the final collapse
of the research on general relativity in mathematics as well. It suffices here to recall
the interdiction of the teaching activities of Tullio Levi-Civita and the deprivation
of his membership in all scientific societies. He died isolated from the rest of the
scientific world in his apartment in Rome in 1941.34
In the Rome Physics Institute, just a few hundred meters away from LeviCivita’s office in the Mathematics Institute, Einstein’s theory of gravitation was
never appreciated. This view was recalled to me by Arrigo Finzi, the sole exception
to this general attitude. Arrigo was at the time a student in physics, following the
lectures of Fermi but had as his thesis advisor Tullio Levi-Civita in mathematics.
34 To

get an idea of the ostracism which caused a real “damnatio memoriae” it’s enough to have
a look at an article of Francesco Severi (the founder and director of the Istituto Nazionale di
Alta Matematica) in the review “Primato,” founded and directed by Giuseppe Bottai, minister of
Education, of 15th October 1942 bearing the title “Matematica e civiltá.” In the course of the
article, the author has the opportunity to make a survey of the Italian mathematicians of the last
decades without even mentioning Vito Volterra and Tullio Levi-Civita. Remarkably, among the
physicists, also Fermi is absent; he had already left Italy in 1938! [Note by D. B.].
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Work on general relativity was looked at with some disdain, as pertaining mainly
not to the field of physics but to the hybrid and, at that time, marginal scientific
field of “Fisica Matematica.” There were moments in which this topic of research,
as recalled by Arrigo, was treated with utmost sarcasm in the Physics Institute, including by F. Rasetti, on the occasion of a mocking seminar. Other fields of physics
like atomic and nuclear physics were then predominant for their scientific interest
(see in Fig. 2 three outstanding protagonists). This general attitude may have had
some role in influencing the departure of Fermi’s interest in general relativity.

Fig. 2

E. Fermi, W. Heisenberg and W. Pauli (Como Conference, 1927).

The presence of Pauli in this picture is interesting. He had a conceptual development similar to the one of Fermi, and at the age of 21 in 1921 had written
under Sommerfeld’s advisement a splendid book on general relativity, still today a
classic.35 Later he also dedicated his activity mainly to nuclear and particle physics,
keeping only some interest in Pascual Jordan generalization of Einstein’s field theory
in a scalar-tensor theory.
The situation at the Physics Institute also soon deteriorated: I recall distinctively Ugo Fano, a friend and collaborator of Fermi, fervidly remembering the departure of Fermi from Rome mainly motivated, in his opinion, by the death of Corbino
(1937) and the takeover of the Institute by Antonino Lo Surdo. In addition, in the
case of Fermi there was a threat hanging over his family due to the infamous racial
35 W. Pauli: Theory of Relativity (the English translation has been reprinted numerous times since
1958).
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laws.36 As is well known the departure of Fermi coincided with the awarding of the
Nobel Prize (see Fig. 4) and his departure for the United States (see Fig. 5).

Fig. 3 The census of the members of the “Società Italiana delle Scienze” of Jewish origin (Archive
of the “Accademia Nazionale dei XL”). Fermi is mentioned because his wife was of Jewish origin.

The same racial laws of 1938 destroyed, in due course, the development of physics
in Italy by promoting the migration in the United States of America and Canada
of such outstanding physicists as Sergio De Benedetti (I met him years later in
Pittsburgh), Ugo Fano (I met him years later in Chicago), Bruno Pontecorvo (I
met him years later in Moscow), Bruno Rossi (I met him years later at MIT),
Emilio Segré (I met him years later in Berkeley).
The significant contribution of the Italian scientists to the USA was at times not
fully appreciated. I remember in 1973 an American scientist in Princeton addressing
the European scientists as the “migrant workers of Science.”
36 In 1938 the president of the “Accademia dei Quaranta” replied to a circular sent out by the
minister Bottai, who requested a census of the members of the Academy of Jewish origin. After
mentioning the members (G. E. Almansi, G. Castelnuovo, F. Enriques, G. Fubini, G. Levi, T.
Levi-Civita and G. Morpurgo), he also mentioned that Fermi’s wife was of Jewish origin (see Fig.
3). In 1939 Fermi’s father-in-law, the admiral Augusto Capon, was expelled from the reserves of
the Navy and in 1943 deported to Auschwitz and killed there.
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Fig. 4 Fermi and the King of Sweden Gustav V when Fermi is awarded with the Nobel Prize on
December 10, 1938. As Edoardo Amaldi wrote, “... The fact that Fermi was wearing the tailcoat,
instead of the fascist uniform or that one of the Italian Academy, and shaked hands with the king,
instead of the fascist salute, produced a wave of indignation in the press more rigidly controlled
by the regime.” (Edoardo Amaldi: Da Via Panisperna all’America, p. 64, Editori Riuniti, 1997,
in Italian.)

1.3

General Relativity at the University of Rome after the second
World War

This absence of motivation towards Einstein theories at the University to some
extent was protracted years later, after the 18 April 1955 (after the death of Albert
Einstein), outside the University also in the city of Rome.
At the time, in the Faculty of Science at the University of Rome there were three
institutes and corresponding “lauree” or diplomas: “Mathematics,” “Physics” and
also “Mathematics and Physics.” The last one was solely directed at creating the
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Fig. 5

Fermi arrives with his family in New York on January 2, 1939.

teaching staff for high schools, and had a lighter scientific curriculum and attended
primarily by women. A sort of epitome of this depreciative attitude toward mathematical physicists seems to have affected the interaction between Albert Einstein
and the city of Rome. The commission charged with the attribution of street names
in Rome, in the Portuense District gave great prominence to physicists and mathematicians alike.
A major artery stems from “Piazza Enrico Fermi,” followed by “Viale Guglielmo
Marconi,” and even the four lane “Via Quirino Majorana” (after an obscure but
locally influential physicist in Bologna, the uncle of Ettore Majorana). In that
district, the shortest street, without even an exit, a “cul de sac” as is technically
indicated, was dedicated in 1957 to Einstein. The Einstein street was named Via
Alberto37 (!) Einstein with the explicative note “Fisico Matematico” (Mathematical
Physicist). It is interesting that neither the name of Guglielmo Marconi nor that of
Quirino Majorana were followed by any explicative additional name. The name of
Enrico Fermi was indeed followed by the name “Fisico” (Physicist). See Fig. 6.
After the second World War somewhat the same attitude continued in the university: we had witnessed the destruction of the school of geometry in the Mathematics Institute, following the infamous racial laws of the fascist regime. An attempt
to have a new beginning for Einstein’s theory was made in 1959 by Carlo Cattaneo,
37 Later

(1995) corrected to Albert.
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Streets of Rome dedicated to Guglielmo Marconi, Enrico Fermi and Albert Einstein.

who lectured in the Mathematics Institute in close contact with the French school
of A. Lichnerowicz and Y. Choquet-Bruhat. He gave the opportunity to students in
the Physics Institute, myself included, to learn the formalism of general relativity.
In the Physics Institute the newly developed field of particle physics soon became
predominant. There had been objective success due to the unprecedented high
level of work around Oreste Piccioni in the last floor of the Physics Institute at the
University of Rome. Luis Alvarez, in his Nobel Lecture (1968), said: “As a personal
opinion, I would suggest that modern particle physics started in the last days of
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World War II, when a group of young Italians, Conversi, Pancini, and Piccioni, who
were hiding from the German occupying forces, initiated a remarkable experiment.
In 1946, they showed that the “mesotron” which had been discovered in 1937 by
Neddermeyer and Anderson and by Street and Stevenson, was not the particle
predicted by Yukawa as the mediator of nuclear forces, but was instead almost
completely unreactive in a nuclear sense.” Oreste left almost immediately after
the discovery for the USA. I became his good friend in La Jolla. I am still using
today the room where he did his experiment, for my graduate and undergraduate
students. The wall of that room is filled with the signatures of distinguished visitors
(see Fig. 7) including Oreste himself, who visiting in 1989, signed the wall too (see
Fig. 8).

Fig. 7
G9.

The signatures of Wheeler and Giacconi on the wall of the common room of the group

Equally successful had been the Italian physics school abroad: Gleb Wattaghin,
an Ukrainian physicist educated in Turin, and Giuseppe Occhialini had been sent
to San Paulo by Enrico Fermi in 1937. There a young student, Cesare Lattes,
joined them. Cesare was the son of the former Rabbi of Turin who had emigrated
to Brazil. Observations of cosmic rays were performed from Chacaltaya (1947)
and the collaboration of Lattes and Occhialini with Powell and Blackett reached
international recognition with the discovery of the pi-meson (Powell was awarded
the 1950 Nobel prize in physics). The Lattes’ description of the discovery of the
pi-meson is reproduced in Appendix B, which also contains a paper on the scientific
work of Cesare Lattes.

May 24, 2011

22:7

World Scientific Book - 9.75in x 6.5in

Talking about Fermi, general relativity, astrophysics and beyond

Fig. 8

fermi˙book2011-05

17

Piccioni’s signature on the G9 wall.

This sort of heroic “wild” physics based on hunting for cosmic rays in the sky
soon was followed by a physics of a different style under earth based “controlled”
conditions; one of the first example of this equally important transition had seen
again Cesare Lattes as one of the major interpreters identifying, with Eugene Gardner (see Fig. 9), a multitude of “artificially” produced pi-mesons at the 184 inch
Berkeley cyclotron created by Ernest Lawrence.38
The field of this kind of high precision physics developed under “controlled”
conditions in earth-based laboratories contrasted with the heroic “wild” physics
linked to harvest direct phenomena in the universe. This physics developed under
“controlled” conditions grew exponentially all over the world and also in Italy first
with the developments of the Frascati National Laboratories and then with CERN39
with the crucial and fundamental role in both these programs of Edoardo Amaldi,
one of the closest collaborators of Fermi in Rome (see Fig. 10), who had been my
teacher.
Soon an academic alliance materialized in the Institute of physics in Rome between the elementary particle physicists with the solid state physicists; they did
not show any interest to carry in the Institute a research authentically working in
General Relativity or Einstein field theories. I still remember when, as a student in
1964 after a period spent at CERN as a summer student in preparation of a thesis
38 See,

e.g., J. L. Heilbron, R. W. Seidel and B. R. Wheaton: Lawrence and His Laboratory,
University of California Press (1989).
39 See E. Amaldi: Gli anni della ricostruzione, Giornale di Fisica 20, 186–225 (1979)(in Italian).
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Fig. 9 Cesare Lattes (left) and Eugene Gardner (right) place photo-emulsions on the target probe
of the 184 inch cyclotron at the University of California’s Lawrence Radiation Laboratory (March
1948).

in particle physics, I returned to Rome following the death of my father. To my
teacher Edoardo Amaldi I indicated my absence of interest in pursuing research on
particle physics experiments and my keen interest in addressing theoretical work on
the Einstein theory of General Relativity. Amaldi was first shocked and irate. He
became red in the face (and this was the second time it happened with me), he finally approved with a memorable sentence: “Ok, there is room for one person in this
field in Italy.” I later realized that what appeared to me an enthusiastic approval
from Amaldi, became in the view of the Physics Institute a clear delimitation of my
possible academic expansion in Italy. I was personally attracted by the vivid appeal
to the conceptual world of Albert Einstein which had started to be reintroduced in
Rome in the Mathematics Institute. I was feeling a sort of claustrophobic in the
physics developed under “controlled” conditions. I started to be more and more
interested as a student to the physics of the Cosmos. I was accompanied in this
experience by a new keen interest of Amaldi steadily increasing towards general relativity. He was motivated by some preliminary results purported by Joe Weber on
the detectability of the gravitational waves.40 We started a weakly two hours meeting where I was, what Amaldi jokingly referred, “tutoring him” on Einstein theory.
I was mainly using at the time the second volume of Landau-Lifshitz. Soon after my
degree I moved first to Germany, working with Pascual Jordan, and then invited to
Princeton as a postdoctoral fellow by courtesy by John Archibald Wheeler. Amaldi
for this starting period found for me a fellowship of the just born European Space
Organization (ESRO) attributed to me by the then director general Pierre Auger.
40 J.

Weber: General Relativity and Gravitational Waves, Wiley Interscience, New York, 1961.
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Fig. 10 The closest collaborators of Fermi in Rome: Oscar D’Agostino, Emilio Segré, Edoardo
Amaldi, Franco Rasetti and Enrico Fermi (from left to right).

The agreement was to keep Amaldi and his group informed on the developments of
gravitational wave detectors, which I did by introducing them to the Bill Fairbank
group at the University of Stanford. I was however spending all my efforts in the
new field of relativistic astrophysics, neutron stars and black holes as I will recall
later.
But let us return to Fermi and his severe attitude towards the works on cosmology at the time.
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Einstein and the precursors of relativistic astrophysics

To illustrate the precursors of Relativistic Astrophysics and their relation to the
Einstein theory of General Relativity, I use the well known picture taken in the
occasion of Albert Einstein’s seventieth birthday (see Fig. 11). Some of the major
interpreters and founders of relativistic astrophysics are here portrayed. Robert
Oppenheimer, standing on the left of Einstein, certainly contributed most significantly to the birth of relativistic astrophysics. With his two classical papers with
his students Serber and Volkoff, Oppenheimer gave the basis for the treatment of
Neutron Stars: his treatment stands as a monumental conceptual work. Oppenheimer used for the description of the neutron gas the knowledge of the relativistic
quantum statistical mechanics for spin one half particles introduced by Fermi and
Dirac, and computed the equilibrium configurations using the Einstein theory of
General Relativity. It was indeed in solving this problem that the classic set of
differential equations which have become to be known as the Tolman-OppenheimerVolkoff equations, or for short the TOV equations, were introduced41 . It was again
Oppenheimer who accepted courageously the extreme consequences of the work of
Landau and Chandrasekhar, postulating the existence of a critical mass against
gravitational collapse as soon as a degenerate self-gravitating Fermi gas becomes
relativistic. Oppenheimer explicitly expressed, with his student Snyder, the general
relativistic equations governing the process of a continued gravitational collapse.
This work evolved in due time in one of the most important concepts of relativistic
astrophysics: the concept of the Black Hole 42 .
Still in this picture are represented two scientific giants: Isidore Rabi and Eugene
Wigner with whom I enjoyed and entertained for years a dialogue, in Princeton
and New York, on the role of Einstein theory on the foundations of relativistic
astrophysics and especially on the measurable quantities in Black Hole physics.
Returning to the specific topic of this talk on cosmology I recall the presence
in this picture of other three giants who had a specific role in linking cosmology
to the Einstein Theory of General Relativity: H. P. Robertson who well illustrated
in the West the dynamical aspects of an evolving universe discovered by A. A.
Friedmann43 , Hermann Weyl who more than anybody else emphasized the close
connections between the Hubble observations of the recessions of galaxies and the
conceptual framework of a spatially homogeneous and isotropic universe fulfilling
Einstein field equations and finally Kurt Gödel. I already recalled in another recent publication the vigorous conceptual role of Weyl and Gödel in probing the
41 See

footnote 21.
Ruffini, J. A. Wheeler: Introducing the Black Hole - Physics Today 24, 30-41 (1971).
43 For H. P. Robertson and his work I refer the reader to the book: H. P. Robertson, Th. W.
Noonan: Relativity and Cosmology - W. B. Saunders Company - 1968.
The two Friedman’s fundamental papers originally published in Zeitschrift für Physik 10, 377
(1922) - 21, 326 (1924), are reprinted in English translation in General Relativity and Gravitation,
31, 1991, 2001 (1999)
42 R.
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Fig. 11 Albert Einstein’s seventieth birthday (May 19, 1949). From left to right: H. Robertson,
E. Wigner, H. Weyl, K. Gödel, I. Rabi, A. Einstein, R. Ladenburg, J. Oppenheimer, G. Clemence.

foundations of cosmology in the realm of General Relativity (see Fig. 12)44 .
By his own style of research and attitude towards physics Fermi was quite far
from the scientific interests of this group of scientists and to the problems they had
open to the world of knowledge. I will illustrate in the next paragraphs this point
by quoting the severe words he used in his talk given in Rome in 1949 addressing
the work of George Gamow45 .
The scope of understanding the motivations for this very critical attitude of
Fermi brings us to the work of Fermi and Turkevich which, although born and
motivated as a severe criticism to Gamow’s work, has developed, as I already mentioned, in one of the most important contributions to physics and to the foundations
of cosmology.

1.5

The roots of relativistic cosmology

The cosmology as we understand it today has been formulated by the Russian
school of physics. The theoretical work on modern cosmology is profoundly rooted
44 See e.g. R. Ruffini and C. Sigismondi: Non linear Gravitodynamics - The Lense - Thirring effect
- Proceedings of the first ICRANet workshop - ed. R. Ruffini and C. Sigismondi, World Scientific,
2002. An excerpt regarding my interaction with Kurt Gödel is reported in Appendix C.
45 See the paper 240.3) of Chapter 4
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(a)

(b)

Fig. 12 Kurt Gödel and Albert Einstein (1954). On the right the original reprint of the classic paper dedicated by Gödel to Einstein in honor of his seventieth birthday. The copy was autographed
to me by Kurt Gödel in 1974.

in the solution of the Einstein field equations obtained by Alexander Alexandrovich
Friedmann (Fig. 13). His work is well recalled in all textbooks; he for the first
time evidenced the beginning of the universe at a very specific time in the past
and especially the dynamical nature of space, assuming the conditions of homogeneity and isotropy for the three-dimensional geometry. The major success of the
Friedmann solution is certainly due to the identification, forcefully expressed by
Hermann Weyl, that the dynamics of his solution offered a direct explanation of the
recession of galaxies observed by Hubble. It is interesting that, as was recalled to
me by Allan Sandage, Hubble refused such an explanation up to the very last days
of his life.
At the end of the second world war an equally important work was advanced by
Evgeny Lifshitz (Fig. 14) and later by Evgeny Lifshitz and Isaac Khalatnikov who
developed a novel theoretical approach for analyzing by scalar, vector and tensor
harmonics the perturbations of a Friedmann universe in the quest for the solution
of the problem of galaxies formation in the expanding homogeneous and isotropic
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Alexander Alexandrovich Friedmann.

Friedmann universe46 . The time scale of the development of such perturbations
appeared soon to be too slow to obtain the observed galactic structures. It was
starting on the premise of this work by Lifshitz that George Gamow initiated in
1946 a series of short articles exploring both the condition of the formation of
the elements and the formation of galaxies in a Friedmann cosmology. The works
of Gamow are different in style both from the rigorous and precise mathematical
derivations of Friedmann and of Lifshitz.
Actually Gamow’s papers were full of computational mistakes. His attitude was
always to minimize the relevance of precise computations in favour of developing the
conceptual framework. It is so that in his work we find some disarming statements
such as: “Thus we have ρmat ∆t ' 10−4 g cm−3 sec and not ' 10+4 g cm−3 sec as
46 We

limit ourselves to quote:
E. M. Lifshitz: On the Gravitational Stability of the Expanding Universe - J. Phys.
USSR 10, 116 (1946)
E. M. Lifshitz, I. M. Khalatnikov: Investigations in Relativistic Cosmology - Adv. Phys.
12, 185-249 (1963)
V. A. Belinsky, I.M. Khalatnikov, E. M. Lifshitz: Oscillatory Approach to a Singular
Point in the Relativistic Cosmology - Adv. Phys. 19, 525-573 (1970)
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Fig. 14

Evgeny Lifshitz.

was given incorrectly in the previous paper because of a numerical error in the
calculations”47 or again referring to formula (6) of his paper,48 “The fact that the
above-calculated density and radii correspond closely to the observed values for the
stellar galaxies strongly suggests that we have here a correct picture of galactic
formation,” while from that formula one can deduce a mass for a galaxy of only
103 M . Nevertheless his papers are outstanding for his physical intuition and for
the profound understanding of the basic physical process governing the cosmological
evolution.
It is well known in the best cultural tradition of the Chinese classical paintings
that the Chinese painters have often exercised themselves in expressing themes
already expressed centuries before by other artists reproducing and reinterpreting
their works faithfully and introducing minor stylistic differences in order to carry
forward the conceptual and artistic message through the millennia.
Similarly we recall the attitude of Titian’s schools (and also of Rubens and van
Dyck) reproducing attentively some of the works of Titian. In the same spirit I
approached these works of Gamow trying to capture the concepts which allowed
47 See
48 G.

the Gamow’s paper The Origin of Elements and the Separation of Galaxies in Chapter 4.
Gamow: The Origin of Elements and the Separation of Galaxies, Phys. Rev. 74, 505 (1948).
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him to deduce out of first principles the existence of the cosmological black body
radiation, which he had the merit of predicting years before the observation. I did
read over and over again for almost ten years the paper “The Origin of Elements and
the Separation of Galaxies,”49 expressing it in my lectures in the class on theoretical
physics at the University of Rome, enjoying the underlying strong conceptual logic
which emerged despite the numerous numerical mistakes and some of the equally
wrong estimates. The often mentioned aphorism of George Gamow was “the details
of the numerical accounting must be left to the shopkeepers.” It was indeed in this
spirit that I was focusing on the underlying scientific message by Gamow not being
diverted by the often contradictory statements of the order of magnitude estimate
or the too direct application of these ideas to explain many observational facts.

1.6

Gamow’s cosmology

There were three fundamental issues in Gamow’s cosmology: the understanding of
the formation of the elements by neutron capture process, the process of galaxies
formation by Jeans instability, and the identification of the Friedmann cosmology
as a description of the early Universe. Fermi addressed mainly the first issue and
made some considerations on the third one. We are going to illustrate Fermi’s approach using his words in the lecture of October 7, 1949 delivered at the University
of Rome as recorded by Ettore Pancini and translated in this volume by Dino Boccaletti and Robert Jantzen (See Chapter 4). This paper is in our opinion essential
to understand some of the motivations and scientific outlook of Fermi’s work and is
a necessary introduction to the Fermi-Turkevich paper inserted in the Alpher and
Hermann paper of April 1950. Let us use Fermi’s words for describing the problem
of the actual observed abundance of the elements:
All the known matter is made up of various chemical elements each present
with a different abundance, so the problem arises, first experimentally and then
theoretically, of understanding for what reason some elements are abundant, others
rare.... What we are trying to establish are the amounts of the various chemical
elements which are, so to say, in the whole Universe or, at least, in a large part of
it and, obviously, the result which we may expect to obtain depends to a large extent
on the samples taken for the analysis......... It is noteworthy the fact that, .... if
the selection of the samples is made with suitable attention, the results are highly
uniform even if derived from materials of very disparate origin. For instance, in
some favorable cases, it is possible to assign the ratio of the cosmic abundance of two
elements with a precision of the order of the 1 or 2%..... That said it is interesting
to consider the table reported here (Table 1) in which the numbers represent the
relative abundances of the various elements.
49 G.

Gamow: The Origin of Elements and the Separation of Galaxies, Phys. Rev. 74, 505 (1948).
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Table 1
ements

Relative abundance of the elA

Z

Atoms per 104
atoms of silicon

H

1.01

1

3.5 × 108

He

4

2

3.5 × 107

Be

9.02

4

2 × 10−1

C

12.01

6

8 × 104

O

16.00

8

1 × 105

Si

28.06

14

104

Cl

35.46

17

2.5 × 102

Mn

54.93

25

1 × 102

Fe

55.85

26

2.6 × 104

Co

58.94

27

1.6 × 102

Ni

58.69

28

2.0 × 103

Cu

63.57

29

7

Ga

69.72

31

5 × 10−3

Sr

87.63

38

10−1

Cd

112.41

48

2 × 10−2

Cs

132.91

55

10−2

Pt

195.23

78

10−1

Pb

207.21

82

4 × 10−3

Th

231.12

90

10−2

U

238.07

92

3 × 10−3

...we represent in a diagram (Fig. 1) the relative abundance of the elements as
a function of the atomic number.
From this diagram one can see that immediately after the peak represented by
hydrogen and helium there is a tendency to exhibit, though with high regularity, a
decreasing feature of the relative abundance of the elements. So that one who wanted
to draw a curve through these points, neglecting the irregularities, could draw the
curve shown in Fig. 1. And, if one wanted to trust that, having accounted for the
exceptions, this curve represents with good approximation the relative abundance of
the elements, one should also conclude that the relative abundance of each element is
one of its essential characteristics like, for instance, its atomic number, its energy of
formation or its mass. Then one forms the impression that the relative abundance
of each element is really a property of its own, connected, as is obvious, both with
the other properties of the element and with the mechanism, quite unknown, through
which the element has been formed...if we know the abundance of each element it is
a question of trivial arithmetic to calculate the abundance of the isotopes... Obviously the idea of justifying all these facts, that is to justify the abundance of every
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Fig. 15 The relative abundance of the elements as a function of the atomic number (Fig. 1 of
the Fermi paper 240.3)).

single element and, for each element, the abundance of its isotopes, is, certainly, an
extremely ambitious program and constitutes a problem whose solution is assuredly
very far off.
And again let use the Fermi words to introduce the work of George Gamow
Nevertheless recently there have been attempts in this direction but with quite
unsatisfactory results. This fact does not exclude that they are extremely interesting
in the sense that they represent an attempt at research in the direction which most
probably will be one of the most important in the future. On the other hand it is
obvious that if the solutions obtained to date are not satisfactory one cannot exclude
that in the future one cannot make conclusive steps along this road...we shall limit
ourselves to speak here about ........... the theory, due chiefly to Gamow, who, being
a joker as everybody knows, joined with two other physicists, Alpher and Bethe, with
the aim, perhaps, of playing with the fact that the three names, read in the American
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way mangling the words, sound like the first three letters of the Greek alphabet. As
a matter of fact, the essential contribution of the theory of which we are speaking
was given by Gamow and in part by Alpher: Bethe, instead, appears to have been
associated only to complete the play on words.
(We have reproduced the article in Chapter 4)
Let us be guided by Fermi’s words in the description of the formation of the
elements by successive neutron capture in Gamow’s theory...
Let us still refer to a P -N diagram (Fig. 2) in which each element is represented
by a point whose abscissa is equal to the number of its protons and whose ordinate
is equal to the number of its neutrons.

Fig. 16 P -N diagram: each element is represented by a point whose abscissa is equal to the
number of its protons and whose ordinate is equal to the number of its neutrons (Fig. 2 of the
Fermi paper 240.3)).

As we have already said, all stable elements are located in a well defined zone.
If we now assume that we submit a certain element to a “bath” of neutrons it
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may happen that its nuclei capture one of these neutrons. Thus, if the composition
of this nucleus is represented by the point A of Fig. 3, after the capture the new
formed nucleus will have a composition represented by the point B which is obtained
by taking from A a step upwards (in fact N is increased by one and Z remains
constant).

Fig. 17

The mechanism of formation of heavy elements (Fig. 3 of the Fermi paper 240.3)).

The new nucleus will be able, in turn, to absorb another neutron and produce
an element represented by the point C and so on, until one ends up going out of
the zone of stable elements. The newly formed unstable element will evidently be
beta radioactive and then will disintegrate through a beta process which is a change
of a neutron into a proton: the new representative point will therefore be obtained
taking a step downwards (decrease of a neutron) and a step rightwards (increase of
a proton). If now there are still neutrons present, the nucleus so formed will be able
to absorb another neutron, then another neutron and after it will emit a beta ray;
and in this way little by little we will climb up the slope of the stable elements. Thus
little by little very heavy elements are formed through a mechanism of successive
additions of neutrons to light nuclei assumed to be pre-existing.
Fermi then recalls the theoretical hypothesis made by Gamow in the description
of nuclear cross sections:
At this point, if one wants to be ambitious (and, as we shall see, Gamow puts
forward demands still more ambitious than these), one can even intend to explain
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the formation of all the elements starting from only neutrons.
Let us assume, in fact, that in a region of space, at a certain instant, are contained some neutrons. As is known, the neutron is not a stable particle, on the
contrary its life time is quite short (it has not yet been measured very well but it
cannot be appreciably different from 15’) and therefore after about ten minutes, half
of the neutrons will be decayed producing as many protons. But neutrons and protons have a certain affinity and the neutrons tend to latch onto the protons in this
way forming nuclei of deuterium. In this way, starting initially from only neutrons,
through their decay and association with the generated protons, it will be possible to
form the first light nuclei and then, from them, with a process of the kind described
above, one will arrive presumably at the formation of the heavy elements.
Gamow, simplifying (maybe too much) that what the experimental results really
give, assumes that these cross sections for the capture of neutrons increase linearly
for values of the atomic weight between 0 and 100 and then remain constant.
Fermi recalls an apparently qualitative success of Gamow’s theory in describing
the abundance of elements with high atomic number:
Therefore let us assume, for the time being, that the cross sections are really the
ones Gamow claims. In this case we can plainly write down the differential equations
describing how heavier elements are successively formed. Let us call Na the number
of atoms with atomic weight a; the derivative of this number with respect to the
time will depend on two terms: one which represents the increase in the number of
atoms of weight a due to the aggregation of atoms of weight a − 1 (and this will be a
positive term proportional to Na−1 , to the cross section σa−1 of the element a − 1
and to the flux Φ(t) of the neutrons). Then there will be a negative term which in
the same way represents the decrease of Na due to the absorption of neutrons which
changes the atoms a into atoms a + 1. In a formula
dNa
= Φ(t) (σa−1 Na−1 − σa Na )
dt

(a = 1, 2, ...238) .

(1)

Equations like this must be written for every value of a and a system will be obtained
which we can solve, at a fixed neutron flux, deriving the way in which the abundances
of the single elements evolve in time.
Of course the result one obtains depends on the time interval we choose in the
sense that, if we fix a certain flux of neutrons, the material must be exposed to its
action for a suitable time: in fact, if the time is too long, too many heavy elements
are formed, if it is too short, too few elements are formed. But, by “cooking” so to
say the material to the right point one succeeds in obtaining something which has a
certain resemblance with the experimental data. This resemblance arrives at such a
point as to give, in the case of elements with high atomic number, a distribution of
isotopes resembling the real one.
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Fermi also recalls a crucial difficulty in Gamow’s theory in describing the nuclear
abundances of light elements:
In the region of light elements the result is, instead, contrary to the experimental
one but one can think that a successive heat treatment, even at not an exceedingly
high temperature, might have modified the situation.
Fermi then describes the “risky and almost certainly wrong statement” by
Gamow:
As we have said, Gamow was not content with these results and has taken a
further step, a very risky and almost certainly wrong step. Almost certainly wrong
since the step one takes when, to explain the facts, one assumes very precise hypotheses. In that case, as is obvious, the more precise the hypotheses are, the more
easily one demonstrates that they are wrong. At any way, Gamow resolved to determine the time in which the formation of elements described above has happened by
resorting to the theory of the expansion of the Universe. This theory is connected
with the theory of general relativity and we attempt to give a short account of it.
Unfortunately also for general relativity, as for other physical theories, there does
not exist a single theory and this entails a certain freedom of choice, but at present
this choice cannot be made on the reliable basis of experimental results. But if we
base ourselves on the simplest one of the theories of relativity, that one without a
cosmological term, we can construct as has been done, a theory of the expansion of
the Universe according to the following general lines.
In order to prove Gamow wrong on cosmological nucleosynthesis, Fermi paradoxically criticizes Gamow’s procedures of adopting the validity of Einstein Equations
and the use of a radiation dominated Friedman Universe. As we know today these
assumptions are precisely the ones which have credited Gamow’s cosmology as the
fundamental one for predicting the Cosmological Black Body radiation. But let us
use Fermi words in having a lucid description of Friedman Cosmology:
One starts from the hypothesis, which has at least the merit of being very simple,
that the energy density (matter and radiation) is uniform in the entire Universe, at
least when one averages over very large regions of it. Furthermore one assumes that
the space has a constant curvature; this means that the Universe is homogeneous
not only with respect to the energy density but also with respect to its geometrical
properties. From this hypothesis one can infer that the Universe at a certainly welldefined time has the shape of a sphere or that of a pseudo-sphere; for particular
reasons, connected with the present matter density, one must choose the pseudosphere, which is a sphere with an imaginary radius and obviously it is not possible
to represent it by a figure. But if for the moment we leave out of consideration the
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fact that the object of which we want to speak is a pseudo-sphere and not a sphere
and furthermore if we limit ourselves to represent only three of its four dimensions
(the time and two spatial coordinates) it will be possible (Fig. 6) to give an idea of
how the Universe evolves expanding itself. In Fig. 6 the Universe is represented by
circles whose radius is increasing with time.

Fig. 18 The expanding universe: the universe is represented by circles whose radius is increasing
with time (Fig. 6 of the Fermi paper 240.3)).

If now, by using the formulas of general relativity, one makes calculations, one
can find a relation which connects the velocity of expansion of the radius, r = iu, of
the pseudo-sphere with the energy density w:
 2
du
Kc2 2
u w.
(2)
= c2 +
dt
3
This formula says that the square of the time derivative of the modulus of the
radius u of the pseudo-sphere equals the square of the light velocity plus a term
which contains the radius itself, the energy density w and a constant K related to
the gravitational constant G through
K = 8π

G
c4

and having the value of about 2 × 10−48 dyn−1 . If we now want to use this formula
to describe the expansion of the Universe when its radius is very small, we can see
that the first term of the right hand side becomes negligible since the energy density
increases much faster than the squared radius decreases. Then formula (2) can be
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simplified in the following way:


du
dt

2
=

Kc2 2
u w.
3

(3)

At this point Gamow made an interesting remark: if one admits that, when
formula (3) holds, the energy is essentially radiation energy, one can, using the formula, obtain a relation between temperature and time which contains only universal
constants. In this way, one arrives at eliminating the arbitrariness due to the value
of temperature at which nuclear reactions had taken place and given origin to the
elements. This arbitrariness might have allowed one to obtain, to a certain extent,
any result whatsoever. We give here, without proof, the formula which links temperature to the time elapsed since the instant when the Universe had infinitesimal
size

1/4
1
3
√ degrees .
(4)
T =
4Kc2 σ
t
In this formula, σ represents the Stefan’s law constant, T the absolute temperature
and t the time. As we have already pointed out, this is an approximate formula and
holds for values of t not too large, for instance not exceeding a few million years.
If we substitute the constants appearing in formula (4) by their values, we obtain
1.52 · 1010
√
degrees
(5)
t
from which one sees that when t is, for instance, equal to one second, the temperature
is, as one could have imagined, enormously high: of the order of 1010 degrees. But
it decreases very fast so that, after one thousand seconds, it is already reduced to
the order of magnitude of one hundred million degrees and this value is low enough
to stop strong nuclear phenomena.
Then the temperature varies with time following a well-defined law and the
pseudo-radius of the Universe varies with an equally determined law (it is proportional to the squared time) and therefore only one parameter is left undetermined:
the density of neutrons; Gamow intends, by working on this single arbitrary parameter, to succeed in predicting the distribution of the abundances of the elements and
indeed in a certain sense he succeeds. As a matter of fact, he succeeds as long as
one is content with a very rough analysis of his results, but as one tries to enter
into details, immediately one runs into trouble and probably troubles would increase
if it was possible to carry out this analysis which is extremely complicated to do.
T =

This explains why Fermi assumed in the Fermi-Turkevich paper the temperature
dependence with the precision of three decimal numbers. In my first reading of the
Fermi Turkevich paper I was astonished that a scientists as concrete as Fermi could
have ventured to assume such a precision. I discussed with Wheeler such an issue,
which is definitely explained above in the Fermi words.
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The Fermi and Turkevich paper
The Fermi Turkevich paper was never published by the authors and their results
only reproduced in the review article “Theory of Origin and Relative Abundance
Distribution of the Elements” by Alpher and Herman50 . With the significant footnote “We are indebted to Drs. E. Fermi and A. Turkevich for their cooperation and
communication of unpublished results. The authors take the responsibility for the
correctness of this transcription and interpretation of their work”.
The basic new assumptions in the Fermi Turkevich work are:
1) the Friedman cosmological model, following Gamow;
2) the complete and detailed values for the reaction rates expressed in their
Table XII (see below);
3) the techniques of numerical integration by electronic machines of the rate
equations.

50 Alpher and Herman: Reviews of Modern Physics 22, 153-212, April 1950. See the excerpt “The
Formation of Light Nuclei” in Chapter 4 of this volume.
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The numerical integrations were made possible by the use of one of the first
computers at Los Alamos: the Maniac electronic machine. It is interesting that one
of the possible reason why the Fermi-Turkevich calculations were not published as
a paper in itself was, as mentioned by Ya. B. Zel’dovich to me years later, that
the cross sections involving tritium reactions were at the time secret for their implications in nuclear bomb fusion processes. When the possibility of making them
known became possible Fermi considered the paper not so urgent as to need an
authentic publication, and it became matter for a review article! This might have
been a justification, but certainly in my opinion not the main one.
The major new result of Fermi and Turkevich in the light elements formation
was summarized in their Figure 20 (see below) and is summarized by Fermi in the
words

Fig. 19 Relative abundance of the very light elements as a function of time according to the
non-equilibrium formulation of Fermi and Turkevich (unpublished). The nucleon concentration
was taken to be 1021 cm−3 at t = 1 sec in an expanding universe controlled by radiation. The
relative abundances are the rations of the number of nuclei of a given species in a volume V to the
total number of nucleons in that volume. Since both quantities vary with the universal expansion
in the same way the effect of the expansion is not evident. (Fig. 20 of the paper “Theory of
Origin and Relative Abundance Distribution of the Elements” by Alpher and Herman, Reviews of
Modern Physics 22, 153 (1950)).
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“The first difficulties are met already in the lower region of the periodic system
as soon as one asks oneself a little in detail in what manner the elements are gradually forming themselves. As we have already said, the first nucleus to be formed
will be that of hydrogen, then through the merging of a proton with a neutron deuterium will be formed and then with the addition of another neutron tritium, which
will decay through a beta decay into helium three. By addition of a new neutron
helium three changes into helium four. Already here one meets a little difficulty
because helium three capturing neutrons tends to break rather than to form helium
four, nevertheless one can still think that at least a small fraction of helium three
changes by capture of a neutron into helium four. But at this point the difficulty
one meets is much more important because the nucleus of mass five does not exist:
if one would try to form it by addition of a neutron to helium four it would break to
peaces creating an insurmountable barrier which prevents the successive formation
of elements through the addition of neutrons”

Gamow wittingly recalls the attempt to jump the mass 5 crevasse in his book
“The creation of the Universe”51 . We couldn’t resist temptation of reprinting in
Fig. 20 the vignette in which Wigner proposes a way to jump across the mass 5
crevasse. In Fermi words:
“In reality one can find some way to jump or even better to avoid this barrier,
and it is the following: according to the formulas written above, in the time in which
these phenomena should take place, the temperature, though already much decreased,
is still on the order of 108 -109 degrees and at such high temperatures nuclear reactions can still take place in a conspicuous way and are produced by the collisions
among the nuclei which move under the effect of thermal agitation. Thus it is not
impossible to think that a nucleus of mass six can be formed, without the preliminary
existence of a nucleus of mass five, by making a nucleus of deuterium react directly
with a nucleus of helium four. As a matter of fact, this reaction is extremely unlikely, but not impossible, therefore it is not excluded that a small amount of lithium
six is formed allowing, through successive additions of neutrons the formation of
heavier nuclei. And many other difficulties of this type are met; for instance, also
the nucleus eight does not exist in any stable form and this missing step will be
jumped by a device of the kind already described.”
The impossibility of building heavy elements
But the difficulties do not end here, another one which cannot be passed over in
silence is that, if one assumes an initial density of neutrons large enough so that
they can form heavy elements in non negligible quantities, one finds that the ratio
51 See

G. Gamow: The creation of the Universe - The Viking Press, 1952 - p. 71.
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Wigner’s proposal as to how to jump across the mass 5 crevasse.

between helium and hydrogen has nothing to do with the actual one: one will have
more abundant helium than hydrogen contrary to experimental evidence.
Fermi negative conclusions on Gamow work
Let us read now the severe Fermi final remarks:
“So it only remains sadly to conclude that this theory is unable to explain the
way in which the elements have been formed in time, and this after all is what one
should have expected. However, we must recognize the courage with which Gamow
has set about constructing an attempt at a theory based on extremely determined
hypotheses: the theory has failed and this means that some of his hypotheses are
wrong, but the result he has obtained in this way (to be at least certain of having
made a mistake) is certainly more remarkable than one that which could have been
obtained from a theory so indefinite as to be able to explain a lot of experimental
facts, exactly because of the great deal of arbitrariness contained in it, but that would
not have made evident what are its incorrect points allowing them to be corrected
and to proceed to the construction of new and more satisfactory theories.”
Paradoxically in all this Fermi failed to understand the paramount importance of
his own Fermi and Turkevich work and of the works of Gamow: the prediction of the
existence of the background cosmological radiation and the birth, in his paper, of the
new field of research which will take the name of cosmological nucleosynthesis. The
issue of the formation of the heavy elements became in a certain sense peripheral to
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cosmology and was solved in the detailed work of stellar nucleosynthesis by Bethe52
and by Hoyle, Burbidge and Fowler53 .54 . But let us go, before closing, to some
reactions to these works in the more general context of the scientific community.

1.7

The Zel’dovich reaction to Fermi and Gamow works

To me one of the most interesting reactions was the one of the Soviet colleagues. I
had the occasion to discuss it in many occasions with Yakov Borisovich Zel’dovich.
But it is here appropriate to recall here first some of the ongoing work at the time
in Soviet Union. The “rocambolesque” departure of Gamow from Moscow had
bittered all the Soviet scientists who had seen at once cut all their possibility of
travel abroad for years to come. The departure of Gamow had appeared a slap in
the face to the Soviet System 55 .
Motivated by ideological reasons, as was recalled to me in 1971 by Ya. B.
Zel’dovich, in order to prove the superiority of a truly Soviet thinker, Zel’dovich
proposed an alternative way to have a Friedmann universe initially at zero temperature as opposed to Gamow’s idea of an initially radiation dominated hot universe.
The avoidance of build up of the heavy elements was obtained in the Zel’dovich
approach by the existence of a background of degenerate neutrinos. We have reproduced his paper in Chapter 4.
As Zel’dovich says there, “The process e− + p = n + ν, which leads to the formation of neutrons at high density of matter in the stars, turns out to be forbidden
here, since the neutrino states that are energetically obtainable in this process are
occupied. In the uniform model (closed or open) the neutrinos do not depart anywhere. Upon expansion such a substance turns into pure cold hydrogen.”56 In this
way the formation of neutrons would be completely avoided. The model would lead
to a universe formed during its initial evolution uniquely of cold hydrogen.
The confrontation was quite clear: a cold universe developed by a Soviet scientist
in Soviet Union as opposed to a warm universe developed by a fugitive Soviet
scientist abroad!
The Zel’dovic approach was soon abandoned, as recalled to me years later by
Igor Novikov, due to the evidence of cosmological helium abundance and, more
drastically, by the discovery of the cosmological black body radiation (see the Nobel
52 See his Nobel lecture at http://nobelprize.org/nobel prizes/physics/laureates/1967/bethelecture.html
53 See his Nobel lecture at http://nobelprize.org/nobel prizes/physics/laureates/1983/fowlerlecture.html
54 W. A. Fowler, Margareth Burbidge, Geoffrey Burbidge and Fred Hoyle: Syntesis of the Elements
in Stars, Review of Modern Physics 29, 547-650 (1957).
55 See in Appendix D the Gamow’s version of the matter (in the Chapter 6 of “My world Line.
An informal Autobiography” - The Viking Press, 1970)
56 Ya. B. Zel’dovich: Soviet Physics JEPT 16, 1102 (1963).
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lectures of Penzias and Wilson57 and Smoot58 ).
Interestingly, in our discussions (see Fig. 21) following the universal scientific
success of the discovery of the cosmological black body radiation, Yakov Borisovich
discussing the role of Gamow in science and in politics completed the discussion
with one question and one statement. First the question: “How many Nobel Prize
Gamow received? One for physics and one for biology?” Zel’dovich was clearly
well informed of the great contribution of Gamow not only to astrophysics and
nuclear physics, but also to biology for his studies on DNA structure.59 In this
question, however, Yakov Borisovich showed a clear sign of his isolation from the
West: Gamow had not received any Nobel prize! Nevertheless he was not ready to
give up on the supremacy of Soviet science in view of the universal recognition by
then of Gamow ideas. Smiling he concluded with the statement: “Certainly Gamow
has been one of the greatest Soviet scientists.”

Fig. 21 Dinner at home of Evgeny Lifshitz. From left to right: Nina Ginzburg (wife of Ginzburg),
Zinaida Lifshitz (wife of Lifshitz), R. Ruffini, E. Lifshitz, Ya. B. Zel’dovich, Angela Zel’dovich
(wife of Zel’dovich), V. Ginzburg.

But let us return to a happening organized by Gamow himself. In fact, even
if Gamow does not tell it in his autobiography, he went on a journey in Rome
and got in touch with the Pontifical Academy of Sciences. As recalled to me by
Felix Bloch he was also knighted by the Order of the Maltese Cross. As recalled
to me by George Coyne, Pius XII was an admirer reader of the popular books of
Gamow, especially the one “One Two Three ... Infinity: Facts and Speculations of
57 http://nobelprize.org/nobel

prizes/physics/laureates/1978
prizes/physics/laureates/2006
59 G. Gamow: Possible relationship between deoxyribonucleic acid and protein structures, Nature
173, 318 (1954).
58 http://nobelprize.org/nobel
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Science.”60 He somewhat managed to enter in the inner circle of the roman “Curia”
in the Vatican. It is a matter of fact that we find Gamow’s theory of the origin of the
universe was adopted by Pope Pius XII in his address to the Academy on November
22, 1951. Fred Hoyle reacted with sarcasm to such a theory. He had his own
competing theory of continuous creation in a steady state model of the universe61
. Hoyle called Gamow’s theory, jokingly, a “big bang.” It is ironic that such a
name, initially derogatory, has been adopted as the leading theory in cosmology.
Gamow, being a joker as everybody knows62 , mentioned the Pope’s address at
the beginning of his article in Physical Review63 : “It can be considered now as an
unquestionable truth that “from one to ten thousand million years ago, the matter
of the (known) spiral nebulae was compressed into a relatively restricted space, at
the time the cosmic processes had their beginning” and that during that stage “the
density, pressure, and temperature of matter must have reached absolutely enormous
proportions” since “only under such conditions can we explain the formation of
heavy nuclei and their relative frequency in the period system of elements.” ,”
with a reference to the footnote:
“Address by Pope Pius XII to the Pontifical Academy of Sciences on November
22, 1951 (Tipografia Poliglotta Vaticana, Rome, 1951).”
In due time Gamow theory has duly confirmed (see the Nobel lectures of Penzias
and Wilson64 and Smoot65 ) and steady state theory became the personal interest
of a limited number of affectionate scientists66 .

1.8

Conclusions (to be completed and revised possibly in two paragraphs)

Many of these ideas, around Fermi work, have left their mark in the field of cosmology:
1) The work of Gamow found his greatest confirmation in the discovery of the
cosmological background radiation (see the Nobel lectures of Penzias and
60 G. Gamow: One Two Three ... Infinity: Facts and Speculations of Science, The Viking Press,
1947.
61 See, e.g., H. Bondi and T. Gold: The Steady-State Theory of the Expanding Universe, MNRAS
108, 252 (1948); H. Bondi: Cosmology, Cambridge University Press, Cambridge, 1952; F. Hoyle:
The steady-state theory of the homogeneous expanding universe, The Observatory 74, 253 (1954).
62 See this phrase in Fermi’s Rome lecture (Chapter 4 of this volume).
63 See the third Gamow’s paper (Chapter 4 of this volume): The Role of Turbulence in the Evolution of the Universe, Phys. Rev. 86, 251 (1952).
64 http://nobelprize.org/nobel prizes/physics/laureates/1978
65 http://nobelprize.org/nobel prizes/physics/laureates/2006
66 See, e.g., F. Hoyle, G. Burbidge and J. V. Narlikar: A Different Approach to Cosmology: from
a Static Universe through the Big Bang towards Reality, Cambridge University Press, Cambridge,
2000.
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Wilson67 and Smoot68 ).
2) The work of Fermi and Turkevich lead to the birth of modern cosmological
nucleosynthesis69
3) Even the work of Zel’dovich, with all his peculiarities and political motivations, has found an application in modern cosmology following the discovery
of dark matter and its influence on cosmological nucleosynthesis by massive
neutrinos70 .

Fermi died in November 1954. One of the last messages at the School of Les
Houches given to Rosanna Cester (see Fig. 22), one of the young italian Ph.D.
students, in the USA at the time, was simple and clear: “Go to astrophysics, there
is the future for physics!”
Also some of the other ideas of Gamow have found in due time their way in
cosmology and also the work of Fermi has been helping in solving some of the
conceptual open issues in relativistic astrophysics.
Gamow had postulated the fundamental role of the Jeans instability in the process of the galaxy formation. He was basing his considerations not only on the
classical work of Jeans on the growth of perturbations in a uniform self-gravitating
medium in the framework of a Newtonian theory, but more importantly the outstanding work Evgeny Lifshitz had just introduced, with an unsurpassed mathematical craftsmanship, the scalar vectorial and tensorial perturbations in the background
of a Friedmann cosmology in the framework of the Einstein Theory of General Relativity. Once again the idea of Gamow did not work out: the perturbations being
developed had a mass of 105 -106 M , when applied to the baryonic matter. We had
to wait for the observations of Renzo Sancisi on the rotational curves of galaxies
(see also the book by R. H. Sanders)71 in order to appreciate the role of dark matter
and return to this basically correct idea of Gamow: the idea now is to use the pioneering work of Jeans applied not to the baryonic content of the universe but to the
dark matter component72 . The Gamow’s approach leads then to the fascinating
possibility of a piecewise hierarchical Universe in a fractal structure with an upper
cut-off defined by the first Jeans instability of the relativistic neutrinos component
in the Universe.
67 http://nobelprize.org/nobel

prizes/physics/laureates/1978
prizes/physics/laureates/2006
69 See, e.g., E.W. Kolb and M. S. Turner, The Early Universe, Addison-Wesley, Redwood City,
CA, 1990.
70 See the appendix of the paper by A. Bianconi, H. W. Lee, R. Ruffini in Astron. Astrophys. 241,
343-357 (1991)
71 See e.g. R. A. Swaters, R. Sancisi, T. S. van Albada and J. M. van der Hulst: The rotation
curves shapes of late-type dwarf galaxies, A&A 493, 871-892 (2009) and R. H. Sanders: The Dark
Matter Problem: A Historical Perspective, Cambridge University Press, Cambridge, UK (2010).
72 R. Ruffini, D.J. Song, S. Taraglio: The ’ino’ mass and the cellular large-scale structure of the
universe. Astron. Astrophys. 190, 1 (1988).
68 http://nobelprize.org/nobel
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Fig. 22

Enrico Fermi, Rosanna Cester, Léon Van Hove (from left to right).

The year 1965 signed the real birth of Relativistic Cosmology by the discovery by
Penzias and Wilson73 of the Cosmic Microwave Background radiation (CMB). The
year 1967 signed the discovery of the first pulsar. It was observed on November 28,
73 See

their Nobel lectures at http://nobelprize.org/nobel prizes/physics/laureates/1978
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1967 by Jocelyn Bell Burnell and Antony Hewish74 and especially the observation
of a pulsar in the CRAB nebula (Fig. 23) signed a drastic turning point in the
interest of astronomical and astrophysical communities.

Fig. 23

The Crab Nebula.

I had just discussed my thesis in Rome. Edoardo Amaldi encouraged me to go
abroad with the promise of learning as much as possible and returning one day in
Rome. I was very fortunate in my first visit abroad to meet Pascual Jordan and
be invited by him in Hamburg as a postdoctoral fellow of the Mainz Academy of
Sciences. I met in the summer in Paris at a meeting John Archibald Wheeler and
P.A.M. Dirac. In September I moved to Princeton and I was received warmly by
John Archibald Wheeler (see Fig. 24). The main message by Wheeler was let us
not stop on neutron stars and proceed to black holes75 . This topic became of the
greatest interest after the launch of the first X ray satellite by Riccardo Giacconi
and his group. It was crowned by the first identification of a Black Hole in our

74 See

Hewish A., Bell S. J., Pilkington J. D. H., Scott P. F. and Collins R. A.: Observation of a
Rapidly Pulsating Radio Source, Nature 217, 709-713 (1968).
75 R. Ruffini, J. A. Wheeler: Introducing the Black Hole - Physics Today 24, 30-41 (1971).
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Fig. 24 Albert Einstein, Hideki Yukawa and John Archibald Wheeler. Picture taken at the
Institute of Advanced Study in Princeton in Marquand Park (1954). Dedicated to me by John
Archibald Wheeler.

Finally in 1978 Edoardo Amaldi called me back in Rome on a chair of theoretical
physics: one of the three in which the original Fermi chair had been split. Amaldi
had been in contact with me through all the years I had spent in the USA. He had
developed a group with the distinct interest of experimental research in the field of
detecting gravitational waves in a Earth-based experiment. I tried to make clear
that the style of research was necessarily in the domain of “wild” physics, but the
style of research adopted in Rome was more closely related to the one of “controlled”
physics. The physics of gravitational waves had to be seen in the context of the
field of relativistic astrophysics, which had the greatest horizons ever open to human
inquiries through X ray binaries, active galactic nuclei and more recently gamma
ray bursts. It was so that the first evidence for the existence of gravitational waves
was given by observations of a binary pulsar by R. A. Hulse and J. H. Taylor.79
76 Rees M., Ruffini R. and J. A. Wheeler, Black Holes, Gravitational Waves and Cosmology,
Gordon and Breach, New York (1974).
77 Gursky H. and Ruffini R., eds. Neutron Stars, Black Holes and Binary X-Ray Sources, Reidel,
Dordrecht, Holland (1975).
78 Giacconi R. and Ruffini R., eds. Physics and Astrophysics of Neutron Stars and Black Holes,
North Holland, Amsterdam, Holland (1978).
79 See their Nobel lectures at http://nobelprize.org/nobel prizes/physics/laureates/1993/
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I carried out my teaching and research in relativistic astrophysics in Rome
through the support of ICRA and more recently by ICRANet. These two institutions have allowed my students to continue their scientific activities in collaboration
with Francis Everitt at Stanford University, with George Coyne at the Specola Vaticana and the many contacts at ICTP with Abdus Salam and especially the support
and interest of Riccardo Giacconi. Many of my former students and collaborators
have obtained research and teaching positions in universities and research institutes
worldwide and I still hope to have one of them at the Physics Department of the
University of Rome “La Sapienza.” But all this bring us to a different topic on
which I will not speak today.

Fig. 25 The “dyadotorus,” i.e. the region in the Kerr-Newman geometry where vacuum polarization processes may occur, leading to the creation of electron-positron pairs [see C. Cherubini,
A. Geralico, J. A. Rueda H. and R. Ruffini, e− − e+ pair creation by vacuum polarization around
electromagnetic black holes, Phys. Rev. D 79, 124002 (2009)]. The corresponding release of energy
is the most powerful way to extract energy from black holes, which appears to be energy source
for the most transient and most energetics events in the universe, the GRBs.

The big challenge today is represented by the work of understanding the largest
explosion in the universe: the Gamma Ray Bursts. We understand that these
explosions occur during the formation phase of a black hole. The understanding of
these phenomena has dictated the necessity of overcoming conceptual difficulties,
opening new fields of research and extrapolating to yet unobserved domain of current
scientific knowledge. The role of Fermi is indeed present in all three of them. It is so
that some of the most recent works on electrodynamics of black holes (see Fig. 25)
can be considered a logical consequence and extrapolation of the original paper of
Fermi addressing the issue of relativistic formulation of the mass-energy around an
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The flotilla of satellites exploring the universe in X and gamma ray telescopes.

electric charge80 . Similarly, following the work on electrodynamics of black holes,
it has been easier to address some of the open issues and conceptual difficulties still
open in the analysis of white dwarfs. Fermi, who had worked with T.D. Lee on some
aspects of white dwarf theory, would have been very pleased by these developments:
again, this work which overcomes some of the challenges presented by Eddington
and others to the work of Chandrasekhar makes use of a relativistic Thomas-Fermi
model in a Wigner-Seitz cell. Finally, being Fermi both an experimentalist and a
theorist, would have been extremely happy to see the flotilla of satellites exploring
the universe in X and gamma ray telescopes, and one of them carrying his name
(see Fig. 26). These observations have motivated a new approach to the study
of neutron stars conceptually enormously more difficult than the one originally
proposed by Oppenheimer and his coworkers. The precision of the observational
informations obtained, the time variability, the enormous energy involved motivate
this new theory which is indeed involving all the fundamental interactions of physics,
the weak, the strong, the gravitational and the electromagnetic one treated in a self
consistent way by a solution of an Einstein-Maxwell system of equations and a
relativistic Thomas-Fermi model.
Remo Ruffini

80 See Fermi’s paper 4c) in Chapter 2 and the reconsideration of this topic by D. Bini, A. Geralico,
R. Ruffini in Appendix E.1.
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L. D. Landau: “On the theory of stars,” Phys. Z. Sowjetunion 1, 285 (1932)
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8. ON THE THEORY OF STARS
From thè theoretieal point of •rie'w thè physioal nature a& stellar eqnilibrium fe
considered.
,

THE astrophysieal methods usually applied in attaeking thè problema of stellar
struatore are eharaeterised by making physieal assumptions chosen onlj f or thè
sake of mathematica! eonTenienee. Bj this is charaeterised, for instance, Miìne's
proof of thè impossibility of a star eonsisting throtighout of classica! ideai
gas; this proof rests on thè asserMon that, for arbitrary L and M, thè fondamenta! equations of a star ednsisting éf elàssiéàl ideai gas admit, in generai,
no regolar splution. Mflne seems to have overlooked thè faet, that this assertion
resulta only from thè assumption of thè opaeity being Constant throughout
thè star, which assumption is made only for mathematica! purposes and has
nothmg to do with reality. Only in thè case of this assumption thè radius R
disappears from thè relation between L, M and E neeessary for regularity
of thè sohition. Any reasonable assumptions aboùt thè opaeity woùìd lead to
a relation between L, M and B, which relation wonld be quite exemptfrom thè
physieal eritieisms put forward against Eddington's mass-luminosity relation.
It seems reasonable to try to aìtaek thè problem of stellar structure by
methods of theoretical physies, i.e. to investigate thè physieal nature of
stellar equilibrium. For that purpose we must at first investigate thè statistica!
equiliferium of a giyen mass without gensration of energy, thè condition for
whieh equilibrium being thè minimum of free energy F (for given temperature).
The part of free energy due to gravitation is negative and inversely proportional
to some average linear dimensions of thè system in question, or, in other words,
it is proportional to — g1'3 (Q some average density).
'
The remaining inner part of free energy depends on thè equation of state ;
for thè classica! idea! gas it is proportiojial to log @> In lóeV of thè faet that
log g tends to infìnity for Q -» co more slowly than g1'3 we will always have a
minimum of free energy at g = co. That means that, in thè case of elàssiéàl
idea! gas, we obtain no equilibrium at ali. Every part of thè System would
tend to a point. The state of afiairs beeomes quite difFerent when we consider
thè quantum effeets. For thè non-relativistie Fermi-gas thè inner free energy
is changing with g as g2'3, that means, more rapidly than thè graTÌtational.
It would lead to thè existenee of a stable equilibrium. The presence of sonrces
would produce only an additional expansion due to thè radiation pressure.
Mflne Mes to eseape from this eonclusion by introdueing a eondensed inner
part of thè system, bnt he does not teli thè reasons why such condensations
eould appear at ali. The eonnection of thè eondensed state with thè norma!
L. Laudati, On thè theoiy of stais, Phys. Z. Sowjet. 1, 285 (1932).
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state remaios rather mysterious. It is easy to see that any equation of state
leading to no discontirmous transitions (as admitted in Mflne's calculations)
would never make sueìf eondensations possible.
As thè veloeities of eleetrons in thè Fermi-distribution rise with thè density
we bare to apply, for sufficiently great densities, thè reìativistie theory. In
thè extreme-relativistie case thè inner free energy per unit volume varies as
g^3, i.e.' thè same power of density as thè gravitational energy. The free
energy F is theref ore of thè f orm F — a, g1'8. If a is positÌTe thè System will
expand in order to bave F minimum, unti! thè density beeomes too small
for thè estreme-relativistìc relation F = a g^3 to be valid. If a is negative
thè System will bave a tendency to eoilapse to a pomt. In order to find thè
criterion separating these two cases we bave to investigate thè solution of thè
generai equation

The ehemiealpotential/t is in thè extreme-relativistic case equal to & e [Sj^g/m4]1m
where m is thè mass per electron, that means for most elements two protonic
masses. The equation (1) is thè n = 3 polytropìc equation of Emden. With
known substitutions it can be hrought to thè form
1 d ITj.2 dafìI _
r2 dr \_ drj
with thè boundary condition — r3 (dx/dr) = M[Gjh e]3/a m2[4/2w]1'2 on thè outer
boundary. As Emden has shown, ibis equatìon has a regnlar solution only in thè
case — rz(dxjdr) = 2-015, in whieh case it admits arbitrary radii; that means, we
will bave an indifferent equilibrinm corresponding to a = O in thè formar rough
treatment. Th.us we get an equilibrium state only for masses greater tban a
criticai mass M0 = (3 • I/m2) [è c/ffj3/2 = 2-8 x IO88 g or about 1-5 o (for m, = 2
protonic masses). For M > M0 there exists in thè whole quantum theory no eause
prewating thè System from eollapsìng to a point (thè éléetrostàtiè fórées are
by great densities relatively very smalì). As in reality such masses exist quietly
as stars and do not show any sueh ridiculous tendencies we must conclude
that att stars heavier iìmn 1-5 Q c&rtainly possess regione in wìtich thè, laws of guantvm mechanics (and therefóre of qanìum statistica) ore violated. As we bave no
reason to beb'eve that stars ean be divided into two physically different classes
aeeordjng to thè eondition M > or < M0, we may wifeb great probability
suppose that ali stars possess such pathological regions. It does not contradict
thè above arguments, whieh prove only that thè eondition M > Jf0 is suffieient
(but not neeessary) for thè existence of sueh regions. It is very naturai to
think that just thè presence of tbese regions makes stars stars. But if it is so,
we bave no need to suppose that thè radiation of stars is due to some mysterious
process of mutuai annibilation of protons and electrons, wbieh was never
observed and bas no special reason to oeeur in stars. Indeed we bave always
protons and electrons in atomic nuclei very elose togetber, and they do not
annihilate themselves ; and it would be very strange if thè high temperature
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did help, only beeause it does something in ehemistry (ehain reactions !). IbHowing a beautiful idea of Prof essor Mei Bohr's we are able to belieTe that thè stellar
radiation is due simply to a violatìon of thè law of energy, whieh law, aa Bohr
has first pointed out, is no longer vaìid in thè relatrsisfcie quantum theory,
when thè laws of ordinary quantum meehanies break down (as it is experimentally proyed by eontinnons-rays gpéctìà and also made probabìe by theoretieal
eonsiderations)1. We espeet that this must oecnr when thè density of matter
beeomes so great that atomie nuclei come in elose contaci,, forming one
gigantie nucleus.
On these generai lines we can try to derelop a theory of stellar struóture.
The eentrai region of thè star must eonsist of a core of highly eondensed matter,
surrounded by matter in ordinary state. H thè traiisition between these two
states were a continuous one, a mass M < MQ would never f orm a star, beeause
thè norma! equilibrium state (i.e. without pathologieal regions) would be
quite stable. Beeause, as far as we know it is not thè fact, we must conelude
that thè eondensed and non-condensed states are separated by some tmstable
states in thè same manner as a liquid and its Tapour are, a property which
could be easily explained by some kind of nuclear atttactiófi. This would lead,
to thè esàsténee of a nearly diseontinuous boundary between thè two states.
The theory of stellar straeture founded on thè aboYe eonsiderations is yet
to be constructed, and only sueh a theory can show how far they are trae.

1. L. LAMDAIT aad E. EECBELS, Z. Pkys. 69, 56 (1931); Colleeted Papests No. 6, p. 40.
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Appendix B

B.1

C. Lattes: My work in meson physics with nuclear emulsions

This description of the discovery of the pi-meson was written by prof. Cesare Lattes
in 1984. It was first published in: J. Bellandi Filho and A. Pemmaraju (eds.), Topics
in cosmic rays. 2 vols. Campinas: Editora da Unicamp, 1984, vol. 1, pp. 1-5.
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At the end of World War II, I was working at the University of São Paulo, Brazil,
with a slow-meson-triggered cloud chamber that I had built in collaboration with
Ugo Camerini and A. Wataghin. I sent pictures obtained with this cloud chamber
to Giuseppe P. S. Occhialini who had recently left Brazil and had joined Cecil F.
Powell at Bristol. On receiving from Occhialini positive prints of photomicrographs
of tracks of protons and a particles, obtained in a new concentrated emulsion just
produced experimentally by Ilford Ltd., I immediately wrote to him asking to work
with, the new plates, which obviously opened great possibilities. Occhialini and
Powell arranged for a grant from the University of Bristol; I somehow managed to
get to Bristol during the winter of 1946.
I was given the task of obtaining the shrinkage factor of the new emulsion (which
was much more concentrated than the old ones); Occhialini and Powell were still
at work on n-p scattering at around 10 MeV, using the old emulsions. I decided
that the time allotted to me at the Cambridge Cockroft-Walton accelerator, which
provided artificial disintegration particles as probes for the shrinkage factor, was
sufficient for a study of the following reactions:
D(d, p)H 3 1
Li6 3 (d, p)Li7 3
Li7 3 (d, p)Li8 3
Be9 4 (d, p 2n)Be8 4
B 10 5 (d, p)B 10 5
B 11 5 (d, p)B 12 5
Through analysis of the tracks, we obtained a range-energy relation for protons
up to about 10 MeV that was used for several years in research where single charged
particles were detected (e.g., pions and muons) [1].
In the same experiment I placed borax-loaded plates, which Ilford had prepared
at my request, in the direction of the beam of neutrons from the reaction
B 11 5 + H 2 1 → C 12 6 + n0
which gives a peak of neutrons at about 13 MeV. The idea, which worked well, was
to obtain the energy and momentum if neutrons, irrespective of their direction of
arrival (which was not known), through the reaction
n0 + B 10 5 → He4 2 + He4 2 + H 3 1
Occhialini and I decided that he should take some plates to the Pic-du-Midi in
the Pyrenees for an exposure of about one month; some were loaded with borax, and
some were normal plates (without borax). All were made of the new concentrated
B1-type emulsion for which a range-energy relation already existed. The normal
plates were to be used for the study of low-energy cosmic rays and as a control, to
see if we were detecting cosmic-ray neutrons.
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When Occhialini processed the emulsion after their recovery, on the same night
on which they were received in Bristol it became clear that borax-loaded emulsions
had many more events than the unloaded ones; borax somehow kept the latent
image from fading; normal plates had a great amount of fading. The variety of
events in the borax plates, and the richness in detail, made it obvious that the
neutron energy detection was but a side result. The normal events seen in the plate
were such as to justify putting the full force of the laboratory into the study of
normal low-energy cosmic-ray events. After a few days of scanning, a young lady,
Marietta Kurz, found an unusual event: one stopping meson and, emerging from its
end, a new meson of about 600 µ range, all contained in the emulsion. I should add
that mesons are easily distinguished from protons in the emulsion we used because
of their much larger scattering and their variation of grain density with range. A
few days later, a second “double” meson was found; unfortunately, in this case
the secondary did not stop in the emulsion, but one could guess, by studying its
ionization (grain counting), that its extrapolated range was also about 600 µ. The
first result on the double mesons were published in Nature [2]. By the way, the
cosmic-ray neutrons (direction, energy) were also obtained in the same plates, and
the results were published in the same volume of Nature [3].
Having one and a half double mesons that seemed to correspond to a fundamental process (although it could have been an exothermal reaction of the type
µ− + X b a → X b a−2 + µ+ ), the Bristol group realized that one should quickly get
more events. I went to the Department of Geography of Bristol University and
found that there was a meteorological station at about 18,600 ft some 20 Km by
road from the capital of Bolivia, La Paz. I therefore proposed to Powell and Occhialini that if they could get funds for me to fly to South America, I could take
care of exposing borax-loaded plates at Chacaltaya Mountain for one month. That
was done, and I left Bristol with several borax-loaded plates plus a pile of pound
notes sufficient to carry me to Rio de Janeiro and back. Contrary to the recommendation of Professor Tyndall, director of the H. H. Wills Physical Laboratory,
I took a Brazilian airplane, which was wise, because the British plane crashed in
Dakar and killed all its passengers.
After the agreed time, I developed one plate in La Paz. The water was not
appropriate, and the emulsion turned out stained. Even so, it was possible to find
a complete double meson in this plate; the range of the secondary was also around
600 µ.
Back in Bristol, the plates were duly processed and scanned; about 30 double
mesons were found. It was decided that I should try to get the mass ratio of the first
and second mesons by doing repeated counting on the tracks. The result convinced
us that we were dealing with a fundamental process [4]. We identified the heavier
meson with the Yukawa particle and its secondary with Carl Anderson’s mesotron.
A neutral particle of small mass was needed to balance the momenta.
At the end of 1947, I left Bristol with a Rockefeller scholarship with the intention
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of trying to detect artificially produced pions at the 184-in cyclotron that had started
operation at Berkeley, California. The beam of a particles was only 380 MeV (95
MeV per nucleon), an energy insufficient for producing pions. I took my chance on
the “favourable” collisions in which the internal momentum of a nucleon in the a and
the momentum of the bean provided sufficient energy in the center-of-mass system.
The results showed that mesons were indeed being produced. Two papers describe
the method of detection and the results, the first referring to negative pions, the
second to positive [5]. By making use of the range of pions and their curvature in
a magnetic field, it was possible to estimate the masses to be about 300 electron
masses.
Around February 1949, I was preparing to leave Berkeley to return to Brazil. At
that time, Edwin McMillan, who had his 300 MeV electron synchrotron in operation,
asked me to look at some plates that had been exposed to γ rays from his machine.
In one night I found about a dozen pions, both positive and negative, and the next
morning I delivered to McMillan the plates and maps that allowed the finding of
the events. I do not know what use McMillan made of the information, but there
is no doubt that they were the first artificially photoproduced pions detected.
Notes
(1) C.M.G. Lattes, R.H.Fowler, and R.Cuer, “Range-Energy Relation for Protons
and a-Particles in the New Ilford ’Nuclear Research’ Emulsions,” Nature 159
(1947), 301-2; C.M.G.Lattes, R.H. Fowler, and R.Cuer, “A Study of the Nuclear
Transmutations of Light Elements by the Photographic Method,” Proc. Phys.
Soc. (London) 59 (1947), 883-900.
(2) C.M.G.Lattes, H.Muirhead, G.P.S.Occhialini, and C.F.Powell, “Processes Involving Charged Mesons,” Nature 159(1947), 694-7.
(3) C.M.G.Lattes and G.P.S.Occhialini, ”Determination of the Energy and Momentum of Fast Neutrons in Cosmic Rays,” Nature 159 (1947), 331-2.
(4) C.M.G.Lattes, G.P.S.Occhialini, and C.F.Powell, “Observation on the Tracks
of Slow Mesons in Photographic Emulsions,” Nature160 (1947) 453-6 and 48692; C.M.G.Lattes, G.P.S.Occhialini, and C.F.Powell, “A Determination of the
Ratio of the Masses of µ and π Mesons by the Method of Grain-Counting,”
Proc. Phys. Soc. (London) 61 (1948), 173-83.
(5) Eugene Gardner and C.M.G. Lattes, “Production of Mesons by the 184-Inch
Berkeley Cyclotron,” Science 107 (1948), 270-1; John Burfening, Eugene Gardner, and C.M.G.Lattes, “Positive Mesons Produced by the184-Inch Berkeley
Cyclotron,” Phys. Rev. 75 (1949), 382-7.
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B.2

R.A.M. de Andrade: The head in the cosmos and the heart
in Brazil

English translation of the paper: Ribeiro Ana Maria de Andrade: “A cabeça no
cosmo e o coração no Brasil,” Jornal da Unicamp, Universidade Estadual de Campinas, Ano XIX, n. 281, pp. 4-5.
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Irreverent and eternally in love with nature and by four daughters, Cesar Lattes
spoke of science simply. Questioned myths, made exceptions to the theory of relativity and was afraid of the effects of nuclear energy. Not boasted of the successes
that provide in experimental physics and lent his prestige to develop science in
Brazil and Latin America. It was a generation of scientists and intellectuals whose
political and philosophical options were constrained by the Second World War.
The history of particle physics is marked by the contribution of Lattes on different occasions: discovery in cosmic rays, particle detection, processing techniques,
use of new devices, international cooperation ... The history of high energy physics
due to Cesar Lattes and Eugene Gardner the possibility of using particle accelerators, as part of the infrastructure of basic research. In the history of contemporary
science, he has another place reserved for participating in the institutionalization
process of scientific research and involvement with the teaching of physics. All this,
he said slipping on patriotism, “to improve Brazil.”
Cesar Lattes scientific career began at USP in 1944 and his first published work
was in theoretical physics co-authored with Gleb Wataghin. On the influence of
Giuseppe Occhialini, he moved to experimental physics, working with few resources
but at the same level of foreign laboratories. Looking mesons in cosmic rays, subatomic particle with mass intermediate between the electron and proton, and then,
as a principal mediator of nuclear forces. Throughout his career, cosmic rays were
always there.

1947 - The mesons in cosmic rays
Upon receipt of Occhialini in 1946, a photomicrograph of trace particles and protons
obtained with a nuclear emulsion, Lattes wrote to former teacher asking to go to
work on H. H. Wills Laboratory. The reunion of Lattes and Occhialini at Bristol
University has transformed the life of the laboratory, whose research was so only in
nuclear physics. Gay and fearless, they resumed research on cosmic rays and learned
with Cecil Powell, who worked in nuclear physics, the technique of using the nuclear
emulsion. Lattes surprised colleagues by Bristol solid theoretical background and
working hours, analyzing photomicrographs, making measurements, calculations,
and noting the results. Conclusions, hypotheses and questions were recorded in
letters to his friend José Leite Lopes.
To increase the detection power of the plates, borax was added to the emulsion. The hypothesis was that the borax would fix the layout of dots left on the
nuclear emulsion when a clash occurred between the rays and an atom in the board.
Without the borax, by contrast, the plates were much fading, i.e., the marks disappeared within a week. Still it was necessary to reduce the exposure time or just
leave the plates on top of mountains where the air, being thinner, it facilitates the
passage of cosmic rays. The Observatoire du Pic du Midi (2.850m) in the French
Pyrenees, was the easiest place to conduct the first experiment Occhialini, Lattes
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for which prepared the material. For about six weeks with the nuclear emulsion
plates loaded with borax and borax were no plates in the open, under the care of
French astronomers.
On the same night in January 1947 that returns to Bristol, Occhialini revealed
boards and wrote a note to Nature extolling the benefits of nuclear emulsion for
research on cosmic rays. Photomicrographs confirmed the hypothesis that at high
altitudes action antifading borax allowed the registration of varieties of events with
clarity and detail. The expectation of finding mesons mobilized the laboratory
team. The work required hours and hours of exhaustive activity of microscopists.
All were women.
After spending days hunched over a microscope, Marieta Kurz found a strange
event: a dash more crooked than those of protons, less dense, and undergoing
several changes in direction. At the end of the dash, another trait appeared similar.
Event similar to a double-meson (the pi-meson decay and pi-mi) can be observed
on another day. The euphoria swept through the physical, which split to make
the measurements of mass in two ways. Occhialini, Lattes and Ugo Camerini USP fellow newcomer from Brazil - have begun refining the technique of counting
the grains and energy balance on the side lines of the reactions observed. Hugh
Muirhead and other graduate students faced the problem of reach - through multiple
scattering. Preliminarily, Occhialini, Lattes and Camerini found that the total
energy produced by the primary particle was greater than the mass of mesotron
(particle predicted theoretically by Carl Anderson), and that this should be the
heavy meson (particle predicted by Hideki Yukawa). However, to prove the existence
of mesons needed to get more events.
Lattes traveled to Bolivia to perform the second experiment. In the company
of the Spanish meteorological Ismael Escobar settled there, went to La Paz for the
weather station that was installed at 5500 meters of altitude of Mount Chacaltaya.
In fact, it was a tiny, rough installation made with four pieces of wood, lost in
the snow. There, he has had small piles of sensitive plates loaded with borax
would receive thousands of times more particles than happened in the experiment
Occhialini in the Pyrenees.
A month later, the altitude of Chacaltaya allowed the identification in a single
plate revealed two complete dual mesons. Even the dirty water stains that revealed
the card Lattes, hindered the observation of the disintegration pi-mi. Back in
Bristol, about 30 double mesons were identified. Found to negative mesons, whose
end of the trajectory resembles the drawing of a star. The process of discovery is
published in eight papers. The work of more impact was published in Nature (Oct.
1947) and is signed, in alphabetical order as usual, by C. Lattes, G. Occhialini
and C. Powell. Identifying the heavier meson (pi) with a particle predicted by
Yukawa, and the side with the mesotron (mi) from Carl Anderson, confirmed the
theoretical prediction of the Japanese physicist. Since 1935, Yukawa proposed that
the pi-meson (which means half in Greek) was responsible for the strong force which
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reduces the repulsion between the protons and would be 200 times heavier than the
electron and ten times lighter than protons and neutrons.
The discovery made it clear that in nature there, besides the gravitational force,
electromagnetic force and weak force, the so-called strong force. A better understanding of nuclear forces was important to avoid the empiricism that marked, for
example, manufacturing the atomic bomb. Hence the importance of the work of
Lattes, Occhialini and Powell, although not currently considered a mi meson (it is
called lepton-mi) and the pion, the pion, is no longer considered the sole agent of
nuclear forces.

1948 - The cyclotron mesons of 184”
Lattes and Occhialini both in Bristol did not wait for the consecration of the discovery, which was headed by the chief of the laboratory. Surprising other physicists,
Lattes went Radiation Laboratory, University of California (Berkeley), which had
the largest particle accelerator, a sincrocyclotron with the electromagnet 184”, built
by Ernest Lawrence. In fact, Lattes decided to go to Berkeley when he passed the
Brazil heads for Chacaltaya. To be accepted into the Radiation Laboratory, needed
the support of influential people. Since the Second World War, the American laboratories of physics were “classified,” i.e. were under the control and supervision of
the Atomic Energy Commission (AEC). Authorisation granted to Lattes would not
have been just a courtesy to Lawrence with Wataghin or Bernard Baruch, U.S. official in the Atomic Energy Commission of the UN, with Álvaro Alberto, member of
the Brazilian delegation. There was a conflict of interest political ties between Brazil
and the United States: the so-called policy of continental cooperation, transfer of
technology to produce nuclear energy, radioactive minerals Brazilian ...
Lattes liked Martha remember that when they arrived in Berkeley in February 1948, her husband was greeted with total indifference by Lawrence. For more
than a year, physicists Radiation Laboratory tried unsuccessfully to detect particles
produced in the cyclotron of 184”. Besides not knowing the technique of nuclear
emulsions, sought only by the light meson, the mesotron. Lawrence never imagined
that Eugene Gardner, very sick, And an unknown Brazilian physicist would be able
to do so within fifteen days after their arrival!
The interaction between them was perfect. Gardner knew the performance of
the accelerator and Lattes had to master the technique of nuclear emulsions applied
to the study of particles. If the group from Bristol took almost a year to observe 30
double mesons in Berkeley they detected that amount in one day! In the cyclotron
of 184” Lattes and Gardner knew where mesons going, where they arrived and
struck the angle of the nuclear emulsion plates.
It was great the impact of the work. The Brazilian Consulate hosted a reception
and Lawrence turned the event into a true carnival in the press as soon as possible
to the AEC. Among physicists, the immediate reaction was divided between the
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euphoric and the skeptics, who gradually were yielding to experimental evidence.
The detection of the artificial production of the pion in the cyclotron of 184” is
recorded in two articles: Science (Mar. 1948) and Physical Review (Feb. 1949).
If the discovery in cosmic rays by the group of Bristol helped to separate the
particle physics of nuclear physics, detection of the artificial production of the pion
in the cyclotron of 184” gave rise to the era of particle accelerators. These have
become increasingly part of the infrastructure required for scientific research, the
most basic to more applied, defeated only by the energy of cosmic rays, as Lattes
always made a point of teaching the interlocutors.
After a year, Lattes returned to Brazil to invest their prestige in the founding
of the Brazilian Center for Physical Research, the National Research Council and
the Cosmic Physics Laboratory.

1949 - The foundation of CBPF
Unlike what is sometimes imagined, teachers and students of physics and mathematics from the National Faculty of Philosophy (FNFi) would need to change the
conservative mentality of the University of Brazil to combine teaching and research.
Reflecting on the model of the USP and foreign universities, José Leite Lopes, Elisa
Frota Pessoa, Jaime Leopold Nachbin Tiomno and demanding conditions for scientific research: laboratories, library, full-time technical support. To move the Physics
Department and at the same time overcome the deficiencies of the students and keep
teachers, organized regular seminars on modern physics in 1947. The activity was
open to teachers and school students in chemistry, engineering and Navy, as it was
intended to enlarge the circle of allies and interested in modern physics. As Cesar Lattes decided to move to Rio de Janeiro in the return of Berkeley, managed
to convince the dean to establish the professorship, and include nuclear physics in
the curriculum. But without the resources for the installation of laboratories in the
Physics Department, they concluded that the struggle for research at the University
of Brazil was lost.
The defeat occurred in a privileged moment, 1948, when democratic ideas were
spreading in big cities, the Brazilian Society for the Advancement of Science was
created and the national press gave wide coverage to the contributions of Cesar
Lattes. In this context, teachers FNFi gave the last and risky step: doing science
outside the university and with the support of private initiative.
Nelson Lins de Barros, a friend of Lattes at Berkeley, was the link between
physical and that they could secure the material conditions of work. Leite Lopes
and Lattes were presented to the brother of Nelson, the visionary João Alberto Lins
de Barros, nationalist politician and businessman, he was excited with the success
of Lattes, mainly because he discerned the possibility of using nuclear energy in
the industrial development of the country. From there, held meetings to define
the profile of the Brazilian Center for Physics Research with the participation of
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members of the Brazilian Academy of Sciences, physical, intellectual, teachers of
polytechnics and the military.
On January 15, 1949, meeting was held for the founding of enshrining CBPF,
approving the Statutes and elect the first Board and Management. Aside from the
support of scientists, engineers, military and science teachers in Rio de Janeiro,
Recife and São Paulo, the financial and political backing of John Albert assured
the rapid installation of CBPF. The first board of CBPF reflected the alliances
in the process of its foundation: João Alberto Lins de Barros became president,
Rear Admiral lvaro Alberto da Motta e Silva the vice presidency, and the scientific
direction of course stayed with Cesar Lattes.
Former and future presidents, politicians and businessmen mingled with
founders to finance research institute. Soon, researchers holder CBPF were able to
attract significant foreign physicists, teachers and students of USP in Latin America
and several states in Brazil. Such was the momentum that the CBPF was the first
Brazilian institution to benefit from the Technical Assistance Agreement signed between UNESCO and the Brazilian government. Had an excellent library, machine
shop, and especially with the ongoing input from Cesar Lattes, José Leite Lopes,
Elisa Frota Pessoa, Jaime Tiomno, Hervsio de Carvalho and Francisco de Oliveira
Castro.
João Alberto Lins de Barros and Cesar Lattes exercised de facto positions. Regarding the participation of Rear Admiral Álvaro Alberto, this was special. Articulating the assembly of a true network for the development of nuclear energy,
affiliated to a research council, he became the symbol of the CBPF platform of the
claims referred to Vargas.

1951 - The establishment of CNPq
Since the 1930s, science teachers and the few Brazilian scientists were trying to
organize a council of science. The first initiatives have failed for lack of receptivity
of science in society. Even after the war a council of nuclear power also had no
political support for a limited scope of the proposal. Likewise it was not on the
Bill of 1948, being anchored in the biological sciences prestige and tradition of
medicine. At that time, nuclear physics occupied the place of science guide and
lend new meaning to the idea of progress. That is: the development of nuclear
physics represented the evocation of the need and also the possibility of Brazil to
defend and overcome economic backwardness. It was felt that it was easy and cheap
to produce nuclear energy.
Cesar Lattes again came into play. Participated in the commission noted in
1949 that drafted the bill creating the CNPq, as well as personal efforts to break the
resistance of those who thought the science an expensive, unnecessary or inaccessible
to a backward country. Brazilian physicist who had obtained no such recognition
in the international scientific environment, such as projection in the media of the

May 24, 2011

22:7

66

World Scientific Book - 9.75in x 6.5in

fermi˙book2011-05

Fermi and Astrophysics

country. Since 1947, he let himself become a hero in the pages of The Cruise, the
most widely read weekly magazine in the country, so that science could support the
company.
The National Research Council, CNPq, was finally created in 1951. For four
years, Lattes was a member of the Board and starred clashes of opinion with President Álvaro Alberto. There was an active member, demonstrating not have much
patience to endure endless meetings and little ability to address issues of political
nature. He preferred to remain silent, as if there just to honor a pledge, lend their
scientific credibility in exchange for resources to CBPF and especially for research
on cosmic rays. Their absence at the meetings have become increasingly frequent,
to engage in the fight for science in Latin America: the construction of cosmic ray
laboratory at Chacaltaya.
1952 - Accelerating particles
In sync with the activities at CBPF and Bolivia, Cesar Lattes became involved in
political articulations of the highest level: the “Program Atomic Vargas” and the
troubled process of construction and purchase of particle accelerators. The epic of
sincrocyclotrons in Brazil is the apex of the involvement of Lattes with the military’s
commanding CNPq. In short, the accelerator program was absorbed by the CBPF
CNPq Lattes and relented to give the approval for Rear Admiral Álvaro Alberto
build a machine of 170” and buy a model 21 cyclotron of the University of Chicago.
The limitations of the fledgling industrial park and defects of formation of the
Brazilian technical team prevented the start of construction of the big machine. Yet
Alberto Álvaro remained credulous, believing against all evidence that the cyclotron
21” would be completed in Chicago and would work someday.
In 1954, Álvaro Alberto and Cesar Lattes finally broke through personal relationships, in a crisis resulting from the embezzlement of financial director of the
Project Sincrocyclotrons, chief accounting officer and advisor to the CBPF CNPq.
Differences in the Governing Council are no longer characterized by the division
among the advisers nationalists and non-nationalists. Reflecting the atmosphere
of tension CBPF - the institution responsible for coordinating the program CNPq
particle accelerator - the counselors subdivided. On one side were the advocates
of maintaining the original mission of CNPq (the science develop and implement
nuclear policy of the Vargas), on the opposite side, were those who advocated the
creation of a single body to take care of nuclear energy.
The failure of Project Sincrocyclotrons was traumatic: Álvaro Alberto lost the
political support to stay ahead of CNPq; CBPF went through a difficult time with
the internal divisions that followed, and Cesar Lattes went to the United States to
recover from emotional distress suffered.
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Remembering Gödel

Remo Ruffini
in “Non-linear Gravitodynamics — The Lense-Thirring effect,” Proceedings of
the first ICRANet workshop — eds. R. Ruffini and C. Sigismondi, World Scientific,
2002.
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“In 1949 in Princeton Kurt Gödel presented Albert Einstein with a very special
present for his seventieth birthday: an exact cosmological solution of the equations
of general relativity modified by the presence of a cosmological term. The location
and the audience for the presentation were also peculiar. It took place in the first
lecture hall on the left on the ground floor of Fuld Hall at the Institute for Advanced
Study. At the blackboard was Kurt Gödel, in the first row Albert Einstein, and in
the last row after all the empty seats, as Chandra later recalled to me, were the only
other two people present: Subramanyan Chandrasekhar and Martin Schwarzschild.
The solution had at each point “a rotation of matter relative to the compass of
inertia.” The matter was assumed to rotate at each point relative to the compass
of inertia with angular velocity ω 2 = 4πGρ, where ρ is the mean density and G the
gravitational constant. This solution is stationary in time and spatially homogeneous. An increasing direction of time can be consistently introduced everywhere in
the spacetime and a temporal orientation is defined along each world-line of matter
or light. Every world-line of matter occurring in the solution is an open line of
infinite length, which never approaches any of its preceding points again. However,
there do exist closed time-like lines in this exact solution. “In particular, if P , Q are
any two points on a world-line of matter, and P precedes Q on this line, there exists
a time-like line connecting P and Q on which Q precedes P ; i.e., it is theoretically
possible in these worlds to travel into the past, or otherwise influence the past.”
Einstein was quite disturbed by the existence of the closed timelike lines and
argued that this solution could not be physically realized: “God will not allow to
have them” he stated to Gödel.
Twenty years later I had occasion to discuss this matter again with Kurt Gödel.
At that time I was a young member of the Institute for Advanced Study, and every
day I noticed Gödel walking in his black coat with the collar turned up and his
head covered by a large black hat with the brim pulled down, walking at a precise
time from his office to the shiny blue limousine which was carrying some members
from the Institute to the town at 12 pm. To speak to him was impossible. Even
to approach him was difficult: as one would physically approach him, he would
smoothly or slowly rotate himself away not leaving any opportunity to see his face
and have a verbal interaction. This total detachment from his surroundings had
lasted at least twenty years, the previous members of the Institute told me. I
was very determined to find a way to interact with him, so I decided to take the
limousine every day and sit next to him. This was also convenient in order to reach
my office at the University and have lunch at the University cafeteria. This also
became a habit for me which I followed every week-day and I almost forgot about
the real motivation for taking the limousine in order to interact with him. I was
usually using the travel time to check some of the computations in my notebook.
I was doing this one day when I heard the almost metallic voice of Gödel address
me about the computation I was doing. “This is General Relativity” he said. I
realized I had finally established contact, and I was extremely careful not to break
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that fateful opportunity. “Yes” I answered without taking my eyes away from my
notebook. “I have also been working in General Relativity” Gödel added with some
excitement. Again not to break this contact, without looking at him, I simply
answered “Really?” with an apparently disinterested attitude. After a few minutes
of deep silence treating him with apparent nonchalance I added “If you have written
any articles on it, please put them in my mailbox at the Institute. I will be happy to
glance at them.” And so the next morning I found in my mailbox one of the original
reprints of his classic paper which we reproduce here in this volume. Months later
I asked Gödel to autograph it for me, which he did, and I keep this as one of my
dearest documents. See Fig. 10 (b).
This started a series of encounters I had with Gödel, each one following a complex
ceremonial procedure, first alone and then I used the occasion to bring along some
of my young Princeton undergraduate students including Mark Johnston, Robert
Leach and Robert Jantzen. We were all extremely fascinated by the knowledge of
Gödel: he was clearly very familiar with relativity, including the Lense and Thirring
papers. This familiarity with Thirring’s work was later explained by Jantzen who
learned that indeed Gödel had been a student of Hans Thirring in Vienna [?]. Gödel
was moving in the realm of a different culture reaching very powerful physical conclusions on the content of Einstein equations starting from mathematical formalisms
like quaternions, Clifford algebras, and topological considerations on the nature of
space which were quite foreign to us. Even the Bianchi work on the classification
of three-dimensional positive-definite Riemannian spaces was taken for granted by
him. Curiously enough those were the days in which Yevgeny Lifshitz, I. M. Khalatnikov and Vladimir Belinsky in Moscow were rediscovering independently the
Bianchi geometries in their analysis of the initial cosmological singularity.
We were very surprised that Gödel was perfectly up to date on all the most
recent works on the Kerr-Newmann solution including the then very recent paper
by Brandon Carter (1968) [?]. We spent much time during our meetings discussing
the analogies and differences between the closed timelight lines in his solution and
the ones found either inside the horizon of a Kerr-Newmann solution or in presence
of a naked Kerr-Newmann singularity endowed with values of charge and rotation
larger than the critical ones. Again Gödel insisted on the fact that those features
which so profoundly disturbed Einstein were only a consequence of the large amount
of angular momentum he had assumed corresponding to the extreme values of a
Kerr-Newmann solution. As in that case a smaller value of the specific angular
momentum he had assumed should erase the causalty-violating features.
Similarly he was quite aware that the only reason for having introduced a cosmological term in his solution was solely in order to obtain a mathematically simple
analytic solution possibly describing a special temporal instant of the evolution of
our Universe. We were very interested to have indications from him if one could
find a more general Friedmann-like solution which was still spatially homogeneous
and endowed with expansion, rotation and shear and with a subcritical amount of
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angular momentum. We discussed this matter for a few weeks for Bianchi Type IX,
VII and I solutions. Then in an usual Friday afternoon meeting, following the traditional complex ceremonial procedure, Gödel came very radiant: “Yes it is possible
to obtain that more general solution!” By this time we had become aware of the
difficulty of having concrete and detailed indications from him: once we were struggling in reconstructing assertion 8 in his first classic paper. To our request for some
hints he answered with some joy “You are right to find that proof difficult. It took
to me more then one month to prove it. I then threw away the proof, but I assure
you is correct!” Such an attitude applied as well to the present circumstance. To
us trying to advance a belated request of how to approach finding such a solution,
he almost disdainfully answered “I was very interested to prove that the solution
could indeed exist, now to express it is just a technicality!” It took almost thirteen
years for Bob Jantzen, by then the world expert on Bianchi universes, to make
some concrete progress in this general direction with Kjell Rosquist[?] by finding an
explicit family of exact solutions of the Einstein field equations for a perfect fluid
with expansion, rotation and shear, although in a very special class of Bianchi type
VI Universes.
One Friday afternoon I asked Gödel about the physical motivations he had in
order to formulate his rotating cosmological model. The discussion took place as
usual in his office at the end corner of the then new library at the Institute for
Advanced Study, overlooking the pond. A thick white curtain was covering almost
the entire window. He did not answer and instead he slid down in his chair until
his eyes could catch a glance outside through a narrow gap left by the curtain in
the window. I was somewhat concerned that he might have fallen asleep. After
four or five minutes of silence I repeated the question: “What motivated you to
introduce rotation in the description of the Universe” and finally he answered “I
was just looking outside to find an object not rotating . . .” (I realized that he was
figuratively looking out to Mars, Jupiter, the moon, the galaxy, Andromeda) . . .
null rotation is a set of measure zero!” I recall this as one of the most powerful and
profound answers I have received in my entire life on any subject. I was particularly
attracted also because in those days I had just computed that the specific angular
momentum of our galaxy was indeed close to the critical value of a Kerr metric.
In one of those Friday afternoon meetings Mark Johnston asked Gödel to sign a
copy of a book on the “Gödel proof.” He was initially reluctant. We were somewhat
concerned to have offended him recalling the remark by Einstein that asking for an
autograph was a last sign of cannibalism still present in our culture! But then he
expressed himself “In this book there are two parts, my article and an introduction.
The introduction is very long and very difficult and moreover is wrong. If you do
not mind I will just autograph my part of the book” and so he did.
In 1974 I left Princeton but before leaving I attempted almost the impossible.
Having made so much progress in having discussions with him and one or two of
my students, I boldly asked him to give a lecture in my class at the University

May 24, 2011

22:7

72

World Scientific Book - 9.75in x 6.5in

fermi˙book2011-05

Fermi and Astrophysics

to some twenty students on any topic he liked. I was also extremely interested in
his thoughts on Spinoza. Surprisingly he did not reject the possibility. He asked
me to give him some time to think about it. A few weeks later in our meeting he
replied “I would have liked to speak about General Relativity, but I have not been
working in this field in the last twenty years” and when I reminded him that he
could speak on any topic he added “I would have liked to speak on philosophy, but
I have been working in this field only in the last twenty years!” This was our last
Friday afternoon meeting, following as usual a complex ceremonial procedure.”
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An excerpt from Gamow’s autobiography

From Chap. 6 of G. Gamow: My world line. An informal Autobiography — The
Viking Press, 1970
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... The only high-standing government official who could help me with my
problem was Nikolai Bukharin, an old revolutionary and a close friend of the late
Lenin, as well as the only leading Communist (except, of course, Lenin himself) who
came from an old Russian family. ... ... Well, I went to Moscow to see him, and
he told me that all he could do for me was to arrange an interview with Vjaceslav
Molotov, who was as that time the President of the USSR. I stayed in Moscow
with Rho’s parents and within a few days was informed that I should appear at a
certain hour in the morning at the main gates of the Kremlin. So I did, and was
duly escorted to Molotov’s office; he was setting behind the same desk as which
Lenin used to sit. There was a short conversation concerning what I was going to
talk about at Brussels, and then Molotov asked me why I had come to see him
(although, of course, he knew this very well). I told him that I wanted to take my
wife with me to the Solvay Congress. “But,” he said, “you are going just for two
weeks. Can’t you be separated from her that short a time?”
Here I told him the truth, nothing but the truth, but not the whole truth, “You
see,” I said, “to make my request persuasive I should tell you that my wife, being
a physicist, acts as my scientific secretary, taking care of papers, notes, and so on.
So I cannot attend a large congress like that without her help. But this is not true.
The point is that she has never been abroad, and after Brussels I want to take her to
Paris to see the Louvre, the Folie Bergre, and so forth, and to do some shopping.”
He smiled, made a note on his pad, and told me to come back a week or so
before I would have to leave, adding “I don’t think this will be difficult to arrange.”
I walked out of the Kremlin dancing and, childish as it was, stopped in a picture
store and bought a frame portrait of Molotov to hang over my desk. But when I
came back to Moscow in October I was met by an official from the Secretariat who
told me that my case had been considered and that it had been decided that I had
better go alone.
“But Comrade Molotov told me that this could easily be arranged,” I protested.
“Why the change?”
“You see,” he explained, “if we let your wife go with you to the congress it will
establish a precedent, and wives of all the other scientists would want to go along
too. And this would make things very complicated.”
“But Comrade Molotov . . . ” I began again. “Well, may I talk to him?”
“No, he is on vacation in Southeast Asia, hunting tigers. You had better go to
the passport office end get all the necessary documents.” “No,” I said, “I will not
going to Brussels.”
“But you have to go, you are representative of the Soviet Union.”
Well, I was of course acting insanely; one does not talk like that to Soviet officials.
“You can send me as far as the Soviet border under guard,” I said, “but the
guards will not be permitted to escort mo to Brussels and force me to take my seat
in the congress hall.”
I turned on my heels and went out. I stayed a few more days in Moscow, awaiting
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arrest. The very next day the telephone rang. It was somebody from the passport
office informing me that I should come to pick up my passport.
“Is the second passport ready too?” I asked.
“No, only one.”
“Then please telephone me when both passports are ready. Why should I walk
to your office twice?”
The next day and the day after, the same telephone conversation took place.
Then on the fourth day the voice on the telephone informed me that both the passports were ready. And indeed they where! I took the overnight train to Leningrad
and the next morning visited the Finnish and Danish consulates to obtain transit
visas, and, after attending the afternoon performances of the ballet Koniok Gorbunok (Little Hunchback Horse), Rho and I boarded the train for Helsingfors on
the way to Copenhagen and Brussels! ...
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Chapter 2

From Fermi’s papers of the Italian period

(The papers are labeled as in
Enrico Fermi: Note e Memorie (Collected Papers), Vol. 1, 1961).

2.1

Foreword

This section contains the English translations of a selection of papers among those
Fermi published in Italian in the first part of his scientific career. The papers
selected are all related (directly or indirectly) to relativity, astronomy and their
applications. Some of them can be considered, for all practical purposes, seminal
papers. For a better account of the circumstances under which the papers were
written, we also add excerpts of the presentations due to friends and collaborators
of Fermi and published in the Vol. 1 of Fermi’s Note e Memorie, 1961.

***
In the paper 1) On the Dynamics of a Rigid System of Electric Charges in
Translational Motion, Fermi calculates the inertial mass of a spherical distribution
of charge with a constant acceleration by considering the reaction of the charge
to its own average field. This leads to the formula mc2 = (4/3)U relating the
inertial mass m to the classical electromagnetic energy U of the distribution. This
value, in agreement with a calculation of the electromagnetic mass of a spherical
homogeneous shell performed by Lorentz, contradicts the formula mc2 = U that
one would expect from the principle of equivalence. Fermi considers the charge
distribution at rest in a homogeneous gravitational field equal to the sign-reversed
acceleration which appears to be in agreement with the relativistic formula. This
topic is treated in much more detail in the subsequent article (paper 2).
In paper 2) On the Electrostatics of a Homogeneous Gravitational Field and
on the Weight of Electromagnetic Masses, Fermi reconsiders the calculation of the
inertial mass of a spherical distribution of charge using for the first time general
77
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relativity, employing a Levi-Civita metric to describe a homogeneous gravitational
field in the linear approximation. This approach has been expanded to what we
now call today the Rindler metric.1 His final result leads to the desired relation
mc2 = U . Another result derived in this paper is the polarization of an infinitesimal
conducting sphere at rest in a static gravitational field. An article by R. Ruffini
2
discusses some general relativistic developments that have taken place in the
intervening years for the describing electric charges in strong gravitational fields.
Paper 3) On phenomena occurring close to a world Line is a classic result obtained by Fermi within the framework of general relativity expressing a system of
space-time coordinates particularly suited to follow the behavior in time of phenomena happening in a small spatial region around the world line of a particle. Fermi
explores the definition of the related coordinate transport which underlies it, later
known as “Fermi transport,” expressing the metric in the linear approximation for
a general space-time. He also expresses Maxwell’s equations in these coordinates,
supporting the conclusions reached in the previous article.
The contribution by D. Bini and R. Jantzen in this volume (see Chapter 5)
gives a summary of what we now call Fermi coordinates and Fermi transport with
a historical update including Walker’s contribution which led to the terminology of
“Fermi-Walker transport.” This article also discusses the geometry of the various
relativistic contributions to the Fermi-Walker transport of vectors around circular
orbits in black hole spacetimes and in their Minkowski limit.
In the paper 4c) Correction of a Contradiction between Electrodynamic and Relativistic Electromagnetic Mass Theories, Fermi reconsiders the problem of the electromagnetic contribution to the mass of an elementary particle already discussed in the
previous three articles. The discrepancy between the value (4/3)(U/c2 ), obtained
by Lorentz for the inertial mass of a rigid, spherically symmetrical system of electric
charges, and the value U/c2 predicted by relativity was well known to Fermi from
the previous articles. Such a discrepancy had been interpreted by Poincaré as due
to the part of the stress-energy tensor contributed by internal non-electromagnetic
stresses, whose existence was assumed to assure the equilibrium of the charged particles. A vast scientific literature of followers of this Poincaré’s conjecture exists.
Fermi shows that by assuming the accelerated charge distribution to be spherically
symmetric in its rest frame instead of the laboratory frame, he obtains the correct
inertial mass expected from the equivalence principle. This essentially reintroduces
the crucial lapse factor between coordinate and physical components of the electric
field which is responsible for the correction, to first order in the acceleration, of the
approximation made in all of his “Fermi coordinate” system calculations. The results obtained by Fermi in this paper went unnoticed and for the most part remain
that way today. Some of the crucial Fermi results in this paper and the historical
1 See W. Rindler: Essential relativity; special, general, and cosmological, Van Nostrand Reinhold
Co., 1969.
2 R. Ruffini: Charges in gravitational field: From Fermi, via Hanni-Ruffini-Wheeler, to the “electric Meissner effect,” Nuovo Cimento 119B, 785–807, 2004.
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developments of this most unique accident in physics are discussed in the Appendix
E.1 by D. Bini, A. Geralico and R. Ruffini (On the solution to the “4/3 problem”
by Fermi) and in Appendix E.2 by D. Boccaletti (When a problem is solved too
early—Enrico Fermi and the infamous 4/3 problem).3 Interestingly enough related
considerations were also put forward years later by B. Kwal without mentioning
Fermi’s work (see Appendix F.1).
The paper 5) Masses in the theory of relativity—a short contribution to a collective volume on the foundations of Einstein’s theory of relativity—is evidence of
the high reputation enjoyed by the young Fermi (age 22) in the physicists’ community. Remarkable appears to be the prophetic premonition of things to come.
A very favorable attitude toward Einstein theory by the young Fermi is clear at a
time in which the older generation of Italian physicists was skeptical and hostile to
relativity as recalled by Emilio Segré in Vol. 1, p. 33 of Note e Memorie.4
In paper 10) On the mass of radiation in an empty space, written in collaboration
with Aldo Pontremoli, Fermi successfully applied the method used in 4c) to the
calculation of the mass of the radiation contained in a cavity with reflecting walls,
for which the standard textbooks had an expression containing the same factor 4/3.
The papers 12) The principle of adiabatics and the systems which do not admit
angle coordinates and 13) Some theorems of analytical mechanics of great importance
for quantum theory are dedicated to the theory of adiabatic invariants. The interest
of Fermi in the theory of adiabatic invariants, if we make reference to the published
papers, goes from 1923 throughout 1926. As the other theoretical physicists in that
period, he was convinced of the fundamental importance of the theory of adiabatic
invariants for a rigorous formulation of quantum mechanics. On the other hand,
Max Born also shared the same opinion 5 .
Fermi also devoted a lecture in his university course on theoretical physics 6 to
the theory of adiabatic invariants and he gave an elementary exposition of it in his
book Introduzione alla Fisica atomica.7 His interest was also awakened in conferences and seminars delivered at the University of Rome and in communications at
the Accademia Nazionale dei Lincei. It was in those occasions that he sparked the
interest of an outstanding listener: Tullio Levi-Civita.8 The involvement of LeviCivita was such that he, besides to giving a rigorous mathematical formulation of
3 This contribution has been written before the publication of the paper “The mass of the particles” by A. Bettini (Rivista del Nuovo Cimento, Vol. 32, No. 7, 2009, pp. 295-3-37) where Fermi’s
priority and the persisting in ignorance of his result by many outstanding authors are recalled as
well (pp. 302–303)
4 On this topic see also. e.g., Roberto Maiocchi: Einstein in Italia—La scienza e la filosofia
italiana fra le due guerre—Le Lettere, Firenze, 1985.
5 See Max Born: Vorlesungen über Atommechanik, Berlin, 1925, pp. 58–67, 109-=114.
English translation: The mechanics of the atom, London, 1927, pp. 52–59, 95–99.
6 See A. De Gregorio, S. Esposito: Teaching theoretical Physics: The cases of Enrico Fermi and
Ettore Majorana, Am. J. Phys. 75 (9), 781–790 (2007).
7 Enrico Fermi: Introduzione alla Fisica Atomica, Zanichelli, Bologna, 1928, pp. 155–160.
8 See P. Nastasi, R. Tazzioli: Tullio Levi-Civita, in Lettera Matematica pristem n. 57-58, Springer
2006
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the subject,9 also promoted astronomical applications of the theory. Those due to
his collaborator Giulio Krall turned out to be particularly interesting. We must add
that in those years James Jeans was also concerned with astronomical applications
of the theory of adiabatic invariants.10
The paper 38b) A theorem of calculation of probability and some of its applications is the second part of a Fermi’s habilitation thesis to the “Scuola Normale
Superiore” of Pisa (1922). It concerns the application of a theorem of calculation
of probability to the dynamics of comets. The significance and the potentialities
of this paper are well elucidated in the paper of C. Sigismondi and F. Maiolino in
Chapter 5.
The paper 7) Formation of images with Röntgen rays derives from a part of the
degree thesis of Fermi at the University of Pisa. The thesis of Fermi was the most
complete survey of X-rays physics in his time. He can also be considered a forerunner
of techniques which are standard today. As Sigismondi and Mastroianni say in
their article (Chapter 5), although Fermi’s seminal ideas are not among the sources
investigated by Riccardo Giacconi and Bruno Rossi (1960) when they proposed a
telescope using X-rays, Fermi’s thesis was the most complete study of X-ray physics
at his time. Fermi used the technique of ‘mandrels’ to form optical surfaces. He
anticipated the technique used for the mirrors of Exosat, Beppo-SAX, Jet-X and
XMM-Newton telescopes, which is now a mainstay of optical manufacturing. The
paper by Sigismondi and Mastroianni discusses this noteworthy connection. It is
appropriate here also to recall the comments of Franco Rasetti in the introduction
of this article in the vol 1 of Fermi’s Note e Memorie. Since at that time “he had
already published or at least completed several important theoretical papers, it may
be asked why he did not present a theoretical thesis. It must be explained that at
the time in Italy theoretical physics was not recognized as a discipline to be taught
in universities, and a dissertation in that field would have been shocking at least
to the older members of the faculty. Physicists were essentially experimentalists,
and only an experimental dissertation would have passed as physics. The nearest
subject to theoretical physics, mechanics, was taught by mathematicians as a field
of applied mathematics, with complete disregard for its physical implications. These
circumstances explain why such topics as the quantum theory had gained no foothold
in Italy: they represented a “no man’ s land” between physics and mathematics.
Fermi was the first in the country to fill the gap.” (F. Rasetti, Vol. 1, pp. 55–56).
The paper 30) On the quantization of an ideal monoatomic gas is the communication (to the Accademia Nazionale dei Lincei) in which Fermi expounds for the
first time the statistical theory which will be named after him (together with P. A.
M. Dirac). The enormous importance of the Fermi-Dirac statistics in astrophysics
9 We

restrict ourselves to quote the last paper on the subject: T. Levi-Civita, A general survey
of the theory of adiabatic invariants, Journal of Math. and Physics, Vol. 13, pp. 18–40 (1934).
10 J. H. Jeans: Cosmogonic problems associated with a secular decrease of mass, MNRAS 85, 1, 2
(1924).
J. H. Jeans: The effect of varying mass on a binary system, MNRAS 85, 9, 912 (1925).
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is recalled in section 1.1 of Chapter 1.
In the following we report an excerpt of the presentation of Franco Rasetti
“... the present paper, probably his most famous theoretical contribution, where
he formulated the theory of an ideal gas of particles obeying the Pauli exclusion
principle, now designated in his honor as “fermion.”
There is conclusive evidence to show that Fermi had been concerned with the
problem of the absolute entropy constant at least since January 1924, when he wrote
a paper (20) on the quantization of systems containing identical particles . He had
also been discussing these problems with Rasetti several times in the following year.
He told much later to Segré that the division of phase space into finite cells had
occupied him very much and that had not Pauli discovered the exclusion principle he
might have arrived at it a round-about way from the entropy constant (cfr. No. 20).
As soon as he read Pauli’s article on the exclusion principle, he realized that he
now possessed all the elements for a theory of the ideal gas which would satisfy the
Nerst principle at the absolute zero, give the correct Sackur-Tetrode formula for the
absolute entropy in the limit for low density and high temperature, and be free of the
various arbitrary assumptions that it had been necessary to introduce in statistical
mechanics in order to derive a correct entropy value. He does not seem to have been
greatly influenced by Einstein’s theory based on Bose’s treatment of the black-body
radiation as a photon gas, although he points out the analogy between the two forms
of statistics. Apparently it took Fermi but a short time to develop the theory in the
detailed and definitive form in which it was published in the German version.“ (F.
Rasetti, Vol. 1 p. 178).
The paper 43) A statistical method for the determination of some properties of
the atom, here translated, is the first of the papers Fermi devoted to the theory
of what is today called the Thomas-Fermi atom. Fermi was unaware of the results
previously reached by Thomas and his work went on independently for two years. Of
great importance are the applications of the Thomas-Fermi model in astrophysics.
He was, for example, quite familiar with the applications of his statistics (with the
required relativistic modifications) to the theory of the Structure of the white dwarf
stars: indeed, T. D. Lee, as a graduate student of Fermi, wrote his Ph. D. thesis
on the Hydrogen Content and Energy-Productive Mechanism of White Dwarf Stars
(Ap. J. 111, 625, 1950).
The paper 80a) An Attempt at a Theory of Beta Rays, here translated, can be
described as the birth certificate of the theory of β-decay and weak interactions.
Its importance is hardly questionable today. At that time (1933) things were not
so easy (see Segré’s report below).
“Fermi gave the first account of this theory to several of his Roman friends while
we were spending the Christmas vacation of 1933 in the Alps. It was in the evening
after a full day of skiing; we were all sitting on one bed in a hotel room, and I
could hardly keep still in that position, bruised as I was after several falls on icy
snow. Fermi was fully aware of the importance of his accomplishment and said
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that he thought he would be remembered for this paper, his best so far. He sent a
letter to Nature advancing his theory but the editor refused it because he thought it
contained speculations that were too remote from physical reality; and instead the
paper (“tentative theory of beta rays”) was published in Italian and in the Zeitschrift
für physik. Fermi never published anything else on this subject, although in 1950
he calculated matrix elements for beta decay as an application of the nuclear shell
model.”
(Emilio Segré: Enrico Fermi physicists, The University Chicago Press, 1970,
p. 72).
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The papers reprinted (in translation)

1) On the dynamics of a rigid system of of electric charges on
translational motion
“Sulla dinamica di un sistema rigido di cariche
elettriche in moto traslatorio,”
Nuovo Cimento 22, 199–207 (1921).

§ 1. – When a rigid system of electric charges moves arbitrarily, the electric field
it generates is different from that which Coulomb’s law would predict. Now, the
electric field produced by the entire system exerts some forces on each element of
charge of the system. The resultant of these forces, namely the resultant of the
internal electric forces, would of course be identically zero if Coulomb’s law were
valid, but it no longer is, however, at least in general, when the system moves, since
in such a case that law is no longer valid.
This resultant gives the electromagnetic inertial reaction, and the aim of the
present work is precisely its evaluation in the case of an arbitrary system in translational motion. In the case in which the system is a spherical distribution of surface
electricity, as it is assumed in most electronic models, it is known that one finds 1
that such a resultant, at least in the first approximation, is given by
2e2
2e2
Γ + 2 Γ̇ ,
(1)
3
3Rc
3c
where e, R denote the total charge and the radius of the system, c is the speed
of light, Γ and Γ̇ are the acceleration and its derivative with respect to time. For
quasi-stationary motions the second term of (1) becomes negligible, so that (1)
reduces to
−

−mΓ ,

(2)

where m is the elecromagnetic mass.
In § 2 one finds the generalization of (1) to the case of any system, referring for
example to molecular models, always assuming that the velocity is negligible with
respect to the speed of light. If Fi (i = 1, 2, 3) are the components of the resultant
in question, one finds
X
X
Fi = −
mik Γk +
σik Γ̇k ,
(3)
k

k

where mik , σik are some quantities depending on the properties of the system.
Therefore one can no longer refer to a scalar electromagnetic mass, but instead in
its place one introduces the tensor mik .
1 Richardson, Electron Theory of Matter, Chapter XIII. The difference between my formulas
and those of Richardson is due to the fact that he adopts Heaviside units.
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§ 3 is devoted to the dynamical study of the law for quasi-stationary motions:
X
Ki =
mik Γk ,
(4)
k

where Ki are the components of the external force. One shows that with such a law
the fundamental kinetic energy theorem and Hamilton’s principle continue to hold.
Finally in § 4 the law (4) for quasi-stationary motions, which holds only for small
velocities, is generalized to the case of arbitrary velocity using special relativity.
With this the study of electromagnetic masses as inertial masses will be complete. In a forthcoming paper I will consider electromagnetic masses as masses
endowed with weight from the point of view of the general theory of relativity.
§ 2. – It is known 2 that the electric force due to a point charge 1 in motion is
the sum of two forces, which by assuming the ratio between the velocity v of the
particle and the speed c of light to be negligible, are: the first one, E1 , the force
given by Coulomb’s law; the second one E2 has the form
1
Γ∗ · a
(5)
E2 = 2 a − 2 Γ∗ .
c r
c r
In this formula r represents the distance between the particle M and the point P
at which the force is calculated and a is a vector of magnitude 1 and orientation
MP. Finally Γ∗ is the acceleration of the particle at the time t − (r/c). If instead of
the charge 1 at M there is the charge ρ dτ (ρ is the electric density, dτ the volume
element), the force
Z at P will be ρ dτ (E1 + E2 ), so that the force exerted at P by all
charges will be

ρ(E1 + E2 ) dτ , where the integration must be extended over the
τ

whole space τ occupied
by charges. Now if at the point P there is the charge ρ0 dτ 0 ,
Z
the force ρ0 dτ 0 ρ(E1 + E2 ) dτ is acting on it.
τ

The force acting on the entire system is therefore
ZZ
F=
ρρ0 (E1 + E2 ) dτ dτ 0 ,
where the two integrations must be extended over the same domain. On the other
hand, one clearly has
ZZ
ρρ0 E1 dτ dτ 0 = 0 ,
so that
ZZ
F=

ρρ0 E2 dτ dτ 0 .

If we now denote by Γ and Γ̇ the acceleration and its derivative with respect to
time, at the time t, if r is small enough, we can set
r
Γ∗ = Γ − Γ̇ ,
c
2 See,

e.g., Richardson, op. cit.

May 24, 2011

22:7

World Scientific Book - 9.75in x 6.5in

fermi˙book2011-05

From Fermi’s papers of the Italian period

obtaining finally

ZZ
ZZ 
Γ
Γ·a
0
0
a
−
ρρ
dτ
dτ
+
F=
c2 r
c2 r

Γ̇ · a
Γ̇
a− 3
3
c
c

85

!
ρρ0 dτ dτ 0 .

(6)

We denote orthogonal Cartesian coordinates by x1 , x2 , x3 , and let (xi ) be the
x0 − xi
. Writing
coordinates of M, (x0i ) those of P. The components of a are ai = i
r
(6) in scalar form, one thus obtains
X
X
Fi = −
mik Γk +
σik Γ̇k ,
(7)
k

k

noting that, under the assumption of translational motion, Γi and Γ̇i are constant
when the integration is performed.
Here one has set:

ZZ
2U
ρρ0 (x0i − xi )2



dτ dτ 0 ,
mii = 2 −


c
c2 r3
(8)
ZZ

0
0 0

−
x
)
−
x
)(x
ρρ
(x

k
i
i
k

 mik = mki = −
dτ dτ 0 ,
i 6= k ,
c2 r3







σii =

e2
−
c3

ρρ0 (x0i − xi )2
dτ dτ 0 ,
c3 r2

ZZ

(9)

ZZ


ρρ0 (x0i − xi )(x0k − xk )


 σik = σki = −
dτ dτ 0 ,
c3 r2

i 6= k .

formulae U represents the electrostatic
energy
Z In
Z these
Z
Z of the system =
ρρ0
0
dτ dτ , and e the total electric charge = ρ dτ = ρ0 dτ 0 .
r
From the expressions (8), (9) it immediately follows that if the axes (xi ) are
substituted by others (yi ) using the orthogonal substitution
X
yi =
αik xk ,
1
2

k

the mik and σik corresponding to the new axes are given by:
X
m0ik =
αir αks mik ,
rs

σ 0ik

=

X

αir αks σik .

rs

Hence both mik and σik are symmetric covariant tensors. Each of them will
have three orthogonal principal directions such that, taking the axes to be parallel
to them, one has either mik = 0 or σik = 0 when i 6= k.
The principal axes of tensors m, σ, however, will be different in general. If the
case that the system has spherical symmetry one can do the integrations (8) and (9),
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(x0 − xi )(x0k − xk )
since instead of i
one can put the mean value of this expression
r2
over all possible directions MP, since in this case to the two points MP correspond
an infinite number of pairs
which differ only by orientation. Now, this mean value
Z
2π π
cos2 θ sin θ dθ; if instead i 6= k, it is zero.
if i = k is given by
4π 0
So one then has
4U
m11 = m22 = m33 = 2 ;
m23 = m31 = m12 = 0 ;
3c
σ11 = σ22 = σ33 =

2 e2
;
3 c3

σ23 = σ31 = σ12 = 0 .

By substituting these values into (7), one obtains well known formulas if the system
consists of a homogeneous spherical layer.
§ 3. – Returning to the general case, we note that for quasi-stationary motions
(5) can be replaced by:
X
mik Γk .
Fi = −
k

If one thinks of an external force (Xi ) acting on the system, the total force will
be (Xi + Fi ). If one now supposes that the system has no material mass one must
have Xi + Fi = 0, and so
X
Xi =
mik Γk .
(10)
k

It is easy to show how with the law (10) the principle of the kinetic energy
theorem and of Hamilton’s principle are preserved. In fact, denoting the velocity
by V ≡ (V1 , V2 , V3 ) and multiplying (10) by Vi , then summing with respect to i
one obtains
X
X
dVi
mik Vk
Xi Vi =
.
dt
i
ik

Interchanging i and k in the second sum, and noting that mik = mki
X
X
dVk
Xi Vi =
mik Vi
,
dt
i
ik

and summing


X
X
dVk
dVi
d X
2
Xi Vi =
mik Vi
+ Vk
mik Vi Vk .
=
dt
dt
dt
i
ik

ik

The first left hand side is twice the potential P of the external forces. Thus one
has
P =

dT
,
dt

where

T =

1X
mik Vi Vk .
2
ik

(11)
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Multiplying, instead, the two sides of (10) by δx, and then summing, one similarly gets
 2

X
1X
d xk
d2 xi
Xi δxi =
mik
δx
+
δx
i
k
2
dt2
dt2
i
ik
)
(
1X
d 1X
mik (ẋk δxi + ẋi δxk ) −
mik (ẋk δ ẋi + ẋi δ ẋk )
=
dt 2
2
ik
ik
(
)
d 1X
=
mik (ẋk δxi + ẋi δxk ) − δT .
dt 2
ik

Multiplying by dt and integrating between two limits t0 , t00 at which the variations δxi are assumed to be zero, one obtains
!
Z t00
X
δT +
(12)
Xi δxi = 0 ,
t0

i

expressing Hamilton’s principle.
If one refers to the principal axes of the tensor mik instead of arbitrary ones,
(10) takes the simple form:
Xi = mii Γi .

(13)

§ 4. – This formula holds only if V/c is negligible. To generalize it to an arbitrary
velocity let us denote by S ≡ (x1 , x2 , x3 , t) the indicated reference frame and by
S∗ ≡ (x, y, z, t) a frame fixed with respect to S with the x−axis orientated along
the velocity of the system at a certain fixed but generic time t̄, and finally let S0 ≡
(x0 , y 0 , z 0 , t0 ) be a system with spatial axes parallel to xyz which moves uniformly
with respect to S∗ with velocity equal to that of the moving one at time t̄, whose
magnitude is v. One will have

v 
1
t0 = β t − 2 x ; x0 = β (x − vt) ; y 0 = y ; z 0 = z ; β = r
, (14)
c
v2
1− 2
c
where, once t̄ is fixed, v and hence β are constant.
Let us asumme that the forces acting on our system are due to an external
electromagnetic field (E, H); since at the instant t the system has velocity zero
with respect to S0 , (10) will hold for it, and so one will therefore have, with an
obvious meaning for the symbols:
e E0x = mxx Γ0x + mxy Γ0y + mxz Γ0z
e E0y = myx Γ0x + myy Γ0y + myz Γ0z
e E0z = mzx Γ0x + mzy Γ0y + mzz Γ0z .
But one has
e E0x = e Ex ,



v
e E0y = eβ Ey − Hz ,
c



v
e E0z = eβ Ez + Hy .
c
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So therefore setting


1
k=e E+ V×H
c


,

(15)

one finds
e E0x = e Ex ,

e E0y = eβky ,

e E0z = eβkz .

On the other hand:
d2 x0 dt0 − d2 t0 dx0
,
dt03
dx0
d2 x0
0
but at time t̄,
=
0,
hence
Γ
=
. Taking t as the independent variable,
x
dt0
dt02
dx
= v, then Γ0x = β 3 Γx . Analogously, Γ0y = β 2 Γy and Γ0z = β 2 Γz .
and noting that
dt
Substituting

kx = mxx β 3 ẍ + mxy β 2 ÿ + mxz β 2 z̈





(16)
ky = myx β 3 ẍ + myy β ÿ + myz β z̈





kz = mzx β 3 ẍ + mzy β ÿ + mzz β z̈ .
Γ0x =

Denoting by αxi the cosine of the angle between the x−axis and the xi −axis,
one has
ki = αxi kx + αyi ky + αzi kz .
On the other hand, being mi0 covariant, one has for instance
X
mrr αxr αyr .
mxy =
r

Analogously
ẍ =

X

ẍj αxj .

j

Multiplying then (16) by αxi , αyi , αzi and summing, one finds
 3 2

β αxr αxj αxi + β 2 αxr αyr αyj αxi + β 2 αxr αzr αzj αxi


X


2
2

ki =
mrr ẍj  +β αyr αxr αxj αyi + βαyr αyj αyi + βαyr αzr αzj αyi 
 .


rj
2
+β 2 αzr αxr αxj αzi + βαzr αyr αyj αzi + βαzr
αzj αzi

ẋi
. Taking into account the relations between the α’s, one
v
finally finds the sought after generalization of (13)

X
ẋi ẋj ẋ2r
ki = β
ẍj mrr (β − 1)2
v4
rj



ẋi ẋr
ẋj ẋr
+(β − 1) (jr) 2 + (ir) 2 + (ir) (jr) ,
(17)
v
v
But one has αxi =
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where
(jr) = 1 ,

if j = r ;

(jr) = 0 ,

if j 6= r .

In the case of spherical symmetry, setting m11 = m22 = m33 = m, one can
evaluate the sum in (17), finding:
ẋi X
ẋj ẍj ,
ki = βmẍi + mβ(β 2 − 1) 2
v j
from which, recalling that
β=r

1

,
v2
1− 2
c
one recovers the well known formula of electronic dynamics
ki =

Pisa, January 1921.

d
mẋi
r
.
dt
v2
1− 2
c
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2) On the electrostatics of a homogeneous gravitational field and on
the weight of electromagnetic masses
“Sull’elettrostatica di un campo gravitazionale uniforme
e sul peso delle masse elettromagnetiche,”
Nuovo Cimento 22, 176–188 (1921).

INTRODUCTION

The aim of the present paper is to investigate in the framework of general relativity how a homogeneous gravitational field modifies the electrostatic phenomena
occurring in it. Once the differential equation relating the electrostatic potential to
the charge density, which corresponds to the Poisson equation in classical electrostatics, is established, one is able to integrate it at least when the gravitational field
is weak enough (and certainly the gravitational field of the Earth amply satisfies
this condition), obtaining in this way the corrections to Coulomb’s law due to the
presence of the gravitational field.
In a first application the distribution of the electric charges on a conducting
sphere is studied, showing that the sphere polarizes by means of the gravitational
field.
The second application is devoted to studying the weight of an electromagnetic
mass, that is the force exerted on a fixed system of electric charges (e.g., sustained
by a rigid dielectric), as a consequence of the presence of the gravitational field.
One finds that such a weight is given by the acceleration of gravity times u/c2 ,
where u denotes the electrostatic energy of the charges of the system, and c is the
velocity of light. So the gravitational mass, namely the ratio between the weight
and the acceleration of gravity, does not coincide in general with the inertial mass
for the system under consideration, since the latter is given by (4/3)u/c2 (with the
same notation) if the system is endowed with spherical symmetry for example.
Besides it is known how special relativity leads us to take ∆u/c2 as the increase
of the inertial mass of a system getting an energy ∆u, and this fact can be easily
related to the aforementioned result.
Finally, it is shown how to find a point having the same properties, with respect
to the weight of the considered system of charges, as the center of gravity with
respect to the weight of an ordinary system of material masses.

PART 1
ELECTROSTATICS IN A GRAVITATIONAL FIELD
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§ 1. – Let us consider a portion of the spacetime where a homogeneous gravitational field is present, and assume the electrostatic phenomena that we think are
taking place in it to be weak enough to neglect the effect they produce on the metric
describing the region under consideration. Under this assumption, the line element
of the spacetime manifold can be written as 1
ds2 = a dt2 − dx2 − dy 2 − dz 2 ,

(1)

where a is a function only of z.
The variables t, x, y, z will also be denoted by x0 , x1 , x2 , x3 , and the coefficients
of the quadratic form (1) by gik . Let ϕi be the vector potential, and Fik the
electromagnetic field. Then we have
Fik = ϕi,k − ϕk,i ,

(2)

referring ourselves to the fundamental form (1).
By limiting our considerations to electrostatic fields, we can set ϕ1 = ϕ2 = ϕ3 =
0, and, for the sake of brevity, ϕ0 = ϕ. Thus one has:
Fik = ϕi,k − ϕk,i =

∂ϕk
∂ϕi
−
,
∂xk
∂xi

that is








∂ϕ
,
∂x

F01 =

F02 =

F23 = F31 = F12 = 0 ,

∂ϕ
,
∂y

F03 =

Fik = −Fki ,

∂ϕ
,
∂z

(3)

Fij = 0 .

In addition one has:
F(ik) =

X

g (ih) g (jk) F(hk) = g (ii) g (jj) F(ij) ,

hk

from which by noting that:
g (00) =

1
,
a

g (11) = g (22) = g (33) = −1 ,

one obtains

1 ∂ϕ
1 ∂ϕ
1 ∂ϕ

(01)

=−
,
F(02) = −
,
F(03) = −
,
 F
a ∂x
a ∂y
a ∂z


 (23)
F
= F(31) = F(12) = 0 ,
F(ik) = −F(ki) ,
F(ii) = 0 .
In the case under consideration here, the action can be written in the form
Z X
Z
Z
Fik F(ik) dω + de ϕ dx0 ,
W =
ω

ik

where
dω =
1 T.

p

−||gik || dx0 dx1 dx2 dx3 =

Levi-Civita, Note II. “Sui

ds2

√

a dx dy dz dt

einsteiniani”. Rend. Acc. Lincei, 27, 1◦ sem. N◦ 7.

(4)

(5)
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is the hypervolume element of the manifold, and the integration corresponding to
dω has to be performed over a specific region of the manifold, while the integrations
corresponding to de, dx0 have to be extended to all the elements of electric charge
whose world lines cross the region under consideration and to the portions of those
world lines lying in it, respectively.
§ 2. – In the variation of W , ϕ can be arbitrarily varied, under the single condition that δϕ = 0 on the boundary of the integration domain.
The variations δx, δy, δz instead, in addition to the condition δx = δy = δz = 0
on the boundary, could also be subjected to further conditions to be determined
in each particular case. For example, inside a conducting body they will be quite
arbitrary, while in a rigid dielectric they will have to represent the components of
a rigid virtual displacement, and so on.
By putting the quantities (3), (4) into (5), one obtains:
( 
 2  2 )
ZZZZ
Z
Z
2
1
∂ϕ
∂ϕ
∂ϕ
1
√
+
+
dx dy dz dt + de ϕ dt ,
W =−
2
∂x
∂y
∂z
a
(6)
from which


√
ZZZZ
∂ϕ d(1/ a)
1
δW =
+ ρ dx dy dz dt
δϕ √ ∆2 ϕ +
∂z
dz
a

ZZZZ 
∂ϕ
∂ϕ
∂ϕ
δx +
δy +
δz dx dy dz dt
+
ρ
(7)
∂x
∂y
∂z
as immediately follows by noting that dx = dy = dz = 0 along a given world line,
as a consequence of our assumptions, and ρ dx dy dz = de, since ρ is the electric
density.
Then in order for δW to vanish identically, since δϕ is arbitrary inside the
integration domain, one finds that
√
√
d log a ∂ϕ
∆2 ϕ −
= −ρ a .
(8)
dz
∂z
Moreover, one must also have

ZZZZ 
∂ϕ
∂ϕ
∂ϕ
ρ
δx +
δy +
δz dx dy dz dt = 0 ,
(9)
∂x
∂y
∂z
for every system of values for δx, δy, δz satisfying the assumed constraints.
In equation (8) is contained the generalization of the Poisson’s law, to which the
(8) reduces if a is constant, that is if the gravitational field is absent.
§ 3. – If we indicate by G the acceleration of gravity of the field under consideration, namely the acceleration with which a free material point begins to move,
one has:
1 da
.
(10)
G=−
2 dz
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WIth this (8) becomes:
√
G ∂ϕ
= −ρ a .
(11)
a ∂z
In order to find the solution of (11), given ρ at each point, we imagine the electric
charges to be contained in a small region around the origin of the coordinates.
Moreover, we will set a = c2 at the origin (with c the velocity of light near the
origin), and we will assume gravity to be so weak that those terms which contain
the square of the ratio l G/c2 can be neglected, where l represents the maximum
length entering into the problem under consideration. Under these assumptions, we
can set:


√
1 da
G
a=c+
z = c 1 − 2z .
2c dz
c
∆2 ϕ +

Therefore (11) can be written as:


G ∂ϕ
G
∆2 ϕ + 2
= −c 1 − 2 z ρ .
c ∂z
c

(12)

The integral of that equation in this approximation, as can be directly verified,
is given by:



Z 
c
1
G
G zP − zM
ϕP =
1 − 2 zM dτM
− 2
4π
c
r
2c
r


Z
1
c
G zP + zM
=
ρM dτM
,
(13)
− 2
4π
r
2c
r
where M is the generic point of the region τM containing the electric charges, P is
the point at which the potential ϕ is evaluated, and r is the distance MP.
Given the linearity of equation (12), any integral of the equation:
G ∂ϕ
=0,
(12) ∗
c2 ∂z
obtained by setting ρ = 0 in (12), can be added to (13). This integral will represent
the field due to causes external to ρM . For the application we have in mind it is
convenient to consider a particular solution to (12) ∗ given by
∆2 ϕ +

ϕ = −cE∗x x − cE∗y y +

c2 ∗ − G2 z
E e c ,
G z

(14)

with E∗x , E∗y , E∗z constants.
At the origin one has
1
1
1
Ey = − F02 ,
Ez = − F03 ,
Ex = − F01 ,
c
c
c
since E is the electric force.
From this it follows that the electric force of the external field (14) has components
E∗x ,

E∗y ,

E∗z .
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§ 4. – Let us now calculate the electric field due to a charge e concentrated at
the origin of the coordinates. From (13) one has:


G z
ce 1
− 2
,
(15)
ϕ=
4π r
2c r
and this formula gives the generalization of Coulomb’s law, as immediately follows
by setting G = 0. Recalling (3) one gets:



ce x
G zx


F01 =
− 2 3 ,


4π r3
2c r









G zy
ce y
− 2 3 ,
F02 =
(16)

4π r3
2c r









ce z
G z2
G 1


 F03 =
−
+
.
4π r3
2c2 r3
2c2 r
We can summarize all three of the preceding formulas in a single vector formula.
In fact by indicating by F0 the vector with components F01 , F02 , F03 , with ~a a vector
~ a vector of magnitude G
of magnitude 1 and orientation MP, and finally with G
and orientation z, (16) can be written as:
(
)
~ × ~a
G
1 ~
ce ~a
+
~a − 2 G .
(17)
F0 =
4π r2
2c2 r
2c r
It is interesting to compare this formula with the one which gives the electric
force exerted by an electric charge e which in the absence of gravitational attraction
has acceleration ~Γ, quasi-stationary motion and velocity negligible with respect to
the speed of light. Such a force is expressed by
(
)
~Γ × ~a
~a
1 ~
E=
+ 2 ~a − 2 Γ ,
(18)
r2
c r
2c r
with the same notation.
From here one sees that, by setting
~
~Γ = − G
2

(19)

in (18), one obtains
F0 = cE .
This result can be put into words as follows, noting that cE is the electric part
of the electromagnetic field generated by the charge in accelerated motion:
The electric part (F01 , F02 , F03 ) of the electromagnetic field (Fik ) generated by
an electric charge at rest in a homogeneous field of strength G is equal to the
electric part of the electromagnetic field which the same charge would produce in
the absence of gravitational field if it moved under the conditions indicated above
with acceleration G/2 in the direction opposite to the gravitational field.
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§ 5. – Now, let us study how the distribution of the electricity over a conductor
is modified by the gravitational field. To this end, let us note that since δx, δy,
δz are arbitrary inside the conductor, from (9) it follows that ϕ = constant inside,
and so ρ = 0 by (8). Thus the electricity is completely at the surface. Then let us
assume that our conductor is a sphere with center O at the origin of the coordinates
and of radius R.
Let us try to satisfy the condition ϕ = constant in the interior by assuming
the following expression for the surface electric density at a generic point M of the
surface:
e
e
+ a cos θ ,
(20)
4πR2
r
where θ represents the angle spanned by the radius vector OM from the z−axis, and
a is a constant to be determined, which we assume to be of the order of magnitude
of G/c2 . From (13), the potential at a point P inside will be given by:

Z 
 1
c
e
e
G zP + zM
ϕP =
+
a
cos
θ
−
dσ ,
4π σ 4πr2
r
r
2c2
r
where the integration must be extended over the whole surface σ of the sphere. By
neglecting terms of order greater than G/c2 one obtains:
Z
Z
dσ
cea
cos θdσ
ce
+
ϕP =
16π 2 r2
r
4πr
r
Z
Z
dσ
zM dσ
ceG
ceGzP
(21)
−
.
−
2
2
2
2
2
2
32π R c
r
22π R c
r
However, since P is inside, one has:
Z
Z
Z
cos θ
4
zM
4
dσ
= 4πS ,
dσ = π zP ,
dσ = π R zP .
r
r
3
r
3
Thus one finds:
ce
e 
ce
ϕP =
+
a−
zP .
(22)
4πR 3 R
2πRc3
So if we require ϕP to be constant, we will have to set
1 G
a=
.
2π c2
By substituting this value into (20), one finds the following expression for the
surface density:


e
2G
+
1
+
R
cos
θ
.
(23)
4πR2
c2
Therefore, the fact of being in a gravitational field produces a polarization of
the sphere with moment
2 G
e R2 .
3 c2
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PART 2
WEIGHT OF ELECTROMAGNETIC MASSES

§ 6. – Suppose we have a system of charges held by a rigid support in such
a way that the δx, δy, δz of § 2 have to be given the form corresponding to the
components of a rigid displacement. Leaving the rotational displacements till later,
let us consider now the translational ones, that is say assume that δx, δy, δz are
arbitrary functions of time, but do not depend on x, y, z.
Then we will try to satisfy (9) by thinking of the potential ϕP at a generic point
P as the sum of the potential given by (13) and one of the form (14). We will denote
these two terms by ϕP 0 and ϕP 00 , and suppose that the ratio between the derivatives
of ϕP 0 and ϕP 00 with respect to any direction whatsoever is of order l G/c2 , having
decided to neglect the quadratic terms. Hence (9) can be written:

 0

Z
 0
Z
∂ϕ00
∂ϕ
∂ϕ00
∂ϕ
+
ρP dτP + δy
+
ρP dτP
dt
δx
∂x
∂x
∂y
∂y
τP


 0
∂ϕ00
∂ϕ
+
ρP dτP = 0 .
+δz
∂z
∂z
Given that δx, δy, δz are arbitrary functions of time, independent of each other,
this equation gives rise to the three equivalent equations:


Z  0
Z  0
∂ϕ
∂ϕ
∂ϕ00
∂ϕ00
+
ρP dτP =
+
ρP dτP
∂x
∂x
∂y
∂y
τP
τP

Z  0
∂ϕ
∂ϕ00
ρP dτP = 0 .
(24)
=
+
∂z
∂z
τP
Now from the expression (13) for ϕP 0 , by noting that
∂r
xP − xr
=
,
∂xP
r
one immediately obtains:


Z
Z Z
∂ϕ0
c
xP − xM
G (xP − xM )(zP + zM )
ρP dτP = −
ρP ρM dτP dτM
−
,
4π τP τM
r3
2c2
r3
τP ∂x
where both integrals have to be performed over the region occupied by the charges.
By interchanging P and M in the right hand side, which changes nothing, one
obtains:


Z Z
Z
c
xM − xP
G (xM − xP )(zM + zP )
∂ϕ0
ρP dτP = −
− 2
ρM ρP dτM dτP
,
4π τM τP
r3
2c
r3
τP ∂x
from which, by taking half the sum:
Z
∂ϕ0
ρP dτP = 0 .
τP ∂x

(25)
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(26)

On the other hand, similarly:

Z
Z Z
∂ϕ0
c
zP − zM
ρP dτP = −
−
ρP ρM dτP dτM
∂z
4π
r3
τP
τP τM

G (zP − zM )(zP + zM )
G 1
− 2
+ 2
,
3
2c
r
2c r
interchanging M and P:

Z
Z Z
zM − zP
c
∂ϕ0
ρM ρP dτM dτP
ρP dτP = −
∂z
4π
r3
τM τP
τP

G 1
G (zM − zP )(zM + zP )
+ 2
− 2
,
2c
r3
2c r
and by taking half the sum:
Z
Z Z
∂ϕ0
c
ρP ρM
U
ρP dτP = −
dτP dτM = −G 2 e ,
4π τP τM r
c
τP ∂z

(27)

denoting by U the electrostatic energy of the system (apart from the gravitational
correction terms). As a consequence of the assumptions made about the derivatives
of ϕP 00 , we can certainly write, with our approximation:
Z
∂ϕ00


ρ dτ = −c E∗x e ,


∂x
 τ


 Z ∂ϕ00
ρ dτ = −c E∗y e ,

∂y
τ


Z


∂ϕ00


ρ dτ = −c E∗z e ,
τ ∂z
Z
where e =
ρ dτ indicates the total charge of the system. By substituting the
τ

expression just obtained into (24) one finds:
 ∗
e Ex = 0 ,



 ∗
e Ey = 0 ,



 e E∗ = −G U .
z
c2
Our result is contained in these formulas. In fact, they tell us that in order to
maintain our system in equilibrium an external field (E∗ ) is required exerting on the
system a force given (in the first approximation) by e E∗ , which must be understood
to balance the weight of the system, which is therefore given by −e E∗ , and so has
components
U
(28)
0, 0, G 2 .
c
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With this we conclude that the weight of an electromagnetic mass always has
the vertical direction and magnitude equal to the weight of a material mass u/c2 .
§ 7. – In the preceding section we have taken δx, δy, δz to be the components
of a translational displacement. If instead one takes the components of a virtual
rotational displacement with the axis passing through the origin of the coordinates,
namely setting
δx = qz − ry ;

δy = rx − pz ;

δz = py − qx ,

(29)

the integral (9), apart from the contribution due to the external field ϕ00 , becomes:



 Z

Z
Z
∂ϕ
∂ϕ
∂ϕ
∂ϕ
−z
ρ z
−x
dτ + q
dτ
dτ p
ρ y
∂z
∂y
∂x
∂z
τ
τ

 
Z
∂ϕ
∂ϕ
(30)
+r
ρ x
−y
dτ .
∂y
∂x
τ
The integrals between curly brackets are easily evaluated using (13) through
methods similar to that used in the previous section. They have the values:
ZZ
ZZ
G
G
yP
xP
−
ρP ρM dτP dτM ; +
ρP ρM dτP dτM ; 0 .
(31)
8πc
r
8πc
r
By taking as the origin the point O0 defined by the point O and the vector
ZZ
1
P − O
O0 − O =
ρP ρM dτP dτM ,
2U
r
one sees immediately that the three integrals vanish for any orientation of the
system about O0 . As a consequence, with respect to the new origin the integral (9)
is identically zero, namely the moment of the weight with respect to O0 is zero for
any orientation of the system; thus O0 enjoys the properties of the center of gravity.
Pisa, March 1921.
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3) On Phenomena Occurring Close to a World Line
“Sopra i fenomeni che avvengono in vicinanza di una linea oraria,”
Rend. Lincei, 31 (I), 21–23, 51–52, 101–103 (1922). ( 1 )

Note I.
§ 1. – In order to study phenomena which occur close to a world line, i.e., in
nonrelativistic language, in a region of space in the spacetime manifold, even varying
in time, but always very small compared with the divergences from Euclidean space,
it would be convenient to find a particular frame such that close to the line being
studied, the spacetime ds2 will assume a simple form. In order to find such a frame,
we must begin with some geometrical considerations.
Let there be given a line L in a Riemannian manifold Vn or in a manifold
metrically connected in the sense of Weyl.2 Let us associate at every point P of L a
direction y perpendicular to L, with the rule that the direction y+dy, corresponding
to the point P+dP, will be derived from that y associated to P in the following way:
let η be the direction tangent to L at P; let y and η be parallel transported3 from
P to P+dP and let y + δy and η + δη be the directions obtained in this way, which
because of the fundamental properties of parallel transport will be still orthogonal.
If L is not geodesic η +δη will not coincide with the direction η +dη of the tangent to
L at P+dP, and these two directions at P+dP will define a 2-dimensional subspace.
Let us consider at P+dP the element of the Sn−2 perpendicular to this subspace
and let us rigidly rotate around this Sn−2 all the surrounding particle space until
η + δη is superposed on η + dη. Then y + δy will be mapped to a position which we
will consider to be the direction y + dy relative to the point P+dP. It is clear that,
arbitrarily fixing the direction y at a point of L, an integration process will allow it
to be obtained at any point of L.
Let us now look for the analytic expressions which translate the indicated operations to a Riemannian manifold, which coincide with those valid for a Weyl metric
manifold as long as the “Eichung” is choosen such that the measure of a segment,
which moves rigidly around L, will be constant. Let
X
ds2 =
gik dxi dxk
(i, k = 1, 2, . . . n)
(1)
ik

and let yi , y (i) ; ηi , η (i) = dxi /ds be the co- and contravariant systems of the
directions y, η. We will then have
X h l
X h l dxh dxl
δη (i)
(h) dxl
=−
η
=−
,
i
i
ds
ds
ds ds
hl

1 Presented

hl

by the Correspondent G. Armellini during the session of January 22, 1922.
Space, Time, Matter, p. 109. Berlin, Springer, 1921.
3 —textscT. Levi Civita, Rend. Circ. Palermo, Vol. XLII, p. 173 (1917).
2 Weyl,
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dη i
d dxi
d2 xi
=
=
. Therefore one finds
ds
ds ds
ds2
!
 
d2 xi X h l dxh dxl
δη (i) − dη (i)
=−
+
= −C i .
i
ds
ds2
ds ds

and moreover

hl

i

The C are the contravariant components of the vector C, the geodetic curvature,
namely of a vector having the same orientation as the geodesic principal normal of
L and a magnitude equal to its geodesic curvature.
On the other hand one has
X h k
dxk
δy (i)
=−
y (k)
.
(2)
i
ds
ds
hk

Now since y is orthogonal to L, the displacement with which from y + δy one
gets y + dy will be parallel to the tangent to L and will have magnitude equal to
the projection onto the same y of δη − dη; that is to say, since y has magnitude 1,
equal to the scalar product of δη − dη and y, namely
X
X
(δηi − dηi )y (i) = −ds
Ci y (i) .
i

i

Its contravariant components will be obtained therefore by multiplying its magnitude by the contravariant coordinates of the tangent to L, that is dxi /ds. These
P
are, in the final analysis, −dxi r Cr y (r) . From (2) it follows immediately that
X h k
dxk
dy (i)
dxi X
y (k)
=−
−
Ch y h .
(3)
i
ds
ds
ds
hk

h

Eq. (3), written for i = 1, 2, . . . n gives a system of n first order differential
equations for the n unknowns y (1) , y (2) , . . . , y (n) , which are therefore determined
once the initial data are assigned. It would also be easy to formally verify from (3)
that, if the initial values of the y (i) satisfy the condition of perpendicularity to L,
such a condition will remain satisfied all along the line.
§ 2. – Let us now assign at a point P0 of L n mutually orthogonal directions
y1 , y2 , . . . , yn chosen at will, with the condition that yn be tangent to L. The directions y1 , y2 , . . . , yn−1 will be perpendicular to L, and we can transport them along
L by using the law given in the preceding section, which clearly from its definition
preserves their orthogonality. We are then in a position to associate with every
point of L n mutually orthogonal directions, the last one of which is tangent to L.
Let us now consider our Vn embedded in a Euclidean SN with a suitable number of
dimensions. We can take as coordinates of a point of Vn the orthogonal Cartesian
coordinates of its projection onto the SN tangent to Vn at a generic point P of L,
having P as the origin and the directions y1 , y2 , . . . , yn relative to the point P as
directions. In terms of these coordinates, the line element of Vn at P can be written
in the form ds2P = dy12 + dy22 + · · · + dyn2 ; in addition, they are geodesics at P, as
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one can immediately see. In other words, for the coordinates y it is possible in a
neighbourhood of P to set gii = 1, gik = 0 (i 6= k), up to infinitesimals of order
greater than the first. Obviously we shall have such a reference frame at every point
of L. Let us consider now a point Q0 of Vn with coordinates ȳ1 , ȳ2 , . . . , ȳn−1 , 0 in
the reference frame corresponding to the point P0 on L. For any other point P of
L we can so determine a point Q having in the frame corresponding to P the same
coordinates as Q0 has in the frame corresponding to P0 . The point Q will therefore
trace out a line parallel to L. Now we want to find the relation between dsQ and dsP ,
assuming that the point Q is infinitely close to P. In order to do so, we note that the
displacement transporting Q to Q + dQ is composed of the displacements denoted
in § 1 by δ and d − δ, and that the first one gives δsQ = dsP up to infinitesimals of
greater order since it is a parallel displacement; the second one is a rotation, which
gives (d − δ)sQ = dsP C · (Q − P), as is seen from § 1 , denoting by · the symbol of
the scalar product, and with Q − P the vector with origin at P and endpoint at Q.
Moreover, both dsQ and (d − δ)sQ have the direction of the tangent to L. Hence,
one has dsQ = δsQ + (d − δ)sQ ; namely
dsQ = dsP [1 + C · (Q − P)] .

(4)

The trajectories of the points Q form a (n−1)ple infinity of lines, so at least with
proper limitations through each point M of Vn will pass one of these lines; in this
way, we can characterize M through the coordinates of the point Q, ȳ1 , ȳ2 , . . . , ȳn−1
corresponding to the line passing through M, and the arclength sP of the line L
marked off from an arbitrarily chosen origin to that point P corresponding to the
Q one coinciding with M.
If M is infinitely close to L, dsQ will be perpendicular to the hypersurface sP =
constant. Thus one will have
2
ds2M = ds2Q + dȳ12 + dȳ22 + · · · + dȳn−1
;

and taking into account (4),
2
ds2M = [1 + C · (M − P)]2 ds2Q + dȳ12 + dȳ22 + · · · + dȳn−1
.

(5)

As a result, in the neighborhood of L we have found a very simple expression
for ds2 .

Note II.
§ 3. – Before passing to the physical application of the results obtained above,
we still want to make some geometrical observations. First of all, it is clear that the
previous considerations, and so also the formula (5) representing their conclusion,
which for any manifold whatsoever are only valid close to L, are instead completely
rigorous for Euclidean spaces. So let us associate to the line L of Vn a line L∗ in a
Euclidean space Sn , in which we indicate the orthogonal cartesian coordinates by
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x∗i . If we indicate with asterisks the symbols referring to the line L∗ , we can write
for Sn the formula analogous to (5):
∗
2
ds2M∗ = [1 + C∗ · (M∗ − P∗ )]2 ds2P∗ + dȳ1∗ 2 + dȳ2∗ 2 + · · · + dȳn−1
;

(5∗ )

as in (5) C is a function of sP , so in (5∗ ) C∗ is a function of sP∗ .
Let K(1) , K(2) , · · · , K(n−1) be the contravariant components of C with respect
to ȳ1 , ȳ2 , · · · , ȳn−1 , and K(1) ∗ , K(2) ∗ , · · · , K(n−1) ∗ those of C∗ with respect to the
ȳ∗ . Let us try to determine L∗ in such a way that the functions K(r) ∗ (sP∗ ) become
equal to the K(r) (sP ). In order so, we shall begin by imposing that sP = sP∗ , i.e., by
establishing between the points of L and L∗ a one-to-one correspondence preserving
the arclength. We then note that K(r) ∗ is the projection of C∗ on the rth direction
y ∗ . Namely, one has
K(r) ∗ =

i=n
X

d2 x∗i
ds2P

∗
yi|r

i=1

(r = 1, 2, · · · , n − 1).

(6)

The K(r) are then known functions of sP . The condition K(r) = K(r ∗) thus leads
to the (n − 1) equations
K(r) (sP ) =

i=n
X
i=1

∗
yi|r

d2 x∗i
ds2P

(r = 1, 2, · · · , n − 1) .

(7)

On the other hand, (3) once written for the Sn , gives us another n(n − 1)
equations. If we add to these equations the following one
ds2P = dx∗1 2 + dx∗2 2 + · · · + dx∗n 2 ,

(8)

we obtain a system of n − 1 + n(n − 1) + 1 = n2 equations for the n2 unknowns x∗i ,
∗
yi|r
, which can be used to express them in terms of sP . In this way we can determine
the parametric equations x∗i = x∗i (sP ) for L∗ . With that the formula (5∗ ) becomes
identical to (5), that is we have represented by applicability the neighborhood of
the line L∗ onto that of L. In addition, since L∗ is in a Euclidean space, we can say
that we have unfolded the neighborhood of L in a Euclidean space, i.e., we have
found coordinates which are simultaneously geodesic at each point of L.

Note III.
§ 4. – In order to show the application to the theory of relativity of the results
obtained above, we shall assume that Vn is the V4 spacetime and that L is a world
line in whose neighborhood we want to study the phenomena. Setting ds2M = ds2
in (5) for the sake of brevity, one finds in this case:
ds2 = [1 + C · (M − P)]2 ds2P + dȳ12 + dȳ22 + dȳ32 .
To avoid the appearance of imaginary terms and to restore the homogeneity, it
is convenient to make the following change of variables:
sP = vt ;

ȳ1 = ix ;

ȳ2 = iy

;

ȳ3 = iz ,
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where v is a constant with dimensions of a velocity, so that t has the dimensions of
time. Thus one obtains
ds2 = a dt2 − dx2 − dy 2 − dz 2 ,

(9)

a = v 2 [1 + C · (M − P)]2 .

(10)

where

Hereafter, we refer to the space x, y, z using the ordinary symbols of vector
calculus. And it is just in this sense that the scalar product which enters in (10)
can be understood, provided that C is considered as the vector whose components
are the covariant components of the geodesic curvature of the world line x = y =
z = 0, and M − P is the vector with components x, y, z. We will call x, y, z spatial
coordinates, and t time. Sometimes for uniformity we will write x0 , x1 , x2 , x3 in
place of t, x, y, z, and we will also denote the coefficients of the quadratic form (9)
by gik .
§ 5. – Let4 Fik be the electromagnetic field and (ϕ0 , ϕ1 , ϕ2 , ϕ3 ) the first rank
tensor “potential” of Fik , such that Fik = ϕi,k − ϕk,i . We set ϕ0 = ϕ and call u the
vector with components ϕ1 , ϕ2 , ϕ3 . First of all, we have:


F23 
F01 




∂u
, F31 = −curl u , Fii = 0 , Fik = −Fki ;
F02 = grad ϕ −


∂t




F12
F03
analogously


F(23) 
F(01) 





 1
∂u
(31)
(02)
−grad ϕ +
, F
= −curl u , F(ii) = 0 , F(ik) = −F(ki) ,
=
F


a
∂t




F(12)
F(03)
so that
1X
1
Fik F(ik) =
4
2
ik

(

1
curl2 u −
a



∂u
−grad ϕ +
∂t

2 )
.

Let dω be the hypervolume element of V4 . We will have
p
√
dω = −||gik || dx0 dx1 dx2 dx3 = a dt dτ ,
where dτ = dx dy dz is the volume element of the space.
One also has:
X
ϕi dxi = ϕdx + u · dM ,
dM = (dx, dy, dz) .
4 See Weyl, op. cit., pp. 186 and 208 for the notation and the Hamiltonian derivation of the laws
of physics.
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Apart from the action of the metric field, whose variation is zero since we consider it as given a priori by (9), the action will assume the following form:
Z X
Z
Z
Z
Z
1
Fik F(ik) dω + de ϕi dxi +
W =
dm ds ,
4 ω
e
m
ik



de = element of electric charge
dm = element of mass


.

By introducing the indicated notation, one finds

2 )
ZZ (
√
1
∂u
1
2
curl u −
−grad ϕ +
a dt dτ
W =
2
a
∂t
ZZ q
ZZ
+
(ϕ + u · VL )ρ dτ dt +
a − VM 2 k dτ dt ,

(11)

where ρ, k are respectively the density of electricity and of matter, so that de = ρ dτ ,
dm = k dτ , VL is the velocity of the electric charges, VM that of the masses.
The integrals on the right hand side can be extended to an arbitrary field τ
between any two times t1 , t2 . Then one has the constraint that on the boundary of
the field τ , and for the two times t1 , t2 , all variations are zero.
Apart from these conditions, the variations of ϕ and of u are completely arbitrary. Further conditions can be imposed on the variations of x, y, z thought of as
coordinates of an element of charge or mass, expressing the constraints of the specific problem under consideration. Then writing that dW vanishes for any variation
δϕ of ϕ whatsoever, one finds

ZZ 
ZZ
∂u
dτ dt
0=−
grad ϕ −
· δ grad ϕ √ +
δϕρ dt dτ .
∂t
a
Transforming the first integral by a suitable application of Gauss’s theorem, and
taking into account that δϕ vanishes at the boundary, we find




ZZ
1
∂u
0=
δϕ ρ + div √
grad ϕ −
dt dτ ,
∂t
a
and since δϕ is arbitrary, we obtain the equation



1
∂u
ρ + div √
=0.
grad ϕ −
∂t
a
Analogously, taking the variation of u, one finds



√
∂
1
∂u
√
ρVL + curl( a curl u) −
=0.
grad ϕ −
∂t
∂t
a

(12)

(13)

These last two equations allow us to determine the electromagnetic field, once
the charges and their motion are given.
Another set of equations can be obained by varying the trajectories of the charges
and masses in W . Let δPM be the variation of the trajectory of the masses, δPM
that of the charges. Moreover, since u is a vector function of a point and V a vector,
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∂uy
∂uz
∂ux
Vx +
Vy +
Vz ,
∂x
∂y
∂z
and so on. Now, writing that the variation of W is zero, one finds through the usual
methods:



ZZ 
∂u ∂u
∂u
+
(VL ) + VL ·
(δPL ) ρ dt dτ
δPM · grad ϕ − δPL
∂t
∂P
∂P



ZZ
dt grad a
d dt
+
δPM ·
+
VM
k dt dτ = 0 .
(14)
ds 2
dt ds
let us denote by (∂u/∂P)(V) the vector with components

If the δP’s at a given time do not depend from their values at other times, the
coefficient of dt in (14) must be zero. So one finds:



Z 
∂u ∂u
∂u
δPM · grad ϕ − δPL
+
(VL ) + VL ·
(δPL ) ρ dτ
∂t
∂P
∂P



ZZ
1 dt
d dt
+
δPM ·
k dτ ,
(15)
grad a +
VM
2 ds
dt ds
which has to be satisfied for all systems of δP satisfying the constraints.
Pisa, March 1921.
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4c) Correction of a contradiction between electrodynamic and relativistic electromagnetic mass theories ( 1 )
“Correzione di una contraddizione tra la teoria elettrodinamica
e quella relativistica delle masse elettromagnetiche,”
Nuovo Cimento 25, 159–170 (1923)
§ 1. – The theory of electromagnetic masses was studied for the first time by M.
Abraham2 before the discovery of the theory of relativity. Abraham therefore, as
was natural, considered in his calculations the mass of a rigid system of charges in
the sense of classical mechanics, and he found that, with the hypothesis that such
a system had spherical symmetry, its mass varied with the speed and is precisely
4u
(where u is the electrostatic energy of the system and c is the speed
equal to3
3 c2
of light) for zero or very small speeds, but for speeds v comparable to c correction
terms of order of magnitude v 2 /c2 appear which are a bit complicated. Even before
the theory of relativity, Fitz Gerald introduced the hypothesis that solid bodies
underwent a contraction in the direction of motion in the ratio
r
v2
1− 2 :1
c
and Lorentz redid Abraham’s theory of electromagnetic masses, considering instead
of rigid systems of electric charges in the sense of classical mechanics, systems that
underwent this contraction. The result was that the rest mass, i.e., the limit of
4u
the mass for vanishing speed, was still
, but the correction terms depending on
3 c2
2 2
v /c changed. The experiences of Kaufmann, Bucherer and others with the mass
of the β particles of radioactive bodies, and with high speed cathodic particles,
decided in favor of the Lorentz theory, known as the contractile electron, against
Abraham’s theory of the rigid electron. This fact at the beginning was interpreted
as a proof of the exclusively electromagnetic nature of the electron mass, because it
was thought that otherwise their mass should be constant. Afterwards the discovery
of the theory of relativity led to the consequence that all masses, electromagnetic
or not, must vary with the speed like the mass of Lorentz’s contractile electron; in
this way the previous experiences left undecided the electromagnetic nature or not
of the electron mass, being only a confirmation of the theory of relativity. On the
other hand the special relativity theory first, and after the general theory, led to
attribute to a system with energy u a mass u/c2 and in this way arose a serious
discrepancy between the Lorentz electrodynamic theory, which gives to a spherical
1 On

the same argument see my notes in Rend. Acc. Lincei, (5), 31, pp. 84, 306 (1922).
Theory of Electricity; Richardson, Electron Theory of Matter, Chapter XI;
Lorentz, The Theory of Electrons, p. 37
2
3 The electromagnetic mass of an homogeneous spherical shell of charge e, and radius r is 2 e ;
3 rc2
1 e2
4 u
but if we observe that the electrostatic energy is u =
, we find the mass
.
2 r
3 c2
2 Abraham,
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4u
, and special relativity which attributes
3 c2
2
to this distribution the mass u/c . That difference4 is particularly serious given the
great importance of the notion of the electromagnetic mass as a foundation for the
electronic theory of matter.
This discrepancy showed up dramatically in two recent articles5 in one of which,
using the ordinary electrodynamic theory I considered the electromagnetic masses
of a system with arbitrary symmetry, finding that in general they are represented
4u
in the spherical symmetry case;
by tensors instead of scalars, that reduce to
3 c2
in the other one instead, starting from general relativity, I considered the weight of
u
the same systems which was in every case equal to 2 g, where g is the acceleration
c
of gravity.
In the present work we will demonstrate precisely: that the difference between
the two values of the mass obtained in the two ways originates in the concept of
a rigid body in contradiction with the principle of relativity, which is applied in
the electromagnetic theory (as well as in the contractile electron) and leads to the
4u
mass
, while a better justified notion of rigid body conforming to the theory of
3 c2
relativity leads to the value u/c2 .
We note that the relativistic dynamics of the electron was done by M. Born6 who
starting from a point of view not essentially different from the usual one naturally
4u
.
found the rest mass
3 c2
Our considerations will be based on Hamilton’s principle as the most suitable
one to study a problem subject to very complicated constraints; in fact our system
of electric charges must satisfy a constraint of a nature that is different from those
considered in ordinary mechanics, since it has to exhibit, depending on its speed,
the Lorentz contraction, as a consequence of the principle of relativity. To avoid
misunderstandings, we note that while Lorentz contraction is of order v 2 /c2 , its
influence on the electromagnetic mass is on the principal terms of this one, i.e., on
the rest mass and therefore has a rather bigger importance, being appreciable for
very small speeds as well.
distribution of electricity the rest mass

§ 2. – So we consider a system of electric charges, sustained by a rigid dielectric
that, under the action of an electromagnetic field generated partly from the system
itself and partly from external sources, moves with a translation motion describing
a time tube in the space-time.7
4 The experiences of Kaufmann and others cannot be useful to understand which of the two results
is right, because these allow only the measurement of the speed dependent correction terms which
are the same in both theories, while the difference is between the rest masses.
5 E. Fermi, N. Cim., VI, 22, pp. 176, 192 (1921).
6 Max Born, Ann. d. Phys., 30, p. 1 (1909)
7 In the following we consider a Euclidean space-time, because we suppose that the considered
electromagnetic fields are small enough to not modify the metric structure.
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Let’s explain what we mean by rigid translational motion. To do this we consider
a Lorentz inertial frame and we suppose that in this frame at a certain time a
point of the electric charge system has zero speed; we will say that the motion
is translational if in the same frame at the same time all the other points of the
system have zero speed. This fact is equivalent to saying that the time lines of
our system points are trajectories orthogonal to a family of linear spaces; in fact
in a Lorentz frame where the space axis is one of the spaces of the family and the
time axis is perpendicular to it, the entire system is at rest at t = 0, because the
space axis cuts orthogonally all the worldlines of all the points of the system. Using
this definition of translational motion, which is substantially the one adopted by
M. Born, the rigidity of the system is expressed by the fact that its figure in these
spaces perpendicular to the tube remain invariable, i.e., all the sections of the tube
are like each other.

Fig. 1

Translator note: “parallel to x” and “perpendicular to T ”.

To be able to apply Hamilton’s principle to our case we need a variation of
our system movement consistent with the constraints of the problem, i.e., with
4u
u
or 2 is
the rigidity, correctly interpreted. Now we will show that the value
2
3c
c
obtained for the electromagnetic mass, if we use either one variation or another that
we will illustrate and distinguish from each other with the letters A and B. The
variation A, however, as will immediately be clear, must be discarded because it is
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in contradiction with the principle of relativity. Let T be the time tube described
by the system. In the figure the space (x, y, z) is represented by only one dimension
along the x axis, and the time t is substituted by ict to have a definite metric.
Variation A: the variation that fulfils the rigidity constraint is an infinitesimal
displacement, rigid in the ordinary kinematic sense, parallel to the space (x, y, z),
of each section of the tube parallel to the space itself. In the figure we could obtain
this variation by shifting each section t=const of the tube parallel to the x axis by
an arbitrary infinitesimal segment. If we restrict ourselves to consider translational
displacement, we will therefore have δx, δy, δz as arbitrary functions of only the
time, and δt = 0.
Variation B: the variation that fulfils the rigidity constraint is an infinitesimal
displacement perpendicular to the tube of each section normal to the tube itself,
rigid in the ordinary kinematic sense. In the figure we could obtain this variation
shifting, by an arbitrary segment, each normal section of the tube parallel to itself.
Among these two variations A is in obvious contradiction with the principle
of relativity and must be discarded because, not even being Lorentz invariant, it
depends on the particular frame (t, x, y, z) we have chosen and can’t be the expression of any physical notion, like rigidity. The variation B instead, besides satisfying
Lorentz invariance, since it only consists of elements of the tube T completely independent of the position of the frame axes, is the only one presents itself naturally,
like that based on a rigid virtual displacement in the frame where at the instant
considered the system of charges has zero speed. Now it would be wrong to think
that the difference between the consequences of the two methods of variation A
and B is significant only for high speeds, i.e., when the tube T has a big slope
with respect to the time axis. Instead the calculations we are going to develop will
demonstrate immediately that the difference is felt already at zero speed and that
4u
as the electromagnetic mass the while B gives instead u/c2 .
precisely A gives
3 c2
§ 3. – We indicate the coordinates of time and space by (t, x, y, z) or (x0 , x1 ,
x2 , x3 ) as convenient and let φi be the four-potential and
∂φi
∂φk
Fik =
−
∂xk
∂xi
the electromagnetic field, and E and H the electric and magnetic forces that derive
from it.
Hamilton’s principle that summarizes the laws of Maxwell Lorentz and those
of mechanics says that:8 the total action, i.e., the sum of the actions of the electromagnetic field and of the material and electric masses, has zero variation under
the effect of an arbitrary variation of the φi and of the coordinates of the points
of the electric charge world lines that respect the constraints and are zero on the
boundary of the integration region. In our case there aren’t material masses, and
the only variable elements are the coordinates of the points on the world lines of the
8 Weyl,

Space, Time, Matter , pp. 194–196; Berlin, Springer (1921).
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charges; therefore it is enough to consider only the action of the electric charges,
i.e.:
Z
XZ
W =
de φi dxi
i

where de is the generic element of electric charge and the second integral is calculated
on the timeline arc described by de that is contained in the four-dimensional region
G of integration. For each system of variations δxi satisfying the constraints and
that vanishes on the boundary of G, one must have δW = 0, i.e.:
XZ Z
de Fik δxi dxk = 0 ,
(1)
ik

Now we must examine separately the results obtained substituting δxi by the values
given by the system of variations A or B.
§ 4. – Consequences of the system of variations A. — In this case the region of
integration reduces to ABCD. The regions BCG, ADH give no contribution, because
in them all the δxi are zero since they have to vanish on the boundary of G, and
therefore along the curves BG, AH and must be constants for t =const, i.e., on the
straight lines parallel to the x axis. If we label the times of A and B by t1 and t2 ,
the equation (1) can be written, since δt = 0 and δx, δy, δz are functions of the
time only:
Z
X Z t2
dxk
(i = 1, 2, 3)
(k = 0, 1, 2, 3) .
dt δxi de Fik
dt
t1
ik

Since the δxi are arbitrary functions of t, we obtain the three equations
Z
X
dxk
de
Fik
=0
dt
k

i.e.,
Z
de[Ex +

dz
dy
Hz − Hy ] = 0
dt
dt

and the analogous two.

If at the chosen instant the system has zero speed in the frame (t, x, y, z) the
three equations can be summarized by a single vector equation:
Z
E de = 0 .
(2)
We could have obtained this equation without calculations if, as is usually done in
the ordinary treatment and as M. Born essentially does in the cited work, we had set
to zero from the beginning the total force acting on the system. We wanted deduce
it using Hamilton’s principle to show the fault of its origin, since it follows from
the system of variations A that it is in contradiction with the relativity principle.
4u
From (2) follows immediately the value
for the electromagnetic mass. Suppose
3 c2
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in fact that E is the sum of a part E(i) due to the system itself, plus a uniform field
E(e) due to external sources. (2) gives:
Z
Z
(i)
E de + E(e) de = 0 .
R
R
Now de = e = charge; and then E(e) de = F = external force. In the spherical
symmetry case, both direct calculation, and the well known considerations of the
electromagnetic moment9 show that:
Z
4u
E(i) de = − 2 Γ ,
3c
where Γ is the acceleration.
The previous equation then becomes:
4u
Γ
3 c2
that compared to the fundamental law of point dynamics, F = mΓ, gives:
F=

m=

4u
.
3 c2

§ 5. – Consequences of the system of variations B. — In this case the same
considerations of the previous section demonstrate that the region of integration
reduces to ABEF, i.e., to the region bounded by two normal sections of the tube
T. By the use of infinite normal sections Decomposing it using an infinite number
of normal sections into layers of infinitesimal thickness, and in order to calculate
the contribution of one of these to the integral (1) we refer to its rest frame, by
considering the space (x,y,z) parallel to the layer. For this δt = 0 will hold, while
δx, δy, δz will be arbitrary constants. Moreover dx = dy = dz = 0, because the
speed of all the points is zero, dt = height of the layer, that will vary for each
point, because the layer has for its faces two normal sections which in general are
not parallel. If O is a generic point but fixed in the layer, for example the origin of
coordinates, in which dt has the value dt0 , and K is the vector with the orientation
of the principal normal to the timeline passing for O and size equal to its curvature,
we have manifestly, since dt is the thickness at the generic point P of the layer:
dt = dt0 [1 − K · (P − O)] .
Since the speed is zero we have
K = −Γ/c2 ,
and therefore:


Γ · (P − O)
dt = dt0 1 +
.
c2
9 RICHARDSON

loc. cit.
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Substituting these values we find that the contribution of our layer to the integral
(1) is:
Z 
n Z  Γ · (P − O) 
Γ · (P − O) 
E
de
+
δy
1
+
Ey de+
−dt0 δx
1+
x
c2
c2
Z 
o
Γ · (P − O) 
+ δz
1+
E
de
.
z
c2
This expression must vanish for all the values of δx, δy, δz and we obtain from
it three equations that can be summarized in the single vector equation:
Z 
Γ · (P − O) 
1+
E de = 0
(3)
c2
A correct application of Hamilton’s principle has then brought us to (3) instead
of (2). Now it’s easy to examine the consequences. Setting
E = E(i) + E(e)
we find
Z

Γ · (P − O)
E de + E
de + eE(e) + E(e)
c2
In the spherical symmetry case we have as before
Z
4u
E(i) de = − 2 Γ ;
3c
(i)

Z

(i)

Z

Γ · (P − O)
de = 0 .
c2

substituting in the previous equation we find that E(e) is compared only with the
terms that contain Γ. If we neglect the Γ2 terms10 , we can neglect the last integral,
and we obtain:
Z
Γ · (P − O)
4u
de + F = 0 .
(4)
− 2 Γ + E(i)
3c
c2
To calculate the integral which appears in (4) we observe that E(i) is the sum
of the Coulomb force
Z
P − P0 0
=
de
r3
(P 0 is the point of charge de0 and r = P P 0 ), and of a term containing Γ that can
be neglected because it would give a contribution containing Γ2 . Our integral then
becomes:
Z Z
P − P 0 Γ · (P − O)
de de0 ;
r3
c2
or exchanging P with P 0 , which doesn’t change matters, and taking the half sum
of the two values obtained in this way:
Z Z
1
P − P0
[Γ · (P − P 0 )]de de0 .
2
cr3
10 More

precisely the number compared to which the quadratic terms are negligible is Γ`/c2 , where
` is the largest length which appears in the problem. It is clear that such an approximation is
more than justified in common situations.
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We observe that, in our approximation Γ is constant for all the points and then
can be taken out of the integrals. Therefore the x component of the previous integral
is:
Z Z
Z Z
1 n
(x − x0 )2
(y − y 0 )(x − x0 )
0
Γ
de
de
+
Γ
de de0 +
x
y
2
3
2c
r
r3
Z Z
o
(z − z 0 )(x − x0 )
0
.
de
de
+ Γz
r3
Now, since the system has spherical symmetry, to each segment P P 0 corresponds
an infinite number of other segments differing only in orientation. In the three
integrals we can therefore substitute
(x − x0 )2 , (x − x0 )(y − y 0 ), (x − x0 )(z − z 0 )
by their average values for all the possible orientations of P P 0 , which are;
0.
With that the x component becomes:
Z Z
Γx 1
de de0
3c2 2
r

1 2
3r ,

0,

We now observe that the expression
Z Z
1
dede0
2
r
is the electrostatic energy u; going back to vector notation we find for the integral
u
appearing in equation (4) the expression: 2 Γ. (4) becomes in this way:
3c
u
Γ=F
(5)
c2
that says the electromagnetic mass is u/c2 .
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5) Masses in the theory of relativity
“Le masses nella teoria della relatività,”
from A. Kopff, I fondamenti della relatività Einsteiniana,
Eds. R. Conti and T. Bembo, Hoepli, Milano, 1923, pp. 342–344
The grandiose conceptual importance of the theory of relativity as a contribution
to a deeper understanding of the relationships between space and time and the often
lively and passionate discussions to which it has as a consequence also given given
rise outside of the scientific environment, have perhaps diverted attention away
from another of its results that, even though less sensational and let’s say, even
less paradoxical, nevertheless has consequences for physics no less worthy of note,
and whose interest is realistically destined to grow in the near term development of
science.
The result to which we refer is the discovery of the relationship that ties the
mass of a body to its energy. The mass of a body, says the theory of relativity, is
equal to its total energy divided for the square of the speed of light. A superficial
examination already shows us how, at least for the physics that is observed in the
laboratories, the importance of this relationship between mass and energy is such
that it considerably overshadows that of the other consequences, quantitatively
much lighter, but to which the mind gets used to with more effort. This merits an
example: a body one meter long that moves with the respectable enough speed of 30
km per minute (equal more or less to the speed of the earth through space) would
always appear to be one meter long to an observer carried along by its motion,
while to a fixed observer it would appear to be one meter long less five millionths
of a millimeter; as one sees the result, however strange and paradoxical it can
seem, is nevertheless very small, and it is hard to believe that the two observers
would start quarreling over so little. The relationship between mass and energy
brings us instead to enormous figures. For example if one succeeded in releasing the
energy contained in a gram of matter, one would obtain an energy greater than that
developed over three years of nonstop work by a motor of a thousand horse power
(useless to comment!). One might say with reason that it doesn’t appear possible,
at least in the near future, to find a way to liberate these incredible quantities of
energy, something that moreover one would hope not to be able to do, since the
explosion of such an incredible quantity of energy would have as its first result
reducing to pieces the physicist who had the misfortune to find a way to produce
it.
But even if such a complete explosion of matter doesn’t appear possible for now,
there are already in progress during the past few years some experiments directed
towards transforming the chemical elements into each other. Such a transformation,
which happens naturally in radioactive bodies, has been recently done artificially
by Rutherford who, bombarding some atoms with some α particles (corpuscles
launched with huge speed by radioactive substances), has succeeded in obtaining
their decomposition. Now to these transformations of the elements into each other
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are associated energy exchanges that the relationship between mass and energy
allows us to study in a very clear way. To illustrate this it is worth another numerical
example. We have reason to think that the nucleus of an atom of helium is composed
of four nuclei of the hydrogen atom. Now the atomic weight of helium is 4.002
while that of hydrogen is 1.0077. The difference between four times the mass of
hydrogen and the mass of the helium is therefore due to the energy of the bonds
that unite the four nuclei of hydrogen to form the nucleus of helium. This difference
is 0.029 corresponding, according to the relativistic relationship among mass and
energy, to an energy of around six billion calories per gram-atom of helium. These
figures show that the energy of the nuclear bonds is some million times greater
than those of the most energetic chemical bonds and explains to us how against
the problem of transformation of matter, the dream of alchemists, for so many
centuries the efforts of the best minds have been useless, and how only now, using
the most energetic means to our disposition, one has succeeded in obtaining this
transformation; moreover in such a small quantity as to illude the most delicate
analyses.
These brief indications are enough to show how the theory of relativity, besides
giving us a clear interpretation of the relationships between space and time, will
be, perhaps in the near future, destined to be the keystone for the resolution of the
problem of the structure of matter, the last and more difficult problem of physics.
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10) On the mass of the radiation in an empty space
“Sulla massa della radiazione in uno spazio vuoto,”
with A. Pontremoli,
Rend. Lincei 32(1), 162-164 (1923)
Recently, one of us1 had been able to demonstrate, by introducing a more correct
concept of rigidity, that the standard electrodynamics allows us to reach a determination of the electron rest mass not different from that coming from the theory of
relativity which, as is known, simply amounts to dividing the energy of the system
by the squared speed of light. We have observed that a similar difference, between
the value determined following from standard electrodynamics and the one given
by the theory of relativity, occurs in the calculation of the mass of the radiation in
an empty space2 . We intend to demonstrate that this discrepancy can be removed
by analogous arguments. The procedure followed until now for determining by electrodynamics the mass of the radiation in a cavity consisted first of all in evaluating
the electromagnetic momentum G 0 for slow and quasi-stationary motions, which,
neglecting terms in v 2 /c2 , results to be given by3
4 W0
v
3 c2
where W0 is the energy of the radiation for the cavity at rest, v is the actual velocity
of the cavity, and c is the speed of light. From this, one deduced that the inertial
reaction is given by
4 W0
dG 0
=−
Γ
−
dt
3 c2
where Γ is the acceleration; whence an apparent mass of the radiation equals
4 W0
W0
, while, according to the theory of relativity, it should be simply 2 . In this
3 c2
c
procedure it is implicitly contained the assertion that the external force F is equal
to the time derivative of the electromagnetic momentum, i.e., to the resultant of
the electromagnetic forces dϕ acting on every single part of the system; in this way,
one then puts:
Z
F = dϕ.
(1)
G0 =

But this is not correct, because, if one considers the notion of rigidity discussed by
one of us in the quoted paper, the external force is given instead by


Z
Γ(P − O)
F = dϕ 1 +
,
(2)
c2
1 E. Fermi, these “Rendiconti”, Vol. XXXI pp. 184 and 306 (1922), “Physikalische Zeit.”, Vol.
XXIII (1922), p. 340.
2 F. Hasenöhrl, “Ann. der Physik”, Vol. XV, p. 344 (1904) and Vol. XVI, p. 589 (1905); K. von
Mosengeil, “Ann. der Physik”, Vol XXII, p. 867 (1927); M. Planck, “Berlin. Sitzber.”, p. 542
(1907); M. Abraham, Theorie der Elektrizität, Vol. II, p. 341 (1920).
3 M. Abraham, loc. cit. p. 345.
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(P − O) being the vector from the point P , where the force dϕ is applied, to a fixed
point O, which we can take as the center of coordinates, internal to the system.
Now, dϕ is the resultant of force dϕ1 , exerted by the radiation pressure which
would exist if the cavity were at rest, and a force dϕ2 , caused by the perturbations
of
R this pressure due to the motion of the cavity. By applying (1), since evidently
dϕ1 = 0, because dϕ1 is the force exerted by a homogeneous pressure on a closed
surface, one finds that the external force is
Z
F = dϕ2 .
(3)
This force is exactly the one calculated as the inertial reaction by the quoted
authors, whence
Z
4 Wo
Γ
(4)
dϕ2 = −
3 c2
R
On the contrary, by applying (2), still taking into account that dϕ1 = 0, one
finds

 Z
Z
Z
Z
Γ(P − O)
Γ(P − O)
Γ(P − O)
F = (dϕ1 +dϕ2 ) 1 +
=
dϕ
+
dϕ
+
dϕ2
.
1
2
2
2
c
c
c2
Neglecting terms in Γ2 and observing that dϕ2 is proportional to Γ, one can
simply put
Z
Z
Γ(P − O)
F = dϕ1
+
dϕ2 .
(5)
c2
In this case the difference between (3) and (5) is not a priori negligible, although
it contains c2 at the denominator, since dϕ1 /dϕ2 can become considerably large,
being the ratio between a force and its perturbation4 . In fact dϕ2 = pndσ, where p
1 Wo
is the radiation pressure which, as it is known, equals
, being V the volume of
3 V
the cavity, and n a unit vector with the direction of the external normal to element
dσ of the surface of the cavity with coordinates (x, y, z). The x component of the
first integral of ((5) is then
Z

Z
Γ(P − O)
Wo
=
(Γx dx + Γy dy + Γz dz) cos n
cx dσ =
dϕ1
c2
3c2 V
x
 Z

Z
Z
Wo
= 2
Γx dx cos n
cx dσ + Γy dy cos n
cx dσ + Γz dz cos n
cx dσ ;
3c V
but an immediate application of the Gauss theorem shows that
Z
Z
Z
dx cos n
cx dσ = V,
dy cos n
cx dσ = dz cos n
cx dσ = 0.
4 In the case of electromagnetic masses one has dϕ equal to the resultant of the Coulomb forces
(which are the predominant part) and Rthe forces due to the acceleration. For the Coulomb forces,
evidently also in this case the relation dϕ1 = 0 holds; therefore they have effect only if we apply
(5) instead of (3).
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Therefore our component is (Wo Γx )/3c2 and
Z
Γ(P − O)
W o Γx
dϕ1
=
c2
3c2
Considering this relation and (4), it is easy to see that the ratio between the integrals of the right hand side of (5) is −1/4 and thus effectively not negligible. By
substituting these values into (5), one finds
F =−

Wo
Γ
c2

from which the requested rest mass results to be equal to Wo /c2 , in accordance with
the principle of relativity.
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12) The principle of adiabatics and the systems which do not admit
angle coordinates
“Il principio delle adiabatiche ed i sistemi che non ammettono coordinate
angolari,”
Nuovo Cimento 25, 171-175, (1923)
§ 1. - The importance of the Ehrenfest’s principle of adiabatics for the determination of the selection rules for the stationary orbits of a system, in the Bohr theory,
is well-known 1 . This principle, as we know, can be enunciated as follows: Let us
assume that, in a mechanical system, the forces or the constraints are continuously
modified with time but very slowly in comparison with the periods of the system,
or, accordig to the Ehrenfest’s expression, adiabatically; the principle of adiabatics
states that, if the system initially is in a quantum preferred orbit, it will still be
there at the end of the transformation.
Let us consider, for instance, a pendulum and imagine to shorten its string at
a very low rate in comparison with the period of the pendulum itself. Frequency ν
of the pendulum will then grow slowly, but it is easy to realize that energy u also
will grow and just so that the ratio u/ν mantains constant. In this way, if this ratio
was initially an integer multiple of Planck constant h, it will ever remain the same
and then the state of the system will remain quantum preferred during the whole
transformation. For further examples we refer to the Ehrenfest’s memoir.
The formal basis for the principle of the adiabatics is provided by Burger’s
theorem 2 . Let us consider a system that in certain general coordinates q1 , q2 , ...., qf
allows the separation of variables 3 . Then put
I
IK = pK dqK
(K = 1, 2, ....., f )
(1)
being pK the canonically conjugate momentum to qK and the integral extended,
according to the rules of quantum theory, to a complete oscillation of coordinate
qK ; in this way the conditions in order that the considered orbit of the system be
quantum preferred are:
I1 = n1 h ; I2 = n2 h ; ....; If = nf h

(2)

being n1 , n2 , ...., nf integers. Let us suppose, now, to modify adiabatically our
system, but in a way it allows the separation of the variables at any instant. Burger’s
theorem states that in this case integrals I1 , I2 , ...., If do not change during the
1 Ehrenfest,

Ann. d. Phys., 51, 327 (1916).
Versl. Akad. van. Wetensch. - Amsterdam 1916, 1917; Ann. d. Phys. 52, 195 (1917).
3 For the validity of Burger’s conclusions it is sufficient, more generally, that the system admits
angle coordinates, i.e. it is possible to introduce in place of qK , pK new variables wK , jk such
that the qK ’s, expressed by means of the (wK , jK ) are periodical with period 1 in variables wK ,
and the energy, in the new coordinates, results a function of the j’s only. Then, because of the
Hamilton equations, the j’s result to be constant an the w’s linear functions of the time; the q’s
as functions of the time can be expanded in Fourier series with f indexes.
2 Burgers,
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transformation, i.e. that they are adiabatic invariants. Therefore, if conditions (2)
are satisfied at the onset of the transformation, they will be also satisfied at the
end; then the principle of the adiabatics is satisfied.
In this Note I intend to show by means of a simple example that if a system
adiabatically transforms into another system and the initial and final states both
admit the separation of variables, but the intermediate states do not, the IK are no
more adiabatic invariants. In this case the principle of adiabatics loses its basis.
§ 2. - Let us consider a mass point, moving on a plane inside a rectangle; we
shall assume that no force acts on the point while it is inside the rectangle, but it
bounces off the walls when it hits them. Consider sides AB and AC of the rectangle
as coordinate axes x, y. Now, it is evident that our system admits the separation of
variables in these coordinates. Calling a, b the lengths of sides AB, AC, coordinate
x infact oscillates between values 0, a; coordinate y between values 0, b.

Moreover, if at a certain instant the components of the velocity are u, v, at an
instant whatever they will be ±u, ±v, where one must choose sign + or - according
to, whether the relative coordinate is increasing or decreasing at the considered
instant. The conjugate momenta to x and y will be ±mu, ±mv, being m the mass
of the point; then one will have
I
Z a
Z 0
mu dx +
(−mu) dx = 2 mua
(3)
Ix = (±mu) dx =
0

a

and analogously
Iy = 2 mvb
(3’)
Now we want to study how Ix and Iy change if we transform our system adiabatically. We just intend to transform rectangle ABCD into the other AB’CD’; we
remark that such a transformation can be carried out in three ways:
(1) one parallelly shifts the segment BD until to arrive at B’D’;
(2) one parallelly shifts the segment BB’ until to arrive at DD’, so that at an intermediate instant, the mass point can move inside concave polygon AB’EFDC;
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(3) one deforms anyway the broken line B’BDD until to bring it to coincide with
segment B’D’.
Keeping out the last case, really somewhat complicated, from our considerations, we shall limit ourselves to discuss the former two. As to the first one, we
remark that in this case at any instant the point can always move inside a rectangle,
therefore also in the intermediate instants it is always possible to have the separation of variables; according to Burger’s theorem, in this case we must expect that
Ix and Iy remain invariant. This is obviously evident for Ix , since neither b, nor v
change during the transformation and then, due to (3’), nor Iy . As to Ix , instead,
a decreases during the transformation, being reduced from a = AB to a0 = AB’;
but in the same time u increases in consequence of the bounces on the moving wall
and an immediate consideration shows that things go just so that product au, and
then also Ix , remains constant 4 , obviously on condition that the transformation
is realized slowly enough. If we pass on to consider case (2), it is easy to realize
that now things are different. As to Ix , in fact one immediately sees that the x
component of the velocity remains unchanged (except for the sign), since it could
change its absolute value only hitting a moving wall parallelly to x axis, but the only
moving wall, EF, moves parallelly to y; instead a decreases from AB to AB’. In all,
therefore Ix reduces in the ratio a0 /a and then does not remain constant. Likewise
also Iy does not remain constant; in fact b remains unchanged whereas v increases
due to the collisions on the moving wall EF. An immediate evaluation shows that
v, and then also Iy , increases in the ratio a/a0 . From the above considerations we
can conclude that integrals IK are adiabatic invariants only if in the intermediate
states the system always admits the separation of variables or at least, according to
Burger’s theorems, always admits a system of angular coordinates. On the contrary,
at least in general, this is not true if the system does not always own a multiperiodic
motion. On the other hand, this fact is easyly understandable also from the point
of view of quantum theory. In fact one knows, following Bohr, that a well defined
quantization is possible only if the motion of the system is multiperiodic. Then
one can realize that, if in the intermediate states the system cannot be quantized
rigorously, this inexactitude transmits to the final state.

Göttingen, February 1923.

4 In fact the number of knocks on the moving wall BD in time interval dt is obviously u dt; on
2a
the other hand, if V is the velocity of wall BD, the velocity of the point will experience an increase
of 2V at every knock; then the increase of u in time dt will be:

du = 2V

u
u
u
dt = V dt = − da
2a
a
a

since, obviously, −da = V dt. By integrating the preceding equation, we find exactly ua = const.,
as said above.
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13) Some theorems of analitical mechanics of great importance for
quantum theory
“Alcuni teoremi di Meccanica Analitica importanti per la Teoria dei Quanti,”
Nuovo Cimento 25, 271-285, (1923)
§ 1. - Ehrenfest’s principle of adiabatics1 , as is known, states that, if a mechanical system
is in a quantum orbit and its mechanism, forces or constraints, is changed in an infinitely slow
way, the system remains in a quantum selected orbit during the whole transformation. In order
that this principle have a definite sense, it is obviously necessary that the final orbit of the system
only depends on the final mechanism and not on the one or another sequence of intermediate
mechanisms followed during the transformation. Burgers2 has shown that this is really the case,
at least for that kind of systems which up to now has only been considered in quantum theory, i.e.
for systems which, or admit a complete separation of variables, or at least can be represented by
means of angular coordinates3 . In this case, their motion can always be considered as resulting from
periodic motions, generally having as many periods as many the degrees of freedom are or, in case
of degeneracy, with a lower number. But, just at this moment, the study of the simplest atomic
structures having been accomplished4 , some problems which do not admit angular coordinates
continually occur, first of all the three-body problem which occurs in the study of hydrogen
molecule. As is known, all the efforts made up to now to reduce the study of these systems
to that of systems with angular coordinates were in vain. Then it is to be desired to investigate
whether and how far is it possible to attempt an extension of the principle of adiabatics to the
general systems, hoping that it can give some information which can help in the search for rules
suitable to determine the preferred orbits of these more general systems.
§ 2. - First of all we shall have better to fix a classification of the systems to be studied.
Therefore we turn to the usual representation of the state of the system by means of a point
of a 2f-dimensional space Γ, which has q1 , q2 , ....qf as the general coordinates of the system and
p1 , p2 , ....pf as their conjugate momenta. We have, through each point of this space, a trajectory
which corresponds to the motion of the system having its initial position and velocity determined
by the point itself. We shall assume the forces and the constraints of the system being timeindependent and the forces deriving from a potential so that an integral of the energy conservation
does exists. We call E hypersurfaces the ipersurfaces energy=constant; through each point of Γ, one
of the E’s is passing on which (as provided by the energy integral) the trajectory through the point
is located. The so called quasi-ergodic5 mechanical systems enjoy the property that the trajectory
generally passes infinitely close to every point of E, so to densely fill a 2f-1 dimensional manifold.
However, it may be that our system, besides the energy integral, admits some other uniform
integral independent of time. In this case the manifold filled by the trajectory will obviously have
a lower number of dimensions. Then let us assume that our system have on the whole m uniform
first integrals independent of time,
Φ1 (p, q) = c1 ; Φ2 = c2 ; ....; Φm = cm
being ci arbitrary constants. We shall have, through each point of Γ, a 2f-m dimensional manifold
G, intersection of the m hypersurfaces Φi = ci ; and the trajectory passing through that point
will be wholly contained in G. In general it will not be possible to find, within G, a submanifold
which contains the whole trajectory; on the contrary, on the analogy of quasi-ergodic systems,
we shall assume for our systems that in general the whole G be densely filled by the trajectory,
1 P.

Ehrenfest. Ann. d. Phys. 51, p. 327; 1916.
Versl. Akad. van Wetensch. Amsterdam, 25 November 1916. - Ann. d. Phys. 52, p.
195; 1917. - Phil. Mag. 33, p. 514; 1917.
3 See for instance Sommerfeld. ”Atombau und Spektrallinen, III ed. Zusatz 7.
4 They are the hydrogen atom and its various perturbations (Zeeman effect, Stark effect, and
Feinstruktur) and the ion of the hydrogen molecule H2+ , when nucleus rotations are not present.
5 The author recently demonstrated that the ordinary mechanical systems are, in general, quasiergodic, so that this is the most common case.
2 Burgers.
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i.e. that the trajectory passes infinitely close to all the points of G. In this way, the trajectory
will come out characterized, at least in its statistical elements, by the only knowledge of the
values Φ1 , Φ2 , ...., Φm corresponding to it. Therefore we call these values characteristics of the
trajectory. Then a quasi-ergodic system has only one characteristic, its energy. A system with
its energy independent of time, which admits the separation of variables, has in general as many
characteristics as degrees of freedom, corresponding to the f a constants of the Jacobi’s complete
integral; a higher number can only occur in case of degeneracy, i.e. when linear relations with
integer coefficients between the fundamental frequencies exist. Let us consider, for instance, the
motion of a point in a plane acted on by a force proportional to the distance from two orthogonal
straight lines. If the two attraction coefficients are not commensurate, the point describes an open
Lissajous’ curve in the plane. And in the four-dimensional space Γ the representative point densely
fills a two-dimensional surface G. Therefore the system has two characteristics; for them we can
take the energies of the projections of the motion on the two orthogonal straight lines. If instead
the attraction coefficients are commensurate, the Lissajous’ curve degenerates in a closed curve
and G becomes one-dimensional; this corresponds to three characteristics.
§ 3. - Now we shall assume to be able to change arbitrarily the forces, or the constraints
of the system, i.e. what on the whole, with a happy naming due to P. Hertz 6 , we shall call
the mechanism of the system. If we change the mechanism in an infinitely slow way, we have
what is said an adiabatic transformation; and, in § 5, we shall easily find a system of differential
equations which shows how the characteristics of the system change when the guiding parameter
of the mechanism µ, changes adiabatically. But, as we have already mentioned, one can speak of
application of the Ehrenfest’s principle to a definite system only if the values that its characteristics
take at the end of an adiabatic transformation only depend on the final mechanism and not on
the intermediate workings crossed during the transformation. To study this question, we shall
assume afterwards that the mechanism, rather than depending on only one parameter, depend
on two parameters λ and µ. The dependence of the characteristics on λ and µ, instead of being
on a system of ordinary differential equations, will then be obviously expressed by a system of
equations of total differentials; then the conditions for having the final values of the characteristics
not depending on the path followed during the transformation in the λ, µ plane coincide with the
integrability conditions for this system. We shall demonstrate that these conditions, for the quasiergodic system, are really satisfied. Instead, for the systems having more than one characteristic,
in general they are not satisfied although important classes of exceptions exist.
§ 4. - Before passing to study the adiabatic transformations it is convenient to consider some
formulae which are useful for calculating the probability that, at any instant, the representative point is in G. Then, for uniforming notations, differently from above we call x1 , x2 , ...., x2f ,
the coordinates of Γ. Our problem can now be formulated in this way: calculate the probability that, at a certain instant, x1 , x2 , ...., x2f −m have values between x1 and x1 + dx1 , x2
and x2 + dx2 ,....,x2f −m and x2f −m + dx2f −m , while the remaining m x’s obviously take the
values necessary to maintain the representative point in G. As we know, statistical mechanics, through the Liouville’s theorem, states that the necessary condition for having a stationary distribution of the points in the Γ space is that their density in Γ should have a constant
value on any G. A volume element of Γ can be written dx1 , dx2 , ...., dx2f , but also, taking
1
as new variables x1 , x2 , ...., x2f −m , Φ1 , Φ2 , ...., Φm as D
dx1 , dx2 , ...., dx2f −m , dΦ1 , dΦ2 , ...., dΦm ,
where D is the functional determinant

∂(Φ1 ,....,Φm )
.
∂ (x2f −m+1 ,....,x2f )

And, since during the motion

dΦ1 , dΦ2 , ...., dΦm obviously remain constant, the aforesaid volume element comes out to be pro1
portional to D
dx1 , ...., dx2f −m . Therefore also the wanted probability is proportional to this
expression; and since the total probability is obviously = 1, we finally find that the wanted probability is given by
dσ

R Ddσ

(1)

D

where for short we put dσ = dx1 , dx2 , ...., dx2f −m and the integral is extended to all values
6 P. Herz. Ann. d. Phys. 33, p. 225, 537; 1910. Weber, Gans. Repertorium der Physik I, 2;
1916. We refer to these works for any explanations regarding the statistical part of the text.
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of x1 , x2 , ...., x2f −m , corresponding to points of G. Before leaving this subject, we also want to
deduce a formula that will be useful in the case of quasi-ergodic systems. In this case G is
a hypersurface, and we assume for the sake of simplicity it should be closed, and such to be
intersected in only one point by the radii vectors coming out from a pole within it. This because a
more general approach, even though it is not essentially different, would cause rather complicated
calculations. We refer the space Γ to polar coordinates, by characterizing each point by means
of its radius vector and the intersection of this one with the unit hypersphere having the pole as
centre. We call H the only characteristic, i.e. the energy. In accordance with what said above, the
probability that at a certain instant the representative point lie within an element
` of solid angle
´ dω
is proportional
to the
`
´ hypervolume comprised between the two hypersurfaces H x1 , ...., x2f = H,
and H x1 , ...., x2f = H + dH, and the solid angle dω. This volume, except for the constant factor
2f −1

dH, is evidently r H dω , where Hr =
r
the wanted probability is given by

∂H
.
∂r

Since the total probability must be =1 , we find that

dω
r2f −1 H
r
R
dω
2f
−1
r
H

(2)

r

where the integral is extended to the whole unit sphere.
§ 5. - In this section we assume the mechanism of our system as a function of a parameter µ and
we aim to study how the characteristics change when this parameter changes adiabatically. Since
the mechanism depends on the parameter µ, in general also the characteristics Φ1 , Φ2 , ...., Φm will
depend on µ, besides the p’s and q’s. Then, if at a certain instant the parameter µ changes of
i
∂µ. Since we are in presence
dµ, characteristic Φi will correspondingly undergo the change ∂Φ
∂µ
of an adiabatic change, to have the effective change of Φi , we must consider the average of this
expression which, according to the results of the previous section, will be
R ∂Φi dσ
dµ

∂µ D
dσ
D

(3)

R

which results only to be a function of µ and Φ1 , ...., Φm . The dependence of the characteristics
on µ in an adiabatic transformation will then be expressed by the system of ordinary differential
equations:
R
R
R
∂Φ1 dσ
∂µ D
dσ
D

dΦ1
=
dµ

R

;

dΦ2
=
dµ

∂Φ2 dσ
∂µ D
dσ
D

R

; ....;

dΦm
=
dµ

∂Φm dσ
∂µ D
R dσ
D

(4)

If we know the values of the Φ’s, for instance for µ = 0, the integration of this system gives
us their values for any µ . In the particular case of the quasi-ergodic systems, system (4) reduces
to the only equation:
R Hµ 2f −1
r
dω
dH
Hr
= R dω
(5)
2f
−1
dµ
r
H
r

where Hµ = ∂H
.
∂µ
§ 6. - Now we want to study in which cases the final values of the characteristics are independent of the way followed in passing adiabatically from the initial mechanism to the final one.
Therefore we shall represent the mechanism of the system as a function of two parameters, λ and
µ . If one alters adiabatically these two parameters, of dλ and dµ respectively, the same conclusion
of the preceding section shows that the corresponding change of the characteristic is:
R ∂Φi dσ
R ∂Φ
i

dΦi =

dσ

R∂λdσ D dλ +
D

∂µ D
dσ
D

R

dµ

(i = 1, 2, ....., m)

(6)

The coefficients of dλ and dµ are evidently functions of only λ and Φ1 , ...., Φm , then m equations (6) represent a system of equations of total differentials; if it will result unlimitedly integrable,
the final values of Φ’s will be effectively independent of the way followed during the transformation, or else it will not be so. We want to demonstrate that, in the case of quasi-ergodic systems,
the condition of unlimited integrability is satisfied. In fact, for these systems, system (6) reduces
to only an equation of total differentials analogous to (5)
dH = Ldλ + M dµ

(7)
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r 2f −1 Hµ dω
Hr
R r2f −1 dω
Hr

(8)

where
R
L=

r 2f −1 Hλ dω
Hr
R r2f −1 dω
Hr

R
; M =

and then L and M represent two functions of λ, µ and H. As we know, for obtaining the
unlimited integrability of (7), it is necessary and sufficient that the total derivatives of L with
respect to µ and of M with respect to λ be equal. Therefore it must be
∂L
∂L
∂M
∂M
+M
=
+L
.
∂µ
∂H
∂λ
∂H

(9)

To demonstrate that this equality is really satisfied, let us begin to calculate its first term.
Therefore, let us imagine to give independent variations δH and δµ to H and µ, leaving λ unchanged; then we will have
∂L
∂L
δL =
δH +
δµ.
(10)
∂H
δµ
On the other hand, from the first of (8), we remark that:
 „Z 2f −1 « Z 2f −1
1
r
dω
r
Hλ dω
δL = “R
δ
−
”
2
Hr
Hr
r 2f −1 dω
Hr

„Z
−

r2f −1 Hλ dω
Hr

« Z 2f −1 ff
r
dω
δ
.
Hr2

(11)

In the calculation of the two Rvariations of the integrals within the curly brackets, we can of
course interchange symbols δ and , as the limits of the integral do not change since it is extended
to the whole unit hypersphere. Then we have:
Z 2f −1
Z 2f −2
Z 2f −1
r
dω
r
δrdω
r
δHr dω
.
(12)
δ
= (2f − 1)
−
Hr
Hr
Hr2
On the other hand, from the invariance on the unit sphere, one has:
δH = Hr δr + Hµ δµ
wherefrom
δr =

δH
Hµ
−
δµ
Hr
Hr

and also
δHr = Hrr δr + Hrµ δµ =

Hrr
δH +
Hr

„
Hrµ −

Hrr Hµ
Hr

«
δµ.

By substituting in (12) these expressions of δr, δHr , one finds:

ff
Z 2f −1
Z 2f −2
Z 2f −1
r
dω
r
dω
r
Hrr dω
δ
= δH (2f − 1)
−
−
2
3
Hr
Hr
Hr

„
«ff
Z 2f −2
Z 2f −1
r
dω
Hµ Hrr
r
Hµ dω
+
Hµr −
.
−δµ (2f − 1)
Hr2
Hr2
Hr
In a similar way one finds:

Z 2f −2
Z 2f −1
Z 2f −1
r
Hλ dω
r
Hλ dω
r
Hλr dω
= δH (2f − 1)
+
−
δ
Hr
Hr2
Hr2
ff

Z 2f −1
Z 2f −2
r
Hλ Hrr
r
Hλ Hµ dω
−
dω + δµ − (2f − 1)
+
Hr3
Hr2
„
« Z 2f −1
„
«ff
Z 2f −1
r
dω
Hλr Hµ
r
Hλ dω
Hµ Hrr
+
Hλr −
−
Hµr −
.
Hr
Hr
Hr2
Hr
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By substituting in (12) these two last expressions, and comparing with (10), one finally finds:
» „Z 2f −1 «
Z 2f −2
1
r
dω
r
Hλ dω
∂L
= “R
(2f − 1)
+
”
2
∂H
Hr
Hr2
r 2f −1 dω
Hr

ff
Z 2f −1
r
Hλ Hrr
r2f −1 Hλr dω
−
dω −
2
3
Hr
Hr
ff–
„Z 2f −1
«
Z 2f −2
Z 2f −1
r
Hλ dω
r
dω
r
Hrr dω
.
−
(2f − 1)
−
Hr
Hr2
Hr3
Z

+

∂L
= “R
∂µ

» „Z

1
r 2f −1 dω
Hr

”2

r2f −1 dω
Hr

«

Z
− (2f − 1)

r2f −2 Hλ Hµ dω
+
Hr2

„
« Z 2f −1
„
«ff
r2f −1 dω
Hλr Hµ
Hµ Hrr
r
Hλ dω
Hλµ −
−
Hµr −
−
2
Hr
Hr
Hr
Hr

„
«ff–
Z 2f −1
Z 2f −1
Z 2f −2
Hµ Hrr
r
Hλ dω
r
dω
r
Hµ dω
−
+
(2f − 1)
Hµr −
.
2
2
Hr
Hr
Hr
Hr
Z

+

These two last equations, together with the second of (8), give us all the elements necessary
to calculate the first term of (9). Once it has been calculated, it is immediate to recognize from
its explicit expression that λ and µ appears symmetrically; then ((9) is verified.
Therefore we can conclude that, for the quasi-ergodic systems, the value assumed by the energy
at the end of an adiabatic transformation does not depend at all on the intermediate mechanisms
of the transformation.
§ 7. - Come back now to be interested in the systems with more than one characteristic. In
order that, also for these systems, the final characteristics were independent of the intermediate
mechanisms of the transformation, the conditions of unlimited integrability of system (6) should
be satisfied. But, if through a calculation, obviously more complicated than that performed in the
preceding section but not essentially different from it, we effectively build up these conditions, we
find that in general they are not satisfied. Rather than to report here this lengthy calculation,
we prefer to show the argument through an example of a system with two characteristics. The
example we choose is very similar to another one I have recently used in a note on the principle
of adiabatics. From an origin O, we draw in a plane two orthogonal axes x, y. Then we take
in the first quadrant two points P, Q and draw the perpendiculars from them to axes (PA, PB,
QC, QD). We shall assume that P be internal to the rectangle OCQD. Now let us suppose that
inside concave polygon APBDQCA a mass point is moving not acted on by forces and elastically
bouncing off the walls of the polygon. Absolute values u, v of the components of the velocity of
the point on axes x, y keep evidently constant during the motion, therefore the system has two
characteristics. Let us suppose then to keep point Q (of coordinates a, b) fixed and to move point
P (of coordinates λ, µ). In this way we shall have accomplished a mechanical system with two
characteristics u, v and depending on two parameters λ, µ. By easy arguments, analogous to the
ones carried out in the note quoted above, one finds that, changing adiabatically the position of
point P, u and v change following the rule:
d log u =

2λ dµ
2µ dλ
; d log v =
ab − λµ
ab − λµ

obviously none of these two equations is unlimitedly integrable; therefore the values that u
and v take at the end of a transformation also depend on the path followed by point P. Then, in
general, it is not possible to apply Ehrenfest’s principle to systems with more characteristics.
§ 8. - However, some important classes of exceptions to this rule exist. We aim to study them
in this section. The first one, and also the most important, is that of the systems with angular
coordinates. Of these systems, according to Burgers’ theorems, we not only know that Ehrenfest’s
principle can be applied (in the sense that it leads in any case to definite final conditions) but also
that for them the aforesaid principle results to be verified, by experience as a logical consequence
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of Sommerfeld’s conditions which are supported by all the theory and the experience made on the
hydrogen atom. Another remarkable class of exceptions to the conclusions of § 7 is the following:
Let us assume that of the m characteristics of our system only one, the energy, depends explicitly
on parameters λ, µ of the mechanism. I say that for these systems, at the end of every adiabatic
transformation, the energy takes a value independent of the intermediate mechanisms, while the
other characteristics even stay unchanged. The fact that all the characteristics, but the energy,
stay unchanged comes out evident from the circumstance that, since they do not contain the
parameters explicitly, stay unchanged in all the elementary processes of the transformation; the
same conclusion can be drawn from system (6) since, if Φi is one of these characteristics, one has
i
i
by hypothesis ∂Φ
= ∂Φ
= 0. For demonstrating that the final value of the energy does not
∂λ
∂µ
depend on the path followed during the transformation in the plane λ, µ, one could put forward
a consideration analogous to that of § 6. But it is easier to remark that, on the basis of the
hypothesis, by means of a canonical transformation independent of the parameters, one can try to
transform the characteristics independent of the parameters into coordinates of Γ. After this, the
consideration of § 6 can be repeated word for word and the constant characteristics simply stand
for constant parameter. Systems of this kind occur very frequently in applications; for instance,
of this kind are all the systems which have, as only uniform integrals besides the energy (and not
dependent on the energy), some integral of the conservation of momentum, or angular momentum,
since the latter are always independent of the parameters of the mechanism.
§ 9. - As regards a possible application of what said to the theory of quanta, we remark the
following: On the basis of our conclusions, the possibility of an extension of Ehrenfest’s principle
is ruled out, save the mentioned exceptions. Instead, for quasi-ergodic systems, or the exceptions
studied in § 8, such an application is not a priori ruled out, though obviously it is not possible
now to foresee if the experience will confirm its results. All the same, one might try if, going on
this way, some useful information on the rules for the determination of the quantum orbits of the
systems without angular coordinates could be obtained. Of course, Ehrenfest’s principle by itself,
even if in case the experience should confirm it in this more general application, is not sufficient
for the determination of such rules. It only allows us, when we know the selected orbits of a
certain system, to deduce the orbits for all the systems which can be obtained from it by means
of an adiabatic transformation. Therefore perhaps it might be useful, apart from the complexity
of calculations, for finding the quantitative relations between the spark spectra, for instance of
the alkaline metals, and the arc spectra of the noble gases. In fact, the systems which emit these
spectra only differ in the charge of the nucleus and then can be easily transformed the one into
the other.

Göttingen, April 1923.
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38b) A theorem of calculus of probability and some applications
“Un teorema di calcolo delle probabilitá ed alcune sue applicazioni,”
Teacher’s Diploma Thesis of the Scuola Normale di Pisa.
Presented on June 20, 1922.
§ 1. The theorem we want to deal with concerns the properties of the sums of many incoherent
addenda having a known stastistical distribution. The fundamental theorem on these sums is due
to Laplace1 . We announce the theorem together with a short account of its demonstration from
which we shall start for establishing a new theorem. Let n be a very great number and y1 , y2 . . . yn
represent n unknowns, of which we know the statistical distribution; that is, we know that the
probability that yi has a value ranging between yi and yi + dyi is ϕi (yi )dyi , being ϕi a known
function for which, obviously
Z
∞

ϕi (y)dy = 1,

(1)

−∞

which means that yi has certainly a value between −∞ and +∞. In addition we will assume
that the statistical distribution of yi is not affected by the values that the other y’s can assume,
that is, we assume the yi ’s are completely incoherent among them. Then we take yi having a
vanishing average, that is:
Z
∞

ȳi =

yϕi (y)dy = 0.

(2)

−∞

Finally the average of the squared yi is put as
Z ∞
ȳi2 =
y 2 ϕi (y)dy = ki2

(3)

−∞

P 2
and assume that, for any i, ki2 is negligible with respect to n
1 ki . Under these assumptions,
the Laplace’s theorem holds which says that: The probability that inequalities
x≤

n
X

yi ≤ x + dx

(4)

1

hold at the same time is given by
x2

− Pn 2
1
F (x)dx = q P
e 2 1 ki dx.
n 2
2π 1 ki

(5)

To demonstrate it, we call r a number ≤ n and let F (r, x)dx be the probability that inequalities
x≤

r
X

yi ≤ x + dx

(6)

1

hold true. Now, if p is any value, let us look for the probability that inequalities
r−1
X

yi < p <

1

r
X

yi

(7)

1

P
hold together, that is, that the addition of yr to r−1
yi does not exceed p. This probability
1
is obviously given by
Z ∞
Z ∞
dξF (r − 1, p − ξ)
ϕr (y)dy.
0

ξ

Analogously, the probability that inequalities
r−1
X
1
1 Théorie

yi > p >

r
X

yi

1

analytique des probabilités, Oeuvres, VII, p. 309.

(8)
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∞
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∞

Z
dξF (r − 1, p + ξ)

ϕr (y)dy.

0

ξ

The difference
given by the difference between the
P of these two probabilities is obviously
P
yi > p, that is by
probability that r1 yi > p and the probability that r−1
1
Z ∞
Z ∞
F (r, x)dx −
F (r − 1, x)dx .
p

Then we have
Z ∞
Z
F (r, x)dx −
p

p

∞

∞

Z

dξF (r − 1, p − ξ)

p

0
∞

Z
dξF (r − 1, p + ξ)

ϕr (y)dy.
ξ

0

In the r.h.s. we can reverse the integrations by formulae
Z ∞ Z ∞
Z ∞
Z y
Z ∞ Z −ξ
Z
dξ
dy =
dy
dξ ;
dξ
dy =
0

ξ

ϕr (y)dy−
ξ

∞

Z
−

∞

Z

F (r − 1, x)dx =

0

0

−∞

0

0

−y

Z
dy

dξ

−∞

0

and it becomes, also changing in the second term ξ with −ξ
Z ∞
Z y
ϕr (y)dy
F (r − 1, p − ξ)dξ.
−∞

0

We put, as an approximation
F (r − 1, p − ξ) = F (r − 1, p) − ξ
Thus the above expression becomes
Z ∞
Z
F (r − 1, p)
ϕr (y)dy
−∞

y

dξ −

0

Z

∂F (r − 1, p)
∂p

∞

= F (r − 1, p)

yϕr (y)dy −
−∞

∂F (r − 1, p)
.
∂p

Z

∞

y

Z
ϕr (y)dy

−∞

1 ∂F (r − 1, p)
2
∂p

∞

Z

ξdξ =
0

y 2 ϕr (y)dy

−∞

i.e., remembering (2) and (3):
−
In this way we obtain equality
Z ∞
Z
F (r, x)dx −
p

kr2 ∂F (r − 1, p)
.
2
∂p

∞

F (r − 1, x)dx = −
p

kr2 ∂F (r − 1, p)
.
2
∂p

(9)

Differentiating it with respect to p we obtain
−F (r, p) + F (r − 1, p) = −

kr2 ∂ 2 F (r − 1, p)
.
2
∂p2

(10)

Let us change in it r − 1 with r, p with x, and, in our approximation, put
F (r + 1, x) − F (r, x) =

∂
F (r, x).
∂r

Then (10) gives, for F (r, x), differential equation
2
kr+1
∂
∂2
F (r, x) = −
F (r, x).
∂r
2 ∂x
Changing r with the other variable
Z r+1
t=
ki2 di
0

(11)

(12)
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(12) becomes
1 ∂2F
∂F
=
.
∂t
2 ∂x2
Then one has, obviously, the condition that, for any t
Z ∞
F dx = 1

(13)

(14)

−∞

and that, for t = 0, F has a non vanishing value only when |x| is infinitesimal. It is known
that these conditions are more than sufficient to determine F. They are satisfied by putting
F = √

1
2πt

x2

e− 2t .

By giving to t its value, which at our degree of approximation is

Pr

1

ki2 , we find

x2

− Pr 2
1
F (r, x) = q P
e 2 1 ki .
r 2
2π 1 ki

(15)

Then one obviously has F (x) = F (n, x), and then
2

F (x) =

q

− Pxn 2
2 1 k
1
i
Pn 2 e
2π 1 ki

q.e.d.

§ 2. Let us mantain the notations and the assumptions made at the beginning of the previous
section and in addition assume that all ϕi (y) are equal (as a consequence we will cancel their
index). Then let us indicate with a a positive value whatever. Thus we can state the following
Theorem 2.1. The probability that at least one among the quantities
y1 , y 1 + y2 , y 1 + y2 + y3 , . . . ,

n
X

yn

1

exceeds a is given by
2
√
π

Z

∞

2

e−x dx

√ a

2nk2

provided that a is great enough with respect to k.
In particular, if n tends to infinity, such probability tends to 1, i.e. to certitude. To demonstrate it, let us indicate with F (r, x)dx(x < a) the probability that the inequalities (6) are fulfilled
and in addition all r quantities
r
X
y1 , y 1 + y2 , . . . ,
yi
(16)
1

are lower than a. At the same time, the same arguments of the previous section show us that
F (r, x) still will satisfy the differential equation (12) which, in this case, can be written as
k2 ∂ 2 F
∂F
=
∂r
2 ∂x2
The boundary conditions will be changed instead. In fact, we observe that
Z a
F (r, x)dx
−∞

gives the probability that none of quantities (16) exceeds a and then
Z a
Z a
−
F (r + 1, x)dx +
F (r, x)dx
−∞

−∞

(17)
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Pr
gives the proability that, because of the addition of yr+1 ,
1 yi arrives at exceeding a. A
calculation analogous to that performed in the previous section shows us that this probability is
Z ∞
Z ∞
F (r, a − ξ)dξ
ϕ(y)dy
0

ξ

i.e., at our degree of approximation, neglecting ξ with respect to a
Z ∞ Z ∞
F (r, a)
dξ
ϕ(y)dy
0

ξ

that is, by reversing the quadratures
Z ∞
Z
F (r, a)
ϕ(y)dy
0

y

∞

Z
dξ = F (r, a)

0

yϕ(y)dy.
0

By putting now

∞

Z
h=

yϕ(y)dy

(18)

0

we find

Z

a

{F (r + 1, x) − F (r, x)} dx = −hF (r, a).
−∞

But, at our usual degree of approximation, we can put
F (r + 1, x) − F (r, x) =

∂F (r, x)
∂r

and the previous equation becomes
Z a
∂
F (r, x)dx = −hF (r, a).
∂r −∞

(19)

After all, our unknown function F must fulfill differential equation (17) in interval −∞, a;
fulfill equation (19) in extreme a; then it must vanish together with its derivatives in extreme
−∞ and, for r = 0, have a non-vanishing value only for |x| very small, but with the condition
that the area comprised between it and x axis is = 1. It is easy to prove that at least when h is
positive, as in our case, these conditions are sufficient to determine F. Therefore, we observe that,
by multiplying (17) by dx and integrating it between −∞ and a, one finds
„
«
Z a
k2 ∂F
∂
F (r, x)dx
=
2
∂x a
∂r −∞
as a consequence, (19) becomes
k2
2h

„

∂F (r, x)
∂x

«
+ F (r, a) = 0.

(19)

a

Then, for our purpose, it is evidently sufficient to prove that, if a function Φ(r, x) is = 0 for
r = 0 and fulfilles equations
„
«
∂Φ
k2 ∂ 2 Φ
k2 ∂Φ
=
;
+ φ(r, a) = 0
(20)
2
∂r
2 ∂x
2h ∂x x=a
and, for x = −∞, it is always = 0, it is certainly identically zero. In fact one has
«
„
«
Z a „
Z a
Z a
∂Φ 2
∂
∂Φ
∂2Φ
dx =
Φ
dx −
Φ 2 dx
∂x
∂x
∂x
∂x
−∞
−∞
−∞
that is, owing to (20)
Z a „
−∞

„
= Φ(r, a)

∂Φ
∂x

∂Φ
∂x

«2

«
−
x=a

„
dx =

1 ∂
k2 ∂r

Z

Φ

∂Φ
∂x

a
−∞

«a
−
−∞

Φ2 dx = −

2
k2

Z

a

Φ
−∞

∂Φ
dx =
∂r

2h 2
1 ∂
Φ (r, a) − 2
k2
k ∂r

Z

a
−∞

Φ2 dx
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i.e.

«
Z a
2h
1 ∂
∂Φ 2
dx + − 2 Φ2 (r, a) + 2
Φ2 (r, x)dx = 0 .
(21)
∂x
k
k ∂r −∞
−∞
Let us now suppose
that, for some value of r and x, Φ could be different from zero; then for
Ra
some value r of r −∞
Φ2 dx would be certainly positive; in addition, since for r = 0 is φ = 0, and
Ra
then −∞
Φ2 (0, x)dx = 0, there will be certainly between zero and r some value of r for which
R
a
d
2 (r, x)dx is positive. Now, the first two terms in (21) cannot be negative; the first one
Φ
dr −∞
is, at least in some cases, positive and this is absurd. Then it will certainly be always φ(r, x) = 0.
q.e.d.
Granted that, it will be enough for us to find a solution whatever fulfilling the imposed conditions
for being sure it is the solution we were looking for. Let us try if our conditions can be satisfied
by putting
(a−x)2
−
Z r
2
1
1
u(ρ)e 2(r−ρ)k2
− x 2
F (r, x) = √
dρ
(22)
e 2rk − √
√
r−ρ
k 2πr
k 2π 0
being u(ρ) a function to be determined. With this position, differential equation (17) and the
limit conditions for x = −∞ and r = 0 are certainly satisfied. Then it remains to determine u(ρ)
so that (19) is satisfied too. Now, from (22) we have
Z r
2
1
u(ρ)dρ
1
− a
F (r, a) = √
e 2rk2 − √
√
r−ρ
k 2πr
k 2π 0
Z

Z

a

„

a

F (r, x)dx =
−∞

1
√
k 2πr

a

Z

−∞

1
= √
π

Z

Z r
Z
(a−x)2
1
u(ρ)dρ a − 2(r−ρ)k
2
dx − √
e
dx =
√
r − ρ −∞
k 2π 0
Z r
2
1
u(ρ)dρ
e−x dx −
2 0

2
− x 2
2rk

e
k

a
√
2r

−∞

and then
∂
∂r

Z

(23)

2
− a

a

ae 2rk2
1
F (r, x)dx = − √
− u(r)
3
2
2k 2πr
−∞

in this way (19) becomes
2
− a 2
2rk

Z r
“
u(r)
a”
h
u(ρ)dρ
+
h−
= √
√
2r
r−ρ
2
k 2πr
k 2π 0

e

√

(24)

that is an integral equation of second kind for the unknown function u(ρ). In spite of all our
efforts, we have not suceeded to solve it exactly; we only have an approximate solution. We shall
deal with this in a little while. We want to prove first, without approximations, that one has
Z ∞
u(r)dr = 1 .
0

√Therefore, let ϑ be an arbritrary positive quantity and let us multiplicate both sides of (24)
by θe−θr dr and integrate then from r = 0 to r = ∞. One finds
√

√ Z ∞ −θr− a2
Z ∞ −θr− a22
2rk
2rk2
θh
e
e
a θ
√
dr − √
dr =
√
3/2
r
r
k 2π 0
2k 2π 0
√ Z ∞
√ Z ∞
Z r
h θ
θ
u(ρ)dρ
−θr
+
e−θr u(r)dr =
= √
e
dr
√
r−ρ
2 0
k 2π 0
0
√ Z ∞
√ Z ∞
Z ∞ −θr
h θ
θ
e
dr
= √
u(ρ)dρ
+
e−θr u(r)dr =
√
r
−
ρ
2
k 2π 0
0
ρ
√ Z ∞
Z ∞
h
θ
= √
e−θρ u(ρ)dρ +
e−θr u(r)dr .
2 0
k 2 0
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In addition one has
√ Z
θ

2
−θr− a 2
2rk

∞

e

√

0

r

∞

Z
dr = 2

2
−x2 − a2 θ2

e

2k x

dx =

√

πe−

a

√

2θ
k

.

0

Passing to the limit for θ = 0 the above equation then becomes
Z ∞
h
h
√ = √
u(ρ)dρ.
k 2
k 2 0
From which

∞

Z

u(ρ)dρ = 1

(25)

0

q.e.d.
At this point we can already get an interesting result. In fact, from (23) we have
Z √a
Z
Z a
1 ∞
1
k 2r −x2
e
dx −
u(r)dr = 0 .
lim
F (r, x)dx = lim √
r=∞ −∞
r=∞
π −∞
2 0

(26)

If we remember the meaning of F (r, x) this result can be read: The probability that at least
one of values (16) exceeds a becomes certitude when r tends to infinity. We remark that this
result holds true independently of the approximation we are going to make to solve (24). Let us
pass now to the approximate solution of (24). For this we observe that, as one can immediately
verify,
2
− a

ae 2rk2
w(r) = √
k 2πr3
is a solution of the integral equation of second kind

(27)

2
− a 2
2rk

Z r
“
1
a”
h
w(ρ)dρ
+ w(r)
h+
= √
√
2r
r−ρ
2
k 2πr
k 2π 0

e

√

(28)

which differs from (24) only in the sign inside the bracket of the left-hand side. Now, owing to
2
− a

the assumptions we have made, whenever r is great enough so that e 2rk2 is not too small a/2r
is negligible with respect to h and then we shall be allowed to assume w(r) as an approximate
solution of (24), by putting
2
− a

ae 2rk2
u(r) = √
k 2πr3
R
It is easy to check that from (29) it is 0∞ u(r)dr = 1.
Now, from (23), we get
Z

1
= √
π

Z

a

Z

a
√
k 2r

Z

1
F (r, x)dx = √
π
−∞

−∞

2
1
e−x dx − √
π

And then

Z
1−

k

a
√
2r

−∞
∞
k

a
√
2r

a

(29)

2
− a

1 ae 2ρk2
p
dρ =
2 k 2πρ3
Z ∞
2
2
2
e−x dx = 1 − √
e−x dx .
a
π
√
2

e−x dx −

2
F (r, x)dx = √
π
−∞

k

Z

∞

2r

2

e−x dx .

(30)

a
√
k 2r

Remembering now the meaning of F (r, x) one immediately realizes that
Z a
1−
F (r, x)dx
−∞

represents the probability that at least one of expressions (16) is greater than a. Therefore (30)
completely demonstrates the theorem we have enunciated.
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§ 3. The theorem just proved is susceptible of an immediate application to a famous theorem
of calculus of probability: Peter and Paul make a game of chance. In each game each one has
probability 1/2 to win; the stake is always of k lire. Now Peter is infinitely rich, on the contrary
Paul owns only a lire. If at a certain moment Peter is able to win all the substance of Paul, the
latter is ruined and is obliged to stop the game. So we are in the case considered in the above
theorem and we can conclude that, , after a sufficient number of games Peter will certainly ruin
Paul; moreover, if a is much greater than k the probability that this fact happens in n games is
Z ∞
2
2
e−x dx
√
a
π
√
k

2n

§ 4. We want now to apply the above theorem to an astronomic problem. Let us consider an
elliptic comet which intersects Jupiter’s orbit. The cometary orbit will be obviously perturbed by
the action of Jupiter, and this particularly when Jupiter and the comet pass very close. Now it
may happen that in these continuous transformations the comet’s orbit ends by changing into a
parabolic or hyperbolic orbit; then the comet will go away forever escaping from the attraction
of Jupiter and the Sun. I want to study what is the probability that this happens in a certain
time. As far as I know the theory of the influence of Jupiter on the cometary orbits has never been
studied from this point of view; people only dealt with this matter2 looking for an explanation of
the capture of comets with parabolic orbits when passing by chance close to Jupiter. We will make
the following simplifying assumptions, the same of the restricted 3-body problem: The comet has
a negligible mass, so that it does not perturb nor Jupiter neither the Sun. The mass of Jupiter
(m) is negligible with respect to the mass of the Sun (M). In this way we are allowed to assume
the Sun as fixed and to consider the orbit of the comet being appreciably perturbed only when
passing in the close neighbourhood of Jupiter. Jupiter’s orbit is circular. Comet’s orbit is coplanar
with Jupiter’s orbit. We call u the velocity of Jupiter and V the velocity of the comet when it
crosses Jupiter’s orbit with respect to a reference frame moving along this orbit with velocity u;
we indicate with θ the angle between the direction of V and Jupiter’s orbit. If v is the absolute
velocity of the comet, when it is crossing Jupiter’s orbit one will have
v 2 = u2 + V2 + 2uV cos θ

(31)

Let us suppose that once, while the comet is crossing Jupiter’s orbit, it passes very close this
planet. Then it will be affected by a strong perturbation. Let b be the smallest distance between
the two bodies if they were not attracted to one another. According to our assumptions, in order
that the perturbation is considerable b must be very small if compared with the curvature radii of
the two unperturbed orbits so that, during this “collision”, the comet will appreciably describe a
keplerian hyperbolic orbit during its motion around Jupiter.
§ 5. Thus, let us consider this relative motion, referring to polar coordinates (r, ϕ) having
Jupiter as a pole and the polar axis parallel to the direction of the incoming comet. Since the
motion is a Kepler motion, we have
1
= A − B cos(ϕ − ϕ0 )
r
being A, B, ϕ0 , constant. Moreover, for ϕ = 0, r must be infinite, that is
A − B cos ϕ0 = 0 .

(32)

(33)

then it must be
b = lim r sin ϕ = lim
r=∞

ϕ=0

sin ϕ
1
=−
A − B cos(ϕ − ϕ0 )
B sin ϕ0

(34)

The areas constant is then evidently Vb and owing to the well known formulae of the Kepler
motion one has
m
A= 2 2
(35)
V b
2 TISSERAND, Traité de mécanique céleste, Tome IV, pp. 198-216; CALLANDREAU,
Ann. de l’observatoire T. 22; A. NEWTON, Mem. of the Nat. Acad. of Sci., T. 6.
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From (33) and (34) we can now obtain the other two constants. One finds exactly
s
1
m2
V2 b
, B=
1+ 2 4
tan ϕ0 = −
m
b
b V
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(36)

Now, let ψ be the angle between the direction of the comet when approaching and its direction
when going away. Obviously one will have:
ψ = 2ϕ0 − π
and then

m
ψ
= − cot ϕ0 = 2
(37)
2
V b
We can conclude that the perturbation consists in keeping V unchanged and in altering θ of
the angle ψ given by (37). Now it is convenient to calculate the averages of the squares of ψ.
Therefore we observe that one has:
m
ψ = 2 arctan 2
V b
and then
«
Z ∞
Z ∞ „
m 2
ψ 2 db = 4
arctan 2
db =
V b
−∞
−∞
«2
«
Z ∞ „
Z ∞„
1
1 2
4m
8m
arctan
arctan
= 2
dx = 2
dx
x
x
V
V
−∞
0
by putting
«
Z ∞„
1 2
h=
arctan
dx ≈ 2.5
x
0
then one has
Z ∞
8mh
ψ 2 db =
(38)
V2
−∞
Now, b being very small, the probability that its value is comprised between b and b + db is
obviously
db
2πR sin θ
R being the radius of Jupiter’s orbit. The average of the squares of ψ therefore is
Z ∞
4mh
db
=
ψ¯2 =
ψ2
(39)
2πR sin θ
πR V2 sin θ
−∞
tan

§ 6. In its motion around the Sun the energy constant of our comet is given by
v2
M
−
=W.
2
R
As it is well known, a Kepler orbit is elliptic, parabolic or hyperbolic according as the energy
constant is negative, null or positive; now, remembering (31) we find for our comet:
„
«
1
M
u2 + V 2 + 2uV cos θ − 2
W=
2
R
but since for Jupiter we have the relation:
u2
M
= 2
R
R
we can write

M
.
R
Since in the subsequent perturbations V is not changed and only θ changes, in order that the
comet can become hyperbolic it is necessary that W, negative at present, can become positive in
correspondence to suitable values of θ. Then it must be
2W = V2 + 2uV cos θ −

V2 + 2uV >

M
R
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but we remark that

r
u=

M
R

therefore the above inequality can be written:
r !2
M
2M
>
V+
R
R
from which

∗

and reduces at the end to
“√
”rM
”
“√
V>
2−1
2−1 u .
=
R

(40)

Then we will assume this inequality as certainly fulfilled. Moreover, for some values of θ, W
must certainly be negative, otherwise the cometary orbit could not be elliptic; so it will be:

From which as above
V>

“√

V2 + 2uV <

M
R

”rM

“√

2+1

=

”
2+1 u .

(41)
R
Therefore let us assume that V fulfil (40) and (41) and indicate with θ0 that particular value
of θ for which the comet’s orbit is hyperbolic, i.e. one has W = 0, that is
V2 + 2uV cos θ0 =
and then

M
R

M
R

− V2
u2 − V2
=
.
(42)
2uV
2uV
When θ is greater than θ0 , one has W ¡ 0 and then the comet describes an elliptic orbit; on
the contrary, when θ is less then θ0 the orbit is hyperbolic.
Now we will suppose that initially the orbit is elliptic and very stretched, so that θ is very
close to θ0 , and precisely slightly greater. We call θ∗ this initial value. Whenever the comet goes
beyond Jupiter’s orbit θ is changed of an amount ψ; the average of the squares of ψ depends indeed
on θ, as (39) shows, but since we have supposed that θ remains always very close to θ0 we can put
cos θ0 =

ψ¯2 =

4mh
πR V2 sin θ0

(43)

if after a certain time θ became ¡ θ0 the comet should become hyperbolic and should go away
forever. Therefore we are in condition of being able to apply the theorem of §2. Then we must
4mh
put a = θ∗ − θ0 ; k2 = πR V
2 sin θ . And the theorem we proved says us that: The probability that
0
the comet will be changed in hyperbolic after having crossed n times Jupiter’s orbit is:
Z ∞
2
2
e−x dx
(44)
√
π r θ∗ −θ0
8mhn
πR V2 sin θ0

and then tends to 1 when n tends to infinity. In the strict sense one could object that the
above calculations would fail if the value of V were such that, when the orbit is parabolic, the
comet took the same time as Jupiter to go from A to B, being A the point where the comet enters
Jupiter’s orbit, and B the point where it goes out. In Figure 1, S is the Sun, AJB Jupiter’s orbit,
AKB the orbit of the comet. But it is easy to realize that this case certainly cannot happen if the
comet describes its trajectory with direct motion. In fact, if v is the absolute velocity in A of the
comet in its parabolic orbit, one has
v 2 = u2 + V2 + 2uV cos θ0
∗ Editor’s Note: At this point, in the Fermi’s manuscript there is a blank line which, obviously,
would have contained the expansion of the square of the last formula.
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and then from (42)
v 2 = 2u2
that is:
v>u.

(45)

Now, the velocity of the comet is not constant, but in whole tract AKB it is always greater
than in the extremes A and B, thus inequality (45) holds true with all the more reason in whole
tract AKB. On the other hand, if the motion is direct one has that arc AKB is shorter than arc
AJB, and since it is covered with even higher velocity it is certain that the comet will arrive at B
before Jupiter. If on the contrary the motion of the comet were retrograde, and it described for
instance the orbit AK’B’ in the sense indicated by the arrow one would have
arc AK’B’ > arc AJB’
and then, though (45) still holds, it is evident that for a particular value of the parameter of
the cometary orbit it can happen that the two heavenly bodies take the same time to go from A
to B’; of course this can only happen for a particular value of V.

Now if this happened it could occur that the comet, elliptic at first, crossed Jupiter when
passing through A and got changed in a parabolic one; but in this case it would meet Jupiter
again when passing through B and could in case have a new perturbation which would change it
in an elliptic comet again. For this reason we consider this particular value of V ruled out from
our calculations.
§ 7. At last we want to consider the possibility that before being changed in hyperbolic the
comet can crash into Jupiter and then be destroyed. What is the probability of this event? For
this let us look first for the probability that the comet, crossing once Jupiter’s orbit, collides with
the planet. If we indicate with ρ the sum of the radii of Jupiter and the comet, to have the collision
it is necessary that the periheliac distance of Jupiter from the comet, as calculated though the
formulae of the Kepler motion is smaller than ρ. Call δ this periheliac distance; from the formulae
of §5 it results
1
=A+B
δ
and then from (35) and (36)
r
1
m
1
m
= 2 2 +
1+ 4 2
δ
b
V b
V b
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If we want the collision occurs it must be δ < ρ and then
r
m
m
1
1
1+ 4 2 >
+
2
2
b
ρ
V b
V b
by multiplying this inequality by the quantity, certainly positive
«
„ r
1
1
m
m
ρ
1+ 4 2 > − 2 2
b
ρ
V b
V b
we find

r
ρ 1
m
m
1
1+ 4 2 > − 2 2
b2 b
ρ
V b
V b
and summing the last two inequalities
„
«
2m
1
1
+ρ
>
2
b2
ρ
V

wherefrom finally
r

2mρ
(46)
V2
We recall now that the probability that the value of b is comprised between b and b + db is
db
and then probability p that the collision occurs in only one crossing of Jupiter’s orbit is
2πR sin θ0
given by
r
1
2mρ
p=
ρ2 +
(47)
πR sin θ0
V2
We will assume p very small, and this obviously is equivalent to consider Jupiter’s radius
negligible if compared with the radius of its orbit. Let us now look for the probability that
the collision occurs at the n-th time the comet crosses Jupiter’s orbit. Therefore it is evidently
necessary that the collision has not occurred before and the probability of this is obviously (1 −
p)n−1 , that is in our approximation
e−pn .
ρ2 +

|b| <

That the comet has not yet been changed in hyperbolic; and, having supposed p extremely
small, remembering (44) and putting for the sake of brevity:
θ∗ − θ0
q

=H

8mh
πRV2 sin θ0

we can hold that the probability of this event is given by
2
1− √
π

Z

∞
H
√
n

2
2
e−x dx = √
π

H
√
n

Z

2

e−x dx .

0

And finally that the collision really occurs, for which we have the probability p. After all the
probability that the collision occurs the n-th time is
2e−pn p
√
π

H
√
n

Z

2

e−x dx

0

and therefore the probability that the collision occurs a time whatsoever will be the sum of
the above expression from n = 1 to n = ∞, or replacing the sum by an integral
2p
√
π

∞

Z

e−pn dn

H
√
n

Z

0

2

e−x dx .

0

In this expression it is convenient to reverse the integration by the formula
∞

Z

H
√
n

Z
dn

0

0

∞

Z
dx =

H
x2

Z
dx

0

0

dn
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and in this way one finds for the wanted probability the expression:
„
«
Z ∞
Z ∞
Z H
2
2
2p
2
x2
− pH
e−x
1 − e x2 dx =
e−x dx
e−pn dn = √
√
π 0
π 0
0
Z ∞
√
2
−x2 − pH
x2 dx = 1 − e−2 pH .
e
=1− √
π 0
The probability that the collision never occurs is then:
e−2

√
pH

.
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7) Formation of images with Röntgen rays
“Formazione di immagini coi raggi Röntgen,”
Nuovo Cimento 25, 63-68 (1923)
Röntgen rays do not undergo reflections nor refractions, at least in the usual sense of the word,
since the reflection of diffraction occurs only under well definite incidence angles. As a consequence
in the X-ray optics the problem of obtaining images cannot be solved, as in the ordinary optics,
by means of spherical lenses or mirrors. Gouy∗ suggested theoretically a method for obtaining
monochromatic images with X-rays, by means of a cylinder of mica. In a few words it is the
following. Let us consider a circular cylinder of mica and suppose that in a point of its axis there
is a source S of monochromatic Röntgen rays. They will be reflected on the mica in those points
where Bragg’s relation is fulfilled: these points obviously are on circular sections of the cylinder.
And the rays reflected on one of these circles will gather in a point I on the axis, symmetric of S
with respect to the plain of the reflecting circle, where one will have a real monochromatic image of
S. If S were in the neighborhood of the axis, still an image of it will be formed in the neighborhood
of the axis† . Suppose now to have, in the neighborhood of the axis, a planar figure from which
points monochromatic X-rays come out, and to place a plate in the position where its image is
formed. Let r be the mirror-object distance, R the radius of the cylinder of mica, θ the Bragg
incidence angle, r 0 the image-mirror distance. If we project everything on a plane orthogonal to
the axis of the cylinder of mica, the projections of r and r 0 will be r cos θ, r 0 cos θ; and then,
according to the usual formulae of the spherical mirrors it will be
1
1
2
+ 0
=
,
r cos θ
r cos θ
r
from which

Rr
.
2r cos θ − R
The linear coefficient of enlargement of the segments orthogonal to r and the axis of the cylinder
will be
R
r0
=
(1)
µ1 =
r
2r cos θ − R
If the object is close to the axis we have approximately µ1 = 1. To calculate the enlargement
of the segments parallel to the plane of the axis and of r, let us call ϕ and ϕ0 the angles that the
lines orthogonal to the plane of the object and of the plate form with r and r 0 respectively. Then
one immediately sees that the looked for enlargement is
r0 =

µ2 =

cos ϕ0
cos ϕ

(2)

Suppose now to photograph an aperture placed orthogonally to the plane of r and the axis by a
flat plate of mica of length l. If h is the length of the aperture, the length of its image will be
2l + k. If instead we bend the mica in order that the image is formed in the focus, the length will
become h. The intensities of the two images will be obviously approximately in the inverse ratio
of their lengths. Their ratio is then
2l + k
.
h
If, for instance, h = 1 cm, l = 4 cm the ratio is 9. Then the intensity is almost decupled. I shall
now describe the way in which I have actually succeeded in obtaining these images. The source of
the rays consisted in a tube of the shape and size approximately indicated in Figure 1. I created
the vacuum by a rotational pump Cacciari, type Gaede. Cathode K was concave, with a radius
of 6 or 7 cm when one wanted to concentrate the rays on the anticathode as much as possible;
if instead one wanted the whole surface of the anticathode be hit by the rays, the cathode was
∗ C.

R. GOUY, C. R., 161, 176 (1915).
course, provided that the cylinder is confined in a region small enough comprised between
two generatrices.
† Of
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made with a smaller radius. The anticathode was generally of iron and sometimes was cut almost
orthogonally to the cathode rays, in order to do without the slit. Instead, in other experiments it
was cut as the spout of a flute, in order to present a large surface to the detecting instruments.

Fig. 1

Since the radiations typical of the iron are largely absorbed by the glass of the bulb, I thought
it right to equip the tube with little window of aluminium R. During the work the tube was
kept attached to the pump, so that after a short time, it assumed a running regular enough.
The tube was driven by a big induction coil with a Wehnelt switch; in ordinary conditions the
equivalent spark was 10 or 12 cm long. The tube was contained in a small wooden box sheathed
by lead 6 mm thick on the side of the instruments and 3 mm thick on the other sides. To obtain
fairly precise images it was necessary the reflecting plate of mica be regular as much as possible.
Therefore, it was carefully chosen among many samples; nevertheless I have never succeeded in
finding plates that, in reflecting the light, were more regular than an ordinary windowpane. This
is the cause of the irregularities and smudges we can observe in the reported images. The mica
was bended by binding it fast on a turned brass cylinder. Then a layer of sealing wax (little more
than half a centimetre thick) was spread on the convex part. When the sealing wax had cooled one
could remove the fastenings and detach the mirror from the cylinder. In this way I succeeded in
obtaining cylindrical mirrors relatively precise given the limit imposed by the natural irregularity
of the plates used. They had mostly dimensions of 4 × 6 cm but usually their aperture was reduced
to 4 × 2 cm for making use of the less irregular parts, which were judged by trying the mirrors
by the reflection of the ordinary light. The mirror was mounted on a graduate circle in order
to be able to put it right. (The angle of which was turned for the study of the third order of
the Kα of the iron was of 16◦ 500 ). The detection of the rays was performed photographically. I
carried out first a few experiments of orientation with planar crystals to verify the nature of the
anticathode and the intensities of the reflections of the various orders. It resulted that the double
Kα Kα0 (λ = 1.932; 1.928), scarcely resolvable in the experimental conditions in which I was, the
Kβ (λ = 1.748) were emitted. The Kγ was scarcely visible due to the low intensity. The most
intense orders were the first and the third. I preferred to work in the third in order not to be
obliged to use incidence angles too much close to 90◦ . Then I experienced the indicated method
to obtain images first on the anticathode which was also working as an aperture. The distances
anticathode crystal and crystal image varied from 18 to 22 cm. The exposure lasted about ten
minutes.
I could immediately ascertain the very strong increase of intensity which can be obtained in
this way. A rough idea of this is given by Figs. 2, 1, and 2, 2 which represent two photographs of
the 3rd order of iron Kα obtained approximately in the same conditions of exposure and operation
of the tube, the first one with flat mica and the second one with curved mica. The increase in
intensity was indeed such that, particularly using mirrors of 6 cm of aperture, accustoming a few
minutes the eyes to the darkness of the room, it was possible to see clearly the images on a screen
of barium platinum cyanide. From Fig. 2, 2 it is clearly visible that the emission intensity of the
central part of the anticathode, where the cathode rays were concentrated, is considerably greater
than that of the side parts. It is possible to see this because the method of images allows to observe
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Fig. 2

1-4

the slit “ Lockyer’s art”, that is, to observe point by point what happens in the slit. To put this
more in evidence I made the following experience: I placed before the window of aluminium a
leaden thread of about 1 mm of diameter and shifted the photographic plate to carry it in the
point where the image of the aluminium window was forming. Fig. 2, 3 gives the result of this
experiment; in the figure the gap in the image produced by the leaden thread is clearly visible.
Finally Fig. 2, 4 represents an attempt of obtaining an image of an object in two dimensions. The
anticathode of iron was therefore cut as the spout of a flute and two cross shaped furrows were cut
in it and inside them two copper wires were driven in order to form a sort of X. In Fig. 2, 4, one
can see the image of this X, obviously together with several irregularities due to the irregularity
of the reflector.

This work was carried out at the Institute of Physics of the University of Pisa in Winter 1922.
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30) On the quantization of an Ideal Monoatomic Gas
“Sulla quantizzazione
del gas perfetto monoatomico,”
Rend. Lincei 3, 145-149 (1926).

§ 1. – In the classical thermodinamics one takes (referring to a single molecule) as specific heat
at constant volume of an ideal monoatomic gas c = 3/2k. However it is clear that, if one wants to
admit the validity of the Nerst principle also in the case of an ideal gas, one must think that the
above expression of c is only an approximation valid at high temperatures and that, as a matter
of fact, c tends to zero for T = 0, so that one can extend up to the absolute zero the integral
expressing the value of entropy without the indeterminacy of the constant. And for realizing how
such a variation of c can occur, it is necessary to admit that the motions of an ideal gas must be
quantized as well. Then one realizes that such a quantization, besides the energy content of the
gas, will influence the equation of state as well, thus giving rise to the so called phenomena of
degeneration of the ideal gas at low temperatures.
The purpose of this work is the exposition of a method for carrying out the quantization of
an ideal gas which, in our opinion, is as much as possible independent of unjustified hypotheses
on the statistical behaviour of the molecules of the gas.∗
Recently various attempts have been made for arriving to establish an equation of state for
the ideal gas.
The formulae given by the various authors differ from ours and from the classical equation of
state only for very low temperatures and very high densities; unfortunately these are the same
circumstances in which the deviations of the laws of the real gases from the ones of ideal gases are
more important; and since, on conditions one can easily carry out experimentally, the deviations
from the equation of state pV = kT due to the degeneration of the gas, even if not negligible, are
always considerably smaller than those due to the fact that the gas is real and not ideal, the former
have been so far hidden by the latter. This does not exclude the possibility that, in a more or less
near future, and with a more profound knowledge of the forces which act among the molecules of
a real gas, one can pull the two deviations apart, thus arriving to choose experimentally among
the different theories of the degeneration of the ideal gases.
§ 2. – For being able to carry out the quantization of the motions of the molecules of an ideal
gas one must be in such a condition to be able to apply Sommerfield’s rules to their motion; and
this can be made in an infinite number of ways all of which, besides, lead to the same result. One
can, for instance, suppose the gas contained in a parallelepiped vessel with elastic walls, quantizing
the three fold periodic motion of the molecule bouncing off the six walls; or, more generally, one
can subject the molecules to a system of forces such as their motion becomes periodic and then
can be quantized. The hypothesis that the gas is ideal allow us in all these cases to neglect the
forces acting among the molecules, so that the mechanical motion of each of them happens as
if the other ones should not exist. Nevertheless one can recognize that the mere quantization,
following Sommerfield’s rules, of the motion of the molecules, considered mutually independent,
is not sufficient for obtaining correct outcomes; since, even if in this case the specific heat tends
to zero for T = 0, yet his value , besides on temperature and density, comes to depend on the
total quantity of gas as well, and tends, at any temperature, to the limit 3/2k when, even if the
density remains constant, the quantity of gas tends to infinite. Then it appears necessary to admit
that some complement to Sommerfield’s rules is needed, when calculating systems which, as ours,
contain elements indistinguishable between them.†
To have an hint on how to formulate the most plausible hypothesis, it is worth to consider
how things go in other systems which, as our ideal gas, contain indistinguishable elements; and
∗ See

for instance A. Einstein, “Sitzber, d. Pr. Akad, d. Wiss.,” 22, 261 /1924); 23, 3, 18 (1925);
M. Planck, “Sitzber, d. Pr. Akad, d. Wiss.,” 23, 49, (1925).
† E. Fermi, “N. C.,” 1, 145 (1924).
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precisely we want to examine the behaviour of the atoms heavier than hydrogen which all contain
more than an electron. If we consider the deep parts of a heavy atom, we are in such conditions
that the forces acting among the electrons are very small in comparison with the ones exerted by
the nucleus. In these circumstances the mere application of the Sommerfield’s rules would lead to
expect that, in the normal state of the atom, a considerable number of electrons should lie in an
orbit of total quantum number 1. As a matter of fact, instead one sees that the ring K is already
saturated when contains two electrons, and likewise the ring becomes saturated when contains
8 electrons, etc. This fact has been interpreted by Stoner,‡ and in an even still more precise
way by Pauli,§ as follows: let us characterize an electronic orbit possible in a complex atom by
means of 4 quantum numbers; n, k, j, m, which have respectively the meanings of total quantum,
azimuthal quantum, internal quantum and magnetic quantum. Given the inequalities to which
these 4 numbers must satisfy, one finds that, for n = 1, only two terns of values exist of k, j, m:
for n = 2, the terns are 8, etc. To realize the above fact, therefore it is sufficient to admit that
in the atom two electrons whose orbits are characterized by the same quantum numbers cannot
exist; in other words one must admit that an electronic orbit is already “occupied” when contains
only one electron.
§ 3. – We now intend to investigate if such hypothesis can give good outcomes in the problem
of the quantization of the ideal gas as well: therefore we shall admit that in our gas almost a
molecule whose motion is characterized by certain quantum numbers can exist, and we shall show
that this hypothesis leads to a perfectly consequent theory of the quantization of the ideal gas, and
in particular it gives reasons for the expected decrease of the specific heat at low temperatures,
and leads to the exact value for the constant of entropy of the ideal gas.
Putting off the publication of the mathematical details of the present theory to a next occasion,
in this Note we limit ourselves to expose the principles of the method we have followed and the
results obtained.
First of all we must put our gas in such a condition that the motion of its molecules results
to be quantizable. As we have seen, this can be made in an infinity of ways; but, since the result
is independent of the particular way one adopts, we shall choose the most convenient for the
calculation; and precisely we shall admit that our molecules are attracted by a fixed point O, with
a force proportional to the distance r of the molecule from O; so that each molecule will be a spatial
harmonic oscillator whose frequency we call ν. The orbit of the molecule will be characterized by
three quantum numbers, s1 , s2 , s3 , which are linked to its energy through the relation
w = hν(s1 + s2 + s3 ) = shν .

(1)

Then the energy of a molecule can take all the values integer multiple of hν, and the value shν
can be assumed Q = 12 (s + 1)(s + 2) ways.
Therefore the zero energy can be realized in only one way, the energy hν in 3 ways, the energy
2hν in 6 ways, etc. To realize the influence of our hypothesis, i.e. that to given quantum numbers
can correspond only one molecule, let us consider the extreme case of N molecules to the absolute
zero. At this temperature the gas must lie in the state of minimum energy. If we had no limitation
to the number of molecules which can have a certain energy, all the molecules would lie in the
state of zero energy, and all the three quantum numbers of each of them would be zero. On the
contrary, as provided by our hypothesis, the existence of more than one molecule with all the three
quantum numbers equal to zero is forbidden; therefore if N = 1, the only one molecule will occupy
the place of zero energy; if instead N = 4, one of the molecules will occupy the place of zero
energy, and the other three the place of energy hν; if N = 10, one of the molecules will occupy the
place of zero energy, three of them the places of energy hν, and the remaining six the six places
of energy 2hν, etc. Now let us suppose to have to distribute the total energy W = Ehν (E =
integer) among our molecules; and call Ns ≤ Qs the numbers of molecules of energy shν. We find
easily that the most probable values of Ns are
αQs
,
(2)
Ns = βs
e +α
‡ E.

C. Stoner, “Phil. Mag,” 48, 719 (1924).
Pauli, “Zs. f. Phys.,” 31, 765 (1925).

§ W.
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where α and β are constants depending on W and N . To find the relation between these constants
and the temperature, we observe that, as a consequence of the attraction toward O, the density
of our gas will be a function of r, which must tend to zero for r = 8. Accordingly, for r = 8
the phenomena of degeneration must cease, and in particular the distribution of velocities, easily
deducible from (2), must change into Maxwell law. Thus one finds that it must be
β=

hν
.
kT

(3)

Now we are able to deduce from (2) the function n(L)dL, which reoresents, for a given value of
r, the density of the molecules of energy between L and L + dL (analogous to the Maxwell law),
and from this we can deduce the mean kinetic energy L̄ of the molecules at distance r, which is a
function, besides of the temperature, of the density n as well. One finds precisely
„
«
2πmkT
3h2 n2/3
P
.
(4)
L̄ =
4πm
h2 n2/3
In (4) we have called P (x) a function, of a bit complicated analytic definition, which for values of
x either very large or very small, can be calculated through the asymptotic formulae
„
«
1
P (x) = x 1 + 5/2 3/2 + . . . ;
2 x
#
"
„ «
„
«1/3
5 4π 4
1 9π 1/3
2
x + ... .
(5)
1+
P (x) =
5
2
9
3
To deduce from (4) the equation of state, we apply the virial relation. Then we find that the
pressure is given by
„
«
2
h2 n5/3
2πmkT
p = nL̄ =
P
.
(6)
2/3
2
3
2πm
h n
At the limit for high temperatures, that is for small degeneration, the equation of state takes then
the form
»
–
1
h3 n
p = nkT 1 +
+
.
.
.
.
(7)
16 (πmkT )3/2
Then the pressure results higher than the one coming from the classical equation of state. For
an ideal gas having the atomic weight of the helium, at the temperature of absolute 5◦ and at
pressure of 10 atmospheres, the difference would be of 15%. From (4) and (5) one can also deduce
the expression of the specific heat for low temperatures. One finds
„
«1/3
16π 8
mk2
cv =
+ ...
(8)
9
h2 n2/3
Likewise we can find the absolute value of entropy. Carrying out the calculations, at high temperatures one finds
"
#
Z T
1
5
(2πm)3/2 k5/2 e5/2
dL̄ = n
log T − log p + log
,
(9)
S=
2
h3
0 T
which coincides with the value of entropy given by Tetrode and Stern.
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43) A Statistical Method for the Determination of Some Properties
of the Atom (∗ )
“Un metodo statistico per la determinazione di alcune proprietà dell’atomo,”
Rend. Lincei 6, 602–607 (1927).
The purpose of this work is to show some results about the distribution of electrons in a
heavy atom which can be obtained dealing with these electrons, given their great number, using a
statistical method; or in other words, considering them as a gas formed by electrons surrounding
the nucleus.
Naturally this gas of electrons comes to find itself in a state of complete degeneracy, so much
so that we cannot deal with it using classical statistics; on the contrary we must use the form of
statistics proposed by the author († ) and based on the application of Pauli’s exclusion principle to
the theory of gas. This has the effect that the kinetic energy of the electrons, in the conditions in
which they come to find themselves inside the atom, actually turns out to be bigger than it would
have been according to the principle of equipartition of energy and practically independent of the
temperature, at least as long as it does not go beyond certain limits.
In this Note we shall show first of all how the distribution of electrons around the nucleus
can be calculated statistically; and based on this we shall then calculate the necessary energy to
ionize completely the atom, that is to tear off all the electrons from it. The calculation of the
distribution of electrons around the nucleus also allows the determination of the behavior of the
potential at various distances from the nucleus and therefore to know the electric field in which
the electrons of the atom come to find themselves. I hope to be able to show in a future work the
application of this to the approximate calculation of the binding energies of single electrons and
to some questions about the structure of the periodic system of elements.
To determine the distribution of electrons, we must first of all search for the relation between
their density and the electric potential at every point. If V is the potential, the energy of an
electron will be −eV and therefore according to classical statistics, the density of electrons would
have to then be proportional to eeV /kT . But, according to the new statistics, the relation between
density and temperature is the following one:
n=

(2πmkT )3/2
F (αeeV /kT )
h3

(1)

where α is constant for the whole gas; the function F in our case (complete degeneracy), has the
asymptotic expression
4
F (A) = √ (log A)3/2 .
(2)
3 π
Then in our case we find
n=

27/2 πm3/2 e3/2 3/2
v
3h3

(3)

where
kT
log α
(4)
e
represents the potential, apart from an additional constant. Now we observe that since in our case
we are dealing with a gas of electrons, we must take into account the fact (‡ ) that the statistical
weight of the electron is 2 (corresponding to the two possibilities for the orientation of the spinning
electron); and so for the density of electrons we must actually take a value equal to twice the value
(3); namely we have:
29/2 πm3/2 e3/2 3/2
n=
v
.
(5)
3h3
v=V +

∗

Presented in the session of December 4, 1927 by the Fellow O.M. Corbino.
Fermi, Zs. f. Phys. 36, 902 (1926).
‡ W. Pauli, Zs. f. Phys. 41, 81 (1927).
† E.
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If in our case classical statistics were valid, we would have the average kinetic energy of the
3
electrons = kT . On the contrary according to the new statistics it turns out to be
2
L=

3
kT G(αeeV /kT )/F (αeeV /kT )
2

where G represents a function that, in the case of complete degeneracy, takes the asymptotic
expression
8
F (A) =
√ (log A)5/2 .
15 π
Therefore we find for our case
3
L = ev .
(6)
5
Now we observe that the electric density at a point is evidently given by −ne so the potential
v satisfies the equation
213/2 π 2 m3/2 e5/2 3/2
∆v = 4 π ne =
v
.
(7)
3h3
Since in our case it will then evidently be only a function of the distance r from the nucleus; then
(7) can be written
213/2 π 2 m3/2 e5/2 3/2
2 dv
d2 v
=
+
v
.
(8)
dr2
r dr
3h3
If we indicate by Z the atomic number of our atom we shall evidently have
lim rv = Ze

(9)

r=0
Z∞

Z

r2 ndr = Z

ndτ = 4π

(dτ = volume element) .

0

This last equation, taking into account (5) can be written:
213/2 π 2 m3/2 e5/2
3h3

Z∞

v 3/2 r2 dr = Ze .

(10)

0

So the potential v will be obtained searching for a function which satisfies Eq. (8) with the
two conditions (9) and (10).
To simplify the search for v we change the variables r, v into two others x, ψ proportional to
them, setting
r = µx
,
v = γψ
(11)
where we have
µ=

32/3 h2
213/3 π 4/3 me2 Z 1/3

,

γ=

213/3 π 4/3 mZ 4/3 e3
.
32/3 h2

Equations (8), (9) and (10) thus become
8 00
0
3/2
2
>
>ψ +x ψ = ψ
>
>
>
>
>
>
>
lim xψ = 1
< x=0

(12)

(13)

>
>
>
Z∞
>
>
>
>
ψ 3/2 x2 dx = 1 .
>
>
:
0

These equations simplify further by setting
ϕ = xψ .

(14)
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8 00
3/2 √
>
>ϕ = ϕ / x
>
>
>
>
>
>
< ϕ(0) = 1

(15)

>
>
Z∞
>
>
√
>
>
>
ϕ3/2 xdx = 1 .
>
:
0

It is easy to see that the last condition is certainly satisfied if ϕ goes to zero for x = ∞. So it
remains only to search for a solution to the first of (15), with the conditions at its limits ϕ(0) = 1,
ϕ(∞) = 0.
Since I did not succeed in finding the general integral of the first of (15), I have solved it
numerically. The graph in Figure 1 represents ϕ(x); for x close to zero we have
ϕ(x) = 1 − 1.58 x +

4 3/2
x
+ ...
3

(16)

Thus the problem of the determination of the electric potential of the atom at a fixed distance
from the nucleus is solved. Its result is given by
„ «
γµ
Ze
r
ϕ(x)
=
ϕ(x) =
ϕ
.
(17)
v=γ
x
r
r
µ

Fig. 1

So we can therefore say that the potential at every point is equal to that produced by an
effective charge
„ «
r
Ze ϕ
.
µ
Now we move on to calculate the total energy of the atom; this should be calculated as the
sum of the kinetic energy of all the electrons and the potential energy of the nucleus and electrons.
However, it is easier taking into account the fact that in an atom the total energy is equal, except for
the sign, to the kinetic energy (which anyway in our case can be verified with an easy calculation).
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Z
W =−

L ndτ

and taking into account (5), (6), (11), (12), (14) we find
3
W =−
5

Z∞

213/3 31/3 π 4/3 me4 Z 7/3
r nv dr = −
5h2
2

Z∞

ϕ5/2
√ dx .
x

0

0

The last integral can be evaluated taking into account that ϕ satisfies (15) and (16); one finds
Z∞
0

ϕ5/2
5
√ dx = −
x
7

„

dϕ
dx

«
=
x=0

5
1.58
7

and therefore we have
W = −1.58

21/3 31/3
213/3 31/3 π 4/3 me4 Z 7/3
= −1.58
Rh Z 7/3
7h2
7π 2/3

that is
W = −1.54 RhZ 7/3

(18)

where by R we indicate Rydberg’s number, so that −Rh is the energy of the fundamental state of
hydrogen.
(18) gives us the necessary energy to tear off from an atom all its electrons. Naturally given
the statistical criteria which it has been deduced from, it begins to be valid only for considerable
values of Z; in fact we find that for hydrogen (18) gives W = −1.54 Rh, while we actually have
W = − Rh; the discrepancy is thus 54%. For helium the energy to produce complete ionization is
obviously equal to the sum of the ionization energies of He and He+ ; so we have
−W = (1.8 + 4) Rh = 5.8 Rh
but from the theory we obtain 1.54 · 27/3 = 7.8 Rh; therefore the discrepancy in this case comes
down to 35%. For the elements immediately following helium (Li, Be, B, C), nearly all of the atomic
energy is due only to the two K electrons (for carbon about 86%) so the statistical method of course
must still certainly give considerable discrepancies. For C in fact we still find a discrepancy close
to 34%.
But we must expect that for elements of considerable atomic weight, the discrepancies between
the statistical theory and empirical data are very much reduced; unfortunately the data is lacking
for a precise comparison and we can base ourselves only on a rough valuation of the shield numbers
for various orbits; such an evaluation, however, shows much better agreement.
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80a) An attempt at a theory of β rays
“Tentativo di un a teoria dei raggi β,”
Nuovo Cimento 11, 1–19 (1934)
ABSTRACT
A quantitative theory of the emission of β rays is proposed in which the existence of the
“neutrino” is assumed and the emission of electrons and neutrinos in β decay is treated in a way
similar to the one followed in the theory of radiation for describing the emission of a quantum
of light from an excited atom. We deduce the formulas for the lifetime and for the shape of the
continuous spectrum of β rays and compare them with experimental data.

The fundamental hypotheses of the theory

§ 1. – In the attempt to construct a theory of the nuclear electrons and the emission of β rays, one
encounters, as is known, two principal difficulties. The first depends on the fact that the primary β
rays are emitted from nuclei with a continuous velocity distribution. If we do not want to abandon
the energy conservation principle, we are obliged to admit that a fraction of the energy which
is released in the process of β decay escapes our present possibilities of observation. According
to Pauli’s proposal one can for instance assume the existence of a new particle, the so called
“neutrino”, having vanishing electric charge and mass on the order of magnitude of the electron
mass or less. Thus we assume that in any β process are simultaneously emitted an electron, which
is detected as a ray, and a neutrino which eludes the observation carrying a part of the energy
away. In the present theory, we shall adopt the neutrino hypothesis.
A second difficulty for a theory of nuclear electrons depends on the fact that the present relativistic theories of the light particles (electrons or neutrinos) do not give a satisfactory explanation
for the possibility that these particles are bound in orbits of nuclear size.
Consequently it seems more appropriate to agree with Heisenberg∗ and assume that all nuclei
consist only of heavy particles, protons and neutrons. Then with the aim of understanding the
possibility of emission of β rays, we will attempt to construct a theory of the emission of light
particles from a nucleus in analogy with the theory of the emission of a quantum of light from an
excited atom in the usual process of radiation. In the theory of radiation, the total number of the
light quanta is not constant; the quanta are created when being emitted from an excited atom and
disappear when absorbed. In analogy with that we will try to establish the theory of β rays on
these assumptions:
(a) The total number of electrons and neutrinos is not necessarily constant. Electrons (or neutrinos) can be created or destroyed. On the other hand this possibility has no analogy with the
possibility of the creation or destruction of an electron-positron pair; in fact if we interpret a
positron as a Dirac “hole”, we can simply consider this latter process as a quantum jump of
an electron from a state of negative energy to a state of positive energy, conserving the total
number (infinitely large) of the electrons.
(b) The heavy particles, neutron and proton, can be considered, following Heisenberg, as two
different internal states of the heavy particle. We shall formulate this fact by introducing an
internal coordinate ρ of the heavy particle, which can assume only two values: ρ = + 1, if the
particle is a neutron; ρ = − 1, if the particle is a proton.
(c) The Hamiltonian function of the overall system, consisting of heavy and light particles, must
be chosen so that every transition from neutron to proton be accompanied by the creation of
an electron and a neutrino; and the inverse process, transformation of a proton into a neutron,
∗ W.

Heisenberg, ZS. für Phys. 77, 1 (1932); E. Majorana, ZS. für Phys. 82, 137 (1933).
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be accompanied by the disappearance of an electron and a neutrino. It must be remarked
that in this way the conservation of the electric charge is assured.

The operators of the theory
§ 2. – A mathematical formalism which allows us to construct a theory in agreement with the
three points of the preceding section can be easily constructed by using the method of DiracJordan-Klein† called “the method of second quantization.” Then we shall consider the probability
amplitudes ψ and ϕ of the electrons and neutrinos in ordinary space, and their complex conjugates ψ ∗ and ϕ∗ as operators; while for describing the heavy particles we shall use the usual
representation in configuration space, in which obviously also ψ will be considered as a coordinate.
We introduce first two operators Q and Q∗ which operate on the functions of the two-valued
variable ρ as the linear substitutions
˛
˛
˛
˛
˛0 1˛
˛0 0˛
˛ ;
˛ .
Q = ˛˛
Q∗ = ˛˛
(1)
˛
00
1 0˛
One immediately realizes that Q determines the transitions from proton to neutron, and Q∗ the
inverse transitions from neutron to proton.
The meaning of the probability amplitudes ψ and ϕ interpreted as operators is, as we know,
the following. Let
ψ 1 ψ 2 . . . ψs . . .
be a system of individual quantum states of the electrons. Then put
X
X
ψs as ;
ψ∗ =
ψs∗ a∗s .
(2)
ψ=
s

s

The amplitudes as and the conjugate complex quantities a∗s are operators which act on the
functions of the occupation numbers N1 , N2 ,. . .,Ns ,. . . of the individual quantum states. If the
Pauli principle holds, each of the Ns can assume only one of the values 0, 1; and the operators as
and a∗s are defined as follows:
as Ψ (N1 , N2 , . . . , Ns , . . .)
= (−1)N1 +N2 +...+Ns−1 (1 − Ns ) Ψ (N1 , N2 , . . . , 1 − Ns , . . .)
a∗s Ψ

(3)

(N1 , N2 , . . . , Ns , . . .)
= (−1)N1 +N2 +...+Ns−1 (1 − Ns ) Ψ (N1 , N2 , . . . , Ns , . . .) .

a∗s

The operator
determines the creation, while the operator as determines the disappearance of
an electron in the quantum state s.
Corresponding to (2), for the neutrinos we shall set:
X
X
ϕ=
ϕσ bσ
;
ϕ∗ =
ϕ∗σ b∗σ .
(4)
The conjugate complex operators bσ and b∗σ operate on the functions of the occupation numbers
M1 ,M2 ,. . .,Mσ ,. . . of the individual quantum states ϕ1 , ϕ2 ,. . .,ϕσ ,. . . of the neutrinos. If we assume
that the Pauli principle also holds for these particles, the numbers Mσ can only assume the two
values 0, 1; and one has
bσ Φ (M1 , M2 , . . . , Mσ , . . .)
= (−1)M1 +M2 +...+Mσ−1 (1 − Mσ ) Φ (M1 , M2 , . . . , 1 − Mσ , . . .)
b∗σ

(5)

Φ (M1 , M2 , . . . , Mσ , . . .)
= (−1)M1 +M2 +...+Mσ−1 (1 − Mσ ) Φ (M1 , M2 , . . . , Mσ , . . .) .

The operators bσ and b∗σ determine the disappearance and the creation of a neutrino in the
state σ, respectively.
† Cf. e.g. P. Jordan and O. Klein, ZS. für Phys. 45, 751 (1927); W. Heisenberg, Ann. d. Phys.
10, 888 (1931).
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The Hamiltonian function

§ 3. – The energy of the overall system constituted by the heavy and the light particles is the sum
of the energy Hhea of the heavy particles + the energy Hlig of the light particles + the interaction
energy H between the light and heavy particles.
Limiting ourselves for the sake of simplicity to consider only the heavy particle, we shall write
the first term in the form
1−ρ
1+ρ
N+
P
(6)
Hhea =
2
2
in which N and P are the operators which represent the energy of the neutron and the proton.
We notice in fact that, for ρ = + 1 (neutron), (6) reduces to N ; while for ρ = − 1 (proton) it
reduces to P.
To write the energy Hlig in the simplest way, we shall consider the quantum states ψs and
ϕσ of the electrons and neutrinos to be stationary states. For the electrons we shall take the
eigenfunctions in the Coulomb field of the nucleus (conveniently shielded in order to take into
account the action of the atomic electrons); for the neutrinos we simply shall take De Broglie plane
waves, since possible forces acting on neutrinos are certainly very weak. Let H1 ,H2 ,. . .,Hs ,. . . and
K1 ,K2 ,. . .,Kσ ,. . . be the energies of the stationary states of the electrons and the neutrinos; then
we shall have
X
X
Hlig =
Hs Ns +
Kσ M σ .
(7)
s

σ

There still remains to write the interaction energy. It consists first of the Coulomb energy
between proton and electrons; however, in the case of heavy nuclei the attraction exercised by
only a proton has no importance‡ and in any case does not contribute in any way to the process
of β decay. In order not to uselessly complicate the problem, we shall neglect this term. We must
instead add a term to the Hamiltonian such that it satisfies the condition c) of § 1.
A term which necessarily joins the transformation of a neutron into a proton with the creation
of an electron and a neutrino has, according with the results of § 2, the form
Q∗ a∗s b∗σ

(8)

Qas bσ

(8)

while the conjugate complex operator
joins together the inverse processes (transformation of a proton into a neutron and disappearance
of an electron and a neutrino).
An interaction term satisfying the condition c) will then have the following form
X
X
c∗sσ a∗s b∗σ ,
(9)
H=Q
csσ as bσ + Q∗
sσ

sσ

c∗sσ

where csσ and
are quantities which may depend on the coordinates, the momenta, etc.. . . of
the heavy particle.
A further determination of H must necessarily follow the principle of greatest simplicity; in
any case the choices for H are restricted by the fact that H must be invariant with respect to a
change of coordinates and moreover it must also satisfy momentum conservation.
If at first we neglect spin and relativistic effects, the simplest choice for (9) is the following
H = g [Qψ(x)ϕ(x) + Q∗ ψ ∗ (x)ϕ∗ (x)] ,

(10)

L5 M T −2 ;

where g is a constant with dimensions
x represents the coordinates of the heavy particle;
ψ, ϕ, ψ ∗ , ϕ∗ are given by (2) and (4) and must be evaluated at the position x, y, z of the heavy
particle.
Obviously (10) is not the only possible choice for H; any scalar expression as
L(p)ψ(x)M (p)ϕ(x)N (p) + compl. conj.
‡ The

Coulomb attraction due to the many other protons must obviously be taken into account
as a static field.
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where L(p), M (p), N (p), represent convenient functions of the momentum of the heavy particle,
would have been admissible. On the other hand, since until now the consequences of (10) have
been in agreement with experience, there is no need to resort to more complicated expressions.
On the contrary, it is essential to generalize (10) in such a way to be able to treat relativistically
at least the light particles. Of course, also in this generalization, it does not seem possible to
eliminate all arbitrariness. However, the most natural solution of the problem appears to be the
following: Relativistically we have, in place of ψ and ϕ, two sets ψ1 ψ2 ψ3 ψ4 and ϕ1 ϕ2 ϕ3 ϕ4 of
four Dirac functions. Let us consider the 16 independent bilinear combinations of ψ1 ψ2 ψ3 ψ4 and
ϕ1 ϕ2 ϕ3 ϕ4 . When the frame of reference undergoes a Lorentz transformation, the 16 bilinear
combinations undergo a linear substitution which gives a representation of the Lorenz group. In
particular the four bilinear combinations
A0 = −ψ1 ϕ2 + ψ2 ϕ1 + ψ3 ϕ4 − ψ4 ϕ3
A1 =

ψ1 ϕ3 − ψ2 ϕ4 − ψ3 ϕ1 + ψ4 ϕ2

(11)

A2 = iψ1 ϕ3 + iψ2 ϕ4 − iψ3 ϕ1 − iψ4 ϕ2
A3 = −ψ1 ϕ4 − ψ2 ϕ3 + ψ3 ϕ2 + ψ4 ϕ1
transform like the components of a four-vector, that is like the components of the electromagnetic
four-potential. Then it is natural to introduce in the Hamiltonian of the heavy particle the four
quantities
g (QAi + Q∗ A∗i )
in a situation corresponding to that of the components of the four-potential. Here we run into
a problem depending on the fact that we do not know a relativistic wave equation for the heavy
particles. However, in the case in which the velocity of the heavy particle is small compared to c,
one can limit oneself to the term corresponding to eV (V the scalar potential) and write
H = g [Q (−ψ1 ϕ2 + ψ2 ϕ1 + ψ3 ϕ4 − ψ4 ϕ3 ) + Q∗ (ψ1∗ ϕ∗2 + ψ2∗ ϕ∗1 + ψ3∗ ϕ∗4 − ψ4∗ ϕ∗3 )] .

(12)

To this term one must add other ones of the order of magnitude v/c. At the moment, however,
we shall neglect these terms, since the velocities of the neutrons and protons inside the nuclei are
in general small compared to c (Cf. § 9).
In matrix language, (12) can be written
h
i
H = g Qψ̃ ∗ δϕ + Q∗ ψ̃δϕ∗ ,
(13)
where ψ and ϕ are meant as matrices with one column and the symbol ∼ transforms a matrix into
its transposed conjugate; and moreover
˛
˛
˛ 0 −1 0 0 ˛
˛
˛
˛1 0 0 0˛
˛ .
δ = ˛˛
(14)
˛
˛0 0 0 1˛
˛ 0 0 −1 0 ˛
With this notation, one finds by comparing (12) with (9)
csσ = g ψ̃s∗ δϕσ ;

c∗sσ = g ψ̃s δϕ∗σ ,

(15)

where ψ and ϕ represent the four-component normalized eigenfunctions of the states s of the
electron and σ of the neutrino, considered as functions of the position x, y, z occupied by the
heavy particle.

The perturbation matrix

§ 4. – With the Hamiltonian we have established one can develop a theory of β decay in complete
analogy with the theory of radiation. In that theory, as is known, the Hamiltonian consists of
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the sum: Energy of the atom + Energy of the radiation field + Interaction between atom and
radiation; the latter term is considered as a perturbation of the other two. Analogously we shall
take
Hhea + Hlig
(16)
as the unperturbed Hamiltonian. The perturbation is represented by the interaction term (13).
The quantum states of the unperturbed system can be enumerated in the following way:
(ρ, n, N1 , N2 . . . Ns . . . M1 , M2 . . . Mσ . . .) ,

(17)

where the first number ρ takes one of the values ±1 and indicates if the heavy particle is a neutron
or a proton. The second number n indicates the quantum state of the neutron or the proton. For
ρ = + 1 (neutron) let the corresponding eigenfunction be
un (x) ,

(18)

while for ρ = − 1 (proton) let the eigenfunction be
vn (x) .

(19)

The other numbers N1 , N2 . . . Ns . . . M1 , M2 . . . Mσ . . . can only take the values 0, 1 and indicate what states of the electrons and neutrinos are occupied.
By an examination of the general form (9) of the perturbation energy, one immediately realizes
that it has nonvanishing matrix elements only for transitions in which either the heavy particle
passes from neutron to proton, while in the meantime one electron and one neutrino are created,
or viceversa.
Through (1), (3), (5), (9), (18), (19) one easily finds that the corresponding matrix element is
Z
1nN1 N2 ...0s M1 M2 ...0σ ...
∗ ∗
H
= ± vm
csσ un dτ ,
(20)
−1mN1 N2 ...1s M1 M2 ...1σ ...

where the integration must be extended over the entire configuration space of the heavy particle
(with the exception of the coordinate ρ); the ± sign means more precisely
(−1)N1 +N2 +...+Ns−1 +M1 +M2 +...Mσ−1
and in any case does not enter into the calculations that will follow. To the inverse transition
corresponds a matrix element which is the conjugate complex of (20).
Taking (15) into account, (20) becomes
Z
1n0s 0σ
∗
H
= ± vm
un ψ˜s δϕ∗σ dτ ,
(21)
−1m1s 1σ

where for the sake of brevity in the left hand side we have omitted writing all the indexes which
do not change.

Theory of β decay

§ 5. – A β decay consists of a process in which a nuclear neutron transforms into a proton, while
at the same time, in the way we have described, an electron, which is observed as a β particle, and
a neutrino are emitted. To calculate the probability of this process, we shall assume that, at the
time t = 0, a neutron is in a nuclear state of eigenfunction un (x), and furthermore the electron
state s and the neutrino state σ are free, that is Ns = Mσ = 0. Then for t = 0 we shall put the
probability amplitude of the state (1, n, 0s , 0σ ) equal to 1, that is
a1,n,0s ,0σ = 1 ,

(22)

whereas we shall put the probability amplitude of the state (−1, m, 1s , 1σ ), in which the neutron
has been transformed into a proton with eigenfunction vm (x) emitting an electron and a neutrino
in the states s and σ initially equal to zero.
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By applying the usual formulas of perturbation theory, for a time short enough to still consider
(22) approximately valid one finds
ȧ−1,m,1s ,1σ = −

2πi
1n0s 0σ 2πi (−W +Hs +Kσ )t
H
e h
,
−1m1s 1σ
h

(23)

where W stands for the difference in energy between the neutron state and the proton state.
By integrating (23) we obtain (since for t = 0, a−1m1s 1σ = 0)
a−1m1s 1σ = −H

1n0s 0σ
−1m1s 1σ

e

2πi (−W +H +K )t
s
σ
h

−1

−W + Hs + Kσ

.

The probability of the transition we consider is then
˛
˛2
2 πt
˛
1n0s 0σ ˛ sin h (−W + Hs + Kσ )
˛
.
|a−1m1s 1σ |2 = 4 ˛˛H
−1m1s 1σ ˛
(−W + H + K )2
s

(24)

(25)

σ

To calculate the lifetime of the neutron state un it is necessary to sum (25) with respect to all
unoccupied states of the electrons and neutrinos. A strong reduction of this sum can be obtained
by observing that the De Broglie wave length for electrons or neutrinos having energies of some
millions of volts is much larger than the nuclear sizes. Thus one can, as a first approximation,
consider the eigenfunctions ψs and ϕσ to be constants inside the nucleus. Thus (21) becomes
Z
1n0s 0σ
∗
H
= ±g ψ˜s δϕ∗σ
vm
un dτ ,
(26)
−1m1s 1σ

where here and below ψs and ϕσ are meant to be taken in the nucleus (Cf. § 8). From (26) we
draw:
˛
˛2
˛Z
˛2
˛
˛
˛
˛
∗
˛H 1n0s 0σ ˛ = g 2 ˛ vm
un dτ ˛˛ ψ˜s δϕ∗σ ϕ̃∗σ δ̃ψσ .
(27)
˛ −1m1s 1σ ˛
˛
States σ of the neutrino are characterized by their momentum pσ and by the spin direction.
If, for the convenience of normalization, we quantize inside a volume Ω, whose size later on will
be made to tend to infinity, the normalized neutrino eigenfunctions are Dirac plane waves having
density 1/Ω. Then simple algebraic considerations allow us to perform in (27) an average with
respect to all the orientations of pσ and of the spin. (And in this only the states of positive energy
must be considered; the negative energy states must be eliminated through a device like the Dirac
hole theory). One finds
˛
˛
˛2 „
˛2
«
2
2 ˛Z
˛
˛
˛
˛H 1n0s 0σ ˛ = g ˛ v ∗ un dτ ˛ ψ˜s ψs − µc ψ˜s βψs ,
(28)
m
˛ −1m1s 1σ ˛
˛
˛
4Ω
Kσ
where µ is the rest mass of the neutrino and β
˛
˛1
˛
˛0
β = ˛˛
˛0
˛0

the Dirac matrix
˛
0 0 0 ˛˛
1 0 0 ˛˛
0 −1 0 ˛˛
0 0 −1 ˛

(29)

By observing that the number of positive energy neutrino states with momentum between pσ
and pσ + dpσ is 8πΩp2σ dpσ /h3 , that furthermore ∂Kσ /∂pσ is the neutrino velocity for the state
σ, and finally that (25) has a strong maximum for the value of pσ for which there is no variation
of the unperturbed energy, that is
−W + Hs + Kσ = 0 ,

(30)
way§

one can perform the sum of (25) with respect to σ in the usual
and one finds
˛Z
˛2 2 „
«
2
3
2
˛
˛
pσ
8π g ˛
∗
˜s ψs − µc ψ˜s βψs ,
˛
ψ
v
u
dτ
t
n
m
˛ v
h4 ˛
Kσ
σ

(31)

where pσ is the value of the momentum of the neutrino for which (30) holds.
§ For a description of the methods used for performing such sums, cf. any expository article on
the theory of radiation. For instance, E. Fermi Rev. of Mod. Phys. 4, 87, (1932).
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Determining elements of the transition probability

§ 6. – (31) expresses the probability that in a time t a β decay takes place in which the electron
is emitted in the state s. As must be the case, this probability turns out to be proportional to
the time (t has been considered small with respect to the lifetime); the coefficient of t gives the
transition probability for the process we consider; it turns out to be
˛Z
˛2 2 „
«
2
˛ pσ
8π 3 g 2 ˛˛
∗
˜s ψs − µc ψ˜s βψs .
˛
ψ
(32)
Ps =
v
u
dτ
n
m
˛
˛
h4
vσ
Kσ
Note that:
(a) For the free states of the neutrinos one always has Kσ ≥ µc2 . Then it is necessary, in order
that (30) can be satisfied, that
Hs ≤ W − µc2
(33)
The upper limit of the β ray spectrum corresponds to the = sign.
(b) Secondly, since for the unoccupied electron state one has Hs ≥ mc2 , we obtain, in order that
the decay be possible, the following condition:
W ≥ (m + µ)c2

(34)

Then, in order that the β decay be possible, one must have a rather high occupied neutron
state over a free proton state.
(c) According to (32), Ps depends on the eigenfunctions un and vm of the heavy particle in the
nucleus, through the matrix element
Z
∗
Q∗mn =
vm
un dτ
(35)
This matrix element plays a role, in the in the theory of β rays, which is analogous to that of
the matrix element of the electric moment in the theory of radiation. The matrix element (35)
has normally the order of magnitude 1; nevertheless it often happens that, due to particular
symmetries of the eigenfunctions un and vm , Q∗mn exactly vanishes. In that case we shall speak
of “forbidden β transitions”. On the other hand, one should not expect that the forbidden
transitions are really impossible, since (32) is only an approximate formula. We shall come
back to this matter in § 9.

The mass of the neutrino

§ 7. – The transition probability (32) determines among other things the shape of the continuous
spectrum of β rays. We will discuss here how the shape of this spectrum depends on the rest
mass of the neutrino, in order to be able to determine this mass through a comparison with the
experimental shape of the spectrum itself. The mass µ also enters into (32) through the factor
p2σ /vσ . The dependence of the shape of the curve of the energy distribution on µ is particularly
pronounced in the proximity of the maximum energy E0 of the β rays. It is easy to recognize that
the distribution curve for energies E close to the maximum value E0 , behaves, apart from a factor
independent of E, as
´q
p2σ
1 `
= 3 µc2 + E0 − E
(E0 − E)2 + 2µc2 (E0 − E) .
(36)
vσ
c
In Figure 1 the end of the distribution curve is represented for µ = 0, and for a small value
and a large value of µ. The closest similarity of the theoretical curve to the experimental curves
corresponds to µ = 0. Thus we arrive at concluding that the mass of the neutrino is equal to zero
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Fig. 1

or, in any case, much smaller than the mass of the electron¶ . In the calculations below, for the
sake of simplicity, we always set µ = 0.
Then we have, also taking (32) into account
vσ = c ;

Kσ = cpσ ;

pσ =

Kσ
W − Hs
=
c
c

(37)

and the inequalities (33) and (34) become
Hs ≤ W ;

W ≥ mc2 .

Finally the transition probability takes the form
˛Z
˛2
˛
8π 3 g 2 ˛
∗
Ps = 3 4 ˛˛ vm
un dτ ˛˛ ψ˜s ψs (W − Hs )2 .
c h

(38)

(39)

Lifetime and shape of the energy distribution curve for allowed transitions

§ 8. – From (39) one can derive a formula which expresses how many β transitions in which a β
particle gets a momentum ranging from mcη to mc(η + dη) take place in unit time. For this it is
necessary to calculate the sum of the values of ψ˜s ψs in the nucleus, extended to all the states (of
the continuum) which belong to the indicated range of momentum. In this regard we point out
that the relativistic eigenfunctions in the Coulomb field for the states with j=1/2 (2 s1/2 e 2 p1/2 )
become infinite in the center. On the other hand the Coulomb law does not hold up to the center
of the nucleus, but only up to a distance from it larger than R, where R is the nuclear radius. At
this point, a tentative calculation shows that, if we make plausible assumptions on the behavior
of the electric potential inside the nucleus, the value of ψ˜s ψs in the center of the nucleus turns
out to be very close to the value which ψ˜s ψs should assume if the Coulomb law were valid at a
distance R from the center. Applying the known formulask for the relativistic eigenfunctions of
¶ In a recent note F. Perrin, C.R., 197, 1625 (1933), by means of quantitative arguments arrives
at a similar conclusion.
k R.H. Hulme, Proc. Roy. Soc. 133, 381 (1931).
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the continuum spectrum in a Coulomb field, after a rather long but easy calculation, one finds
√
„
«
2
X
4πmcR 2S 2+2S πγ 1+η
32πm3 c3
η
η
e
ψ˜s ψs = dη ·
×
2
3
h
h [Γ (3 + 2S)]
dη
˛
!˛2
p
˛
1 + η 2 ˛˛
˛
(40)
× ˛Γ 1 + S + iγ
˛ ,
˛
˛
η
where we have set
γ = Z/137 ;

S=

p
1 − γ2 − 1 .

(41)

The transition probability in an electric state in which the momentum has a value in the
interval mc dη then becomes (see (39))
˛2
„
« ˛Z
˛ 2+2S
256π 4
m5 c4 4πmcR 2S ˛˛
∗
˛ η
P (η)dη = dη · g 2
v
u
dτ
×
n
m
˛
˛
2 h7
h
[Γ (3 + 2S)]
˛
√
!˛2 „q
p
«2
1+η 2 ˛
p
1 + η 2 ˛˛
πγ
˛
η
1 + η02 − 1 + η 2
,
(42)
×e
˛
˛Γ 1 + S + iγ
˛
˛
η
where η0 is the maximum momentum of the emitted β rays, as measured in units of mc.
For a numerical evaluation of (42) we refer to the particular value γ = 0.6, which corresponds
to Z = 82.2 since the atomic numbers of the radioactive substances are not far from this value.
For γ = 0.6, we have from (41) S = −0.2. Moreover one finds that, for η < 10 it is possible to set,
with a sufficient approximation
˛
√
!˛2
p
1+η 2 ˛
1 + η 2 ˛˛ ∼
˛
1.6 0.6π
η
η e
(43)
˛Γ 0.8 + 0.6i
˛ = 4.5η + 1.6η 2 .
˛
˛
η
With this, (42) becomes, setting R = 9 · 10−13 in it,
˛Z
˛2
„
«2
p
˛
˛ `
´ q
∗
P (η)dη = 1.75 · 1095 g 2 ˛˛ vm
un dτ ˛˛ η + 0.355η 2
1 + η02 − 1 + η 2
.
The inverse of the lifetime is obtained by integrating (44) from η = 0 to η = η0 ; one finds
˛Z
˛2
˛
˛
1
∗
= 1.75 · 1095 g 2 ˛˛ vm
un dτ ˛˛ F (η0 ) ,
τ

(44)

(45)

where we have set
q
η4
η2
2
1 + η02 − + 0 − 0 +
3
12
3
3
2
q
„
«
2
q
3
5
1
+
η
η
η
0
7
6 η0
+0.355 4−
− 0 + 0 +
log η0 + 1 + η02 5 .
4
12
30
4
F (η0 ) =

2
3

(46)

For small values of the argument, F (η0 ) behaves like η06 /24; for larger values of the argument,
the values of F are gathered together in the following table.
Table 1
η0

F (η0 )

η0

0

η06 /24

2

1

0.03

3

F (η0 )

η0

F (η0 )

η0

F (η0 )

1.2

4

29

6

185

7.5

5

80

7

380
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The forbidden transitions
§ 9. – Before moving on to a comparison of the theory with experience, we still want to illustrate
some properties of the forbidden transitions.
As we have already said, a transition is forbidden when the corresponding matrix element
(35) vanishes. If the representation of the nucleus by means of individual quantum states of the
protons and neutrons turns out to be a good approximation, the matrix element Q∗mn vanishes,
due to symmetry, when
i = i0
(47)
0
does not hold, where i and i are the angular momentum, in units h/2π, of the neutron state un
and the proton state vm , respectively. When the individual quantum states do not turn out to be
a good approximation, to the selection rule (47) coresponds the other one
I = I0 ,

(48)

where I and I 0 represent the angular momentum of the nucleus before and after the β decay.
The selection rules (47) and (48) are much less rigorous than the selection rules of optics. It
is possible to find exceptions to them, particularly with the two following processes:
(a) Formula (26) has been obtained by neglecting the variations of ψs and ϕs inside the region of
the nucleus. If on the contrary these variations are taken into account, one has the possibility
of obtaining β transitions even when Q∗mn vanishes. It is easy to recognize that the intensity
of these transitions has a ratio, as an order of magnitude, with the intensity of the allowed
processes given by (R/λ)2 , where λ is the De Broglie wave length of the light particles. It
must be noted that, if the electron and the neutrino have the same energy, when the former
is near the nucleus it has a higher kinetic energy, due to the electrostatic attraction and so
the most important effect comes from the variations of ψs . An evaluation of the order of
magnitude of the intensity of these forbidden processes show that, at the same energy of the
emitted electrons, they must have an intensity of one hundredth of the intensity of the normal
processes. Besides the relatively small intensity, a characteristics of the forbidden transitions
of this type can be found in the different shape of the curve of the energy distribution of β
rays, which, for the forbidden transitions, must give a number of particles with small energy
lower than in the normal case.
(b) A second possibility to have β transitions forbidden by the rule (48) depends on the fact,
already pointed out at the end of § 3, that when the velocity of neutrons and protons is not
negligible in comparison with the velocity of light we must add to the interaction term (12)
other terms of order v/c. If e.g. one would assume a relativistic wave equation of the Dirac
type also for the heavy particles, one could add to (12) terms like
gQ (αx A1 + αy A2 + αz A3 ) + complex conjugate ,

(49)

where αx αy αz are the usual Dirac matrices for the heavy particle and A1 A2 A3 the spatial
components of the four vector defined by (12). A term of the type (49) allows also β transitions
which do not satisfy the selection rule (48), and their intensity is, with respect to that of
normal processes, of the order of magnitude (v/c)2 , that is about 1/100. Thus we find a
second possibility for forbidden transitions nearly 100 times less intense than the normal ones.

Comparison with experience
§ 10. – (45) establishes a relation between the maximum momentum η0 of the β rays emitted by
a substance and its lifetime. In this relation, really, also an unknown element enters, the integral
Z
∗
vm
un dτ
(50)
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whose evaluation requires knowledge of the nuclear eigenfunctions un and vm of the neutron and
the proton. However, in the case of the allowed transitions, (50) is of the order of magnitude of
unity. Then we expect the product
τ F (η0 )
(51)
to have the same order of magnitude in all the allowed transitions. Instead, for the forbidden transitions, the lifetime will be, as an order of magnitude, one hundred times larger, and correspondingly
also the product (51) will be larger. In the following table we collect the products τ F (η0 ) for all
the substances which disintegrate by emitting β rays and for which we have sufficiently exact data.

Table 2
Element

τ (hours)

U X2

0.026

RaB

0.64

η0

F (η0 )

τ F (η0 )

5.4

115

3.0

2.04

1.34

0.9

T hB

15.3

1.37

0.176

2.7

T hC 00

0.076

4.4

44

3.3

AcC 00

0.115

3.6

17.6

2.0

RaC

0.47

7.07

398

190

RaE

173

3.23

10.5

1800

T hC

2.4

5.2

95

230

M sT h2

8.8

6.13

73

640

In this table the two groups we have expected are certainly recognizable; moreover such a
division of the elements which emit primary β rays into two groups had been already observed
experimentally by Sargent.∗∗ The values of η0 have been taken from the quoted paper of Sargent
(for a comparison, note that: η0 = (Hρ)max/1700 ). Besides the data in this table, Sargent gives
the data for three other elements, warning that they are not as reliable as the other ones. They
are U X1 for which τ = 830; η0 = 0.76; F (η0 ) = 0.0065; τ F (η0 ) = 5.4; then this element appears
to be attributable to the first group. For AcB one has: τ = 0.87; η0 = 1.24; F (η0 ) = 0.102;
τ F (η0 ) = 0.09; then one finds a value of τ F (η0 ) about ten times smaller than those of the first
group. Finally for RaD one has: τ = 320000; η0 = 0.38 (largely uncertain); F (η0 ) = 0.00011;
τ F (η0 ) = 35. Then this element can be put roughly half-way between the two groups. I have not
succeeded in finding data for the other elements which emit primary β rays, that is M s, T h1 , U Y ,
Ac, AcC, U Z, RaC 00 .
On the whole one can conclude from this comparison between theory and experience that
the agreement is certainly as good as one would have expected. The discrepancies observed for
the elements with uncertain experimental data, RaD and AcB, can be explained well partly by
the lack of precision of the measures, partly also by oscillations, quite plausible, in the value of
the matrix element (50). Moreover one must notice that the fact that the majority of β decays
are accompanied by emission of γ rays indicates that the larger part of the β processes can leave
the proton in different excitation states and this gives a further mechanism which can determine
oscillations in the value of τ F (η0 ).
From the data of Table 2 one can infer an evaluation, even if rough, of constant g. If we admit,
for instance, that when the matrix element (50) has the value 1, one has τ F (η0 ) = 1 hour = 3600 s;
one finds from (45)
g = 4 · 10−50 cm3 · erg
which gives nothing more than the order of magnitude.
∗∗ B.W.

Sargent, Proc. Roy. Soc. 139, 659, (1933).
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Let us move on to discuss the shape of the curve of the velocity distribution of β rays. In the
case of allowed processes, the distribution curve, as a function of η (that is, apart from a factor
1700, of Hρ) is represented in Fig. 2, for values of the maximum momentum η0 .

Fig. 2

The curves are satisfactorily similar to experimental ones collected by Sargent.†† Only in
the range of small energy Sargent’s curves are a little lower than the theoretical ones, and this
is more easily evident in the curves of Fig. 3 where the abscissas are the energies instead of the
momenta. But we must remark that the part of the curves of small energy is not perfectly known
experimentally.‡‡ Moreover, for the forbidden transitions, also theoretically, in the range of small
energies the curve must be lower than the curves of the allowed transitions, represented in Figs. 2
and 3.

Fig. 3

Of this fact one must particularly take into account for the case of RaE, which is the best
known from an experimental point of view. The emission of β rays from this element, as results
from the abnormally large value of τ F (η0 ) (Cf. Table 2), is certainly forbidden, or better it is
possible that it is allowed only in the second approximation. I hope, in a future article, to be able
to better specify the behavior of distribution curves for the forbidden transitions.
To summarize, it seems justified to assert that the theory in the form described here does agree
with the experimental data, which in any case are not always sufficiently accurate. On the other
†† B.W.

Sargent, Proc. Camb. Phil. Soc. 28, 538 (1932).
e.g., Rutherford, Ellis and Chadwick, Radiation from Radio-active Substances, Cambridge, 1930. See, in particular p. 407.
‡‡ Cf.
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hand, even if in a further comparison of the theory with experience, one should arrive at some
discrepancy, it would be always be possible to modify the theory without changing its conceptual
foundations in an essential way. It would be possible precisely to keep equation (9) but choose the
csσ in a different way. This will carry us, in particular, to a different form of the selection rule
(48) and to a different form of the curve of the energy distribution.
Only a further development of the theory, as also an increase in the precision of the experimental data, will be able to indicate if such a change will be necessary.
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D. Bini, A. Geralico, R. T. Jantzen and R. Ruffini: On Fermi’s
resolution of the “4/3 problem” in the classical theory of the
electron: hidden in plain sight

Abstract. We discuss the solution proposed by Fermi to the so called “4/3 problem” in the
classical theory of the electron, a problem which puzzled the physics community for many decades
before and after his contribution to the discussion. Unfortunately his early resolution of the
problem in 1922–1923 published in three articles in Italian and German journals went largely
unnoticed, and even recent texts devoted to classical electron theory still do not present his argument or acknowledge the actual content of those articles. Although another way to resolve the
problem of defining the mass of the unaccelerated electron through an integral over its Coloumb
field was independently discovered much later by others, including Kwal in 1949 and Rohrlich
in 1960, Fermi’s argument was completely different, analyzing as Abraham and Lorentz did the
equations of motion of a rigid but accelerated electron model with vanishing bare mass to evaluate
the inertial mass as the coefficient of the acceleration in the resulting force law by analyzing the
total self-force, correcting Lorentz’s calculation of 1906. However, both ideas share the common
thread of relying on time slices in the rest frame of the electron, and in fact by agreeing on the
proper definition of the total momentum on a given rest frame time slice, its time derivative can
be re-expressed in terms of a Gauss’s law application which leads to the starting point spatial
integral for Fermi’s argument. Although many cite Fermi’s article, until now apparently no one
has explicitly reconciled the two approaches, though Aharoni came the closest to doing so in 1965
but has also been ignored.

Introduction
The simplest classical model of the electron consists of a static spherically symmetric distribution
of electric charge e over the surface of a rigid sphere of radius r0 , as measured by an observer
at rest with respect to the sphere. This model was first developed by Abraham [1], Lorentz [2]
and Poincaré [3], based entirely on Maxwell’s theory of electromagnetism. For an unaccelerated
electron, the rest frame integral of the local energy density of the Coulomb field over the exterior
of the electron sphere representing the total energy e2 /(2r0 ) stored in that field, where e is the
charge of the electron, is then assumed to be responsible for the entire rest inertial mass of the
electron me c2 (i.e., the so-called “bare mass” is zero), while the Poynting vector representing
the local density of momentum in the field is zero, resulting in zero total momentum. Equating
this rest mass to the observed mass of the electron then determines the radius r0 of this model.
Neglecting the factor of 2 in this relation defines what is known as the classical radius of the
electron re = e2 /(me c2 ).
The factor of 2 in the energy formula is a geometric factor which is replaced by 5/3 if the model
of the electron is a constant charge density solid sphere rather than a constant density spherical
surface charge distribution and one also considers the contribution to the electromagnetic field
energy inside the sphere (zero in the surface distribution case): 1/2 + 1/10 = 3/5. Dropping these
factors gives the formula for the radius re that pure dimensional analysis would lead to. It should
be remarked that in either case this energy is equal to the work needed to assemble the charge
configuration by slowly bringing the charges in from spatial infinity.
The problem is that repeating these energy and momentum density integrals in an inertial
frame in relative motion over the exterior of the electron charge distribution in that frame, even
at a nonrelativistic relative velocity v of the electron in that frame, leads to a total momentum of
the field which is 4/3 times the inertial mass me times the electron velocity v rather than simply
the product of the latter two quantities (at relativistic velocity the appropriate Lorentz gamma
factor γ appears). This became known as the 4/3 problem. The computed values of the energy
and momentum in the Coulomb field of the electron obtained by integration of the local energy
and momentum densities is simply not Lorentz invariant, i.e., do not define a spacetime 4-vector
which is independent of the inertial coordinate system.
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This led incorrectly to the conclusion that part of the electron’s self-energy must be of nonelectromagnetic nature. Furthermore, the nonrelativistic classical theory was also unsatisfactory,
since the various parts of the charged sphere must repel one another according to Coulomb’s
law, giving rise to an unstable electron. A solution was suggested by Poincaré: the Coulomb
repulsion, which is responsible for the instability of the electron, can be compensated for by nonelectromagnetic cohesive forces (“internal stresses”), a kind of negative pressure. Although such
forces make the electron stable and can bring the theory into agreement with the special theory of
relativity, they must be postulated ad hoc, and hence this was not a very satisfactory resolution,
essentially sweeping the problem into another one, that of these unexplained stresses. In fact by
implying that non-electromagnetic forces were needed to reconcile the theory with special relativity,
it only confused the issue.
Using a completely different approach the problem of restoring Lorentz invariance without
introducing Poincaré stresses was solved by Fermi [4]. Following Abraham and Lorentz, he considered a spherically symmetric distribution of accelerated charges (with zero bare mass) held in
a rigid configuration by some external force and applied the Lagrangian variational principle to
compute the time rate of change of the 4-momentum in the force law. The problem is that rigid
motion does not allow one to fix the variations at the beginning and ending time hypersurface
while allowing arbitrary variations of the paths in between, which is necessary for being able to
conclude the Lagrangian equations of motion follow from the variation. Imposing a symmetry like
rigid motion on the world lines of the electron charge elements therefore requires some care in
order not to invalidate the resulting Lagrangian equations. Indeed fixing the variations as usual
between two slices of the same inertial time function is incompatible with special relativity as
Fermi noted. In fact if the electron is accelerated as Fermi assumes, it must be changing its shape
due to the time-varying Lorentz contraction which occurs within the laboratory frame. Thus imposing rigidity at successive laboratory times is doomed to fail, and this is exactly what produces
the incorrect factor of 4/3.
In his discussion Fermi compared the results obtained by using two different kinds of variations
of the world lines of the elements of charge in the electron: the incorrect one, in which the variation
is performed between two hyperplanes of constant inertial coordinate time and the correct one,
where the hyperplanes are instead chosen to be orthogonal to the particle 4-velocity, a covariant
condition which does not rely on any particular choice of reference frame. The latter method is the
one that agrees with the relativity principle and is compatible with the rigidity conditions of the
system as formulated by Born [5]: the shape of the system is the same on any of the orthogonal
hypersurfaces cutting the world tube it describes in spacetime. Operationally, a congruence of
world lines is said to be Born-rigid if it has vanishing expansion. The former method is clearly
not Lorentz invariant, and hence suspect from the very beginning. Fermi then showed that such
a covariant application of the Lagrangian principle leads to an appropriate modification of the
force so that the unwanted factor of 4/3 is eliminated, as expected. Therefore, there is no relation
between the need for cohesive forces and the factor 4/3. Moreover, Fermi showed that the incorrect
variation leads to the usual starting point for separating the self-force from the external force
reproduced in the current leading texts devoted to this issue, an argument which none of the
authors of those texts appears to have seen.
Although Wilson [6] discussed this problem from a different point of view in 1936 with no citations, the relation of his Poynting vector discussion to the subsequent approaches is not straightforward. These latter approaches provide an alternative resolution of the somewhat different
problem of defining the total energy and momentum of the electromagnetic field configuration
of the classical electron model, whether accelerated or not. In 1949 Kwal [7] showed that Abraham’s original integral definition of the electromagnetic energy and momentum does not lead to
an electromagnetic 4-momentum endowed with the correct transformation properties, but that a
slight modification of the definition does so. Even later Rohrlich [8] in 1960 came to the same
conclusion without being aware of previous work. They both explained that the correct result
can only be obtained from the usual special relativistic integrals over a hypersurface of constant
inertial time if that hypersurface represents a time slice in the rest frame of the electron. The
classical electron model has continued to intrigue people ever since, see for example, Feynman [9],
Teitelboim [10, 11], Boyer [12], Rohrlich [13], Campos and Jimenéz [14], Cohen and Mustafa [15],
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Comay [16], Moylan [17], Kolbenstvedt [18], Rohrlich [19], and de Leon [20] (see also [21]). At
least three entire books are devoted to the topic of the classical theory of the electron, those by
Rohrlich [22], Yaghjian [23], and Spohn [24], and the model is described in detail by Jackson [25],
the universally accepted reference textbook on classical electrodynamics (see also Chapter 8 of
Anderson [26]). Some interesting historical details may be found in the recent article of Janssen
and Mecklenburg [27]. Except for Kolbenstvedt [18], none of these references seem to take into
account Fermi’s argument nor connect it to that of Kwal and Rohrlich even though most of them
cite Fermi’s original article. However, Aharoni, whose first edition of his textbook on the special
theory of relativity came out in 1959, as a result of the attention drawn to the topic by Rohrlich
in the next few years, came out with his second edition in 1965 [28] with several pages devoted
to explaining the details of Fermi’s calculations and relating it to the Kwal-Rohrlich 4-momentum
integral, only to be ignored by nearly everyone since that time. In 1997 Kolbenstvedt [18] called
attention to Fermi’s argument with a slightly different but equivalent explanation of this own, and
not in an obscure physics journal, and yet the latest edition of the books of Jackson, Rohrlich,
Yaghjian, and Spohn all published after that year still do not reflect this news. To be fair, the
stated purpose of Yaghjian and Spohn was to update the Abraham-Lorentz model which they
did, Yaghjian in the pre-MTW style discussion and Spohn in the post-MTW style, apparently
unaware of the content of Fermi’s articles. Misner, Thorne and Wheeler’s tome Gravitation [29],
affectionately known as MTW, really raised the level of mathematical discussion of special and
general relativity after 1973, and allowed Spohn to more cleanly and covariantly discuss Lorentz’s
generalization of the Abraham model to include spin, which remains unexamined in the light of
the Fermi correction to their model.
An important element of this discussion is the conserved nature of the integrals of the local
densities of energy and momentum associated with the divergence-free stress-energy tensor of the
sourcefree electromagnetic field when integrated over an entire spacelike hyperplane of Minkowski
spacetime due to Gauss’s law. The appendix shows how the usual reasoning fails to apply to the
case in which a world tube is excluded from the integral, leading to an internal boundary that
must be taken into account in Gauss’s law, and explains exactly how the incorrect factor of 4/3
arises from the usual integrals due to this internal boundary. On the other hand, when such an
internal boundary enclosing sources is not present, the same analysis with intersecting spacelike
hyperplane boundaries shows why the integrals lead to the same “conserved” 4-momentum on any
spacelike hyperplane, a situation that is never discussed in the usual textbook discussions of this
topic. Finally, by extending the integrals over the entire spacelike hyperplanes so that one must
take into account the nonzero divergence of the electromagnetic stress-energy tensor, one can tie
together this discussion with that of Fermi.
First the Abraham-Lorentz calculation for the unaccelerated electron is reproduced to set the
stage for Fermi’s completely different approach, which is then discussed at length to clarify the
assumptions that are made about the motion of the individual charge elements in the electron
distribution. Finally the relatively simple fix of the Abraham-Lorentz integration by Kwal and
Rohrlich is explained. Then the appendix shows how nonstandard applications of Gauss’s law are
required to handle the complications of the world tube of the electron charge distribution and to
tie together the Kwal-Rohrlich integral definition with the original Fermi discussion.

The Abraham-Lorentz paradox
According to the earliest classical electron theory proposed by Abraham [1] and Lorentz [2] the
electron can be modeled as a spherically symmetric distribution of electric charge e over the surface
of a rigid sphere of radius r0 in its rest frame. The energy and momentum of the electron itself
is then equated to the energy and momentum of the electromagnetic field in the exterior of that
sphere, which can be evaluated by suitably integrating the normal components of the stress-energy
tensor of the electromagnetic field over a spacelike hyperplane representing a moment of time in
an inertial reference frame. Letting c = 1 in this section, the stress-energy tensor
„
«
1
1
µν
F µα F ν α − g µν F αβ Fαβ
(1)
Tem
=
4π
4
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has the following explicit components in an inertial system of Cartesian coordinates (xµ ) = (t =
x0 , x1 , x2 , x3 ) associated with an inertial reference frame in Minkowski spacetime with signature
(−+++) following the conventions of Misner, Thorne and Wheeler [29], which is sign-reversed
compared to Rohrlich’s definition in his Eq. (4–114)[22]
1
(E 2 + B 2 ) = Uem ,
8π
1
=
(E × B)i = S i ,
8π
1
1
[−E i E j − B i B j + g ij (E 2 + B 2 )] ,
=
8π
2

00
Tem
=
0i
Tem
ij
Tem

(2)

where Uem and S are the electromagnetic energy density and the Poynting vector respectively, and
of course E and B are the usual electric and magnetic fields observed in the associated reference
frame. This stress-energy tensor is divergence-free in the absence of charge and current sources,
namely vanishing 4-current J µ = 0. In inertial coordinates this condition is
µν
µ
ν
Tem
,ν = −F ν J = 0 ,

(3)
F µν

as shown by Exercise 3.18 of Misner, Thorne and Wheeler [29], using the Maxwell equation
;ν =
4πJ µ .
If the electron sphere is at rest at the origin of a corresponding system of spherical coordinates
(t, r, θ, φ) with metric
ds2 = −dt2 + dr2 + r2 (dθ2 + sin2 θ dφ2 ) ,
(4)
and 4-velocity U = ∂t characterizing the rest frame K, then the exterior field is
e
e
F = − 2 dt ∧ dr ,
E = 2 ∂r ,
B = 0 (r > r0 ) .
r
r

(5)

The nonvanishing orthonormal components (“overhatted” indices) of its stress-energy tensor in
the normalized spherical frame are then
00
rr
θ̂ θ̂
φ̂φ̂
Tem
= −Tem
= Tem
= Tem
=

e2
1 2
E =
= Uem ,
8π
8πr4

(6)

while S = 0. Its divergence is zero in the exterior of the electron sphere.
In the Abraham-Lorentz theory the electromagnetic energy and momentum of the electron are
given by the following expressions in inertial Cartesian coordinates
Z
Z
Z
Z
00
0k
W =
Tem
dV =
Uem dV ,
pk =
Tem
dV =
S k dV ,
(7)
Σ

Σ

Σ

Σ

where the integration is carried out at a fixed inertial time t over the whole region Σ outside the
electron sphere, i.e., r > r0 , and dV denotes the spatial 3-volume element. For the Coulomb field
of the electron in its rest frame K this gives
W =

e2
,
2r0

p = 0.

(8)

These are time-independent because of the time-independence of the electric field in this frame.
The energy W is assigned to be the self-energy mem of the electron due to the surrounding Coulomb
field
W = mem .
(9)
Note that the tracefree condition T 00 = T 11 + T 22 + T 33 in the Cartesian inertial coordinates
when integrated over the same region yields the condition
Z
Z
` 11
´
00
22
33
Tem
dV =
Tem + Tem
+ Tem
dV ,
(10)
Σ

Σ

but by spherical symmetry each of the terms on the right hand side has the same value
Z
Z
Z
Z
1
11
22
33
Tem
dV =
Tem
dV =
Tem
dV =
T 00 dV .
3 Σ em
Σ
Σ
Σ

(11)
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Consider a second inertial system K 0 with inertial Cartesian coordinates (t0 , x01 , x02 , x03 ) moving with uniform velocity −v along the x1 -axis with respect to the rest system K, so that the
charged sphere modeling the electron moves with velocity v relative to K 0 , and let U 0 = ∂/∂t0
the 4-velocity of the new time lines. The corresponding energy and momentum are obtained from
those at rest by the Lorentz transformation x0µ = Lµ ν xν , namely
t0 = γ(t + vx1 ) , x0 = γ(x1 + vt) , γ = (1 − v 2 )−1/2 .

(12)

The rest frame 4-vector components (W, 0, 0, 0) are transformed by the same transformation to
(W 0 , p01 , p02 , p03 ), whose nonzero values are
W 0 = γW = γmem ,

p01 = γW v = γmem v .

(13)

On the other hand, by Lorentz-transforming the electromagnetic energy-momentum tensor but
maintaining the definitions (17) with the integration performed over the new time coordinate
hyperplanes, Abraham and Lorentz found
«
„
«
„
Z
1
4
v2
0
mem =
γ−
mem ,
W0 =
T 000
em dV = γ 1 +
3
3
3γ
Σ0
Z
4
0
γmem v ,
(14)
p01 =
T 00k
em dV =
3
Σ0
which do not agree with the previous expressions even in the nonrelativistic limit ν 2  1, γ → 1.
The famous unwanted 4/3 factor multiplies the inertial mass factor in constructing the momentum
from the velocity and gamma factor.
To rederive their result, for motion along the x1 -axis as assumed, the stress-energy tensor
transforms as follows
2 00
01
2 11
T 000
em = γ [T em + 2vT em + v T em ] ,
2 01
00
11
2 01
T 001
em = γ [T em + v(T em + T em ) + v Tem ] ,

(15)

0
which simplifies since T 01
em = 0. Since the 3-volume element transforms according to dV = dV /γ
due to the Lorentz contraction of the differential dx1 , taking the symmetry property (11) into
account, the definitions (14) then give
„
«Z
„
«
Z
1 2
v2
0
T 000
W0 =
T 00
W,
em dV = γ 1 + v
em dV = γ 1 +
3
3
Σ0
Σ
„
«Z
Z
1
4
0
p01 =
T 001
γvW .
(16)
T 00
em dV = γv 1 +
em dV =
3
3
Σ0
Σ

Here the integral over Σ0 of the scalar integrand equals the integral over Σ (once the volume
element is transformed) because its value at x0i , re-expressed in terms of the old coordinates xi of
the same point, is independent of t, and so has the same value at the corresponding point of Σ.
In the nonrelativistic limit |v|  1, the energy is unchanged, but the momentum has an
unwanted extra factor of 4/3. This is the famous 4/3 problem.
These integrals define the components of a 4-vector for each inertial coordinate system, i.e.,
Z
Z
µ
µ0
µν
PAL
(Σ) =
Tem
dV =
Tem
dΣν ,
(17)
Σ

δ0

Σ

where dΣν = −Uν dV =
ν dV is the spacelike hyperplane volume element 4-vector, and the
subscript AL stands for Abraham-Lorentz. The problem is that although this is independent of
the choice of time hypersurface for a given inertial coordinate system, this leads to different 4vectors on the time hyperplanes associated with inertial coordinate systems in relative motion,
since the components of this functional in the primed and unprimed coordinate systems are not
related by a Lorentz transformation as shown above due to the unwanted correction terms. The
only way to guarantee that such an integral give the same 4-vector when evaluated in different
inertial coordinate systems is to reformulate it so that it will indeed do so. The obvious problem
is that the stress-energy tensor has two indices each of which transforms like a 4-vector under
Lorentz transformations, so the only way to get a single 4-vector index is to freeze out one of
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them, which in tensor analysis terms means contracting it with a fixed 4-vector. Contraction with
the 4-velocity of the rest frame of the electron will do the job, as shown in detail in the final
section.
There were in the literature many attempts to overcome this difficulty of the Abraham-Lorentz
theory after Poincaré, of whom Fermi, Kwal and Rohrlich made independent contributions which
we briefly comment on below.

Fermi’s contribution
The problem of restoring Lorentz invariance without introducing Poincaré stresses was solved by
Fermi [4], who showed that the lack of invariance was due to an incorrect assumption about the
rigid motion of the individual charge elements in the spherical model of the electron which is
incompatible with special relativity. His first paper in 1921 (On the dynamics of a rigid system of
electric charges in translational motion) studied a special relativistic system of electrons in rigid
motion and found the 4/3 factor in its inertial mass formula, while this factor was not present in the
gravitational mass he calculated using general relativity in his second paper (On the electrostatics
of a homogeneous gravitational field and on the weight of electromagnetic masses) [30], referring
to Levi-Civita’s uniformly accelerated metric for the calculations [32]. These were all took place
within five years of the birth of Einstein’s theory in 1916, during which Fermi was first a high school
stduent and then a university student writing his first scientific papers. During the next year 1922
in preparation for his revisit to the problem, Fermi wrote his third paper on his famous Fermi
coordinate system adapted to the local rest spaces along the world line of a particle in motion (On
phenomena occurring close to a world line), and then used it to resolve this 4/3 puzzle in his fourth
paper (two versions published in Italian and one in German: Correction of a contradiction between
electrodynamic and relativistic electromagnetic mass theories) without explicitly referring to the
third paper. A year later collaborating with A. Pontremoli, Fermi applied his same argument to
the corresponding calculation of the mass of the radiation in a cavity with reflecting walls where
the same 4/3 factor appears when the cavity is in rigid motion [31].
His approach was to use a variational principle based on an infinitesimal thin sandwich slice
of spacetime, within which one has to make certain assumptions on how the relative motion of the
individual charge elements in a distribution move. The only way an electron can move rigidly so
that its shape in its rest frame does not change (in order to be compatible with special relativity
as discussed by Born) is if the individual world lines of the charge distribution all cut the local
rest frame time slices orthogonally. This is important for establishing the boundary conditions on
the otherwise arbitrary variations of the world lines at the starting and ending time slices, for the
variational principle to yield equations of motion. If one takes two parallel inertial time slices and
lets the variations of the world lines depend only on that time variable so the shape is rigid with
respect to those time slices (but therefore not in any other family of time slices in relative motion),
one finds the equations of motion with the incorrect inertial mass factor. As explained in the
introduction, an accelerated electron distribution must change shape with respect to an inertial
frame due to the time varying Lorentz contraction, so this cannot be right. By instead using two
successive time slices of the local rest spaces of the electron charge distribution, separated by a
fixed proper time of that local rest system, and only constant translations of the entire family of
world lines along those time slices (i.e., a translation only depending on the proper time of the
local rest system and not on position), one finds the expected result for the inertial mass appearing
in the equations of motion. This latter situation corresponds to fixing the time slices in a Fermi
coordinate system adapted to a world line fixed in the electron charge distribution, preferably the
center of the assumed spherical symmetry.
Fermi considers a laboratory frame with inertial coordinates (t, x1 , x2 , x3 ) in which the accelerated electron is momentarily at rest near the spatial origin at the initial coordinate time which we
will assume for simplicity to be t = 0. Assuming that the Fermi coordinate system (T, X 1 , X 2 , X 3 )
is adapted to a world line in the electron charge distribution passing through the origin of these
spatial coordinates at t = 0, its time hypersurface T = 0 can be chosen to coincide with t = 0,
but after a small interval dt of laboratory time along the central world line, the Fermi time slice is
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instead tilted slightly to remain orthogonal to that world line as shown in Fig. 4 in the appendix.
The metric in the Fermi coordinate system is
ds2 |T =0=t = −N 2 dT 2 + δij dX i dX j ,

N = 1 + Γi X i /c2 ,

(18)

where Γi = v̇ i are the Cartesian components of the acceleration of the central world line at t = 0
where v i = 0. The proper time along the central Fermi coordinate time line is approximately dT =
dt, but away from the origin there is a linear correction factor due to the lapse function in the Fermi
coordinate system. The proper time interval along the normal to the initial hypersurface (measured
by the increment in t) to the nearby Fermi time slice is the increment N dT = (1 + Γi xi /c2 )dt.
Thus in the integral along the time direction in the variational principle over a thin sandwich region
of spacetime from t = 0 to t = 0 + dt (his variation A), he simply had to multiply the remaining
spatial integral by the arbitrary coefficient dt (ignoring the dependence of the integrand on t in the
limit dt → 0, but for the corresponding integral starting at t = 0 and ending on the nearby Fermi
time slice (his variation B), he needed to include the lapse correction factor (1 + Γi xi /c2 ) in the
remaining spatial integral. In both cases, factoring out the constant factor dt which is nonzero, the
remaining spatial integral has to have zero variation with respect to the allowed variations of the
spatial coordinates of the world lines. The extra term in the integral with coefficient Γi xi provides
exactly the necessary correction to produce the desired result in the inertial mass coefficient in the
equations of motion for the spherical shell model of the electron.
Consider an accelerated system of electric charges in special relativity held at rest relative to
each other by external forces (i.e., in rigid motion) and let the speed of light c not be unity in this
section in order to compare with the original Fermi discussion. The corresponding action is given
in inertial coordinates by (see e.g., Pauli [33])
S = S(Aµ , xα ) =

Z „
−

1
F αβ Fαβ + Aµ J µ
16π

«

d4 x ,

(19)

where the integration is extended to the whole spacetime, and the 4-current J µ = ρ U µ depends
on the arclength parametrized world lines of the charged particles, whose unit 4-velocity is U µ =
dxµ /dτ .
Varying S with respect to the vector potential Aµ , fixing the world lines of the charge distribution, leads to the inhomogeneous Maxwell’s equations. In fact
Z

1 αβ
F δFαβ + J µ δAµ
8π
Z
1 αβ
F δ(∂α Aβ ) + J µ δAµ
=
d4 x −
4π
Z
1 αβ
=
d4 x −
F ∂α (δAβ ) + J µ δAµ
4π
„
«
Z
1
=
d4 x
∂α F αµ + J µ δAµ ,
4π

δS|xα =const. =

d4 x −

(20)

that is
∂α F µα = 4πJ µ .

(21)

The next to last equality in this sequence follows from the usual Lagrangian variation integration
by parts, ignoring the total derivative which is fixed on the boundary.
The variation of S with respect to the coordinates of the charge world lines where the above
variations A and B are relevant can be evaluated as follows. Let de be the invariant charge
element at the time slice t = 0 where the laboratory and electron rest frames coincide, related to
the charge density by de = ρ dV , while J = ρ U is the associated 4-current and U α = dxα /dt is the
charge element 4-velocity there (since the charge element proper time coincides with t at t = 0).
Since variations of the electromagnetic field Lagrangian at constant Aα vanish, we find, recalling
that J µ = ρU µ and that ρ is constant and that δU µ = δ(dxµ /dτ ) = d(δxµ )/dτ as usual in the
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Lagrangian variation, while setting ρdV = de,
„Z
«
„Z
«
δS|Aα =const. = δ
d4 x J µ Aµ = δ
de dt U µ Aµ
Z
=
de dt [(∂σ Aµ )U µ δxσ + Aµ δU µ ]
–
»
Z
dAµ µ σ
δσ δx
=
de dt (∂σ Aµ )U µ δxσ −
dτ
Z
=
de dt [U µ (∂σ Aµ − ∂µ Aσ )] δxσ
Z
=
de dt Fσµ U µ δxσ ,
that is

Z
δS =

de dτ E(U )µ δxµ ,

(22)

(23)

since
E(U )µ = Fµν U ν ,

(24)

is the electric field as measured in the rest frame of the charge element. Therefore δS = 0 implies
Z
Z
0=
de dτ E(U )µ δxµ =
dV dt ρFσµ U µ δxσ ,
(25)
which is the volume integral of the Lorentz force contracted with the variation of the inertial
coordinates along the paths of the elements of the charge distribution. Fermi pointed out that
the results of such a variation depend on the way in which the variation itself is performed. The
correct method is the one that agrees with the relativity principle and is compatible with the the
rigidity conditions of the system.
Fermi considered then two different kinds of variations on two distinct thin sandwich regions
of integration over spacetime as described above. In each case factoring out the constant factor dt
arising from the time integration step, the coefficients of the arbitrary variations δxa must vanish.
A) Laboratory frame boundary time slices, initial time hypersurface t = 0, final time hypersurface
t = dt, spatial displacements functions of time only: δt = 0, δxa = δxa (t). In this case Eq. (25)
gives
Z
Z
de dt Ea δxa = 0

→

de Ea = 0 ;

(26)

B) Rest frame of the system boundary time slices, initial time hypersurface t = 0, final time
hypersurface t = dt (1 + Γi xi /c2 ), spatial displacements which are arbitrary constants: δt = 0,
δxa = δxa
0 . In this case Eq. (25) gives
Z
Z
de dtEa δxa = 0 →
de (1 + Γi xi /c2 )Ea = 0 .
(27)
These final integral conditions at the initial time t = 0 may then be used at any laboratory time t
at which the charge distribution is momentarily at rest. Clearly when the acceleration is identically
zero Γi = 0, the final conditions are the same for both cases A dnd B, so one must have nonzero
acceleration to see a difference in these two cases.
• Variations of type A
Consider first the system of variations A.
Z
0=

Ea de .

(28)

Let Eself and Eext the contributions to the total field due to the self-interaction of the system and
to the external field respectively, that is E = Eself + Eext . Eq. (28) thus becomes
Z
Z
a
a
a
a
Fext
≡
Eext
de = − Eself
de ≡ −Fself
.
(29)
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The self-force is the result of the interaction of each small element of charge of the sphere with every
other element. The explicit details of the calculation involving the retarded times can be found,
e.g., in Jackson’s textbook [25], although the Third Edition omits the final explicit evaluation of
the famous 4/3 term. The self-field can be expressed in terms of the self-potentials A and φ by
Eself = −∇φ −
so that
Z
Fext =

1 ∂A
,
c ∂t

»
–
1 ∂A
ρ ∇φ +
d3 x ,
c ∂t

(30)

(31)

since the charge element is de = ρ d3 x. We now adopt the Jackson notation that x is the spatial
position vector in the Cartesian coordinate system and dV = d3 x is the spatial volume element,
and let v and a = v̇ = Γ be the velocity and acceleration of the charge distribution, which at
the initial time t of our calculation satisfies v(t) = 0 (all elements of the charge distribution are
simultaneously at rest) and a = a(t) (the acceleration is the same for all elements of the charge
distribution at that moment), expressing the rigidity of the charge distribution.
By evaluating the potentials at the retarded time t0 = t − |x − x0 |/c, i.e.,
Z
Z
1
[J(t0 , x0 )]ret 3 0
[ρ(t0 , x0 )]ret 3 0
A=
d
x
,
φ
=
d x ,
(32)
c
|x − x0 |
|x − x0 |
and using the rule (Taylor series expansion about the time t0 = t)
„
«
∞
X
(−1)n |x − x0 | n ∂ n
[. . .]ret =
[. . .]|t0 =t ,
n!
c
∂tn
n=0

(33)

Eq. (31) becomes
Fext =

»
Z
Z
∞
X
(−1)n
∂n
3
3 0
d
x
d
x
ρ(t,
x)
ρ(t, x0 )∇(|x − x0 |n−1 )
n! cn
∂tn
n=0
–
|x − x0 |n−1 ∂J(t, x0 )
+
.
2
c
∂t

Consider the first term in the brackets. The n = 0 term
Z
Z
d3 x d3 x0 ρ(t, x)ρ(t, x0 )∇|x − x0 |−1

(34)

(35)

vanishes in the case of a spherically symmetric charge distribution, whereas the n = 1 term is
identically zero (gradient of a constant), implying that the first nonvanishing contribution comes
from n = 2. Changing the summation indices thus leads to
Z
Z
∞
n+1 »
X
(−1)n
3
3 0
0 n−1 ∂
Fext =
d
x
d
x
ρ(t,
x)|x
−
x
|
J(t, x0 )
n! cn+2
∂tn+1
n=0
–
∂ρ(t, x0 )
∇(|x − x0 |n+1 )
+
.
(36)
0
n−1
∂t
(n + 1)(n + 2)|x − x |
The continuity equation, spherical symmetry and angular averaging can be used to simplify this
expression, taking into account also that for a rigid charge distribution the current is J(t, x0 ) =
ρ(t, x0 )v(t), where v(t) = 0 holds at the time t at which this calculation is carried out, so only
its time derivatives contribute to the series expansion. The term in this expansion containing the
first time derivative of the acceleration Γ̇ = v̈ is associated with the radiation reaction.
The final result, obtained by neglecting all nonlinear powers of the acceleration and its derivatives (which appear for n ≥ 4), can be written as
Fext = −Fself =

∞
2 X (−1)n In ∂ n
v̇ ,
3 n=0 n! cn+2 ∂tn

(37)
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where

Z Z
In =

d3 xd3 x0 ρ(t, x)|x − x0 |n−1 ρ(t, x0 ) .

(38)

In the point particle limit, I0 diverges corresponding to the infinite self-energy of a point particle,
I1 = e2 , and In = 0 for n > 1. When the charge is uniformly distributed over the surface of the
sphere one has In = 2e2 (2r0 )n−1 /(n + 1), and in the non-relativistic limit (i.e. considering only
the n = 0 term of the series) Eq. (37) becomes
4 Uem
v̇ ,
3 c2
so that the Newton’s equation of motion for the system takes the form
NR
Fself
=−

NR
Fext
=

4
mem v̇ ,
3

mem =

Uem
,
c2

(39)

(40)

provided higher terms in expansion (37) are neglected. This is 4/3 times the electromagnetic
mass. However, Fermi pointed out that this result has been obtained through improper use of the
variational method, which is not Lorentz-invariant since it is carried out in a particular reference
frame, where the result is equivalent to assuming that the constant laboratory time cross-sections
of the world tube of the charge distribution are unchanging.
• Variations of type B
The correct result in which the unwanted factor of 4/3 is removed is achieved if instead the
variation B is performed, so that in the previous calculation of Jackson we must replace the factor
of ρ(t, x) in the double spatial integral by ρ(t, x)(1 + v̇(t) · x). Thus the vanishing integral n = 0
term, namely Eq. (35), of the original expansion now becomes
Z
Z
d3 x d3 x0 ρ(t, x)[1 + v̇(t) · x/c2 ]ρ(t, x0 )∇|x − x0 |−1
Z
Z
=
d3 x d3 x0 ρ(t, x)[v̇(t) · x/c2 ]ρ(t, x0 )∇|x − x0 |−1 .
(41)
Fermi noted that this double spatial integral will give the same value if the two dummy vector
integration variables are switched, and hence can also be replaced by the average of these two ways
of writing the same integral. Letting ∇|x − x0 |−1 = −(x − x0 )/|x − x0 |3
Z
Z
c−2 d3 x d3 x0 ρ(t, x)ρ(t, x0 )[v̇(t) · x](x0 − x)/|x − x0 |3
Z
Z
= c−2 d3 x d3 x0 ρ(t, x0 )ρ(t, x)[v̇(t) · x0 ](x − x0 )/|x − x0 |3
Z
Z
1
= −c−2
d3 x d3 x0 ρ(t, x)ρ(t, x0 )[v̇(t) · (x0 − x)](x0 − x)/|x − x0 |3 .
(42)
2
Now imposing spherical symmetry about the origin, the components of this vector integral are
nonzero only along the acceleration vector, with a coefficient which can be replaced by the average
value of the vector component integral
1
1
−[v̇(t) · (x0 − x)](x0 − x) → −v̇(t) (x0 − x) · (x0 − x) = −v̇(t) |x0 − x|2
3
3
so it reduces to
» Z
–
Z
1 v̇(t) 1
1 Uem
3
3 0
0
0
−
d
x
d
x
ρ(t,
x)ρ(t,
x
)/|x
−
x
|
=−
v̇(t) ,
3 c2
2
3 c2

(43)

(44)

since the expression in square brackets is the self-energy of the charge distribution at the time t.
This is the only additional term linear in the acceleration which contributes to the lowest terms
of the previous calculation (so that the lowest order radiation reaction term is unchanged)
NR
=
Fext

4 Uem
1 Uem
Uem
v̇ −
v̇ = 2 v̇ ,
3 c2
3 c2
c

(45)

May 24, 2011

22:7

World Scientific Book - 9.75in x 6.5in

174

fermi˙book2011-05

Fermi and Astrophysics

which leads to the desired result
Uem
.
(46)
c2
in the non-relativistic limit, according to Newton’s law with the electromagnetic mass mem =
Uem /c2 .
It needs to be emphasized that Fermi started with Hamilton’s principle of least action to
derive the correct equations of motion subject to the symmetry constraints of the rigid charge
configuration, while the Abraham and Lorentz calculation assumes that the total self-force at a
given instant of laboratory time should vanish in the absence of external forces. Why indeed
should the total force on the acceleration electron configuration as calculated in an inertial frame
in which the electron is momentarily at rest be zero? Fermi shows this to be false yet the same
argument is repeated in Jackson [25] and Rohrlich [22]. The rigidity of the charge distribution is a
strong constraint on the action principle, and imposing symmetry on an action does not in general
commute with deriving the equations of motion, a spectacular example being the failure of the
class B spatially homogeneous cosmological models to have a Lagrangian principle [34]. One must
carefully examine the boundary conditions as Fermi indeed does. For an outsider to this field, it
seems puzzling that such contradictions in reasoning can remain in place for over a century.
NR
Fext
= mem v̇ ,

mem =

Kwal’s and Rohrlich’s contributions
The Fermi idea that one must consider time slices orthogonal to the world lines of the electron
charge distribution was rediscovered independently many years later by Kwal [7] and Rohrlich [8]
in the context of the integral definition of the 4-momentum of the unaccelerated classical electron
exterior field. Recognizing that the definition (17) of the electromagnetic energy and momentum
does not lead to an electromagnetic 4-momentum endowed with the correct transformation properties, they pointed out that when considering these integrals for a moving electron, it is also
necessary to select a hypersurface which is linked to the motion of the electron in a relativistically
invariant way. According to Fermi’s original idea, in order to evaluate the energy and momentum
of a moving charge, one should integrate over a hypersurface whose unit normal n is everywhere
parallel to the velocity of the charge, i.e., n = U , implying that the surface element has the form
dΣµ = −U µ dV

(47)

Eq. (47) gives the invariant link between the 4-velocity of the electron and the spacelike hyperplane
which must be chosen to correctly define the electromagnetic 4-momentum associated with it. This
condition physically expresses the rigidity of the charged particle in the relativistic sense: the world
lines associated with each point of the moving system are always orthogonal to a family of spacelike
hypersurfaces, so that the shape of the system is the same on any of them. They argued that one
simply had to restrict the region of integration to a time slice belonging to the rest frame of the
electron, but of course one is still free to express the components of the tensor involved in any
inertial coordinate system. By contracting one index of the stress-energy tensor with the fixed
4-velocity of the rest frame, only one index remains free to change under Lorentz transformations
of those coordinates. Thus one defines a single 4-vector whose components transform correctly
under changes of inertial coordinates, an obvious observation noted by Jackson [25].
To implement this idea so that one can define an integral functional of the hyperplane region
exterior to the electron world tube that works for any Cartesian inertial coordinate system, one
must slip in between the contraction of the hypersurface element and stress-energy tensor the
temporal projection −Uβ U α along the 4-velocity of the electron frame. Hypersurface integrals are
about integrating 3-forms, which are then translated into metric language using the normal and
hypersurface volume element geometry. Thus alter the previous integral definition in this way
Z
Z
µ
µν
µα
dΣν
→
P µ (Σ) =
Tem
(−Uα U ν )dΣν ,
(48)
PAL
(Σ) =
Tem
Σ

Σ

where now U refers to the rest frame 4-velocity, and below U α and U 0α = Lα β U β are its components with respect to the rest frame and the moving frame. Note that from Eq. (47) one finds
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U ν dΣν = −Uν U ν dV = dV , so that the newly defined momentum can also be written as
Z
µα
P µ (Σ) = −
Tem
Uα dV ,

(49)

Σ

as in the Kwal original calculation [7], where it is understood that Σ can only be a time slice in the
electron rest frame where dV is the volume element, but the components of the integrand may be
referred to any inertial coordinate system. Since there is one free index, only that index transforms
under a Lorentz transformation, giving the appropriate 4-vector character to the evaluated integral.
We can be a little bit more sophisticated over half a century later. The 3-form dV = U ν dΣν
1 ν
is really the dual ∗ U = 3!
U ηναβγ dxα ∧ dxβ ∧ dxγ , which is an integrable 3-form which admits a
family of integral submanifolds which are the time slices in the rest frame of the electron, and on
one of those slices it reduces to dV = dx1 ∧ dx2 ∧ dx3 which we then represent as dx1 dx2 dx3 in
an ordinary triple integral.
We can integrate this same 3-form over any time slice Σ0 (corresponding to a moving frame
K 0 ) exterior to the electron world tube and it will restrict to the value dV = γdV 0 on that time
slice, where γ is the gamma factor of the new time slice relative to the electron rest frame. Since
the integrand in our case is independent of the time in the electron rest frame, its value on the
new time slice is the same as on one of the rest frame slices at the corresponding point connected
by a world line at rest in the rest frame against any function which depends only on the rest frame
µα
spatial coordinates (like inertial Cartesian components of Tem
Uα ) is the same as its integral over
a hyperplane region Σ (rest frame time slice of the exterior region), solving the problem. In the
differential volume notation, for an integral at constant time t0 with unit 4-velocity n0 , this 3-form
looks like U 0ν dΣ0ν = U 0ν (−n0ν dV 0 ) = γdV 0 = dV , due to the Lorentz contraction dV 0 = dV /γ of
the volume element.
Thus if we integrate the new components of the momentum integral over a new time hypersurface, we get
Z
Z
0 µα
βα
P 0µ (Σ0 ) =
Tem
(−Uα0 U 0ν )dΣ0ν =
Lµ β Tem
(−Uα U 0ν )dΣ0ν
Σ0
Σ0
Z
βα
(50)
−Tem
Uα dV = Lµ β P β (Σ) ,
= Lµ β
Σ
βα 0
Tem
(x )

βα
Tem
(x)

using the fact that
=
for spacetime points x and x0 which lie on the same static
world line of the electron rest frame. In other words this altered definition defines a unique 4vector whose components transform as they should between different inertial coordinate systems.
However, unless there exists a simultaneous rest frame for the entire charge distribution, one
cannot introduce this modified definition of the energy-momentum 4-vector and one is stuck with
the noncovariant Abraham-Lorentz definition.

Concluding Remarks
It is unfortunate that the first four papers by one of the leading physicists of the twentieth century
were never translated from their original Italian. The fourth paper, which appeared in preliminary
versions in both Italian and German, was the culmination of Fermi’s early work in relativity only
a few years after the birth of general relativity and written while he was a university student.
Its actual contents seem to have remained a mystery to nearly all those who have cited it in
discussions of the classical theory of the electron which still interests people even today, while
the leading textbook on classical electrodynamics still repeats the Abraham-Lorentz derivation of
the equations of motion without Fermi’s correction. Ironically Fermi’s third paper (see [35] for a
historical discussion), which he considered only a tool for obtaining his result in that fourth paper,
and which Fermi never even explicitly cited, did make an indelible mark on relativity with the terms
Fermi coordinates and Fermi-Walker transport, although even the much later paper by Walker that
coupled together their names forever ignores Fermi’s original paper in Italian. Surprisingly even
the text by Rohrlich updated only recently four decades after its original publication fails to
connect his own adjustment of the definition of the 4-momentum of the electromagnetic field of
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Fig. 1 Figure 5.3.b from Misner, Thorne and Wheeler redrawn with an inner cylindrical boundary
which is the world tube of the electron sphere boundary. The arrows show the unit normal
direction for the orientation of each hypersurface, but in the single Gauss law relation for the
region of spacetime between Σ1 and Σ2 excluding the shaded region inside the cylinder, the sum
of the outward normal integral contributions is zero for a divergence-free vector field. Here the
boundary term due to the portion σ of the cylinder between the two parallel hyperplanes vanishes
by spherical symmetry.

the classical electron to Fermi’s argument about the equations of motion, which is described in
our appendix, while the more recent books by Yaghjian and Spohn devoted to this area also show
no sign that they have ever seen Fermi’s argument. We hope the present work restores Fermi’s
message to its rightful place.

Appendix. Gauss’s theorem and “conservation laws”
For a divergence-free stress-energy tensor in all of Minkowski spacetime which falls off sufficiently
fast at spatial infinity, its integral over any two parallel inertial time hyperplanes would be the
same by Gauss’s law, as explained in most standard text in relativity, see Chapter 5 of Misner,
Thorne and Wheeler [29], for example, or Appendix A1–5 of Rohrlich’s Third Edition [22], or
Anderson [26]. However, in the present case the boundary term on the timelike world tube of the
surface of the electron sphere interferes with this more familiar picture, explaining the unwanted
correction terms to the evaluation of the above stress-energy tensor.
Fig. 1 generalizes Fig. 5.3.b of Misner, Thorne and Wheeler: it represents a constant x2 , x3 slice
of the unaccelerated electron world tube centered at the origin of the unprimed spatial coordinates
in spacetime. As in section 2, the unprimed coordinates are associated with the rest frame K of
the electron, while the primed coordinates are associated with a frame K 0 in relative motion with
respect to the unprimed frame is in the x1 direction with velocity −v < 0 as shown in the figure.
Consider the spacetime region devoid of electromagnetic sources between two spacelike hyperplanes
Σ01 and Σ02 of constant inertial times t01 and t02 > t01 and outside of an internal lateral boundary
σ between them which is a subset of the cylindrical timeline surface representing the world tube
of the electron spherical surface. Let Σ01 and Σ02 be the portions of those planes exterior to this
cylinder. Suppose Σ01 and Σ02 are oriented by their future-pointing unit normal vector fields and
σ by its inward unit normal ∂/∂r relative to the region of spacetime in question. Let Q be any
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Fig. 2 The world tube of the electron sphere is a cylinder in spacetime about the t axis, shown
here with one spatial dimension suppressed. The time slices t = 0 (Σ) and t0 = 0 (Σ0 ) cut this
cylinder, intersecting in the spacelike 2-plane x1 = 0, t = 0, which separates the spacetime region
between these time slices into two disjoint subregions x1 > 0 and x1 < 0. Gauss’s law applies
separately to each of these two simply connected regions outside the electron sphere cylinder,
but the signs of the outward normals of the time slices switch between these two regions, while
remaining the same for the cylindrical portion of their boundaries.
νµ
constant 4-vector so that q µ = Qν Tem
is a divergence-free vector field in the spacetime region
bounded by the three hypersurfaces Σ, Σ0 and σ, as well as by the lateral boundary at spacelike
infinity, a region to which Gauss’s law with zero volume integral and outward pointing normals
applies. Taking the orientations into account relative to the outward normal on each boundary
hypersurface, one then has
Z
Z
Z
µν
µν
µν
Qµ Tem
dΣν −
Qµ Tem
dΣν =
Qµ Tem
dσν .
(51)
Σ02

Σ01

σ

If the lateral boundary term vanishes, then the integral is the same over each of the two time
hypersurfaces outside the world tube of the electron sphere. Indeed for time slices in the rest frame
of the electron, or in the moving frame, these integrals are time-independent, which corresponds
exactly to the vanishing of the integral over the electron surface tube between the two slices. This
follows for all possible projections Qα in the explicit evaluation of the lateral integral from the
0r itself and of the surface integral of the spatial stress components
vanishing of Tem
i

i

x r
rx
rr
Tem
= Tem
= Tem

i
∂xi
00 x
= −Tem
∂r
r

(52)

over the 2-sphere r = r0 , which follows from the spherical symmetry and the fact that the integral
along the time direction on the cylinder is the constant rest frame time difference t2 −t1 = γ(t02 −t01 ).
However, even though for each such inertial coordinate system, the integral at constant time is
time-independent, we must do a second calculation to relate the results of the integration with
respect to inertial coordinate systems in relative motion.
The situation between the time hyperplanes of two different inertial frames is more complicated since the hyperplanes necessarily intersect, as shown in Fig. 2 with one spatial dimension
suppressed, assuming that the relative velocity v along the direction x1 of the electron rest frame
relative to the moving primed frame is positive, as in the previous figure. Fig. 3 shows a constant
x2 , x3 slice of Fig. 2 generalizing Fig. 5.3.c of Misner, Thorne and Wheeler [29] (or Fig. A1–3 from
Rohrlich’s Third Edition), but with an additional internal lateral boundary, here the portion σ of
the cylinder representing the electron sphere centered around the t axis and extending between the
two time slices. Consider the region of spacetime exterior to the electron sphere bounded by the
time hypersurfaces t = 0 and t0 = 0, with unit future-pointing normals U = ∂/∂t and U 0 = ∂/∂t0 .
Let σ = σ− ∪ σ+ be the portion of the cylindrical world tube of the electron sphere between
these two time hyperplanes, divided into two disjoint parts σ+ for x1 > 0 and σ− for x1 < 0,
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Fig. 3 Fig. 5.3.c from Misner, Thorne and Wheeler (or Fig. A1–3 from Rohrlich’s Third Edition) redrawn with an inner cylindrical boundary which is the world tube of the electron sphere
boundary, showing a constant x2 , x3 slice of the previous figure. The arrows show the unit normal
direction for the orientation of each hypersurface, which changes sign relative to the unit outward
normal of the exterior region outside the cylinder going from x1 > 0 to x1 < 0. Here the boundary
term due to the portion σ of the cylinder between the two parallel hyperplanes is now nonvanishing. The two halves σ+ (x1 > 0) and σ− (x1 < 0) contribute terms with opposite signs to the
two separate Gaussian integral relations because of the change in sign of the outward normals on
Σ and Σ0 , and hence in the difference relation needed to reassemble the two halves of those time
hypersurface integrals, they contribute a nonzero correction term.
each with the orientation induced by the outward radial normal ∂/∂r relative to the sphere. For
each point on the electron sphere, σ consists of the region between t = 0 and t = −vx1 , so the
integral on σ along t leads to a factor ∆t = 0 − (−vx1 ) = vx1 > 0 for x1 > 0 and a factor
∆t = −vx1 − 0 = −vx1 > 0 for x1 < 0 since the integrand is independent of t along the cylinder.
Similarly let Σ = Σ− ∪Σ+ and Σ0 = Σ0− ∪Σ0+ , each with the future-pointing normal orientation,
and let Σ = Σ− ∪ Σ+ and Σ0 = Σ0− ∪ Σ0+ be the portions of those regions outside the world tube of
the electron sphere. One can separately apply Gauss’s law to the two disjoint regions with these
boundaries and reassemble the pieces to get a relation between the integrals over Σ, Σ0 and σ.
Since the outer normal directions switch directions for Σ and Σ0 but not σ going from x1 > 0 to
x1 < 0, one must take the difference of the two separate Gauss law relations to reassemble the
total integrals over Σ and Σ0 , which leads to a net nonvanishing contribution from σ in spite of
the spherical symmetry. One has
Z
Z
Z
µν
µν
µν
dΣν −
Qµ Tem
dσν ,
Qµ Tem
Qµ Tem
dΣν =
Σ0+

Σ+

Z
Σ0−

µν
dΣν −
Qµ Tem

Z

σ+
µν
Qµ Tem
dΣν =

Σ−

Z

µν
Qµ Tem
dσν ,
σ−

(53)
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and therefore taking the difference
Z
Z
µν
µν
Qµ Tem
Qµ Tem
dΣν
dΣν −
Σ0
Σ
Z
Z
µν
µν
Qµ Tem
Qµ Tem
dΣν
=
dΣν −
Σ0+

Σ+

Z

µν
Qµ Tem
dΣν −

−

Σ0−

Σ−

Z

µν
Qµ Tem
dσν +

=−

Z

σ+

!

Z

µν
Qµ Tem
dσν

µν
Qµ Tem
dσν .

(54)

σ−

να =
Consider applying the above relation in this setting for Q = −U 0 , so that q α = −Uν0 Tem
t0 α = γ(T tα + vT x1 α ). Then
Tem
em
em
Z
Z
t0 t0
q α dΣ0α =
Tem
dV 0 = W 0
(55)
Σ0

while

Z

Σ0

q α dΣα =

Z

Σ

0

t t
Tem
dV = γW .

(56)

Σ

The cylindrical world tube integrals, since the integrand is independent of t, are
Z
Z
Z
t0 r
tr
x1 r
q α dσα =
Tem
dt dS =
γ(Tem
+ vTem
) dt dS
σ+

σ+

σ+

π/2

Z

π

Z

=
−π/2

„

0

rr
= γv 2 r03 Tem

=

(0 − (−vx1 ))γv
Z

π/2

π

Z

−π/2

x1 rr
T
r0 em

«

r02 sin θ dθdφ

(sin θ cos φ)2 sin θ dθdφ

0

1 2
1
rr
γv (4πr03 Tem
) = − γv 2 W .
6
6

(57)

and
Z

q α dσα =
σ−

3π/2

Z

π

Z

π/2

((−vx1 ) − 0)γv

„

0

rr
= −γv 2 r03 Tem

Z

3π/2
π/2

rr
= −γv 2 r03 (4πTem
)

π

Z

x1 rr
T
r0 em

«

r02 sin θ dθdφ

(sin θ cos φ)2 sin θ dθdφ

0

1
1
= γv 2 W .
6
6

(58)

Since the outward normals on Σ and Σ0 reverse direction on the second set of integrals, but the
outward normal on σ does not, the separate Gauss’s law relations are
Z
Z
Z
q α dΣ0α −
q α dΣα = −
q α dσα
Σ0+

Σ+

Z
q

α

Σ0−

dΣ0α

Z

σ+

Z

α

−

q α dσα

q dΣα =
Σ−

(59)

σ−

and their sum is
W 0 − γW =

Z
Σ0

q α dΣ0α −

Z

q α dΣα
Z
1
q α dσα +
q α dσα = v 2 γW .
3
σ−
Σ

Z
=−
σ+

(60)
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Thus the unwanted correction factor is exactly the integral over the cylindrical boundary over the
electron sphere of the moving frame 4-velocity component of the stress-energy tensor, with the
factor of 1/3 equal to
Z 2π Z π
(sin θ cos φ)2 sin θ dθdφ
0

0

=

1
4π

Z
S2

(x1 )2 2
1 1
r dΩ =
r04 0
3 4π

Z
S2

r02 2
1
r dΩ = ,
r02 0
3

(61)

whose value follows from spherical symmetry as expressed in Eq. (11).
One can repeat this calculation for Q = ∂/∂x01 in order to express the momentum correction
factor as an integral over this boundary, with one less factor of v in the correction term since
01

x
Tem

r

1

1

x r
tr
x r
= γ(Tem
+ vTem
) = γTem

(62)

compared to the previous calculation where
01

1

1

t r
tr
x r
x r
Tem
= γ(Tem
+ vTem
) = γvTem
.

(63)

With this corresponding correction term the integral relationship now becomes
1
4
p01 − γvW = γvW → p01 = γvW .
(64)
3
3
explaining the famous factor of 4/3.
If we shrink the radius r0 → 0 for a divergence-free stress-energy tensor which is not singular at
the origin, the contributions due to the hypersurface integral over σ also go to zero and show that
the 4-momentum integral is the same over both bounding inertial time hypersurfaces associated
with the two frames in relative motion.
Z
Z
Z
q α dΣ0α =
q α dΣα =
Qµ T µν dΣν .
(65)
Σ0

Σ

Σ

R
In this case the 4-vector Σ T µν dΣν has the same value on any inertial time hypersurface, i.e.,
its components transform correctly under Lorentz transformations. This applies to any (timedependent) source-free electromagnetic field defined over all space. Of course this cannot be done
for the Coulomb field of the electron which goes infinite in the limit of shrinking its radius to zero.
Finally suppose we accept that the total 4-momentum of the electromagnetic field at a given
instant of time in the instantaneous rest frame of an accelerated electron is the Kwal-Rohrlich
integral and express the limit definition of its time derivative through a limiting Gauss’s law
volume integral over the region between the two successive rest frame time slices. Let Σ, Σ± and
Σ 0 , Σ± 0 now refer to the entire hyperplanes or half hyperplanes corresponding to the starting
time and ending time τ and τ 0 = τ + ∆τ in the rest frame of the electron distribution, where the
intersection of the two hyperplanes away from the electron world tube divides them into halves, one
Σ− containing a portion of the electron world tube and the other not. Let R± be the two wedges
of spacetime between these two planes, and let xα be the inertial coordinates instantaneously at
rest with the electron distribution initially at t = 0. The successive time slice in the rest frame of
the electron after a small proper time interval ∆τ is then described by t = ∆τ (1 + Γi xi ), where
Γi are the components of the acceleration of the electron frame at t = 0, and N = 1 + Γi xi is the
lapse function in the Fermi coordinate system. Fig. 4 describes this situation for the special case
in which the acceleration is aligned with the x1 direction at t = 0.
Then the hypersurface integral of the stress-energy tensor on each hyperplane of constant
proper time τ , using the notation P (τ ) now instead of the previous P (Σ), is the Kwal-Rohrlich
integral
Z
Z
µν
µν
Qµ (P µ (τ 0 ) − P µ (τ )) =
Qµ Tem
dΣ0ν −
Qµ Tem
dΣν
Σ0
Σ
Z
Z
µν
4
µν
4
=
Qµ Tem
Qµ Tem
,ν d x −
,ν d x
R−

Z

R+

Qµ F µ ν J ν d4 x .

=−
R−

(66)
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Fig. 4 Figure 5.3.c from Misner, Thorne and Wheeler redrawn in a constant x2 , x3 slice showing
the world tube of an electron sphere instantaneously at rest at t = 0 but accelerated in the negative
x1 direction (Γ1 < 0) and two successive rest frame time slices separated by proper time ∆τ at
the center of the sphere, with the time slices intersecting to the right of the world tube (equivalent
to the assumption |Γ1 |r0 < 1). The spacetime region within the electron world tube between the
two slices (shaded in this plane cross-section) occurs in the Gauss’s law application to the wedge
between the two time slices, namely R− ∩ R+ , two regions which are separated from each other
by a plane of constant x1 within the hypersurface t = 0 shown as the intersection point in this
diagram.
The intermediate equalities state Gauss’s law for the wedge regions R− ∩ R+ , which is implied
by Rohrlich’s Fig. A1–3 and his Eq. (A1–61), equivalent to assigning a negative orientation to the
half region R+ , if both Σ− and Σ+ are oriented by their future-pointing normals.
The proper time derivative (letting Γi be the spatial components of the acceleration at t = 0)
is then
Qµ

dP µ (τ )
P µ (τ + ∆τ ) − P µ (τ )
= Qµ lim
∆τ →0
dτ
∆τ
R
µ
ν 4
R− F ν J d x
= −Qµ lim
∆τ →0
∆τ
R R t=∆τ (1+Γj xj ) µ ν
F ν J dt d3 x
t=0
= −Qµ lim
∆τ →0
∆τ
Z
j
µ
ν 3
= −Qµ (1 + Γj x )F ν J d x ,

(67)

where the integral is evaluated at t = 0 over the entire region where this integrand is nonzero.
With J µ = ρ U µ = ρ δ µ 0 since the electron distribution is instantaneously at rest, this reduces to
Z
dP µ (τ )
Qµ
= −Qµ (1 + Γj xj )F µ ν ρ U ν d3 x
dτ
Z
= −Qµ (1 + Γj xj )E µ ρ d3 x ,
(68)
where E µ = δ µ i E i at t = 0 when this integral is evaluated, so that dP 0 /dτ = 0. Thus taking Qµ
to pick out the spatial directions, we get
Z
dP i (τ )
= − (1 + Γj xj )E i ρ d3 x .
(69)
dτ
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The vanishing of the right hand side is the starting point of the second half of Fermi’s variation B
discussion for the self-force alone when no external forces are applied to the electron, a condition
which is therefore equivalent to the conservation of this definition of the total spatial momentum
in the electromagnetic field (vanishing left hand side), as redefined by Kwal and Rohrlich.
The Abraham-Lorenz argument proceeds without the lapse factor in parentheses, as reproduced in Jackson [25] and as reviewed in Rohrlich [22], and as rederived in Yaghjian [23] and
Spohn [24], but Fermi explicitly argues that this is wrong because the condition that the integral
vanish is equivalent to the variation A of the action which violates the relativity principle. If the
charge distribution is rigid in the relativistic sense as well as accelerated, then the total force on
the charge distribution cannot be zero simultaneously in the laboratory frame. By including the
lapse factor, one relies on the conservation of total momentum in the rest frame of the charge
distribution to determine the equations of motion which are compatible, and the extra factor of
the acceleration leads to the correction of the unwanted 4/3 factor in the mass coefficient.
Only Aharoni [28] seems to have seen and understood Fermi’s argument, explaining exactly
what Fermi did in detail in his 1965 textbook revised because of the then recent Rohrlich work on
this topic and re-interpreting it in his own way, explaining in detail how the 4-momentum integrals first explained by Kwal and later Rohrlich are connected to Fermi’s approach to the problem.
Anaroni’s equations (6.5), (6.18) and (6.19) for the total self-force due to the electron charge distribution involve through his (6.18) the proper time rate of change of an integral over the spacetime
region between two successive proper time hypersurfaces of the electron (his own reformulation of
the self-force in view of the Kwal-Rohrlich integral definition as noted in a footnote),
Z
Z τZ
dP µ
d
F µ ν J ν dτ dΣ = − − (1 + Γj xj )E i ρ d3 x ,
(70)
= F(self) = −
dτ
dτ τ0
which through Gauss’s law is equivalent to the difference of the 4-momentum integrals over those
two hypersurfaces. As such this is equivalent to Eq. (66), which therefore finally ties the KwalRohrlich definition of 4-momentum to the correct equation of motion for the electron. However,
Aharoni failed to relate his“postulated” self-force expression to Gauss’s law to show that it actually
is related to the proper time rate of change of the Kwal-Rohrlich 4-momentum integral. Spohn
and Yaghjian both have long bibliographies in their textbooks, but neither mentions Aharoni,
while Rohrlich has an author index indicating Aharoni’s name on page 283 where no reference to
anyone can be found. Only the much later work of Kolbenstvedt acknowledges Fermi’s approach,
rederiving it in a slightly different but equivalent form, also ignored by Rohrlich, Spohn and
Yaghjian in their later editions.
Note that by applying Gauss’s law to the situation of Fig. 1 (dropping the primes from the time
coordinates) between two hyperplanes of infinitesimally separated laboratory times t2 = t1 + dt,
one finds instead an expression for the time rate of change of the Abraham-Lorentz momentum
Z
i (t)
dPAL
= − E i ρ d3 x ,
(71)
dt
which is Rohrlich’s Eqs. (4–141,142) [22] in a laboratory frame in which the charge distribution
is momentarily at rest. For an accelerated charge distribution, this will not be zero so the total
Abraham-Lorentz momentum will not be conserved. Similarly although the Abraham-Lorentz
energy will have zero time derivative at this moment, if the charge distribution is accelerated, the
inertial time derivative of this energy will become nonzero away from this time slice when the
electron is no longer at rest.
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Dino Boccaletti: When a problem is solved too early. Enrico
Fermi and the infamous 4/3 problem

Introduction
It has often happened, particularly in the past centuries, that some scientific results had been
reobtained more than once, each time ignoring the authors of the preceding discoveries. In the
case of mechanics this happened many times, as recalled by A. Wintner in the preface to his
famous book:1 “... even the classical literature of the great century of celestial mechanics appears
to be saturated with rediscoveries (sometimes bona fide and sometimes not assuredly so) ...”. In
times closer to us, this has happened again for “the infamous 4/3 problem.”2 It took thirty years
for the result obtained by Fermi to have its “consecration” in an authoritative book (see below)
and ten more to begin circulating among the community of experts. In the next pages we shall
first try to historically contextualize Fermi’s paper in an extremely concise way and then to bring
into question the procedures through which the paper itself has been interpreted. At the end
we shall advance a conjecture which, as with all conjectures, is based on circumstantial but not
incontrovertible evidence.

The story in short
In the early twenties, when Fermi was concluding his studies at the University of Pisa, in Italy
the problems related to the rising quantum mechanics had not yet filtered into academic circles.
Instead the electromagnetic theory and the theory of relativity (special and general) were wellknown and studied (even if in restricted circles) through the works of Abraham, Lorentz, Poincaré,
Richardson . . . for electromagnetic theory and the papers of Einstein, Levi-Civita, and the book
of Weyl for the theory of relativity. Fermi, still a student, had a deep knowledge of these theories and of classical analytical mechanics. Besides being testified to in Fermi’s biography written
by Emilio Segrè,3 this appears clearly in the first papers he published.4 Paper 1) is substantially a generalization of a result which, at that time, was quoted in the circulating textbooks on
electrodynamics.
Besides the various editions of the Abraham’s Theorie der Elektrizität (which originated as
a second part of the treatise of Föppl published for the first time in 1894) and Lorentz’s The
theory of electrons (1909, second edition 1915), the textbook having a larger circulation was
Richardson’s The electron theory of matter (1914). Fermi refers to this latter textbook. At that
time (1921–23) it was generally accepted that, for a charged particle moving with variable velocity,
the electromagnetic mass was 4/3 times the inertial mass.5 The whole theoretical work done in the
1 A. Wintner: The Analytical Foundations of Celestial Mechanics, Princeton University Press,
1947, p. IX.
2 The expression is due to J. D. Jackson in his textbook Classical Electrodynamics, Third Edition,
Wiley 1998, p. 755.
3 E. Segrè: Enrico Fermi Physicist, The University of Chicago Press, 1970
4 For the first few Fermi’s papers also see, in Italian,
C. Tarsitani: I lavori di Fermi sulla relatività nei commenti di Persico e Segrè, Atti del IV
congresso nazionale di storia della fisica, Como, 1983,
F. Cordella, F. Sebastiani: Il debutto di Enrico Fermi come fisico teorico: I primi lavori sulla
relatività (1921–1922–23), Quaderno di Storia della Fisica N. 5, 1999 and
F. Cordella, A. De Gregorio, F. Sebastiani: Enrico Fermi: Gli anni italiani, Editori Riuniti, 2001.
To avoid possible misunderstandings, we follow the convention of the present volume and refer
to Fermi’s papers making use of the numbered classification scheme given in Enrico Fermi: Note
e Memorie (Collected Papers), Accademia Nazionale dei Lincei and University of Chicago Press,
Vol. 1, 1961, Vol. 2, 1965. The relevant papers 1), 2), 3), 4c) of which we will be concerned in the
following are given in English translation in Chapter 2 of this volume.
5 See, for instance O. W. Richardson: The electron theory of matter, Cambridge University Press,
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last two decades, mainly by Abraham and Lorentz, had led to considering the electron (discovered
by J. J. Thomson in 1897) to be a rigid sphere with a uniform charge distribution on its surface.
In particular, Abraham was convinced that the electron’s entire mass was of electromagnetic
origin and in 1902 announced the realization of an “electromagnetic mechanics.” He also called
“longitudinal mass” the mass associated only with a force oriented along the electron’s trajectory
and called “transverse mass” that associated with a force oriented perpendicular to the electron’s
trajectory.6 (These terms had a long life since were used in various papers on the special theory
2

e
of relativity, including the fundamental Einstein paper of 1905). Since E0e = 2R
(R radius of
the sphere) is the electrostatic energy, the current theory drove to evaluate the electromagnetic
2

contribution to the electron’s mass as me = 23 ce2 R . As a consequence this made the electromagnetic
mass equal to 4/3 times the mass entering into Einstein’s equation E = mc2 .
Fermi demonstrates that, in the context of the then current theory, one obtains the same result
for any system of moving charges, i.e., the factor 4/3. Therefore inertial mass and electromagnetic
mass do not match. He also announces that in a forthcoming paper he will consider electromagnetic
masses as masses endowed with weight from the point of view of the general theory of relativity. In
point of fact, in paper 2), Fermi obtains the result that the electromagnetic mass and the passive
gravitational mass (the weight of the charged particle) do match. This is a blatant contradiction:
either this result disproves the equivalence principle (largely accepted by that time) or a new
problem arises on the possible electromagnetic nature of mass (remember Abraham’s ideas on
“electromagnetic mechanics”!). In paper 4c), Fermi first solves the problem. He is well aware of
the importance of the result obtained. In fact he writes and publishes three equivalent versions
of his work (in Il nuovo Cimento, in the Rendiconti dell’Accademia Nazionale dei Lincei and
in Physikalische Zeitschrift).7 He also confides to his friend Enrico Persico that there will be
some troubles to obtain an agreement with his ideas: “... I am trying with great effort to launch
the business of the 4/3. The main difficulty derives from the fact that they have a hard time
understanding—in part because the thing is not easy to understand, in part because I express
myself too concisely—but little by little they begin to understand what it is all about . . . ”.8
But, as the saying goes, no man is a prophet in his own country and the three versions (even the
German one) went unnoticed. Thus, as Rohrlich said,9 the result was bound to be rediscovered. It
did not find its way into the standard references or textbooks until 1953 when E. T. Whittaker, in
the second volume of his History (on p. 51, see footnote 6) quoted Fermi’s Lincei communications
saying “It was shown long afterwards by E. Fermi that the transport of the stress system set up
in the material of the sphere should be taken into account, and that when this is done, Thomson’s
result becomes
1
Additional mass = 2 Energy of the f ield ”
c
In the meantime two papers had appeared. W. Wilson obtained the same result of Fermi
in a different way10 and analogously B. Kwal 13 years later in a short note arrived at the same
conclusions exploiting the relativistic transformation of the electromagnetic energy-momentum
1914, Chapters XI, XII.
6 For a historical analysis of the problem of the electromagnetic mass see
A. I. Miller: Albert Einstein’s Special Theory of Relativity, Emergence (1905) and Early Interpretation (1905–1911), Springer, 1998 and
E. T. Whittaker: A History of the Theories of the Aether and Electricity, Thomas Nelson & Sons,
London 1951 and 1953.
7 Besides the Nuovo Cimento version 4c), Fermi published the two Lincei communications XXI,
1922, pp. 184–187 and 306–309 (4a) and the paper Über eine Widerspruch zwischen der elektrodynamischen und relativistischen theorie der elektromagnetischen Masse in Physikalische Zeitschrift
XXIII, 340-344, 1922 (4b).
8 E. Segrè, op. cit., p. 197.
9 F. Rohrlich: Charged Classical Particles, Addison-Wesley, 1965, p. 17.
10 W. Wilson: The mass of a convected field and Einstein’s mass-energy law, Proc. Phys. Soc.
(London) 48, 736–740 (1936). This paper is also mentioned in Whittaker’s book.
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tensor.11 Finally, the result was discovered for a fourth time by F. Rohrlich,12 again (apparently)
without the knowledge of any of the previous papers. Fundamentally, Fermi showed that factor
4/3 was produced by an incorrect application of (or more precisely by failing to apply) the theory
of relativity. The circumstance which, at first sight, might appear rather strange is that Fermi, in
his teaching activity of those years continued teaching the old result. Only in his textbook Introduzione alla Fisica Atomica 13 he introduced a short sentence mentioning relativistic corrections
(without demonstration). In this connection, W. Joffrain14 put forward the hypothesis of a sort of
deontological scruple: not to teach, in an institutional course, results which are not yet universally
accepted. Subsequently, in collaboration with A. Pontremoli,15 Fermi applied successfully the
same method to the calculation of the mass of the radiation contained in a cavity with reflecting
walls, for which the standard textbooks of the time had an expression containing the same factor
4/3. Anyway, the problem of the nature of the electromagnetic mass was been dragging on for
various decades through the contributions, after that of Fermi, of Rohlrich, Dirac, etc.. However,
almost always, the successive results—at least apparently—went unnoticed.

The resistible path of Fermi’s paper
At this point, in retrospect, if we look at the whole story some circumstances appear at the very
least to be strange. Let us start from the beginning of the sequence. Fermi obtained the result
published in 4c) in January 1922.16 It is clear that he feels proud of the conclusions obtained. This
turns out clearly in the letter to Persico in which he already announces his intent of publishing
the paper also on a German review (which will result to be Physikalische Zeitschrift), to make it
known outside of Italy.
At this point we can notice that, completely immersed in the academic context of those times,
Fermi thought that the paper concerning the factor 4/3 was much more important, since it was
solving a problem already several decades old, than paper 3), only published in Italian in Rendiconti
dell’Accademia Nazionale dei Lincei presented by G. Armellini in January 1922. As we know,
paper 3), after the generalization due to Walker (1932), spread far and wide and still is considered
of lasting importance. The German version of 4c), i.e., 4b), sent to Physikalische Zeitschrift, was
received by the journal the ninth of May 1922. The paper was immediately published and also
reviewed in Physikalische Berichte by Erich Kretschmann in the issue of December 15.17 We
point out that Erich Kretschmann, who was a habitual reviewer of the journal for at least three
sections regarding the foundations of physics (in German: Allgemeines, Allgemeine Grundlagen
der Physik, Mechanik, respectively), was not an obscure physicist, but a quite well known expert
in the theory of relativity. In fact a paper published by him in 1917 on the physical meaning of
the postulates of the theory of relativity18 had caused a lot of talk and even aroused a reply by
11 B.

Kwal: Les expressions de l’énergie et de l’impulsion du champ électromagntique propre de
l’électron en mouvement, J. Phys. Radium 10, 103–104 (1949).
12 F. Rohrlich: Self-energy and stability of the classical electron Am. J. Phys. 28, 639–643 (1960).
13 E. Fermi: Introduzione alla Fisica Atomica, Zanichelli, 1928, p. 66.
14 W. Joffrain: Un inedito di Enrico Fermi — Elettrodinamica, Atti del XVIII Congresso di Storia
della Fisica e dell’Astronomia, Como (Italy), May 15–16, 1998.
15 E. Fermi, A. Pontremoli: Sulla massa della radiazione in uno spazio vuoto, Rend. Lincei, 32
(1), 162–164 (1923).
16 This date can be fixed at a sufficiently good approximation by comparing the Fermi’s letter to
Enrico Persico (see note 8), which is of January twenty-five, 1922, with what Persico writes in
Note e Memorie Vol. 1, p. 24, introducing the paper. Persico also reports a discussion of Fermi
with Luigi Puccianti and Giovanni Polvani regarding the factor 4/3 which seems to coincide with
what Fermi writes in the letter (where, however, Fermi does not name the names). The strange
thing is that Persico does not quote the letter here. Moreover Fermi dates “January 1922” the
German version of the paper.
17 Physikalische Berichte, Dritter Jahrgang 1922, N. 24, p. 1293.
18 E. Kretschmann: Über den physikalischen Sinn der Relativitätstheorie, Annalen der Physik 53,
575–614 (1917).
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Einstein himself.
Then Fermi’s paper, which clarified how one can correctly apply the principles of the (special)
theory of relativity to solve the problem of the factor 4/3, outwardly appears to have fallen into
the hands of the right person. Unfortunately, this was not the case. In fact instead of investigating
the method used by Fermi to applying correctly the relativistic concepts, Kretschmann limited
himself to repeating Fermi’s words describing the two possible ways of performing the variation for
applying Hamilton principle and then to conclude that the solution of the problem of the factor 4/3
given by von Laue in his book was “much more transparent”.19 We know from Fermi’s biography
written by Segrè and from the reminiscences published by Persico that Fermi had studied Weyl’s
textbook20 thoroughly, which moreover is quoted in the paper itself when Fermi follows Weyl in
applying Hamilton’s principle. It is enough to make a comparison of Fermi’s paper with the page
where Weyl says “This theory does not, of course, explain the existence of the electron, since
cohesive forces are lacking in it”21 for understanding that Fermi, following Weyl, only means to
deal with a charged sphere (with a surface distribution of charge) without tackling the problem
of its internal structure and stability. Then the comparison that Kretschmann makes with von
Laue’s solution, which involves the introduction of the so called “Poincaré stresses” which turn out
to be necessary for ensuring the stability of the electron, is completely misleading. Fermi, as those
who will find the solution of the factor 4/3 after him, considers this problem as having nothing
to do with the problem of stability. It is curious that even Enrico Persico, who in January 1922
received the letter in which Fermi mentioned the subject, in 1961 writes “It is now well known
that the factor 4/3 can be interpreted as due to the part of the energetic tensor contributed by the
internal non-electromagnetic stresses, whose existence must be assumed to assure the equilibrium
of the charges. However, in the books known to Fermi, this discrepancy was not explained (he had
evidently overlooked the explanation contained in M. von Laue, Die Relativittstheorie, 1, third
edition, 1929, p. 218) and so he found for it an explanation of his own, essentially equivalent to
the former but obtained through Weyl’s variational method”.22 At that date Rohrlich’s paper had
already been published, but perhaps Persico had not had enough time to see it. However, a good
eight years before (1953) the second volume of Whittaker’s book23 had been published in which
Fermi’s paper (the Lincei version) was mentioned with the explanation reported above. We point
out that Whittaker’s book did not go unnoticed, both for the reputation of the author and for
the vexata quaestio of the authorship of the special theory of relativity. As is known, Whittaker
ascribed to Poincaré the authorship of the special theory of relativity and was also charged with
ahistoricisms concerning the theory of relativity.24 Then it is strange that even Rohrlich did not
know about the quotation of Fermi by Whittaker, particularly if we bear in mind that the subject
of Whittaker’s book was the origin and the development of the e. m. theory (Abraham, Poincaré,
Lorentz, ...). In the 1960 paper (see 12), which is the first Rohrlich dedicated to the problem of
the electromagnetic mass of the electron and related questions, Fermi’s paper is not mentioned
and the same for Wilson’s and Kwal’s papers.
Apparently Rohrlich solved independently the “4/3 problem” without knowing the contribu-

19 See

17 Kretschmann quotes the 1919 third edition of von Laue’s book, but the author continued
to maintain the same conclusions in the subsequent fourth edition (see Die Relativitätstheorie on
Dr. M. von Laue, Braunschweig, 1929, pp. 224–227 and also its French translation).
20 Fermi always quoted the fourth 1921 edition of H. Weyl: Raum. Zeit. Materie, Springer, Berlin.
21 This excerpt is from the English translation of the 1921 German edition republished by Dover
in 1952 with the title “Space-Time-Matter ”.
22 See Note e Memorie Vol. 1, p. 24. This strange and uncorrected (for what regards “it is now
well known...”) sentence has been also remarked by Tarsitani, loc. cit. in 4.
23 See 6.
24 See G. Holton: On the Origins of the Special Theory of Relativity (1960) in
G. Holton: Thematic Origins of Scientific Thought. Kepler to Einstein, Harvard University Press,
1977 and
A.J. Miller: A study of Henri Poincaré’s “Sur la Dynamique de l’Electron,” Arch. Hist. Exact.
Scis. 10, 207–328 (1973).
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tions of his predecessors. Two years later, in a lecture given before the Joseph Henry Society25
he said “. . . For a finite electron this was first pointed out by Fermi in 1922. It is closely related
to the definition of rigidity in special relativity where the difference in the simultaneity of relatively moving observers plays an essential role. Unfortunately, Fermi’s paper was either never
understood or soon forgotten”. Rohrlich, at this point, quotes as a reference the German version
(see 7) of Fermi’s paper but there is no mention of the papers of Wilson and Kwal. In his 1965
book (see 9), he mentions all three authors (Fermi, Wilson, Kwal) who had preceded him. As a
matter of fact this is the last time Rohrlich mentions Fermi’s contribution. On this subject he
has published papers for about forty years but, as one can check considering the most important
journals, Fermi’s name is no longer mentioned. The odd thing is that, even in the last paper
known to us26 which contains an appendix with the title “The history and eventual solution of
the stability problem (the 4/3 problem)”, Fermi’s name does not appear. A prospective reader
could only find the reference to Fermi in the bibliographies of the books and the papers quoted.
In the same year (1965) in which Rohrlich’s book appeared, the second revised edition of The
Special Theory of Relativity by J. Aharoni also came out.27 In the preface the author says that
Rohrlich’s 1960 paper “...initiated new interest in the problem and it turned out that actually
a similar solution had already been proposed by B. Kwal in 1949 and the same result obtained
as for back as 1922 by E. Fermi who used a different method. It can now be stated that the
abolition of the 4/3 factor is also implicit in Dirac’s paper on the classical theory of the electron
(1938). It is difficult to explain why all the earlier papers passed unnoticed. Possibly this was
due to Poincaré’s idea to link the 4/3 factor with the instability of an electric charge on purely
electrostatic forces”. It should be noted that Aharoni cannot have had knowledge from Rohrlich’s
paper, which he quotes, of the name of Fermi, Wilson and Kwal since in that paper they are not
mentioned. Before the two 1965 books, Kwal’s name does not appear, while Wilson’s name only
appears in Whittaker’s book together with Fermi’s. Evidently, there is a missing link in the chain!
Let us turn again to Aharoni’s book which, from our point of view, assumes a particular
importance. In fact, Aharoni is the only one, among all who spoke about Fermi’s paper, who
devoted himself to effectively understand the method Fermi used for applying his relativistic
concept of rigidity. He spends about two pages (170–171) to explain and explicitly reconstruct
Fermi’s calculations omitted by the author who sums up “...we have manifestly. . . ”. Therefore,
on the part of Aharoni there is a true appreciation for the work done by the man who first solved
the problem. Retrospectively, it comes to mind that to the early readers those calculations might
not be so transparent (see the above letter to Persico where Fermi admits to expressing himself
“too concisely”) and also that the course of differential geometry given by Luigi Bianchi about
which Fermi speaks in a letter to Persico, came in very useful to him so to consider obvious the
calculations and then to omit them.28 All the known biographies of Fermi report that he went to
Göttingen with a fellowship from the Italian Ministry of Public Instruction in the winter 1922–23
to study with the group headed by Max Born and he remained there seven months. “. . . when
Fermi arrived at Göttingen, he found several brilliant contemporaries there, among them Werner
Heisenberg and Pascual Jordan, two of the brightest luminaries of theoretical physics. Indeed the
two had already been recognized for their exceptional abilities, and Born was writing papers in
collaboration with them at about the time of Fermi’s residence in Göttingen. Unfortunately it
seems that Fermi did not become a member of that extraordinary group or interact with them. I
do not know the reason for this . . . ”.29 “. . . Born himself was kind and hospitable. But he did not
25 The theory of the electron, Thirty-first Joseph Henry Lecture (read before the Society May 11,
1962).
26 F. Rohrlich: The dynamics of a charged sphere and the electron, Am. J. Phys. 65, 1051-1056,
(1997).
27 J. Aharoni: The special Theory of Relativity, Second revised edition, Oxford University Press,
1965 (reprinted by Dover, 1985).
28 In the letter Fermi writes “I will pass the examination in higher analysis (differential geometry)
which is a terrific bore, in which the problem studied are chosen by the sole criterion that they
should lack all interest,” see Segrè, op. cit. p. 201–202.
29 See Segrè, op. cit. p. 33.
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guess that the young man from Rome, for all his apparent self-reliance, was at the very moment
going through that stage of life which most young people cannot avoid. Fermi was groping with
uncertainty and seeking reassurance. He was hoping for a pat on the back from Professor Max
Born . . . ”.30 Both the biographers (Emilio Segrè and Fermi’s wife) agree in maintaining that
Fermi came back to Rome not satisfied with the German experience, somehow disappointed. It
is known from other sources that Born and his collaborators thought the best of Fermi and this
is born out from the fact that subsequently he was on friendly terms with them. Moreover, the
biographers confirm that Fermi’s German was certainly good enough to allow easy communication
and then not to be excluded. Why then, as far as we know, he did not join the Born’s group and
went back to Rome disappointed? Both Emilio Segrè and Laura Fermi put forward the hypothesis
that the ideas of Born’s group at that time appeared to be very concrete, even philosophical, and
then not able to catch the interest of Fermi or Fermi himself was not mature enough to get himself
to be appreciated in that environment.
Our conjecture is that Fermi had effectively taken his paper to Göttingen to be appreciated,
but he did not achieve his aim. When Fermi arrived in Göttingen, the paper on the “4/3 problem”
had already been published in German and so readable by Born and the others. It is unthinkable
that Fermi, who was so proud of his result, had not exhibited it and asked Born for his opinion.
We recall that, what’s more, in his paper Fermi quotes a relativistic definition of rigidity due to
Born (in a paper of 1909).31 The most obvious thing to do for a brilliant young physicist, as Fermi
was, would have been to display the paper he was proud of to the authoritative professor. To the
best of our knowledge, no proof exists even if it is reasonable to suppose that this had happened.
The only thing we can say for certain is that Born’s book on Relativity theory,32 which in its
second edition of 1921 held the “traditional” point of view of the “4/3 problem”, continued to give
the same version till to the last edition.33 The same thing happened for Pauli’s famous lectures34
as if Fermi’s paper had never existed. Born and Pauli were not alone in ignoring Fermi’s paper
and related conclusions; to the list we can add even Feynman.35 Coming back to Born, from his
authobiography36 it turns out that over the years he continued to think about the problem of the
electromagnetic mass of the electron, but there is no connection with Fermi’s conclusions which
are never mentioned. Our conjecture, for all its worth, is that the disappointment for having not
received appreciation embittered Fermi and also deterred him from the subject. Moreover, the
problems raised by the new quantum mechanics and statistical theories definitively averted his
interest from classical electrodynamics.

30 Laura

Fermi: Atoms in the Family. My life with Enrico Fermi, The University of Chicago
Press, 1954, p. 31
31 Max Born: Die Theorie des starren Elektrons in der Kinematik des Relativitätsprinzips, Annalen der Physik IV, 11, 1–56 (1909).
32 Max Born: Die Relativitätstheorie Einsteins und ihre physikalischen Grundlagen, Springer,
Berlin, 1921, p. 157.
33 Max Born: Einstein’s Theory of Relativity, revised edition prepared with the collaboration of
Günther Leibfried and Walter Biem, Dover, 1962, pp. 207–214 and 278–289.
34 W. Pauli: Pauli Lectures on Physics, Vol. 1. Electrodynamics, MIT Press, 1972 (reprinted by
Dover, 2000), p. 151
35 The Feynman Lectures on Physics. The Electromagnetic Field, Addison-Wesley, 1964, Sect. 28–
3 and ff.
36 Max Born: My Life. Recollection of a Nobel Laureate, Taylor & Francis Ltd, 1978, Part 2, IV,
pp. 254–255
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électromagnétique propre de l’électron en
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Depuis la rédaction de cet
Hyde ont publié (Phys. Rev.
étude
des
du Pa230 obtenu
descendants
Sept. 1948, p. 5g I )
à partir du Th232 par réaction (a, p 5n) et (d, 4n). Cette série
comprend, d’après ces auteurs, les émetteurs « : U230, Th226,
Ra222, Rn218 et Ra C’, et appartient ainsi à la famille 4n + 2.
Une période de 0,019 sec., attribuée à Rn218, est obtenue par
Nofe

ajoufée

aux

épreuves.

article, M. H. Studier

-

et E. K.

une

méthode indirecte (coïncidences retardées) sans identification, toutefois, du corps émetteur et de la substance mère.
Aucune période de l’ordre de 1, 3 sec. n’est observée.
Ces résultats ne changent en rien les conclusions indiquées
plus haut au sujet de l’attribution probable, au Rn218, de la
période de i, 3 sec, sans que, néanmoins, le désaccord paraisse
aisé à expliquer.

une

Manuscrit reçu le 2~ novembre

1948.
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LES EXPRESSIONS DE L’ÉNERGIE ET DE L’IMPULSION
ÉLECTROMAGNÉTIQUE PROPRE DE L’ÉLECTRON EN MOUVEMENT
Par BERNARD KWAL.
Institut Henri

Poincaré, Paris.

Sommaire.
L’apparition du facteur 1/3 dans l’expression de l’énergie totale de l’électron en mouvement, résulte de l’emploi simultané dans les calculs d’une grandeur tensorielle (tenseur d’énergie et
d’impulsion) et d’une grandeur qui ne l’est pas (élément de volume). La difficulté s’évanouit avec une
-

définition tensorielle de l’élément de volume.

1 go4 Max Abraham (1), qui prônait comme on
l’hypothèse de l’origine purement électromagnétique de la masse de l’électron et a bâti,
à cet effet, la théorie de l’électron rigide, remarque
que dans la théorie de l’électron de Lorentz l’énergie,
totale U du champ de l’électron en mouvement
contient un facteur supplémentaire qui prouverait
que la masse de l’électron de Lorentz ne peut être
considérée comme étant toute d’origine purement
électromagnétique.

longueurs en mouvement qui subissent la contraction
de Lorentz. [Comme corollaire de cette définition

La démonstration relaiiviste de ce théorème est
souvent reproduite dans les manuels, mais elle
ne nous semble pas être tout à fait correcte, car elle

du volume (i), qui résulte ’d’une certaine manière
d’effectuer les mesures dans Je système en mouvement,
manière qui ne cadre pas avec la définition des
tenseurs]. Examinons maintenant la démonstration
ici en cause (2). On prend pour l’expression de
l’énergie et de l’impulsion du champ électromagnétique propre de l’électron en mouvement (dans la
direction de l’axe OX) les formules suivantes :

En

le sait,

se

base

sur

l’évaluation d’une intégrale dans

laquelle

à côté d’une grandeur qu’on traite tensoriellement,
à savoir l’énergie du champ électromagnétique,
figure l’élément de volume qui est traité d’une
manière différente. On définit en effet l’élément de
volume en mouvement. à l’aide de l’expression

d Vo étant l’élément de volume au repos (par rapport
l’électron). Cette définition n’est pas tensorielle
elle résulte de la manière classique de mesurer les
à

(1)

M.

A13RAHAm, Physik. Z., rgo~, 5, p. 5~6.

’

de l’élément de volume, nous avons comme on le
sait la définition non tensorielle de la force, mesurée
dans le

système

en

mouvement

et d’une manière générale de toutes les grandeurs
physiques qui entrent en jeu. Car leur définition
doit être adaptée à la définition non tensorielle

étant le tenseur de

(2) Cf. R. BECKER, Théorie
Relalivilàlslheorie, 1921, pp.
théorie de la
vol. I,

l’énergie

et de

des électrons 66.
6811 et 75 I.
-

pp.

I ~ 3-I h a.
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l’impulsion
-

W.
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électromagnétique.

On passe alors au
du champ
référentiel par rapport auquel l’électron est au
repos, en faisant subir à l’élément de volume la
transformation (1) et aux composantes TH et 7Br
les transformations des composantes du tenseur Ti~

Comme dans le référentiel

obtient,

en

au

repos

T°,~

=

covariante, la force

ou

les différentes grandeurs
interviennent

physiques (température, chaleur) qui
en thermodynamique relatitiviste.

sur le tenseur
à condition bien entendu,
d’utiliser une définition covariante de l’élément de
volume. Pour le faire, nous allons partir de l’élément
de volume au repos d V° et nous allons considérer
dans le référentiel ou mouvement un pseudo-quadrivecteur d VI, défini comme suit :

Nous pouvons néanmoins raisonner

d’énergie-impulsion Tif,

o, on

posant
-

A l’aide de cette définition tensorielle, l’énergie
et l’impulsion totales du champ électromagnétique
se présenteront sous une forme quadri-vectorielle
correcte :

Or
cl’où

On aboutit ainsi

aux

Et,

nous

aurons, dans notre

cas :

formules

C’est

précisément l’existence du facteur 1/3 qui est
interprétée comme preuve que la masse de l’électron
ne peut pas être considérée comme étant d’origine
purement électromagnétique.
Comme nous venons de le dire, nous reprochons
à la démonstration ci-dessus le tort de mélanger
sans scrupules une grandeur tensorielle avec une
grandeur à qui l’on n’attribue pas ce caractère.
Pour que des formules (2) on puisse tirer des conclusions correctes, il faut que les grandeurs T~.~ et T 4.:t’
soient pas considérées comme se transformant
des composantes d’un tenseur, mais qu’elles
soient pourvues d’une variance adaptée à celle de
l’élément de volume dV, comme on le fait, par
exemple, lorsqu’on définit d’une manière non

On vérifiera sans peine que les transformations
conduisent maintenant aux relations suivantes

(3)

et

ne

comme

et non aux relations (5), qui nous paraissent avoir
été obtenues par une voie incorrecte.
Manuscrit reçu le

12

novembre

1948.
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Chapter 3

From Fermi’s papers of the American
period

3.1

Foreword

We have selected seven of Fermi’s papers from his American period to reproduce here, six of which
are relevant to astrophysics. We have also added the famous paper “Study of non-linear problems.” All of these have been quoted and commented on several hundred times but we think that
in order to have a clearer idea of their ideas, it is better to go back to the original sources. As in
the preceding chapter, we also include some excerpts of commentary on those papers from Volume
2 of Fermi’s Note e Memorie.

***
The first three papers, 237) E. Fermi: On the Origin of the Cosmic Radiation, 238) E. Fermi:
An Hypothesis on the Origin of the Cosmic Radiation, 265) E. Fermi: Galactic Magnetic Fields
and the Origin of Cosmic Radiation, tackle the problem of the origin of the cosmic rays formulating
the hypothesis of a galactic origin and considering the role of the magnetic field. Comments on
these papers can also be found in the Ames paper in Chapter 5.
As recalled by Anderson, “Paper No. 237 was a direct outcome of heated disputes with Edward
Teller on the origin of the cosmic rays. It was written to counter the view that the cosmic rays
were principally of solar origin and that they could not extend through all galactic space because
of the very large amount of energy which would then be required. Taking up the study of the
intergalactic magnetic fields, Fermi was able to find not only a way to account for the presence of
the cosmic rays, but also a mechanism for accelerating them to the very high energies observed.
He presented these same views on the origin of cosmic rays, though less extensively, in a talk
at the Como International Congress on the Physics of Cosmic Rays (paper No. 238).” (H. L.
Anderson, Vol. 2, p. 655)
As Chandrasekhar recalls, “In the fall of 1948, Edward Teller was advancing the view that
cosmic rays are of solar origin. Fermi was want to say—half-jokingly—that this inspired him to
take an opposing view and advocate a galactic origin of the cosmic rays.” (S. Chandrasekhar,
Vol. 2, p. 924)
It is therefore appropriate to recall here Teller’s point of view: “Fermi mentioned to me his
interest in the origin of cosmic rays as early as 1946. Several years before that time he mentioned
the subject in some lectures in Chicago. He had the suspicion that magnetic fields could accelerate
the cosmic particles. In 1948 Alfvén visited Chicago. He had been interested in electromagnetic
phenomena on the cosmic scale for quite some time. At that time I was playing with the idea that
cosmic rays might be accelerated in the neighborhood of the sun. I had discussed this question
with Alfvén, and he visited us in Chicago in order to carry forward the discussion. During this
visit Fermi learned from Alfvén about the probable existence of greatly extended magnetic fields in
our galactic system. Since this field would necessarily be dragged along by the moving and ionized
interstellar material, Fermi realized that here was an excellent way to obtain the acceleration
195
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mechanism for which he was looking. As a result he outlined a method of accelerating cosmic ray
particles which serves today as a basis for most discussions on the subject. In his papers published
in 1949 (No. 237 and 238) he explained most of the observed properties of cosmic rays with one
important exception: it follows from his originally proposed mechanism that heavier nuclei will
not attain as high velocities as protons do. This is in contradiction with experimental evidence.
Fermi returned to this problem in his paper Galactic Magnetic Fields and the Origin of Cosmic
Radiation (No. 264). Some details concerning the origin of cosmic rays have not been settled
conclusively by Fermi’s papers. Another competing theory has been proposed by Stirling Colgate
and Montgomery Johnson according to which cosmic rays are produced by shock mechanism in
exploding supernovae. The actual origin of cosmic rays continues to remain in doubt.”
(E.
Teller, Vol. 2, p. 655)
As Anderson recalls “Fermi’s interest in astrophysics was welcomed by the astrophysicists.
They asked him to give the Sixth Henry Norris Russel Lecture of the American Astronomical
Society. Fermi was quite pleased by this show of regard outside his own field and took the occasion
to re-examine his earlier ideas about the origin of the cosmic rays in view of later developments
in the knowledge of the strength and behavior of the magnetic fields.” (H. L. Anderson, Vol. 2,
p. 970). (See also the introduction to paper No. 237.)
The paper 241) E. Fermi: High energy nuclear events was published in the issue of the Progress
of Theoretical Physics dedicated to the 15th anniversary of the Yukawa theory and considers a
statistical description for pion production. As mentioned by Anderson in the comments to this
paper in the Collected Papers of Fermi,1 the methods developed by Fermi were relatively simple,
moreover were deliberately simplified and therefore, were rather useful for experimentalists at that
initial phase of high energy physics. Since pions are also bosons, at high energies when their rest
mass can be neglected, the concept of the temperature can be introduced and the energy density
will be given by Stefan’s law. Obtaining the temperature from the total energy within a given
volume, the number densities of the produced pions and nucleons can then be estimated. The
role played by thermalization in this paper has inspired, even though the mechanism is different,
astrophysical applications in the study of the spectra of gamma ray bursts (GRBs).
It is appropriate to recall here some of the comments of Anderson: “Rabi’s comment after
hearing Fermi present this paper at an American Physical Society meeting in Chicago is worth
recording here. ’If Fermi is right in saying that he can calculate what will happen at very high
energies by purely statistical methods, then we will have nothing new to learn in this field.’ Rabi
should have had nothing to fear. Fermi’s theory was greatly oversimplified as he intended it to be,
and while it did not give very well the detailed results which were later found, it did serve as a
standard against which one could make a first comparison of the experimental results of multiple
production to reveal when something non-statistical was going on. In the later literature this made
it appear that this theory was always wrong; a point that Fermi didn’t enjoy at all. He had always
stressed the purpose and limitations of his calculations and referred ironically to his own authority
and to those who took his results beyond what he intended them to be.” (H. L. Anderson, Vol. 2,
p. 789)
Fermi’s theoretical papers rarely had co-authors. Among his few co-authors was Chandrasekhar, on two papers on magnetohydrodynamics, 261) S. Chandrasekhar, E. Fermi: Magnetic
Fields in Spiral Arms - 262) S. Chandrasekhar, E. Fermi: Problems of Gravitational Stability in
the Presence of a Magnetic Field. Chandrasekhar’s recollections on their joint work with remarkable details on Fermi’s style of work are published in the volume 2 of Note e Memorie.2 We
give below some excerpts from them. D. Boccaletti comments on the two papers in an article of
Chapter 5.
On paper 262) Chandrasekhar recalls: “As I have already stated, Fermi and I discussed
astrophysical problems regularly during 1952–53. The paper Problems of Gravitational Stability
in the Presence of a Magnetic Field (No. 262) was an outcome of these discussions. Referring
to this largely mathematical paper, several persons have remarked that it is “out of character”
with Fermi. For this reason I may state that the problems which are considered in this paper
1 Fermi:
2 Fermi:

Note e Memorie (Collected Papers), Vol. 2, 1965, p. 789.
Note e Memorie (Collected Papers), Vol. 2, 1965, p. 923–927.
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were largely at Fermi’s suggestion. The generalization of the virial theorem; the existence of an
upper limit to the magnetic energy of a configuration in equilibrium under its own gravitation;
the distortion of the spherical shape of a body in gravitational equilibrium by internal magnetic
fields; the stabilization of the spiral arms of a galaxy by axial magnetic fields; all these were
Fermi’s ideas, novel at the time. But they had to be proved; for, as Fermi said: “It is so very
easy to make mistakes in magneto-hydrodynamics that one should not believe in a result obtained
after a long and complicated mathematical derivation if one cannot understand its physical origin;
in the same way, one cannot also believe in a long and complicated piece of physical reasoning
if one cannot demonstrate it mathematically.” If only this dictum were followed by all!” (S.
Chandrasekhar, Vol. 2 p. 925)
And again Chandrasekhar: “Fermi’s interest in hydromagnetic turbulence led him to inquire
into the physics of ordinary hydrodynamic turbulence. Confessing ignorance of this subject, Fermi
asked me (early in 1950) to come to his office and tell him about the ideas of Kolmogoroff and
Heisenberg which were then very much in the vogue. However, when I went to tell him, I found
that it was not necessary for me to say beyond a few words: such as isotropy, the cascade of
energy from large to small eddies etc. With only such words as clues, Fermi promptly went to
the blackboard (“to see if I understand these words”) and proceeded to derive the Kolmogoroff
spectrum for isotropic turbulence (in the inertial range) and the basis of Heisenberg’s elementary
theory. Fermi’s manner of arguing is worth recording for its transparent simplicity.
Divide the scale of logk (where k denotes the wave number) into equal divisions, say (. . . , n, n+
1, . . .). In a stationary state the rate of flow of energy across “n” must be equal to the rate of
flow across “n + 1.” Therefore:
vn
vn+1
(1)
En ,n+1 = ρ (vn kn )2 − ρ
(vn+1 kn+1 )2 ,
kn
kn+1
if one remembers that the characteristic time associated with “eddies” with wave numbers in the
interval (n, n + 1) is (vn+1 kn+1 )−1 . From this relation it follows that:
−1/3

vn = Constant × kn

,

(2)

and this is equivalent to Kolmogoroff ’s law. For decaying turbulence, equation (1) should be
replaced by:
d
(ρvn )2 = En ,n+1
(3)
dt
and this equation expresses the content of Heisenberg’s theory.” (Chandrasekhar, Vol. 2, pp. 925–
926)
The paper 266) E. Fermi, J. Pasta, S. Ulam: Studies of Non-linear Problems (always quoted
as F.P.U.) is outstanding for several reasons: (a) It represents the first computer study of a
non-linear system; (b) the results contradicted the belief held since Poincaré, that any perturbed
Hamiltonian system has to be chaotic. Fermi had considered it ’a little discovery’ (as quoted by
Ulam), thus immediately evaluating its extraordinary importance; (c) it was one of last Fermi’s
works, completed after his death in 1954; (d) remained unpublished during a decade; (e) coincides
in time with Kolmogorov’s theorem (1954), though FPU and Kolmogorov-Arnold-Moser (KAM)
theory were linked to each other only in 1966; (f) inspired the discovery of solitons and numerous
other studies; (g) its results are not fully understood till now and the FPU model continues its
inspiring mission today, after half a century. In his recollections Ulam refers to Fermi’s opinion on
the importance of the “understanding of non-linear systems” for the future fundamental theories,
and the “potentialities of the electronic computing machines” and even mentions Fermi’s learning
of the actual coding (programming) during one summer. The FPU paper is discussed and its
influence on various areas of astrophysics and stochastic dynamics is discussed in Chapter 5. Here
is the presentation written by S. Ulam.
“After the war, during one of his frequent summer visits to Los Alamos, Fermi became interested in the development and potentialities of the electronic computing machines. He held many
discussions with me on the kind of future problems which could be studied through the use of such
machines. We decided to try a selection of problems for heuristic work where in absence of closed
analytic solutions experimental work on a computing machine would perhaps contribute to the
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understanding of properties of solutions. This could be particularly fruitful for problems involving
the asymptotic-long time or “in the large” behavior of non-linear physical systems. In addition,
such experiments on computing machines would have at least the virtue of having the postulates
clearly stated. This is not always the case in an actual physical object or model where all the
assumptions are not perhaps explicitly recognized.
Fermi expressed often a belief that future fundamental theories in physics may involve nonlinear operators and equations, and that it would be useful to attempt practice in the mathematics
needed for the understanding of non-linear systems. The plan was then to start with the possibly
simplest such physical model and to study the results of the calculation of its long-time behavior.
Then one would gradually increase the generality and the complexity of the problem calculated
on the machine. The Los Alamos report LA–1940 (paper No. 266) presents the results of the
very first such attempt. We had planned the work in the summer of 1952 and performed the
calculations the following summer. In the discussions preceding the setting up and running of
the problem on the machine we had envisaged as the next problem a two-dimensional version of
the first one. Then perhaps problems of pure kinematics e.g., the motion of a chain of points
subject only to constraints but no external forces, moving on a smooth plane convoluting and
knotting itself indefinitely. These were to be studied preliminary to setting up ultimate models for
motions of system where “mixing” and “turbulence” would be observed. The motivation then was
to observe the rates of mixing and “thermalization” with the hope that the calculational results
would provide hints for a future theory. One could venture a guess that one motive in the selection
of problems could be traced to Fermi’s early interest in the ergodic theory. In fact, his early paper
(No. I 1 a) presents an important contribution to this theory.
It should be stated here that during one summer Fermi learned very rapidly how to program
problems for the electronic computers and he not only could plan the general outline and construct
the so-called flow diagram but would work out himself the actual coding of the whole problem in
detail. The results of the calculations (performed on the old MANIAC machine) were interesting
and quite surprising to Fermi. He expressed to me the opinion that they really constituted a little
discovery in providing intimations that the prevalent beliefs in the universality of “mixing and
thermalization” in non-linear systems may not be always justified.
A few words about the subsequent history of this non-linear problem. A number of other examples of such physical systems were examined by calculations on the electronic computing machines
in 1956 and 1957. I presented the results of the original paper on several occasions at scientific
meetings; they seemed to have aroused considerable interest among mathematicians and physicists
and there is by now a small literature dealing with this problem. The most recent results are due
to N. J. Zabusky. (i) His analytical work shows, by the way, a good agreement of the numerical
computations with the continuous solution up to a point where a discontinuity developed in the
derivatives and the analytical work had to be modified. One obtains from it another indication that
the phenomenon discovered is not due to numerical accidents of the algorithm of the computing
machine, but seems to constitute a real property of the dynamical system.
In 1961, on more modern and faster machines, the original problem was considered for still
longer periods of time. It was found by J. Tuck and M. Menzel that after one continues the calculations from the first “return” of the system to its original condition the return is not complete.
The total energy is concentrated again essentially in the first Fourier mode, but the remaining
one or two percent of the total energy is in higher modes. If one continues the calculation, at the
end of the next great cycle the error (deviation from the original initial condition) is greater and
amounts to perhaps three percent.3 Continuing again one finds the deviation increasing—after
eight great cycles the deviation amounts to some eight percent; but from that time on an opposite
development takes place! After eight more, i.e., sixteen great cycles altogether, the system gets
very close better than within one percent to the original state! This supercycle constitutes another
surprising property of our non-linear system.” (S.M. Ulam, Vol. 2, pp. 977–978)

3 (i)

Exact Solutions for the Vibrations of a non-linear continuous string. A. E. C. Research
and Development Report, MATT-102, Plasma Physics Laboratory, Princeton University, October
1961.
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The papers reprinted

237) On the Origin of Cosmic Radiation
Phys. Rev. 75, 1169–1174 (1949).
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238) An Hypothesis on the Origin of the Cosmic Radiation
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265) Galactic Magnetic Fields and the Origin of Cosmic Radiation
ApJ 119, 1–5 (1954).
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261) Magnetic Fields in Spiral Arms
ApJ 118, 113–115 (1953).

fermi˙book2011-05

May 24, 2011

22:7

World Scientific Book - 9.75in x 6.5in

fermi˙book2011-05

May 24, 2011

22:7

World Scientific Book - 9.75in x 6.5in

fermi˙book2011-05

May 24, 2011

22:7

World Scientific Book - 9.75in x 6.5in

fermi˙book2011-05

May 24, 2011

22:7

240

World Scientific Book - 9.75in x 6.5in

Fermi and Astrophysics

262) Problems of Gravitational Stability in the Presence of a Magnetic Field
ApJ 118, 116–141 (1953).
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Chapter 4

Gamow’s theory, Fermi and Turkevich
calculations and Zel’dovich’s zero
temperature model
4.1

Foreword

The issue of the fundamental contribution of Fermi to Cosmology has been discussed in the first
chapter of this volume by Remo Ruffini. In this section we reproduce the “bare minimum” which
helps us understand and place in context the Fermi and Turkevich contribution to Cosmology. We
reproduce in the order:
1) four papers by George Gamow
2) the transcription of the lecture given by Fermi at the University of Rome (October 1949) as
recorded by E. Pancini, followed by the celebrated contribution of Fermi and Turkevich as it
appeared, inserted in the paper by Alpher and Herman (see below)
3) a paper by Yakov Borisovich Zel’dovich.
***
In the first three papers (R. A. Alpher, H. Bethe, G. Gamow: The Origin of Chemical
Elements; G. Gamow: The Origin of Elements and the Separation of Galaxies; G. Gamow: The
Role of Turbulence in the Evolution of the Universe) Gamow sketches his theory on the formation
of the elements in an expanding Universe and outlines a theory of the formation of the galaxies.
The first paper is well known as the “alphabetical article” 1 . The third paper (G. Gamow: The
Role of Turbulence in the Evolution of the Universe) is of an unusual nature: it starts with the
famous citation “It can be considered now as an unquestionable truth...” from the address by
Pope Pius XII to the Pontifical Academy of Sciences 2 , and sketches the substantial fundamental
ideas which later have become to be known as Gamow Cosmology and the theory leading to the
discovery of the Cosmological Black body radiation and it outlines as well some very interesting
ideas still of great interest today for the formation of structures in the early Universe.
The fourth paper G. Gamow: Expanding Universe and the Origin of Galaxies) is, in a certain
sense, the final version of the Gamow theory. In it, more than a decade before the observational
1A

witty clarification on the presence of Bethe among the authors is supplied by Gamow himself
in his book “The Creation of Universe” (Viking Press, 1951) - see p. 65 of the second printing,
1952. The same anecdote was told in advance - two years before - by Fermi in his lecture (see the
paper 240.3) in this chapter).
2 Now one can read it in the volume Pontificia Academia Scientiarum - Discorsi dei Papi
all’Accademia delle Scienze (1936-1993) - Città del Vaticano - MCMXCIV. The passages quoted
by Gamow are at pp. 89, 90, 91. In Italian: “... risulta che, da uno a dieci miliardi di anni fa,
la materia di tutte le nebulose spirali si trovava compressa in uno spazio relativamente ristretto,
allorché i processi cosmici ebbero principio. ... La densità, la pressione e la temperatura debbono
aver raggiunto gradi del tutto enormi, ... Solo con tali condizioni si può comprendere la formazione
dei nuclei pesanti e la loro frequenza relativa nel sistema periodico degli elementi.”
281
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discovery of the cosmic microwave background radiation, Gamow predicted theoretically the temperature of this radiation. His prediction was only based on general formulae of cosmological
dynamics and in no way related to primordial nucleosynthesis. Thus, even if the calculations
made by Fermi and Turkevich are shown to agree with the figures regarding the galaxies, the
predicted temperature (7K) does not depend on the nucleosynthesis. This fact has long been
questioned by several authors but an actual error has never been demonstrated. A. D. Chernin
settled the question 3 .
There is no better way to appreciate Fermi’s point of view in this matter than to read the text
of the lecture Fermi held at the University of Rome (1949) on the theories on the origins of the
elements which we have here translated. On October 1949 Fermi was invited by the “Fondazione
Donegani” to deliver, in Italy, a series of lectures on selected topics of atomic physics. The
conference here presented is particularly important since it is evidence of the opinion of Fermi
on the cosmological models of his time and of the role he should have been able to play in the
foundation of a relativistic theory of cosmology. This paper is indeed essential in understanding
the point of view of Fermi on Cosmology. This point is explicitly expanded in Chap. 1 by R.
Ruffini.
We reprint here the pages 193 - 197 of the celebrated article of Reviews of Modern Physics
(Theory of the Origin and Relative Abundance Distribution of the Elements) by Alpher and
Herman. The section “The formation of light nuclei” contains the authorized version (see footnote
at p. 194) of the Fermi-Turkevich calculation.
We finally add the paper Ya. B. Zel’dovich: Prestellar state of matter quoted and discussed
in Chap. 1.

3 See A. D. Chernin: How Gamow calculated the temperature of the background radiation or a
few words about the fine art of theoretical physics - Physics - Uspekhi 37 (8), 813-820 (1994).
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4.2

The papers reprinted

1) R. A. Alpher, H. Bethe and G. Gamow: The Origin of Chemical
Elements
Phys. Rev. 73, 803–804 (1948).
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2) G. Gamow: The Origin of Elements and the Separation of Galaxies
Phys. Rev. 74, 505–506 (1948).
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3) G. Gamow: The Role of Turbulence in the Evolution of the Universe
Phys. Rev. 86, 251 (1952).

fermi˙book2011-05

May 24, 2011

22:7

World Scientific Book - 9.75in x 6.5in

fermi˙book2011-05

May 24, 2011

22:7

World Scientific Book - 9.75in x 6.5in

fermi˙book2011-05

May 24, 2011

22:7

World Scientific Book - 9.75in x 6.5in

fermi˙book2011-05

May 24, 2011

22:7

296

World Scientific Book - 9.75in x 6.5in

Fermi and Astrophysics

4) G. Gamow: Expanding Universe and the Origin of Galaxies
Kgl. Danske Videnskab. Selskab, Mat. Fys. Medd 27, 1–15 (1953).
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5) E. Fermi: Theories on the origins of the elements (240.3) (1 )
“Teoria sulle origini degli elementi,”
translated from Conferenze di Fisica Atomica (Fondazione Donegani) - Terza
Conferenza,
Roma, Accademia Nazionale dei Lincei, pp 31-45 (1950),
compiled by Prof. E. Pancini
All the known matter is made up of various chemical elements each present with a different
abundance, so the problem arises, first experimentally and then theoretically, of understanding for
what reason some elements are abundant, others rare.
The problem is first of all an experimental one and, not wishing to discuss the question in detail
here, a few general considerations are enough to understand it. What we are trying to establish
are the amounts of the various chemical elements which are, so to say, in the whole Universe or,
at least, in a large part of it and, obviously, the result which we may expect to obtain depends to
a large extent on the samples taken for the analysis. For instance, if it is possible to determine
the relative amounts of oxygen, iron, hydrogen and the other elements present in the part of the
terrestrial crust which is approachable by our direct observations, one will get for each of them a
definite relative abundance. But if, on the contrary, one determines for instance, the percentages
of the same elements by analysing the meteorites, a different distribution of the elements with
respect to the one found in surface rocks on the Earth will be discovered.
Therefore the problem, rather than a problem of chemical analysis, is essentially a problem of
the selection of the samples to analyse.
Obviously, the question is not a new one; the data which will be presented here have been
obtained in rather recent research by Harrison S. Brown,2 of the University of Chicago, who has
extended, enlarged and perfected the results of Goldschmidt.3 The data have been obtained by
analysing a large quantity of samples and this assures their reliability because data obtained from
a particular sample display the special characteristics of it instead of what can be considered the
cosmic distribution of the elements.
It is noteworthy the fact that, in spite of this observation, the conclusion of these analysis is
that, if the selection of the samples is made with suitable attention, the results are highly uniform
even if derived from materials of very disparate origin. For instance, in some favorable cases, it is
possible to assign the ratio of the cosmic abundance of two elements with a precision of the order
of the 1 or 2%.
Note that the measures of the abundances of the elements performed on the terrestrial crust,
even if of utmost practical importance, have a rather limited theoretical importance. In fact the
terrestrial crust, indeed all the material which constitutes the Earth, during the geological ages,
has been subjected to a deep chemical separation so that one could obtain significant results only
through an analysis of samples taken in zones which go from the Earth’s surface to its center and
this is, obviously, impossible.
Luckily, this impossibility of taking samples from the interior of the Earth can be circumvented
by studying the composition of the meteorites which, in the opinion of the experts, turn out to
be samples taken from various zones of missing planets. Thus, if the Earth, due to a cosmic
catastrophe, were to break up, the meteorites coming from its crust would be essentially made of
iron or, more precisely, of an alloy consisting mostly of iron and then nickel and then, to an ever
lesser extent, other elements.
In effect a statistical analysis of the meteorites which arrive on the Earth (and the meteorites
which arrive on the Earth are really of these two kinds) indicates that the ratio between the amount
1 Lectures on Atomic Physics - Third Lecture, Held October 7, 1949 in the lecture hall of the
Institute of Physics at the University of Rome.
2 Rev. Mod. Phys. 21, 625 (1949).
3 V.M. Goldschmidt, Geochemische Verteilungsgesetze der Elemente und der Atomarten, IX,
Oslo, 1938.
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of matter from stone meteorites and iron meteorites is not very idfferent from the ratio between
the stone part and the iron part of the Earth which results from the investigation in depth through
seismic waves.
The research of which we are speaking has been carried out mostly by a painstaking collection
of a large number of meteorites and performing extremely accurate quantitative analyses of them.
It’s important to remark that the problem of making these analyses is much less simple than it
might seem because most of the elements, indeed, as we shall see, almost all, are so rare as to be
present in amounts of few parts per million or even less. Thus one of the greater difficulties of
the problem is that of finding the means of performing quantitative chemical analyses of extreme
sophistication. To overcome this difficulty one has been even obliged to use (at least in the recent
studies performed at the Chicago University) nuclear reactors for irradiating the material under
examination with the aim of observing the resultant characteristic activities of the elements of
interest. Therefore the identification of the elements, in this way, is realized essentially through
radioactive rather than chemical methods. By those means one has succeeded in analysing the
material arriving on the Earth in the shape of iron and stone meteorites and, taking suitable averages of the data so obtained, a table has been constructed which for most of elements will coincide
with other data of completely different origin as, for instance, those obtained through the spectroscopic observation of the stellar atmosphere. In this way one has an indication that the matter
which constitutes the meteorites is not substantially different from that which constitutes stellar
atmospheres. As a matter of fact there are some remarkable exceptions, but easily understood:
for instance there are some elements in the meteorites which are practically missing, or present in
an amount smaller than the one expected. This is the case of the noble gases which are present
both in the Earth and in the meteorites in an amount largely smaller than that corresponding
to their cosmic abundance because in the process of formation of the planets they have not been
kept inside. Another exception even more notable is that of hydrogen, but also this exception is
accounted for by arguments of the same kind of those put forward for the rare gases.
Facts of this kind make it clear how the results obtained from the analysis of the meteorites
(from which we take most of the quantitative data on the cosmic abundances of the elements)
should be revised through a careful chemical discussion which, on the other hand, is unfortunately
almost completely arbitrary since it involves assumptions about the process of formation of the
meteorites themselves and the characteristics both chemical and physical of the environment where
they have been formed. In short the analysis of meteorites, element by element, must be integrated
together through chemical considerations of a theoretical nature which allow us to decide if the
element in question has retained its cosmic proportions in the meteorites.
Besides meteorites also the stellar atmospheres have been investigated (through spectroscopic
analysis) and, in part, the matter clouds of the interstellar space through the analysis of their
absorption spectrum. These data are, nevertheless, extremely limited and must be used only as
additional ones. But the fact that is anyway remarkable is that all these data (taking into account
the quoted exceptions which, in any case, can be justified by very convincing arguments) coming
from the analysis of quite different celestial objects as the stellar atmosphere, the interstellar matter
and the meteorites all match very well. On the contrary, the data which come from the Earth’s
crust vary significantly because, as we have said, the Earth’s crust is not a faithful specimen of
what can be considered to be the material which constitutes the Earth.
That said it is interesting to consider the table reported here (Table 1) in which the numbers
represent the relative abundances of the various elements.
These data are extracted from the papers of Harrison S. Brown which can be considered the
most up-to-date; the numbers listed in the table refer to some of the most significant elements and
are sufficient to point out some strange features of the behavior of the relative abundance of the
various elements as a function of the atomic number. They represent the number of atoms of each
element present, on the average, in the cosmic matter for every 104 atoms of silicon 14.
When analysing this table it is convenient to begin at hydrogen, which is not only the simplest
one of the elements, but also the most abundant: the number of its atoms present in the cosmic
matter for every 104 atoms of silicon amounts to three or four hundred million. After the hydrogen,
both in the periodic system of the elements and in the scale of the abundances, there is helium
whose relative abundance is, on our scale, 35 million. For the elements which follow helium, the
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Table 1
ements

Relative abundance of the elA

Z

Atoms per 104
atoms of silicon

H

1.01

1

3.5 × 108

He

4

2

3.5 × 107

Be

9.02

4

2 × 10−1

C

12.01

6

8 × 104

O

16.00

8

1 × 105

Si

28.06

14

104

Cl

35.46

17

2.5 × 102

Mn

54.93

25

1 × 102

Fe

55.85

26

2.6 × 104

Co

58.94

27

1.6 × 102

Ni

58.69

28

2.0 × 103

Cu

63.57

29

7

Ga

69.72

31

5 × 10−3

Sr

87.63

38

10−1

Cd

112.41

48

2 × 10−2

Cs

132.91

55

10−2

Pt

195.23

78

10−1

Pb

207.21

82

4 × 10−3

Th

231.12

90

10−2

U

238.07

92

3 × 10−3

relative abundance decreases very rapidly to extremely low values: lithium, beryllium and boron
are extremely rare: for instance, the relative abundance of beryllium is two tenths (that is, there
are 50,000 atoms of silicon for every atom of beryllium). As one can see, between helium and
beryllium there is a jump on the order of one hundred million.
The other light elements which follow the three quoted above in the periodic table have
abundances slightly different from that of silicon: to carbon, for instance, an abundance of 2 × 104
must be attributed. Immediately after oxygen heads upwards: 105 . It is, after hydrogen and
helium, the most abundant element as regards the number of atoms (not the weight).
Proceeding on this scale one finds abundances on the order of few units until one arrives at
iron which has a considerably high abundance: 2.6 × 104 . Then cobalt: 2.6 × 102 , nickel: 2 × 103 ,
and continuing on in the order of the periodic table, at this point the abundance begins to decrease
rapidly and does not rise any more. From gallium on until uranium the abundances oscillate more
or less irregularly between one tenth and one hundredth. A slight exception is lead which has
a little higher abundance, but one might think that the amount of lead is increased due to the
decay of the radioactive substances which are located immediately over it. Another exception, in
the opposite sense, is uranium but one can think it became impoverished owing to its radioactive
decay.
All these arguments will probably assume more clarity if we represent in a diagram (Fig. 1)
the relative abundance of the elements as a function of the atomic number. From this diagram one
can see that immediately after the peak represented by hydrogen and helium there is a tendency
to exhibit, though with high regularity, a decreasing feature of the relative abundance of the ele-
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ments. So that one who wanted to draw a curve through these points, neglecting the irregularities,
could draw the curve shown in Fig. 1. And, if one wanted to trust that, having accounted for
the exceptions, this curve represents with good approximation the relative abundance of the elements, one should also conclude that the relative abundance of each element is one of its essential
characteristics like, for instance, its atomic number, its energy of formation or its mass. Then one
forms the impression that the relative abundance of each element is really a property of its own,
connected, as is obvious, both with the other properties of the element and with the mechanism,
quite unknown, through which the element has been formed.

Fig. 1

Obviously, in a discussion of this kind one must take into account the abundance of the
different isotopes of each element, but this is not a complication of the problem since the relative
abundances of the isotopes of each element are known and rather constant: so if we know the
abundance of each element it is a question of trivial arithmetic to calculate the abundance of the
isotopes.
Also when studying the relative abundance of the isotopes one will notice some regularities
that are worthwhile to call attention to because we shall come back to them below.
In Fig. 2 a diagram of isotopes is shown with the number of protons which constitute each
nucleus given along the abscissa and the number of neutrons along the ordinate: as one can see
the various elements are distributed in a region which initially has the direction of the bisector
of the axes and then turns upwards (and this means that in the nuclei of low atomic number the
number of protons equals that of neutrons whereas for the high atomic numbers the percentage of
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neutrons is, more and more, higher than 50%). Almost always one finds that in the lower part of
the periodic system — that is for the light nuclei — the more abundant isotopes are those richer
in protons or, what amounts to the same thing, poorer in neutrons; then there is a transition
zone and finally in the higher part one observes quite the opposite tendency: the more abundant
isotopes tend to have more neutrons than protons.
Obviously the idea of justifying all these facts, that is to justify the abundance of every single
element and, for each element, the abundance of its isotopes, is, certainly, an extremely ambitious
program and constitutes a problem whose solution is assuredly very far off. Nevertheless recently
there have been attempts in this direction but with quite unsatisfactory results. This fact does
not exclude that they are extremely interesting in the sense that they represent an attempt at
research in the direction which most probably will be one of the most important in the future. On
the other hand it is obvious that if the solutions obtained to date are not satisfactory one cannot
exclude that in the future one cannot make conclusive steps along this road.
One of the most natural hypotheses that has been formulated, from long time and by various
people, is that the elements we find in nature are the result of a process which bases itself on
a kind of a chemical or, as one says, superchemical equilibrium. In other words one can ask if
it permissible to imagine that if we put the constitutive elements of the chemical elements in a
cauldron, that is protons and neutrons, and then heating it all to a suitable temperature and
finally, when this matter is, so to say, well cooked, cool it suddenly, one can obtain a mixture of
elements which looks like that which seems to us to constitute the Universe.
Many attempts in this sense have been made but the results obtained are indeed not very
convincing. Obviously the temperatures and the pressures in this kind of cauldron must be thought
to have rather amazing values if one wants to obtain results which do not disagree with the
experimental data: for instance, the temperature should be about 10 billion degrees and the
pressure about one million grams per cm2 . The necessity of such temperatures and pressures can
be understood without difficulty if one considers that the temperature must be very high to bring
forth, in a conspicuous manner, nuclear reactions, and that the pressures must be also be very
high to have the possibility of forming very heavy nuclei. In fact if, at such high temperatures, the
pressure were not proportionally high, all the nuclei consisting of many particles would disintegrate
and the possibility of the existence of heavy nuclei present in nature would not exist.
On the other hand, the fact of the matter is that starting from such hypotheses one does
not succeed in obtaining a distribution of elements which looks very much like the real one: for
instance, the relative abundances of various isotopes turn out to have a random distribution
absolutely different from that observed experimentally.
The more recent theories are based, instead, on a rather different scheme: we shall limit
ourselves to speak here about only one of them, that which, in our opinion, is the most interesting
one even if it cannot be considered in any way to give a satisfactory explanation of the facts.
This theory is due chiefly to Gamow who, being a joker as everybody knows, joined with two
other physicists, Alpher and Bethe, with the aim, perhaps, of playing with the fact that the three
names, read in the American way mangling the words, sound like the first three letters of the Greek
alphabet. As a matter of fact, the essential contribution of the theory of which we are speaking
was given by Gamow and in part by Alpher: Bethe, instead, appears to have been associated only
to complete the play on words.
Anyway, the theory can essentially be divided into two parts. The first is based on the
observation, in reality not new, that there is the possibility of forming elements, even when the
temperature and pressure do not assume such amazing values as those quoted above, provided that
one conjectures forming the elements through successive additions of neutrons. Without dwelling
at the moment on an explanation of the origin of these neutrons, let us try to give an idea of the
way in which this formation can take place.
Let us still refer to a P-N diagram (Fig. 2) in which each element is represented by a point
whose abscissa is equal to the number of its protons and whose ordinate is equal to the number of
its neutrons. As we have already said, all stable elements are located in a well defined zone.
If we now assume that we submit a certain element to a “bath” of neutrons it may happen that
its nuclei capture one of these neutrons. Thus, if the composition of this nucleus is represented by
the point A of Fig. 3, after the capture the new formed nucleus will have a composition represented
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Fig. 2

by the point B which is obtained by taking from A a step upwards (in fact N is increased by one
and Z remains constant).
The new nucleus will be able, in turn, to absorb another neutron and produce an element
represented by the point C and so on, until one ends up ging out of the zone of stable elements.
The newly formed unstable element will evidently be beta radioactive and then will disintegrate
through a beta process which is a change of a neutron into a proton: the new representative point
will therefore be obtained taking a step downwards (decrease of a neutron) and a step rightwards
(increase of a proton).
If now there are still neutrons present, the nucleus so formed will be able to absorb another
neutron, then another neutron and after it will emit a beta ray; and in this way little by little we
will climb up the slope of the stable elements. Thus little by little very heavy elements are formed
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Fig. 3

through a mechanism of successive additions of neutrons to light nuclei assumed to be pre-existing.
At this point, if one wants to be ambitious (and, as we shall see, Gamow puts forward demands
still more ambitious than these), one can even intend to explain the formation of all the elements
starting from only neutrons.
Let us assume, in fact, that in a region of space, at a certain instant, are contained some
neutrons. As is known, the neutron is not a stable particle, on the contrary its life time is quite
short (it has not yet been measured very well but it cannot be appreciably different from 15’) and
therefore after about ten minutes, half of the neutrons will be decayed producing as many protons.
But neutrons and protons have a certain affinity and the neutrons tend to latch onto the protons
in this way forming nuclei of deuterium. In this way, starting initially from only neutrons, through
their decay and association with the generated protons, it will be possible to form the first light
nuclei and then, from them, with a process of the kind described above, one will arrive presumably
at the formation of the heavy elements.
Gamow has made an attempt at investigating this model (or better put, a model which looks
like this) from a quantitative point of view. Of course for a quantitative investigation it is necessary
to introduce data on the probability of capture of neutrons by a given element, because it is this
probability which essentially determines the speed of the process of this phenomenon. Now, much
data is available on the capture of slow neutrons, but presumably phenomena of this type happened
at a temperature high enough to advise taking data regarding the capture of rather fast neutrons
— and Gamow has taken data of this type. In Fig. 4 we report the cross sections for the capture
of fast neutrons as functions of the atomic weight.
Gamow, simplifying (maybe too much) that what the experimental results really give, assumes
that these cross sections for the capture of neutrons increase linearly for values of the atomic weight
between 0 and 100 and then remain constant as indicated by the broken line depicted in Fig. 4. If
we observe the figure and take into account that the scale is logarithmic, we can judge how much
Gamow’s schematization is strong: anyway it is convenient to follow Gamow’s reasoning till to the
bottom before criticizing it.
Therefore let us assume, for the time being, that the cross sections are really the ones Gamow
claims. In this case we can plainly write down the differential equations describing how heavier
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elements are successively formed. Let us call Na the number of atoms with atomic weight a; the
derivative of this number with respect to the time will depend on two terms: one which represents
the increase in the number of atoms of weight a due to the aggregation of atoms of weight a − 1
(and this will be a positive term proportional to Na−1 , to the cross section σa−1 of the element
a − 1 and to the flux Φ(t) of the neutrons). Then there will be a negative term which in the same
way represents the decrease of Na due to the absorption of neutrons which changes the atoms a
into atoms a + 1. In a formula
dNa
= Φ(t) (σa−1 Na−1 − σa Na )
dt

(a = 1, 2, ...238) .

(1)

Fig. 4
Equations like this must be written for every value of a and a system will be obtained which we
can solve, at a fixed neutron flux, deriving the way in which the abundances of the single elements
evolve in time.
Now, the most significant result (which could be even more significant if the curve of the
capture cross sections assumed by Gamow were a more faithful representation of the experimental
facts) is that, owing to the peculiarity of this curve — namely the fact that for a certain atomic
weight the tendency of the cross sections to increase stops suddenly — by assuming conveniently
the time and the flux of neutrons, one finds a distribution of the abundances of the elements of
the type represented in Fig. 5 and which is not very different from the experimental one (Fig. 1).
Of course the result one obtains depends on the time interval we choose in the sense that, if
we fix a certain flux of neutrons, the material must be exposed to its action for a suitable time: in
fact, if the time is too long, too many heavy elements are formed, if it is too short, too few elements
are formed. But, by “cooking” so to say the material to the right point one succeeds in obtaining
something which has a certain resemblance with the experimental data. This resemblance arrives
at such a point as to give, in the case of elements with high atomic number, a distribution of
isotopes resembling the real one. In the region of light elements the result is, instead, contrary to
the experimental one but one can think that a successive heat treatment, even at not an exceedingly
high temperature, might have modified the situation.
As we have said, Gamow was not content with these results and has taken a further step, a
very risky and almost certainly wrong step. Almost certainly wrong since the step one takes when,
to explain the facts, one assumes very precise hypotheses. In that case, as is obvious, the more
precise the hypotheses are, the more easily one demonstrates that they are wrong. At any way,
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Gamow resolved to determine the time in which the formation of elements described above has
happened by resorting to the theory of the expansion of the Universe. This theory is connected
with the theory of general relativity and we attempt to give a short account of it.

Fig. 5

Unfortunately also for general relativity, as for other physical theories, there does not exist
a single theory and this entails a certain freedom of choice, but at present this choice cannot be
made on the reliable basis of experimental results. But if we base ourselves on the simplest one
of the theories of relativity, that one without a cosmological term, we can construct as has been
done, a theory of the expansion of the Universe according to the following general lines.
One starts from the hypothesis, which has at least the merit of being very simple, that the
energy density (matter and radiation) is uniform in the entire Universe, at least when one averages
over very large regions of it.
Furthermore one assumes that the space has a constant curvature; this means that the Universe
is homogeneous not only with respect to the energy density but also with respect to its geometrical
properties. From this hypothesis one can infer that the Universe at a certainly well-defined time
has the shape of a sphere or that of a pseudo-sphere; for particular reasons, connected with the
present matter density, one must choose the pseudo-sphere, which is a sphere with an imaginary
radius and obviously it is not possible to represent it by a figure. But if for the moment we leave
out of consideration the fact that the object of which we want to speak is a pseudo-sphere and not
a sphere and furthermore if we limit ourselves to represent only three of its four dimensions (the
time and two spatial coordinates) it will be possible (Fig. 6) to give an idea of how the Universe
evolves expanding itself. In Fig. 6 the Universe is represented by circles whose radius is increasing
with time.
If now, by using the formulas of general relativity, one makes calculations, one can find a
relation which connects the velocity of expansion of the radius, r = iu, of the pseudo-sphere with
the energy density w:
„ «2
Kc2 2
du
= c2 +
u w.
(2)
dt
3
This formula says that the square of the time derivative of the modulus of the radius u of the

May 24, 2011

22:7

320

World Scientific Book - 9.75in x 6.5in

fermi˙book2011-05

Fermi and Astrophysics

pseudo-sphere equals the square of the light velocity plus a term which contains the radius itself,
the energy density w and a constant K related to the gravitational constant G through
K = 8π

G
c4

and having the value of about 2 × 10−48 dy n−1 . If we now want to use this formula to describe
the expansion of the Universe when its radius is very small, we can see that the first term of the
right hand side becomes negligible since the energy density increases much faster than the squared
radius decreases. Then formula (2) can be simplified in the following way:
„ «2
du
Kc2 2
=
u w.
(3)
dt
3

Fig. 6

At this point Gamow made an interesting remark: if one admits that, when formula (3)
holds, the energy is essentially radiation energy, one can, using the formula, obtain a relation
between temperature and time which contains only universal constants. In this way, one arrives
at eliminating the arbitrariness due to the value of temperature at which nuclear reactions had
taken place and given origin to the elements. This arbitrariness might have allowed one to obtain,
to a certain extent, any result whatsoever. We give here, without proof, the formula which links
temperature to the time elapsed since the instant when the Universe had infinitesimal size
„
«1/4
3
1
√ degrees .
T =
(4)
4Kc2 σ
t
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In this formula, σ represents the Stefan’s law constant, T the absolute temperature and t the time.
As we have already pointed out, this is an approximate formula and holds for values of t not too
large, for instance not exceeding a few million years.
If we substitute the constants appearing in formula (4) by their values, we obtain
T =

1.52 · 1010
√
degrees
t

(5)

from which one sees that when t is, for instance, equal to one second, the temperature is, as one
could have imagined, enormously high: of the order of 1010 degrees. But it decreases very fast so
that, after one thousand seconds, it is already reduced to the order of magnitude of one hundred
million degrees and this value is low enough to stop strong nuclear phenomena.
Then the temperature varies with time following a well-defined law and the pseudo-radius
of the Universe vaires with an equally determined law (it is proportional to the squared time)
and therefore only one parameter is left undetermined: the density of neutrons; Gamow intends,
by working on this single arbitrary parameter, to succeed in predicting the distribution of the
abundances of the elements and indeed in a certain sense he succeeds. As a matter of fact, he
succeeds as long as one is content with a very rough analysis of his results, but as one tries to
enter into details, immediately one runs into trouble and probably troubles would increase if it
was possible to carry out this analysis which is extremely complicated to do.
The first difficulties are met already in the lower region of the periodic system as soon as one
asks oneself a little in detail in what manner the elements are gradually forming themselves. As
we have already said, the first nucleus to be formed will be that of hydrogen, then through the
merging of a proton with a neutron deuterium will be formed and then with the addition of another
neutron tritium, which will decay through a beta decay into helium three. By addition of a new
neutron helium three changes into helium four. Already here one meets a little difficulty because
helium three capturing neutrons tends to break rather than to form helium four, nevertheless one
can still think that at least a small fraction of helium three changes by capture of a neutron into
helium four. But at this point the difficulty one meets is much more important because the nucleus
of mass five does not exist: if one would try to form it by addition of a neutron to helium four it
would break to peaces creating an insurmountable barrier which prevents the successive formation
of elements through the addition of neutrons.
In reality one can find some way to jump or even better to avoid this barrier, and it is the
following: according to the formulas written above, in the time in which these phenomena should
take place, the temperature, though already much decreased, is still on the order of 108 -109 degrees
and at such high temperatures nuclear reactions can still take place in a conspicuous way and are
produced by the collisions among the nuclei which move under the effect of thermal agitation. Thus
it is not impossible to think that a nucleus of mass six can be formed, without the preliminary
existence of a nucleus of mass five, by making a nucleus of deuterium react directly with a nucleus of
helium four. As a matter of fact, this reaction is extremely unlikely, but not impossible, therefore it
is not excluded that a small amount of lithium six is formed allowing, through successive additions
of neutrons the formation of heavier nuclei. And many other difficulties of this type are met; for
instance, also the nucleus eight does not exist in any stable form and this missing step will be
jumped by a device of the kind already described.
But the difficulties do not end here, another one which cannot be passed over in silence is that,
if one assumes an initial density of neutrons large enough so that they can form heavy elements in
nonnegligible quantities, one finds that the ratio between helium and hydrogen has nothing to do
with the actual one: one will have more abundant helium than hydrogen contrary to experimental
evidence.
So it only remains sadly to conclude that this theory is unable to explain the way in which
the elements have been formed in time, and this after all is what one should have expected.
However, we must recognize the courage with which Gamow has set about constructing an
attempt at a theory based on extremely determined hypotheses: the theory has failed and this
means that some of his hypotheses are wrong, but the result he has obtained in this way (to
be at least certain of having made a mistake) is certainly more remarkable than one that which
could have been obtained from a theory so indefinite as to be able to explain a lot of experimental
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facts, exactly because of the great deal of arbitrariness contained in it, but that would not have
made evident what are its incorrect points allowing them to be corrected and to proceed to the
construction of new and more satisfactory theories.
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6) (Fermi - Turkevich): An excerpt from “Theory of the Origin
and Relative Abundance Distribution of the Elements,” by Ralph
A. Alpher and Robert C. Herman, pp 193–197
Rev. Mod. Phys. 22, 153–212 (1950).
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7) Ya. B. Zel’dovich: Prestellar state of matter
Soviet Phys. JETP 16, 1102–1103 (1963).
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Chapter 5

The 2001 meeting “Fermi e l’Astrofisica”

Contributed Papers
5.1

Foreword

This section contains the contributions presented at the meeting ”Fermi e l’Astrofisica” organized
at the University of Rome “La Sapienza” and at the ICRA Center in Pescara October 3–6, 2001
and published in Il Nuovo Cimento B vol. 117, no. 9–11. The focus of the meeting was on the
influence of Fermi on astrophysics and general relativity: the activities of Fermi in these topics
were clustered at the beginning and at the end of his scientific career. These contributions are
presented in alphabetical order of their first authors.

***
Armen E. Allahverdyan and Vahe Gurzadyan discuss the major problem posed by the FermiPasta-Ulam work, i.e., the relaxation of a many-body system in the context of galactic dynamics.
Two approaches, ergodic theory and the Langevin stochastic equations, are reviewed. Among the
particular problems considered are 1-dimensional long-range interacting systems, iterated maps,
and 3-dimensional N -body self-gravitating systems.
Susan Ames discusses the historical background of Fermi’s work on cosmic rays, along with
current problems and further prospects for the physics of cosmic rays. In particular she points out
how the often discussed ultra-high cosmic rays cannot be accelerated by the Fermi mechanism.
Equipartition between the energy of matter and that of cosmic rays was among the initial points
of Fermi, and in that context Ames mentions also the role of the cosmic microwave background
radiation.
Donato Bini and Robert Jantzen give a summary of Fermi’s discussion of what we now call
Fermi coordinates and Fermi transport with a historical update including Walker’s contribution
which led to the terminology of “Fermi-Walker transport.” This article explicitly estimates the
various relativistic contributions to the Fermi-Walker transport for vectors around circular orbits
in black hole spacetimes and in their Minkowski limit.
Dino Boccaletti comments on the two papers which resulted from the collaboration of Fermi
with Chandrasehkar (see papers 261, 262 of Chapter 4). The first paper is devoted to the study
of the light dispersion in the polarization plane and using it to derive the galactic magnetic field.
The second paper contains the generalization of the virial theorem in the presence of a magnetic
field. The commentary notes that Fermi was the first scientist to draw attention to the possible
existence of a galactic magnetic field.
The review of Andrea Carati, Luigi Galgani, Antonio Ponno and Antonio Giorgilli is devoted
to the equipartition problem in the Fermi-Pasta-Ulam paradox both in classical and quantum
343
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mechanics. Equipartition is discussed starting from Planck’s work and Poincaré’s theorem. Numerical results on the dependence of the existence of equipartition and the corresponding time
scales on a certain critical energy are mentioned. Valery M. Chetchetkin and coauthors present
numerical simulations of the large-scale hydrodynamical instabilities inside a rotating protoneutron star. Particular attention is given in the model to a rapid emission of high-energy neutrinos
which may contribute to the required energy of the shock. The time dependence of the number
density of neutrinos and their average energies are estimated by means of the numerical solution of
the neutrino transport equation. Piero Cipriani reviews the works of Fermi in the field of classical
analytical mechanics. After a short historical introduction, he emphasizes some aspects of geometrical methods of the description of dynamics and the theory of stochastic differential equations.
Interesting recollections on Fermi are quoted.
Paolo De Bernardis and Silvia Masi review the current views of the early universe based mainly
on the impressive observational results on the cosmic microwave background radiation obtained by
the BOOMERanG, MAXIMA and DASI experiments. The authors concentrate on BOOMERanG,
the balloon-borne microwave telescope with cryogenic bolometric detectors flown in Antarctica in
1998, the procedures of analyzing of the resulting data, the clear detection of the acoustic peaks
of the angular power spectrum and the impact of that experiment on cosmology. The consistency
of the results of these experiments is stressed and future prospects are briefly discussed.
Dmitri Dolgov discusses cosmological nucleosynthesis as one of the strong pieces of evidence for
the hot big bang, stressing the role of neutrinos in this process. Theory predicts the abundances of
the light elements in good agreement with observations. He emphasizes the upper limit of neutrino
families, while neutrino oscillations will lead to the possibility of additional neutrino species but can
also distort the spectrum of the electron neutrinos. Bounds on the mixing parameters for neutrino
types are summarized. The role ofthe possible existence of non-standard neutrino properties
(magnetic moment, etc.) on the cosmological nucleosynthesis are also recalled.
Simonetta Filippi reviews the role of the tensor virial equations for rotating self-gravitating,
non-homogeneous ellipsoids to describe the bulges of spiral galaxies. The minimal integrability
conditions for the Euler equation are formulated and the solutions are found for nonlinear and
linear velocity fields, identifying a family of distorted Riemann ellipsoids.
Iosif B. Khriplovich reviews the non-thermal radiation of Kerr black holes as tunneling of
particles through an effective Dirac energy gap. The mass loss due to the emission of neutrinos is
shown to be twice as large as was thought to be earlier.
John G. Kirk reviews the Fermi acceleration mechanism in the context of galactic nuclei and
gamma bursts, i.e., in processes involving relativistic motion. Diffusive and non-diffusive versions
of Fermi’s stochastic acceleration are considered, including those predicting a softer spectrum of
accelerated particles. The appearance of anisotropy in the accelerated particles with the increase
of the gamma factor is discussed for various astrophysical situations.
Karlheinz Langanke and Gabriel Martinez-Pinedo review the weak interaction processes which
are essential during the core collapse of supernovae as one of the main sources for the observed
abundance of elements and their isotopes in the universe. The stellar electron capture and beta
decay processes are described and the main transition rates are presented. The latter include
mainly the Gamow-Teller and Fermi transitions. The role of recent shell model rates in presupernova models and the following collapse evolution is discussed along with the neutrino-induced
processes during the collapse. They show how improved nuclear models remove some of the
uncertainties in the core collapse supernova simulations.
Kjell Rosquist reviews the optical geometry approach to the study of the spacetime of relativistic compact objects. The formation of necks in the optical geometry is associated with the
trapping effects of compact objects. Embeddings in flat and curved spaces are represented as easy
visualizations of the optical geometry which can possess interesting similarities for such different
objects as the uniform density model and a charged black hole.
Stefano Ruffo reviews evidence for long relaxation time scales in Hamiltonian systems, and
shows how complex and diverse is the dynamics of long-range systems. The ‘quasi-states’ of FermiPasta-Ulam are particularly discussed in the context of two theoretical approaches developed by
the author and collaborators, one based on the Vlasov-Poisson equation, and the other one based
on the averaging of fast oscillations.
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She Sheng Xue describes the release of the energy of electromagnetic black holes via formation
of a dyadosphere, i.e., of an optically thick electron-positron-photon plasma around black holes.
Electron-positron pairs are created by an overcritical electric field via the Schwinger-HeisenbergEuler mechanism. The hydrodynamic expansion of such a plasma up to its transparency point
leads to phenomena relevant to the understanding of gamma ray bursts.
Nail Sibgatullin reviews the precession effects in the vicinity of Kerr black holes, as well as of
rapidly rotating neutron stars. Following the work of Johnston and Ruffini and that of Wilkins, the
author focuses on observable effects related to nodal and periastron precession of inclined orbits
in the field of those compact objects. In particular he derives a formula for the nodal precession
frequency in the post-Newtonian approximation.
Costantino Sigismondi and Francesca Maiolino review an early work by Fermi completed on
June 20 1922, the year of his habilitation thesis at the Scuola Normale Superiore of Pisa, on the
statistics with an application to the case of comets. Fermi studied the case of comets with a
coplanar orbit to the one of Jupiter, neglecting the influence of other planets. The probability
of ejection of the comet from the solar system (parabolic or hyperbolic orbit) after interaction
with Jupiter is calculated, as well as the probability of an impact on Jupiter. They apply Fermi’s
results to the case of the Earth in order to recover the time rate of collision of comets with our
planet, which reliably produced the extinction of the dinosaurs. In this context the properties of
Oort’s cloud are discussed as well.
Costantino Sigismondi and Angelo Mastroianni recall that approximately in the same period
Fermi studied the formation of images by X-rays and presented his first experimental work as
a dissertation at the University of Pisa in the spring of 1922. The need for Fermi to make
an experimental essay was made mandatory since at that time theoretical physics was not yet
considered enough to have an independent validity. Although his seminal ideas are not among the
sources investigated by Riccardo Giacconi and Bruno Rossi (1960) when they proposed a telescope
using X-rays, Fermi’s thesis was the most complete study of X-ray physics in his time. Fermi used
the technique of ‘mandrels’ to form optical surfaces. He anticipated the technique used for the
mirrors of the Exosat, Beppo-SAX, Jet-X and XMM-Newton telescopes, a technique which is now
a mainstay of optical manufacturing.
John J. Simpson reviews the results from the Sudbury Neutrino Observatory in Ontario,
Canada. It is a water imaging Cherenkov detector containing 1000 tons of located at a depth
6010 m under water equivalent ?? (about 2 km). After discussing the solar neutrino problem and
the principle work of the observatory, the author presents the spectrum of the detected events
and their angular distribution. It is found that the electronic neutrino flux as measured by the
charged-current reaction on deuterium is significantly smaller than the total flux determined by
elastic scattering from electrons in the . The author concludes, that the active neutrino flux is
consistent with the current solar models of the ?? - flux and that only about one-third of that flux
consists of electronic neutrinos.
Alexei Yu. Smirnov reviews the neutrino flavor transformations in matter, being himself one
of the authors of the original theoretical predictions, and related observable effects. Particularly,
the Sudbury Neutrino Observatory results provide very strong evidence of the neutrino flavor
conversion. Neutrino conversion is discussed also in the context of supernova neutrinos and the
corresponding predictions for the fluxes and energies at the Earth, including the role of the Earth
matter effect. The author shows that the data of SN1987 can also be explained by the neutrino
oscillations in the matter of Earth as conversions of muon and tau antineutrinos.
Jim Wilson, Grant Mathews and Jay Salmonson review the results of hydrodynamic calculations for neutron star binaries. They give results on orbiting binary neutron stars for equations
of state corresponding to a maximum mass of 1.6 solar masses. Then the hard-on collisions of
neutron stars are simulated for the case of similar equations of state. A gamma ray burst model is
described based on the calculations of the compressionally heated neutron star emission of thermal
neutrino pairs which annihilate to produce a hot electron-positron plasma. The authors conclude
that the neutron star binary provides a possible model for the gamma ray bursts in a limited
energy range.
George M. Zaslavsky reviews the Fermi-Pasta Ulam problem with an attempt to find the
transition from regular to chaotic dynamics. The Fermi acceleration mechanism is considered as
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a precursor of the Fermi-Pasta-Ulam problem. The Kepler map introduced by Roald Sagdeev
and George Zaslavsky and several other problems are considered, demonstrating the role of the
Fermi-Pasta-Ulam work in the discretization methods of differential equations and in the study of
chaotic systems when the Lyapunov exponent method is not efficient.
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